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ABSTRACT

Classical linear wavelet representations of images have the drawback that they are not optimally suited to
represent edge information. To overcome this problem, nonlinear multiresolution decompositions have been
designed that can take into account the characteristics of the input signal/image. In our previous work [20,22]
we have introduced an adaptive lifting framework, that does not require bookkeeping but has the property
that it processes edges and homogeneous image regions in a different fashion. The current paper discusses
the effects of quantisation in such an adaptive wavelet decomposition, as such an analysis is essential for
the application of these adaptive decompositions in image compression. We provide conditions for recovering
the original decisions at the synthesis and show how to estimate the reconstruction error in terms of the

quantisation error.
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Keywords and Phrases: Wavelets, lifting scheme, adaptive wavelets, quantisation, error estimation, image
compression

Note: The work was of the first and the second author was carried out under project PNA4.2 “Wavelets and

Morphology” .

1. INTRODUCTION

Multiscale analyses deriving from classical linear wavelet transforms lead to a uniform smooth-
ing of the information contents in images when going to low resolutions. There is however
a strong demand stemming from various applications in image and video processing (com-

pression, denoising, feature extraction, etc) for a more ‘semantic’ analysis and thereby for



multiresolution (MR) decompositions that do leave intact or even enhance certain important
image characteristics such as sharp transitions, edges, singularities or other regions of interest
over scales. To a certain extent, this can be achieved by non-linear wavelets [9,17,19,21], or
by adaptive subband structures [16].

Some of these decompositions exploit the flexibility of the lifting or ladder scheme [1], [23]
to involve a non-linearity into the MR decomposition. The general ingredients of the lifting
scheme, as illustrated in Figure 1, are an existing wavelet transform WT', an update map U,

and a prediction map P. A decomposition of an input signal zy into bands z’, 7 is obtained
— T —>@ z @—) T
%0 —~{WT] (WT) ! =0

y——=O—y =PH——=y

Figure 1: General lifting scheme.

in the following way. The original signal zy is first split into an approximation signal z
and a detail signal y by a given wavelet transform WT (which may be a simple polyphase
decomposition, also called ‘lazy wavelet transform’). The update map U acting on y is
used to modify z, resulting in a new approximation signal 2’ = z + U(y). Subsequently, the
prediction map P acting on z’ is used to modify y, yielding a new detail signal 3y = y — P(z').
At synthesis, the original signal x( is reconstructed by reversing the lifting steps and applying
the inverse of WT.

It is important to observe that the invertibility of the scheme is guaranteed and does
not require any condition on the lifting steps P and U. This flexibility has challenged re-
searchers to develop various nonlinear wavelet transforms [6-8,10,18], including morphological
ones [3,11,14,15,19]. The importance of such ‘intelligent’, ‘adaptive’ or ‘data-driven’ rep-
resentations in signal and image analysis, compression, denoising, or feature extraction, has
been recognised by various researchers and has led to a wealth of new approaches in wavelet
theory, such as bandelets [21], ridgelets [12], curvelets [2], wedgelets [13], etc.

In [20,22] we have presented a new method for the construction of adaptive wavelets using
update lifting. In the literature, one can find several other approaches for building adaptive
wavelets [4, 5,16, 24]. In [22], some of these approaches, and their drawbacks, have been
discussed in more detail. The adaptive update lifting scheme introduced in [20] is general
in the sense that it is neither causal', nor does require any bookkeeping to enable perfect
reconstruction. Our method exploits the properties of seminorms to build lifting structures
able to choose between different update filters, the choice being triggered by the local gradient-
type features of the input. Moreover, we have established conditions under which these
decisions can be recovered at synthesis, without the need for transmitting additional overhead

information.

! Causality means that the computation of the detail signal at a given location depends ‘only’ on previously
computed detail samples.
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However, in order to use such adaptive wavelet schemes in lossy image compression, it is
important to fully comprehend the effects of quantisation. A major difference with the non-
adaptive case is that quantisation errors can dramatically affect the recovery of the switching
decisions at synthesis giving rise to an ‘inversion’ of the update step using the wrong filter.
It is evident that in such a case the reconstruction errors can be expected to be much larger
than in cases where the update step is inverted in the correct way. In this paper, we derive
conditions on the quantisation error that guarantee that we can still recover the original
decisions. We also analyse the relations between the different parameters of the system
allowing to calculate upper bounds for the reconstruction error. Rate-distortion curves for
linear and adaptive schemes are compared and the reduction of visual artifacts is investigated
when these adaptive structure are used for image compression.

The paper is organised as follows: in Section 2 and Section 3 we outline the framework
of adaptive update lifting based on seminorms and recall the main results for perfect recon-
struction. In Section 4 we extend the scheme with quantisation modules for all channels
and provide conditions for recovering the original decisions at the synthesis and for relating
the reconstruction error to the quantisation error. We present a case study for a particular
seminorm in Section 5. Section 6 presents simulation results, and concluding remarks are

made in Section 7.

2. THE ADAPTIVE UPDATE LIFTING SCHEME
In [20] we have introduced an adaptive wavelet decomposition based on an adaptive update
lifting step. In this section we will briefly describe this decomposition and in the next section

we recall the most important results obtained in [20]. The scheme is depicted in Fig. 2 and

approximation signal X

> > x'
i update
U
x0 ) r v . I
> decision predict
input signal split gradient map A

A

;@ >y’

detail signal ~y

Figure 2: Analysis part of the adaptive update lifting scheme.

comprises four ingredients:

e a splitting S of the input signal into different bands (in this paper we assume that we
have one approximation band z and M detail bands y1,ys,...,ynr; the illustration in

Fig. 2 shows only one detail band, however);

e computation of a (binary) decision map D based on a gradient vector (computed in the
box labeled T');



e an adaptive update step U, where the adaptivity comes from the dependence of U on
the output d of the decision map D;

e a (fixed) prediction step P.

These different steps will be discussed in more detail below. In this paper, a signal is a
function from Z? (where d is the dimension, not to be confused with the decision map) into

the reals R. Points in Z¢ will be denoted by the vector notation n.

The splitting S. An input signal z° is split into x,y, where, possibly, y comprises more than

one channel, say y1,¥s,...,ys- The splitting S has an inverse S~! which we call merging.
The gradient vector. Assume that the samples
ypj(n—l—lj), leL, j=1...,N,

are used by the update step (including the the gradient vector used in the computation of
the decision map). Here p; € {1,..., M} and L is a window in 7% centered around the origin.
Note that the p; are not necessarily different. In our previous work [20] one can find some
specific examples that may help the reader to understand our notation.

The gradient vector v has components v; given by
vj(n) =z(n) —yp,(n+1;), j=1,...,N, (2.1)

and we write

v(n) =T(z,y)(n).

Decision map. The decision map D maps a gradient vector v € RY onto a binary output
D(v) € {0,1}. We assume that
D(v) = [p(v) > T7,

where p is a seminorm. Here the expression [P] equals 1 if the predicate P is true and 0 if it

is false.

Update step. The update step at location n is triggered by the outcome d,, = D(v(n)) €
{0,1} of the decision map. It uses both d, and y to update the approximation signal x:

N
.’L"(n) = adn:(;(n) + Z/Bdn,jypj (n + lJ) , (22)
j=1
which we will write as
z'(n) =Ug(z | y)(n). (2.3)

For the filter coefficients in (2.2) we assume that

N
ag#0 and ag+» Byg;=1, ford=0,1. (2.4)
7j=1
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The update step is invertible in the sense that we can recover z if z', 4y, d are given:

z(n) =U; ' (z' | y)(n). (2.5)
In fact, we have
1 N
:L‘(’n) = @ (;{;'(n) — jz:;ﬂdn,jypj (’l’l + lj)) . (2.6)

Prediction step. In a similar spirit, the prediction step uses z (and possibly some bands of

y if y is a multi-channel signal) to modify y:

y'(n) = Py |z)(n), (2.7)

where P is called prediction operator. The prediction P is invertible, i.e., we can recover y

‘.
from z,y":

y(n) = P~ (y' | z)(n). (2.8)

3. PERFECT RECONSTRUCTION FOR THE ADAPTIVE UPDATE LIFTING SCHEME
The classical update lifting scheme does not involve the decision map D and, hence, the
update filter U (i.e., the coefficients o and § in (2.2)) is fixed. It is obvious that in that case
the update lifting step is invertible. This follows from the very structure of the scheme. As
a matter of fact, the formula in (2.6) provides the inverse of the update lifting step. One
says in this case that perfect reconstruction is possible. For the adaptive scheme, perfect
reconstruction is less obvious since the inversion in (2.6) requires dy. It is not a priori true
that dj, is known at synthesis.

In [20] it has been explained that in order to have a truly adaptive scheme one needs that

T

e the seminorm p satisfies p(u) > 0, where u = (1,...,1)" is a vector of length N;

e the update filters for d = 0 and d = 1 do not coincide, that is, By ; # B1; for at least
one j.

Throughout the remainder of this paper we assume that these two conditions hold along with
(2.4). Subtraction of y,,(n + ;) at both sides of (2.2) yields
vi(n) = (1 — Bagi)vi(n) — Zﬂd,jvj(”)a (3.1)
J#i
where v'(n) = T'(z',y)(n), ie.,
vi(n) = 2'(n) — yp;(n + 1), i=1,...,N. (3.2)

2

Define the N x N-matrix A, by the right hand-side expression in (3.1), i.e.,

1—-B41 —Baz —Baz --- —Ban
—Ba1  1—Pa2 —Bas ;
A= | —By1 —Pa2 : : (3:3)
—Bay —Baz —Biz --- 1—Pan



Thus the adaptive update lifting step is described by:

v = Agv
(3.4)
d=I[p(v) >T],
where we have suppressed the argument ‘(n)’ from our notation.
In vector notation, the matrix A, is given by
Ag=1—-up?, (3.5)

where B, = (B41,---,B4n)T and I is the identity matrix. The determinant is given by
N
det(Ad) =1- ’U.T,Bd =1- Z’Bd’j = qaq.
j=1

Since ag # 0 (see (2.4)) we have that A, is invertible and it is not difficult to show that
A;l =1- u,B'dT,

where
,3&, = _:Bd/ad .

Given a matrix A and a seminorm p, we define the matriz seminorm p(A) and the inverse

matriz seminorm p~'(A) as

p(A) = sup{p(Av) |v € R" and p(v) = 1}
p ' (A) = sup{p(v) | v €RY and p(Av) =1}.

In the last expression we use the convention that p~'(A4) = oo if p(Av) = 0 for all v € RV,
unless p is identically zero, in which case both p(A) and p '(A) are zero. It is easy to verify
that p 1(A4) = p(A 1) if A is invertible.

Consider the adaptive update lifting step in (3.4). If p(v) < T at analysis, then the decision
equals d = 0 and v' = Agv. If, on the other hand, p(v) > T, then d = 1 and v' = Ajwv.
For perfect reconstruction it must be possible to recover the decision d from the transformed
gradient vector v'. Here we shall restrict ourselves to the case where d can be recovered by

thresholding the seminorm p(v'), i.e., the case that
d=[p(v) >T] = [p(v') > T7,

for some T" > 0. We say that the Threshold Criterion holds, when, given a threshold T' > 0,
there exists a threshold 7" > 0 such that

(1) if p(v) < T then p(Agv) < T
(i7) if p(v) > T then p(Ajv) > T".

It is obvious that the Threshold Criterion guarantees perfect reconstruction. In [20] we have

proved the following result.
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3.1 Proposition. The Threshold Criterion holds if and only if the following three conditions

are satisfied:

p(Ap) < 0o and p~1(A1) < (3.6)
p(Ao)p~" (A1) < 1. (3.7)

We have also shown in [20] that a necessary condition for the Threshold Criterion to be
valid is |ag| < |aq|.- In [20] we have investigated the validity of the Threshold Criterion
for various seminorms, among which the quadratic seminorms and the weighted gradient

seminorms. Here we consider only this latter family. Thus assume that p is given by
p(v) = ‘aT'v‘ ) (3.8)
where a € RY satisfies the assumption
alu#0.

Note that this assumption guarantees that p(u) > 0. In [20] we have established the following

result.

3.2 Proposition. Let p(v) = |a’v|, with a¥u # 0. If B, and a are not collinear, then
p(Aq) = p~H(Ag) = 0o. If B, and a are collinear, then p(Aq) = |ag| and p~1(Aq) = |ag|™L. In
particular, the Threshold Criterion holds if and only if B, and a are collinear and |ag| < |oq|.

4. COMPRESSION AND QUANTISATION

Given a wavelet decomposition W which maps an input signal z into an output approxi-
mation signal z' and an (possibly multi-channel) output detail signal y’, one can build a
multiresolution decomposition of x by concatenation of several wavelet steps W. Using the
output z' as the input for another wavelet decomposition step one obtains z”,y"”. Now one
can repeat this for z”, etc. Thus concatenation of K steps yields a so-called K-level wavelet
decomposition of 20 into y!,y?,...,y"X, X, where we have written y',y?, etc, instead of
y',y", etc. We write

(«*, y*) =W (Y, k=1,2,...,K.

Note that we have assumed for simplicity that the wavelet decomposition is identical for all

levels. If, however, the wavelet differs per level, then we should write
(=%, yF) = WF 1z 1), k=1,2,...,K.

In this paper we are interested in the case where W¥ is the decomposition shown in Fig. 2
with a threshold depending on k.

A major field of application of wavelet transforms is image compression. A typical lossy
compression scheme comprises three steps as shown in Fig. 3. For the transformation one
often uses a discrete cosine transform (DCT) like in JPEG, or a wavelet transform like in
JPEG2000. In this paper we are exclusively interested in the latter case, and more particularly

in the wavelet transform shown in Fig. 2, constructed by means of an adaptive update lifting
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Figure 3: A typical lossy compression scheme.
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Figure 4: Multiresolution wavelet analysis with quantisation. The wavelet transform W (grey

boz) is obtained by an adaptive update step followed by a fized prediction step.

step followed by a fixed prediction step. Here we briefly discuss quantisation. The coding
step shown in Fig. 3 falls outside the scope of this paper.

Consider the multiresolution decomposition of an input signal z° as shown in Fig. 4. The
output z' of the wavelet transform W' is used as an input for W2, and, subsequently, the
output z? of W2 is used as input for W2, up to level K. The final output approximation

signal zX is rounded by a quantisation operator Q% and the output is denoted by #X:

z%(n) = Q*(z" (n)). (4.1)

The quantisation operator Q¥ will be described in more detail below.

All bands of the output detail signals y', 42, ..., yX are rounded by quantisation operators
1,Q%,...,Q%, respectively. The quantised detail signal at level K is denoted by §*, that is
~k k .
gj(n) =Qilyj(n)), Jj=1,....M. (4.2)

In this paper we will deal exclusively with uniform quantisation. The corresponding oper-
ator (Q maps IR to Z and is given by

Q(z) = {z/c}, (4.3)
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where {-} means rounding to the closest integer (with the convention that Q(n +1/2) =n
for every integer n) and c is the quantisation step. It is easy to verify that @ has a right

inverse Q~!, mapping Z into IR, given by
Q'z)=c-z.

The fact that Q! is a right inverse means that QQ '(¢) = t for ¢t € Ran(Q). If Q is given
by (4.3), then |Q 1Q(z) — 2| < ¢/2, for every z € RR.
We assume that QF and Q% have quantisation step 2¢* and 2q,‘Z, respectively. Thus we
have
(@) 7'Q% () — x| < ¢°, (4.4)
for all z € IR, and
(@) ' Q) —yl < g}, (4.5)

for all y € IR and all K = 1,..., K. In the sequel we assume that the Threshold Criterion

A A A A A
~, xK xk-1 xk-2 x! x0

3K
(| s W e —

v
S

A
Xk o
> —C
Y Y U-I /\k I
A —
k k X
P r v d
A
A
D >
Yo

Figure 5: Synthesis scheme associated with the wavelet decomposition in Fig. 4.

holds. In the scheme of Fig. 4 this means that we will be able to recover d¥, = D(vk(n)), where
vE(n) = T(zk, yk)(n), from v*(n) = T'(zF, yE)(n). Here z¥(n) = Uy (zf | yk)(n). However,
as becomes clear from the scheme in Fig. 5, we can only dispose of #*(n) = T'(z*, §5)(n),
where 2*(n), §%(n) are ‘approximations’ of zF(n),y&(n) due to errors resulting from the

various quantisation steps.

For a vector y € RM, the notation |y| denotes the £*-norm, i.e., |y| = max{|yi],..., |yam|}-
If £ :2% - R and y : Z* - RM, then both ||z|| and ||y|| denote the sup-norm, i.e.,

Izl = sup{|z(n)| : n € 2}, ||yl = sup{ly(n)| : n € Z%}.



10

For the mappings I', P in the scheme above, we make the following assumptions:
p(L(z',y")(n) = T(z,y)(n)) < mllz — 2’| +mylly" -y, (4.6)

[Py | 2')(n) = Py | 2)(n)| < pllz — 2"l + pylly" — yll, (4.7)
for all z,z' : 24 - R, y,y’ : Z* - RM and all n € Z%. The estimate in (4.6) can easily be

obtained from the observation that

X
(#'(n) = g, ( + 1), ..., 7' (n) = g}, (0 + L))
~(@(n) — gy (0 +11),.,5(1) — gy (m + 1)) )
<p((@'m) — o) - u) + (4, (0 + 1) = Ypu (0 +11)s Wy, (R + 1) = Yy (R + 1))
Note that the first part of the last expression can be estimated by
p((@'() — 2(m) - ) < |e(n) — o/ (n)] - p(us).

For the update operator we can show that

U@ | y') = Uy | 9l < Oullz — o'l + Oylly" — yll, (4.8)
for all z,z',y,y' and d = 0,1, where
N N
1 1 Y it 1Bogl 20521 1Bl
6, = max{—, —} and 0, = max{=Z = = 1. 4.9
x {|Oé()| |a1|} Yy { |Odo‘ |041| } ( )

Now we have all ingredients to formulate and prove the main result of this paper. This result
shows that it may be possible to reconstruct the decision map at all levels without errors
(i.e., D(vf) = D(9") for all k). This, however, requires a substantial strengthening of the
condition p(4g)p (A1) < 1in (3.7), namely the condition (4.12) below. In that case we are

also able to derive an upper bound of the reconstruction error ||2% — z*||; see (4.15).
4.1 Theorem. Define Ay recursively as
Ap-1 = max{ps A, + pyay, 0Dk + Oy (p2 Ak + pya}) } (4.10)

with Ag = ¢®. Define also

Tk = Tolg + Ty (pa i + pyay) - (4.11)
Assume that the threshold Ty, is such that
(7' (40) " = p(4o)) Te > 27, (412)
and choose a threshold Tk such that
p(A)T + 1 < Tj, < ((p_l(A1))_1)Tk — Tk (4.13)
Then we have
d¥ = [p(®%) > Ty for k=1,..., K, (4.14)

and
||§ck—:1:k||SAk fork=0,...,K. (4.15)
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Proof. We will prove this theorem by induction. First observe that (4.15) holds for k = K, i.e.,
|5 —2%[| < Ax =¢".

Now assume that (4.15) holds for some k with 1 < k < K. We show that (4.14) holds for k¥ and that
we can also establish (4.15) for k — 1. Thus, by induction, we conclude that, indeed, (4.14) holds for
k=1,...,K and that (4.15) holds for k =0,..., K

Since §¥(n) = (Q}) "' QY(y}(n)), we get immediately that

19" -yl <l k=1,...,K. (4.16)

In the remainder of the proof, we write g, instead of g}.
We know that

5(n) = PH(§" | #*)(n) and y§(n) = P~ (y* | «*)(n),
and from the estimate in (4.7) we get that

96 — Y&l < pall&® — ¥ + pyar < poli + pyas - (4.17)

We now investigate the two possibilities for the decision map, namely d¥ = 0 and d* = 1. To simplify
notation we will suppress the argument n.
Case d* = 0: this means that p(vf) < T and we know from (3.4) that

— k
— AO'UO

in this case. We derive an upper estimate for p('f)k ). Here we use that p satisfies the triangle inequality:

p(®*) < p*) +p@* —v*) = p(Aovf) + p(6* — v¥)
< p(Ao)p(vk) + p(d* — vF)
< p(A0)Tk + mollz® — &% || + myllgs — vEll,

where we have used estimate (4.6). Thus we get that
p(9F) < p(Ao) Tk + o Ay, + 1y (p Ak + pyar) < T .
Case d* = 1: thus p(vE) > T}, and we know from (3.4) that

k
== AI’UO

in this case. We derive a lower estimate for p(&¥).

p(") > p*) - p(a* —v*) = p(A108) — p(a* — v*)
> (p7M (A1) p(vk) — p(&* — v*)
> (p7HA)) T T — mllzk — &*)| = w19k — bl

and we arrive at the estimate

p(d") > (p_l(x‘h))_lTk — e Ap — Ty (P2 Dk + pyar) > Tk .

Thus we conclude that
d* = [p(®"*) > Ty] .
From #§(n) = U, (3% | §&)(n) and zk(n) = U;(z"* | y&)(n) in combination with (4.8) we derive
that
12§ — 261l < 82112" — 2*|| + 6, |95 — ws |l
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Using (4.17) we arrive at
||§1§ - xg” <0 A + Gy(pzAk + prk) - (4.18)

Now we need one final step to compute ¥~ namely the merging of #& and g’g by means of S71. It
is obvious that
- - N ~k
|87 — 2% < max{||&§ — a5 I, 190 — o} -

With (4.17) and (4.18) this yields

3 —2* | < max{psAr + pyqr, 0 Ak + 0y (ps Ar + pyar)}
= Ap_1.
This proves the result. ]
In many cases one has
pe=py=1.

Put
R=0,+0, and r=10,.

From (4.10) we get that

Ag 1 =max{A; + q,‘z, RA, + qu} ) (4.19)
Define y
Ag q
Thus in particular,
Y
Ak =1 and MK:u:q—f.
a9k

Put ¢ = Ag = ¢%, hence g% = pg. From (4.19) we get that
Ak—1 = max{ g + pig, RAx + rpr} (4.20)

and from (4.11) we get

= (T )M+ Ty (4.21)

We can find a particular solution of (4.20) in the following case. Put
w=max{1l+ u, R+ pr},

and assume that

e = w

Then we have the following solution of (4.20):

Tk _ (7 + (1 + p)my )", (4.22)
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We derive another particular solution of (4.20). Assume that both R and r are larger or

equal than 1. Then (4.20) reduces to
)\k—l == R)\]c + TUE -

Assume also that

e =6""Fp.

We have the following solution of (4.23):

REF(L+ ggt5) = =0k i R#6
e =

RK_’“(1+(K—k)%) if R =
Now we get that if R # 4, then
Tk — GREF 4 ps"F
q

where

a:(ﬂw+7ry)-(1+%) and b=myp — (g +my) - e

For the particular case where R = §, we obtain
Tk _ . AN K—k
. ((7rw—l—7ry) (1+(K k)R)—i-wry)R .

5. CASE STUDY: p(v) = |aTv|

Throughout this section we assume that we are using a seminorm of the form

p(v) = |a'v|,
where @ € RY with a”u # 0.

5.1 GENERAL
Define

N N
Oq = \Zaﬂ and ¥, = Z laj] -
=1 i=1

We compute the constants 7,y in (4.6) for this case. Obviously,

N
p(C(a,y)(n) —T(z,y)(n)) = [ a;(z'(n) - yj(n) — z(n) + y;(n))|
=1
]N N
< 1D al- e =2l + 1D ai (¥ (n) — yi(n)]
j=1 j=1
<

R-§"

N N
1> il -l =l + ) lal - Iy — vl -
j=1 j=1

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(5.2)
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This yields
Ty = 04 and my = 3, . (5.3)

We know from Proposition 3.2 that, for the Threshold Criterion to hold, we must have
Ba = Yaa and |ag| < [aa], (5.4)
where 7y, is a constant. If the Threshold Criterion holds, then
p(Ao) = |ag| and p~'(A1) = |ou|7".
From (4.9) and (5.2) we get

1
0, = — and 6, = max{| || 1|} 5, (5.5)
|040| Qo a1

and from the fact that ag +v4) a; = 1 we get

1valoa = |1 — adl.- (5.6)
This yields
b)) 1- Qg 1- aq
9, = =% . : } . 5.7
e e N e (5.7
5.2 THE 1D CASE
Consider the 1D case with v = (v_,...,v0,...,v;)] where v;(n) = z(n) —y(n+j). Assume

that prediction is given by y'(n) = y(n) — 5 (z(n) + z(n +1)). Since y;(n) = y(n+j), we get
that the prediction operator P in (2.7) is given by
1 . .
yj(n) = yj(n) = 5 (z(n + ) +z(n+j+1),

for j = —K,..., L. Then P~! in (2.8) is given by

y;(n) = yj(n) + %(x(n +j)+z(n+j+1)),

and we find immediately that p,, p, in (4.7) are given by

Pz =py=1.

Consider henceforth the case @ = (1,1)7. For the Threshold Criterion to hold we must
satisfy (5.4). Thus we obtain
ag+2y=1, d=0,1.

Furthermore
Ty = My = g = Xg = 2
Also . ) )
0, = — and 0, = max{|— |, =]}

v | o ai

Assume that 0 < ap < a1 < 1, then
1- 2 —
=10y = @0 and R = @0

Qg ap
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Choosing ay = %, we get that r =1, R =3, and

w=max{l+u,3+u}=3+p.
From (4.22) we derive that
Tk

= = (44 2u)wiF.
q

If we take p =1 and ¢ = % (the latter choice corresponds with quantisation step equal to 1),
we get that

T =3 4E=k
The condition on T} in (4.12) amounts to

1
(041—5)'T1c > 6457k,
Choosing a1 = 1 this gives

T > 12 - 4Kk
Thus TK Z 12, TK_1 Z 48, etc.

With the same parameters, if we use the solution in (4.24) with § = 2, we get

a=8 and b=-2
and hence

Ty, > 16 - 35—k — 4. 9Kk,
Thus, TK Z 12, TK_1 Z 40, etc.

5.3 THE 2D CASE

X

¥ !
Vi vy

1

Consider a 2D decomposition with 4 bands z,y1,y2, y3 as depicted in Fig. 6. The sampling

()

N\

7]

V2 X Y
Z

V3

UPDATE

PREDICTION

Figure 6: 2D wavelet decomposition comprising an adaptive update lifting step (left) and three
consecutive prediction lifting steps (right).

scheme is depicted in Fig. 7. After prediction, the bands i, y5, y5 capture, respectively, the
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horizontal, vertical, and diagonal details. Assume that the gradient vector v;(m,n), j =
1,2,...,8 is based on z(m,n) and the 8 neighbouring samples of z(m,n) shown in in Fig. 7,
with the labeling indicated inside the small disks. For example v1(m,n) = z(m,n) —yi(m,n)

and vg(m,n) = z(m,n) —ys(m — 1,n).

@ B ©

Yo(m-1,n-1) y,(m-1,n) | y,(m-1,n)

© ©)

yz(m! n- 1) x(m, n) yz(m1n)

® ® ©

Ya(mn-1) |y (mn) | y,(mn)

Figure 7: Labeling of samples in 3 x 3 window centered around xz(m,n).

We use the seminorm given by
p(v) = |aTv| = |ayvy + -+ + agvg|.
The prediction steps in Fig. 6 are chosen to be
Pi(z) = Py(z) = P3(z) = =,
which amounts to
y;-(m,n) =yj(m,n) —z(m,n), j=1,2,3.

We investigate two different choices for a, labeled Case 1 and Case 2, respectively. In these
cases the filter a corresponds, respectively, with a 2nd order derivative filter and a Laplacian

derivative filter.

Case 1: 2nd order derivative filter

We choose a = (1,1,1,1, —%, —%, —%, —%)T. In [20] we have explained that this corresponds
with a 2nd order derivative filter. The Threshold Criterion holds only if we assume that
B4 = vaa with |ag| < |ay|, that is |1 — 29| < |1 — 27y1]. The parameters that have been

defined before can easily be computed in this case. They are:

pr=py =1, g =0,=2, my =%, =0,

and
0=~ and 6, =3 max{|= 20| |1
| Qg aq
Assume again that 0 < ap < a1 <1, then
33 4 — 3ap

and R =
(&%) (&%)

T =0y
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Choosing ay = %, we get that r = % and R = 3, and hence
=3+ —-u.
w + 2u

From (4.22) we derive that
%’“ = (8 + bp)w"F.

If we take p =1 and ¢ = % (the latter choice corresponds with quantisation step equal to 1),

K—k
Tk:7- (g) .

Thus the condition on T in (4.12) amounts to

we get that

Choosing a1 = 1 this gives

Thus, Tk > 42, Tx_1 > 189, etc.

Using the same parameters and the solution given in (4.24) with § = 2, we get
a=20 and b= —6,

which yields
Ty, > 60-3K—% —18. 2Kk

Thus, Tk > 42, Tk_1 > 144, etc.

Case 2: Laplacian derivative
Here we consider the case @ = (1,1,1,1,0,0,0,0), and in this case the seminorm p models

the Laplacian derivative. The parameters that have been defined before are:
pz=py =1, Tg =7y =0, =Y, =4,

and
0

1—a0| |1—a1|}

— and 6, = ma,x{|
ap a1

|
Assume again that 0 < ag < a1 <1, then

92 _
r=0,= and R= %
(7)) ap

Choosing oy = %, we get that »r =1 and R = 3, and hence
w=3+pu.
Let us consider that 4 = 1. Then, from (4.22) we derive that

Tk —19. 4Kk
q
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Choosing ¢ = 3 and «; = 1, the condition on T}, in (4.12) amounts to
Ty > 24 - 4Kk

Thus, Tk > 24, Tkx_1 > 96, etc.

Using the same parameters and the solution given in (4.24) with § = 2, we get
T, > 323Kk _g.oK-k,
Thus, TK > 24, TKfl > 80, etc.

6. SIMULATIONS

For the simulations we use the ‘Camera’ image and the synthetic ‘Rectangles’ image shown in
Fig. 8. The images are decomposed with the adaptive wavelet scheme described in Section 4
for the particular cases (Case 1 and Case 2) analysed above. We consider three levels of
decomposition (i.e., K = 3) and take 4 =1 and ¢ = 1/2. Recall that this choice means that
the quantisation step is 1 for level &k = K. We do not use any coding scheme. At synthesis the
quantised transform coefficients are de-quantised (e.g., 9¥(n) = g} - §*(n) where g} = pkq)
and the inverse wavelet transform is applied. We repeat this compression/decompression
process varying the quantisation steps (for all £ < K) in order to compute the rate-distortion
curves (bitrate versus PSNR).

The bitrate is computed from the weighted entropy

K 3

h=2"HE )+ 27> H(gF)

k=1 j=1

where H(z) denotes the first order entropy of image z. It is measured in bits per pixel (bpp).
The peak-signal-to-noise-ratio (PSNR) is defined as

2552

PSNR =10 logw M—,SE

where M SE is the mean squared error between the original image and the reconstructed one.

For comparison purposes, we perform the same experiments using the non-adaptive wavelet
decomposition with fixed update step associated with d = 0. Fig. 9 shows the rate-distortion
curves of the adaptive wavelet decompositions against the non-adaptive ones for the ‘Camera’
image (left) and the ‘Rectangles’ image (right). The top row corresponds to Case 1 (i.e.,
a = (1,1,1,1,-1/2,-1/2,-1/2,-1/2)T with a; = 1, a9 = 2/3) and the bottom row to
Case 2 (i.e., @ = (1,1,1,1,0,0,0,0)T with oy = 1, g = 1/2). One can see that the adaptive
scheme has in general better PSNR performance. Fig. 10 shows a zoom of the reconstructed
synthetic ‘Rectangles’ image (in Case 2) at bitrate 0.5 bpp for both the adaptive (left) and
the non-adaptive (right) wavelet decomposition. We note that in the non-adaptive case, the
images suffer from blurring and ringing around the edges. In the adaptive case, ringing is

reduced and edges are better preserved.
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Figure 8: Test images: ‘Camera’ and ‘Rectangles’. Their size is of 256 x 256 pizels and have
a bit-depth of 8 (i.e., 256 possible gray levels).

3

—+— Non-adaptive d=0 —+— Non-adaptive d=0
—+ Adaptive —+ Adaptive x

IS IS IS
8 S &

PSNR (dB)
PSNR (dB)
&

L L L L L 32 L L L

L
35 4 a5 0.36 0.38 0.4

5 2 25 3 0.42 0.44
Rate (bpp) Rate (bpp)
— Non-adaptive d=0 —— Non-adaptive d=0
—+ Adaptive * —+ Adaptive *
48 1 48 - 1

PSNR (dB)
PSNR (dB)

4 34l

L 32 * L
0.6 0.65 0.7

3 05 055
Rate (bpp) Rate (bpp)

Figure 9: Rate-distortion curves for ‘Camera’ (left) and ‘Rectangles’ (right) images in Fig. 8.
Top: Case 1, the 2nd order derivative filter. Bottom: Case 2, the Laplacian derivative filter.

7. CONCLUSIONS
In this paper, we have analysed the effect of a scalar uniform quantisation in an adaptive
wavelet scheme based on a lifting implementation. The update lifting filter in this scheme

is trigerred by the gradient vector, while the prediction step is fixed. After reviewing the
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Figure 10: Reconstructed images at 0.5 bpp for adaptive (left) and non-adaptive (right) schemes.

theoretical framework involving operator seminorms that allowed us to provide the Threshold
Criterion for perfect reconstruction in the scheme without quantisation, we derived sufficient
conditions for recovering the decision map without errors. These conditions are similar in
form to the original Threshold Criterion, and involve the quantisation step and the decision
threshold at all decomposition levels. Furthermore, we have computed upper bounds for the
reconstruction error at all levels in cases where the aformentioned conditions hold.

We have made explicit calculations in the particular case of a weighted gradient seminorm,
and applied them to one-dimensional as well as two-dimensional signals. For this latter
case, we have provided several examples of usual update operators and we have shown by
simulation results the superiority of the proposed adaptive scheme compared with a non-
adaptive one. Indeed, visual inspection of the reconstructed images reveals that ringing
artefacts have been reduced and that edges have been reconstructed more sharply. Moreover,
the rate-distortion curves exhibit 0.5 - 2 dB improvement in compression performance. This
improvement depends on the update filter and is more significant for synthetic images.

As an additional benefit of our adaptive lifting scheme in the context of image compression
we may mention the fact that it suggests a strong potential in relation to spatial scalability,
compared with linear non-adaptive decompositions. Indeed, reduction of ringing artefacts and
reconstruction of sharper edges automatically results in higher quality of the approximation
subband at reduced resolution.

Future work aims at refining and optimising the error analysis presented in this paper and

providing solutions for other seminorms of interest, such as the weighted quadratic seminorm.
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