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 A B S T R A C T

Cronie and Van Lieshout (2018) introduced a nonparametric bandwidth selector for kernel 
estimation of spatial point process intensity functions. Using the Gaussian kernel and no edge 
correction term in their criterion, they conjectured that the associated statistic 𝑇𝜅 (ℎ;𝜓,𝑊 ) is a 
monotone function of the bandwidth ℎ. We show that there exist point patterns 𝜓 for which 
the derivative of this statistic is strictly negative at a positive bandwidth ℎ, which, because the 
statistic tends to zero for ℎ→ 0 and to infinity for ℎ→ ∞, disproves the conjecture. Such point 
patterns consist of a sufficiently large cluster of tightly packed points together with a single 
well-separated point.

1. Preliminaries

Consider a simple point process 𝑋 in R𝑑 , 𝑑 ≥ 1. Formally, given an underlying probability space, 𝑋 can be defined as a random 
element in the measurable space lf  of countable configurations 𝜓 = {𝑥𝑖}𝑖∈𝐼𝜓  with the local finiteness property that #(𝜓 ∩ 𝐴) is 
finite for any bounded Borel set 𝐴 ⊆ R𝑑 (Chiu et al., 2013). In particular, the index set 𝐼𝜓  is either finite or countable. An observed 
realization 𝜓 ∈ lf  of 𝑋, observed within some bounded window 𝑊 , is referred to as a point pattern and an 𝑥𝑖 ∈ 𝜓 is called an 
event.

1.1. Kernel intensity estimation

The intensity function 𝜆 ∶ R𝑑 → R+ of 𝑋 has the heuristic interpretation that the probability of 𝑋 having a point in an 
infinitesimal neighbourhood d𝑥 of 𝑥 ∈ R𝑑 is given by 𝜆(𝑥)d𝑥. Formally, it can be defined through the Campbell formula (Chiu 
et al., 2013, Section 4.3), which states that

E

{

∑

𝜉∈𝑋
𝑓 (𝜉)

}

= ∫R𝑑
𝑓 (𝑥)𝜆(𝑥)d𝑥

for any non-negative and measurable function 𝑓 on R𝑑 .
When analysing point pattern data, the first step is typically to generate a non-parametric estimate of the underlying intensity 

function 𝜆, and here the most prominent approach is kernel estimation (Chiu et al., 2013, Section 4.7). Given a point pattern 𝜓
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within a non-empty, open and bounded Borel set 𝑊 ⊆ R𝑑 , with 𝜓 ∩𝑊 ≠ ∅, the kernel estimate of the intensity function, when no 
edge correction has been applied, is given by 

𝜆(𝑥;ℎ, 𝜓,𝑊 ) = ℎ−𝑑
∑

𝑦∈𝜓∩𝑊
𝜅{(𝑥 − 𝑦)∕ℎ}, 𝑥 ∈ 𝑊 . (1)

Here, ℎ > 0 is the smoothing bandwidth and the kernel 𝜅 is a symmetric density function on R𝑑 . Clearly, a variety of kernels can 
be applied here, but a natural and common choice is the Gaussian kernel 

𝜅(𝑥) = (2𝜋)−𝑑∕2 exp(−𝑥𝑇 𝑥∕2), 𝑥 ∈ R𝑑 . (2)

Other kernels include, for example, the beta kernel (Wand and Jones, 1995, Section 2.7).

1.2. The bandwidth selection criterion

Assuming that 𝜆(𝑥) > 0 for Lebesgue-almost every 𝑥 ∈ 𝑊 , the Campbell formula applied to 𝑓 (𝑥) = 1∕𝜆(𝑥) whenever 𝜆(𝑥) > 0, with 
𝑓 (𝑥) = 0 otherwise, yields E{∑𝜉∈𝑋∩𝑊 1∕𝜆(𝜉)} = |𝑊 |, where |𝑊 | denotes the Lebesgue measure of 𝑊 . Motivated by this identity, 
Cronie and Van Lieshout (2018) proposed to choose the bandwidth ℎ by minimizing 

ℎ ↦ {𝑇𝜅 (ℎ;𝜓,𝑊 ) − |𝑊 |}2, ℎ > 0, (3)

where 
𝑇𝜅 (ℎ;𝜓,𝑊 ) =

∑

𝑥∈𝜓∩𝑊

1
𝜆(𝑥;ℎ, 𝜓,𝑊 )

= ℎ𝑑
∑

𝑥∈𝜓∩𝑊

1
∑

𝑦∈𝜓∩𝑊 𝜅{(𝑥 − 𝑦)∕ℎ}
. (4)

This is an instance of the statistic of Stoyan and Grabarnik (1991) , which can also be used for parametric inference (Kresin, 2023). 
In the case of the Gaussian kernel,

𝑇𝜅 (ℎ;𝜓,𝑊 ) = (2𝜋)𝑑∕2𝑇𝜅 (ℎ;𝜓,𝑊 ),

𝑇𝜅 (ℎ;𝜓,𝑊 ) = ℎ𝑑
∑

𝑥∈𝜓∩𝑊

1
∑

𝑦∈𝜓∩𝑊 exp{−‖𝑥 − 𝑦‖2∕(2ℎ2)}
.

Theorem 1 of Cronie and Van Lieshout (2018) implies, among other things, that for the Gaussian kernel and for beta kernels 
other than the box kernel 𝑇𝜅 (ℎ;𝜓,𝑊 ) is continuous in ℎ, tends to zero as ℎ ↓ 0 and tends to infinity as ℎ → ∞. Consequently, there 
exists at least one minimizer of (3) and plugging such a minimizer into (3) results in the value zero.

A minimizer of (3) is not necessarily unique, unless 𝑇𝜅 (ℎ;𝜓,𝑊 ) is a monotonically increasing function of ℎ. Cronie and 
Van Lieshout (2018) noted that monotonicity may fail for general kernels, but provided the following conjecture.

Conjecture 1. Monotonicity of 𝑇𝜅 (ℎ;𝜓,𝑊 ), ℎ > 0, holds for any point pattern 𝜓 ⊆ 𝑊  and any non-empty open and bounded 𝑊 ⊆ R𝑑 , 
𝑑 ≥ 1, if 𝜅 is the Gaussian kernel.

The purpose of this note is to disprove this conjecture. Consequently, the Gaussian kernel displays behaviour similar to the 
continuous beta kernels. In practice, in case the graph of ℎ ↦ 𝑇𝜅 (ℎ;𝜓,𝑊 ) hits the value |𝑊 | multiple times, we pick the first 
crossing.

2. A counterexample to the conjecture

For the Gaussian kernel, note that we can focus on 𝑇𝜅 (ℎ;𝜓,𝑊 ) since the scaling (2𝜋)𝑑∕2 neither depends on the bandwidth nor 
the point pattern in question.

2.1. Motivation

Considering 𝜓 ∩𝑊 = {𝑥1,… , 𝑥𝑛}, we have 

𝑇𝜅 (ℎ;𝜓,𝑊 ) = ℎ𝑑
𝑛
∑

𝑖=1

1
𝑆𝑥𝑖 ;𝜓 (ℎ)

, 𝑆𝑥𝑖 ;𝜓 (ℎ) = 1 +
∑

𝑗≠𝑖
exp

{

−
‖𝑥𝑖 − 𝑥𝑗‖2

2ℎ2

}

, (5)

since the term corresponding to 𝑗 = 𝑖 is equal to exp(0) = 1. If ‖𝑥𝑖 − 𝑥𝑗‖ ≥ 𝐿ℎ for all 𝑗 ≠ 𝑖, then
1 ≤ 𝑆𝑥𝑖;𝜓 (ℎ) ≤ 1 + (𝑛 − 1) exp(−𝐿2∕2),

which tends to one as 𝐿 → ∞. Thus, if all points are separated by a large multiple of ℎ, 𝑇̃𝜅 (ℎ;𝜓,𝑊 ) is approximately equal to 𝑛ℎ𝑑 , 
which is a strictly increasing function of ℎ. Similarly, if all points are close together, 𝑇̃𝜅 (ℎ;𝜓,𝑊 ) is approximately equal to ℎ𝑑 , 
which is also strictly increasing in ℎ. This suggests that in order to obtain a counterexample to Conjecture 1, one needs to pack 
many points tightly together in combination with some points far away.

We next make these heuristics explicit.
2 
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2.2. Tightly clustered point patterns and the counterexample

Consider a non-empty open and bounded Borel set 𝑊 ⊆ R𝑑 , 𝑑 ≥ 1, and assume, without loss of generality, that it contains the 
origin, i.e., 0 ∈ 𝑊 . Since 𝑊  is open, there is a 𝑦 ∈ 𝑊  which has distance ‖𝑦‖ = 𝑅 > 0 to the origin. Now consider an 𝑚 + 1 tuple 
𝜓 = (0,… , 0, 𝑦). Note that due to the multiple points at the origin, this ensemble is not a point pattern and will be perturbed at a 
later stage.

Suppressing the dependence on 𝜓 and 𝑊 , let 𝑆𝑦(ℎ) = 𝑚 exp{−𝑅2∕(2ℎ2)} +1 and 𝑆0(ℎ) = 𝑚+exp{−𝑅2∕(2ℎ2)}. Then, we have that
𝑇𝜅 (ℎ) ∝ 𝑇𝜅 (ℎ) = ℎ𝑑

{

𝑚𝑆0(ℎ)−1 + 𝑆𝑦(ℎ)−1
}

.

Writing 𝑎(ℎ) = exp{−𝑅2∕(2ℎ2)},

𝑇̃𝜅 (ℎ) = ℎ𝑑
{

𝑚
𝑚 + 𝑎(ℎ)

+ 1
1 + 𝑚𝑎(ℎ)

}

,

so that 
𝜕
𝜕ℎ

{𝑇𝜅 (ℎ)} = ℎ𝑑−1
[

𝑑
{

𝑚
𝑚 + 𝑎(ℎ)

+ 1
1 + 𝑚𝑎(ℎ)

}

−
𝑅2𝑚𝑎(ℎ)
ℎ2

{

1
(𝑚 + 𝑎(ℎ))2

+ 1
(1 + 𝑚𝑎(ℎ))2

}]

. (6)

It remains to transform the 𝑚 + 1 tuple (0,… , 0, 𝑦) into a proper point pattern (𝑥1,… , 𝑥𝑚, 𝑦). Since for fixed ℎ > 0, the function
(𝑥𝑖, 𝑥𝑗 ) ↦ exp{−‖𝑥𝑖 − 𝑥𝑗‖2∕(2ℎ2)}, 𝑥𝑖, 𝑥𝑗 ∈ 𝑊 ,

and its ℎ-derivative are continuous in the point locations, the derivative of 𝑇̃𝜅 (ℎ;𝜓,𝑊 ) is continuous under perturbations of the 
events in 𝜓 . Hence, if the (𝑚 + 1)-tuple (0,… , 0, 𝑦) has strictly negative derivative, the same is true for all sufficiently small 
perturbations of the 𝑚 points at the origin, and, since 𝑊  is open, the perturbed points may be chosen in 𝑊  as well. Recalling 
that 𝑇𝜅 (ℎ;𝜓,𝑊 ) tends to zero as ℎ ↓ 0 and to infinity as ℎ → ∞, the existence of a strictly negative derivative for some ℎ ∈ (0,∞)
implies that 𝑇𝜅 (ℎ;𝜓,𝑊 ) is neither monotonically increasing nor decreasing.

We summarize the conclusion of this counterexample in a theorem.

Theorem 1. Given a non-empty, open and bounded set 𝑊 ⊆ R𝑑 , 𝑑 ≥ 1, which contains the origin and 𝑦 ∈ 𝑊  with ‖𝑦‖ = 𝑅 > 0, assume 
that the right-hand side of (6) is strictly negative. Then we can find 𝜀 > 0 such that, for every point pattern 𝜓𝜀 = {𝑥̃1,… , 𝑥̃𝑚, 𝑦} ⊆ 𝑊 ,
where 𝑥̃𝑖 ∈ 𝐵(0, 𝜀), 𝑖 = 1,… , 𝑚, are distinct and 𝐵(0, 𝜀) ⊆ 𝑊 , we have

𝜕
𝜕ℎ
𝑇𝜅 (ℎ;𝜓𝜀,𝑊 ) < 0,

whereby 𝑇𝜅 (ℎ;𝜓𝜀,𝑊 ) is not monotonically increasing in ℎ. 
The construction above should not be interpreted as yielding a single exceptional point pattern. Rather, since the derivative 

of 𝑇𝜅 (ℎ;𝜓,𝑊 ) for a fixed positive bandwidth ℎ depends continuously on the locations of the points, the derivative remains 
strictly negative under sufficiently small perturbations of the point pattern. Consequently, non-monotonicity occurs for a whole 
neighbourhood of simple point patterns having the same qualitative geometry, namely a sufficiently tight and sufficiently large 
cluster together with a separated point. Hence, the phenomenon is robust with respect to perturbations of the locations and is not 
tied to the limiting configuration with coincident points.

Our argument does not, however, provide a characterization of the point patterns for which 𝑇𝜅 (ℎ;𝜓,𝑊 ) is monotone, nor does it 
determine how frequently non-monotonicity occurs under particular point process models. The present result also does not address 
configurations with multiple clusters or multiple isolated points. These questions would require a more systematic investigation and 
are beyond the scope of this short note. We thus conclude that the present result shows that unrestricted monotonicity cannot hold, 
even for the Gaussian kernel, and it identifies one robust geometric mechanism by which it fails.

2.3. Examples

To see that the condition in Theorem  1 is not void, we present some examples in one and two dimensions.

Example 1. Let 𝑑 = 1, 𝑊 = (−1, 2), 𝑦 = 1 (so that 𝑅 = 1) and 𝑚 = 25. Set ℎ0 = 1∕(2 log 25)1∕2 ≈ 0.39. Then 𝑎(ℎ0) = 1∕25, and
𝑑𝑚

𝑚 + 𝑎(ℎ0)
+ 𝑑

1 + 𝑚𝑎(ℎ0)
+ log 𝑎(ℎ0)

{

2𝑚𝑎(ℎ0)
(𝑚 + 𝑎(ℎ0))2

+
2𝑚𝑎(ℎ0)

(1 + 𝑚𝑎(ℎ0))2

}

≈ 1.50 − 1.62 < 0.

Example 2. Let 𝑑 = 2, 𝑊 = (−1, 2)2, 𝑦 = (1, 1) (so that 𝑅 =
√

2) and 𝑚 = 1000. Fig.  1 plots the Stoyan–Grabarnik statistic 𝑇𝜅 (ℎ;𝜓,𝑊 )
as a function of ℎ for the limiting configuration 𝜓 = (0,… , 0, 𝑦) used in the construction (left) and for 𝜓 a realization of a Poisson 
point process with intensity 1000 on 𝑊 = (−1, 2)2. The graph in the left-hand panel is not monotonically increasing; the derivative 
is negative for ℎ ≈ 0.38. The derivative at 0.38 is −0.45. The right-hand panel represents a representative Poisson realization, where 
the graph increases monotonically from zero to infinity.
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Fig. 1. The solid line is the graph of the function ℎ → 𝑇𝜅 (ℎ;𝜓,𝑊 ) for the limiting configuration 𝜓 = (0,… , 0, 𝑦) used in the construction (left) 
and for 𝜓 a realization of a Poisson point process with intensity 1000 on 𝑊 = (−1, 2)2. The dotted line represents the cut-off point |𝑊 | = 9.
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