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1. Introduction

In deriving uniform asymptotic expansions of a certain class of integrals one encounters
the problem of expanding a function, that is analytic in some domain 2 of the complex
plane, in several points. The first mention of the use of such expansions in asymptotics is
given in [1], where Airy-type expansions are derived for integrals having two nearby (or
coalescing) saddle points. This reference does not give further details about two-point
Taylor expansions, because the coefficients in the Airy-type asymptotic expansion are
derived in a different way. Other mentions of the use of such expansions in asymptotics
is given in [7] and [5]. In [7], two-point Taylor expansions are used with applications to
Airy-type expansions of parabolic cylinder functions. In [5] we used two-point Taylor ex-
pansions to derive convergent expansions of Charlier, Laguerre and Jacobi polynomials
in terms of Gamma, Hermite and Chebyshev polynomials respectively.



To demonstrate an application in asymptotics of multi-Taylor expansions we may
consider contour integrals of the form

I()\;a):/cg(z)e_”(z’“) dz, (1)

where « is a vector of parameters, & = (ai,...,a3) and the phase function f(z,«a)
has m saddle points 21, 29,...,2,m. The asymptotic behaviour of these integrals for large
values of A is determined by the saddle-point structure of the phase function [[9], chap.
7, sec. 6]. One method for obtaining an asymptotic expansion of this integral for large
values of \ is based on expanding g(z) at the saddle points of the phase function,

o0

9(2) = Z[ao farz+. . Fam 12" (2= 2)" (2= 22)" - (2= )"

n=0

and substitute this expansion into (1). When interchanging summation and integration,
the result is a formal expansion in m series in terms of functions related with the
functions

For(\a) = / Fz—z) (2= 22)" - (2= z2m)"e M E) 4z k=1,2,...,m—1.
c
(2)
In [7], these functions F), j(A; &) are the Airy functions, whereas in [5] these functions
are the Gamma function, or the Hermite or Chebyshev polynomials.

In a future paper we will use multi-point Taylor expansions in the asymptotic analysis
of integrals arising in diffraction theory, such as the Bessel function integral (see [3] and

[4]) N
J(z,y) = / tJo(yt)e' =) gy, (3)
0

which is related to the Pearcey function
oo
/ ei(it4+%xt2+yt)dt (4)
—0o0

The Taylor-Laurent expansions will be used to study integrals with two saddle points
and a pole of the integrand. Other applications in asymptotics include the study of
Hermite-Padé approximations to the exponential function; in [2] integrals are considered
with three saddle points.

In a recent paper [6] we have introduced the theory of two-point Taylor expansions,
two-point Laurent expansions and two-point Taylor-Laurent expansions. The purpose
of the present paper is to generalize that theory from 2 to m points, m > 2. We give
details on the region of convergence and on representations in terms of Cauchy-type
integrals of the coefficients and the remainders of the expansions. Earlier information
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on this type of expansions is given in [8], Chapters 3 and 8. The theory of several-point
Taylor expansions was already formulated in Chapter 3 of Walsh’s book, although in a
different setting. Chapter 8 of [8] presents also a theory of rational approximation of
analytic functions, but is different from the theory of multi-point Laurent and Taylor-
Laurent expansions presented here. Whereas the multi-point polynomial approximation
of Chapter 3 may be reformulated as a multi-point Taylor approximation, the rational
approximation of Chapter 8 can not be written as a multi-point Laurent or Taylor-
Laurent approximation. For more details, see Section 5.

2. Multi-point Taylor expansions

We consider the Taylor expansion of an analytic function f(z) in several points and give
information on the coefficients and the remainder in the expansion. In what follows
empty sums and derivatives of negative order must be understood as zero and empty
products as one. We will deal with the following set of points:

Definition 1. We define the set S = {z1,21,...,21;22,22, ..., 22, ... 2Zp, Zps .- -, Zp} Of
m points consisting on p different points z1, za,..., zp (2 # 2; if i # j), each z; repeated
m; times: m1 +ma + ... +mp, =m.

For clearity in the exposition, we first introduce the multi-point Taylor expansion
for m different points z1, 22, ...z, (m = p, m; = 1) in Theorem 1. In Theorem
2 we assume that the points 21, 2o, ...z, may coalesce. We will need the following
elementary lemma.

Lemma 1. Given z, w, € C, take m different points z1, za,. .., zm in € and define

I =20~ Tl =2

w—z

H,(w,z;21, ...y Zm)

()

Then

m

Hpy (w2521, 00y 2m) = Z

Jj=1

H?:l,k#j(w - 2k) H?:l,k#j(z — 2k)
H?:Lk;ﬁj(zj — 2)

(6)

Proof. The numerator of H,,(w,z;z21,...,2y,) is a polynomial of degree m in the
variable w that vanishes at w = z. Therefore, H,,(w, 2; 21, ..., 2m) is a polynomial of
degree m — 1 in the variable w. Let P, (w,z;21,...,2y) denote the function at the
right-hand side of (6), which is also a polynomial of degree m — 1 in the variable w.
Moreover, Hy,(zs, 2521,y 2m) = HZLL,#S(Z —zi) = Pn(zs,2;21, ..+, 2m) for s =1,
2,...m. Hence, Hy,(w, z;21,...,2m) = Ppn(w, z; 21, ..., 2m). O
Theorem 1. Let f(z) be an analytic function on an open set Q@ C €' and S C Q with
S consisting on m different points (m = p). Then, f(z) has the multi-point Taylor
expansion

N-1 m
7 = 3 aun(2) [ 2 = 20" + rav(2), (7)

n=0 k=1



where Gn.m(z) is the polynomial of degree m — 1

m

Grm(2) = Z IThie it (2 — 21) (8)

P
" H;gn:1,k¢j(zj — 2k)

and the coefficients ay,_ ; of this polynomial are given by the Cauchy integral

1 flw) dw
i = /c (w— 2 ®)

2mi )Tz (w — z)™

The remainder term ry(z) is given by the Cauchy integral

j=1

m

N
1 f(w) dw

HZL=1(7U — 21 k=1

The contour of integration C is a simple closed loop which encircles the points zq,
29,..2m (for an ;) and z, z1, z2,....2m (for rn(z)) in the counterclockwise direction

and is contained in Q (see Figure 1 (a)).

The expansion (7) is convergent for z € O,,, where:

O ={2€9Q, H\z—zk\ <r}, T:InwaC\Q{H’U)—Zk|}. (11)
k=1

k=1

That is, (7) is convergent for z inside the lemniscate [, |z — zx| = r (see Figure 2;
if m = 1 this domain is a disk; if m = 2 this domain is bounded by a Cassini oval).
In particular, if f(z) is an entire function (2 = ), then the expansion (7) converges ¥
ze (.

Proof. By Cauchy’s theorem,

1 f(w) dw
=— | ——— 12
O (12)
where C is the contour defined above (Figure 1 (a)). We write
1 _ Hm(u;;z;zl,...,zm) 1 ’ (13)
w—z [Li(w—2;) 1—-u
where H,,(w, z; 21, ..., 2my) is given in (5) and

_ H?:MZ — 2x) (14)

- H$:1(w —z)

Now we use Lemma 1 and introduce the right hand side of (6) and the expansion

U

N-1 N

S R (15)

1—u 1—u

n=0
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n (13) and this in (12). After straightforward calculations we obtain formulas (7)-(10).

For any z € O,,, we can take a contour C in €2 such that

m m
H|z—zk| < H]w—zk|, Yw e C
k=1 k=1

(see Figure 1 (b)). On this contour |f(w)| is bounded by some constant C: |f(w)| < C.
Introducing these two bounds in (10) we see that limy_. 7n(2) = 0 and the proof
follows. O

Q

(a) (b)
Figure 1. The casem = 3. (a) Contour C in the integrals (9) and (10). (b) For z € O,,, we can
take a contour C in €2 which contains O, inside and therefore, [ [, |z — zi| < [T, |w — 2&
VweC.

& & oo

r=rq r="p r=r.

Figure 2. Shape of the "lemniscate domain” O,, for m = 3. It depends on the size of the
— 29| andrg > 1 > T

parameter 1 defined in (11). In these pictures |z — 23| < |21

We need the following lemma to consider the case of coalescing points in the set S.

Lemma 2: Given z,w € C, take m different points z1, za2, ..., zm n €, all different
from w too. Let those m points to coalesce at z,,, say. Then

(z — zm)?

]+1

Zm)

m m
—Z
lim Z ( Hk 1k;£g( k)
w

FLF2eEm o Em —2) [T Kty (25— 2k)

QMS

Proof. We first note that the identity

n j—1 n
ZH n— 21) H(zl—zl)zo
j=11=1 l=j+1

holds for any set of points z1, za,..., 2,, 7 > 1. It may be cheked in the following
way: we take the two first terms of the sum, which gives (z, — 22)(z1 — 23)(21 — 24) -
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(21 — 2n—1)(21 — 2). Next we add to this the third term of the sum, which gives
(zn—22)(2n —23)(21—24) -+ (21 — 2n—1) (21 — 2, ). We continue this process untill we add
the n— 1-th term of the sum, obtaining (z, —22)(zn, — 23) (2n —24) -+ (20 — 2n—1) (21 — 2n)-
But this is just the last term of the sum with opposite sign.

Using the above identity we have

k—1 s J—1 s m
H —Zl ZH —Zl H (Zk;—Zl) H (Zk—Zl):O
=1 j=k l=k l=j+1 l=s+1

for any s =1,2,3,...,m and any k = 1,2,3,...,m with k£ # s. Then

s 7—1 m m j—1 m
ZH s = 21) H Pk T A :ZH s —21) H(Zk—zl) 0 (16)
j=k =1 l=j+ j=11=1 l=j+1

for any s,k =1,2,3,...,m with k # s.
Now, for every s = 1, 2,3, ...,m, we define the following polynomials of degree m — 1
in the variable z:

m m j—1 m
)= H z—2z), Eg (z — 2z) H (zs — 21)
l=1,l#s j=11=1 l=j+1

The zeros of Rs(z) are zj for k = 1,2,3,...,m, k # s and from (16), Ss(z;) = 0 for
k=1,2,3,....,m, k # s. Moreover, the leading coeficient of R(z) and of Ss(z) coincide.
Therefore, Rs(z) = Sg(z) for s =1,2,3,....,m

Finally, define the following polynomials of degree m — 1 in the variable w:

w. » [T, k;é]( — 2k) HZL:L/@&]‘ (w — zp)
Plu,2) = Z Hk::l,k;éj(zj — 2k)

)

j=1
m j—1 m
Q(w,z) = Z (z — zk) H (w— zg).
j=1k=1 k=j+1

For every s = 1,2,3,...,m we have P(zs,2) = Rs(z) and Q(zs, 2) = Ss(z). But Rs(z) =
Ss(z) and therefore P(w, z) = Q(w, z). Then,

i MicwigGoa) Pwsz) __ Qwsz) i Moy (== =)
]:1 —zj) [Tiey iz —2e) o (w—zk)  TTemy (w —2k) I, (w—

Taking the limits z1, 29,.., Zm—1 — Zm in the left- and right-hand sides of these equalities,
we obtain the desired result. O
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Theorem 2. Let f(z) be an analytic function on an open set Q@ C € and S C Q. Then,
f(2) has the multi-point Taylor expansion

N-—1
= E Qn,m
n=0

where Gnm(z) is the polynomial of degree m — 1

(z —2zk)"™ +ryn(2), (17)

i ’:]w

& m;—1

Gn,m (2 an lk# T Z n,j1(2 (18)

k 1k7$]

and the coefficients ay_ ;1 of this polynomial are given by the Cauchy integral

1 (w) duw
In,jl = 5 /c (w — z))FTo_y (w — zg)mme (19)

The remainder term ry(z) is given by the Cauchy integral

N
_ 1 f(w) dw : i
m@:%éwﬁﬂp dew>]. (20)

o1 (W — z)™ ] [

The contour of integration C is a simple closed loop which encircles the points 21, z2,...,2p
(for an ;1) and z, z1, 22,...,2, (for rn(2)) in the counterclockwise direction and is con-
tained in Q) (see Figure 1 (a)).

The expansion (17) is convergent for z € Op:

p P
={z €, H’Z_Zk’mk <r}, TEInwa@\Q{H|w—Zk’mk},
k=1

k=1

that is, inside the lemniscate [[V_, |z — zix|™ = r. In particular, if f(z) is an entire
function (Q = €), then the expansion (17) converges V¥ z € (.
Proof. If all the points in S are different, we have from (8) and (9)

_ L f(w) dw S Hk 1 k;s]( — 2k)
Gn.m (2) = 2mi /c [Ty (w — z)™ Z (w— ' (21)

=1 zj) [Tie 1k¢j( - 2k)

This last sum may be also decomposed in the form

i § H?:l,k;ﬁj(z_ + Z ITi- 1k¢J( - 2k) 4o

1 _Zj)H$:1,k¢j(ZJ ——1 (w —2j) [Toz 1,k#j (25 — 2k)

- Hk 1 k;é]( Zk)
Z (w = 25) Hk:1,k¢j( = 2K)
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Now let the first m, points to coalesce to z1, the second ms points to coalesce to zo,
and so on, and apply Lemma 2 to every one of the p sums above to obtain (17), (18)
and (19). Equation (20) follows from (10). The proof of the convergence of (17) in the
region O, is a straightforward generalization of the correponding proof in Theorem 1.
O

2.1. Explicit forms of the coefficients
Formula (19) is not appropriate for numerical computations. A more practical formula

to compute the coefficients of the above multi-point Taylor expansion is given in the
following proposition. First we have a definition:

Definition 2. Let f(w) be analytic at w; then for n = 0,1,2,... the differentential
operator D7 f(w) is defined by

Dy flw) =

n! dwn

f(w).

Proposition 1. The coefficients ay, j;, for n = 1,2,3,..., j = 1,2,...,p, | =
0,1,...,m; — 1 in the expansion (17) are also given by the formula:

. f(w)
Qn,j,1 :Dnm]Jrl
J w H?:l,s;ﬁj(w _ Zs)nmS

_|_

w=zj

N f(w)
Z Dw [(w — Zj)lJrl ngl’”&k(w — zs)nmS]

k=1,k#j w=zg
Proof. We deform the contour of integration C in equation (19) to any contour of the
form C; UCo U - - - UC,, also contained in €2, where Ci, kK =1,2,...,p, is a simple closed
loop which encircles the point z; in the counterclockwise direction and does not contain
any other point z;, j =1,2,...,p, j # k inside (see Figure 3 (a)). Then,

fw) dw
Qn,jl = Z / — 2 Hs ] S;ék( — 2g)Ms (W — zj, )Tk +

k: 1,k#j
1 fw) dw
2t o, T oy (0 — 20)7 (= 2 e

from which equation (22) follows. 0




(a) (b) (c)
Figure 3. Integration contours Cy, for p = 3 and ¢ = 1. (a) The function HSZLS#k(w
2s) ™M= f(w) is analytic inside Cy, for k = 1,2,...,p. (b) The functions ngl’s#k(w
zs) "= g (w) and ngl’s#k(w — 2,) "™ g (w) are analytic inside Cy, fork = 1,2,...,p.
(c) The functions ngl,s;ék(w z5) "M g (w), Hg 1 s;ﬁk(w — 25) 7" ]: q+1, s;ék:(

25)"™ ge(w) and T8 oy (w —25) =™ s TP Ly g (w = 2) " FD™e gy (w) are an-
alytic inside Cy, fork =1,2,...,p

2.2. Multi-point Taylor polynomials

In Theorem 1 we have assumed that the function f(z) is analytic in Q. If f(z) is not
analytic in €2 but has a finite number of derivatives at 21, 22,...,2,, we can still define
the multi-point Taylor polynomial of the function f(z) at 21, 22,...,2, in the following
way:

Definition 3. Let z be a real or complex variable. If f(z) is Nmy — 1—times differen-
tiable at z1, za,...,2p, we define the multi-point Taylor polynomial of f(z) at the points
of S and degree mN — 1 as

N-—1 P
Z)E ZQn,m H Z—Zk nmk
n=0 k=1
where Gn.m(z) is the polynomial of degree m — 1
P k: 1 k;é Zk)mk mj—1
qn,m Z ] mg Z any]yl(’z ZJ)
[hmths (25— 26)™ =

and the coefficients a,, ;| are given in (22).
Proposition 2. In the conditions of the above definition, define the remainder of the
approximation of f(z) by Pn(2) at the points of S as

rn(2) = f(2) — Pn(2).

Then, (i) ry(2) = o(z—zp) V™ Y asz — 2z, k=1,2,...,p. (i) If f(2) is Nmy—times
differentiable at z, for some k, then rn(z) = O(z — z1)N™* as z — 2.

Proof. The proof is trivial if f(z) is analytic at every 21, 22,...,2, by using (20). In any
case, for real or complex variable, the proof follows by using I'Hopital’s rule and (22).
O

Remark 1. Observe that the Taylor polynomial of f(z) at the points of S and degree

mN —1 is the Hermite’s interpolation polynomial of f(z) at z1, 22,...,2, with data f(zy),
f,(zk)r"af(Nmkil)(Zk')a k= 1) 2) sy D
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3. Multi-point Laurent expansions

In the standard theory for Taylor and Laurent expansions much analogy exists between
the two types of expansions. For multi-point expansions, we have a similar agreement
in the representations of coefficients and remainders.

Theorem 3. Let Qg and € be closed and open sets, respectively, of the complex plane,
and Qo C Q C €. Let f(z) be an analytic function on Q\Qq and z1, z2,...,2, € Qo (That
is, S € Qo). Then, for any z € Q\ Qo, f(z) has the multi-point Laurent expansion

N-—1 P N-1 p
F@) = anm(@ [T = 20"+ 3 tam(2) [T (2 = 20) "™ 4 ry(2), (23)
n=0 k=1 n=0 k=1

where gn.m(z) is the polynomial of degree m — 1

Zk)mk‘

p
Qn,m Z 1—[ k ! kij Z an,j,l(z - Zj)l (24)

k=1 k;éj — zp)" —o

and the coefficients ay_ ;1 of this polynomial are given by the Cauchy integral

1 f(w) dw
/ (w—2) | (25)

2772 A1 H£:1(w — Zp )k

Also, ty, m(z) is the polynomial of degree m — 1

Zk)mk’

tn, m Z 1—[ k ! k#J Z bn,j,l(z - Zj)l7 (26)

k=1 k;ﬁg — 2p)"™* —o

where the coefficients by, ;1 of this polynomial are given by the Cauchy integral

,Jl QM/Fle (w_zj)lJrl' ( )

The remainder term ry(z) is given by the Cauchy integrals

_ 1 f(w) duw i o
m<z>=%/n R TARCEESAE | (28)

O B v fw) du :

sy, L0 =20 S ey

In these integrals, the contours of integration I'y and I's are simple closed loops con-
tained in 2\ Qo which encircle the points z1, za,...,2p in the counterclockwise direction.
Moreover, z is not inside I'y, whereas I'y encircles T's and the point z (see Figure 4 (a)).
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The expansion (23) is convergent for z inside the “lemniscate annulus” (see Figure 5)

p
Ay, ={z€Q\Q, 7“2<H|z—zk|m’“<r1} (29)
k=1
, where
P P
r1 = Infyee\o {H jw— Zk|m’“} ;T2 = Supyeq, {H jw— Zk|m’“} . (30)
k=1 k=1

Proof. By Cauchy’s theorem,

! f(w)dw 1 f(w) dw
)_2_7m'/p1 w—z _2_7Ti/r2 w—2z (31)

where I'y and I'y are the contours defined above. First we assume that the m points
of the set S are all distinct and later we will let the first mq points to coalesce to z1,
the second mg points to coalesce to z2 and so on. We substitute (13)-(14) into the first
integral above and

1 :_Hm(w,z;zl,...,zm) 1 _ e (w = 2
w—z [t (z—2)  1-w’ - ILZi(z =2
where H,,(w, z; 21, . . ., zm) is defined in (5), into the second one. Now we introduce the

expansion (15) of the factor (1 — u)~! in both integrals in (31). Using (6) and after
straightforward calculations we obtain

N-1 m N—-1 m
n—1
= 3 0 [T = 20"+ 3 tunt) [T =207 7 )
n=0 k=1 n=0 k=1

where gy, (2) is given by formulas (8) and (9) replacing the contour C by I';. Also,

- [Tt ey (2 — 20) 1 - f(w) dw
thm(2) = by j 2 , bn'z—,/ w — z )" ,
() g e 5= g J, Tlw =zt =2

and

1 f(w) 1
()= 2mi ( _Z)szl w — z)N Uz—zk -

/ Nf(w) w 1
2ri r w—z [[ie(z—2zi)V

Now we write

. n - [T (z — )
tn,m 271'2/ ];I _Zk +1f Z:: = : Zk)

—Zj Hk 1 k:;éj(
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and repeat the steps following (21) in the proof of Theorem 2 for ¢y, »,(2) and t,, p(2).

For any z € A, we can take simple closed loops I'; and I'; in €\ Qg such that
[Tici |2 = zl™ < ITj—y lw — 2™ Y w € Ty and [T7_; [2 — 2™ > [Ty lw — 2i™
vV w € I'y (see Figure 4 (b)). On these contours |f(w)| is bounded by some constant C:
|f(w)] < C. Introducing these bounds in (28) we see that limy_.. 7n(2) = 0 and the
proof follows. O

(b)

Figure 4. The case p = 3. (a) Contours I'y and I'y in the integrals (25), (27) and (28). (b)
For z € A,, we can take a contour I'y in ) located between €y and A, and a contour I'y in
such that A, is inside this contour. Therefore, [[h_, |z — zx|™ < [Th_, w — zx|™ YV w € Ty
and [T7_; |w — zi|™ <TIi_; |z — z|™ YV w € Ts.

(T(llv r2)

(rf,73) (r1,75) (rf, r5)

Figure 5. Shape of the "lemniscate annulus” A, for p = 3. It depends on the relative size of
the parameters 11 and 1 defined in (30). The different forms are labeled by (r1,r3) with Ty > T9.
, |21 — 22| and 7§ > 1§ > 7§,

In these pictures |zo — z3| < |21 — 23

If the only singularities of f(z) inside € are just poles at 21, 22,...,2,, then alternative
formulas of (25) and (27) for computing the coefficients of the above multi-point Laurent
expansion is given in the following proposition.

Proposition 3. Suppose that gi(z) = (z — z)** f(2), k = 1,2,...,p are analytic
functions in Q for certain p1, p2,...,pr € N. Then, forn =0,1,2,..., coefficients ay_;,
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and by, ;1 in expansion (23) are also given by the formulas:

P
_ gr(w)
Anj1 = ngk—l-pk 1 +
" k%;éj (w = 2;) [Ty e (w — 25)™s
w=z, (32)
Dnmj—i-pj—i-l g;j (w)
b H:g:l,s;éj (w - zs)”ms w=z;
)
and
b Zp: per—(nt1)mi—1 gr(w) ﬁ ( )(n+1)ms +
n,g,0 = w VRYES] W — Zs
k=1k+#j (w—2) s=1,s%k s
’ (33)
P
ppri—nt+L)m;+l ) H (n—s—l)mé
w
s=1,s#j

W=zj

Proof. We deform both contours I'; and I's of equations (25) and (27), respectively,
to any contour of the form C; UC U ---UC, contained in 2, where C,, k =1,2,...,pis
a simple closed loop which encircles the point z; in the counterclockwise direction and
does not contain the point z; j =1,2,...,p, j # k inside (see Figure 3 (b)). Then,

! / gr(w) dw
i n nm +
n,j 2 v, 121;;&3 Ck — zj)l+1 HIS):LS#(U) — ) (W — zj)PRPE
(w) dw
2mi ¢; Tomt sy (w — 25)mme (w — 25)nmateititt
and
1=5- Zp: Hg:ly#k(w — z,) (W 1me gr(w)dw +
s b r=1 k;éj (w — z;)I*1 (w — z,)Pe—(n+D)ma
/ H BICESIE gj (w)dw
_ S \pi—(n+1)m;+I+1"
2mi Ci s=1,5#j (w — 2z;j)Pi—(n+1)
From here, equations (32) and (33) follow. .

(2 = 2)7 £ (2)

Remark 2. Let z be a real or complex variable. Suppose that gi(z) =
=1,2,...,p. Define

is pr — 1—times differentiable at every z, in S for some p € N, k

M D

9(z) = f(2) = > tam(2) [J(z = 2) =™,

n=0 k=1
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where M = |Max{(p1—1)/m1, (p2—1)/ma,...,(pp—1)/my}]| and ¢, ., (2) is the polyno-
mial defined in (26) and (33). Then, the thesis of Proposition 2 holds for f(z) replaced
by g(z). Moreover, if [[}_,(z — z;)?* f(z) is an analytic function in €2, then the thesis
of Theorem 2 applies to g(z).

4. Multi-point Taylor-Laurent expansions

For multi-point expansions we have the possibility (that we do not have in the standard
theory) of expanding in Taylor series in some points and in Laurent series in other
points.

Theorem 4. Let Qg and € be closed and open sets, respectively, of the complex plane,
and Qo C Q C €. Let f(z) be an analytic function on Q\ Qqo, 21, 22,...,24 € Q\ Qo
and Zg41,2q42, - -5 2p € Qo (q points are in Q\ Qo and p — q points are in Q). Write
s=mq+mg+---+my. Then, for z € Q\ Qo, f(z) has the Taylor-Laurent expansion

e - nm (1) Hk 1(2 — Zk)nmk
=2 dom( 1120 "+Zt +
n=0 k=1

k q+1(z — zp)"

N1 (34)

n+1)m
BUCREN ! Sl

(Z _ Zk)(n+1)mk

D + TN(Z)a
n=0 k=q+1

where qn.m(z) is the polynomial of degree m — 1

qn,m

Z [T 1’“7&3 Zk)mk Z anji(z — 2;) (35)

Hk 1 k;ﬁg — 2k) —o

and the coefficients ay_ ;1 of this polynomial are given by the Cauchy integral

_ 1 f(w) dw
it o /n (w = z;) Ty (w — 2)mme (36)

Also, t;lzn(z) and t£?2n(z) are the following polynomials of degrees s —1 and m — s —1
respectivelly,

t(l) Z H k 1 k#] — Z bn,j,l(z _ Zj)l, (37)

k=1 k;éj( — zk) =0
where the coefficients by, ;1 of this polynomial are given by the Cauchy integral

[The g1 (w0 = 26)™™  f(w) dw

bn_; .
’I’L7]7l 27TZ I Hk 1( _ zk)n’nl,k (w _ Z]>l+1

o $ Bt

j=q+1 k q+1,k7ﬁj(’z]
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where the coefficients cy, ;1 of this polynomial are given by the Cauchy integral

Cr il = L HZ:(H—I(M — zp,) (e f(w) dw (40)
M B e, T (0= 2) 00 {w— )T
The remainder term ry(z) is given by the Cauchy integrals
TN (2) =9 - (w— 2) Z:l(w — zp) Ve H(Z 2k)
N h=1 (41)
1 e (0 =20 fw)dw TT7 (2 = 2) ™

2mi Jr, Ilici(w—zi)Nme w—2 T (2 — 2p)Vme

In these integrals, the contours of integration I'y and I's are simple closed loops contained
in Q\ Qo which encircle Qo in the counterclockwise direction. Moreover, the points z
and z1, %2,...,24 are not inside I'a, whereas I'y encircles I'y and the points z and 21,
22,...,2q (see Figure 6 (a)).

The expansion (34) is convergent in the region (Figure 7)

p q p
Dyp={z€ 0\, [[IE—2)™ <ri and J]lz—z)™ <ry [] I(z—z)™*}
k=1 k=1 k=q+1

(42)
where 11 = Infyeena {[Th— [(w — z)|™*} and
r2 = Infueen {1 10 = 20 T g (w0 = 200717 .

Proof. By Cauchy’s theorem,

10 =g [ I o [ Lt (43)

7w Jp, w—2

where I'; and I'y are the contours defined above.

First we assume that the m points of the set S are all distinct. Later we will let the
first m1 points coalesce to z1, the second mso points to zo, and so on. We substitute
(13)-(14) into the first integral above and

(2 = z1) [T gy (0 — 21)

(w— z1) [T g1 (2 — 21)

1 Eo(w,z;21,. .., 2m) 1

w—z HZ:1(UJ — zk) H?:sﬂ(z —zp) 1 - u’

u

|
|
where

[Ty (w = 2i) TTim sy (2 = 2k) = Ty (2 = 2) [ gy (w — 2i)

w—z

Fo(w,z;21,. ..y 2m)
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into the second one. Next we introduce the expansion (15) of the factor (1 — )=t in
both integrals in (43). We observe that F,(w, z; 21, ..., 2z, ) may be written as

m
Fo(w,z;21,...,2m) =Hs(w, 2,21, ..., 2p) H (z — zx)—
k=s+1
S
Hopos(W, 25 2p1, - -5 Zm) H(z - 2k),
k=1
where H,,(w,z;21,...,2ny) is defined in (5). Using this decomposition, equation (6),

and after straightforward calculations we obtain

3 1 ) Il (e = 2"
= Qn,m(z) Z— Zk "+ (1) mk:1 +
Z kl;[ Z Hk:s+1(z — zg)"

= 2, (o) Al
0 [Timsyi(z = 2zp)mtt

i
[en)

=

+rn(z2),

n

where ¢, (%) is given by formulas (8) and (9) replacing the contour C by I';. Also,

D () = - s . Itz (2 — 20) ] TI7 sy (w0 — 2)" f(w) duw
n,m - 7, ) n,g — o _- - ,
: — J HZ:l,k (25 — 21) Tomi Jr, Ty (w—z0)" w—z;

J=1 #
t(2) Zm c H?=s+1,k¢j(2—zk) o [T s (w w — zp)" F(w) dw
m, m 9 n, -
g Hk:s+1,k;£j(zj — 2k) / 2m Iy Hk L(w— 2t w — 2
Jj=s+1
and

1 f(w) 1
ry(z) = 5 e )Hk1 ) I;Iz—zk —

Hk:s+1(w — )Y f(w) dw Hk:1(z —zi)V

2mi Jry T (= 20)% w2 [z~ 5

Now we write

—2)" 5 i (z—2
t%lzn(z) _ Hk s+1( kT)L (w) dw Hk—l,];:;ﬁ]( k) ,
’ - 2mi ry [l (w—zk) = (w = 2j) [The1 gy (25 — 20)
(2) 1 H?:gﬂ(w —zp,)" & Hzn:s—f—l,k;éj (z — )
tn,m(z) = . Hs ( — n+1 f(w) dw Z . m o )
Ty j1 (W — 2k) jestp1 W zj) Hk:s—&-l,k;éj(zj Zk)

and repeat the steps following (21) in Theorem 2 for g, n(2), %lzn(z) and tg)n(z)
For any z verifying (42), we can take simple closed loops I'; and Fg in Q\Qg such that
[Tz [z = 2rl™ < Ty lw— 2™ ¥ w € Ty and [Ty [w—2u™* TTiqq [z — 2™ >
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[Ty 12 = 2™ [Tizgir w0 — 26[™ ¥ w € Ty (see Figure 6 (b)). On these contours
| f(w)] is bounded by some constant C: |f(w)| < C. Introducing these bounds in (41)
we see that limy_, 7y (z) = 0 and the proof follows. O

(b)

Figure 6. The case ¢ = 2, p = 3. (a) Contours I'y and I'a in the integrals (36), (38), (40) and
(41). (b) For z € Dy}, we can take a contour I'y located between §)g and D, ;, and a contour I'y
in Q with D, inside this contour. Therefore, [[1_, |z — zi|™ < [Th_; |w — 2i|™ Y w € T4
and [Ty |z — 2™ z=q+1 w— 2™ < Ty [w— 2™ Hz:q-l-l |z — zk|™ YV w € I

(r,r3) (rf,75) (r{,r9)

O v ® O
G» o @@
(r,rg) (r,rh) (rb,rs) (rb,rd)

SRS
00 @90 @

.@
O@

(r1,75) (r§,73) (r1,75) (rf.rg)
Figure 7. The region D, defined in Theorem 4 is given by D, = O, () Bgp, where O, is
the "lemniscate domain” of foci z1, . .., z, and parameter 1. Also, By, ={z € C, [[}_, |(z —

21)|"™ < 12 [[i—qy11(z—2k)|™ }. This pictures show the topologically different forms of Dy,
depending on the relative value of r1 and ro when ¢ = 2 and p = 3. The pictures are labeled with
and r$ > 15 > 1§ > rg.

(r1,72). In these pictures z1 |z1 — 22| < |21
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If the only singularities of f(z) inside £y are just poles at z411, Zg+2,...,2p, then
alternative formulas of (36), (38) and (40) for computing the coefficients of the above
two-point Taylor-Laurent expansion is given in the following proposition.
Proposition 4. Suppose that gi(z) = (z — 2z)P* f(2) is an analytic function in Q0 for
certain p, € Nand k = q+ 1,9+ 2,...,p. Define gi(w) = f(w) for k =1,2,3,...q.
Then the coefficients an_ji, by j1 and ¢, ;1 in the expansion (34) are also given by the
formulas:

q
- f(w)
a”l’h ',l = Dnmk 1 +
J kzg;éj w [(w )l+1 HS 1 s;ék( _ Zs)nms
W=Z
P
>, Dyt 94(w) +(44)
w
k=q+1,k#j (w = z;)H+1 Hs:l,s;ﬁk(w — Zg)"Ms .
prmiteitl gj (w)
“ H§=1,3¢j(w — 2g)"VMs

w==zj

bn,j.1 Z DPE=mm= 1 [gk( )HS q+1, svfk(w_zs)nmsl . (45)

k=q+1 (w = 2) oy (w — zo)mme
W=Zf
p n+1)msg
Coil = Z Dpr—(ntlmi—1 (W) TTom gy 1,5n (W w — z,) "+ n
20> ey (w — . )H—l HQ_ ( Zs)(n—i-l)ms
W=2k (46)

Dpi—(nt1)m;+l lgj(w) || (SRR (TR zs)(n+1)ms]

I (w = zg)(nHDms

w==zj

Proof. We deform both, the contour I'; in equation (36) and the contour I'y in equations
(38) and (40) to any contour of the form C; UCs U --- UC, contained in 2, where Cj,
k=1,2,...,pis asimple closed loop which encircles the point z; in the counterclockwise
direction with z; not inside Cx, j = 1,2,...,p, j # k (see Figure 3 (c)). Then,

gk(w) dw
b=t kss o Cr s=1,s4k\W — Zs k
) dw
Hs 1 s;ég - Zs)nms (U) - zj)nmj+pj+l+l ’
1 Z smg i1 sk (W — 25)" gr(w)dw
n] = Ch — 2 z+1 Hq ( — Zs)”ms (w —_ zk)Pk—”mk )

k q+1
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RS 1 | N )(n+1)ms gr(w)dw
ot = Z 2ri e, (w +

_ I+177149 (n—i—l)mé _ pr—(n+1)m
b Tt 271 zi) T (w (w — 2 )P* k

/ Hs q+1 s;é_]( ZS)(n+1)mS g](w)dw

S)(n+1)ms (’U} _ Zj)pj—(n+1)mj+l+1 :

From here, equations (44), (45) and (46) follow. ]

Remark 3. Let z be a real or complex variable and suppose that (z — zj)P* f(2) is
pr — 1—times differentiable at zj, for certain p; € N. Define

M M
[Ty (2 — )" @) (o ey (2 = zp) mFHme
9(2) = f(z) = >t (2) 552= =D tam()mr— :
TLZ:;) 7 Z=q+1(z — zp)" r;) ’ £:q+1(z — z) (DM

where M = [Max{(pg1 — 1)/mgs1, (Pgr2 — 1)/mgra, ., (pp — 1)/myp}] and ) (2)
and tﬁ?%(z) are the polynomials defined in (37), (39), (45) and (46). Then, the thesis
of Proposition 2 holds for f(z) replaced by g(2). Moreover, if [[;_, (2 — 2x)?* f(2) is
an analytic function in €2, then the thesis of Theorem 2 applies to g(z).

5. Discussion and concluding remarks

In an earlier paper [6] we have discussed the theory of two-point Taylor expansions,
two-point Laurent expansions and two-point Taylor-Laurent expansions. In the present
paper we have generalized these two-point cases to multi-point cases. We have given
details on the regions of convergence and on representations of the coefficients and the
remainders of the expansions in terms of Cauchy-type integrals.

Multi-point Taylor expansions are related with topics from interpolation theory, in
particular with the Newton interpolation theory with applications in numerical analy-
sis. For example, applications can be found in initial and boundary value problems in
connection with ordinary differential equations and in numerical quadrature of integrals.

From the point of view of interpolation theory detailed information on multi-point
expansions can be found in [8], Chapters 3 and 8. The theory of several-point Taylor
expansions is discussed in Chapter 3 of [8], although in a setting that is different from
our approach. Our approach gives explicit Cauchy-type integrals of coefficients and
remainders which cannot be found in Walsh’s approach. In particular, we cannot find
explicit formulas for the polynomials g, ,(z) of formula (15) as we have in (16)-(17).
Knowledge of these explicit formulas is necessary to construct asymptotic expansions of
integrals with several saddle points.

In addition to this, our Laurent and Taylor-Laurent expansions are new. They have
a formal similarity with the rational approximations of Chapter 8 of [8]: they involve
negative powers of z. But they are completely different. The rational approximations, in
particular the Padé-type approximations P, (z)/@.(z) are of interpolatory type. These
are generalizations of the Taylor polynomial at several points: a quotient of polynomials
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instead of a polynomial. However, our expansions (21) or (32) have a different form
and a different approximation property: they approach not only at regular points like
Padé-type approximations but also at singular points of f(z). And of course, the regions
and convergence properties in [8] are different from ours.

Apart from applying the present results in problems from interpolation theory, in
particular in problems from numerical analysis, we expect to find applications in asymp-
totic analysis of integrals, which application area is our main motivation; see [5]. In
that paper certain orthogonal polynomials have been considered and we have given
new convergent expansions that also have an asymptotic property for large values of
a parameter (the degree n of the polynomials). Orthogonal polynomials and special
functions can be studied when the variable and several parameters are large. In that
case more than one or two so-called critical points occur that may give the main contri-
butions to the integral, and expansions of analytic functions at these points gives again
the possibility of constructing new convergent expansions with an asymptotic property.
This method avoids the complicated conformal mapping of the phase function of the
integral into a standard form (say a cubic or higher polynomial). In addition, when the
critical points are multiple poles, Laurent-type expansions may be considered. A few
application areas are mentioned in the Introduction, see the integral in (3), which we
expect to approximate in terms of Airy functions and the Pearcey integral (4) and its
derivative with respect to x and y.
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