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Abstract
Equilibrium Propagation (EP) is a learning algorithm that applies to Energy-Based Models (EBMs)
on static inputs. It estimates loss gradients by contrasting two steady states of the same EBM,
rather than resorting to explicit adjoint dynamics. EP originally appealed as a plausible learn-
ing theory for biological substrates and has more recently attracted interest for its amenability to
analog hardware. Extending EP to time-varying inputs and outputs is a challenging problem, as
the variational description must apply to the entire system trajectory rather than just its steady
state. While the use of the action of a Lagrangian system as an energy function appears as a natu-
ral choice—which we herein refer to as Lagrangian Equilibrium Propagation (LEP)—careful con-
sideration of boundary conditions was largely overlooked in prior studies although it becomes
essential. It is also unclear how applying LEP to Lagrangian systems theoretically relates to apply-
ing Hamiltonian Echo Learning (HEL) algorithms—i.e. Hamiltonian Echo Backpropagation and
Recurrent Hamiltonian Echo Learning —to Hamiltonian systems. In this work, we thoroughly
revisit LEP and demonstrate that different learning algorithms can be obtained depending on
the boundary conditions of the system, many of which are impractical to simulate—e.g. with a
prohibitive memory or computational cost, or requiring explicit Jacobian computation. We also
show that HEL algorithms, which are much easier to simulate, can be explicitly cast as a special
case of LEP where the initial conditions can be picked arbitrarily. Building upon this connection
enables the extension of LEP to a broader class of systems with dissipation terms. By filtering out
intractable instantiations of LEP and building an explicit mapping between HEL and LEP algo-
rithms, this work facilitates the simulation of self-learning Lagrangian systems as well as extensions
of LEP to broader classes of physical systems.
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1. Introduction

The search for an alternative to backpropagation. Historically, feedforward networks alongside back-
propagation have accidentally dominated the deep learning landscape over the last decade as the result
of a ‘hardware lottery’ [Hoo20]: algorithms fitting the best available hardware win. Thanks to fine-
grained CMOS-based compute primitives along with the development of hardware-agnostic compila-
tion flows, digital hardware (e.g. CPUs, GPUs, TPUs [JYP+17]) provides the flexibility to execute any
feedforward computational graph, including the exact implementation of backpropagation with the least
amount of engineering. However this comes at the cost of digital overhead, complex memory hierar-
chies, and resulting data movement. In the short run, this motivates the search for ‘IO–aware’ algorithms
[DFE+22] to mitigate High-Bandwidth Memory accesses, quantization algorithms to further reduce the
memory cost and computational cost of verbatim backpropagation for on-device applications [LZC+22],
and many other approaches going beyond the scope of this paper. Yet, none of these approaches truly
leverage the underlying low-power transistor physics. Instead, transistor circuits remain abstracted away
into implementing huge boolean functions in a stateless, unidirectional and deterministic fashion, which
entails a significant energy consumption [ABB+25]. In the longer run, a radically different approach is
the search for higher-level analog compute primitives, in particular, primitives for alternative learning
and inference algorithms grounded in the analog physics of the underlying hardware [JNv23, LWWM24].

An important direction of research to achieve this goal is the development of learning algorithms
that unify inference and learning within a single physical circuit [S+86, Spa92, FFS07, SB17, GG17,
RKLH22, Hin22, LPM23, DBS+24]. This challenge, which we herein motivate for alternative hardware
design, historically originated from neurosciences: biological neural networks face similar constraints,
as ‘non-local’ algorithms such as backpropagation are widely considered biologically implausible for
training neural networks [RHW86, LSM+20]. For instance, the strict implementation of backpropaga-
tion in biological systems would require a dedicated side network sharing parameters from the inference
circuit to propagate error derivatives backward through the system, a problem coined weight transport
[LCTA16, AWH+19]. The search for backpropagation alternatives therefore holds promise for both pro-
viding insights into how the brain might learn [RLB+19, PCG+23] and designing energy-efficient ana-
log hardware [MRS+24].

Equilibrium Propagation (EP) and its limitations. EP [SB17] is a learning algorithm using a sin-
gle circuit for inference and gradient computation and yielding an unbiased, variance-free gradient
estimation—which is in stark contrast with alternative approaches relying on the use of noise injection
[S+86, Spa92, FFS07, RKLH22]. A fundamental requirement of EP is that the models that are used

3



Neuromorph. Comput. Eng. 6 (2026) 044010 G Pourcel et al

should be energy-based. Energy-based Models (EBMs) are models whose prediction is implicitly given
as the minimum of some energy function. Therefore, EP falls under the umbrella of implicit learning
algorithms such as implicit differentiation (ID) [BB08] which train implicit models [BKK19] to have
steady states mapping static input–output pairs. EP is endowed with strong theoretical guarantees [SB19,
EGQ+19] as it can be shown to be equivalent to a variant of ID called Recurrent Backpropagation
[Alm89, Pin89]. While EP has been predominantly explored on Deep Hopfield Networks [Ros60, Hop82,
SB17, EGQ+19, LES+21, LZ22, SEKK23, NE24], the application of EP to resistive networks [KPM+20,
Sce24] has ushered in an exciting direction of research for learning algorithms amenable to analog hard-
ware, with projected energy savings of four orders of magnitude [YKWK23]. Beyond the single-circuit
property, EP naturally yields local learning rules whenever the energy is sum-separable [SEKK23], and
can be made agnostic to the underlying physics [SMBO22]. Hopfield-inspired models further give rise to
local Hebbian learning rules [SB17]. These properties resonate with neuroscience, where the same neural
circuitry appears to be involved in both inference and learning [SMS+24, AdHLG24].

Yet, a major conundrum is to extend EP to time-varying inputs and outputs. One straightforward
approach would be to consider well-crafted EBMs which adiabatically evolve with incoming inputs—
i.e. at each time step, the system settles to equilibrium under the influence of the current input and of
the steady state reached under the previous input. Such EBMs would formally fall under the umbrella
of Feedforward-tied EBMs [NE24], which read as feedforward composition of EBM blocks and are rem-
iniscent of fast associative memory models [BHM+16]. However, this approach is tied to a very spe-
cific class of models, would be costly to simulate (i.e. computing a steady state for each incoming input)
and would be memory intensive (i.e. it would require storing the whole sequence of steady states and
traversing them backwards for EP-based gradient estimation). A more general approach to extend EP
to the temporal realm is to instead consider dissipation-free systems and pick their action as an energy
function [Sce21, Ken21], which we herein refer to as Lagrangian-based Equilibrium Propagation (LEP).
In the LEP setup, the variational object is no longer a steady state alone but the whole physical trajectory,
characterized as a stationary point of the action under the imposed boundary conditions. Crucially, both
[Sce21, Ken21] implicitly assumed boundary-value-problem conditions—i.e. vanishing variations at both
endpoints—yet neither study provided a practical algorithm nor implementation, raising the question
of how feasible this assumption actually is. More broadly, existing LEP proposals remain theoretical and
did not lead to any practical algorithmic prescriptions, which we diagnose as due to the need to carefully
handle boundary conditions arising in the underlying variational problem. This limitation raises our first
key question:

Can EP be generalised to design efficient and practically-implementable learning algorithms for
time-varying inputs and outputs?

Hamiltonian-based approaches. In parallel to EP research, learning algorithms grounded in reversible
Hamiltonian dynamics have emerged as another promising direction of research. One such algorithm,
Hamiltonian Echo Backpropagation (HEB, [LPM23]), was developed with theoretical physics tools to
train the initial conditions of physical systems governed by field equations for static input-output map-
pings. More recently, Recurrent Hamiltonian Echo Learning (RHEL) was introduced as a generaliza-
tion of HEB to time-varying inputs and outputs [PE25]. Like EP, these Hamiltonian-based approaches,
which we herein label as Hamiltonian Echo Learning (HEL) algorithms, enable a single physical system
to perform both inference and learning whilst maintaining the theoretical equivalence to backpropa-
gation through time (BPTT). Interestingly, HEL methods were also independently found to yield local
Hebbian learning rules [DP25], and to lend themselves to be agnostic to the underlying physics [PE25].
Since HEL algorithms originate from a different formalism than that of LEP, this motivates our second
key question:

How do HEL algorithms relate to LEP?

In this paper, we address both questions through a theoretical analysis that reveals the connection
between these approaches. Our contributions are organized as follows:

• We revisit LEP, which extends the variational formulation of EP to temporal trajectories (section 3.2).
Our formulation generalizes previous studies [Sce21, Ken21] by carefully analyzing the effect of dif-
ferent boundary conditions, explicitly treating both the boundary-value assumption of prior work
(CBPVP, section 3.3.1) and the initial-value alternative (CIVP, section 3.3.2).

4
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• We show that the boundary-value formulation (CBPVP) assumed by prior work eliminates boundary
residuals from the learning rule but requires an expensive non-causal iterative solver whose cost dom-
inates the overall complexity (section 3.3). We then show that the natural causal alternative (CIVP),
which restores forward Euler–Lagrange integration, introduces intractable boundary residual terms.
Neither formulation leads to a practical algorithm on its own.

• We demonstrate that RHEL can be derived as a special case of LEP by constructing an associated
reversible Lagrangian system with carefully chosen boundary conditions (PFVP) that eliminate the
problematic residual terms while preserving causal forward integration—yielding a first practical imple-
mentation of LEP. Further, we establish the mathematical equivalence of RHEL and LEP through the
Legendre transformation (section 5). We empirically validate this equivalence with a numerical analy-
sis comparing the gradient estimates obtained by LEP and RHEL (section 5.4).

• Finally, we directly leverage the connection between RHEL and LEP to come up with a variant of LEP
that applies to dissipative Lagrangians which we call Dissipative LEP (section 6.2). In the formula-
tion studied here, switching from the free phase to the echo phase requires reversing the damping
coefficient from +γ to −γ while preserving its magnitude, thereby turning energy loss into matched
energy injection. Under this condition, we empirically show that gradients can be correctly estimated.

As a reading guide, table 2 (end of section 3.2) summarizes upfront the computational trade-offs
between the three boundary-condition formulations studied in this work (CIVP, CBPVP, PFVP) and
announces the destination of the theoretical development: only PFVP yields a causal, forward-only,
streaming learning algorithm, at the cost of requiring time-reversible dynamics.

2. Preliminaries and problem formulation

2.1. The learning problem: supervised learning with time-varying input
We consider the supervised learning problem, where the goal is to predict a target trajectory y(t) ∈ Rdy
given an input trajectory x(t) ∈ Rdx over a continuous time interval t ∈ [0,T]. The model is param-
eterized by θ ∈ Rdθ and produces predictions through a continuous state trajectory st(θ) ∈ Rds that
evolves over time according to the system dynamics. In the context of continuous time systems, the
state-trajectory is typically defined as the solution of an Ordinary Differential equation (ODE).

The learning objective is to minimize a cost functional C[s(θ,x),y] that measures the discrepancy
between the produced trajectory and the target. Formally,

C [s(θ,x) ,y] :=

ˆ T

0
c(st (θ,xt) ,yt)dt,

where c(·, ·) : Rds ×Rdy → R is an instantaneous cost function that evaluates the prediction error at time
t and s(θ,x) := {st(θ,xt) : t ∈ [0,T]} represents the entire trajectory. Commonly, c takes the form of an
ℓ2 loss function, c(st,yt) :=

1
2‖s

out
t − yt‖22, where soutt ∈ Rdy denotes an appropriately selected subset of

state variables. More generally, c can be any differentiable function that quantifies the instantaneous pre-
diction error.

The parameters θ are optimized to minimize the cost functional C[s(θ,x),y]. One popular approach
to solve this minimization problem is to use gradient descent-type optimization algorithms. Modern
machine learning owes much of its success to the generality and scalability of gradient-based optimiza-
tion. This requires computing the gradient of the learning objective with respect to the parameters θ.
While several methods have been proposed to compute this gradient, most rely on explicit backward
passes through computational graphs [RHW86, LBH15], making them unsuitable for analog hardware
implementations or plausible explanations for biological learning.

This limitation has motivated the development of alternative learning paradigms. Among the existing
approaches, the EP [SB17] framework stands out as a particularly promising one for designing a single
system that can perform inference and learning.

2.2. A primer on Lagrangian and Hamiltonianmodels
In this paper, the learning algorithms considered are constraining the kind of trajectories that can
be used. In particular, we will only consider state trajectories st(θ) that arise from Lagrangian and
Hamiltonian dynamics. Both Hamiltonian and Lagrangian dynamics provide frameworks for formulating
specific dynamical systems using a scalar-valued function: the Lagrangian or the Hamiltonian, defined as
follows:

5
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Figure 1. Driven conservative coupled-oscillator network and its electrical twin. (a) Three horizontally sliding masses with
grounding springs ki, pairwise coupling springs kij, external force x(t) onm1, and output displacement sout = s3. (b) The equiv-
alent lossless circuit: position si corresponds to node flux ϕi =

´
Vi dt, velocity ṡi to node voltage Vi, massmi to capacitance

Ci, grounding spring ki to inductor Li = 1/ki, and coupling spring kij to inductor Lij = 1/kij between nodes i and j. With the
upward source direction shown, I(t) =−x(t)matches the manuscript’s drive convention, and iL3 ∝ s3 provides the output. Both
panels realize the dynamicsMs̈+Ks=−x(t)e1, equivalently described by the Hamiltonian or Lagrangian given above.

• The Lagrangian L(s, ṡ,x,θ) : Rds ×Rds ×Rdx ×Rdθ → R is a function of the state s, its time derivative
ṡ (velocity), the input x, and parameters θ. The dynamics are then defined by the Euler–Lagrange
equations:

dt∂ṡL− ∂sL= 0.

• The Hamiltonian H(s,p,x,θ) : Rds ×Rds ×Rdx ×Rdθ → R is a function of the position s, momentum
p, the input x, and parameters θ. The dynamics are defined by Hamilton’s equations:(

dts
dtp

)
= J

(
∂sH
∂pH

)
,

where J=

[
0 I
−I 0

]
is the canonical symplectic matrix.

Toy example: Driven coupled harmonic oscillators (3 masses). A simple physical system that can be
expressed in both Lagrangian and Hamiltonian form is a set of three coupled harmonic oscillators,
depicted in figure 1. Let s= (s1, s2, s3)⊤ be the displacements and p= (p1,p2,p3)⊤ the momenta, with
mass vector m= (m1,m2,m3)

⊤ where mi > 0, per-mass spring constants ki⩾0, and pairwise spring cou-
plings kij = kji⩾0. An external input x(t) acts on the first mass (the output is y(t) = s3(t)). The learnable
parameters are θ = (m1,m2,m3,k1,k2,k3,k12,k13,k23)⊤.

The system is described by the Hamiltonian

H(s,p,x,θ) =
1

2

(
m−1� p

)⊤
p+

1

2

3∑
i=1

ki s
2
i +

1

2

∑
i<j

kij
(
sj− si

)2
+ s1 x,

and equivalently by the Lagrangian

L(s, ṡ,x,θ) = 1

2
(m� ṡ)⊤ ṡ− 1

2

3∑
i=1

ki s
2
i −

1

2

∑
i<j

kij
(
sj− si

)2− s1 x.
Both formulations lead to the same second-order dynamics:

m� s̈+Ks=−xe1,

where � denotes element-wise multiplication (Hadamard product), the stiffness matrix K has Kii = ki+∑
j̸=i kij and Kij =−kij for i 6= j, and e1 = (1,0,0)⊤ is the first canonical basis vector selecting the first

mass (the driven coordinate).
Figure 1(b) is a direct lossless electrical realization of the same dynamics, not a separate model. At

node i, define the node flux ϕi(t) =
´ t
0 Vi(τ)dτ , so that the node voltage Vi = ϕ̇i corresponds to the

mass velocity ṡi. Kirchhoff ’s current law gives

Ciϕ̈i+
ϕi
Li

+
∑
j ̸=i

ϕi−ϕj
Lij

= δi1I(t) .

6
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Table 1.Machine learning models with Hamiltonian and Lagrangian formulations.

Model Hamiltonian (H) Lagrangian (L) Dynamics Constraint

UniCORNN [RM21] 1
2
‖p‖2 + α

2
‖s‖2 + 1⊤W−1

log
(
cosh(Ws+Bx+b)

) 1
2
‖ṡ‖2 − α

2
‖s‖2 − 1⊤W−1

log
(
cosh(Ws+Bx+b)

) s̈= tanh(Ws+Bx+b)−αs W diagonal

LinOSS [RR25] 1
2
‖p‖2 + 1

2
s⊤Ws− s⊤Bx 1

2
‖ṡ‖2 − 1

2
s⊤Ws+ s⊤Bx s̈=−Ws+Bx W symmetric

Hopfield [DP25] 1
2
p⊤diag(τ )−1p+b⊤ρ(s)

+ 1
2
ρ(s)⊤Wρ(s)+ρ(s)⊤Bρ(x)

1
2
ṡ⊤diag(τ )ṡ−b⊤ρ(s)

− 1
2
ρ(s)⊤Wρ(s)−ρ(s)⊤Bρ(x)

diag(τ )̈s=−ρ ′(s)�
(Wρ(s)+b+Bρ(x))

W symmetric

Therefore, the identifications Ci =mi, Li = 1/ki, Lij = 1/kij, ϕi = si, and I(t) =−x(t) reproduce the
mechanical equation above term by term. The output position can likewise be read from the grounding-
inductor current iL3 = ϕ3/L3 ∝ s3. Appendix N develops this circuit correspondence in detail.

Machine learning examples. Lagrangian and Hamiltonian formulations are widely used in physics, and
correspond to a broad class of physical systems. Recently, they have been applied to machine learning
and neuroscience. In machine learning, they have been used to design RNNs with desirable vanishing or
exploding gradient properties (UniCORNN, [RM21]), and to design efficient modern state space model
architectures (LinOSS, [RR25])—see table 1 for their Lagrangian and Hamiltonian formulations and
dynamics.

More generally, this research aligns with the renewed interest in RNNs as computationally effi-
cient alternatives to Transformers, where state-based dynamical systems eliminate the quadratic cost
of attention while maintaining comparable performance on long-range sequence tasks [OSG+23]. In
neuroscience, it was proposed that RHEL could be implemented in a biologically plausible way via a
Hamiltonian inspired by Hopfield energy functions [DP25].

2.3. Connecting Lagrangian and Hamiltonian formulations via the Legendre transform
Hamiltonian and Lagrangian formalisms offer complementary perspectives on the same underlying
dynamics. Each formalism possesses distinct mathematical structure that favors different proof tech-
niques: the Hamiltonian framework, with its symplectic geometry and phase-space representation, nat-
urally accommodates tools such as Green’s functions [LPM23] and adjoint methods [PE25]. These tech-
niques proved instrumental in deriving HEL. Conversely, the Lagrangian framework foregrounds the
variational structure of trajectories, which makes it particularly amenable to EP.

The Legendre transform provides a bridge between these two representations and allows the results
established in one formalism to be translated into the other.

Proposition 1 (Legendre transform). Let (st, ṡt) ∈ Rds ×Rds and (st,pt) ∈ Rds ×Rds denote tuples of
position–velocity and position–momentum variables, respectively. The Legendre transform establishes a
pointwise-in-time, locally invertible mapping between the Lagrangian and Hamiltonian representations, with
L,H ∈ C2:
(a) Forward transform (L→H).

pt = ∂ṡL(st, ṡt) , H(st,pt) = p⊤t ṡt− L(st, ṡt) ,

which is well-defined whenever det(∂2
ṡ,ṡL) 6= 0.

(b) Backward transform (H→L).

ṡt = ∂pH(st,pt) , L(st, ṡt) = p⊤t ṡt−H(st,pt) ,

which is well-defined whenever det(∂2
p,pH) 6= 0.

Since the Hessians satisfy ∂2
p,pH= (∂2

ṡ,ṡL)
−1, the well-definiteness conditions are equivalent.

Since L ∈ C2 and det(∂2
ṡ,ṡL) 6= 0, the Euler–Lagrange equation can be rewritten as a first-order ODE

whose right-hand side is locally Lipschitz, which guarantees uniqueness of solutions to initial value prob-
lems. We invoke this uniqueness property without further comment in the sequel. The Hessian condi-
tion is satisfied for all models of table 1: ∂2

ṡ,ṡL is the identity for UniCORNN and LinOSS, and diag(τ )
for the Hopfield-inspired model, which is invertible provided that τi > 0 for every i. Since the cost c is
velocity-independent, this condition is unchanged by nudging, with ∂2

ṡ,ṡLβ = ∂2
ṡ,ṡL0 for every β.
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3. EP: from static to time-varying input

In this paper, we refer to the EP framework as a general recipe to design learning algorithms, where the
model to be trained admits a variational description [Sce21]. The core mechanics underpinning EP are
fundamentally contrastive: EP proceeds by solving two related variational problems:

• the free problem, which defines model inference, i.e. the ‘forward pass’ of the model to be trained,

• the nudged problem, which is a perturbation of the free problem with infinitesimally lower prediction
error controlled by some nudging parameter.

Therefore, EP mechanics perform two relaxations to equilibrium, e.g. two ‘forward passes’, to estimate
gradients without requiring explicit backward passes through the computational graph.

3.1. EP: variational principle in vector space
In the original formulation of EP, the nudged problem is defined via an augmented energy function that
linearly combines an energy function with the learning cost function:

Eβ (s,θ,x0,y0) := E(s,θ,x0)+βC(s,y0) .

Here, E(s,θ,x0) is the energy function, i.e. a scalar-valued function that takes as input a state vector
s ∈ Rds , a learnable parameter vector θ, and a static input x0 ∈ Rdx . The cost function C(s,y0) in this
setup takes as input a static output target y0 ∈ Rdy and the static state vector. The nudging parame-
ter β ∈ R controls the influence of the cost on the augmented energy. This augmented energy defines
a vector-valued implicit function (θ,β) 7→ sβ(θ)6 through the nudged variational problem. Specifically, it
is minimized at

∂sEβ (s,θ,x0,y0) = 0.

The model used for the machine learning task is the implicit function θ 7→ s0(θ) defined by the free
variational problem ∂sE(s,θ,x0) = 0, and the learning objective is to minimize the cost C(s0(θ),y0) by
finding the gradient dθC(s0(θ),y0). The fundamental result of EP states that this gradient can be com-
puted using [Sce21]

dθC
(
s0 (θ) ,y0

)
= lim

β→0

1

β

[
∂θEβ

(
sβ (θ) ,θ,x0

)
− ∂θE0

(
s0 (θ) ,θ,x0

)]
. (1)

This suggests a two-phase procedure for gradient estimation via a finite difference method, illustrated in
figure 2(a):

1. Free phase: Compute the output value of the implicit function s0(θ) (black cross ×) by finding a
minimum of the energy function E(s,θ,x0) (black curve).

2. Nudged phase: Compute the output value of the implicit function sβ(θ) (blue dot) for a small pos-
itive value of β by finding a slightly perturbed minimum of the augmented energy Eβ(s,θ,x0,y0)
(blue curve).

Note that multiple nudged phases with opposite nudging strength (±β) may be needed to reduce
the bias of EP-based gradient estimation [LES+21]. In practice, these implicit function values can be
found with a properly chosen root finding algorithm. As done in many past works [SB17, MZK+22], we
pick gradient descent dynamics over the energy function as an example here. Simple fixed-point iteration
[LES+21, LZ22, SEKK23] or coordinate descent [Sce24] may also be used depending on the models in
use. In the free phase (β = 0), the system evolves according to (figure 2(b), black curve):

dtst =−∂sE(st,θ,x0) , (2)

6 For notational simplicity, we omit the explicit dependence of the implicit function (θ,β) 7→ sβ(θ) on x0 and y0, as we consider the
gradient computation for a fixed input-target pair.
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Figure 2. (a) EP trains variational systems. EP can train models that admit a variational description, whether as a state vector s
or entire state trajectories (function of time) {st} that extremize a scalar function E (or functional A), represented by the black
cross. To train these models to minimize a loss C (orange curve), one computes an extremum of the augmented energy Eβ (or
action Aβ) represented by the blue curve. These two variational objects enable efficient gradient computation, leading to an
improved energy (action) after a gradient update (dotted line). Important caveat: for the functional version, the trajectory is
a stationary point (not necessarily a minimum) of the action; it is a true minimum only when considering boundary-vanishing
variations (see Panel C). For general variations, additional boundary terms appear in the gradient computation—adapted from
[Ern20]. (b) EP. The free phase (black curve) and nudged phase (dotted blue curve) consist of gradient descent on the energy and
augmented energy, respectively. These phases run sequentially, the nudged phase starts from the end-state of the free phase, and
the learning rule uses only the states at convergence. The trained model corresponds to the free equilibrium state (black cross).
(c) LEP. The free phase (black curve) corresponds to a trajectory satisfying the Euler–Lagrange equations, while the nudged phase
follows the Euler–Lagrange equation associated with the augmented action (dotted curve). For boundary-vanishing variation
st+ ϵ(ηbv)t (dotted blue curve), the gradient estimator is easy to compute because the boundary residual vanishes, but the
boundary conditions are non-causal (both endpoints are constrained). On the contrary, for causal boundary conditions st+ ϵηt
(dotted cyan curve), trajectories can be efficiently computed via forward integration, but the gradient estimator has boundary
residuals that can be hard to compute.

until convergence to s0(θ), i.e. limt→∞ st = s0(θ). This temporal evolution is shown as the black curve
in figure 2(b). In the nudged phase (β > 0), starting from the free equilibrium, the system follows
(figure 2(b), blue dotted curve):

dtst =−∂sE(st,θ,x0)−β∂sC(st,y0) , (3)

until convergence to sβ(θ), i.e. limt→∞ st = sβ(θ). The corresponding dynamical trajectory is depicted as
the blue dotted curve in figure 2(b). Importantly, the gradient descent dynamics in equations (2) and (3)
are neither physical7, nor explicitly trained to match a target trajectory. As mentioned earlier, they serve
as a computational tool to reach the solution of the variational problem. Because of these dynamics, the
solutions of these variational problems are often called ‘equilibrium states’ or ‘fixed points’. The model
corresponds to the free equilibrium, while the contrast between the nudged and free equilibria provides
the necessary information to compute gradients through equation (1).

Limitations. The fact that we are only training the fixed point of the system highlights a major limita-
tion of EP. It can only be used to train static input-output mappings (from x0 to y0). More precisely,
the equilibrium state defined by equation (2) represents a time-independent configuration that encodes
an implicit function θ 7→ s0(θ) with static vector input x0 and static vector output y0. This fundamental
constraint arises because energy function E(s,θ,x0) is applied only to instantaneous states rather than
temporal trajectories.

A challenge lies in extending the variational principle underlying the framework of EP from vector
spaces (where a single state s is described variationally) to functional spaces, where entire trajectories
{st : t ∈ [0,T]} are described by a variational principle. Such an extension requires moving from energy
functions defined on state vectors to an energy-like quantity defined on complete trajectories.

3.2. LEP: variational principle in functional space
Now, we generalise EP to describe entire trajectories through a variational problem, enabling us to train
dynamical systems that map time-varying inputs to time-varying outputs. We refer to this extension as

7 i.e. The physical system does not need to implement gradient-descent dynamics explicitly; it only has to find a minimum of the energy
landscape.
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LEP . To achieve this extension, we revisit the concept of augmented energy Eβ to an augmented action
functional Aβ that integrates over a time-varying ‘energy-like’ quantity called the Lagrangian L0 [Sce21]:

Aβ [s,θ,x,y]︸ ︷︷ ︸
augmented action

:=

ˆ T

0
(L0 (st, ṡt,θ,xt)+β c(st,yt))︸ ︷︷ ︸

Lβ(st,ṡt,θ,xt,yt)

dt

=

ˆ T

0
L0 (st, ṡt,θ,xt)dt︸ ︷︷ ︸
:=action A[s,θ,x]

+ β

ˆ T

0
c(st,yt)dt︸ ︷︷ ︸

:=cost C[s,y]

. (4)

Here A[s,θ,x] is a functional that serves as the temporal counterpart of the energy function E, operating
on entire trajectories8. It integrates the Lagrangian L0(st, ṡt,θ,xt) over time, where the Lagrangian takes
as input the state st, its temporal derivative (velocity) ṡt, and the time-varying input xt.

The augmented action functional Aβ is the temporal analogue of Eβ . It integrates the augmented
Lagrangian Lβ that extends the Lagrangian by including an additional nudging term βc(st,yt). The aug-
mented action functional Aβ [s] maps a trajectory s := {st : t ∈ [0,T]} to a scalar value, generalizing the
scalar-valued energy functions of EP to functional-valued quantities that capture temporal dynamics. For
notational simplicity, we omit the dependence on inputs x and targets y (or their time-indexed versions
xt and yt) whenever the context is clear.

Variational formulation and functional derivatives. The action functional enables us to define the vari-
ational problems that generalize EP to the temporal domain. Following standard variational calculus
[Olv22], we define the functional derivative (or variational derivative) δsAβ through the directional
derivative with respect to trajectory variations η := {ηt : t ∈ [0,T]}:

δsAβ ·η := dϵ|ϵ=0Aβ [s+ ϵη] ,

where δsAβ denotes the functional gradient with respect to the trajectory and · denotes the standard L2

inner product on function space, i.e. η ·η ′ :=
´ T
0 (ηt)

⊤(η ′t )dt. With this notation, the nudged variational
problem is

δsAβ = 0 ⇔ δsAβ ·η = 0 for all smooth variations η s.t. η0 = ηT = 0.

In particular, for β = 0, the free variational problem is defined as δsA0 = 0, corresponding to the sys-
tem’s natural dynamics without nudging. Unlike EP, where the variational problems are typically solved
through gradient descent dynamics, these functional variational problems can be solved more directly
using the Euler–Lagrange equations. The corresponding Euler–Lagrange expression is defined as

EL(t,θ,β) := ∂sLβ (st, ṡt,θ)− dt∂ṡLβ (st, ṡt,θ)
= ∂sL0 (st, ṡt,θ)− dt∂ṡL0 (st, ṡt,θ)+β∂sc(st) .

The following classic result, namely the principle of stationary action [Olv22], generalized to arbitrary
boundary conditions, establishes the fundamental connection between the variational formulation and
the Euler–Lagrange equation.

Lemma 1 (Euler–Lagrange solutions and the action functional [Olv22]). Let sβ(θ) := {sβt (θ) : t ∈ [0,T]}
be a trajectory solution of the Euler–Lagrange equation EL(t,θ,β) = 0 for all t ∈ [0,T], and let
η := {ηt : t ∈ [0,T]} be any smooth variation. Then (see proof in appendix E):

1. Boundary-vanishing variations: For any variation ηbv that vanishes at the boundaries, i.e.
(ηbv)0 = (ηbv)T = 0, s

β(θ) is a critical point of the action functional Aβ [s]:

δsAβ ·ηbv = dϵ|ϵ=0Aβ

[
sβ + ϵηbv

]
= 0.

2. General formula for arbitrary variations: For an arbitrary variation η (not necessarily vanishing at the
boundaries), the directional derivative of the action is given by:

δsAβ ·η = dϵ|ϵ=0Aβ

[
sβ + ϵη

]
=
[
η⊤t ∂ṡLβ

(
sβt , ṡ

β
t ,θ
)]T

0
. (5)

8 Note that we do not have to write ṡ as input of the action A, because it can be derived from s via the time derivative transformation.
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When η0 6= 0 or ηT 6= 0, sβ(θ) is not generally a critical point. The boundary terms must be handled
separately depending on the specific boundary conditions imposed on the problem.

Note (Parametric perturbations). A similar result holds when the linear perturbation ϵη is replaced by a general
smooth parametric perturbation η(ϵ) with η(0) = 0: the variation η in equation (5) is simply replaced by
∂ϵ|ϵ=0η(ϵ) (see proof in appendix E). This generalization is the result that will be used to prove our central
result, theorem 1, where we evaluate β and θ perturbations of the trajectory sβ(θ).

This principle establishes that Euler–Lagrange solutions correspond to critical points of the action
functional for boundary-vanishing variations (Case 1). This variational property enables extending EP to
temporal domains: instead of computing gradients through explicit differentiation, we can approximate
them by contrasting two EL trajectories—the free trajectory s0(θ) and the β-nudged trajectory sβ(θ)—
analogous to the two phases in EP (section 3).

However, for arbitrary variations (Case 2), the nudged trajectory must satisfy the same boundary
conditions as the free trajectory at both t= 0 and t= T. This defines a two-point boundary value prob-
lem (BVP) that cannot be solved by forward integration from initial conditions. We call boundary con-
ditions that only constrain the initial state causal, since they allow forward-in-time computation; con-
versely, boundary conditions that constrain both endpoints are non-causal. Previous work [Sce21, Ken21]
implicitly assumed non-causal boundary conditions, leaving this difficulty of satisfying them unad-
dressed. Relaxing the boundary conditions to causal ones permits efficient trajectory computation, but
may introduce additional terms in the gradient formula—see theorem 1.

To understand this tradeoff between causal trajectory computation and tractable gradient formu-
las, we derive LEP for arbitrary boundary conditions. theorem 1 provides our primary result: it explic-
itly characterizes both the learning rule and the boundary terms that arise for any choice of boundary
conditions.

Theorem 1 (LEP for arbitrary boundary conditions). Let t 7→ sβt (θ) denote the solution to the
Euler–Lagrange equation EL(t,θ,β) = 0 with arbitrary boundary conditions. The gradient of the objective
functional with respect to θ is given by (with all β-derivatives evaluated at β = 0):

dθC
[
s0 (θ)

]
= dβ

(ˆ T

0
∂θLβ

(
sβt , ṡ

β
t ,θ
)
dt

)
(6)

+
[(
∂θs

0
t

)⊤
dβ∂ṡLβ

(
sβt , ṡ

β
t ,θ
)
−
(
dθ∂ṡL0

(
s0t , ṡ

0
t ,θ
))⊤

∂βs
β
t

]T
0︸ ︷︷ ︸

boundary residuals

. (7)

Note that we have omitted the explicit θ dependence in the state trajectories sβt (θ) and their deriva-
tives ṡβt (θ) for notational simplicity. We adopt this convention throughout the remainder of this work.

Remark 1 (stationarity suffices). The proof of theorem 1 uses only that the trajectory sβ(θ) satisfies the
Euler–Lagrange equations under the imposed boundary conditions, i.e. that it is a stationary point of the
augmented action. Whether this stationary trajectory is a minimum, a maximum, or—as is generic for
mechanical actions—a saddle point never enters the argument. This property is implicit in all the results
that follow from theorem 1. We state it explicitly here because action principles are often read as minimiza-
tion principles, echoing the analogous observation made for static EP by Zucchet and Sacramento [ZS22].

Gradient formula interpretation. The first term on the right-hand side of (6) directly generalizes the
EP learning rule (equation (1)): instead of computing differences between energy function parameters
derivatives at two fixed points, we integrate differences between Lagrangian parameter derivatives over
entire trajectories. This integration reflects the fact that we are now training the complete temporal evo-
lution rather than an equilibrium state.

The second term, which we call boundary residuals, represents a fundamental difficulty that arises
from extending EP to temporal domains. These terms emerge from the integration by parts required in
the derivation of theorem 1 (see proof in appendix F) and depend on the boundary conditions imposed
on the trajectories sβ(θ). The fact that we have not yet specified these boundary conditions is why we
refer to our theorem as a ‘generalization to arbitrary boundary conditions’. As we explore in the follow-
ing sections, different choices of boundary conditions yield different learning algorithms.

Implementation procedure. Focusing on the first term suggests a two-phase procedure analogous to EP,
as illustrated in figure 2:
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1. Free phase: Compute the trajectory s0(θ) (black cross in figure 2(a)) that is a stationary point of the
action functional A0 (black curve in figure 2(a)) by solving the associated Euler–Lagrange equation
EL(θ,0) = 0 over the time interval [0,T]. The temporal evolution is highlighted by the black curve in
figure 2(c).

2. Nudged phase: Compute the trajectory sβ(θ) (blue dot in figure 2(a)) for a small positive value of β
by solving the perturbed Euler–Lagrange equation EL(θ,β) = 0, corresponding to the minimum of
the augmented action Aβ (blue curve in figure 2(a)). The corresponding dynamics are shown as the
dotted blue curve in figure 2(c).

3. Learning rule: Estimate the gradient using the finite difference approximation of the first term in (6),
combined with appropriate handling of the boundary residuals (see below in section 3.3).

Computational challenges. Unlike standard EP, LEP faces two computational challenges controlled by
the choice of boundary conditions:

1. Boundary residuals in the learning rule. The boundary residuals in equation (7) involve θ-derivatives
like ∂θs0T that would require differentiating through the ODE solver—defeating the purpose of this
work.

2. Non-causal boundary conditions. Even when boundary residuals vanish, as previous work assumed
[Sce21, Ken21], computing the nudged trajectory sβ(θ) presents its own difficulties. For boundary
residuals to vanish, the nudged trajectory must satisfy the same boundary conditions as the free tra-
jectory (boundary-vanishing variations). This means one must find a trajectory that both satisfies the
Euler–Lagrange equations and matches prescribed values at both endpoints—a non-causal BVP (see
section 3.3.1).

These challenges motivate the search for boundary conditions that are both causal and free of bound-
ary residuals, as we explore in section 3.3.

Roadmap. Table 2 summarizes, ahead of the derivations, the three boundary-condition choices studied
in the remainder of the paper, together with their computational costs. CIVP (section 3.3.2) is causal
but its gradient estimator retains costly boundary residuals; CBPVP (section 3.3.1), the assumption of
prior work [Sce21, Ken21], is free of residuals but non-causal; PFVP (section 5), which we show under-
lies the RHEL algorithm (section 4), combines both advantages for time-reversible systems. These costs
are derived in the following sections and in appendix O.

3.3. Instantiations of LEP
In this section, we demonstrate how to instantiate LEP by constructing the function t 7→ sβt (θ) through
different boundary specifications. We first consider the Constant Boundary Position Value Problem
(CBPVP), which corresponds to the boundary-value-problem assumption made by [Sce21, Ken21]. We
then consider the Constant Initial Value Problem (CIVP) as a natural causal alternative. As we show,
each resolves one of the two computational challenges identified above, but not both. Importantly,
boundary conditions must be specified for an entire family of trajectories—those corresponding to dif-
ferent values of θ and β. Figure 3 illustrates how different types of boundary conditions constrain these
families: some fix both endpoints, others fix the initial state across all trajectories, and so on.

3.3.1. CBPVP on position
The boundary-value-problem assumption made by [Sce21, Ken21] corresponds to the CBPVP, where
trajectories are constrained by conditions at both temporal boundaries:

∀t ∈ [0,T] , t 7→ sβ↔,t (θ,(α0,αT)) satisfies:


EL(t,θ,β) = 0

sβ↔,0 (θ) =α0

sβ↔,T (θ) =αT

where α0 and αT now represent the fixed positions at the initial and final times, respectively. This for-
mulation is depicted in figure 3(b), where all trajectories connect the same boundary points but follow
different internal dynamics. Applying theorem 1 to this boundary condition choice yields a direct instan-
tiation of the general gradient formula with significant simplification due to the elimination of boundary
residual terms.
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Table 2. The three instantiations of LEP: recipe and computational cost (roadmap for sections 3.3–5). Top block: all formulations follow
the same two-phase procedure and differ in which boundary conditions pin the trajectories (column subtitles) and, consequently, in
how each phase is computed: straight arrows denote forward integration of the Euler–Lagrange equations (black: free phase; dashed
blue: nudged phase); the ball-in-valley symbol denotes iterative extremization of the action functional over the whole discretized
trajectory. In PFVP the nudged phase is the echo: it restarts from the final position of the free phase after reversing its velocity
(equivalently, its momentum in RHEL), then integrates the same system forward again with the input presented backward; it is the only
formulation whose phases run sequentially. The third row lists the terms of theorem 1 that remain to be computed: CIVP retains both
final-boundary residuals, CBPVP cancels all boundary residuals, and PFVP reduces them to one starting-boundary residual for fixed
initial conditions (theorem 3). Bottom block: orangemarks the dominant cost that makes a method impractical, green efficient scaling;
detailed derivations in appendix O. N: number of discrete time steps; ds: state dimension; dθ : number of learnable parameters; K:
number of iterations of the action-extremization solver, growing with N and ds. Forward-only: gradient computation reuses only
forward passes of the physical dynamics; streaming: temporal data are processed sequentially in time.

CIVP CBPVP PFVP / RHEL

fixed initial state fixed endpoint positions echo from free endpoint

How the two phases are computed

1. Free phase integrate free EL; input

presented forward

extremize the free action

over the whole trajectory

integrate free EL; input presented

forward

starting position & velocity

fixed

start & end positions fixed;

velocities free

starting position & velocity fixed; retain

final position & velocity (momentum in

RHEL)

2. Nudged phase integrate nudged EL;

input presented forward

extremize the nudged action

over the whole trajectory

integrate nudged EL; input presented

backward (echo)

same starting position &

velocity as free phase

(parallel)

same start & end positions as

free phase; velocities free

(parallel)

start from the final free-phase position,

with velocity reversed (momentum in

RHEL) (sequential)

3. Gradient terms

from theorem 1

Integral term+ two

final-boundary residuals

Integral term only Integral term+ one starting-boundary

residual

Complexity & characteristics

Time: dynamics O(Nd2s ) O(KNd2s ) O(Nd2s )

Time: gradient O(Nd3s ) O(Ndθ) O(Ndθ)

Memory: dynamics O(ds) O(Nds) O(ds)

Memory: gradient O(Nds) O(dθ) O(dθ)

Forward-only x ✓ ✓
Streaming ✓ x ✓
Bottleneck BPTT memory BVP iterations None

Figure 3. Different boundary condition formulations for LEP. The two panels use a consistent color scheme: black curves repre-
sent the free trajectory s0(θ) used for inference, and blue dotted curves show the β-nudged trajectories sβ(θ) used for learning.
Boundary conditions are depicted in grey, with dots for positions and arrows for velocities. To illustrate how boundary con-
ditions constrain the entire family of trajectories, we also display θ-perturbed trajectories s0(θ+∆θ) (red dotted curve) and
combined perturbations sβ(θ+∆θ) (purple dotted curve). (a) Constant Initial Value Problem (CIVP). All trajectories share
the same initial conditions (s0, ṡ0) = (α0,γ0), depicted as a grey dot for the initial positionα0 and a grey arrow for the initial
velocity γ0, but evolve differently due to parameters or nudging perturbations. (b) Constant Boundary Position Value Problem
(CBPVP). All trajectories satisfy boundary conditions requiring fixed positions at t= 0 and t= T, (s0, sT) = (α0,αT), depicted
as grey dots, but their dynamics differ due to parameters or nudging perturbation.
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Corollary 1 (gradient estimator for CBPVP). The gradient of the objective functional for sβ↔(θ,(α0,αT)) is
given by:

dθC
[
s0↔ (θ,(α0,αT))

]
= lim

β→0

1

β
∆CBPVP (β) , (8)

where the finite difference gradient estimator simplifies to:

∆CBPVP (β) :=

ˆ T

0

[
∂θLβ

(
sβ↔,t, ṡ

β
↔,t,θ

)
− ∂θL0

(
s0↔,t, ṡ

0
↔,t,θ

)]
dt.

No boundary residuals but non-causal boundary conditions. The CBPVP formulation resolves the
boundary residual challenge: both endpoints are fixed independently of θ and β, causing all resid-
ual terms to vanish. This yields a simple gradient estimator that only requires integrating differences
between Lagrangian derivatives over the two trajectories (equation (8)). However, given only the two
endpoint conditions α0 and αT, the Euler–Lagrange equation cannot be solved by forward integration
from an initial condition. Instead, one must solve a two-point BVP—finding a trajectory that satisfies
both the Euler–Lagrange equations and the prescribed endpoint constraints.

As an alternative to Euler–Lagrange forward integration, one can exploit the variational characteriza-
tion to solve this two-point BVP: by lemma 1, sβ↔ is equivalently a critical point of the action subject to
boundary constraints:

δsAβ

[
sβ↔ (θ,(α0,αT))

]
= 0 subject to sβ↔,0 =α0, s

β
↔,T =αT ,

where, consistently with the note following theorem 1, stationarity rather than minimality is the defining
property. A critical point can be found via gradient descent (or other root finding algorithm) on the
action functional, which takes the form of a partial differential equation [Olv22]:

dτ s↔ =−δsAβ =−EL(t,θ,β) subject to s↔,0 =α0, s↔,T =αT,

where τ is an artificial optimization time and δsAβ is the functional gradient. In practice, the physical
time t ∈ [0,T] is discretized into N bins, turning the trajectory into a vector of size N× ds. The system
then evolves iteratively in τ—analogous to the root-finding algorithms used in standard EP, but applied
to this much larger state space—until the trajectory converges to a critical point where EL(t,θ,β) = 0.
As we quantify in table 2, this iterative solver dominates the overall cost at O(KNd2s ), where K grows
with N and ds.

CBPVP eliminates boundary residuals but at the cost of non-causal trajectory computation, making
it less appealing than LEP instantiations that would require simple forward passes through an ODE.

Remark 2 (unconstrained actionminimization). If one is willing to accept iterative optimization—rather
than forward integration via Euler–Lagrange equations—then boundary conditions need not be imposed at
all. Minimizing the action functional without boundary constraints yields a variational formulation analo-
gous to standard EP, where boundary residuals vanish entirely in theorem 1. However, this approach inherits
the same non-causal drawbacks as CBPVP and is in fact more expensive, since the full trajectory including its
endpoints becomes part of the optimization variables. We elaborate on this observation in appendix S.

3.3.2. CIVP
A natural attempt to restore causality is the CIVP , where trajectories are constructed through straight-
forward forward integration:

∀t ∈ [0,T] t 7→ sβ→,t (θ,(α0,γ0)) satisfies:


EL(t,θ,β) = 0

sβ→,0 (θ) =α0

ṡβ→,0 (θ) = γ0

where α0 ∈ Rd and γ0 ∈ Rd are the initial position and velocity conditions at t= 0, respectively.
This formulation defines a family of trajectories that all originate from the same initial state but
evolve according to different dynamics due to parameter or nudging perturbations, as illustrated in
figure 3(a). Unlike CBPVP, the Euler–Lagrange equation can be directly integrated forward from the ini-
tial conditions—the trajectory computation is therefore causal and efficient at O(Nd2s ). Applying the-
orem 1 to this boundary condition choice yields a direct instantiation of the general gradient formula
with some simplification due to the fixed initial conditions.
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Corollary 2 (Gradient estimator for CIVP). The gradient of the objective functional for s0→(θ,(α0,γ0)) is
given by:

dθC
[
s0→ (θ,(α0,γ0))

]
= lim

β→0
∆CIVP (β) ,

where

∆CIVP (β) : =
1

β

[ˆ T

0

[
∂θLβ

(
sβ→,t, ṡ

β
→,t,θ

)
− ∂θL0

(
s0→,t, ṡ

0
→,t,θ

)]
dt

+
(
∂θs

0
→,T

)⊤︸ ︷︷ ︸
costlyresidual

(
∂ṡLβ

(
s β→,T, ṡ

β
→,T,θ

)
− ∂ṡL0

(
s 0→,T, ṡ

0
→,T,θ

))

−
(
dθ∂ṡL0

(
s 0→,T, ṡ

0
→,T,θ

))⊤︸ ︷︷ ︸
costlyresidual

(
s β→,T− s 0→,T

)]
. (9)

Causal boundary conditions, but intractable boundary residuals. While CIVP restores causal forward
integration, it suffers from significant computational limitations due to the boundary residual terms in
Equation (9). In particular, the remaining residuals at time T involve derivatives of the trajectory with
respect to parameters (∂θs 0→,T) and mixed derivatives of the Lagrangian (dθ∂ṡL0), which cannot be effi-
ciently computed using finite differences due to the high dimensionality of the parameter space (see
section O.3 for a detailed complexity analysis showing these terms require O(Nd3s ) time and O(Nds)
memory). The only simplification occurs at t= 0, where the boundary residuals vanish due to the fixed
initial conditions, but this is insufficient to yield a practical learning algorithm.

3.3.3. Towards a practical implementation of LEP
Designing efficient algorithms. The bottom block of table 2 quantifies the trade-off between CBPVP and
CIVP in terms of computational complexity, where N denotes the number of discrete time steps, ds the
state dimension, dθ the number of learnable parameters, and K the number of iterations required for
the BVP solver convergence. For CBPVP, gradient computation is efficient at O(Ndθ) with only O(dθ)
memory, but the iterative BVP solver dominates at O(KNd2s ) time, where K can be expected to be a
growing quantity of N and ds. For CIVP, trajectory computation is efficient at O(Nd2s ), but evaluat-
ing the boundary residuals requires a complexity of O(Nd3s ) and storing intermediate states, incurring
O(Nds) memory—when done using backpropagation through time (see appendix O for details).

This motivates the search for boundary conditions that are both causal and free of boundary resid-
uals. In the following sections, we demonstrate that the Parametric Final Value Problem (PFVP) for-
mulation, which underlies the RHEL algorithm, achieves both properties for time-reversible systems—
attaining efficient O(Nd2s ) dynamics and O(Ndθ) gradient computation without the bottlenecks of either
CIVP or CBPVP (see table 2, introduced at the end of section 3.2).

Designing easy-to-implement algorithms. Beyond computational efficiency in time and memory, a cen-
tral appeal of LEP (and EP) is that, under certain conditions, it can be forward-only.

An algorithm is forward-only if it only requires running the same physical system forward in time—
no separate backward pass through a computational graph is needed. In practice, gradient computation
reuses the same dynamical system as inference, requiring only two forward passes: a free phase and a
nudged phase.

As summarized in table 2, CIVP is not forward-only: it requires an explicit backward pass through
the stored computational graph to evaluate the boundary residual terms of the gradient estimator.
CBPVP is forward-only, since both phases run the same iterative boundary-value-problem solver and
no separate backward circuit is needed, but at the cost of an expensive iterative procedure. As we show
in section 5, PFVP/RHEL satisfies the forward-only property while avoiding this overhead: both the free
and echo phases consist of pure forward integration, with no iterative solver required (see appendix O
for a detailed comparison).

In LEP, a further refinement of the forward-only property matters: streaming. An algorithm is
streaming if it can process temporal data sequentially from t= 0 to t= T without requiring access to the
entire time horizon at once. As shown in table 2, causal boundary conditions (CIVP and PFVP/RHEL)
naturally enable streaming, while CBPVP’s non-causal boundary conditions, despite being forward-only,
require all N time steps to be processed simultaneously, precluding streaming operation.
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4. RHEL

RHEL presents a fundamentally different approach to temporal credit assignment compared to the varia-
tional formulations discussed in the previous section. Unlike EP methods that rely on variational prin-
ciples and careful specification of boundary conditions, RHEL operates directly on the dynamics of
Hamiltonian physical systems without requiring an underlying action functional or BVP formulation.

4.1. Hamiltonian system formulation
In RHEL, the system to be trained is described by a Hamiltonian function H(Φt,θ,xt), where Φt(θ) ∈
R2d represents the complete state of the system at time t. This state vector is composed of both position
and momentum coordinates:

Φt :=

(
st
pt

)
∈ R2d,

where st ∈ Rd represents the position coordinates and pt ∈ Rd represents the momentum coordinates.
The evolution of the system follows Hamilton’s equations of motion:

dtΦt = J · ∂ΦH(Φt,θ,xt) ,

where J is the canonical symplectic matrix:

J :=

[
0 I
−I 0

]
∈ R2d×2d.

A crucial requirement for RHEL is that the Hamiltonian must be time-reversible, meaning it satisfies:

H(ΣzΦt,θ,xt) =H(Φt,θ,xt) ,

where Σz is the momentum-flipping operator:

Σz :=

[
I 0
0 −I

]
.

This time-reversibility property ensures that the system can exactly retrace its trajectory when the
momentum is reversed, which is fundamental to the echo mechanism.

4.2. Two-phase learning procedure
RHEL implements a two-phase learning procedure that leverages the time-reversible nature of
Hamiltonian systems. Notably, this procedure does not require solving variational problems or specify-
ing complex boundary conditions.

Forward phase: The first phase computes the natural evolution of the system from initial conditions. For
t ∈ [0,T], the trajectory t 7→Φt(θ,(α0,µ0)

⊤) satisfies:
∂tΦt = J ∂ΦH(Φt,θ,xt)

Φ0 =

(
α0

µ0

)
,

This phase corresponds to the system’s natural dynamics without any learning signal and produces the
model’s prediction.

Echo phase: The second phase begins by flipping the momentum of the final state and then evolving
the system backward in time with a small nudging perturbation. For t ∈ [0,T], the echo trajectory t 7→
Φe
t(θ,ΣzΦT(θ)) satisfies: {

∂tΦ
e
t = J ∂ΦH(Φe

t ,θ,xT−t)−βJ ∂Φc
(
Φe
t ,yT−t

)
Φe

0 =ΣzΦT (θ)
, (10)

where β > 0 is a small nudging parameter.
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The key insight is that without the perturbation term (β = 0), the system would exactly retrace its
forward trajectory due to time-reversibility, returning to the initial state Φ0. However, the nudging per-
turbation breaks this symmetry, and the resulting deviation encodes gradient information.

Contrary to the Lagrangian formulation, where we defined a function t 7→ st(θ,β) through a unified
BVP, RHEL operates with two distinct trajectories. We refer to this pair as a Hamiltonian Echo System
(HES): t 7→ (Φt(θ,(α0,µ0)

⊤),Φe
t(θ,ΣzΦT(θ))). We also note that RHEL is also valid in the more gen-

eral case where the cost function also depends on the momentum of the system (see equation (10)).

4.3. Gradient computation
The fundamental result of RHEL shows that gradients can be computed through finite differences
between the perturbed and unperturbed Hamiltonian evaluations:

Theorem 2 (Gradient estimator from RHEL with parametrized initial state [PE25]). The gradient of the
objective functional is given by9:

dθC
[
Φ
(
θ,(α0 (θ) ,µ0 (θ))

⊤
)]

= lim
β→0

∆RHEL (β,α0 (θ) ,µ0 (θ)) ,

where the finite difference gradient estimator is:

∆RHEL (β,α0 (θ) ,µ0 (θ)) : =
1

β

[
−
ˆ T

0
[∂θH(Φe

t ,θ,xT−t)− ∂θH(Φt,θ,xt)]dt

+

(
∂θ

(
α0

µ0

))⊤
Σx

((
seT
peT

)
−
(

α0

−µ0

))]
, (11)

whereΦe
t is the echo trajectory at time t, andΦt represents the forward trajectory evaluated at time t. We also

used the helper matrixΣx defined as:

Σx =

(
0 I
I 0

)
.

When the initial conditions

(
α0

µ0

)
are independent of the parameters θ (i.e. ∂θ

(
α0

µ0

)
= 0), the boundary term

vanishes and the estimator reduces to the integral term only.

Proof sketch. This result follows from theorem 3.1 in [PE25]. The detailed derivation, showing how to
recover this result from [PE25], is provided in appendix H.

4.4. Contrast with variational approaches
RHEL was originally derived without requiring a variational principle. Instead, it relies on establishing a
direct mapping between the system dynamics and adjoint methods [PE25]. The central requirement in
this approach is finding the correct mapping, which requires insight or good intuition about the struc-
ture of the problem. Attempts to generalize RHEL to the broader class of port-Hamiltonian systems
[vdSJ14] using this mapping strategy have shown that the original mapping does not straightforwardly
extend to such systems [PE25, appendix A.3.1].

The key insight, already exploited by RHEL, is that time-reversibility of Hamiltonian dynamics com-
bined with a specific choice of boundary conditions can resolve the boundary residual problem identi-
fied in section 3.3.2. Specifically, the initial condition of the echo phase is defined as the momentum-
flipped final state of the forward phase, allowing the system to approximately retrace its trajectory
in reverse. We call this construction the bouncing-backward kick (formalized in proposition 2). Since
Lagrangian systems also exhibit time-reversibility, the same construction carries over naturally to the LEP
framework, where the kick acts on velocity rather than momentum. In the following section, we demon-
strate that RHEL emerges as a special case of LEP.

Interestingly, LEP offers a more systematic derivation. Rather than relying on guesses about the cor-
rect mapping to adjoint methods, LEP starts from variational principles and lets the mathematical struc-
ture dictate the learning algorithm. This generality enables extensions that would be difficult to derive
from the RHEL perspective alone. In particular, while the direct mapping approach struggled to handle
dissipative systems such as port-Hamiltonians, the variational perspective naturally accommodates dissi-
pation, as we demonstrate in section 6.

9 We present the unidirectional formulation; the bidirectional version (centered differences) provides O(β2) accuracy (see
appendix H.3).
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5. RHEL is a particular case of the LEP

In this section, we demonstrate that RHEL can be recast as a particular instance of LEP when the sys-
tem exhibits time-reversibility and the nudged trajectories are defined through a PFVP . This connection
reveals the fundamental relationship between these seemingly different approaches to temporal credit
assignment.

5.1. Instantiation of the LEP as a PFVP
5.1.1. Definition of the PFVP
We now introduce a novel boundary condition formulation that enables tractable trajectory generation
while eliminating problematic boundary residuals. The key idea is to define parametric final boundary
conditions αT(θ) and γT(θ) that depend on the parameters θ. This defines the PFVP :

∀t ∈ [0,T] t 7→ sβ←,t (θ,(αT (θ) ,γT (θ))) satisfies:


ELr (t,θ,β) = 0

sβ←,T (θ) =αT (θ)

ṡβ←,T (θ) = γT (θ)

, (12)

where ELr(t,θ,β) denotes the time-indexed Euler–Lagrange equation with reversible Lagrangian Lr:

ELr (t,θ,β) := ∂sLβ (st, ṡt,θ,xt,yt)− dt∂ṡLβ (st, ṡt,θ,xt,yt) .

A reversible Lagrangian satisfies the time-symmetry condition:

Lr (st, ṡt,θ,xt,yt) = Lr (st,−ṡt,θ,xt,yt) .

This ensures that solutions of the associated Euler–Lagrange equations are time-reversible: forward evo-
lution followed by momentum reversal exactly retraces the original trajectory.

In our instantiation, the parametric boundary conditions αT(θ) and γT(θ) are defined with a CIVP
with β = 0 (that will then be used for practically running the free phase, see section 5.1.2). Specifically,
they correspond to the final position and velocity of this CIVP:{

αT (θ) := s0→,T (θ,(α0,γ0))

γT (θ) := ṡ0→,T (θ,(α0,γ0))
, (13)

where s0→,T(θ,(α0,γ0)) and ṡ0→,T(θ,(α0,γ0)) are the final position and velocity from the CIVP solution
without nudging (see section 3.3.2). This choice ensures that the free trajectory (β = 0) satisfies both the
CIVP initial conditions and the PFVP final conditions simultaneously (see figure 4(a)).

5.1.2. Practical computation of the PFVP
Final value problems are generally difficult to solve, as one must find initial conditions that produce
prescribed final states—typically requiring iterative root-finding or constrained optimization (see
section 3.3.1). However, the PFVP formulation admits efficient computation by converting both phases
into Initial Value Problems (IVPs).

Free phase. By construction, the free trajectory is obtained directly from the CIVP. The FVP
s0←,t(θ,(αT(θ),γT(θ))) is equivalent to the CIVP s0→,t(θ,(α0,γ0)) with constant initial conditions α0

and γ0 (See proposition 4 for details). This trajectory can be computed via standard forward integration
from t= 0 to t= T.

Nudged phase: the bouncing-backward kick. For the nudged trajectory (β 6= 0), we exploit the time-
reversibility of the system to convert the PFVP into an IVP. The key insight is that applying a velocity
kick—reversing the velocity at the final boundary—allows us to integrate the same10 dynamical system
forward in time rather than solving a final value problem. We call this the bouncing-backward kick: the
system ‘bounces’ off the final state of the free phase and retraces its path backward in physical time,
using only forward integration. In the Lagrangian formulation, the kick acts on the velocity (γT→−γT);
in the equivalent Hamiltonian formulation (RHEL), it acts on the momentum (p→−p, the Σz flip).

10 Both phases integrate the same Euler–Lagrange equations, unlike the adjoint state method [CRBD18], which often uses time-
reversibility but integrates a different ODE to recompute activations during the backward pass, on top of integrating the adjoint
equations themselves.
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Figure 4. Parametric Final Value Problem (PFVP) for LEP. The two panels use a consistent color scheme: black curves represent
the free trajectory s0(θ) used for inference, and blue dotted curves show the β-nudged trajectories sβ(θ) used for learning.
The boundary conditions (parametric final value problem) are depicted in grey, with a dot for the positionαT(θ) = s0→,T(θ)

and arrow γT(θ) = ṡ0→,T(θ). To illustrate how boundary conditions constrain the entire family of trajectories, we also display

θ-perturbed trajectories s0(θ+∆θ) (red dotted curve) and combined perturbations sβ(θ+∆θ) (purple dotted curve). (a)
We observe the effect of the parametric final value condition: only trajectories that share the same θ (blue and black vs red and
purple, respectively) satisfy the same position (grey dot) and velocity final value conditions (grey arrow). (b) The arrows on the
curves (blue and black) indicate the direction of integration of their respective IVPs. Although Final Value Problems (FVPs) are
generally difficult to solve, both the free phase (black curve) and the nudged phase (blue curve) can be efficiently computed by
reformulating them as Initial Value Problems (IVPs). For the free phase, the FVP s0←,t(θ,(αT,γT)) is equivalent to the CIVP
s0→,t(θ,(α0,γ0)) with initial conditionsα0 and γ0 shown in black (dot and arrow, respectively). For the nudged phase, we

exploit time-reversibility (proposition 2): the PFVP sβ←,t(θ,(αT,γT)) becomes the Parametric Initial Value Problem (PIVP)

sβ
t′ (θ,(αT,−γT)) starting from the momentum-reversed final conditions (αT,−γT). This PIVP is then integrated forward in
integration time t ′ = T− t from 0 to T (corresponding to t going backward from T to 0), as illustrated by the blue arrows. This
PFVP formulation, expressed through Lagrangian mechanics, corresponds exactly to the Hamiltonian formulation of RHEL after
applying the forward Legendre transform (see theorem 4).

Proposition 2 (Bouncing-backward kick: PFVP-to-IVP reduction). The solution of the time-reversible
PFVP (12) with boundary conditions αT(θ) and γT(θ) satisfies:

∀t ∈ [0,T] sβ←,t (θ,(αT (θ) ,γT (θ))) = sβ→,t ′ (θ,(αT (θ) ,−γT (θ))) with t ′ = T− t,

where t ′ 7→ sβ→,t ′ (θ,(αT(θ),−γT(θ))) is the solution of the IVP with velocity-reversed initial conditions,
integrated forward in time t ′ from 0 to T (where t ′ = T− t relates the integration time t ′ to the time t):

∀t ′ ∈ [0,T] t ′ 7→ sβ→,t ′ (θ,(αT (θ) ,−γT (θ))) satisfies:


ELr (t ′,θ,β) = 0

sβ→,0 (θ) =αT (θ)

ṡβ→,0 (θ) =−γT (θ)

The proposition states that the PFVP solution sβ←,t at physical time t equals the IVP solution sβT−t at
integration time T− t. Crucially, the Euler–Lagrange equation ELr(T− t,θ,β) is evaluated with the input
xT−t and target yT−t corresponding to physical time T− t, meaning the input and target sequences are
played backward during integration.

In practice, this gives a simple algorithm for the nudged phase: (1) start from the final state of the
free phase with reversed velocity (αT(θ),−γT(θ)), and (2) introduce a new integration time variable
t ′ = T− t and integrate the IVP forward in time t ′ from t ′ = 0 to t ′ = T (corresponding to physical
time t going backward from T to 0) while feeding the inputs and targets in reverse temporal order. The
resulting IVP trajectory sβt′ , yields the desired PFVP solution sβ←,t (see figure 4(b)).

5.2. Boundary residual cancellation in PFVP
Applying theorem 1 to this parametric boundary condition choice yields a remarkable instantiation of
the general gradient formula where both the boundary conditions and the time-reversibility cause the
boundary residuals to partially cancel.

Theorem 3 (PFVP boundary residual cancellation). Recall that the parametric boundary conditions
αT(θ) := s0→,T(θ,(α0,γ0)) and γT(θ) := ṡ0→,T(θ,(α0,γ0)) are defined as the final position and velocity of
the free-phase CIVP (equation (13)). The boundary residuals in theorem 1 vanish at t= T and reduce to
easy-to-compute terms at t= 0 for the PFVP formulation sβ←(θ,(αT,γT)). The gradient of the objective
functional is given by:

dθC
[
s0← (θ,(αT,γT))

]
= lim

β→0
∆PFVP (β,α0 (θ) ,γ0 (θ)) ,
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where the PFVP gradient estimator simplifies to:

∆PFVP (β,α0 (θ) ,γ0 (θ)) : =
1

β

[ˆ T

0

(
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt

+(dθṡL0 (α0 (θ) ,γ0 (θ) ,θ))
⊤
(
sβ←,0−α0 (θ)

)
− (∂θα0)

⊤
(
∂ṡL0

(
sβ←,0, ṡ

β
←,0,θ

)
− ∂ṡL0 (α0 (θ) ,γ0 (θ) ,θ)

)]
.

Note: When the initial conditions α0 and γ0 are independent of θ (i.e. ∂θα0 = 0), the boundary residual

simplifies to a single term: (∂θṡL0(α0,γ0,θ))
⊤
(
sβ←,0−α0

)
.

Computational advantages. The PFVP formulation resolves both computational challenges identified
earlier. Unlike CIVP, it avoids intractable boundary residuals that would require backpropagation-like
computations. Unlike CBPVP, it uses causal boundary conditions—trajectories are computed via simple
forward integration rather than iterative solvers, enabling efficient streaming computation.

Table 2 confirms these advantages quantitatively. PFVP achieves efficient trajectory generation at
O(Nd2s ) time with only O(ds) memory, matching CIVP’s forward integration cost. Simultaneously,
its gradient computation scales as O(Ndθ) with O(dθ) memory, matching CBPVP’s efficient gradient
estimation.

Comparison with previous work. Recently, [Mas25] proposed a LEP formulation; however, their work
considers only fixed boundary conditions (such as our CBPVP). The central novelty of our PFVP is
making the final boundary parametric: the terminal constraints sβ←,T(θ) =αT and ṡβ←,T(θ) = γT depend
on θ through the free-phase CIVP (equation (13)).

Fixing αT and γT independently of θ would make the system less expressive and make the initial
state depend on θ, forcing the initial conditions to change at every training step. To run an inference
with the input in the forward direction, one would need to recompute it after each training step.

5.3. Hamiltonian-Lagrangian equivalence via legendre transform
We now establish the precise mathematical relationship between the PFVP formulation of LEP and
RHEL. We first introduce the Legendre transform and its condition of well-definiteness to define a bijec-
tion between two pairs of variables. We use this to show the equivalence between LEP and RHEL.

This transform is important for our work because it allows us to map solutions of the Euler–
Lagrange equations bijectively to solutions of the Hamiltonian equations.

Theorem 4 (LEP-RHEL Equivalence via Legendre Transform). The time-local Legendre transform
(proposition 1), applied pointwise along trajectories, creates an equivalence between LEP and RHEL at the level
of trajectories (1) and gradient estimators (2).

(1) Trajectory Equivalence. The PFVP formulation of LEP and the HES formulation of RHEL establish a
bijection between solutions of Euler–Lagrange and Hamiltonian equations:

t 7→ sβ←,t (θ,(αT,γT)) ←→ t 7→
(
Φt

(
θ,(α0,µ0)

⊤
)
,Φe

t (θ,ΣzΦT (θ))
)
,

where the Legendre transformation induces the invertible relation between (α0(θ),γ0(θ)) and

(
α0(θ)
µ0(θ)

)
:

(
α0 (θ)
µ0 (θ)

)
=

(
α0 (θ)

∂ṡL0 (α0 (θ) ,γ0 (θ) ,θ)

)
and

(
α0 (θ)
γ0 (θ)

)
=

(
α0 (θ)

∂pH0 (α0 (θ) ,µ0 (θ) ,θ)

)
, (14)

where α0,γ0 are the Lagrangian initial conditions (position and velocity at t= 0), and

(
α0

µ0

)
are the

Hamiltonian initial conditions (position and momentum at t= 0), related via the bijective mapping of
equation (14).

(2) Gradient Equivalence. Under the respective Legendre transforms, the gradient estimators are identical:

∆PFVP (β,α0 (θ) ,γ0 (θ)) = ∆RHEL (β,α0 (θ) ,µ0 (θ)) .
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LEP (Lagrangian)

∆PFVP (β,α0,γ0) =
1

β

[ˆ T

0

(
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt

+

(
dθ

(
α0

∂ṡL0 (α0,γ0,θ)

))⊤
Σx

((
sβ←,0

−∂ṡLβ
(
sβ←,0, ṡ

β
←,0,θ

))−

(
α0

−∂ṡL0 (α0,γ0,θ)

))]
.

RHEL (Hamiltonian)

∆RHEL (β,α0,µ0) =
1

β

[
−
ˆ T

0

(
∂θHβ (Φe

t ,θ)− ∂θH0 (Φt,θ)
)
dt+

(
∂θ

(
α0

µ0

))⊤
Σx

((
s eT
p eT

)
−

(
α0

−µ0

))]
.

where the θ dependencies on α0,γ0 and α0,µ0—which are constrained by equation (14)—were dropped for
readability. The color coding highlights terms that are equal between LEP and RHEL: blue for the integral terms,
red for the parameter derivatives beforeΣx, and green for the state differences afterΣx.

Sketch of the proof. The proof proceeds in three steps.

(1) Legendre correspondence.We first show that the Legendre transform establishes a bijection between
solutions of the Euler–Lagrange and Hamilton equations. Since the transform itself depends on the
parameters θ, it not only maps entire trajectories between the two formalisms but also reparametrizes
their initial conditions in a θ-dependent manner.

(2) PFVP–HES construction. For both β = 0 and β 6= 0, we construct the HES from the PFVP through a
sequence of maps (including the Legendre transform), each of which is bijective.

(3) Gradient equivalence. Finally, applying the Legendre transform to the PFVP gradient estimator yields
the RHEL gradient expression. Term by term, the Lagrangian estimator in LEP matches the Hamiltonian
estimator in RHEL, establishing full gradient equivalence.

Theoretical significance. The combination of theorems 3 and 4 establishes a fundamental result: RHEL
can be derived from first principles using variational methods of EP. Theorem 3 demonstrates that the
PFVP formulation is a solution instance of LEP, the first one we found that does not have problematic
boundary residuals, and thus can be used to train Lagrangian systems. Furthermore, we can also recover
the RHEL learning rule for Hamiltonian systems: theorem 4 shows that this computationally viable LEP
formulation is mathematically equivalent to RHEL through the Legendre transformation. This equiva-
lence provides a new theoretical foundation for RHEL, revealing that its distinctive properties—forward-
only computation, scalability independent of model size, and local learning—emerge naturally from the
variational structure of physical systems rather than being only the consequence of specific Hamiltonian
dynamics.

5.4. Empirical validation
We now provide numerical validation of theorem 4 by training a Hopfield-inspired dynamical system
using both RHEL (Hamiltonian formulation) and LEP (Lagrangian formulation), demonstrating that the
two approaches yield identical gradients.

5.4.1. Example of equivalence: fixed Hamiltonian initial conditions
Learning rule analysis. Consider the case where the Hamiltonian initial conditions α0 and µ0 are fixed
independently of θ, i.e. ∂θα0 = 0 and ∂θµ0 = 0. In this setting, the red boundary term in theorem 4
vanishes, and both gradient estimators reduce to the blue integral term only:

∂θ

(
α0

µ0

)
= 0 ⇒ ∆RHEL (β,α0,µ0) =−

1

β

ˆ T

0
[∂θHβ (Φ

e
t ,θ)− ∂θH0 (Φt,θ)]dt

=∆PFVP (β,α0,γ0 (θ)) ,

where γ0(θ) = ∂pH0(α0,µ0,θ) is the corresponding Lagrangian initial velocity. The LEP gradient esti-
mator takes the equivalent form:

∆PFVP (β,α0,γ0 (θ)) =
1

β

ˆ T

0

[
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

)]
dt.
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Table 3. Parameter gradients for the Hopfield-inspired system.
The symbol� denotes element-wise multiplication. The relation
∂θH0 =−∂θL0 (lemma 4) is verified for each parameter. ForW,
the gradient simplifies due to its symmetry. For the time constant
τ , using ṡ= diag(τ )−1p confirms that 1

2
ṡ� ṡ= 1

2
p� p� τ−2.

Parameter LEP: ∂θL0 RHEL: ∂θH0

W − 1
2
ρ(s)ρ(s)⊤ 1

2
ρ(s)ρ(s)⊤

B −ρ(s) ρ(s)

τ 1
2
ṡ� ṡ − 1

2
p� p� τ−2

Both learning rules compare parameter derivatives along the free and nudged trajectories, differing only
in whether Hamiltonian or Lagrangian variables are used.

Initial condition analysis. Crucially, fixing the Hamiltonian initial conditions induces parametric
Lagrangian initial conditions. Through the Legendre transform (equation (14)), the initial velocity in
the Lagrangian formulation is:

γ0 (θ) = ∂pH0 (α0,µ0,θ) .

When H0 depends on θ (e.g. through a mass matrix or time constant parameters), the initial velocity
γ0 becomes θ-dependent even though the Hamiltonian initial conditions are fixed. This subtlety is illus-
trated in figure 5(b), where the Lagrangian phase portraits show varying initial velocities across training
epochs as parameters evolve.

Remark 3 (Simplification for zero initial momentum). In practice, if one wishes to avoid implementing
the boundary term in the learning rule, one can set µ0 = 0. This yields γ0 = ∂pH0(α0,0,θ) = 0 for standard
kinetic energies, making both initial conditions non-parametric.

5.4.2. Hopfield-inspired system with learnable time constants
We validate our theoretical results on a Hopfield-inspired dynamical system, based on the Hopfield
model in table 1. For simplicity, we set α= 0 and b= 0 (no regularization or bias in the potential). The
Lagrangian takes the form (see table 1):

L0 (s, ṡ,θ,x) =
1

2
ṡ⊤diag(τ ) ṡ− 1

2
ρ(s)⊤Wρ(s)−B⊤ρ(s)− ρ(x)⊤ ρ(s) , (15)

where s ∈ Rd is the state, ρ(·) is an element-wise activation function (e.g. tanh), τ ∈ Rd>0 is a vector of
learnable time constants, W ∈ Rd×d is the symmetric recurrent weight matrix, B ∈ Rd is a bias vector,
and xt ∈ Rd is the time-varying input. The learnable parameters are θ = (W,B,τ ).

Parameter gradients. Table 3 summarizes the parameter gradients in both formalisms. Notably, the gra-
dient with respect to W takes the form ρ(s)ρ(s)⊤, which corresponds to a Hebbian learning rule—one
of the most famous and oldest learning rules in neuroscience [DP25]. Additionally, the gradient with
respect to τ takes different forms in each formulation: in the Lagrangian it depends on velocities ṡ,
while in the Hamiltonian it depends on momenta p. These are related through the Legendre transform
and yield identical learning signals.

Initial conditionmapping. For fixed Hamiltonian initial conditions (α0,µ0), the corresponding
Lagrangian initial conditions are:

Position: α0 (unchanged)

Velocity: γ0 = diag(τ )−1µ0 (θ− dependent throughτ ).

This θ-dependence of the Lagrangian initial velocity through the learnable time constants τ is what
makes the initial conditions parametric in the LEP formulation, as illustrated in figure 5(b) where the
initial velocity changes across training epochs.
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Figure 5. Numerical validation of theorem 4 with two separate training runs. A 6-dimensional Hopfield-inspired system
(equation (15)) is trained in two separate runs from the same initial parameters: one with Hamiltonian parameterization+

RHEL, one with Lagrangian parameterization+ LEP. The phase portrait of ‘hidden layer’ neuron 3 (position s(3) vs. momen-
tum/velocity) is shown across training epochs (colored trajectories from red to blue); squares mark initial conditions, stars mark
final conditions. (a) RHEL training run with Hamiltonian parameterization (s,p). (b) LEP training run with Lagrangian param-
eterization (s, ṡ). (c) Cosine similarity and amplitude ratio between gradient estimates: LEP vs BPTT (purple, orange) and RHEL
vs LEP (red, green).

5.4.3. Experimental setup
Task. We consider a teacher-student learning setup with a 6-dimensional system (d= 6). The input sig-
nal xt is injected into neuron 0 and consists of a superposition of 10 random sine waves:

xt =
1

nwaves

nwaves∑
k=1

ak sin(2π fkt+ϕk) ,

where frequencies fk are uniformly sampled from [10−2,1] Hz, phases ϕk from [0,2π], and amplitudes ak
from [0.5,1.5]. The target output yt is generated by a teacher network with the same architecture but dif-
ferent random initialization. The input is thus a continuously arriving, time-varying signal: within each
phase, the student processes it by forward integration as it arrives, without ever storing the state trajec-
tory, while the same teacher-generated input and target trajectories are reused across training epochs.

The cost function is the squared error on neuron 5: c(st,yt) =
1
2 (s

(5)
t − y

(5)
t )2. We use Euler integration

with time step dt= 0.001, total duration T= 10, and nudging strength β = 0.01.

Parameter initialization. The weight matrix W is initialized via QR decomposition: a random orthogo-
nal matrix U is obtained from the QR factorization of a Gaussian matrix, and eigenvalues are sampled
uniformly from [0.1,1.0], yielding W= Udiag(λ)U⊤ for controlled spectral properties. Time constants
τ are sampled uniformly from [0.5,1.0]. We use the Adam optimizer with learning rate 0.005 and ran-
dom seed 50. Full hyperparameter details are given in appendix P.

We perform two separate training runs of 100 epochs each, both starting from the same ini-
tial parameter values θ0: (1) a RHEL training run using Hamiltonian parameterization with state
variables (s,p) and learning rules from table 3 (right column), and (2) a LEP training run using
Lagrangian parameterization with state variables (s, ṡ) and learning rules from table 3 (left column). The
Hamiltonian initial conditions (α0,µ0) are fixed and identical for both runs; in the LEP run, these map
to Lagrangian initial conditions (α0,γ0) where γ0 = diag(τ )−1µ0 evolves as τ changes during training.
During LEP training, at every gradient update we also compute the gradient provided by automatic dif-
ferentiation (BPTT) for comparison.

The experiment confirms the predictions of theorem 4. The two separate training runs—one with
Hamiltonian parameterization and RHEL learning rule, one with Lagrangian parameterization and LEP
learning rule—both start from the same initial parameter values θ0 and evolve the parameters inde-
pendently. In the RHEL run (figure 5(a)), the Hamiltonian initial conditions (α0,µ0) remain fixed
across training epochs while the input signal (a superposition of sine waves) drives complex oscillatory
dynamics. In the LEP run (figure 5(b)), the same fixed Hamiltonian initial conditions (α0,µ0) map
to Lagrangian initial conditions where the initial velocity γ0 = diag(τ )−1µ0 shifts across epochs as the
time constant parameters τ evolve during training, illustrating the θ-dependence of boundary condi-
tions under the Legendre transform. Despite these two independent training runs using different param-
eterizations and learning rules, the LEP and RHEL gradient estimates agree nearly perfectly throughout
training (cosine similarity ≈ 1, amplitude ratio ≈ 1), and both closely match the ground-truth BPTT
gradients obtained via automatic differentiation. appendix Q reports learning curves from an additional

23



Neuromorph. Comput. Eng. 6 (2026) 044010 G Pourcel et al

replication of the same teacher–student task and the reconstruction of the teacher’s output trajectory;
the Discussion paragraph Relation to BPTT discusses why gradient agreement is the relevant validation
target.

6. From LEP to dissipative LEP

The non-dissipative nature of standard Hamiltonian/Lagrangian systems has been recognized as a lim-
itation in both the LEP and HEL literatures, on two fronts. From a hardware perspective, energy con-
servation restricts the class of physical systems where LEP can be implemented; to address this, Kendall
et al [Ken21] proposed using fractional calculus to extend Lagrangian mechanics to dissipative dynamics.
From a machine learning perspective, the absence of dissipation means that, like Unitary RNNs before
them [JGP+17], Lagrangian/Hamiltonian systems cannot forget [PE25, LPM23, BRR25].

In this section, we take a first step toward addressing this limitation by extending LEP to dissipative
systems. We show that dissipation can be introduced through an exponential integrating factor in the
Lagrangian, and made practical via the PFVP formulation: during the free phase, the system genuinely
dissipates energy, while during the nudge phase, energy is pumped back in.

6.1. Energy conservation in standard Lagrangian systems
To understand the non-dissipative nature of standard Lagrangian systems, we first consider an isolated
system without external input. Let Liso0 (st, ṡt,θ) denote the Lagrangian of the isolated system, obtained by
setting xt = 0 in the full Lagrangian L0(st, ṡt,θ,xt). For any Lagrangian system, there exists a conserved
quantity [Olv22]:

E= ṡ⊤t ∂ṡL
iso
0 − Liso0 . (16)

This quantity E is the physical energy of the system: kinetic energy plus internal potential energy, corre-
sponding to the standard notion of mechanical energy in classical physics.

For the isolated system satisfying the Euler–Lagrange equations ∂sLiso0 − dt∂ṡLiso0 = 0, this energy is
conserved: dtE= 0. This can be verified by direct computation:

dtE= dt
(
ṡ⊤t ∂ṡL

iso
0

)
− dtLiso0

= ṡ⊤t
(
dt∂ṡL

iso
0 − ∂sL

iso
0

)
= 0.

Note that when the external input xt is applied, it introduces in the Lagrangian L0(st, ṡt,θ,xt) a time
dependence that breaks this energy conservation. The system can exchange energy with its environment
through the input, but does not dissipate energy by itself.

6.2. Dissipative LEP
To address the limitation identified above, we extend LEP to dissipative systems by introducing an
explicitly time-dependent Lagrangian through an exponential integrating factor. This approach gener-
alizes a known method for simulating dissipation [Rie96] to the multivariate case.

Construction of the dissipative Lagrangian. We scale the standard physical Lagrangian L0 by an expo-
nential factor, yielding the dissipative Lagrangian:

Ldissβ (st, ṡt,θ,xt,yt) := exp(ζt) · L0 (st, ṡt,θ,xt)+β c(st,yt) , (17)

where ζ > 0 is a scalar damping coefficient. The exponential factor exp(ζt) acts as an integrating fac-
tor that introduces dissipation into the dynamics while maintaining the variational structure needed for
gradient estimation.

Dissipative gradient estimator. We now present the dissipative counterpart of theorem 3. The structure
remains similar, but with additional terms arising from the exponential time-weighting.

Theorem 5 (Dissipative LEP with PFVP). Let t 7→ sβ←,t(θ) denote the solution to the dissipative
Euler–Lagrange equation:

ELdiss (t,θ,β) := ∂sL0− dt∂ṡL0− ζ ∂ṡL0 +β exp(−ζt)∂sc= 0, (18)
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with PFVP boundary conditions. Then the gradient of the objective functional is given by:

dθC
[
s0← (θ)

]
= lim

β→0
∆PFVP (β,α0 (θ) ,γ0 (θ)) ,

where the dissipative PFVP gradient estimator is:

∆PFVP (β,α0,γ0) :=
1

β

[ˆ T

0
exp(ζt)·

(
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt

+(dθ∂ṡL0 (α0,γ0,θ))
⊤
(
sβ←,0−α0

)
− (∂θα0)

⊤
(
∂ṡLβ

(
sβ←,0, ṡ

β
←,0,θ

)
− ∂ṡL0 (α0,γ0,θ)

)]
, (19)

with α0 =α0(θ) and γ0 = γ0(θ) the initial conditions. The blue integral term weights the Lagrangian
difference by the exponential factor, the red terms involve parameter derivatives of initial conditions, and the
green terms measure state and momentum differences at the initial time.

Proof. See appendix L.

Interpretation: dissipative terms. Compared to the conservative case, the dissipative formulation intro-
duces a new exponentially-weighted term (shown in orange) in both the Euler–Lagrange equation and
the gradient estimator:

• In the Euler–Lagrange equation (18): The term −ζ ∂ṡL0 introduces friction-like damping, while the
cost term acquires a down-weighting factor exp(−ζt) that reduces nudging strength at later times.

• In the gradient estimator (19): The integral term is weighted by exp(ζt), emphasizing later time
steps. This reflects that dissipative dynamics progressively ‘forget’ early information, so gradients
appropriately emphasize recent observations.

• For the free phase (β = 0): The Euler–Lagrange equation reduces to ∂sL0− dt∂ṡL0− ζ ∂ṡL0 = 0,
which is identical to applying the standard Euler–Lagrange equation to the exponentially-weighted
Lagrangian exp(ζt)L0.

The boundary terms (red and green) remain identical to the conservative PFVP case.

Verification: energy dissipation. To confirm that the exponential integrating factor introduces a dissipa-
tive system with energy decay (rather than merely rescaling time), we analyze how energy evolves under
the dissipative dynamics. We again consider the isolated system (xt = 0) to cleanly isolate the effect of
dissipation. We find that for a trajectory t 7→ st satisfying the dissipative Euler–Lagrange equation (18)
with β = 0 and xt = 0, the physical energy E (defined as in (16)) evolves as (see proposition 5 in
appendix):

dtE=−ζ ṡ⊤t ∂ṡLiso0

In the special case with quadratic kinetic energy Ekin(ṡt) =
1
2‖ṡt‖

2, this reduces to:

dtE=−ζ‖ṡt‖2⩽0

Since ζ > 0, energy is strictly dissipated whenever ṡt 6= 0, confirming the physically expected behavior of
a dissipative system.

6.3. Empirical validation
We now validate the dissipative LEP framework empirically. Our goals are twofold: first, to confirm that
the exponential integrating-factor mechanism genuinely introduces dissipation, with energy transfers
consistent with proposition 7; second, to verify that the dissipative LEP gradient estimator accurately
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recovers parameter gradients, using autodiff/BPTT as a ground-truth baseline. We conduct these exper-
iments on a system of d= 6 coupled damped harmonic oscillators (figure 6), extending the undamped
system of section 2.2 with damping forces via the exponential integrating-factor introduced above.

System description. Consider a d-dimensional system of coupled harmonic oscillators with mass vector
m ∈ Rd>0, symmetric stiffness matrix K ∈ Rd×d, and scalar damping coefficient ζ > 0. The damping vec-
tor is γ := ζm, making the damping force proportional to mass (for independent per-dimension damp-
ing coefficients γi decoupled from mass, see appendix R). An external input xt drives the first oscillator,
and the output is measured from the last oscillator yt = sd,t. The learnable parameters are θ = {m,K, ζ}.
We use fixed initial conditions (s0, ṡ0) = (α0,0) (zero initial velocity), ensuring boundary terms vanish as
explained in Remark 3. The Lagrangian of the undamped, input-driven system is:

L0 (st, ṡt,θ,xt) =
1

2
(m� ṡt) · ṡt−

1

2
s⊤t Kst− e⊤1 st xt, (20)

where e1 = (1,0, . . . ,0)⊤ and � denotes element-wise multiplication. The dissipative Lagrangian is
Ldissβ = exp(ζt) · L0 +β c(st,yt) with cost c(st,yt) =

1
2 (sd,t− yt)

2.

Dynamics and gradient estimator: contrast with classical LEP. Table 4 summarizes the dissipative LEP
equations. Both the free and nudged dynamics are integrated forward in time as IVPs. Compared to the
classical (non-dissipative) LEP gradient estimator (theorem 3), the dissipative formulation introduces two
key modifications:

1. Sign-flipped damping in the nudge phase. For the nudged phase, we apply the bouncing-backward
kick (proposition 2): solving the PFVP backward in time from final conditions (sβT , ṡ

β
T) = (s0T, ṡ

0
T) is

equivalent to integrating forward with velocity-reversed initial conditions (s0T,−ṡ
0
T) and, crucially, sign-

flipped damping (+γ→−γ). This sign flip reverses the energy flow: while the free phase dissipates
energy, the nudged phase pumps energy back (see appendix M and proposition 6).

2. Exponential weighting in nudging and learning rule. The cost nudging term in the Euler–Lagrange
equation (18) acquires a down-weighting factor exp(−ζt), and the gradient estimator (19) is weighted
by exp(ζt). These exponential factors arise from the integrating-factor construction and are essential
for correct gradient estimation.

With fixed initial conditions and PFVP final-condition matching, all boundary terms in theorem 5
vanish, leaving only the integral term that compares trajectories.

Classical LEP baseline. To isolate the importance of these modifications, we also evaluate a classical
LEP baseline that correctly performs the sign-flipped damping (+γ→−γ) during the nudge phase,
but omits both exponential factors: it uses the standard nudging β∂sc instead of the down-weighted

β exp(−ζt)∂sc in the dynamics (18), and the standard unweighted integral
´ T
0 [· · · ]dt instead of the

exponentially-weighted
´ T
0 [· · · ]exp(ζt)dt in the gradient estimator (19). In other words, this baseline

accounts for the dissipative dynamics (including the sign flip) but not for the effect of dissipation on the
variational gradient formula.

Experimental observations. Figure 6 reports the outcomes of both validations. Regarding energy dynam-
ics (Panels A–B), the free-phase energy decomposition shows kinetic and potential energy oscillating out
of phase as energy transfers between modes, while the total energy increases over time due to the exter-
nal input driving the system—kinetic energy starts at zero since ṡ0 = 0. The cumulative dissipation and
input work are of comparable magnitude, confirming that dissipation is balanced by the energy injected
by the external drive. The energy conservation relation E(t) = E(0)+Winput(t)−Ddiss(t) (proposition 7)
is verified numerically, confirming that the integrating-factor mechanism produces physically consistent
dissipative behavior. Regarding gradient accuracy (Panel C), the dissipative LEP gradient estimates for
all parameters (m, K, ζ) closely match the autodiff/BPTT ground truth, with relative Euclidean distance
below 0.10. In contrast, the classical LEP baseline (which performs the sign flip but omits the exponen-
tial factors) yields relative distances above 1 for m and K, demonstrating that the sign-flipped damping
alone is not sufficient—the exponential weighting in both the nudging and the learning rule is essential
for correct gradient estimation in dissipative systems. Note that the classical LEP baseline produces an
identically zero gradient for ζ : without the exponential weighting eζt in the learning rule, the damping
coefficient does not appear in the gradient estimator, so no LEP bar is shown for ζ in Panel C.
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Figure 6. Empirical validation of dissipative LEP on d= 6 coupled damped harmonic oscillators. (a) Internal energy decompo-
sition during the free phase: kinetic energy Ekin, internal potential Uint, and total energy E. (b) Cumulative energy balance: initial
energy E(0) (grey dashed), cumulative dissipation Ddiss (purple), input workWinput (red), and total energy E(t). (c) Relative
Euclidean distance of gradient estimates to autodiff/BPTT for dissipative LEP (blue) and the classical LEP baseline (orange,
which performs the sign-flipped damping but omits the exponential weighting in nudging and learning rule) across parame-
tersm, K, and ζ. (d) Training loss (MSE) over 200 epochs of a teacher–student task on the same system, with all ofm, K and ζ
trainable (ζ0 = 0.1 for the student, ζ = 0.2 for the teacher). Dissipative LEP (blue, dashed) closely follows BPTT (black, solid)
and recovers ζ → 0.2; the classical LEP baseline (orange), whose ζ-gradient is identically zero, plateaus roughly two orders of
magnitude higher. Details in appendix P.

Table 4. Summary of dissipative LEP for coupled harmonic oscillators. Both the free and nudged phases are integrated forward in time
as IVPs from their respective initial conditions; for the nudged phase, the backward PFVP is implemented through the
bouncing-backward kick with reversed initial velocity and sign-flipped damping. The gradient estimator contains only integral
terms—all boundary terms cancel due to fixed initial conditions and PFVP matching of final conditions. During inference (free phase),
the energy E(t) = Ekin(t)+Uint(t) (kinetic plus internal potential) evolves through two mechanisms: work done by the external input
(force× velocity), and dissipation (proportional to γ · ṡ2t , always removes energy).

Phase Dynamics (IVP) Time Initial Conditions

Free (β = 0) m� s̈0t +γ� ṡ0t +Ks0t =−xte1 t ∈ [0,T] (s00, ṡ
0
0) = (α0,0)

Nudged (β > 0) m� s̈β
t′ −γ� ṡβ

t′ +Ksβ
t′ =−xT−t ′e1 −βe−ζ(T−t ′)ed(s

β
d,t ′ − yT−t ′ ) t ′ ∈ [0,T] (sβ0 , ṡ

β
0 ) = (s0T,−ṡ0T)

Gradient estimator: dθC[s0(θ)] = lim
β→0

1

β

ˆ T

0

[
∂θLβ(s

β
t , ṡ

β
t ,θ,xt)− ∂θL0(s

0
t , ṡ

0
t ,θ,xt)

]
exp(ζt)dt

with ∂miL0 =
1
2
ṡ2i,t, ∂KL0 =− 1

2
sts⊤t , e−ζt∂ζ [eζtL0] = t · L0(st, ṡt,θ,xt)

Energy definition: E(t) =
1

2
(m� ṡt) · ṡt︸ ︷︷ ︸
Ekin(t)

+
1

2
s⊤t Kst︸ ︷︷ ︸
Uint(t)

Energy transfer during inference (free phase) (proposition 7): E(t) = E(0)+Winput(t)−Ddiss(t)

• Input work:Winput(t) =−
´ t
0 ṡ1,τ xτ dτ (power= force× velocity; can inject or extract energy)

• Dissipation: Ddiss(t) =
´ t
0 γ · ṡ2τ dτ⩾0 (always removes energy)

Beyond this single-point gradient check, Panel D reports an end-to-end training run on the same
system. In this teacher–student task, the student is initialized with parameters that differ from the
teacher’s—in particular, its damping coefficient is half the teacher’s (ζ0 = 0.1 vs ζ = 0.2)—and all of m,
K and ζ are trained. Over the 200 training epochs, dissipative LEP closely follows BPTT, reducing the
loss by more than two orders of magnitude and recovering the teacher’s damping coefficient ζ→ 0.2; the
small residual gap is consistent with the O(β) bias of the finite-nudging estimator (β = 0.01). The clas-
sical LEP baseline initially reduces the loss through its potential-parameter updates, but its gradient with
respect to ζ is identically zero: it cannot learn the damping coefficient and plateaus roughly two orders
of magnitude above dissipative LEP. Full experimental details are given in appendix P.
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Physical realizability of the sign-switched dissipation. The dissipation-specific control required by dissi-
pative LEP is narrower than arbitrary control: within each phase the damping coefficient is fixed, and at
t= T it is reversed once from +γ to −γ with the same magnitude. Realizing this operation is substrate-
dependent. Appendix N presents a concrete feasibility construction for the coupled-oscillator system
(figure 7), in which the sign reversal is implemented by switching between matched positive and nega-
tive resistances; it also discusses the required velocity reversal, calibration, and parasitic losses. This con-
struction is not a substrate-independent implementation, and the required operations must be assessed
separately for other platforms.

Comparison with other approaches. Kendall et al [Ken21] proposed using fractional calculus to extend
Lagrangian systems to dissipative dynamics, building on earlier work [Rie96]. While promising, this
approach is limited to non-standard fractional dissipative elements, and they implicitly assumed fixed
boundary conditions (equivalent to CBPVP), which would need to be reformulated as a PFVP for prac-
tical use. Another approach is to use periodic systems driven by periodic inputs [BH25], which also sim-
plifies the boundary terms at the cost of restricting applicability to periodic systems (there is no need to
match final conditions, but the input must be repeated multiple times). [Mas25] also proposed leverag-
ing periodic systems (rather than the bouncing-backward kick used in our work), but introduced dissi-
pation via the same exponential integrating factor as ours. Interestingly, all these approaches start from
the mathematically guiding Lagrangian framework (see section 2.2). Finally, a method to simulate dis-
sipativity within a non-dissipative system was proposed by [LPM23], where part of the system serves as
an ancilla (an auxiliary subsystem that preserves information to maintain reversibility, a concept from
reversible computing) for task-irrelevant information, yet can still be exploited for leveraging bouncing-
backward kick.

7. Discussions and future works

Summary. This work sets out to address two questions.

(a) The first is whether EP can be generalised to design efficient and practically-implementable learning algo-
rithms for time-varying inputs and outputs. We show that it can, through LEP that extends EP’s varia-
tional principles from steady states to entire physical trajectories, provided that the boundary condi-
tions are chosen carefully.

(b) The second question is how HEL algorithms relate to this generalised EP framework. We show that
RHEL is a special case of LEP obtained by combining the PFVP boundary conditions with the
Legendre transformation.

A central finding is that the choice of boundary conditions has a decisive impact on whether the result-
ing learning algorithm is practical. We show that the most natural choices lead to a trade-off between
tractability of the gradient estimator and tractability of the trajectory computation. On one hand, the
CIVP yields causal, easy-to-simulate trajectories but introduces boundary residual terms that are hard to
compute and requires explicit backward passes. On the other hand, the CBPVP eliminates these residuals
but imposes non-causal boundary conditions that require an iterative boundary value solver. The PFVP,
combined with time-reversibility, resolves this trade-off: it eliminates boundary residuals entirely while
preserving causal, forward-only, streaming computation with no iterative solver overhead.

By combining this PFVP formulation with the Legendre transformation, we establish that RHEL is a
special case of LEP. This reveals that RHEL’s distinctive properties, namely local learning rules, forward-
only computation, and the ‘bouncing-backward’ echo phase, are not artifacts of Hamiltonian mechanics
but arise naturally from the underlying variational structure.

Finally, we show that the variational framework of LEP provides guiding principles to extend
these algorithms beyond conservative systems. By introducing an exponential integrating factor in the
Lagrangian, dissipative dynamics can be accommodated within the PFVP framework provided the sign
of the damping can be flipped during the echo phase. The variational derivation prescribes both the
correct exponential weighting in the nudging and in the learning rule. Empirical validation on coupled
damped harmonic oscillators confirms that this dissipative LEP gradient estimator accurately recovers
BPTT gradients, and that omitting the prescribed weighting leads to incorrect gradients even when the
sign-flipped damping is correctly applied.
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The circuit of appendix N is a feasibility construction for the coupled-oscillator substrate, and not a
substrate-independent implementation of dissipative LEP. For any other target substrate, realizability of
the required operations must be assessed case by case.

Relation to BPTT. LEP and RHEL change how the loss gradient is evaluated, not the loss gradient itself:
in the limit β→ 0, their estimators recover the gradient computed by BPTT. We therefore do not expect
or claim an improvement in optimization quality over BPTT. Nor do we claim an improvement over
RHEL, because the equivalence established above identifies RHEL as the Hamiltonian realization of
PFVP/LEP. More broadly, our claims concern the gradient computation only, never the learning pro-
cess built on top of it: the choice of optimizer, learning rate, or schedule is orthogonal to the estima-
tor, exactly as in classical deep learning, and once the estimator recovers the BPTT gradient this stan-
dard toolbox applies verbatim. The training experiments of this paper (figure 6(d) and appendix Q)
are accordingly end-to-end consistency checks of the estimators inside a complete optimization loop,
not claims of a novel learning behavior: the present paper is primarily theoretical. Empirical evidence
at larger scale exists in companion work: RHEL has been used to train multi-layer Hamiltonian state-
space models (up to six stacked Hamiltonian recurrent blocks with hidden dimension 64 and state-space
dimension 256) on six long-range UEA classification benchmarks and on a ∼50k-step regression task,
matching BPTT performance across all models and tasks [PE25]; by the equivalence of theorem 4, this
evidence carries over to the LEP/RHEL gradient-computation principle established here.

Limitations and future directions. First, the PFVP formulation still requires an echo phase, i.e. a sec-
ond forward pass that can only begin after the free phase completes, making the algorithm inherently
offline in the sense that gradients are not available during inference. Developing an online variant that
eliminates this echo phase would bring LEP closer to Real-Time Recurrent Learning [WZ89], potentially
offering more efficient alternatives to its notoriously high computational cost. Second, the elimination
of boundary residuals relies on time-reversibility, which restricts applicability to conservative (or sign-
controllable dissipative) systems. Extending the PFVP formulation beyond time-reversible systems, or
identifying weaker sufficient conditions for boundary residual cancellation, would broaden its applicabil-
ity. Third, while RHEL has been tested at larger scale on state-space models [PE25], neither LEP nor dis-
sipative LEP have been validated on real physical systems. Finally, the present framework addresses deter-
ministic dynamics derived from a Lagrangian: stochastic dynamics, as well as model-specific architec-
tural mechanisms such as attention, lie beyond its current scope. These advances would further solidify
the theoretical foundation for physics-based learning algorithms that unify inference and training within
single physical systems, offering promising alternatives to conventional digital computing paradigms for
future neuromorphic and analog computing architectures.
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Appendix A. Derivative and shape conventions

Throughout the paper, we adopt a fixed coordinate-based matrix convention. State variables are repre-
sented as column vectors s ∈ Rds and parameters as column vectors θ ∈ Rdθ .

Gradients with respect to state variables (including velocities) are column vectors:

∂sL ∈ Rds , ∂ṡL ∈ Rds .

Jacobians with respect to parameters are matrices acting on parameter variations:

∂θs ∈ Rds×dθ , ∂2
θ,ṡL ∈ Rds×dθ .

Total derivatives vs partial derivatives. We distinguish between partial derivatives and total derivatives:

• ∂θ denotes the partial derivative with respect to θ, holding all other explicit arguments fixed.

• dθ denotes the total derivative with respect to θ, accounting for both explicit and implicit dependen-
cies through the chain rule.

For example, dθ∂ṡL is a total derivative (Jacobian) with shape Rds×dθ that accounts for how ∂ṡL changes
with θ through all dependencies, including implicit ones through the state variables.

Scalar or parameter-wise quantities are obtained via standard matrix multiplication. In particular, for
any v ∈ Rds ,

(
∂2
θ,ṡL
)⊤
v ∈ Rdθ ,

where the transpose denotes the usual matrix transpose and ensures dimensional consistency.
Equivalently, this corresponds componentwise to

[(
∂2
θ,ṡL
)⊤
v
]
j
=

ds∑
i=1

∂2
θj,ṡiLvi .

All transposes appearing in the paper are genuine matrix transposes introduced to make matrix
products well-defined; no implicit row/column conventions are assumed. Under this convention, all gra-
dient expressions and boundary residual terms are dimensionally consistent.

Functional (variational) derivative. We denote by δsA the functional derivative (or variational deriva-
tive) of a functional A[s] with respect to the trajectory s. It is defined implicitly through the direc-
tional derivative: for any smooth variation η, δsA · η := dϵ|ϵ=0A[s+ ϵη]. Informally, δsA is the infinite-
dimensional analogue of a gradient: it captures how A responds to infinitesimal deformations of the
trajectory.

Appendix B. Glossary

Table 5 summarizes the different boundary condition formulations for Lagrangian Equilibrium
Propagation (LEP) discussed in this paper. Each formulation defines how trajectories sβt (θ) are specified
through boundary conditions, leading to distinct computational properties and practical implications.
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Table 5. Summary of LEP Boundary Condition Formulations. Comparison of the three main boundary condition formulations for
Lagrangian Equilibrium Propagation.

Acronym Definition section

CIVP Constant Initial Value Problem: All trajectories share fixed initial conditions independent of θ and β.

Defined by:

∀t ∈ [0,T] t 7→ sβ→,t (θ,(α0,γ0)) satisfies:


EL(t,θ,β) = 0

sβ→,0 (θ) =α0

ṡβ→,0 (θ) = γ0

Causal boundary conditions: forward integration from t= 0. Suffers from intractable boundary

residuals.

3.3.2

CBPVP Constant Boundary Position Value Problem: All trajectories satisfy fixed position boundary

conditions at both endpoints, independent of θ and β. Defined by:

∀t ∈ [0,T] , t 7→ sβ↔,t (θ,(α0,αT)) satisfies:


EL(t,θ,β) = 0

sβ↔,0 (θ) =α0

sβ↔,T (θ) =αT

Non-causal boundary conditions: requires solving a two-point boundary value problem (BVP).

Eliminates boundary residuals but computationally expensive.

3.3.1

PFVP Parametric Final Value Problem: Final boundary conditions depend on parameters θ. Defined by:

∀t ∈ [0,T] t 7→ sβ←,t (θ,(αT (θ) ,γT (θ))) satisfies:


ELr (t,θ,β) = 0

sβ←,T (θ) =αT (θ)

ṡβ←,T (θ) = γT (θ)

where parametric boundaries are derived from CIVP free phase:αT(θ) = s0→,T(θ,(α0,γ0)) and

γT(θ) = ṡ0→,T(θ,(α0,γ0)).

Appendix C. Preparatory results

Remark 4 (Regularity and uniqueness of solutions). Several proofs in this paper invoke uniqueness of
solutions to initial value problems. The classical sufficient condition (the uniqueness part of the Picard–
Lindelöf theorem) is that the Euler–Lagrange equation, once rewritten as a first-order system ż= f(t,z), has
a right-hand side f that is locally Lipschitz in z. Two ingredients are needed:

1. Mass-matrix invertibility. The Hessian ∂2
ṡ,ṡLmust be invertible so that s̈ can be expressed as a function of

(s, ṡ, t). This is already required for the Legendre transform (proposition 1).

2. Local Lipschitz continuity of the resulting right-hand side. This property must be checked for the
resulting first-order system; it is verified directly below for the models considered in this paper.

Verification for the models of table 1. For all three models the mass matrix is either the identity
(UniCORNN, LinOSS) or diag(τ ) with τi > 0 (Hopfield), hence invertible. Moreover, the right-hand sides
are in fact globally Lipschitz: LinOSS is linear in z; UniCORNN involves tanh, which is globally Lipschitz
(derivative bounded by 1) composed with a linear map;Hopfield involves products of tanh and tanh ′,
both globally bounded, composed with linear maps—the Lipschitz constant depends on ‖W‖ but remains
finite for any fixedW. Global Lipschitz continuity ensures that solutions exist and are unique on any interval
[0,T].

When the Hessian condition fails. For the Hopfield-inspired model, if τi = 0, then the velocity Hessian
is singular and pi = τi ṡi = 0 independently of ṡi. Consequently, ṡi cannot be recovered from pi, and the
momentum–velocity relation of proposition 1 is not invertible for that coordinate. The Euler–Lagrange
equation also loses its s̈i term. Therefore, the Lagrangian-to-Hamiltonian correspondence required by the-
orem 4 does not apply. This illustrates why the Hopfield-inspired model assumes τi > 0 for every i.
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Lemma 2 (Odd derivative property of reversible Lagrangian). For a reversible Lagrangian Lβ that satisfies
Lβ(s, ṡ,θ) = Lβ(s,−ṡ,θ), the derivative with respect to ṡ satisfies:

∂ṡLβ (s,−ṡ,θ) =−∂ṡLβ (s, ṡ,θ) .

Proof. Since the Lagrangian Lβ is reversible, it satisfies

Lβ (s, ṡ,θ) = Lβ (s,−ṡ,θ) ,

i.e. it is even in ṡ. Consequently, its derivative with respect to ṡ is odd, yielding the stated result.

Proposition 3 (Least Action principle for parametrized perturbations). Let A[s(θ),θ] =
´ T
0 L(t,θ,

st(θ), ṡt(θ))dt be a scalar functional of an arbitrary function s(θ) that depends on some parameter vector
θ ∈ Rp. Further, A also has an explicit dependence on θ. Here, θ is a non-time-varying parameter.
If s(θ) satisfies the Euler–Lagrange equations ∂sL− dt∂ṡL= 0, then the implicit variation of A through θ via

s reduces to boundary terms:

δsA [s(θ) ,θ]δθs(θ) =
[
(∂θst (θ))

⊤ · ∂ṡL(t,θ, st (θ) , ṡt (θ))
]T
0
.

Implicit variation (definition): The implicit variation along each component θi is defined as the change in A
due to θi acting only through s, with the explicit θ-dependence of A held fixed:

δsA [s(θ) ,θ]δθis(θ) := dϵ|ϵ=0A [s(θ+ ϵei) ,θ] . (21)

Notation: Here ei denotes the ith canonical basis vector in Rp (the parameter space of θ). Each δsAδθis is a
scalar, and the full vector form δsA[s(θ),θ]δθs(θ) ∈ Rp is the vector obtained by concatenation:
δsAδθs=

(
δsAδθ1s, . . . , δsAδθps

)⊤
.

Proof. We prove the result component-wise using lemma 1. Fix a component θi and consider the perturba-
tion η(ϵ) := s(θ+ ϵei)− s(θ), which satisfies η(0) = 0 and ∂ϵ|ϵ=0ηt(ϵ) = ∂θist(θ). From definition (21):

δsA [s(θ) ,θ]δθis(θ) = dϵ|ϵ=0A [s(θ+ ϵei) ,θ] = dϵ|ϵ=0A [s(θ)+η (ϵ) ,θ] .

Applying lemma 1 to parametric perturbations (see note after the Lemma and proof in appendix E), since
s(θ) satisfies the Euler–Lagrange equations:

δsA [s(θ) ,θ]δθis(θ) =
[
(∂θist (θ))

⊤ · ∂ṡL(t,θ, st (θ) , ṡt (θ))
]T
0
.

Concatenating over all components i = 1, . . . ,p yields the full vector result. The same analysis applies with
respect to any other parameter (e.g. β).

Proposition 4 (Equivalence between CIVP and PFVP). The PFVP free solution that terminates at the final
state of the corresponding CIVP free solution coincides with that CIVP free solution. Namely, for any (α0,γ0)
and all t ∈ [0,T],

s0←,t

(
θ,
(
s0→,T (θ,(α0,γ0)) , ṡ

0
→,T (θ,(α0,γ0))

))
= s0→,t (θ,(α0,γ0)) .

Proof. Define the terminal state of the CIVP trajectory by

(αT,γT) :=
(
s0→,T (θ,(α0,γ0)) , ṡ

0
→,T (θ,(α0,γ0))

)
.

By definition of the PFVP (Definition 13), the trajectory t 7→ s0←,t(θ,(αT,γT)) is a solution of the same
Euler–Lagrange dynamics as t 7→ s0→,t(θ,(α0,γ0)) and satisfies the terminal condition(

s0←,T (θ,(αT,γT)) , ṡ
0
←,T (θ,(αT,γT))

)
= (αT,γT) .

Therefore, the two trajectories share the same state at time T while solving the same ODE. By uniqueness
of solutions (Remark 4), they must coincide on [0,T], which proves the claim.
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Lemma 3 (IVP-FVP equivalence for reversible Hamiltonian systems). For a reversible Hamiltonian system,
the IVP solution starting from momentum-flipped initial conditions is equivalent to the time-reversed FVP
solution:

∀t ∈ [0,T] ΦIVP,t (θ,Σzλ0) =ΣzΦFVP,T−t (θ,λ0) ,

whereΣz =

(
I 0
0 −I

)
is the momentum-flipping operator.

Proof by reference and relation to Proposition 2. (1) Analogy with Proposition 2. Proposition 2 proves
reversibility of the time-reversible PFVP solution in the Lagrangian formulation: the FVP can be reduced
to an IVP by applying the time-reversal symmetry (reverse time and flip the time-odd variable, namely the
velocity). The present lemma (lemma 3) is the Hamiltonian analogue of that statement: in Hamiltonian
coordinates, time reversal acts by leaving the position unchanged and flipping the conjugate momentum.
Hence the same ‘FVP↔ IVP’ conversion holds, with velocity flip replaced by momentum flip.

(2) Proof is contained in the RHEL paper. This reversibility property is established in the RHEL paper
[PE25], appendix A.1. Specifically, lemma A.3 in [PE25] proves time-reversal invariance of the Hamiltonian
dynamics under the momentum-flip involution (with the appropriate time-reversal of the forcing/input),
and corollary A.3 in [PE25] deduces the corresponding reversibility/echo (trajectory retracing) property.
The present lemma is exactly the specialization of these results to the IVP–FVP equivalence stated here.

Lemma 4 (Parameter-gradient relation under Legendre transform). Let t 7→Φt = (st,pt) be a solution of
Hamilton’s equations with Hamiltonian H(Φt,θ). Let t 7→ (st, ṡt) be the associated Lagrangian trajectory
defined through the backward Legendre transform (proposition 1). Then:

∂θH(Φt,θ) =−∂θL(st, ṡt,θ) .

Proof. The momentum is defined by the (forward) Legendre transform (proposition 1(a)):

pt := ∂ṡL(st, ṡt,θ) . (22)

The Hamiltonian is constructed as:

H(Φt,θ) := p⊤t ṡt− L(st, ṡt,θ) ,

where ṡt is determined implicitly by (st,pt,θ) through equation (22). In particular, when the Legendre trans-
form is well-defined (i.e. ∂2

ṡ,ṡL is invertible), we may invert pt = ∂ṡL(st, ṡt,θ) to obtain a (local) implicit func-
tion ṡt = ṡ(st,pt,θ). Thus ṡt is not an independent variable here: onceΦt = (st,pt) is held fixed, the right-
hand side is understood as a function of (Φt,θ) only.

Taking the derivative with respect to θ (holdingΦt = (st,pt) fixed):

∂θH(Φt,θ) = ∂θ
[
p⊤t ṡt− L(st, ṡt,θ)

]
= p⊤t ∂θ ṡt− ∂θL(st, ṡt,θ)− (∂ṡL)

⊤
∂θ ṡt.

Here, ∂θ ṡt represents the derivative of the implicit function ṡt(st,pt,θ) with respect to θ. This derivative
captures how the velocity ṡt changes with θ while keeping the Hamiltonian state (st,pt) fixed.

The key observation is that the first and third terms cancel:

p⊤t ∂θ ṡt− (∂ṡL)
⊤
∂θ ṡt = p⊤t ∂θ ṡt− p⊤t ∂θ ṡt (using equation (22))

= 0.

Therefore:

∂θH(Φt,θ) =−∂θL(st, ṡt,θ) .

Lemma 5 (Independence of augmented Lagrangian and Hamiltonian derivatives). Let Lβ be the
augmented Lagrangian defined in Equations (4) where the cost term c does not depend on ṡ or θ. Let Hβ be the
corresponding Hamiltonian obtained via Legendre transform. Then, for all (s, ṡ,θ) (or (Φ,θ) for Hamiltonian)
and all β:
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1. ∂ṡLβ(s, ṡ,θ) = ∂ṡL0(s, ṡ,θ) (Lagrangian velocity derivative)

2. ∂θLβ(s, ṡ,θ) = ∂θL0(s, ṡ,θ) (Lagrangian parameter derivative)

3. ∂θHβ(Φ,θ) = ∂θH0(Φ,θ) (Hamiltonian parameter derivative)

Note: The result also holds for the Hamiltonian momentum derivative: ∂pHβ(s,p,θ) = ∂pH0(s,p,θ), though
this property is not needed in this paper.

Proof. Since Lβ = L0 +βc where c depends only on s (not on ṡ or θ), the first two properties follow imme-
diately. For the third property, since Hβ is obtained from Lβ via Legendre transform and the transform pre-
serves parameter derivatives (as shown in lemma 4), we have ∂θHβ =−∂θLβ =−∂θL0 = ∂θH0.

Appendix D. Proof of proposition 1: Legendre transform

Proof. [Proof of proposition 1] We first justify the forward transform, then the backward one, and finally
the equivalence of the Hessian conditions.

(a) Forward transform. Fix t and regard L as a function of (st, ṡt). Define

pt = ∂ṡL(st, ṡt) .

For fixed st, the Jacobian of the map

ṡt 7→ pt

is precisely the Hessian ∂2
ṡ,ṡL(st, ṡt).

If

det
(
∂2
ṡ,ṡL(st, ṡt)

)
6= 0,

then, by the inverse function theorem, this map is locally invertible: there exists a unique smooth function

ṡt = ṡt (st,pt)

in a neighbourhood of (st, ṡt). We then define the Hamiltonian

H(st,pt) = p⊤t ṡt (st,pt)− L(st, ṡt (st,pt)) ,

which yields the forward transform

(st, ṡt) 7→ (st,pt) , pt = ∂ṡL, H= p⊤t ṡt− L,

and is locally one-to-one with smooth inverse (st,pt) 7→ (st, ṡt).

(b) Backward transform. Conversely, fix t and regard H as a function of (st,pt), and define

ṡt = ∂pH(st,pt) .

For fixed st, the Jacobian of the map

pt 7→ ṡt

is the Hessian ∂2
p,pH(st,pt).

If

det
(
∂2
p,pH(st,pt)

)
6= 0,

then, again by the inverse function theorem, this map is locally invertible, so there exists a unique smooth
function

pt = pt (st, ṡt) ,
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and we can define the Lagrangian via

L(st, ṡt) = pt (st, ṡt)
⊤ ṡt−H(st,pt (st, ṡt)) ,

which yields the backward transform

(st,pt) 7→ (st, ṡt) , ṡt = ∂pH, L= p⊤t ṡt−H,

again locally one-to-one with smooth inverse.

Equivalence of Hessian conditions. Assume L and H are related by the Legendre transform as above. For
fixed st, we have

pt = ∂ṡL(st, ṡt) , ṡt = ∂pH(st,pt) .

Differentiate the first relation w.r.t. ṡt:

∂ṡtpt = ∂2
ṡ,ṡL(st, ṡt) .

Differentiate the second relation w.r.t. pt:

∂pt ṡt = ∂2
p,pH(st,pt) .

Since the maps ṡt 7→ pt and pt 7→ ṡt are inverse to each other (for fixed st), their Jacobians are matrix inverses:

∂pt ṡt = (∂ṡtpt)
−1

.

Hence

∂2
p,pH(st,pt) =

(
∂2
ṡ,ṡL(st, ṡt)

)−1
.

In particular,

det
(
∂2
ṡ,ṡL
)
6= 0 ⇐⇒ det

(
∂2
p,pH

)
6= 0,

so the forward and backward non-singularity conditions are equivalent, and the Legendre transform is
invertible in both directions.

Appendix E. Proof of lemma 1. Euler–Lagrange solutions and the action functional

Proof of lemma 1. We prove the result for a general smooth perturbation ϵ 7→ η(ϵ) with η(0) = 0 (as noted
after lemma 1); the linear case η(ϵ) = ϵη follows by specialization.

Expanding the action functional along the perturbation:

Aβ

[
sβ +η (ϵ)

]
=

ˆ T

0
Lβ
(
sβt +ηt (ϵ) , ṡ

β
t + η̇t (ϵ) , θ

)
dt,

where η̇t(ϵ) := dtηt(ϵ) denotes the time derivative at fixed ϵ. Differentiating with respect to ϵ and evaluating
at ϵ= 0, the chain rule gives:

dϵ|ϵ=0Aβ

[
sβ +η (ϵ)

]
=

ˆ T

0

[(
∂ϵ|ϵ=0ηt (ϵ)

)⊤
∂sLβ

(
sβt , ṡ

β
t ,θ
)
+
(
dt ∂ϵ|ϵ=0ηt (ϵ)

)⊤
∂ṡLβ

(
sβt , ṡ

β
t ,θ
)]

dt.

Here we used η(0) = 0 (i.e. ηt(0) = 0 and η̇t(0) = 0 for all t) to ensure that the partial derivatives of Lβ are

evaluated at the original trajectory (sβt , ṡ
β
t ). We also used the commutativity of ∂ϵ and dt (valid by smooth-

ness) to write ∂ϵ|ϵ=0 η̇t(ϵ) = dt ∂ϵ|ϵ=0ηt(ϵ). Applying integration by parts to the second term:

=

ˆ T

0

(
∂ϵ|ϵ=0ηt (ϵ)

)⊤
[∂sLβ − dt∂ṡLβ ]dt+

[(
∂ϵ|ϵ=0ηt (ϵ)

)⊤
∂ṡLβ

(
sβt , ṡ

β
t ,θ
)]T

0
.
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Since sβ satisfies the Euler–Lagrange equation EL(t,θ,β) = ∂sLβ − dt∂ṡLβ = 0, the integral vanishes,
yielding:

dϵ|ϵ=0Aβ

[
sβ +η (ϵ)

]
=
[(

∂ϵ|ϵ=0ηt (ϵ)
)⊤

∂ṡLβ
(
sβt , ṡ

β
t ,θ
)]T

0
. (23)

This establishes the general case for parametric perturbations (see note after lemma 1). For the linear pertur-
bation η(ϵ) = ϵη, we have ∂ϵ|ϵ=0η(ϵ) = η, and equation (23) becomes:

δsAβ ·η = dϵ|ϵ=0Aβ

[
sβ + ϵη

]
=
[
η⊤t ∂ṡLβ

(
sβt , ṡ

β
t ,θ
)]T

0
.

This establishes Case 2 (the general formula for arbitrary η). Case 1 follows immediately: when η0 = ηT
= 0, the boundary terms vanish and δsAβ ·η = 0.

Appendix F. Proof theorem 1. Lagrangian EP gradient estimator

Proof of theorem 1. We consider the cross-derivatives of the action functional Aβ [sβ(θ),θ]. Since Aβ

depends on θ both explicitly (through Lβ(·, ·,θ)) and implicitly (through the trajectory sβ(θ)), the total
derivative decomposes as dθAβ = ∂θAβ + δsAβ δθsβ , where ∂θ acts on the explicit θ-dependence at fixed
trajectory and δsAβ δθsβ captures the implicit variation through sβ(θ) (see proposition 3 and the notation
conventions in appendix A).

First, differentiating with respect to θ then β (at β = 0):

dβθAβ

[
sβ (θ) ,θ

]
= dβ |β=0

(
∂θAβ

[
sβ (θ) ,θ

]
+ δsAβδθs

β
)

= dβ |β=0

ˆ T

0
∂θLβ

(
sβt , ṡ

β
t ,θ
)
dt+ dβ |β=0

(
δsAβδθs

β
)
. (24)

Second, differentiating with respect to β (at β = 0) then θ:

dθβAβ

[
sβ (θ) ,θ

]
= dθ

(
∂β |β=0Aβ

[
sβ (θ) ,θ

]
+ δsA0δβ |β=0s

β
)

= dθ
(
C
[
s0 (θ)

]
+ δsA0δβ |β=0s

β
)
, (25)

where we used the fact that ∂β |β=0Aβ [sβ(θ),θ] =
´ T
0 c(s

0
t (θ))dt= C[s

0(θ)].
By Schwarz’s theorem (symmetry of mixed partial derivatives), we have (since β and θ are independent,

we can use d instead of ∂):

dβθAβ

[
sβ (θ) ,θ

]
= dθβAβ

[
sβ (θ) ,θ

]
.

This requires the composite map (β,θ) 7→ Aβ [sβ(θ),θ] to be C2. This holds whenever the Lagrangian is C2

in all its arguments and the trajectory map (β,θ) 7→ sβ(θ) is C2, which follows from the standard smooth
dependence of ODE solutions on parameters.

Equating the right-hand sides of equations (24) and (25), we obtain:

dθC
[
s0
]
= dβ

ˆ T

0
∂θLβ

(
sβt , ṡ

β
t ,θ
)
dt+

(
dβ
(
δsAβδθs

β
)
− dθ

(
δsA0δβs

β
))

. (26)

From proposition 3 (derived from lemma 1), the variation through implicit dependence gives:

dβ
(
δsAβδθs

β
)
= dβ

[(
∂θs

β
t

)⊤
· ∂ṡLβ

(
sβt , ṡ

β
t ,θ
)]T

0

. (27)

Applying the product rule of differentiation:

dβ
(
δsAβδθs

β
)
=

[(
∂βθs

β
t

)⊤
· ∂ṡL0

(
s0t , ṡ

0
t ,θ
)
+
(
∂θs

0
t

)⊤ · dβ∂ṡLβ (sβt , ṡβt ,θ)]T
0

. (28)

By the same reasoning applied to (27) with the roles of β and θ exchanged:

dθ
(
δsA0δβs

β
)
=

[(
∂θβs

β
t

)⊤
· ∂ṡL0

(
s0t , ṡ

0
t ,θ
)
+
(
dθ∂ṡL0

(
s0t , ṡ

0
t ,θ
))⊤ ·(∂βsβt )]T

0

. (29)
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Using the symmetry of cross-derivatives, ∂θβs
β
t = ∂βθs

β
t , the first terms in equations (28) and (29) cancel:

dβ
(
δsAβδθs

β
)
− dθ

(
δsA0δβs

β
)
=
[(
∂θs

0
t

)⊤ · dβ∂ṡLβ (sβt , ṡβt ,θ)− (dθ∂ṡL0 (s0t , ṡ0t ,θ))⊤ · ∂βsβt ]T
0
. (30)

Substituting equation (30) into Equation (26) yields the final result.

Appendix G. Proof of LEP Corollaries

G.1. Proof of corollary 2: gradient estimator for CIVP

Proof of corollary 2. We apply theorem 1 to the CIVP formulation and analyze the boundary residual
terms. From theorem 1, the boundary residual term is:

[(
∂θs

0
→,t

)⊤
dβ∂ṡLβ

(
sβ→,t, ṡ

β
→,t,θ

)
−
(
dθ∂ṡL0

(
s0→,t, ṡ

0
→,t,θ

))⊤
∂βs

β
→,t

]T
0
.

We examine the boundary conditions at both temporal endpoints.

Analysis at t = 0: The boundary residual vanishes due to the constant initial value constraints. By the CIVP
construction, all trajectories satisfy the boundary conditions sβ→,0(θ) =α0 and ṡ

β
→,0(θ) = γ0, which are

independent of both θ and β.
The left term vanishes because:

∂θs
0
→,0 = ∂θα0 = 0.

The right term vanishes because:

∂βs
β
→,0 = ∂βα0 = 0.

Therefore, both boundary residual terms are zero at t= 0.

Analysis at t = T: The boundary residual does not cancel due to the absence of constraints at the final time.
Unlike at the initial conditions, no boundary value constraints are imposed at t= T, so both ∂θs0→,T and

∂βs
β
→,T are generally non-zero. Notably, since β is scalar, the β derivatives can easily be estimated via finite

differences. To emphasize this, we can rewrite the left term as:

(
∂θs

0
→,T

)⊤
dβ∂ṡLβ

(
sβ→,T, ṡ

β
→,T,θ

)
= lim

β→0

1

β

(
∂θs

0
→,T

)⊤ [
∂ṡLβ

(
sβ→,T, ṡ

β
→,T,θ

)
− ∂ṡL0

(
s0→,T, ṡ

0
→,T,θ

)]
.

Similarly, the right term becomes:

(
dθ∂ṡL0

(
s0→,T, ṡ

0
→,T,θ

))⊤
∂βs

β
→,T = lim

β→0

1

β

(
dθ∂ṡL0

(
s0→,T, ṡ

0
→,T,θ

))⊤(
sβ→,T− s0→,T

)
.

Final result: Combining the integral term (in finite difference form) from theorem 1 with the boundary
analysis and applying the finite difference approximation, we obtain:

dθC
[
s0→ (θ)

]
= lim

β→0

1

β

[ˆ T

0

[
∂θLβ

(
sβ→,t, ṡ

β
→,t,θ

)
− ∂θL0

(
s0→,t, ṡ

0
→,t,θ

)]
dt

+
(
∂θs

0
→,T

)⊤(
∂ṡLβ

(
s β→,T, ṡ

β
→,T,θ

)
− ∂ṡL0

(
s 0→,T, ṡ

0
→,T,θ

))
−
(
dθ∂ṡL0

(
s 0→,T, ṡ

0
→,T,θ

))⊤(
s β→,T− s 0→,T

)]
.

The boundary residuals at t= T remain due to the absence of final time constraints.
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G.2. Proof of corollary 1: Gradient estimator for CBPVP

Proof of corollary 1. We apply theorem 1 to the CBPVP formulation and analyze the boundary residual
terms. From theorem 1, the boundary residual term is:[(

∂θs
0
↔,t

)⊤
dβ∂ṡLβ

(
sβ↔,t, ṡ

β
↔,t,θ

)
−
(
dθ∂ṡL0

(
s0↔,t, ṡ

0
↔,t,θ

))⊤
∂βs

β
↔,t

]T
0
.

We examine the boundary conditions at both temporal endpoints.

Analysis at t = 0: The boundary residual vanishes due to the constant initial position constraint. By the
CBPVP construction, all trajectories satisfy the boundary condition sβ↔,0(θ) =α0, which is independent
of both θ and β.

The left term vanishes because:

∂θs
0
↔,0 = ∂θα0 = 0.

The right term vanishes because:

∂βs
β
↔,0 = ∂βα0 = 0.

Therefore, both boundary residual terms are zero at t= 0.

Analysis at t = T: The boundary residual also vanishes due to the constant final position constraint. By the
CBPVP construction, all trajectories satisfy the boundary condition sβ↔,T(θ) =αT, which is independent of
both θ and β.

The left term vanishes because:

∂θs
0
↔,T = ∂θαT = 0.

The right term vanishes because:

∂βs
β
↔,T = ∂βαT = 0.

Therefore, both boundary residual terms are zero at t= T.

Final result: Since the boundary residuals vanish at both endpoints, combining with the integral term from
theorem 1 and applying the finite difference approximation, we obtain:

dθC
[
s0↔ (θ)

]
= lim

β→0

1

β

ˆ T

0

[
∂θLβ

(
sβ↔,t, ṡ

β
↔,t,θ

)
− ∂θL0

(
s0↔,t, ṡ

0
↔,t,θ

)]
dt.

The CBPVP formulation eliminates all problematic boundary residual terms, yielding a clean gradient
estimator that only requires integrating differences between Lagrangian derivatives over the two trajectories.

Appendix H. Proof of theorem 2: Gradient estimator from RHEL with parametrized
initial state

This section shows how theorem 2 can be recovered from the results in the RHEL paper [PE25]. We
proceed in two steps: first clarifying the notation differences between the two papers, then deriving
how the gradient with respect to a parametrized initial state combines with the gradient with respect
to parameters.

H.1. Notation correspondence
The RHEL paper [PE25] uses a time convention where the forward pass runs from t ∈ [−T,0] and the
echo phase runs from t ∈ [0,T]. In contrast, this paper uses t ∈ [0,T] for the forward pass. The corre-
spondences are:

Time indexing. For the forward trajectory:

• RHEL paper: forward trajectory Φ(t) for t ∈ [−T,0]
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• This paper: forward trajectory Φt for t ∈ [0,T] with inputs xt

• Relationship: Φt↔Φ(−t+T) in RHEL notation

For the echo trajectory:

• RHEL paper: echo trajectory Φe(t, ϵ) for t ∈ [0,T] with inputs u(−t), where ϵ is the nudging strength

• This paper: echo trajectory Φe
t for t ∈ [0,T] with inputs xT−t. The dependence on the nudging

strength β is left implicit in the subscript notation Φe
t ≡Φe

t(β), since β is fixed throughout the for-
ward and echo phases and only appears explicitly in the limit β→ 0

• Relationship: inputs are time-reversed relative to forward pass

State variables. The phase space variables are:

• RHEL paper: Φ=

(
ϕ
π

)
where ϕ represents positions and π represents conjugate momenta

• This paper: Φ=

(
s
p

)
where s represents positions and p represents conjugate momenta, with s also

denoted as α and p as γp for initial conditions

• Correspondence for forward phase: Φt =

(
st
pt

)
(this paper) ↔ Φ(t) =

(
ϕt
πt

)
(RHEL paper)

• Correspondence for echo phase: Φe
t =

(
set
pet

)
(this paper) ↔ Φe(t) =

(
ϕet
πet

)
(RHEL paper)

Nudging parameter. The RHEL paper uses ϵ for bidirectional perturbations ±ϵ while this paper uses β
for unidirectional perturbation; both converge to the same gradient as ϵ,β→ 0.

H.2. Gradient decomposition for parametrized initial states
We now show how to recover theorem 2 from the original RHEL result (theorem 3.1 in [PE25]). We
proceed by first recalling the RHEL result for fixed initial conditions, then the gradient with respect to
initial state, and finally combining them.

Step 1: Gradient with respect to parameters (fixed initial state).

When the initial state Φ0 =

(
α0

µ0

)
is held fixed (independent of θ), theorem 3.1 in [PE25] gives11:

∂θC [Φ(θ,Φ0)] = lim
β→0

1

β

[
−
ˆ T

0
(∂θH(Φe

t ,θ,xT−t)− ∂θH(Φt,θ,xt))dt

]
,

where Φt is the forward trajectory and Φe
t is the echo trajectory with nudging strength β.

Step 2: Gradient with respect to initial state (fixed parameters). The RHEL paper also provides the gra-
dient of the cost with respect to the initial state (holding parameters θ fixed). This sensitivity can be
expressed through the echo trajectory difference at the final time:

∂Φ0C= lim
β→0

1

β
Σx

((
seT
peT

)
−
(

α0

−µ0

))
,

where

(
seT
peT

)
=Φe

T is the echo trajectory at final time T, and the sign flip in the momentum component

arises from the momentum-flipping boundary condition of the echo phase.

11 Note that the RHEL paper uses bidirectional nudging with perturbations±ϵ for improved numerical accuracy, while we present the
unidirectional formulation here for simplicity. Both converge to the same gradient in the continuous-time limit; see the note at the end
of this section for details.
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Step 3: Combining both contributions via chain rule. When the initial state depends on parameters,

Φ0(θ) =

(
α0(θ)
µ0(θ)

)
, the total gradient must account for both the direct dependence on θ and the indi-

rect dependence through Φ0(θ). By the chain rule:

dθC [Φ(θ,Φ0 (θ))] = ∂θC [Φ(θ,Φ0)]︸ ︷︷ ︸
direct,holding Φ0 fixed

+ (∂θΦ0)
⊤
∂Φ0C︸ ︷︷ ︸

indirect, throughΦ0(θ)

.

Substituting the expressions from Steps 1 and 2:

dθC= lim
β→0

1

β

[
−
ˆ T

0
(∂θH(Φe

t ,θ,xT−t)− ∂θH(Φt,θ,xt))dt+

(
∂θ

(
α0

µ0

))⊤
Σx

((
seT
peT

)
−
(

α0

−µ0

))]
,

which is precisely the gradient estimator ∆RHEL(β,α0(θ),µ0(θ)) in equation (11) of theorem 2.

H.3. Note on bidirectional vs unidirectional nudging
The RHEL paper uses bidirectional nudging with perturbations ±β, computing:

∆RHEL (β) =
1

2β
[(∂θH(Φe

t (+β) ,θ,xT−t)− ∂θH(Φt,θ,xt))− (∂θH(Φe
t (−β) ,θ,xT−t)− ∂θH(Φt,θ,xt))] ,

which is a centered finite-difference approximation. In this paper, we present the unidirectional
formulation:

∆RHEL (β) =
1

β
(∂θH(Φe

t (β) ,θ,xT−t)− ∂θH(Φt,θ,xt)) ,

which is a forward finite-difference approximation. Both converge to the same gradient in the limit
β→ 0. The bidirectional version has better numerical accuracy (second-order error O(β2) vs first-order
O(β)), a well-known trick in equilibrium propagation [LES+21].

Appendix I. Proof of proposition 2: The bouncing-back trick

Proof of proposition 2. Define the time-reversed trajectory:

sβrev,t := sβ←,T−t (θ,(αT,γT)) . (31)

By the chain rule ( d(T−t)dt =−1), its velocity and acceleration satisfy:

ṡβrev,t =−ṡ
β
←,T−t, s̈βrev,t = s̈β←,T−t. (32)

Step 1: srev satisfies the Euler–Lagrange equation.We show that ELr(t,θ,β) = 0 along srev by relating
each term back to the Euler–Lagrange equation satisfied by sβ←. Let t ′ := T− t.

Momentum term. By (32) and the odd-derivative property (lemma 2):

∂ṡLβ
(
sβrev,t, ṡ

β
rev,t,θ

)
= ∂ṡLβ

(
sβ←,t ′ ,−ṡ

β
←,t ′ ,θ

)
=−∂ṡLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)
.

Taking the total time derivative and using dt =−dt′ :

dt∂ṡLβ
(
sβrev,t, ṡ

β
rev,t,θ

)
= dt

[
−∂ṡLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)]
= (−dt′)

[
−∂ṡLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)]
= dt′∂ṡLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)
.

Position term. Since Lβ is even in ṡ, so is ∂sLβ (differentiating Lβ(s, ṡ,θ) = Lβ(s,−ṡ,θ) with respect to s):

∂sLβ
(
sβrev,t, ṡ

β
rev,t,θ

)
= ∂sLβ

(
sβ←,t ′ ,−ṡ

β
←,t ′ ,θ

)
= ∂sLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)
.
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Combining:

∂sLβ
(
sβrev,t, ṡ

β
rev,t,θ

)
− dt∂ṡLβ

(
sβrev,t, ṡ

β
rev,t,θ

)
= ∂sLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)
− dt′∂ṡLβ

(
sβ←,t ′ , ṡ

β
←,t ′ ,θ

)
= 0. (sβ←satisfiesEuler-Lagrangeat t ′ = T− t)

Note that ELr(t ′,θ,β) is evaluated with input xt′ and target yt′ at time t ′ = T− t, so the nudged dynamics in
the IVP automatically use the time-reversed input and target sequences.
Step 2: Initial conditions of srev. Using (31) and (32) with the PFVP boundary conditions sβ←,T =αT

and ṡβ←,T = γT:

sβrev,0 = sβ←,T =αT, ṡβrev,0 =−ṡ
β
←,T =−γT.

Step 3: Uniqueness. Since sβrev and s
β
→,t (θ,(αT,−γT)) both satisfy the same Euler–Lagrange equation

with the same initial conditions (αT,−γT) at t= 0, they are identical by uniqueness of the initial value
problem (Remark 4):

sβ→,t (θ,(αT,−γT)) = sβrev,t = sβ←,T−t (θ,(αT,γT)) (by (31)).

A time translation t ′← T− t gives the desired result.

Appendix J. Proof theorem 3: PFVP cancels the boundary residuals

Proof of theorem 3 Let us analyze the boundary residual term from theorem 1 for the PFVP trajectories t 7→
sβ←,t(θ,(αT(θ),γT(θ))):[(

∂θs
0
←,t

)⊤ · dβ∂ṡLβ (sβ←,t, ṡ
β
←,t,θ

)
−
(
dθ∂ṡL0

(
s0←,t, ṡ

0
←,t,θ

))⊤ · ∂βsβ←,t

]T
0
.

We examine the boundary conditions at both temporal endpoints.

Analysis at t = T: The boundary residual vanishes due to the parametric final value constraint.
The right term disappears because ∂βs

β
←,T = 0. By the PFVP construction, the nudged trajectory satisfies

the boundary condition sβ←,T(θ,(αT(θ),γT(θ))) =αT(θ), which is independent of β. The left term cancels
because:

dβ∂ṡLβ
(
s β←,T, ṡ

β
←,T,θ

)
= dβ∂ṡL0

(
s β←,T, ṡ

β
←,T,θ

)
+ ∂2β,ṡLβ

(
s0←,T, ṡ

0
←,T,θ

)
= ∂2β,ṡLβ

(
s0←,T, ṡ

0
←,T,θ

)
(both sβ←,T =αT(θ) and ṡ

β
←,T = γT(θ) are β-independent)

= ∂ṡc
(
s0←,T, ṡ

0
←,T

)
= 0. (cost function c depends only on position, not velocity)

Analysis at t = 0: The boundary residual reduces to easy-to-compute terms at t= 0.

s0←,0 = s0←,0 (θ,(αT (θ) ,γT (θ))) (definition 12)

= s00 (θ,(α0 (θ) ,γ0 (θ))) (proposition 4 evaluated at t= 0)

=α0 (θ) .

Similarly we have ṡ0←,0 = γ0(θ).

Since s0←,0 =α0(θ) and ṡ
0
←,0 = γ0(θ), the right term simplifies to:

dθ∂ṡLβ
(
s0←,0, ṡ

0
←,0,θ

)
= dθ∂ṡLβ (α0 (θ) ,γ0 (θ) ,θ) .

Final result: All terms cancel at t= T. At t= 0, the boundary residual evaluates to:[(
∂θs

0
←,t

)⊤
dβ∂ṡLβ

(
sβ←,t, ṡ

β
←,t,θ

)
−
(
dθ∂ṡL0

(
s0←,t, ṡ

0
←,t,θ

))⊤ · ∂βsβ←,t

]T
0

= (∂θα0 (θ))
⊤ dβ∂ṡLβ

(
sβ←,0, ṡ

β
←,0,θ

)
− (dθ∂ṡL0 (α0 (θ) ,γ0 (θ) ,θ))

⊤ · ∂βsβ←,0.

This yields the desired result.
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Appendix K. Proof theorem 4: Equivalence between Lagrangian EP and Recurrent
Hamiltonian Echo Learning

Proof roadmap. The proof proceeds in three stages.

1. Lagrangian–Hamiltonian correspondence (section E.1). We recall the classical result that the Legendre
transform maps Euler–Lagrange trajectories bijectively to Hamilton trajectories (theorem 6).

2. PFVP↔HES trajectory correspondence (section E.2). Using theorem 6 together with the PFVP
reversibility (proposition 2), we construct bijective maps between the PFVP free/nudged phases and
the HES forward/echo phases.

3. Gradient equivalence (section E.3). We transform the PFVP gradient estimator term by term—first the
integral term, then the boundary term—to obtain the RHEL estimator.

K.1. Relating the solutions of Euler–Lagrange and Hamilton equations
Here we first recall a classic theorem about the Legendre transform and how it is used in physics to
relate solutions of the Euler–Lagrange and Hamilton’s equation.

Theorem 6 (Equivalence of Lagrangian and Hamiltonian dynamics). Assume the Legendre transform of
proposition 1 is well defined along the trajectories considered, i.e. the Hessian condition det(∂2

ṡ,ṡL(st, ṡt)) 6= 0
holds at each point along the trajectory.
Then the Legendre transform maps solutions of the Euler–Lagrange equations bijectively to solutions of

Hamilton’s equations, together with their initial conditions.
1. Correspondence of initial conditions. For every Lagrangian initial condition (s0, ṡ0) there exists a unique
Hamiltonian initial condition

p0 = ∂ṡL(s0, ṡ0) ,

and for every Hamiltonian initial condition (s0,p0) there exists a unique Lagrangian initial condition

ṡ0 = ∂pH(s0,p0) .

Thus the Legendre map induces a bijection between initial conditions.

2. Correspondence of solutions. Let pt = ∂ṡL(st, ṡt). Then:
• If the trajectory t 7→ st satisfies the Euler–Lagrange equations

dt (∂ṡL(st, ṡt))− ∂sL(st, ṡt) = 0,

then the pair (st,pt) satisfies Hamilton’s equations

ṡt = ∂pH(st,pt) , ṗt =−∂sH(st,pt) .
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• Conversely, if (st,pt) satisfies Hamilton’s equations, then st satisfies the Euler–Lagrange equations, with

ṡt = ∂pH(st,pt) , pt = ∂ṡL(st, ṡt) .

Consequently, under a well-defined Legendre transform, there is a one-to-one correspondence between
Lagrangian trajectories st and Hamiltonian trajectories (st,pt), together with their initial conditions.

Proof. By assumption, the Hessian condition det(∂2
ṡ,ṡL) 6= 0 holds along the trajectories considered, so the

Legendre transform of proposition 1 gives a smooth locally invertible map

(st, ṡt)←→ (st,pt)

at each time t, with

pt = ∂ṡL(st, ṡt) , H(st,pt) = p⊤t ṡt− L(st, ṡt) ,

and inverse relations

ṡt = ∂pH(st,pt) , L(st, ṡt) = p⊤t ṡt−H(st,pt) .

We first show that this induces a bijection between initial conditions, then prove the equivalence of the
equations of motion.

1. Correspondence of initial conditions. Since for each fixed s the map

ṡ 7→ p= ∂ṡL(s, ṡ)

is locally invertible (by the non-degenerate Hessian condition of proposition 1), it follows in particular that
at time t= 0 the map

(s0, ṡ0)←→ (s0,p0) , p0 = ∂ṡL(s0, ṡ0) ,

is one-to-one and onto, with inverse

ṡ0 = ∂pH(s0,p0) .

This proves the stated bijection between Lagrangian and Hamiltonian initial conditions.

2. Two basic identities for the Legendre transform.We now derive two standard identities that hold when-
ever H is the Legendre transform of L:

∂pH(s,p) = ṡ, ∂sH(s,p) =−∂sL(s, ṡ) ,

where ṡ is implicitly defined by p= ∂ṡL(s, ṡ).
Identity ∂pH= ṡ. By definition of H,

H(s,p) = p⊤ṡ(s,p)− L(s, ṡ(s,p)) ,

where we view ṡ as a function of (s,p) defined implicitly by

p= ∂ṡL(s, ṡ(s,p)) .

Differentiating H with respect to p at fixed s gives

∂pH= ṡ+
(
∂pṡ
)⊤

p−
(
∂pṡ
)⊤

∂ṡL(s, ṡ) .

Since p= ∂ṡL(s, ṡ), the last two terms cancel, and we obtain

∂pH(s,p) = ṡ.

Identity ∂sH=−∂sL. Again, from

H(s,p) = p⊤ṡ(s,p)− L(s, ṡ(s,p)) ,
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differentiate with respect to s at fixed p:

∂sH= p⊤∂sṡ− ∂sL(s, ṡ)− (∂sṡ)
⊤
∂ṡL(s, ṡ) .

Using p= ∂ṡL(s, ṡ), the first and third terms cancel, so

∂sH(s,p) =−∂sL(s, ṡ) .

3. Euler–Lagrange⇒Hamilton. Assume the trajectory t 7→ st satisfies the Euler–Lagrange equations

dt (∂ṡL(st, ṡt))− ∂sL(st, ṡt) = 0.

Define the momentum

pt = ∂ṡL(st, ṡt) .

We must show that (st,pt) satisfies Hamilton’s equations

ṡt = ∂pH(st,pt) , ṗt =−∂sH(st,pt) .

The first Hamilton equation follows immediately from the identity ∂pH= ṡ:

ṡt = ∂pH(st,pt) .

For the second equation, note that the Euler–Lagrange equation implies

ṗt = dt (∂ṡL(st, ṡt)) = ∂sL(st, ṡt) .

Using the identity ∂sH=−∂sL evaluated along the trajectory, we obtain

ṗt = ∂sL(st, ṡt) =−∂sH(st,pt) ,

which is exactly the second Hamilton equation.

4. Hamilton⇒ Euler–Lagrange. Conversely, assume (st,pt) satisfies Hamilton’s equations

ṡt = ∂pH(st,pt) , ṗt =−∂sH(st,pt) ,

and that L and H are related by the Legendre transform as above.
Define the velocity via the inverse Legendre relation

ṡt = ∂pH(st,pt) ,

and define

pt = ∂ṡL(st, ṡt) ,

which is consistent by assumption (the Legendre map is a bijection).
We want to show that st satisfies the Euler–Lagrange equation

dt (∂ṡL(st, ṡt))− ∂sL(st, ṡt) = 0.

By definition of pt,

dt (∂ṡL(st, ṡt)) = ṗt.

Using Hamilton’s second equation and the identity ∂sH=−∂sL, we obtain

ṗt =−∂sH(st,pt) = ∂sL(st, ṡt) .

Therefore

dt (∂ṡL(st, ṡt))− ∂sL(st, ṡt) = 0,

which is precisely the Euler–Lagrange equation.
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5. Bijection of trajectories. Steps 3 and 4 show that:

• Any trajectory t 7→ st solving the Euler–Lagrange equation, together with pt = ∂ṡL(st, ṡt), yields a trajec-
tory (st,pt) solving Hamilton’s equations.

• Any trajectory (st,pt) solving Hamilton’s equations, together with ṡt = ∂pH(st,pt), yields a trajectory st
solving the Euler–Lagrange equation.

Combined with the bijection at the level of initial condition shown in step 1, this establishes the one-to-one
correspondence between Lagrangian trajectories st and Hamiltonian trajectories (st,pt), together with their
initial conditions.

K.2. Constructing the invertible mapping between PFVP and HES
For readability, in this section we will omit the θ dependence on the variable α0,γ0 and αH0 .

K.2.1. Free-phase and forward phase
From PFVP to HES. We now demonstrate how the forward phase of an HES can be constructed from
the free phase of the PFVP. From proposition 4, we can express the free phase of the PFVP as a solution
of a IVP:

s0←,t (θ,(αT (θ) ,γT (θ))) = s0→,t (θ,(α0,γ0)) for all t ∈ [0,T] .

where αT(θ) = s0→,T(θ,(α0,γ0)) and γT(θ) = ṡ0→,T(θ,(α0,γ0)) (equation (13)). Applying the forward

Legendre transformation of theorem 6 on this IVP we get the HES forward trajectory Φt(θ,(α0,µ0)
⊤)

that is a solution of the associated Hamilton equation of the IVP:

∀t ∈ [0,T] , Φt

(
θ,(α0,µ0)

⊤
)
:=

(
s0→,t (θ,(α0,γ0))

∂ṡL0
(
s0→,t, ṡ

0
→,t,θ

)) ,

(
α0

µ0

)
:=

(
α0

∂ṡL0 (α0,γ0,θ)

)
. (33)

FromHES to PFVP. To construct the forward phase we applied the two following transformations:

t 7→ s0←,t(θ,(αT(θ),γT(θ)))︸ ︷︷ ︸
PFVP free

PFVP→IVP−−−−−−−→
proposition. 4

t 7→ s0→,t(θ,(α0,γ0))︸ ︷︷ ︸
IVP free

Legendre−−−−−→
theorem 6

t 7→Φt(θ,(α0,µ0)
⊤)︸ ︷︷ ︸

HES forward

.

Since each of these two transformations is bijective, their composition is also a bijection. Hence the
free phase of the PFVP can be constructed from the forward phase of the HES, and vice versa. Applying
the inverse maps we get:

∀t ∈ [0,T] ,

(
s0←,t (θ,(αT (θ) ,γT (θ)))

ṡ0←,t (θ,(αT (θ) ,γT (θ)))

)
:=

 s0t

(
θ,(α0,µ0)

⊤
)

∂pH
(
Φt

(
θ,(α0,µ0)

⊤
)
,θ
) ,

where s0t (θ,(α0,µ0)
⊤) refers to the first vector component of Φt(θ,(α0,µ0)

⊤), and ∂pH means the
derivative with respect to second vector component of Φt(θ,(α0,µ0)

⊤). Also, the initial condition of
this PFVP are: (

α0

γ0

)
:=

(
α0

∂pH(α0,µ0,θ)

)
.

where

(
α0

µ0

)
with α0 being the position and µ0 being the momentum.

K.2.2. Nudged-phase and echo-phase
From PFVP to HES. We now show how the echo phase of the HES arises from the nudged PFVP. The
nudged PFVP trajectory is defined by

t 7→ sβ←,t(θ,(αT (θ) ,γT (θ))) , t ∈ [0,T] ,

By proposition 2, this can be rewritten as a time translation of the IVP t 7→ sβ→,t (θ,(αT(θ),−γT(θ))):

∀t ∈ [0,T] , sβ←,t(θ,(αT (θ) ,γT (θ))) = sβ→,T−t(θ,(αT (θ) ,−γT (θ))) . (34)
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Applying the forward Legendre transform of theorem 6, to the nudged IVP yields the echo phase:

∀t ∈ [0,T] , Φe
t

(
θ,αH,e0

)
:=

(
sβ→,t (θ,(αT (θ) ,−γT (θ)))

∂ṡLβ
(
sβ→,t, ṡ

β
→,t,θ

) )
, αH,e0 :=

(
αT (θ)

∂ṡLβ (αT (θ) ,−γT (θ) ,θ)

)
.

(35)

To get the full mapping to desired echo phase, we now show that αH,e0 =ΣzΦT. We analyze the sec-
ond component of αH,e0 . By definition, it involves the term

∂ṡLβ (αT (θ) ,−γT (θ) ,θ) .

By lemma 2, we obtain

∂ṡLβ (αT (θ) ,−γT (θ) ,θ) =−∂ṡLβ (αT (θ) ,γT (θ) ,θ) .

which gives:

αH,e0 =

(
αT (θ)

−∂ṡLβ (αT (θ) ,γT (θ) ,θ)

)
=

(
αT (θ)

−∂ṡL0 (αT (θ) ,γT (θ) ,θ)

)
. (lemma 5) (36)

We now evaluate equation (33) at time t= T.

ΦT

(
θ,(α0,µ0)

⊤
)
=

(
s0→,T (θ,(α0,γ0))

∂ṡL0
(
s0→,T, ṡ

0
→,T,θ

)) .

By the PFVP construction (equation (13)),

s0→,T =αT (θ) , ṡ0→,T = γT (θ) ,

so that

ΦT

(
θ,(α0,µ0)

⊤
)
=

(
αT (θ)

∂ṡL0 (αT (θ) ,γT (θ) ,θ)

)
. (37)

Taking this last equation (37) with equation (36), we have the final condition that makes the constructed
echo-phase well-defined:

αH,e0 =ΣzΦT

(
θ,(α0,µ0)

⊤
)
.

Rewriting our construction (equation (35)) in terms of PFVP variables, we have constructed t 7→
Φe
t(θ,α

H,e
0 ) with:

∀t ∈ [0,T] , Φe
t

(
θ,αH,e0

)
:=

(
sβ←,T−t (θ,(αT (θ) ,γT (θ)))

∂ṡLβ
(
sβ←,T−t,−ṡ

β
←,T−t,θ

) ) ,αH,e0 :=Σz

(
αT (θ)

∂ṡL0 (αT (θ) ,γT (θ) ,θ)

)
.

(38)

FromHES to PFVP. To construct the echo phase, we applied the two following transformations:

t 7→ sβ←,t(θ,(αT(θ),γT(θ)))︸ ︷︷ ︸
PFVP nudge

PFVP→IVP, time translation−−−−−−−−−−−−−−−→
proposition 2

t 7→ sβ→,t(θ,(αT(θ),−γT(θ)))︸ ︷︷ ︸
IVP nudge

Legendre−−−−−→
theorem6

t 7→Φe
t (θ,ΣzΦT)︸ ︷︷ ︸

HES echo

.

Since each of these two transformations is bijective, their composition is also a bijection. Hence the
nudged phase of the PFVP can be constructed from the echo phase of the HES, and vice versa.
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K.3. Gradient equivalence
We prove that the PFVP gradient estimator equals the RHEL gradient estimator by applying the forward
Legendre transform. This direction of the proof leverages the trajectory correspondences already estab-
lished in section K.2.

Starting Point: PFVP Gradient Estimator
The PFVP gradient estimator in Lagrangian variables is (from theorem 3):

∆PFVP (β,α0,γ0) : =
1

β

[ˆ T

0

(
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt︸ ︷︷ ︸

Integral term:I

+ dθ

(
∂ṡL0 (α0,γ0,θ)

α0

)⊤
Σz

 (
sβ←,0−α0

)
∂ṡLβ

(
sβ←,0, ṡ

β
←,0,θ

)
− ∂ṡL0 (α0,γ0,θ)


︸ ︷︷ ︸

Boundary term:B

]
.

Our goal is to show that this gradient estimator is equivalent to the following one (theorem 2):

∆RHEL
(
β,αH0 (θ)

)
=− 1

β

(ˆ T

0
[∂θHβ (Φ

e
t (β) ,θ)− ∂θH0 (Φt,θ)]dt−

(
∂θα

H
0

)⊤
Σx (Φ

e
T (β)−ΣzΦ0)

)
.

Main Proof: Transforming PFVP to RHEL.
The proof relies on the trajectory correspondences established in section E.2. Rather than restating these
correspondences, we will reference the relevant equations from E.2 as needed throughout the proof.

Step 1: Transform the Integral Term. We start with the integral term of PFVP:

I=

ˆ T

0

(
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt.

Step 1.1: Applying the Parameter-Gradient Relation.
To transform this integral, we use the parameter-gradient relation established in lemma 4:

∂θH(Φt,θ) =−∂θL(st, ṡt,θ).
Recall from the beginning of Step 1:

I=

ˆ T

0

(
∂θLβ

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt, t ∈ [0,T] .

By lemma 5, we have ∂θLβ = ∂θL0. Thus:

I=

ˆ T

0

(
∂θL0

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
dt, t ∈ [0,T] .

To transform this to Hamiltonians, we recall the two equality from section E.2:

Φe
t =

(
sβ←,T−t

∂ṡLβ
(
sβ←,T−t,−ṡ

β
←,T−t,θ

)) , t ∈ [0,T] , (equation (38))

Φt =

(
s0→,t

∂ṡL0
(
s0→,t, ṡ

0
→,t,θ

)) , t ∈ [0,T] . (equation (33))

We apply lemma 4 to transform each term.
For the first term, we apply lemma 4 to the augmented system with Hamiltonian Hβ and Lagrangian

Lβ at Φe
t′ with t

′ ∈ [0,T]. The Lagrangian trajectory corresponding to Φe
t′ is the IVP trajectory at time

t ′, whose velocity is −ṡβ←,T−t ′ (see equation (34)). Thus:

∂θHβ (Φ
e
t′ ,θ) =−∂θLβ

(
sβ←,T−t ′ ,−ṡ

β
←,T−t ′ ,θ

)
, t ′ ∈ [0,T] .

By lemma 5, we have ∂θLβ = ∂θL0 and ∂θHβ = ∂θH0, giving:

∂θH0 (Φ
e
t′ ,θ) =−∂θL0

(
sβ←,T−t ′ ,−ṡ

β
←,T−t ′ ,θ

)
, t ′ ∈ [0,T] .
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Since L0 is a reversible Lagrangian, i.e. L0(s,−ṡ,θ) = L0(s, ṡ,θ) (see equation (12)), differentiating with
respect to θ gives ∂θL0(s,−ṡ,θ) = ∂θL0(s, ṡ,θ). Change of variables t ′ = T− t then gives:

∂θL0
(
sβ←,t, ṡ

β
←,t,θ

)
=−∂θH0

(
Φe
T−t,θ

)
, t ∈ [0,T] .

For the second term, we apply lemma 4 to the non-augmented system with Hamiltonian H0 and
Lagrangian L0 at Φt′ with t ′ ∈ [0,T]:

∂θH0 (Φt′ ,θ) =−∂θL0
(
s0←,t ′ , ṡ

0
←,t ′ ,θ

)
, t ′ ∈ [0,T] .

Therefore:

∂θL0
(
s0←,t, ṡ

0
←,t,θ

)
=−∂θH0 (Φt,θ) , t ∈ [0,T] .

Substituting both results into I for t ∈ [0,T]:

I=

ˆ T

0

(
−∂θH0

(
Φe
T−t,θ

)
− (−∂θH0 (Φt,θ))

)
dt

=

ˆ T

0

(
−∂θH0

(
Φe
T−t,θ

)
+ ∂θH0 (Φt,θ)

)
dt.

Final change of variables: Let t ′ = T− t so that dt ′ =−dt. When t ∈ [0,T], we have t ′ ∈ [T,0]:

I=

ˆ 0

T
(∂θH0 (Φ

e
t′ ,θ)− ∂θH0 (ΦT−t ′ ,θ))(−dt ′)

=−
ˆ T

0
(∂θH0 (Φ

e
t ,θ)− ∂θH0 (ΦT−t,θ))dt

=−
ˆ T

0
(∂θH0 (Φ

e
t ,θ)− ∂θH0 (Φt,θ))dt.

where the last equality uses the change of dummy integration variable u= T− t in the second term only:´ T
0 f(ΦT−t)dt=

´ T
0 f(Φu)du.

This matches (up to sign) the integral term in RHEL.

Step 2: Transform the Boundary Term. The boundary term in PFVP (from theorem 3) is:

B= dθ

(
α0

∂ṡL0 (α0,γ0,θ)

)⊤
Σx

 (
sβ←,0−α0

)
−∂ṡLβ

(
sβ←,0, ṡ

β
←,0,θ

)
+ ∂ṡL0 (α0,γ0,θ)

 .

Recall from section K.2 the mapping:

Φe
T =

(
sβ←,0

∂ṡLβ
(
sβ←,0,−ṡ

β
←,0,θ

)) , (equation (38) at t= T)

Φ0 =

(
α0

µ0

)
=

(
α0

∂ṡL0 (α0,γ0,θ)

)
. (equation (33) at t= 0) (39)

Therefore:

Φe
T−ΣzΦ0 =

(
sβ←,0−α0

∂ṡLβ
(
sβ←,0,−ṡ

β
←,0,θ

)
+ ∂ṡL0 (α0,γ0,θ)

)

=

(
sβ←,0−α0

−∂ṡLβ
(
sβ←,0, ṡ

β
←,0,θ

)
+ ∂ṡL0 (α0,γ0,θ)

)
. (lemma 2) (40)

Also, from the initial condition

(
α0

µ0

)
=Φ0 (equation (39)), we can deduce:

∂θ

(
α0

µ0

)
= ∂θ

(
α0

µ0

)
= dθ

(
α0

∂ṡL0 (α0,γ0,θ)

)
. (41)
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We now show that the RHEL boundary term equals B. Starting from the RHEL boundary term:

(
∂θα

H
0

)⊤
Σx (Φ

e
T−ΣzΦ0) =

(
dθ

(
α0

∂ṡL0 (α0,γ0,θ)

))⊤
Σx (Φ

e
T−ΣzΦ0) (substitute equation (41))

=

(
dθ

(
α0

∂ṡL0 (α0,γ0,θ)

))⊤
Σx

(
sβ←,0−α0

−∂ṡLβ
(
sβ←,0, ṡ

β
←,0,θ

)
+ ∂ṡL0 (α0,γ0,θ)

)
(substitute equation (40))

= B. (matches the PFVP boundary term)

This shows the boundary terms match exactly.

Step 3: Combine and Conclude. Combining both terms from Step 1 and Step 2, we have:

∆PFVP (β) =
1

β
(I+B)

=
1

β

(
−
ˆ T

0
(∂θH0 (Φ

e
t ,θ)− ∂θH0 (Φt,θ))dt+

(
∂θ

(
α0

µ0

))⊤
Σx (Φ

e
T (β)−ΣzΦ0)

)

=− 1

β

(ˆ T

0
(∂θH0 (Φ

e
t ,θ)− ∂θH0 (Φt,θ))dt−

(
∂θ

(
α0

µ0

))⊤
Σx (Φ

e
T (β)−ΣzΦ0)

)
=∆RHEL (β,α0 (θ) ,µ0 (θ)) .

Appendix L. Dissipative LEP

This appendix presents the general theory of dissipative LEP, including the proof of the main theorem
and the energy dissipation property. The harmonic oscillator instantiation is presented in the following
section as a concrete example.

L.1. Proof of theorem 5: dissipative LEP

Proof. We first derive the Euler–Lagrange equation (18), then apply theorem 3.
Step 1: Derivation of the dissipative Euler–Lagrange equation. The standard Euler–Lagrange equation

for Ldissβ is:

∂sL
diss
β − dt∂ṡLdissβ = 0.

Since c(st,yt) does not depend on ṡt, the velocity derivative is:

∂ṡL
diss
β = exp(ζt) · ∂ṡL0.

Taking the time derivative using the product rule:

dt∂ṡL
diss
β = ζ exp(ζt) · ∂ṡL0 + exp(ζt) · dt (∂ṡL0)

= exp(ζt) · (ζ ∂ṡL0 + dt∂ṡL0) .

The position derivative is:

∂sL
diss
β = exp(ζt) · ∂sL0 +β∂sc.

Substituting into the Euler–Lagrange equation ∂sLdissβ − dt∂ṡLdissβ = 0 and multiplying through by
exp(−ζt) yields (18).
Step 2: Physical interpretation (free phase). For β = 0, dividing by exp(ζt) 6= 0:

∂sL0− dt∂ṡL0 = ζ ∂ṡL0.

This shows that the effect of the exponential time-scaling is to add a friction-like term proportional to ∂ṡL0
to the standard Euler–Lagrange equation. When the Lagrangian has quadratic kinetic energy (∂ṡL0 = ṡ), this
reduces to Newton’s second law with viscous friction Ffriction =−ζ ṡ.
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Step 3: Application of theorem 3. Since ∂θLdissβ = ∂θL0 · exp(ζt) (the cost c does not depend on θ), the
integral term in the PFVP gradient estimator becomes:

ˆ T

0

(
∂θL0

(
sβ←,t, ṡ

β
←,t,θ

)
− ∂θL0

(
s0←,t, ṡ

0
←,t,θ

))
exp(ζt) dt.

For the boundary terms at t= 0, we have ∂ṡLdissβ = ∂ṡL0 · exp(ζ · 0) = ∂ṡL0, so they remain unchanged
from theorem 3. The PFVP-to-IVP reduction (proposition 2) generalizes to the dissipative setting: since
the undamped Lagrangian L0 is time-reversible, the bouncing-backward kick applies with the replacement
ζ→−ζ in the echo phase, corresponding to energy pumping during the nudged backward trajectory (see
proposition 6).

Remark (Exponential weighting): The factor exp(ζt) weights later time steps exponentially more than ear-
lier ones.

L.2. Proof of proposition 5: energy dissipation
Proposition 5 (Energy Dissipation). Consider the isolated dissipative system (xt = 0). For a trajectory t 7→ st
satisfying the dissipative Euler–Lagrange equation (18) with β = 0 and xt = 0, the physical energy E (defined as
in (16)) evolves according to:

dtE=−ζ ṡ⊤t ∂ṡLiso0 . (42)

Quadratic kinetic energy case:When the Lagrangian admits a decomposition Liso0 = Ekin(ṡt)−Uint(st,θ) with
quadratic kinetic energy Ekin(ṡt) =

1
2‖ṡt‖

2, we have ∂ṡLiso0 = ṡt, yielding:

dtE=−ζ‖ṡt‖2⩽0. (43)

Since ζ > 0, energy is strictly dissipated whenever ṡt 6= 0.

Proof. Starting from the energy definition (16):

E= ṡ⊤t ∂ṡL
iso
0 − Liso0 .

Taking the time derivative:

dtE= s̈⊤t ∂ṡL
iso
0 + ṡ⊤t dt

(
∂ṡL

iso
0

)
− dtLiso0

= s̈⊤t ∂ṡL
iso
0 + ṡ⊤t dt

(
∂ṡL

iso
0

)
− ∂sL

iso
0 · ṡt− ∂ṡL

iso
0 · s̈t

= ṡ⊤t
(
dt∂ṡL

iso
0 − ∂sL

iso
0

)
,

where the first two terms (with s̈t) cancel, and the chain rule gives dtLiso0 = ∂sLiso0 · ṡt+ ∂ṡLiso0 · s̈t.
For the isolated system (xt = 0) with β = 0, the dissipative Euler–Lagrange equation (18) reduces to:

∂sL
iso
0 − dt∂ṡLiso0 − ζ ∂ṡL

iso
0 = 0.

Rearranging:

dt∂ṡL
iso
0 − ∂sL

iso
0 =−ζ ∂ṡLiso0 .

Substituting into the energy evolution expression:

dtE= ṡ⊤t
(
−ζ ∂ṡLiso0

)
=−ζ ṡ⊤t ∂ṡLiso0 .

This proves equation (42).
For the quadratic kinetic energy case where Liso0 = 1

2‖ṡt‖
2−Uint(st,θ), we have:

∂ṡL
iso
0 = ṡt.

Therefore:

dtE=−ζ ṡ⊤t ṡt =−ζ‖ṡt‖2⩽0.

Since ζ > 0, this shows that energy is strictly dissipated (decreases) whenever ṡt 6= 0, confirming the
physically expected behavior of a dissipative system.
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AppendixM. Dissipative Harmonic Oscillators: Complete Derivation

This appendix provides the complete derivation of the dissipative harmonic oscillator system summa-
rized in table 4 of section 6.3.

M.1. Derivation of free and nudged dynamics
Lagrangian and dissipative formulation. The physical Lagrangian is given by equation (20):

L0 (st, ṡt,θ,xt) =
1

2
(m� ṡt) · ṡt−

1

2
s⊤t Kst− e⊤1 st xt,

where the kinetic energy uses the mass vector m with element-wise operations, and the potential
energy uses the dense symmetric stiffness matrix K that couples all oscillators. The input coupling term
−e⊤1 st xt =−s1,txt describes the external force acting on the first oscillator.

Following the dissipative Lagrangian formulation (17), we use a scalar damping coefficient ζ > 0.
This gives the dissipative Lagrangian:

Ldissβ (st, ṡt,θ,xt,yt) = exp(ζt) · L0 (st, ṡt,θ,xt)+β c(st,yt) ,

with cost function c(st,yt) =
1
2 (sd,t− yt)

2, where sd,t denotes the dth component of st (the last oscillator).

Free dynamics (β = 0). Applying the dissipative Euler–Lagrange equation (18), the free dynamics are:

∂sL0− dt∂ṡL0− ζ ∂ṡL0 = 0.

Computing the gradients:

∂sL0 =−Kst− xte1, ∂ṡL0 =m� ṡt.

Defining the element-wise damping vector γ := ζm= (ζm1, . . . , ζmd)⊤, this yields the driven damped
coupled harmonic oscillator equations:

m� s̈t+γ� ṡt+Kst =−xte1.

This recovers the well-known damped harmonic oscillator equation with proportional damping (damp-
ing force proportional to mass with uniform coefficient ζ).

Nudged dynamics (β > 0). With the cost function term acting on the last oscillator, applying the dissi-
pative Euler–Lagrange equation gives:

m� s̈βt +γ� ṡβt +Ksβt =−xte1−β exp(−ζt) ed
(
sβd,t− yt

)
,

where ed = (0, . . . ,0,1)⊤ selects the last oscillator where the cost is applied. Note the exponential factor
exp(−ζt) in the nudging term, which arises from the dissipative Lagrangian formulation and ensures
that the nudging strength is properly weighted along the time-scaled trajectory.

M.2. Time-reversibility and Parametric Final Value Problem (PFVP) implementation
As in Lagrangian EP, both the free and nudged phases are formulated as PFVPs, where the final condi-
tions at time T are parametrically determined by θ, while the initial conditions are fixed.

Free phase: The free dynamics are solved as a standard initial value problem, integrating forward in time
from t= 0 to t= T with fixed initial conditions (s0, ṡ0) = (α0,0):

m� s̈0t +γ� ṡ0t +Ks0t =−xte1, t ∈ [0,T] .

This yields the free trajectory and determines the final conditions (s0T, ṡ
0
T).

Nudged phase: The nudged dynamics are formulated as a final value problem. To implement the PFVP
condition that both free and nudged trajectories share the same final state, we solve the nudged dynam-
ics backward in time from t= T to t= 0, starting from the final conditions (sβT , ṡ

β
T) = (s0T, ṡ

0
T).

The critical implementation detail is given by the following proposition:
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Proposition 6 (Time-reversibility of dissipative PFVP). Consider the dissipative dynamics with damping
vector γ = ζm (where ζ > 0 is scalar), mass vectorm, and stiffness matrix K:

m� s̈t+γ� ṡt+Kst = f(t) ,

where f(t) ∈ Rd is an external forcing term. The solution of the PFVP with final conditions (sT, ṡT) can be
computed by integrating forward in time t ′ ∈ [0,T] the Initial Value Problem with velocity-reversed initial
conditions (sT,−ṡT) where the dissipative term changes sign:

m� s̈t′ −γ� ṡt′ +Kst′ = f(T− t ′) , t ′ ∈ [0,T] ,

with initial conditions (s0, ṡ0) = (sT,−ṡT). The PFVP solution at physical time t is given by st = st′ where
t ′ = T− t.

Proof. See appendix M.5.

Applying proposition 6 to the nudged dynamics, we integrate forward in time t ′ ∈ [0,T] starting from
the velocity-reversed final conditions (sβT ,−ṡ

β
T) = (s0T,−ṡ

0
T):

m� s̈βt′ −γ� ṡβt′ +Ksβt′ =−xT−t ′e1−β exp(−ζ (T− t ′)) ed
(
sβd,t ′ − yT−t ′

)
, t ′ ∈ [0,T] .

Crucially, this is an Initial Value Problem that is integrated forward in integration time t ′ from 0 to T
(corresponding to physical time t going backward from T to 0). The inputs xT−t ′ and targets yT−t ′ are
fed in reverse temporal order: at integration time t ′, we use the input and target from physical time
T− t ′.

Physical interpretation: The sign flip has a natural physical interpretation. When we run a dissipa-
tive system forward in time, energy is dissipated and the system loses energy through friction (see
equation (43), where the term −ζ‖ṡt‖2 < 0 represents energy dissipation). When we run the nudge
phase backward, the friction term must reverse its action—effectively adding energy back into the sys-
tem (as −ζ becomes +ζ , making the term positive).

M.3. Gradient estimator with fixed initial conditions
For fixed initial conditions s0 =α0 (independent of θ) and zero initial velocity ṡ0 = 0, the gradient esti-
mator from theorem 5 simplifies. The boundary terms in (19) cancel because:

• At t= 0: The initial conditions are fixed (∂θα0 = 0, ∂θγ0 = 0), so the boundary term involving
(∂θα0)

⊤ vanishes. The term (dθ∂ṡL0)
⊤
(sβ0 −α0) also vanishes since both trajectories start from the

same initial position (sβ0 = s00 =α0).

• At t= T: With the PFVP formulation, the final conditions of both free and nudged trajectories are
matched, so (sβT − s0T) = 0 and (ṡβT − ṡ0T) = 0, eliminating any final boundary contributions.

Therefore, only the integral term remains:

dθC
[
s0 (θ)

]
= lim

β→0

1

β

ˆ T

0

[
∂θL0

(
sβt , ṡ

β
t ,θ,xt

)
− ∂θL0

(
s0t , ṡ

0
t ,θ,xt

)]
exp(ζt) dt.

The parameter gradients of L0 are:

∂miL0 =
1

2
ṡ2i,t (for each massi = 1, . . . ,d)

∂KL0 =−
1

2
sts
⊤
t (yields a d× d matrix)

∂ζL0 = t · L0 (st, ṡt,θ,xt) .

The damping coefficient gradient involves the full Lagrangian weighted by time t, reflecting how damp-
ing affects the exponential time-weighting factor exp(ζt) in the dissipative formulation.

This gradient estimator provides an unbiased estimate of dθC by comparing the time-weighted
Lagrangian along free and nudged trajectories, without requiring any boundary term corrections.
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M.4. Energy evolution for Harmonic oscillators
We derive the explicit energy evolution for the dissipative harmonic oscillator system. Following
section 6, we define the physical energy with respect to the isolated Lagrangian Liso0 (obtained by setting
xt = 0).

Physical energy definition. For the harmonic oscillator, the isolated Lagrangian is:

Liso0 (st, ṡt,θ) =
1

2
(m� ṡt) · ṡt−

1

2
s⊤t Kst.

The physical energy E (as defined in (16)) is:

E(t) = ṡ⊤t ∂ṡL
iso
0 − Liso0 =

1

2
(m� ṡt) · ṡt︸ ︷︷ ︸
Ekin(t)

+
1

2
s⊤t Kst︸ ︷︷ ︸
Uint(t)

.

This is the standard mechanical energy: kinetic energy plus internal potential energy.

Proposition 7 (Energy evolution for dissipative harmonic oscillators). For the harmonic oscillator system
with proportional damping γ = ζm, the physical energy E(t) = Ekin(t)+Uint(t) evolves as:

E(t) = E(0)+

(
−
ˆ t

0
ṡ1,τ xτ dτ

)
︸ ︷︷ ︸

Winput(t)

−
ˆ t

0
γ · ṡ2τ dτ︸ ︷︷ ︸
Ddiss(t)

, (44)

where ṡ2τ = ṡτ � ṡτ denotes element-wise squaring.
Equivalently, using Ekin(τ) =

1
2 (m� ṡτ ) · ṡτ and γ = ζm:

E(t) = E(0)+Winput (t)− 2ζ

ˆ t

0
Ekin (τ) dτ.

The energy contributions are:
• Input workWinput(t) =−

´ t
0 ṡ1,τ xτ dτ : Work done by the external force Fext =−xt on the first oscillator.

This follows the standard mechanics formula: power= force× velocity= (−xt) · ṡ1,t. Can be positive (energy
injection) or negative (energy extraction) depending on the correlation between velocity ṡ1,τ and force−xτ .

• Dissipation Ddiss(t) =
´ t
0 γ · ṡ

2
τ dτ = 2ζ

´ t
0 Ekin(τ)dτ⩾0: Energy dissipated by friction, proportional to the

time-integrated kinetic energy. Always removes energy.

Proof. We derive the energy evolution for the free phase (β = 0) from first principles.

Step 1: Energy definition. Following section 6, the physical energy is defined with respect to the isolated
Lagrangian:

E= Ekin +Uint =
1

2
(m� ṡt) · ṡt+

1

2
s⊤t Kst.

Step 2: Time derivative of E. Taking the total time derivative:

dtE= dtEkin + dtUint

= (m� s̈t) · ṡt+ s⊤t Kṡt

= ṡ⊤t (m� s̈t+Kst) . (45)

Step 3: Using the equations of motion. For the dissipative harmonic oscillator (free phase with β = 0), the
equation of motion is:

m� s̈t+γ� ṡt+Kst =−xte1.

Rearranging:

m� s̈t+Kst =−xte1−γ� ṡt. (46)
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Step 4: Final expression for dtE. Substituting (46) into (45):

dtE= ṡ⊤t (−xte1−γ� ṡt)

=−xt ṡ1,t−γ · ṡ2t ,

where ṡ2t = ṡt� ṡt denotes element-wise squaring.
Equivalently, using Ekin(t) =

1
2 (m� ṡt) · ṡt and γ = ζm:

dtE=−xt ṡ1,t− 2ζ Ekin (t) . (47)

Physical interpretation. The energy E= Ekin +Uint evolves with two power contributions:

• Pinput =−xt ṡ1,t = Fext · ṡ1,t: Power delivered by the external force Fext =−xt acting on the first oscillator.
This follows the standard mechanics formula: power= force× velocity. When the force and velocity are
aligned (same sign), energy is injected; when opposed, energy is extracted.

• Pdiss = γ · ṡ2t = 2ζ Ekin(t)⩾0: Power dissipated by friction (always positive, always removes energy from
the system).

Integrating (47) from 0 to t yields the energy evolution (44):

E(t)− E(0) =−
ˆ t

0
xτ ṡ1,τ dτ −

ˆ t

0
γ · ṡ2τ dτ.

Special case: isolated system.When xt = 0 (no external input), the energy evolution simplifies to:

dtE=−γ · ṡ2t =−2ζ Ekin (t)⩽0.

This confirms that dissipation always removes energy from the system, as stated in proposition 5.

M.5. Proof of proposition 6: time-reversal for dissipative systems

Proof of proposition 6. Consider the dissipative dynamics in the forward time direction. For simplicity, we
present the proof for a single component (the multi-dimensional case follows by applying the same argu-
ment component-wise):

ms̈t+ ζmṡt+ kst = f(t) , t ∈ [0,T] , (48)

wherem, ζ , and k are scalar parameters, and the damping is proportional to the mass.
To solve this equation backward in time from t= T to t= 0 as a final value problem, we introduce the

backward time parameter t ′ = T− t. As t runs from T to 0, t ′ runs from 0 to T.

Change of variables. Under the substitution t= T− t ′, we have:

st = sT−t ′ ≡
←
s t′

dt =−dt′
d2t = d

2
t′ .

First derivative transformation. The first time derivative transforms as:

ṡt = dtst = dt
←
s t′ = dt′

←
s t′ · dtt ′ =−dt′

←
s t′ =−

←̇
s t′ ,

where
←̇
s t′ := dt′

←
s t′ .

Second derivative transformation. The second time derivative transforms as:

s̈t = d
2
t st = dt (dtst) = dt

(
−←̇s t′

)
=−dt

←̇
s t′ =−dt′

←̇
s t′ · dtt ′

=−←̈s t′ · (−1) =
←̈
s t′ .
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Equation transformation. Substituting these transformations into (48):

m
←̈
s t′ + ζm

(
−←̇s t′

)
+ k
←
s t′ = f(T− t ′)

m
←̈
s t′ − ζm

←̇
s t′ + k

←
s t′ = f(T− t ′) , t ′ ∈ [0,T] .

This establishes that the dissipative term ζmṡt changes sign to−ζm←̇s t′ when we transform to back-
ward time, while the second-order termms̈t remains unchanged (since it involves an even number of time
derivatives).

Extension to vector case and IVP formulation. For the multi-dimensional case with mass vectorm, damp-
ing vector γ = ζm (where ζ > 0 is scalar), and stiffness matrix K, the same time-reversal transformation
applies component-wise. Following the same derivation as above with s←,t ′ := sT−t ′ , we obtain the time-
reversed equation. For the actual IVP formulation, we denote the solution trajectory simply as st′ (dropping
the tilde notation), which satisfies:

m� s̈t′ −γ� ṡt′ +Kst′ = f(T− t ′) , t ′ ∈ [0,T] .

Note that only the dissipative term (the damping force γ� ṡt) changes sign, while the stiffness term Kst′ (a
matrix-vector product) remains unchanged.

Physical interpretation. The sign change of the dissipative term under time reversal reflects the fact that
dissipation is time-irreversible: in forward time, friction removes energy from the system (−γ ṡt opposes the
velocity), while in backward time, the effective friction must add energy back into the system to reconstruct
trajectories consistent with the forward dynamics.

Velocity-reversed initial conditions. To solve the PFVP with final conditions (sT, ṡT), we use the IVP in the
t ′ time coordinate with initial conditions:

(s0, ṡ0) = (sT,−ṡT) .

Note the crucial sign flip on the initial velocity vector. This ensures that when we integrate forward in t ′ with
the sign-flipped dissipative term, we reconstruct the trajectory that would have led to the desired final condi-
tions in the original time coordinate t.

Appendix N. Electrical-Circuit Implementation of Dissipative LEP

This appendix gives a feasibility construction for the damped coupled oscillators of section 6.3: it maps
them onto an electrical circuit and describes idealized switching operations for reversing the dissi-
pation and, separately, the velocity at t= T. The construction is elementary and self-contained, rely-
ing only on Kirchhoff ’s circuit laws and on the ideal closed-loop relations for operational amplifiers,

Figure 7. Electrical twin of the coupled damped oscillators. (a) The conservative mechanical network of figure 1 with one hori-
zontal damper γi added in parallel with each grounding spring ki. The three pairwise coupling springs kij retain the same all-to-
all topology; u(t) drivesm1 and sout = s3 is read fromm3. (b) The corresponding circuit adds one sign-switchable resistor branch
±Ri to each conservative Ci–Li node cell, with γi = 1/Ri and ζ = 1/(RiCi). The passive+Ri branch dissipates energy during
the free phase, whereas a negative resistance−Ri synthesized by one op-amp returns that energy during the echo phase. At t= T,
the idealized circuit uses a four-switch polarity-reversing bridge on every mass capacitor Ci to reverse Vi ↔ ṡi while leaving the
inductor currents iLi ↔ si unchanged; appendix N discusses the ideal operation and physical switching transients.
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Figure 8. One damped oscillator= one parallel RLC node. A capacitor (mass), inductor (spring), and resistor (damper) from a
common node to ground, driven by a current source (force). Kirchhoff ’s current law at the node reproducesms̈+ γ ṡ+ ks= f(t)
exactly.

stated where needed. Both operations reduce to one synchronized switching event in this circuit model.
Active negative-resistance elements and matched gain–loss RLC resonators have experimental precedent
[SLZ+11, CWC+22], whereas the phase-switching arrangement developed here is a proposed implemen-
tation of the dissipative-LEP protocol.

N.1. A single oscillator is a parallel RLC node
The system to implement is the damped harmonic oscillator

ms̈+ γ ṡ+ ks= f(t) , (49)

a mass m on a spring k with friction γ, driven by a force f(t). The electrical version is a single circuit
node tied to ground by three elements in parallel—a capacitor C, an inductor L, and a resistor R—and
driven by a current source I(t) (figure 8). Only two circuit facts are needed. First, each element relates
its current to the voltage across the element, here the node voltage V since the other end is ground:

iC = C
dV

dt
(capacitor) , iR =

V

R
(resistor) , iL =

1

L

ˆ
Vdt (inductor) ,

where the inductor law is just V= LdiL/dt integrated once. Second, Kirchhoff ’s current law (KCL): the
currents leaving the node through the three elements must sum to the current injected by the source.
Writing ϕ ≡

´
Vdt for the running time-integral of the node voltage (the node flux; note ϕ̇ = V), KCL

reads

C ϕ̈ +
1

R
ϕ̇ +

1

L
ϕ = I(t) , (50)

which is equation (49) term for term. The dictionary:

Mechanical Electrical Comment

position s node flux ϕ =
´
Vdt the integrated voltage

velocity ṡ node voltage V directly probed at the node

massm capacitance C inertia

spring k 1/L (inductor to ground) restoring force

damping γ 1/R (resistor to ground) friction; ζ = γ/m= 1/(RC)

force f(t) injected current I(t) the input

momentum p= mṡ capacitor charge Q= CV

Two consequences of this dictionary matter for everything below. (i) The velocity of the oscillator is
simply the node voltage—the easiest quantity to probe in any circuit—and the position is stored in the
inductor current (iL = ϕ/L∝ s), also directly measurable. (ii) The state of the system lives in two con-
tinuous physical quantities that cannot jump under bounded drive: capacitor voltages (velocities) and
inductor currents (positions). Every operation discussed below is an operation on these two families.
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N.2. A network: coupling springs become coupling inductors
The coupled system of section 6.3 is built by replicating the node cell d times and adding one element
per coupling: every coupling spring kij becomes a coupling inductor Lij = 1/kij wired directly between
nodes i and j (figure 7(b)). The current through that inductor is (ϕi −ϕj)/Lij—the electrical twin of the
spring force kij(si − sj), which depends only on the relative displacement. KCL at node i then gives

Ci ϕ̈i +
1

Ri
ϕ̇i +

ϕi
Li

+
∑
j ̸=i

ϕi −ϕj
Lij

= δi1 I(t) , (51)

which is the coupled dynamics with

mi = Ci, γi =
1

Ri
, Kii =

1

Li
+
∑
j̸=i

1

Lij
, Kij =−

1

Lij
, f(t) = I(t) e1. (52)

Three practical remarks:

• Symmetry for free. A single physical inductor mediates the coupling in both directions, so K is auto-
matically symmetric—the same reciprocity that makes a spring network symmetric.

• Connectivity and sign class. Any graph density, including all-to-all connectivity, can be realized
within the passive spring-network sign class by adding one inductor per coupling (an O(d2) com-
ponent count for a dense network). Passive inductors give attractive couplings, kij = 1/Lij > 0 (equiv-
alently Kij < 0 off-diagonal), with Kii = 1/Li+

∑
j̸=i 1/Lij; thus this construction does not realize an

arbitrary symmetric stiffness matrix. A coupling of the opposite sign additionally requires a polarity-
inverting (1:−1) transformer or an active element on that link.

• Input and output. The input force on oscillator 1 is a current injected at node 1; the output sout = s3
is read non-invasively as the current through the grounding inductor L3 (proportional to ϕ3), or as
the integrated node-3 voltage.

N.3. Making a node dissipative—and flipping the sign of dissipation
Dissipation is one resistor. A node with only C and L is a lossless oscillator: energy sloshes forever
between 1

2CV
2 and 1

2Li
2
L. This is the conservative case (standard LEP/RHEL). Adding the resistor makes

it dissipative: the resistor draws a current V/R proportional to velocity—an electrical friction force—
and burns energy at rate P= V2/R⩾0, giving damping rate ζ = 1/(RC). Each node chooses indepen-
dently: omit the resistor (conservative node) or include it (dissipative node, per-node rate set by RiCi).
One qualification: the scalar-ζ theory of section 6 requires all dissipative nodes to share a common rate,
i.e. the products RiCi must be trimmed equal—and re-trimmed as the masses Ci train; genuinely inde-
pendent per-node rates are covered by the anisotropic extension of appendix R.

Why the echo phase needs an active element. The echo phase of dissipative LEP requires flipping +γ→
−γ: a force that aids the velocity instead of opposing it, returning the energy dissipated during the free
phase (proposition 6). Within this time-invariant RLC realization, a passive resistor cannot supply the
required negative damping because its dissipated power V2/R is non-negative. We therefore use an active
negative-resistance element powered by an op-amp supply.

Negative resistance from one op-amp. The canonical circuit is the negative impedance converter (NIC),
figure 9(a): an op-amp and three resistors [HH15, section 4.107, figure 4.104]. The same topology is
shown by Schmidt et al [SBC19, section 2.2, figure 3]. In the ideal-op-amp approximation, the closed-
loop relations v− = v+ and i− = i+ = 0 give:

(i) vB = vA (equal input voltages)

(ii) i3 = vB/R3 = vA/R3 (Ohm’s law through R3)

(iii) vout = vB+R2i3 = vA
(
1+ R2

R3

)
(same current through R2)

(iv) iA =
vA− vout
R1

=− R2
R1R3

vA (Ohm’s law through R1)

Thus, in the ideal-op-amp approximation, the port presents the input resistance

Rin =
vA
iA

=−R1R3
R2

.
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Figure 9. Sign-switchable dissipation. (a) In the ideal-op-amp approximation, the negative impedance converter (NIC) presents
the input resistance−R1R3/R2 at the port; the energy it injects during the echo phase comes from the op-amp’s supply rails.
(b) Each node’s dissipative element is a selector between a passive resistor+R (solid: free phase) and an NIC trimmed to−R
(dashed: echo phase). Flipping the sign of the dissipation is one control bit.

With R1 = R2, it is a resistor of value −R3. Current flows out of the terminal at higher voltage; the
injected power is drawn from the op-amp’s supply rails. In the mechanical picture, this is precisely the
anti-friction force +γ ṡ.

The sign switch is one selector. Replace each node’s resistor by a two-position switch selecting between
a passive +R (free phase: energy sink) and an NIC trimmed to −R (echo phase: energy source),
figure 9(b). Flipping the sign of the dissipation is then one control bit, toggled once at t= T. This selector
is also less delicate than the momentum flip of section N.4, since the node’s capacitor stays connected
throughout the switch.

Practical caveat. For an exact reversal, the net damping during the echo phase must be the negative of
the net free-phase damping. In the ideal circuit model this reduces to RNIC =−Rpassive. In physical hard-
ware, the NIC must instead be trimmed to compensate the total free-phase loss, including intrinsic and
parasitic losses.

N.4. The momentum flip: an H-bridge on eachmass capacitor
The dissipation flip of the previous subsection is the operation specific to dissipative LEP; the echo
phase also requires the velocity reversal already present in the conservative PFVP/RHEL protocol. The
bouncing-backward kick (proposition 2) restarts the dynamics at t= T from (sT,−ṡT): keep every posi-
tion, reverse every velocity. In the circuit this is concrete:

• Positions live in the inductor currents (grounding and coupling): touch nothing. An undisturbed
inductor keeps its current.

• Velocities live in the capacitor voltages: invert each one, Vi →−Vi.

The polarity switch. The idealized circuit in figure 10 uses a four-switch polarity-reversing bridge—an
H-bridge, a standard switch network in power electronics, routinely used to reverse the voltage applied
to a load [EM20]—on each mass capacitor: at t= T the bridge exchanges which capacitor terminal faces
the node and which faces ground, changing Vi to −Vi while leaving the stored energy 1

2CiV
2
i unchanged

in the ideal switching model. All bridges can share one control edge, so the whole velocity reversal is
a single synchronized switching event. Physical switches introduce a brief transient and a small loss at
the switching instant; sizing these imperfections is a hardware-design task beyond our scope, the circuit
being an example realization of the protocol rather than an engineered design.

N.5. The learning rule: local andmeasurable, as in analog EqProp
The closest prior hardware proposal is the analog Equilibrium Propagation network of Kendall et al
[KPM+20]: a static nonlinear resistive circuit whose central hardware result is that each synaptic con-
ductance updates from a local signal—the squared voltage across that same resistor, contrasted between
the free and nudged phases. Our network obeys the exact dual of this rule. Each coupling weight is an
inductance Lij with energy 1

2Lij i
2
ij, so the derivative of the Lagrangian with respect to Lij is the squared

current 1
2 i

2
ij—read off a small fixed series resistor, with no knowledge of Lij itself required. Once the
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Figure 10. The momentum flip. Each mass capacitor sits behind an idealized four-switch polarity-reversing bridge (solid wiring:
free phase; dashed: echo phase). At t= T, one shared control edge commands all d bridges: every capacitor voltage flips (V→
−V, velocities reversed), leaving the ideal capacitor energy 1

2
CV2 unchanged, while every inductor current (every position) is

untouched.

boundary terms cancel (as they do in the PFVP setting of theorem 3), the gradient-descent update with
learning rate η contrasts this signal accumulated over the two physically-run phases,

∆Lij =
η

2β

[ ˆ T

0
i0ij (t)

2 dt −
ˆ T

0
iβij (T− t

′)
2
dt ′
]
, (53)

where the first integral is accumulated during the free (inference) phase and the second during the echo
phase, whose lab time t ′ runs from 0 to T while the network retraces the nudged trajectory backwards
(iij is position-like, hence unchanged by the time reversal). The same recipe covers every other network
parameter: the grounding inductor Li (stiffness ki) reads its own squared current, and the node capacitor
Ci (mass mi) its own squared node voltage. In the dissipative case (theorem 5), the same contrasts are
accumulated with the exponential weight eζt—in the lab time of the echo, the decaying ramp eζ(T−t

′).
This circuit is a feasibility construction for the coupled-oscillator substrate, not a substrate-independent
implementation of dissipative LEP; for any other target substrate, realizability of the required operations
must be assessed case by case.

Appendix O. Computational Complexity Analysis of LEP Instantiations

O.1. Motivation
Although the ultimate goal of LEP is to enable learning in continuous-time physical systems, under-
standing the computational complexity requires analyzing discrete-time implementations. This analysis
serves two purposes. First, it provides concrete complexity characterizations for numerical simulations,
which remain the primary means of validating these algorithms. Second, it reveals the fundamental scal-
ing properties that carry over to continuous-time implementations, where the number of time steps N
corresponds to the temporal resolution or duration of the physical process.

Throughout this appendix, we discretize the continuous-time dynamics using the simplest Euler inte-
gration scheme. While higher-order integrators may be preferred in practice for numerical stability, they
do not change the asymptotic complexity with respect to the key parameters: sequence length N, state
dimension ds, and parameter count dθ. The choice of Euler integration thus provides a lower bound on
computational cost while maintaining clarity of exposition.

O.2. Setup and notation
We analyze the computational complexity of three instantiations of LEP: CIVP, CBPVP, and
PFVP/RHEL. For concreteness, we consider the Hopfield Lagrangian from table 1:

L0 (s, ṡ,θ,u) =
1

2
ṡ⊤diag(τ) ṡ− α

2
‖s‖2− b⊤ρ(s)− 1

2
ρ(s)⊤Wρ(s)− ρ(s)⊤Bρ(u) ,

which yields the second-order dynamics:

diag(τ) s̈=−ρ ′ (s)� (αs+Wρ(s)+ b+Bρ(u)) ,
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where τ ∈ Rds>0 is a vector of learnable time constants, ρ denotes a pointwise nonlinearity (e.g. tanh),
W ∈ Rds×ds is a symmetric weight matrix, B ∈ Rds×du is the input coupling matrix, and � denotes ele-
mentwise multiplication.

We adopt the following notation throughout. Let N denote the number of discrete time steps, corre-
sponding to the sequence length. If the continuous-time dynamics span duration T and the integration
step size is ∆t, then N= T/∆t. Let ds denote the state dimension, where both position s and veloc-
ity ṡ have dimension ds. Let dθ denote the number of learnable parameters; for the Hopfield model,
dθ =O(d2s ) due to the dense matrices W and B. For CBPVP, we additionally define K as the number
of iterations required for the BVP solver to converge. If Tgd denotes the total optimization time needed
for convergence and ∆τ is the step size in the artificial relaxation time τ , then K= Tgd/∆τ . Empirically,
for systems related to Equilibrium Propagation, K typically scales with the number of neurons and the
number of layers in hierarchical architectures [SB17]. In CBPVP, time is spatialized (section 3.3.1), so
each discrete time step can be understood as a single layer. Under this analogy, ds controls within-layer
relaxation while N controls between-layer signal propagation, suggesting that K will generally grow with
both N and ds.

We denote by Cf the cost of one dynamics evaluation. For the Hopfield Lagrangian, each evaluation
of the right-hand side f(s, ṡ,θ,u) =−diag(τ)−1ρ ′(s)� (αs+Wρ(s)+ b+Bρ(u)) requires computing the
pointwise nonlinearity ρ(s) in O(ds) operations, the dense matrix-vector product Wρ(s) in O(d2s ) oper-
ations, and the input coupling Bρ(u) in O(ds · du) operations. The diagonal scaling by diag(τ)−1 adds
only O(ds) operations. The total cost is therefore Cf =O(d2s ), dominated by the dense matrix-vector
multiplication. For architectures with diagonal or sparse weight matrices, this reduces to Cf =O(ds).

O.3. CIVP (constant initial value problem)
The CIVP formulation is defined in section 3.3.2. In CIVP, all trajectories share fixed initial conditions
(s0, ṡ0) = (α,γ) that are independent of both the parameters θ and the nudging strength β. The free
and nudged trajectories are computed by forward integration from this common initial state.

Dynamics computation. Both the free phase (β = 0) and nudged phase (β > 0) constitute initial value
problems that can be solved by forward integration. Using Euler discretization, the update rule takes the
form:

st+1 = 2st− st−1 +∆t2 · f(st, ṡt,θ,xt) .

Each time step requires one evaluation of the dynamics at cost Cf =O(d2s ). With N time steps and two
phases (free and nudged), the total dynamics computation requires O(N · d2s ) operations.

Regarding memory, the Euler integrator only requires access to the current and previous states to
compute the next state. The dynamics computation therefore requires only O(ds) memory.

Gradient computation. The CIVP gradient estimator, given by corollary 2, takes the form:

∆CIVP (β) =
1

β

[ˆ T

0
[∂θLβ − ∂θL0] dt+(∂ṡLβ − ∂ṡL0)

⊤
∂θs

0
T − (dθ∂ṡL0)

⊤
(
sβT − s 0

T

)]
. (54)

The problematic term is ∂θs 0
T ∈ Rds×dθ , which represents the sensitivity of the final state with respect

to all parameters. This full Jacobian can be computed via backpropagation through time (BPTT), but
since BPTT computes the gradient of a scalar output, one must run ds separate backward passes—one
for each component of s 0

T—to obtain the complete matrix.
BPTT proceeds by first storing the entire forward trajectory {st : t= 0, . . . ,N}, then executing back-

ward passes to accumulate gradients. Each backward pass has the same computational structure as
the forward pass, requiring O(N · d2s ) operations, so computing the full Jacobian costs O(ds ·N · d2s ) =
O(N · d3s ) operations. Moreover, BPTT necessitates storing all intermediate states to enable the backward
passes, resulting in O(N · ds) memory consumption.

The remaining terms in equation (54) are as follows. The integral term
´ T
0 [∂θLβ − ∂θL0]dt requires

O(N · dθ) operations and can be accumulated during the two forward passes by maintaining two run-
ning sums:

accfree← accfree + ∂θL0
(
s0t , ṡ

0
t ,θ
)
·∆t

accnudged← accnudged + ∂θLβ
(
sβt , ṡ

β
t ,θ
)
·∆t.
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Each ∂θL evaluation is performed once and immediately accumulated, requiring no trajectory storage
for this term. The difference (∂ṡLβ − ∂ṡL0) and the state difference (sβT − s 0

T ) are both O(ds) to com-
pute. However, the term dθ∂ṡL0 is equally problematic: by the chain rule, dθ∂ṡL0 = ∂2

ṡ,ṡL0 · dθ ṡ
0
T + ∂2

θ,ṡL0,

which involves the Jacobian dθ ṡ
0
T ∈ Rds×dθ—the sensitivity of the final velocity to all parameters.

Computing this Jacobian incurs the same O(N · d3s ) cost as ∂θs 0
T .

This memory cost, which scales linearly with the sequence length N, constitutes the fundamental lim-
itation of CIVP. It negates the primary advantage of Equilibrium Propagation, which aims to avoid stor-
ing trajectories for gradient computation.

Forward-only property. CIVP is not forward-only. The gradient computation requires an explicit back-
ward pass through the stored computational graph. The system cannot compute gradients by running
forward dynamics alone; it must differentiate through the ODE solver, necessitating either trajectory
storage with backpropagation or forward propagation of a ds× dθ Jacobian at each step (the RTRL algo-
rithm, which incurs even greater time complexity).

O.4. CBPVP (constant boundary position value problem)
The CBPVP formulation is defined in section 3.3.1. In CBPVP, all trajectories satisfy fixed position
boundary conditions at both temporal endpoints: s0 =α and sT = γ, independent of θ and β. The
velocities ṡ0 and ṡT remain free to vary.

Dynamics computation. Unlike CIVP, the CBPVP formulation defines a two-point BVP that cannot be
solved by simple forward integration. Instead, one solves it via gradient descent on the action functional,
as described in equation 26:

∂τ st =−δsAβ =−EL(st−1, st, st+1,θ,β) , t= 1, . . . ,N− 1,

with fixed boundaries s0 =α and sT = sN = γ. Here τ represents an artificial relaxation time, while the
physical time t becomes a spatial index. The procedure initializes a trajectory guess satisfying the bound-
ary conditions, then iteratively updates the interior points according to the Euler–Lagrange residual until
convergence.

Each relaxation iteration requires evaluating the Euler–Lagrange expression at all N time points, with
each evaluation costing O(Cf) =O(d2s ). A single iteration therefore costs O(N · d2s ). Convergence typi-
cally requires K iterations, where K depends on the problem conditioning and initialization quality. The
total dynamics computation thus requires O(K ·N · d2s ) operations.

The iterative nature of the BVP solver requires storing the entire trajectory {st : t= 0, . . . ,N} simul-
taneously, as all points are updated together in each iteration. The dynamics memory is therefore
O(N · ds).

Gradient computation. The CBPVP gradient estimator, given by Corollary 2 (equation 24), simplifies
considerably:

∆CBPVP (β) =
1

β

ˆ T

0
[∂θLβ − ∂θL0] dt.

The boundary residuals vanish entirely because both endpoint positions are fixed. This is the principal
advantage of the CBPVP formulation.

Computing this estimator requires evaluating the Lagrangian parameter derivatives ∂θL at each of the
N time points along both converged trajectories, after the K relaxation iterations have completed. For the
Hopfield model, the dominant cost arises from ∂WL, which involves outer products of dimension ds× ds.
Since dθ =O(d2s ), the gradient computation requires O(N · dθ) operations.

The gradient estimator only requires accumulating a running sum of dimension dθ, resulting in
O(dθ) memory for the gradient computation.

Forward-only property. CBPVP is forward-only in the sense that no backward pass through a compu-
tational graph is required. The gradient estimator does not require computing complex boundary resid-
uals and the iterative solver only requires forward dynamics evaluations. However the iterative solver is
much more expensive than the forward dynamics, requiring K iterations and O(N · ds) memory to store
all time points simultaneously. These constraints preclude online or streaming processing of temporal
sequences.
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O.5. PFVP/RHEL (parametric final value problem)
The PFVP formulation is introduced in section 5.1.1 and its equivalence to RHEL (section 4) is estab-
lished in section 5. In PFVP, the nudged trajectory shares its final conditions with the free trajectory’s
final state, but with reversed velocity: (sβ←,T, ṡ

β
←,T) = (s 0

T ,−ṡ
0
T ). These boundary conditions depend on θ

through the free trajectory, which distinguishes PFVP from the constant boundary conditions of CIVP
and CBPVP.

Key insight: exploiting reversibility. For time-reversible Lagrangians satisfying L(s, ṡ) = L(s,−ṡ),
Proposition 2 establishes that the final value problem can be converted to an initial value problem:

sβ←,t

(
θ,
(
s 0
T , ṡ

0
T

))
= sβT−t

(
θ,
(
s 0
T ,−ṡ

0
T

))
.

Rather than solving a difficult final value problem, one simply performs forward integration from the
velocity-reversed final state while playing the input sequence backward. This transformation is the key
enabler of PFVP’s computational efficiency.

Dynamics computation. The free phase proceeds by standard forward integration from initial conditions
(α,γ) over the interval t ∈ [0,T], storing only the final state (s 0

T , ṡ
0
T ) upon completion. This requires

O(N · d2s ) operations.
The echo phase initializes from (s 0

T ,−ṡ
0
T ) and integrates forward over t ∈ [0,T], using the time-

reversed input sequence xT−t and targets yT−t. This also requires O(N · d2s ) operations.
The total dynamics computation is therefore O(N · d2s ), identical to CIVP. Note, however, that the

two phases must be executed sequentially: the echo phase requires the final state (s 0
T , ṡ

0
T ) from the free

phase to initialize its dynamics. This contrasts with CIVP, where the free and nudged trajectories are
independent initial value problems that can be computed in parallel.

Regarding memory, each phase requires only the current state for the Euler integrator, consuming
O(ds) memory. The only additional storage is the final state of the free phase, which is needed to initial-
ize the echo phase, also O(ds). The dynamics memory is therefore O(ds), independent of the sequence
length N.

Gradient computation. The PFVP gradient estimator, given by Theorem 3 (equation (43)), takes the
form:

∆PFVP (β) =
1

β

[ˆ T

0
[∂θLβ − ∂θL0] dt+(dθ∂ṡL0)

⊤
(
sβ←,0−α

)
− (∂θα)

⊤
(∂ṡLβ − ∂ṡL0)

]
.

Unlike CIVP, no trajectory sensitivities such as ∂θs 0
T appear in this estimator, which eliminates the

need for backpropagation.
As in CIVP, the integral term can be computed by maintaining two accumulators that are updated

at each time step during the forward integration, requiring O(N · dθ) operations. The boundary terms
are computed as follows: the state difference (sβ←,0−α) and momentum difference (∂ṡLβ − ∂ṡL0) are
both O(ds) to compute. When ∂θα= 0, the second boundary term vanishes. The first boundary term
(dθ∂ṡL0)⊤(s

β
←,0−α) involves dθ∂ṡL0 = ∂2

θ,ṡL0, which for the Hopfield model is O(ds× dθ); however,
the contraction with the O(ds) vector (sβ←,0−α) yields an O(dθ) result. For the Hopfield Lagrangian

where L= 1
2 ṡ
⊤diag(τ)ṡ−V(s,θ), we have ∂ṡL= diag(τ)ṡ. The only θ-dependence is through τ , so

∂2
τ,ṡL= diag(ṡ), which is diagonal and O(ds). The contraction (∂2

τ,ṡL)
⊤(sβ←,0−α) = ṡ� (sβ←,0−α) is

therefore O(ds) to compute.
The total gradient computation requires O(N · dθ) operations, dominated by the integral term. The

memory requirement is O(dθ) for the two accumulators plus O(ds) for the boundary quantities.

Forward-only property. PFVP/RHEL satisfies the forward-only property in the strongest sense. Both the
free and echo phases consist of pure forward integration. No iterative solving is required, in contrast to
CBPVP. No backward pass through a computational graph is needed, in contrast to CIVP. The gradients
are computed from Lagrangian derivatives accumulated along the trajectories during the forward passes.

It is important to note that the echo phase is not a backward pass in the algorithmic sense. It is a
forward pass with reversed initial velocity and reversed input sequence. The physical system runs forward
in time during both phases. This property makes PFVP/RHEL well suited to implementation in physical
hardware, because both phases reuse the system’s natural forward dynamics.

62



Neuromorph. Comput. Eng. 6 (2026) 044010 G Pourcel et al

O.6. Summary
The analysis reveals a clear hierarchy among the three instantiations, as summarized in table 2 in the
main text. CIVP achieves efficient dynamics computation but requires BPTT for gradient estimation,
incurring O(N · ds) memory to store the trajectory and O(N · d3s ) in time complexity.

CBPVP eliminates the boundary residuals entirely, yielding a clean gradient estimator, and main-
tains the forward-only property. However, solving the BVP requires K iterations and O(N · ds) memory
to store all time points simultaneously. These constraints preclude online or streaming processing and
may result in slow convergence for challenging problems.

PFVP/RHEL achieves optimal scaling across all metrics. The dynamics computation matches CIVP’s
efficiency through pure forward integration. The gradient computation requires only local Lagrangian
derivatives accumulated during the forward passes. Both time and memory complexities are independent
of the sequence length N in terms of trajectory storage, with memory scaling only as O(ds+ dθ). Among
the three LEP instantiations analyzed here, PFVP/RHEL is the only one that combines forward-only gra-
dient computation with streaming trajectory processing.

Appendix P. Experimental Details

P.1. Hopfield-inspired system (figure 5)
This experiment trains a d= 6 Hopfield-inspired system over 100 epochs in a teacher-student setup.
Both RHEL and LEP training runs use the Adam optimizer with learning rate η = 0.005, nudging
strength β = 0.01, Euler integration with dt= 0.001, total duration T= 10, and random seed 50.
Gradients are saved every 10 epochs.

Weight initialization. The symmetric weight matrix W ∈ Rd×d is initialized via QR decomposition
with controlled eigenvalues. A random matrix is drawn from N (0,1) and its QR factorization yields an
orthogonal matrix U. A diagonal matrix S= diag(λ) is formed with eigenvalues λi ∼ Uniform(0.1,1.0).
The weight matrix is then constructed as W= USU⊤, ensuring symmetry and bounded eigenvalues for
stable dynamics.

Time constants. Each τi is sampled independently from Uniform(0.5,1.0).

Initial conditions. The Hamiltonian initial conditions are fixed:

s0 = (0.10, 0.15, 0.08, 0.12, 0.10, 0.11)⊤ ,

p0 = (0.0, 0.4, −0.6, 0.45, 0.5, 0.0)⊤ .

In the LEP training run, the Lagrangian initial velocity is ṡ0 = diag(τ )−1p0, which changes across train-
ing epochs as τ evolves.

Input signal. The input xt is a superposition of nwaves = 10 random sine waves injected into neuron 0
(with input scaling 1.0). The activation function is ρ= tanh.

P.2. Dissipative harmonic oscillators (figure 6)
This experiment validates the dissipative LEP gradient estimator on a d= 6 system of coupled damped
harmonic oscillators. No training is performed for this gradient check (Panels A–C): the gradient com-
parison is computed at a single epoch from the randomly initialized parameters, comparing the dissi-
pative LEP gradient estimate against the autodiff/BPTT ground truth. Integration uses dt= 0.001, total
duration T= 15, nudging strength β = 0.01, and random seed 50.

Mass and stiffness initialization. Masses mi are sampled from Uniform(0.8,1.2). The stiffness matrix K
is constructed to be symmetric positive semi-definite: diagonal self-coupling terms are scaled by 0.5, off-
diagonal coupling terms by 1.0, and the matrix is symmetrized via K= 1

2 (K+K⊤), with diagonal entries
adjusted to include the row sums of the coupling matrix.

Dissipation. The damping coefficient is ζ = 0.2, giving per-dimension damping forces γi = ζ ·mi.

Initial conditions. All positions are initialized to si,0 = 1.0 and all velocities to ṡi,0 = 0, ensuring that
boundary terms in the gradient estimator vanish (remark 3).
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Input signal. The external drive is injected into oscillator 1 with input scaling 5.0. The output is mea-
sured from oscillator d (the last one). The cost function is c(st,yt) =

1
2 (sd,t− yt)

2.

Training experiment (Panel D). To demonstrate end-to-end learning rather than a single gradient check,
we additionally train the same d= 6 damped-oscillator system in a teacher–student setup. Teacher and
student are drawn independently from the initialization described above, so that they differ in all param-
eters: the masses differ by 15.5% and the stiffness matrix by 31.8% in relative Frobenius norm, while
their damping coefficients differ by a factor of two (the teacher uses ζ = 0.2 and the student is initial-
ized at ζ0 = 0.1). During training all of the student’s parameters θ = {m,K, ζ} are updated to reproduce
the teacher’s output trajectory yt = sd,t. Training uses the Adam optimizer with learning rate η = 0.005,
nudging strength β = 0.01, Euler integration with dt= 0.001 and total duration T= 15 (matching
Panels A–C), for 200 epochs. We compare three learning rules: (i) dissipative LEP (with the exponential
weighting); (ii) BPTT/autodiff; and (iii) the classical LEP baseline (sign-flipped damping but no expo-
nential weighting). Dissipative LEP follows the BPTT learning curve closely throughout training: the loss
falls from approximately 1.39 to 3.11× 10−3 for dissipative LEP and to 3.06× 10−3 for BPTT—a final
relative difference of 1.8%—and both recover the damping coefficient ζ→ 0.2. Because the estimator
is evaluated at the finite nudging strength β = 0.01, it retains the expected O(β) error of the one-sided
finite difference. Forward Euler discretization and the optimizer may introduce additional numerical dif-
ferences, but their contributions have not been separated in this experiment. The classical baseline can
still reduce the loss by updating m and K. However, these potential-parameter gradients omit the expo-
nential weighting required by dissipative LEP, and its ζ-gradient is identically zero because, without the
factor eζt, the damping coefficient does not enter the classical estimator (see Panel C). It therefore can-
not learn the damping coefficient and eventually plateaus near 0.238, approximately two orders of mag-
nitude above dissipative LEP. The result demonstrates effective learning with dissipative LEP and a sub-
stantial improvement over the classical estimator, without implying exact agreement with BPTT at finite
β and finite time step.

Appendix Q. Learning Performance on the Teacher–Student Task

This appendix complements the gradient-agreement analysis of section 5.4 with two additional training
runs on the same teacher–student task and with the same hyperparameters (LEP and RHEL, 100 epochs,
protocol of appendix P).

Learning curves and trajectory reconstruction. Figure 11(a) shows the training loss of both runs. The
loss decreases from 0.38 to 5.6× 10−4—nearly three orders of magnitude—and the LEP and RHEL
learning curves are indistinguishable throughout training, as predicted by the gradient equivalence of
theorem 4. Figure 11(b) overlays the student’s output trajectory on the teacher’s target: before training,
the output clearly deviates from the target, whereas after 100 epochs it reproduces it, the output mean
squared error having decreased from 3.8× 10−2 to 5.6× 10−5.

Figure 11. Learning performance on the teacher–student task of figure 5. (a) Training loss (MSE, log scale) of the two inde-
pendent training runs of section 5.4: RHEL (red, solid) and LEP (green, dashed). The two learning curves coincide throughout

training and decrease by nearly three orders of magnitude. (b) Output trajectory s
(5)
t of the LEP-trained student before (grey,

dotted) and after (green, dashed) training, overlaid on the teacher target (black). After training, the student reproduces the target
trajectory.
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These results should be read within the scope of our claims, delimited in the Discussion paragraph
Relation to BPTT: the theory specifies how the gradient is computed, while the learning process built on
top of it (optimizer, learning rate, schedule) is orthogonal and carries over unchanged from standard
deep learning. The learning curves above are therefore an end-to-end consistency check of the estima-
tor inside a complete optimization loop, not a claim of a novel learning behavior; empirical evidence at
larger scale exists for RHEL [PE25] and transfers to LEP through theorem 4, as discussed in the same
paragraph.

Appendix R. Generalization to Anisotropic Damping

In section 6, we introduced the dissipative Lagrangian Ldissβ = L0 · exp(ζt) with a scalar damping coef-
ficient ζ > 0, which produces uniform proportional damping m� s̈t+ ζm� ṡt+Kst = f(t) where all
oscillators share the same damping ratio. Here we present a generalization that allows anisotropic (per-
dimension) damping rates while maintaining a variational structure.

R.1. Anisotropic exponential integrating-factor Lagrangian
Let s(t) ∈ Rd, m= (m1, . . . ,md)⊤ ∈ Rd be the mass vector, and define the per-dimension damping coeffi-
cients γ = (γ1, . . . ,γd)

⊤ ∈ Rd with γi > 0 (not necessarily equal). Define the elementwise exponential:

e(t) := exp(γ� t) = (eγ1t, . . . ,eγdt)
⊤ ∈ Rd,

where � denotes elementwise multiplication.
Pick any symmetric matrix function B(t) = B(t)⊤ ∈ Rd×d. The time-dependent Lagrangian is:

L(t, s, ṡ) =
1

2

d∑
i=1

eγi tmi ṡ
2
i −

1

2
s⊤B(t) s.

Euler–Lagrange equations. For each dimension i, we have ∂ṡiL= e
γi tmi ṡi and

d
dt (e

γi t) = γi eγi t. The
Euler–Lagrange equation gives:

d

dt
(eγi tmi ṡi )+ [B(t) s]i = 0 ⇐⇒ eγi tmi s̈i + γi e

γi tmi ṡi + [B(t) s]i = 0.

Dividing by eγi t and writing in vector form:

m� s̈t+γ�m� ṡt+ keff (t) = 0, keff (t) := exp(−γ� t)� (B(t) st) .

Thus, anisotropic damping with per-dimension damping rates γi is generated exactly. The price is an
induced, generally time-varying, effective force keff(t) determined by the choice of B(t).

R.2. Physical interpretation: time-varying coupling
The effective force keff(t) = exp(−γ� t)� (B(t)st) has a natural interpretation: the coupling between oscil-
lators switches off with time. Each oscillator i has its own exponential decay coefficient e−γi t, so the cou-
pling from oscillator i to the rest of the network decays according to its own damping rate γi. Different
oscillators can ‘disconnect’ from the network at different rates, leading to time-dependent coupling
encoded in keff(t).

If one wishes the physical coupling to remain time-independent in the sense that keff(t) = Kst for
some constant matrix K, one must choose B(t) such that exp(−γ� t)� (B(t)st) = Kst for all st. This
requires B(t)ij = e(γi+γj)t/2Kij (assuming a symmetric construction). However, for B(t) to be symmetric
(as required for a proper mechanical potential), we need additional structure.

The simplest cases where time-independent coupling is achievable are:

• All γi equal (scalar damping)—this is the case in section 6;

• K is diagonal (uncoupled oscillators);

• Special damping structures where the per-dimension rates align with the coupling structure.

When these conditions fail (generic coupling with different γi), maintaining time-independent physical
coupling within the variational framework is not possible—one must either restrict the damping struc-
ture or accept time-varying keff(t) in the learning dynamics.
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R.3. Comparison with alternative approaches
One might consider using Rayleigh dissipation functions R(ṡ) = 1

2

∑
ijCij ṡi ṡj (separate from the

Lagrangian L), which handle arbitrary damping matrices elegantly in classical mechanics via the mod-
ified Euler–Lagrange equation dt∂ṡL− ∂sL+ ∂ṡR= 0. However, this approach is incompatible with the
variational gradient estimator framework presented in this work (theorem 5), which requires all system
dynamics to be encoded within the Lagrangian Ldissβ itself. The gradient estimator depends on ∂θL0, not
on a separate dissipation function.

More broadly, one could perform gradient descent directly on the action functional. However, as dis-
cussed in the CBPVP instantiation (section 5), the converging phase of such optimization is dissipative
(evolving in the artificial relaxation time τ ), while the fixed Hamiltonian system implemented after con-
vergence corresponds to a non-dissipative system on the physical time axis. The value of maintaining a
variational principle within the Lagrangian itself is that it guides the construction of learning algorithms
systematically, enabling principled extensions like the dissipative LEP framework, rather than relying
on ad-hoc inspired guesses as was done in prior work (e.g. RHEL before its variational foundation was
established in theorem 4).

Appendix S. Unconstrained actionminimization

In the main text (section 3.3), we noted that if one is willing to accept iterative optimization rather than
forward Euler–Lagrange integration, boundary conditions need not be imposed at all. We elaborate on
this observation here.

Consider minimizing the action functional without any boundary constraints:

sβ = argmin
s
Aβ [s] . (55)

Since the initial and final values sβ0 and sβT are determined implicitly as part of the optimization, the
variational principle is no longer partial: the boundary terms in the first variation of the action vanish
by the natural boundary conditions (which require ∂ṡLβ = 0 at both endpoints). Consequently, boundary
residuals vanish entirely in theorem 1, and the gradient estimator reduces to the simple form of CBPVP
(equation (8)).

However, this formulation inherits the same non-causal drawbacks as CBPVP—and is in fact more
expensive. In CBPVP, the 2ds boundary values (α0,αT) are fixed, so the optimization runs over the inte-
rior of the trajectory: a space of dimension (N− 2)× ds. In the unconstrained formulation, the full tra-
jectory including its endpoints becomes part of the optimization, increasing the search space to N× ds.
The iterative solver cost remains O(KNd2s ) with a potentially larger K due to the additional degrees of
freedom.

In summary, unconstrained action minimization yields a ‘perfect’ variational formulation—analogous
to standard EP—where the gradient estimator is free of boundary residuals. Yet this comes at the price
of a non-causal, iterative computation that is at least as expensive as CBPVP, making it equally impracti-
cal for forward-only hardware implementations.
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