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ABSTRACT

‘Model free’ rule discovery from data has recently been subject to considerable criticism, which has cast a
shadow over the emerging discipline of time series data mining. However, other than in data mining, rule
discovery has long been the subject of research in statistical physics of complex phenomena. Drawing from the
expertise acquired therein, we suggest explanations for the two mechanisms of the apparent ‘meaninglessness’
of rule recovery in the reference data mining approach.

One reflects the universal property of self-affinity of signals from real life complex phenomena. It further
expands on the issue of scaling invariance and fractal geometry, explaining that for ideal scale invariant (fractal)
signals, rule discovery requires more than just comparing two parts of the signal. Authentic rule discovery is likely
to look for the possible ‘structure’ pertinent to the failure mechanism of the (position and/or resolution-wise)
invariance of the time series analysed.

The other reflects the redundancy of the ‘trivial’ matches, which effectively smoothes out the rule which
potentially could be discovered. Orthogonal scale space representations and appropriate redundancy suppression
measures over autocorrelation operations performed during the matches are suggested as the methods of choice
for rule discovery.
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1. INTRODUCTION: THE BIG FAILURE OF ‘RULE DISCOVERY’ or THE MOST LIKELY AND CORRECT
RESULT?

This article has been stimulated by the considerable criticism of the mainstream rule discovery al-

gorithm in data mining [1]. The overwhelming conclusions of the article would be disastrous for the

domain of research in questions if they lacked explanation and understanding.

The purpose of our paper is to propose a closer look at the possible and plausible causes for the
devastating result reported in [1]. Additionally, a framework of established scientific research will
be identified, which encompasses the problem definition and provides both theoretical and practical
foundations which can reinstate model free rule discovery in data mining in the domain of sound
science.

At a first glance, the preprint [1] by performing scrutiny testing suggests that the discussed algo-
rithm [2] based rule discovery does not produce meaningful rules. In particular, the confidence of the
rules recovered is not to be distinguished from the rules obtained from random noise.

The primary investigated example, coinciding with the example used by the primarily criticised
paper by Das et al [2], is that of the S&P500 financial index. However, even to the casual observer, the
main conclusion drawn from such an example must seem weak. The evidence for the lack of correlations
in a financial time series like the S&P 500 index is so overwhelming that the ‘meaninglessness’ of any
deterministic rule discovered may not seem surprising. Indeed, the authors of [1] suggest that there



is no more confidence in the particular rule advocated in [2] than in any other deterministic rule.
Thus any rule might do, which in actual fact means that such a rule is useless and irrelevant, holding
at random, statistically meaningless instances. The mechanism of proving this conclusion has been
devised by comparing the rule discovery algorithm from [2] on both the test time series (S&P500) and
the surrogate time series (random walk).

The particular conclusion may not be that surprising when one consults the vast bulk of work in
the ‘econophysics’ branch of statistical physics of complex phenomena [3, 4, 5, 6, 7, 8]. It belongs to
the facts well established, the absence of correlations or ‘memory’ in S&P500 or such financial time
series except for at very small time scales at the range of single minutes. The lack of correlations,
thus the lack of apparent determinism and easy rule discovery in the raw time series, is not equivalent
to Gaussian statistics. In fact, the analyses performed and still ongoing focus on the deviations from
Gaussian behaviour [5, 6, 9, 10]. Such deviations, embedded in the distributions explaining data may
in fact provide some statistical grounds for accommodating rare events like extreme crashes. They
are, however, unlikely to provide deterministic rules of temporal market behaviour, being global and
statistical in nature.

Within the same scope of econophysics work, however, the absolute jumps of the S&P index -
the so-called volatility - have been shown to be substantially correlated. And thus they possess a
meaningful range memory and are amenable to ‘rule discovery’. Indeed, the volatility is governed by
an entire multiscale ‘cascade of information’ flow, which can be detected in the volatility of financial
time series [4].

Thus if the only purpose of Ref [1] were to show that blindly extracted rules from a fully developed
financial index are meaningless, such conclusions would not be particularly innovatory. The article
does, however, suggest that the same degree of meaninglessness is obtained no matter what input
time series is used. The primary cause attributed to this failure is not in the clustering algorithm
which is the only rule extraction mechanism investigated but in the pre-processing of the time series.
In particular the ‘moving window’ overlapping selection of candidate time series intervals leads to
so-called spurious matches, destroying the resolution of the clustering algorithm.

The purpose of this writing is to look closer at the likely cause for the inability of the algorithms
discussed blindly to extract rules from real life time series. In particular, the issue of scale invariance
will be addressed, which characterises not only an overwhelming range of real-life and artificial time
series but can also be attributed to isolated singularities - often the building blocks of the real-life and
artificial time series.

Additionally, scaling invariance will be linked to the rate of auto-correlation decay, which determines
the impact of ‘redundant’ spurious matches on the blind clustering algorithms. While auto-correlation
decay is considered an important diagnostic tool in the study of long range dependence (on a par with
power spectrum decay to which it is equivalent), for the purpose of blind clustering only the extrema
(maxima or minima) of the autocorrelation (or the local match) may need to be considered to provide
rule extraction with sufficient resolution and sensitivity.

2. REDUNDANT INFORMATION — SPURIOUS MATCHES
The primary cause of the meaninglessness of the rule discovery seems to be attributed by the authors
of the critical work [1] to the shortcoming of the time series pre-processing algorithm and in particular
to the redundant or trivial matches (the redundancy of the matching operation.) Such trivial matches
of two time-series intervals shifted with respect to one another by a time lag will indeed in many cases
show a slow rate of decorrelation. While the presence of long range correlations in the time series will
obviously affect the selectivity of any rule recovery, this effect is relatively straightforward to explain
and deal with.

Apart from the entire zoo of possible distance measures, the standard way of calculating the inner
product of two time series is used for evaluating their ‘correlation’ level. For the time lag t shifted
versions, the definition of the autocorrelation product/function C(t) of a function f(t) reads:
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Figure 1: Left: the plot of the variability of human heartbeat from a seven day long experiment where
the test persons were given placebo or beta-blocker. For the variability estimate, local roughness (local
correlation) exponent h is used, smoothed with a moving average (MA) filter with 100 and 1000 long
window. An interesting pattern of response to food is evident [11]. Right: autocorrelation function
confirms the presence of an invariant, intra-day periodic structure. The autocorrelation plot is in fact
the autocorrelation of the local correlation exponent (as described with the Holder h exponent.)

/ f(r) ft+7)dr (2.1)

where f(r) is the complex conjugate of f(t). Amazingly, the autocorrelation is simply given by the
Fourier transform F of the absolute square of f(t):

C(t) = F(f®%) (2.2)

and, of course, the Fourier transform of the second moment of the function is nothing else than its
power spectrum P(w) = F(|f(t)|?). This relationship is known by the name of the Wiener Khinchin
theorem.

Thus, interestingly, Fourier power spectrum is also related to the likely cause of the inability of
the rule discovery to be selective enough in its pre-processing phase (feeding the rule extraction
algorithms.) The importance of this in the context of our discussion lies in the fact that it links the
scaling properties of the Fourier power spectrum with the decay rate of the auto-correlation function.
Thus any property of the scaling invariance as discussed above will reveal itself in the invariance of the
auto-correlation function. In particular it will also determine the rate of decay of the auto-correlation
function and will be inherited by the cross-correlation products of the time series with its sub-parts.

The sub-part matching operation is the key operation used in the rule discovery algorithms [2, 1]
and it clearly inherits the self-similarity properties of the time series. The explanation of the ‘trivial
match’ redundancy which contributes to the inability of the algorithm to select sound rules thus comes
from the spectral properties of the time series. The same spectral properties which as we have shown
above, describe self-similarity properties of the time series.

It is worth noting that the autocorrelation decay is an important diagnostic tool widely used in
investigating long range dependence (correlations), see e.g Ref [4] in the context of S&P500 analysis.
However, due to the equivalence shown above, power spectrum decay has been extensively investigated



in the same context. A modern method which allows local multiscale or multi-resolution decomposition
as opposed to the global Fourier approach is the recently introduced wavelet transform. It allows
local location-wise (temporal) and scale-wise (frequency) extraction of required information, including
moments of the decomposition measure and regularity (scaling) exponents.

3. ESTIMATING REGULARITY PROPERTIES OF ROUGH TIME SERIES

The advent of multi-scale techniques (like WT), capable of locally assessing the singular behaviour,
greatly contributed to the advance of analysis of ‘strange’ signals, including (multi)fractal functions
and distributions. The wavelet transform [12, 13, 14, 15] is a decomposition of the input time series
into the discrete or continuous basis of localised (often compactly supported) functions - the wavelets.
This decomposition is defined through an inner product of the time series with the appropriately
rescaled and translated wavelet of a fixed shape. Wavelet decomposition schemes exist which al-
low decomposition optimisation through the choice from various wavelet bases [16, 17] or adaptive
decomposition (notably the lifting scheme [18]).

In the continuous formulation, the wavelet transform can be seen as a convolution product of the
signal with the scaled and translated kernel - the wavelet ¢(x). The scaling and translation actions
are performed by two parameters; the scale parameter s ‘adapts’ the width of the wavelet kernel to
the resolution required and the location of the analysing wavelet is determined by the parameter b:

z—0b
s

Wb = [ do @) w(") (31)
where s,b € R and s > 0 for the continuous version.

For analysis purposes, one is not so much concerned with numerical or transmission efficiency or
representation compactness, but rather with accuracy and adaptive properties of the analysing tool.
Therefore, in analysis tasks, continuous wavelet decomposition is mostly used. The space of scale
s and position b is then sampled semi-continuously, using the finest data resolution available. The
numerical cost of evaluating the continuous wavelet decomposition is not as high as it may seem.
Algorithms have been proposed which (per scale) have a complexity of the order n, the number of
input samples, at a relatively low constant cost factor [19]. Additionally, computationally cheap,
discretised, semi-continuous versions of the decomposition are possible [20, 21].
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Figure 2: The local scaling exponent h can be estimated for isolated singularities - and it shows
persistent scaling invariance. Left: the test signal consisting of the Dirac pulse D(1024), the change
in slope - integrated Heaviside step 1(2048), and the Heaviside step H(3072). Right: the log-log plot
of the maxima corresponding to all three singularities: D(1024), I(2048) and H(3072). Theoretical
slopes are also indicated; these are —1 for D(1024), 1 for I(2048) and 0 for H(3072). The wavelet used
is the Mexican hat.
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Suppose, we can locally approximate the time series (function f) with some polynomial P,, but
the approximation fails for P,;1. One can think of this kind of approximation as the Taylor series
decomposition:

f@)ey = co+cr(x—x0)+ -4l —20)" + Clz — x0|"™) =
= P.(z —x0) 4 C|z — 0|"(®) .

The exponent h(zg) characterises such local singular behaviour by capturing what ‘remains’ after
approximating with P, and what does not yet ‘fit’ into an approximation with P,y;. Thus, our
function or time series f(z) is locally described by the polynomial component P, and the so-called
Holder exponent h(zo).

It can be shown that we have the following power law proportionality for the wavelet transform (WT)
of the (Holder) singularity of f(zg):

W f(s,20) ~ |s]"70) .

From the functional form of the equation, one can attempt to extract the value of the local Holder
exponent from the scaling of the wavelet transform coefficients in the vicinity of the singular point xg.
A common approach to tracing such singularities and to revealing the scaling of the corresponding
wavelet coefficients is to follow the so-called maxima lines of the WT, converging towards the analysed
singularity.

In figure 2 three trivial structures have been shown containing localised and isolated singularities of
Holder type. (Note, that singularities exist which are not localised - e.g. oscillating singularities [12,
22]. ) Such simple objects are often used as building blocks for artificial signals. The singularities
involved have been analysed with the wavelet transform and their decay rate of the power spectrum
reveals perfect scaling invariance below some threshold resolution of the characteristic frequency. Such
scaling is indistinguishable from that of more complex structures unless more advanced tests are used;
e.g Heaviside related exponent h = 0 is very close to the mean H for the human heartbeat.
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Figure 3: Left: the L1 normalised S&P500 index time series with the derived WT maxima tree above
it in the same figure. The strongest maxima correspond to the crash of ’87. Right: the second moment
of the partition function over the entire CWT (thus not only the maxima lines) see Eq. 4.1, shows
consistent scaling invariance with the exponent H + 1 = 1.5. This corresponds with the Brownian
walk scaling invariance exponent at H = 0.5.

In figure 3, we plot the input time series which is a part of the S&P index containing the crash of
"87. In the same figure, we plot corresponding maxima derived from the WT decomposition with the
Mexican hat wavelet. The maxima converging to the strongest singularity - the ’97 crash have been
highlighted in the top view.



4. MULTISCALING OR MULTIFRACTALITY

We have chosen the WTMM method [23] for its many merits. In addition to local regularity estimation,
local and scale-wise feature extraction (maxima lines, see fig 3), the WTMM tree lends itself very well
to defining the partition function based multifractal analysis [23]. The moments ¢ of the measure
distributed on the WTMM tree are taken to obtain the dependency of the scaling function 7(g) on
the moments ¢:

Z(S7 Q) ~ ST(q)7

where Z (s, ¢) is the partition function of the ¢g-th moment of the measure distributed over the wavelet
transform maxima at the scale s considered:

Z(s,q) = (W funls))" (4.1)

Q(s)

with Q(s) = {wi(s)} is the set of maxima w;(s) at the scale s of the continuous wavelet transform
W f(s,t) of the function f(t). Non-linear dependency of the scaling exponent 7(¢) on the moments
g is the hallmark of statistical multiscaling (multifractality), while linearity corresponds with the
monofractal (monoscaling) character of the analyzed process.

There is an ultimate link between the global scaling exponent: the Hurst exponent H (compare
figure 4), and the Fourier power spectral exponent. The power spectrum of the input signal and the
corresponding scaling exponent v can be directly evaluated from the second moment of the partition
function (¢ = 2) in Eq. 4.1. Indeed the wavelet transform decomposes the signal into scale (and thus
frequency) ! dependent components (scale and position localised wavelets), comparably to frequency
localised sines and cosines based Fourier decomposition, but with added position localisation. Scal-
ing of the second moment of the decomposition coefficients provides -y, the power spectrum scaling,
through v = 2H + 1, the relation which links the spectral exponent v with the Hurst exponent H.

5. CONCLUSION: RULES WITHIN RULES OR THE PRINCIPLE OF (STATISTICAL) SELF-SIMILARITY
Contrary to the long and widely accepted (Euclidean) view, real world time series/ signals are not
smooth. On the contrary, they are often non-differentiable and densely packed with singularities. The
often adopted view that these signals consist of some smooth information carrying a component with
superimposed noise is also very often inaccurate. Real life records are not necessarily contaminated
by ‘noise’. Instead, in the case of the lack of a better model, they often intrinsically consist exclusively
of noise - indeed, they are ‘noise’ themselves.

Their ‘noisy’ components are often distributed at various resolution and length scales - in other
words each sub-part of the record is equally noisy and statistically similar (after affine rescaling of
x,y coordinates with some factors §;,8,) to the entire record (or any other subpart). This kind
of similarity can often be characterised by one single exponent h = log(f,)/log(8,) for a range of
B rescaling factors. This is the concept of local scaling which has been explored with the wavelet
transform local scaling estimates in section 3. Additionally, the local scaling is often isotropic and the
same one unique exponent can characterise both global and local ratio of the similarity rescaling. E.g.
this is the case for 1-dim Brownian walk - the integral of white noise for which h = 0.5, and equals
global H = 0.5, the so-called Hurst exponent. Such global scaling rules have been addressed through
the partition function multifractal fromalism in section 4.

Indeed the very essence of scaling, ie. scale invariance, has the consequence that statistically similar
patterns may occur at any resolution or scale length. This property characterising many real life signals

I The working scale of the wavelet s is inversely proportional to the (Fourier) frequency f ~ 1/s and the continuous
wavelet used is the second derivative of the Gaussian curve (Mezican hat).



5. Conclusion: rules within rules or the principle of (statistical) self-similarity 7

1) s

Figure 4: The principle of self-affinity; Similar rescaling in the bottom left figure versus affine rescaling,
bottom right, of the fractional Brownian motion of H = 0.3. The rescaling factor used for the affine
rescaling of the (z,y) axis is (a,a’?), while for a similar case both axes were rescaled using the a
factor.

may be behind the limited ability to extract meaningful deterministic ‘rules’ from such records [1],
although it does permit statistical rule discovery [4, 24]. Such can be used for distance evaluation
for detecting rule violation for whole time series or streaming diagnosis etc, or streaming time series
novelty assessment through departure from the model ‘rule’.

Apparently such signals would seem ultimately pathologic and not lend themselves to analysis or
novelty or ‘rule’ discovery. This does not have to be true [25]. Rough and wildly changing records
are ever-present in nature [26, 27, 28, 29, 30] and have long been analysed with Fourier spectral
methods. However, only recent progress in multiscale modelling (and analysis) methods based on
fractal and scaling (or multiscaling) concepts, aided by analysis methods such as wavelets, has achieved
substantial progress in understanding such time series and the underlying phenomena. In particular,
local analysis of rough time series has become possible through modern methods of regularisation,
notably the wavelet transform [12, 13, 14, 15].
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Figure 5: Investigating possible rules may be done by investigating structure pertinent to the invariant,
orthogonal multiscale representation like the structure of the bifurcation of the maxima. Testing
matches between sub-trees of the maxima representation of the wavelet transform of the S&P500.

In conclusion, there is nothing really surprising in the result of [1] discussion of the algorithm
of [2], however important it is for revealing the inherent problems which have been left unnoticed to



date. The pressing question of course remains, what then is the meaningful methodology/strategy
for dealing with signals inherently tough for rule discovery. The answer resides, in our opinion as
outlined, in the spectral and auto-correlation properties of the time series. The rules which can be
detected are instances of invariance violation, This can be manifested in the non-stationarity of spectral
characteristics, be it a short-time power spectrum or multifractal spectrum. Or alternatively and
simultaneously, in the breakdown of the scaling invariance - the structure which potentially emerges
from the tree of the wavelet transform maxima [25, 31, 32, 33, 34], see e.g figure 5 right, or possibly
the structure emerging from the conduct of the self-adapting mechanism in multiscale/multiresolution
decomposition or approximation bases [16, 17, 18, 35].
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