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Supplementary Note 1 — Notation and definitions
Let H = CD be a D-dimensional Hilbert space. In this paper we focus on the qubit case, in which
D = 2n, where n denotes the number of qubits. Let X,Y, Z denote the Pauli matrices and let Zi
denote the operator 1⊗(i−1) ⊗ Z ⊗ 1

⊗(n−i), i.e., the Pauli-Z acting on the i-th qubit and identity
elsewhere on n qubits and analogously for Xi, Yi. We let [n] denote the n + 1 integers between 0
and n, [a : b] the b− a+ 1 integers between a and b, and [a : t : b] the (b− a)/t+ 1 integers between
a and b with steps of t, so [0 : 2 : n] denotes all even numbers between 0 and n.

Subgroups of the unitary group and Haar measure Let G(D) be a subgroup of the unitary
group U(D) on H. The Haar-measure on G(D) is defined as the unique probability measure that is
both left and right invariant under multiplication with elements of G(D), i.e., that for all V ∈ G(D)
and for every integrable function f we have that∫

G(D)
f(U)dµH(D) =

∫
G(D)

f(V U)dµH(D) =
∫
G(D)

f(UV )dµH(D). (1)

We will often write EU∼G(f(U)) :=
∫
G(D) f(U)dµH(D) for integration over the Haar measure. Like-

wise, we can define the Haar measure on the state space WG := {|ψ⟩ | ∃g ∈ G; |ψ⟩ = g |0n⟩}, as the
unique probability measure that is invariant under multiplication with elements of G. By a slight
abuse of notation we will write |ψ⟩ ∼ G for sampling from the Haar measure on WG.

Ensembles and circuit depth We call distributions of elements of a group ensembles (typically
denoted by E). These group elements will always be implemented by quantum circuits, so we will
also sometimes speak of an ensemble of circuits. When we talk about the depth of an ensemble
(often just “the depth") we mean the maximum over the circuit depths (conventionally defined) of
all the circuits in an ensemble.

Moment operators and group designs The k-wise twirl (also called the k-th moment operator)
Φ(k)

E of a ensemble of operators E is defined as

Φ(k)
E (A) := EU∼EU

⊗kAU †,⊗k, (2)

for a matrix A ∈ L(Dk). When it is clear from context what k is, we will just write the twirl as ΦE ,
omitting the k from the notation. We write ΦG for the twirl over the Haar measure of group G.

Definition 1. A unitary k-design over the group G is an ensemble E of operators in G such that

Φ(k)
G (A) = Φ(k)

E (A), (3)

for every A ∈ L(H⊗k).

The commutant of the k-th diagonal representation U → U⊗k of G (from now on we will just
call this the commutant) is defined as Comm(G, k) := {A ∈ L(H⊗k) | AU⊗k = U⊗kA}.

Theorem 2. The Haar twirl is the projector on the commutant. More precisely, if bk is a basis of
the commutant, then we can compute the Haar twirl as

Φ(k)
G (A) =

∑
σ,τ∈bk

WgG(σ, τ) tr
(
σ†A

)
τ. (4)
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Here the Weingarten function WgG(σ.τ) is defined as the pseudo-inverse of the Gram matrix Gσ,τ :=
tr
(
σ†τ

)
.

If we know the commutant of a group, we thus know how to compute the twirl. See Ref.1 for
more details on the Haar measure.

Approximate group designs As it is difficult to find unitary k-designs for higher values of k,
we introduce different notions of approximate group designs. All the following definitions can be
defined for any subgroup of the unitary group.

Definition 3 (Relative-error approximate unitary k-designs). An ensemble E is an ϵ-approximate
relative-error unitary k-design over G for ϵ > 0 if

(1 − ϵ)Φ(k)
G ⪯ Φ(k)

E ⪯ (1 + ϵ)Φ(k)
G . (5)

The notation Φ ⪯ Φ′ means that Φ − Φ′ is a completely positive map.

Definition 4 (Additive-error approximate unitary k-designs). An ensemble E is an ϵ-approximate
additive-error unitary k-design over G for ϵ > 0 if

||Φ(k)
G − Φ(k)

E ||♢ ≤ ϵ. (6)

Here, the diamond norm is defined as ||Φ||♢ = max{X;||X||1≤1} ||(Φ ⊗ 1n)(X)||1. A relative error
ϵ always implies an additive error 2ϵ2. Even more, given a relative-error ϵ-approximate unitary
k-design E , any quantum experiment that queries a unitary U from E at most k times outputs a
state that is, on average, 2ϵ-close in trace distance to the output state obtained if U were sampled
from the Haar measure instead. For an additive-error ϵ-approximate unitary k-design, the same
statement holds but then for non-adaptive quantum experiments3. An additive error is thus a
weaker requirement than a relative error.

Approximate state designs We will now introduce some notions of state designs.

Definition 5 (Relative-error approximate state design). An ensemble E of pure states is an ϵ-
approximate relative-error state k-design over G for ϵ > 0 if

(1 − ϵ)E|ψ⟩∼G |ψ⟩⟨ψ|⊗k ⪯ E|ψ⟩∼E |ψ⟩⟨ψ|⊗k ⪯ (1 + ϵ)E|ψ⟩∼G |ψ⟩⟨ψ|⊗k . (7)

Definition 6 (Additive-error approximate state design). An ensemble E is an ϵ-approximate additive-
error state k-design for ϵ > 0 if∣∣∣∣∣∣E|ψ⟩∼G |ψ⟩⟨ψ|⊗k − E|ψ⟩∼E |ψ⟩⟨ψ|⊗k

∣∣∣∣∣∣
1

≤ ϵ. (8)

Like with group designs, every quantum experiment that queries a state |ψ⟩ at most k times
from a relative-error state k-design E , outputs a state that is, on average, 2ϵ-close to the state we
would have gotten if we would have sampled from the Haar random distribution. For additive-error
a similar statement holds, but then for non-adaptive algorithms. If E is a relative-error unitary
k-design, then {U |0n⟩ | U ∼ E} is a relative-error state k-design. A similar statement holds for
additive error. State designs are thus a weaker notion than group designs.

Anti-concentration An even weaker notion of randomness is anti-concentration. As mentioned
above, we here adopt a common misusage of this word in the random circuit community and mean
that certain moments of the ensemble E approximate the Haar value over G. For some groups
G, not even the outcome distribution induced by Haar-random unitaries anti-concentrates in the
conventional sense , and thus also not ensembles E obeying our definition. For the here studied
groups, this is the case for the matchgate group.

Concretely, the definition we will use throughout this paper is the following:
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Definition 7. An ensemble E anti-concentrates up to order k if

EU∼E
∑

x∈{0,1}n

| ⟨x|U |0n⟩ |2k ≤ α · EU∼G
∑

x∈{0,1}n

| ⟨x|U |0n⟩ |2k (9)

for some constant α ≥ 1.

We note that if E forms a relative-error state k-design, then it anti-concentrates.

Architectures Qubits are ordered in an architecture. An architecture is described by a graph,
where the vertices of the graph are the qubits, and an edge between two vertices indicates that a
2-qubit gate can be applied on those 2 qubits. Commonly studied architectures are 1D and 2D
lattices (with open or closed boundary conditions), or all-to-all connectivity (the complete graph).
We define the diameter (often denoted as dia) of an architecture as the largest possible distance
between two vertices, e.g. the diameter of 1D is dia = Θ(n), for 2D dia = Θ(

√
n), and for the

all-to-all connectivity dia = Θ(1). Note, however, that many known constructions of designs in the
all-to-all connectivity actually use architectures of higher diameter. For example, the construction of
Clifford 3-designs in3 in O(log log(n)) depth implicitly uses an architecture of diameter O(n/ log(n)).

Supplementary Note 2 — Clifford group
1 Preliminaries
The n-qudit Clifford group Cln is defined as the group of unitaries that normalize the Pauli group
Pn, i.e., the group of all unitaries U such that UPnU † ⊂ Pn. Here, we will only consider qubits, in
which case the Clifford group can equivalently be defined as the group generated by the CNOT-gate,
the Hadamard gate H and the phase gate S. The n-qubit Clifford group forms an exact unitary
3-design, but not a 4-design4. We can thus directly extend the gluing lemma from3 to k = 3.

We note that the results from this section can be readily generalized to prime-dimensional qudits,
in which case the Clifford group only forms a unitary 2-design, but not a 3-design5. The analogous
statements of our theorems would then concern bounds on the circuit depth of Clifford 3-designs.

We are interested in the diagonal representation of the Clifford group, U → U⊗k. The commutant
of this representation can be described using Stochastic Lagrangian subspaces6.

Definition 8. The subspace T ⊂ Z2k
2 is a Stochastic Lagrangian subspace if the following three

properties hold.

1. For every (x, y) ∈ T , we have that x · x = y · y mod 4

2. T has dimension k

3. T is stochastic, which means that (1, . . . , 1) ∈ T .

We define Σk,k as the set of all Stochastic Lagrangian subspaces.

We note that condition 1 implies that T has dimension at most k. Condition 2 could thus
equivalently be stated as T having the largest possible dimension. The commutant of the diagonal
representation can now be described as follows.

Theorem 9 (Commutant of the Clifford group6). If n ≥ k−1, then the commutant of the diagonal
representation is spanned by the operators R(T ) = r(T )⊗n for T ∈ Σk,k, where

r(T ) :=
∑

(x,y)∈T
|x⟩⟨y| . (10)
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The Clifford group is a subgroup of the unitary group. This means that the commutant of the
Clifford group should at least include the commutant of the unitary group, which we know to be the
permutations. Indeed, for σ ∈ Sk a permutation, we see that x · x = (σx) · (σx) mod 4. Hence, the
space Tσ = {(σx, x) | x ∈ Zk2} ∈ Σk,k. In the following, we will hence view Sk as a subset of Σk,k

via this identification, i.e., Sk ⊆ Σk,k. Indeed, for k ≤ 3, Sk = Σk,k. For k = 4 however, there exist
other subspaces and so Sk ⊂ Σk,k. An example of such a space is T4 with representation

R(T4) = 2−n ∑
P∈Pn

P⊗4, (11)

where the sum runs over all n-qubit Pauli matrices.

2 Clifford group designs
In this section we prove a lower bound for the circuit depth of additive-error Clifford (unitary) designs
based on lightcone arguments. This bound is remarkably general, but depends on the underlying
architecture.

For generalized random brickwork circuits (see Def. ??), we obtain a much stronger bound,
namely Ω(n), independent of the architecture. This intriguing result follows from a different ar-
gument exploiting the structure of such circuits and the discreteness of the Clifford group, and is
derived for relative-error state designs in the next section.

Theorem 10. Let E be an approximate Clifford unitary k-design (with k ≥ 4) with additive error
ε < 1/4. Then the lightcone of at least one Clifford in the ensemble must cover a constant fraction
of the qubits. This implies E must have circuit depth d = Ω(n) in 1D circuits and d = Ω(logn) in
all-to-all connected circuits.

Proof. To prove the theorem, we will show that any Clifford unitary with lightcone smaller than the
system size can be distinguished from a Haar-random Clifford unitary using four parallel queries
and constant-depth quantum and classical operations.

Let C be a short-depth Clifford unitary and χn = 1
8nR(T4) = 1

16n

∑
P∈Pn

P⊗4 be the mixed state
with stabilizers P⊗4 for all Pauli operators P . The state χn can be prepared in constant-depth since
it is a tensor product of n 4-qubit stabilizer states, χn = χ⊗n

1 . Our distinguishing protocol proceeds
as follows. We first perturb χn by a single-qubit Pauli operator Z1 on the first qubit (taking some
arbitrary but fixed order of the qubits) of the first copy. We then apply C to all four copies in
parallel. Finally we choose i ∈ [n] uniformly at random and we measure the expectation value of
the local tensor power Pauli operator Z⊗4

i .
This procedure yields an expectation value,

Ei∼[n] tr
[
Z⊗4
i C⊗4(Z1 ⊗ 1

⊗3)χn(Z1 ⊗ 1
⊗3)C†,⊗4

]
= Ei∼[n] tr

[
Z⊗4
i (CZ1C

† ⊗ 1
⊗3)χn(CZ1C

† ⊗ 1
⊗3)
]
.

In the second expression, we use that χn = C†,⊗4χnC
⊗4 since χn commutes with every Clifford

unitary C. We then cancel the Clifford unitaries on the final three copies. Now imagine all Cliffords
C in E have a lightcone of size less than n/4. Then the resulting expectation value is larger than
1/2 because Z⊗4

i and CZ1C
† commute whenever i is outside of the lightcone and Z⊗4

i is a stabilizer
of χn (which is true for a 3/4’th fraction of the qubits). For the qubits inside the lightcone (a less
than 1/4’th fraction of the qubits) the expectation value cannot be more negative than −1, making
the overall expectation value larger than 1/2. Meanwhile, in the Haar-random Clifford unitary
ensemble, the expectation value of the expectation value is exponentially small in n. This implies
that ∥Φ(4)

E − Φ(4)
ClH ∥♢ ≥ 1/4 for any Clifford ensemble E of Cliffords whose lightcone is of size less

than n/4. This completes the proof.

3 Clifford state designs: relative error

Theorem 11. Let E be an ensemble such that ΦE
(
|0n⟩⟨0n|⊗4

)
is a relative-error ϵ-approximate

Clifford state 4-design of depth d for ϵ < 1. The following 2 statements hold:

4



1. If the architecture has diameter dia and E is locally independent (Def. ??), then d = Ω(dia).

2. If E is a generalized random brickwork (Def. ??), then d = Ω(n).

Proof. Let U be a Clifford unitary and consider R(T4) as in Eq. (11). We find:

tr
[
(Zi ⊗ 1

⊗3)R(T4)(Zi ⊗ 1
⊗3)U⊗4(|0000⟩⟨0000|)U †,⊗4

]
(12)

= ⟨0000 |(UZiU † ⊗ 1
⊗3)R(T4)(UZiU † ⊗ 1

⊗3)|0000⟩ (13)

= 1
2n ⟨0 |(UZiU †)(1 + Z)⊗n(UZiU †)|0⟩ (14)

= ⟨00|U⊗2Z⊗2
i U †,⊗2 |00⟩ . (15)

In step two, we performed the partial contraction on the last three systems and used that ⟨0 |P |0⟩ =
1 if P is a diagonal Pauli and zero else. In the last step, we resumed the stabilizers of the all-zero
state. If U is sampled from the Haar measure on the Clifford group, we get

EU∼ClH ⟨00|U⊗2Z⊗2
i U †,⊗2 |00⟩ = 1

2n(2n + 1) tr
[
Z⊗2
i (1 + F)

]
= 1

2n + 1 . (16)

For sampling from an ensemble E of Clifford circuits of depth d, we find:

EU∼E ⟨00|U⊗2Z⊗2
i U †,⊗2 |00⟩ = EU∼E ⟨00|li U

⊗2
li
Z⊗2
i U †,⊗2

li
|00⟩li , (17)

where the subscript li indicates that the unitary only acts on the qubits inside the lightcone starting
from qubit i. As E is a 4-design, Eq. (17) is within relative error ϵ to the Haar random value 1

2n+1 .
1. Choose i and j as two qubits that have distance dia from each other. If E has depth d < dia /4,

the following equations need to hold:

EU∼E ⟨00|li U
⊗2
li
Z⊗2
i U †,⊗2

li
|00⟩li ≤ (1 + ϵ) 1

2n + 1

EU∼E ⟨00|lj U
⊗2
lj
Z⊗2
j U †,⊗2

lj
|00⟩lj ≤ (1 + ϵ) 1

2n + 1
EU∼E ⟨00|U⊗2(ZiZj)⊗2U †,⊗2 |00⟩ = EU∼E ⟨00|li U

⊗2
li
Z⊗2
i U †,⊗2

li
|00⟩li

× ⟨00|lj U
⊗2
lj
Z⊗2
j U †,⊗2

lj
|00⟩lj ≥ (1 − ϵ) 1

2n + 1 ,

(18)

where we used that d < dia /4, so that the lightcones starting from i and j do not intersect. We
directly see that these equations contradict the locally independent assumption. This proves point 1.

2. Let E be a generalized random brickwork (see Def. ??) of depth d. By construction Eq. (15) is
non-negative, hence we can lower bound its average by the probability that ⟨00|U⊗2Z⊗2

1 U †,⊗2 |00⟩ =
1 over all circuit instances U . This probability can be equivalently phrased as the probability that
UZ1U

† is a diagonal Pauli operator. Here, we lower bound this probability exploiting that the local
Clifford gates in every layer are uniformly distributed – we however note that such an argument
can likely be made for much more general distributions (cf. the comment below Def. ??). Because
each brick has constant-size support, there is a constant probability p that the first brick maps
Z1 to a weight-one Pauli operator (not necessarily supported on the first qubit anymore). More
precisely, if the support is of size r, then p = 3r/(4r − 1). The probability that the bricks in the
remaining layers preserve the weight is also precisely p. Since the ensemble is invariant under local
Cliffords, the probability that the final Pauli operator after d layers is diagonal is pd/3. Hence, we
have ⟨00|U⊗2Z⊗2

1 U †,⊗2 |00⟩ = 1 with probability is at least pd/3, resulting in the lower bound

EU∼E ⟨00|U⊗2Z⊗2
i U †,⊗2 |00⟩ ≥ 1

2O(d) . (19)

This, together with Eq. (16), implies a lower bound of d = Ω(n) for E to be a relative-error Clifford
state 4-design.
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We believe the assumption of local independence in the first point of the theorem can be dropped,
but we do not know how to prove this. In particular, our proof cannot easily be generalized. Define
for instance E as the ensemble that draws 1 with probability 1

2n+1 , and draws H⊗n with probability
1 − 1

2n+1 . Then all three values in Eq. (18) are exactly 1
2n(2n+1) , the Haar random value. The

ensemble E is however not locally independent, and it does not define a Clifford state design.

4 Clifford state designs: additive error
Above we have shown that the Clifford group does not allow for short-depth state k-designs (for
k > 3) in the relative-error model. However, somewhat surprisingly, it turns out to be possible to
construct short-depth state k-designs for k = 4 and k = 5 with small (i.e. O(2−n)) additive error.
To prove this we need the following lemma that shows that for k ≤ 5 Clifford unitaries applied to a
PPT input state (for all possible partial transposes of n qubits) generate U(2n) state k-designs with
small additive error:

Lemma 12. Consider a state ρ on H⊗k. Suppose that ρ obeys the PPT condition on each copy of
H, i.e., ρΓi ≥ 0 for all i = 1, . . . , k, where Γi denotes the partial transpose on the i-th copy. Then,
if k ≤ 5, the Clifford twirl of ρ is equal to the Haar unitary twirl of ρ up to additive error:∥∥∥Φ(k)

ClH (ρ) − Φ(k)
UH

(ρ)
∥∥∥

1
≤ O(2−n). (20)

Proof. The lemma is trivial for k ≤ 3. For k = 4, 5, the set of stochastic Lagrangian subspaces is
given by Σk,k = Sk∪Sk where Sk = Σk,k \Sk denotes the complement of Sk. Hence, the commutant
of the Clifford group is spanned by the operators

{R(T )}T∈Σk,k
= {R(π) | π ∈ Sk} ∪ {R(T ) | T ∈ Sk}.

Specifically for k = 4, 5, all T ∈ Sk, R(T ) can be written as R(T ) = R(Tk)R(π) for a suitable
permutation π ∈ Sk with T4 defined in Eq. 11 and T5 = T4 ⊗ I. The R(T ) for T ∈ Sk are
not unitary, and we have ∥R(T )∥1 = 2n(k−1). We will now show that for each of the operators
R(Tk)R(π) there is a partial transpose such that

∥∥∥(R(Tk)R(π))Γi

∥∥∥ = 1. Note that this is certainly
true for R(Tk). It can be checked by direct computation that R(Tk)Γi for i ∈ {1, 2, 3, 4} is unitary.
Now choose i ∈ {1, 2, 3, 4} such that π(i) ̸= 5 (which can always be done) and apply Γi. Up to a
permutation σ (which does not increase the operator norm of R(Tk)R(π))Γi we have

(R(Tk)R(π))TiR(σ) = 2n
∑
P∈Pn

(I⊗)δk=5P⊗2 ⊗
(
I ⊗ P |Φ⟩⟨Φ| I ⊗ P †) (21)

where Φ is the maximally entangled state. This operator factorizes over n and can be checked
numerically to have operator norm 1. As a consequence, we can show that for k ≤ 5,

|tr (R(T )ρ)| ≤ 1, ∀T ∈ Σk,k. (22)

To see this, note that using Hölder’s inequality, we have

|tr (R(T )ρ)| =
∣∣∣tr (R(T )ΓiρΓi

)∣∣∣ ≤
∥∥∥R(T )Γi

∥∥∥
∞

∥∥∥ρΓi

∥∥∥
1

= 1. (23)

Now, we can bound the distance of the twirls directly, as follows

∥∥∥Φ(k)
ClH (ρ) − Φ(k)

UH
(ρ)
∥∥∥

1
(24)

=

∥∥∥∥∥∥
∑

T,T ′∈Σk,k

Wg(k)
Cl
(
T, T ′) tr

(
R(T )†ρ

)
R
(
T ′)−

∑
T,T ′∈Sk

Wg(k)
U
(
T, T ′) tr

(
R(T )†ρ

)
R
(
T ′)∥∥∥∥∥∥

1

(25)

≤
∑

T,T ′∈Σk,k

∣∣∣Wg(k)
Cl
(
T, T ′)− Wg(k)

U
(
T, T ′)∣∣∣ ∣∣∣tr (R(T )†ρ

)∣∣∣ ∥∥R (T ′)∥∥
1 (26)

≤
∑

T,T ′∈Σk,k

∣∣∣Wg(k)
Cl
(
T, T ′)− Wg(k)

U
(
T, T ′)∣∣∣ ∥∥R (T ′)∥∥

1 (27)
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where we slightly abuse notation by setting Wg(k)
U (T, T ′) = 0 if T ̸∈ Sk or T ′ ̸∈ Sk. In the last step,

we used Eq. 22. Next, we split the sum over Σk,k.
In particular, we can upper bound this sum by four terms by choosing T, T ′ in Sk or Sk. For

visual help, we will write π ∈ Sk and T ∈ Sk. In order we have

(1) ≤
∑

π,π′∈Sk

2nk| Wg(k)
Cl (π, π′) − Wg(k)

U (π, π′)| ≤ O(2−n) (28)

where we used that ∥R(π)∥1 = 2nk for all π ∈ Sk and | Wg(k)
Cl (π, π′) − Wg(k)

U (π, π′)| ≤ O(2−n(k+1))
(via a straightforward Weingarten calculation, see also Ref.7). Similarly we can see that

(2) ≤
∑

π∈Sk,T ′∈Sk

| Wg(k)
Cl (π, T ′)|

∥∥R(T ′)
∥∥

1 = O(2−n), (29)

since | Wg(k)
Cl (π, T ′)| ≤ 2−(k+1)n and ∥R(T ′)∥1 ≤ 2n(k−1). Moving on we have

(3) ≤
∑

T∈Sk, π′∈Sk

| Wg(k)
Cl (T, π′)|

∥∥R(π′)
∥∥

1 = O(2−n), (30)

since again | Wg(k)
Cl (T, π′)| ≤ 2−(k+1)n. Finally we have

(4) ≤
∑

T∈Sk, T ′∈Sk

| Wg(k)
Cl (T, T ′)|

∥∥R(T ′)
∥∥

1 ≤ O(2−n) (31)

which follows from ∥R(T ′)∥1 = 2n(k−1) and | Wg(k)
Cl (T, T ′)| ≤ O(2−nk). This completes the proof.

We note that Eq. (27) can be computed exactly using Weingarten calculus. This allows to bound
the constant in Lemma 12 by 1/4 (for n > 2)8.

From this construction and the gluing lemma due to3 we get in a straightforward way that the
superblock construction applied to the all-zero initial state is an additive error state design.

Corollary 13. Consider the two-layer superblock brickwork circuit composed of uniformly random
Clifford circuits acting on 2ξ qubits, applied to the all-zero initial state. There is a constant C ≥ 1
such that for any ϵ = Ω(2−n), k = 4, 5, and ξ ≥ log2(Cn/ϵ), this ensemble forms an ϵ-approximate
additive-error Clifford state k-design with depth O(log(n/ϵ)).

Proof. Let C ′ be the constant in Lemma 12. As the input state |0⟩⊗k is separable, we can replace
the uniformly random Cliffords in the first layer with Haar random unitaries (using Lemma 12),
incurring a total additive error ≤ C ′n2−2ξ ≤ C ′C−2ϵ2k−2n−1 ≤ C ′C−1ϵ (as there are n/2ξ ≤ n
many gates). Similarly, since the state after this first layer of unitaries is still separable, we can
replace the uniformly random Cliffords in the second layer by Haar-random unitaries, incurring the
same amount of error again. We now have a superblock circuit with Haar-random unitaries for
which we can invoke the gluing lemma of Ref.3 to bound the relative error of the whole circuit (to
a global Haar-random unitary). More precisely, this error is computed in Ref.3. Inserting k ≥ 4 in
the derivation of3, we find that ξ ≥ log2(Cnk2/ϵ) implies a relative error ≤ ϵ/(2C). This converts
into an additive error ϵ/C2. Finally, exchanging the global Haar unitary back to a random Clifford
yields another additive error ≤ C ′2−n. The total error is then C′+1

C ϵ + C ′2−n. If the target error
is larger than C ′2−n, then choosing C = C ′ + 1 and redefining ϵ to be the difference between the
target error and C ′2−n shows that the ensemble is the required ϵ-design. Since one can implement
arbitrary Clifford circuits in 1D in depth O(ξ) the overall depth of the circuit is O(log(nk/ϵ)), which
is what we set out to prove.
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Supplementary Note 3 — Orthogonal group
1 Preliminaries
The orthogonal group O(D) is defined as the set of all unitary matrices that have real entries, or,
equivalently, the set of real matrices O such that OOT = OTO = 1. It is known that orthogonal
unitary k-designs can be constructed in depth linear in n and polynomial in k9.

We quickly review orthogonal Weingarten calculus here. The commutant of the orthogonal group
is a representation of the Brauer algebra.

Let Mk denote the set of all possible pairings of 2k vertices. If we number the vertices 1, 2, 3, 4,
the elements of M2 are thus {{1, 2}, {3, 4}}, {{1, 3}, {2, 4}} and {{1, 4}, {2, 3}}. We define a multi-
plication σ · τ for σ, τ ∈ Mk as concatenating the last k vertices of σ with the first k vertices of τ .
For k = 2 this means for example that σ · τ := {{1, 2}, {3, 4}} · {{1, 3}, {2, 4}} = {{1, 2}, {3, 4}}, or,
in graphical notation  1

2

3

4

 ·

 1

2

3

4

 =

 1

2

3

4

 . (32)

We can consider the permutations as being a subset of the Brauer algebra. If, for example, we
multiply the swap operator with itself, then we get 1

2

3

4

 ·

 1

2

3

4

 =

 1

2

3

4

 . (33)

However, sometimes it happens that by concatenating elements from Mk, we get one or more
closed loop. For every closed loop, we multiply by some scalar D. An example of this for k = 2 is 1

2

3

4

 ·

 1

2

3

4

 = D

 1

2

3

4

 . (34)

The Brauer algebra is now defined as the set of formal linear combinations of pairings:

Bk(D) =

 ∑
σ∈Mk

cσσ | cσ ∈ Z(D)

 . (35)

For an element σ ∈ Mk, let us define a map fσ : [2k] → [2k] which sends a vertex x to the vertex
y that it is paired with under σ. We can now define a representation RO : Bk(D) → U(Dk) of the
Brauer algebra. For σ ∈ Mk we define

RO(σ) :=
∑

i1,...i2k

 2k∏
j=1

δij ,ifσ(j)

 |i1 . . . ik⟩⟨ik+1 . . . i2k| . (36)

We choseD to be the dimension of one copy of our Hilbert space. If we define σ = {{1, 2}, {3, 4}},
we indeed get that

RO(σ) ·RO(σ) =

∑
i1,i2

|i1i1⟩⟨i2i2|

∑
i1,i2

|i1i1⟩⟨i2i2|

 = D
∑
i1,i2

|i1i1⟩⟨i2i2| = D ·RO(σ). (37)

We note that all permutations are in the representation of the Brauer algebra.
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The elements of Mk under representation RO form a basis of the commutant of the orthogonal
group10. We can thus use orthogonal Weingarten calculus to compute the moments of the orthogonal
group as

Φ(k)
O (A) =

∑
σ,τ∈Mk

WgO(σ, τ) tr
(
AσT

)
τ, (38)

where WgO is the inverse of the orthogonal Gram matrix (GO)σ,τ = tr
(
στT

)
. We note that, as Mk

does not form a group and in particular does not have inverses, the orthogonal Gram and Weingarten
matrix do not have a constant row sum.

It will be useful to have a closer look at the case of k = 2. We define |Ωn⟩ := 1
2n/2

∑
x∈{0,1}n |xx⟩

as the maximally entangled state on two copies of (C2)⊗n. The basis for the commutant will now
consist of the identity operator 1, the Flip operator F and Πo := 2n |Ωn⟩⟨Ωn|. Computing the Gram
matrix and its inverse we get

GO = D

D 1 1
1 D 1
1 1 D

 , WgO = 1
D(D − 1)(D + 2)

D + 1 −1 −1
−1 D + 1 −1
−1 −1 D + 1

 . (39)

Hence,

EU∼OU
⊗2AU †,⊗2 = 1

D(D − 1)(D + 2)
(

[(D + 1) tr(A) − tr(AF) − tr(AΠo)]1

+ [− tr(A) + (D + 1) tr(AF) − tr(AΠo)]F

+ [− tr(A) − tr(AF) + (D + 1) tr(AΠo)] Πo

)
.

(40)

2 Orthogonal group designs
The following argument was already given by3, we repeat the main idea of the proof here for com-
pleteness. For every orthogonal matrix O ∈ O(2n), we have O ⊗ O |Ωn⟩ = OOT ⊗ 1 |Ωn⟩ = |Ωn⟩,
i.e., |Ωn⟩ is an invariant state under the tensor square representation. We then study the action on
the initial state Z1 ⊗1 |Ωn⟩ where Z1 denotes the Pauli Z operator on the first qudit. If we act with
a Haar-random O ∈ O(2n), we obtain the state (OZ1O

T ⊗ 1) |Ωn⟩ which will be highly entangled
between the first n qudits with high probability. In contrast, if we act with a local random O-circuit,
then all gates outside the lightcone of the first qudit will cancel. In particular, if the lightcone does
not encompass all qudits, we are left with local maximally entangled states

∣∣Ωl

〉
in the complement of

the lightcone l. These are unentangled with the remaining qubits and can be detected, for instance
by measuring their fidelity. Hence, short local random O-circuits cannot reproduce this second (psd)
moment correctly. In a 1D nearest-neighbor architecture, they need at least Ω(n) depth, and in an
all-to-all architecture Ω(log(n)) depth is required. We provide a formal proof here:

Theorem 14. Let E be an approximate orthogonal unitary k-design with additive error ε < 1/4.
Then at least one orthogonal unitary must have a lightcone covering a 1/4’th fraction of the qubits.
This implies E must have circuit depth d = Ω(n) in 1D circuits and d = Ω(logn) in all-to-all
connected circuits for any k ≥ 2.

Proof. To prove the theorem, we will show that any orthogonal unitary with lightcone size smaller
than n/4 can be distinguished from a Haar-random orthogonal unitary using two parallel queries
and constant-depth quantum and classical operations.

Let O be a short-depth orthogonal unitary and |Ωn⟩ the EPR state on two copies. Our dis-
tinguishing protocol proceeds as follows. We first perturb the EPR state by a single-qubit Pauli
operator Z1 on the first qubit (defined in a fixed but arbitrary order) of the first copy. We then
apply O to both copies in parallel. Finally, we choose i ∈ [n] uniformly at random and take the
trace inner product with a Pauli-Z operator on both copies of qubit i, P (i) = Z⊗2

i .
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This procedure yields an expectation value,

Ei∼[n] ⟨Ωn| (Z1⊗1)(OT⊗OT )P (i)(O⊗O)(Z1⊗1) |Ωn⟩ = Ei∼[n] ⟨Ωn| (OZ1O
T⊗1)P (i)(OZ1O

T⊗1) |Ωn⟩ .

Here, we have used that O† = OT and (1 ⊗ O) |Ωi⟩ = (OT ⊗ 1) |Ωi⟩. Now consider an orthogonal
unitary O with a lightcone of size less than n/4. Note that the internal expectation value is equal
to one whenever i lies outside of the lightcone of OZ1O

T , since then P (i) and OZ1O
T commute.

Since the expectation value is otherwise no less than −1 it follows that the overall expectation
value is larger than 1/2. Meanwhile, in a Haar-random orthogonal unitary, the expectation value
of the expectation value is exponentially small in n. This implies that ∥Φ(2)

E − Φ(2)
OH

∥♢ ≥ 1/4, which
contradicts E being an additive error design. The rest of the statement follows.

3 Orthogonal state designs: relative error
Theorem 15. Let E be an ensemble such that ΦE (|00⟩⟨00|) is a relative-error ϵ-approximate or-
thogonal state 2-design of depth d for ϵ < 1. The following 2 statements hold:

1. If the architecture has diameter dia and E is locally independent (Def. ??), then d = Ω(dia).

2. If E is a generalized random brickwork (Def. ??), then d = Ω(n).

Proof. We follow a similar strategy as in the proof of Theorem 11. We know that the state |Ω⟩⟨Ω|
lies in the commutant. To prove the theorem we take the trace inner product of the relative-error
state design with the psd (Zi ⊗ 1) |Ω⟩⟨Ω| (Zi ⊗ 1). For an orthogonal O we get

tr
[
(Zi ⊗ 1) |Ωn⟩⟨Ωn| (Zi ⊗ 1)O⊗2 |00⟩⟨00|OT,⊗2

]
= 1

2n ⟨00|OT,⊗2Z⊗2
i O⊗2 |00⟩ . (41)

For part 1 we compute that

1
2nEO∼O ⟨00|OT,⊗2Z⊗2

i O⊗2 |00⟩ = 1
2n tr

[
Z⊗2
i ΦO(|00⟩⟨00|)

]
= 1

22n(2n + 1) tr
[
Z⊗2
i (1 + F + Πo)

]
= 1

22n(2n + 1) tr [F + Πo]

= 2
2n(2n + 2) ,

(42)

and similar for the perturbations Zj and ZiZj . We get a contradiction similar as in Eq. (18),
provided that E is locally independent.

For part 2 we note that the real Clifford group is an orthogonal unitary 2-design11 (and is
moreover finite), and that in every layer we thus have a constant probability that the real Clifford
factorizes in the first qubit. This implies the lower bound d = Ω(n) if E is a generalized random
brickwork.

4 Orthogonal state designs: additive error
We prove the following theorem, which shows that the action of the Haar orthogonal twirl and the
Haar unitary twirl are equal (up to small additive error) when applied to states that are unentangled
between copies.

Theorem 16 (Equivalence of orthogonal and unitary designs on unentangled states). Consider a
state ρ on H⊗k. Suppose that ρ obeys the PPT condition on each copy of H, i.e., ρΓi ≥ 0 for all
i = 1, . . . , k, where Γi denotes the partial transpose on the i-th copy. Then the Haar orthogonal
twirl of ρ is equal to the Haar unitary twirl of ρ up to additive error:

∥ΦO(ρ) − ΦU(ρ)∥1 ≤ O(k7/2/2n) + O(k/2n/2). (43)
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Before presenting the proof of the theorem, we briefly discuss its consequences for the construction
of low-depth orthogonal state designs. Concretely we have the following corollary:

Corollary 17. Consider the two-layer superblock brickwork circuit composed of orthogonal O(ϵ)
additive error unitary k-designs acting on ξ = Ω(log(nk/ϵ)) qubits. This ensemble, with depth
O(log(n) poly(k) log(1/ϵ)) is an ϵ-approximate additive-error orthogonal state k-design.

Proof. Theorem 16 immediately implies that the two-layer brickwork circuit composed of small
orthogonal unitaries acting on ξ = Ω(log(nk/ε)) qubits, is an orthogonal state design generator.

In order for a unitary ensemble to be an orthogonal state design generator, we require that it
replicate the action of a Haar orthogonal unitary on states of the form ρ = |ψ⟩⟨ψ|⊗k. Such states
clearly obey the PPT condition in Theorem 16. In the context of the two-layer brickwork ensemble,
this allows us to replace each small Haar orthogonal unitary with a small Haar unitary up to additive
error O(nk7/2/2ξ)+O(nk/2ξ/2). From Theorem 1 of Ref.3, the two-layer brickwork circuit with small
Haar unitaries forms a unitary design with relative error O(nk2/2ξ). This translates to an additive
error of the same magnitude. Finally, we can apply Theorem 16 again, to show that the Haar unitary
twirl applied to ρ is equal to the Haar orthogonal twirl up to additive error O(k7/2/2n)+O(k/2n/2).
The total error from this sequence of steps is less than ε provided that ξ = Ω(log(nk/ε)), as claimed.
Note that we can construct orthogonal designs in depth O(n poly(k) log(1/ϵ)) by Ref.9, so we can
replace the superblocks on ξ qubits by linear-depth orthogonal group designs. This all adds up to
additive-error orthogonal state designs in depth O(log(n/ϵ) poly(k)).

We can now prove Theorem 16:

Proof. We prove that ∥ΦO(ρ) − ΦU(ρ)∥1 ≤ O(k7/2/2n) + O(k/2n/2). Our proof proceeds in five
steps.

1. The Haar orthogonal twirl squares to itself, ΦO = ΦO ◦ ΦO.

2. One can insert projectors onto the distinct subspace after the first and second Haar orthogonal
twirls, up to small additive error. Specifically, we will show that∥∥[Πdist ◦ ΦO ◦ Πdist ◦ ΦO

]
(ρ) −

[
ΦO ◦ ΦO

]
(ρ)
∥∥

1 ≤ 5k/2n/2, (44)

where Πdist(·) ≡ Πdist(·)Πdist denotes conjugation by the distinct subspace projector.

3. Within the distinct subspace, the Haar orthogonal twirl and Haar unitary twirl are equal up
to small relative error. Specifically, we will show that(

1 − ε′) [Πdist ◦ ΦU ◦ Πdist
]

⪯
[
Πdist ◦ ΦO ◦ Πdist

]
⪯
(
1 + ε′) [Πdist ◦ ΦU ◦ Πdist

]
, (45)

with ε′ = O(k7/2/2n). This allows us to replace the second Haar orthogonal twirl above with
a Haar unitary twirl.

4. One can remove the projectors onto the distinct subspace after the Haar orthogonal and Haar
unitary twirls, up to small additive error,∥∥[Πdist ◦ ΦU ◦ Πdist ◦ ΦO

]
(ρ) −

[
ΦU ◦ ΦO

]
(ρ)
∥∥

1 ≤ 5k/2n/2, (46)

similar to step 2.

5. The composition of the Haar unitary and Haar orthogonal twirl is equal to the Haar unitary
twirl, ΦU ◦ ΦO = ΦU.

In total, these steps show that ∥ΦO(ρ) − ΦU(ρ)∥1 ≤ O(k7/2/2n) + 10k/2n/2, as claimed.
Let us begin with step 2. From the triangle inequality, we have∥∥[Πdist ◦ ΦO ◦ Πdist ◦ ΦO

]
(ρ) −

[
ΦO ◦ ΦO

]
(ρ)
∥∥

1
≤
∥∥[Πdist ◦ ΦO ◦

(
Πdist − 1

)
◦ ΦO

]
(ρ)
∥∥

1
+
∥∥[(Πdist − 1

)
◦ ΦO ◦ 1 ◦ ΦO

]
(ρ)
∥∥

1 .

(47)
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To proceed, note that the operation Πdist ◦ΦO cannot increase the 1-norm of an operator. Thus, the
first term above is upper bounded by

∥∥[(Πdist − 1
)

◦ ΦO
]
(ρ)
∥∥

1. This is in fact equal to the second
term, since ΦO ◦ 1 ◦ ΦO = ΦO. These give,∥∥[Πdist ◦ ΦO ◦ Πdist ◦ ΦO

]
(ρ) −

[
ΦO ◦ ΦO

]
(ρ)
∥∥

1 ≤ 2
∥∥[(Πdist − 1

)
◦ ΦO

]
(ρ)
∥∥

1 . (48)

We will now bound the right side.
From the gentle measurement lemma, the right side is bounded as,

2
∥∥[(Πdist − 1

)
◦ ΦO

]
(ρ)
∥∥

1 ≤ 4
√

1 − tr(ΠdistΦO(ρ)), (49)

where tr(ΠdistΦO(ρ)) is the probability of measuring ΦO(ρ) in the distinct subspace. We can now
apply the operator inequality, 1− Πdist ≤

∑
i<j Πij , where Πij =

∑
x∈{0,1}n |x⟩⟨x|i ⊗ |x⟩⟨x|j projects

onto states with the same bitstring in copy i as in copy j. This yields,

2
∥∥[(Πdist − 1

)
◦ ΦO

]
(ρ)
∥∥

1 ≤ 4
√∑
i<j

tr(ΠijΦO(ρ)). (50)

We can bound each probability as follows. Note that tr(ΠijΦO(ρ)) = tr(ΦO(Πij)ρ), since ΦT
O = ΦO.

The twirl of Πij over an orthogonal 2-design yields, by Eq. (40),

ΦO(Πij) = 1
2n + 2 (1ij + Fij + Πo,ij) . (51)

For the first two terms, we have tr(1ijρ) = 1, and | tr(Fijρ)| ≤ 1 since ∥Fij∥∞ ≤ 1. To bound the
third term, we apply the PPT condition on subsystem i. We have,

tr(Πo,ijρ) = tr
(
(Πo,ij)ΓiρΓi

)
≤ ∥(Πo,ij)Γi∥∞ · ∥ρΓi∥1 = ∥Fij∥∞ · 1 = 1. (52)

In the second step, we apply Holder’s inequality. In the third step, we use that (Πo,ij)Γi = Fij , and
that ∥ρΓi∥1 = tr

(
ρΓi

)
= tr(ρ) = 1, where the first equality follows from the PPT condition, ρΓi ≥ 0.

In total, these bounds yield
tr(ΠijΦO(ρ)) ≤ 3

2n + 2 . (53)

Inserting into Eq. (50) and performing the sum over i < j, we find

2
∥∥[(Πdist − 1

)
◦ ΦO

]
(ρ)
∥∥

1 ≤ 4

√
k(k − 1)

2
3

2n + 2 ≤ 5k
2n/2 , (54)

which completes our proof of step 2.
We can prove step 4 in an extremely similar manner. Following the same logic as for step 2, we

have ∥∥[Πdist ◦ ΦU ◦ Πdist ◦ ΦO
]
(ρ) −

[
ΦU ◦ ΦO

]
(ρ)
∥∥

1
≤
∥∥[(Πdist − 1

)
◦ ΦO

]
(ρ)
∥∥

1 +
∥∥[(Πdist − 1

)
◦ ΦU

]
(ρ)
∥∥

1 . (55)

From the previous paragraph, the first term is upper bounded by (5k/2n/2)/2. Moreover, the second
term is upper bounded by the same value. This follows since ΦU = ΦO ◦ ΦU, and ΦU(ρ) obeys the
PPT condition because ρ obeys it. Thus, Eq. (55) is bounded by 5k/2n/2, as claimed.

It remains only to prove step 3. To show this, we first establish a technical lemma, which allows
one to easily bound the relative error within the distinct subspace between the twirl over any unitary
ensemble E and the Haar unitary twirl. The lemma is closely adapted from Lemma 2 of Ref.3. To
more easily bound the error, it leverages the “approximate Haar unitary twirl”3,

Φa(·) = 1
2nk

∑
π∈Sk

tr
(
(·)π−1

)
· π, (56)

which is close to the exact Haar unitary twirl up to relative error k2/2n (Lemma 1 of Ref.3).
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Lemma 18 (Relative error on the distinct subspace from EPR states). Consider a unitary ensemble
E and its twirl ΦE . Within the distinct subspace, the twirl is approximated by ΦU up to relative error,

ε′ = 4nk

k!

(
1 + k2

2n

)∥∥[Πdist ⊗ Πdist]
[
(ΦE − Φa) ⊗ 1

]
(|Ωn⟩⟨Ωn|) [Πdist ⊗ Πdist]

∥∥
∞ + k2

2n . (57)

That is, we have (1 − ε′) Πdist ◦ ΦU ◦ Πdist ⪯ Πdist ◦ ΦE ◦ Πdist ⪯ (1 + ε′) Πdist ◦ ΦU ◦ Πdist, with ε′

as above.

Proof. The proof follows identically to the proof of Lemma 2 and Lemma 7 in Ref.3. The only
difference is the presence of the distinct subspace projector. Crucially, in the proof of Lemma 2,
this modification does not change the eigenvalue of [Φa ⊗ 1](|Ωn⟩⟨Ωn|) = 1

4nk

∑
π π ⊗ π (which has

a flat spectrum), owing to the fact that Πdist ⊗ Πdist and [Φa ⊗ 1](|Ωn⟩⟨Ωn|) commute, since Πdist
and π commute for all π.

We can now apply the lemma to bound the relative error between Πdist ◦ ΦO ◦ Πdist and Πdist ◦
ΦU ◦ Πdist. To do so, we first compute [ΦO ⊗ 1](|Ωn⟩⟨Ωn|),

[ΦO ⊗ 1](|Ωn⟩⟨Ωn|) = 1
2nk

∑
σ,τ∈Mk

WgO(σ, τ)[τ ⊗ σ], (58)

where σ, τ are summed over the generators of the commutant of the orthogonal group. Multiplying
by the distinct subspace projectors yields,

[Πdist ⊗ Πdist] [ΦO ⊗ 1](|Ωn⟩⟨Ωn|) [Πdist ⊗ Πdist] = 1
2nk

∑
π,π̃∈Sk

WgO(π, π̃) [ΠdistπΠdist ⊗ Πdistπ̃Πdist],

(59)
where π, π̃ are summed over the generators of the commutant of the unitary group. This follows since
all other members of the commutant vanish upon multiplication with the projector, i.e., σΠdist = 0
if σ /∈ Sk. Taking the difference with [Πdist ⊗ Πdist] [Φa ⊗ 1](|Ωn⟩⟨Ωn|) [Πdist ⊗ Πdist] gives,

[Πdist ⊗ Πdist] [(ΦO − Φa) ⊗ 1](|Ωn⟩⟨Ωn|) [Πdist ⊗ Πdist]

= 1
2nk

∑
π,π̃∈Sk

(
WgO(π, π̃) − 1

2nk δπ,π̃
)

[ΠdistπΠdist ⊗ Πdistπ̃Πdist].
(60)

Applying the triangle inequality, the spectral norm of the above is bounded by

∥. . .∥∞ ≤ 1
2nk

∑
π,π̃∈Sk

∣∣∣∣WgO(π, π̃) − 1
2nk δπ,π̃

∣∣∣∣ = k!
2nk

∑
π∈Sk

∣∣∣∣WgO(π) − 1
2nk δπ,1

∣∣∣∣ , (61)

where in the third expression we use that the Weingarten function depends only on the difference,
ππ̃−1 → π, if π, π̃ are permutations and thus invertible. Separating out the identity term, we have

∑
π∈Sk

∣∣∣∣WgO(π) − 1
2nk δπ,1

∣∣∣∣ ≤
∑

π∈Sk\{1}
|WgO(π)| +

∣∣∣∣WgO(1) − 1
2nk

∣∣∣∣ . (62)

By Theorem 4.11 of12, we deduce that
∣∣∣WgO(1) − 1

2nk

∣∣∣ = 1
2nk O

(
k7

22n

)
. We prove a lemma for the

other term.

Lemma 19. If 2n > 13k7/2, then

∑
π∈Sk\{1}

|WgO(π)| = 1
2nk O

(
k2

2n

)
. (63)
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Proof of Lemma 19. We know by Theorem 4.11 of12 that for a permutation σ we have

| WgO(σ)| ≤ 1
2n(k+|σ|)

1
1 − 144k7

22n

#σ∏
i=1

(2µi − 2)!
(µi − 1)!µi!

, (64)

where #σ is the number of cycles of σ. We defined µi as the cycle type of σ (the sizes of the
cycles). We defined |σ| := k − #σ. We note that

∑
i µi = k, while

∑
i 1 = #σ, which implies that∑

i(µi − 1) = k − #σ = |σ|. We can now compute

#σ∏
i=1

(2µi − 2)!
(µi − 1)!µi!

=
#σ∏
i=1

1
µi

(
2(µi − 1)
µi − 1

)

≤
#σ∏
i=1

22(µi−1)

= 22
∑

i
(µi−1)

= 22|σ|.

(65)

The second step follows from standard bounds on the central binomial coefficient:
(2m
m

)
≤ 22m. By

Eq. (64) we then have that

∑
σ∈Sk\{1}

| WgO(σ)| ≤ 1
2nk(1 − 144k7

22n )
∑

σ∈Sk\{1}
2−(n−2)|σ|. (66)

Note that the number of permutations with exactly j cycles is given by the unsigned Stirling
numbers c(k, j). Moreover, it is well-known that their generating function over j is given by the
rising factorial such that we find:

∑
σ∈Sk\{1}

| WgO(σ)| ≤ 1
2nk(1 − 144k7

22n )

2−(n−2)k
k∑
j=0

c(k, j)2(n−2)j − 1


≤ 1

2nk(1 − 144k7

22n )

k−1∏
j=0

2n−2 + j

2n−2 − 1


= 1

2nk(1 − 144k7

22n )

(
(1 + k2−n+2)k − 1

)
≤ 1

2nk(1 − 144k7

22n )

(
ek

22−n+2 − 1
)

≤ 1
2nk(1 − 144k7

22n )
1

log(2)k
22−n+2,

(67)

where in the final step we used that k22−n+2 ≤ log(2) such that we can use the inequality
ex ≤ 1 + x/ log(2). As we assumed that 2n > 13k7/2, we see that 1

1− 144k7
22n

= O(1). We get∑
σ∈Sk\{1} | WgO(σ)| = 1

2nk O
(
k2

2n

)
, which is what we wanted to prove.

Using Lemma 19 we get

∑
π∈Sk

∣∣∣∣WgO(π) − 1
2nk δπ,1

∣∣∣∣ ≤ 1
2nk ·

(
O
(
k7

22n

)
+ O

(
k2

2n

))
= 1

2nk O
(
k7/2

2n

)
, (68)

using that k7/2 < 2n. From Eq. (61) and Lemma 18, this leads to a relative error O
(
k7/2

2n

)
, as

claimed. This completes our proof of step 3, and hence of Theorem 16.
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5 Orthogonal anti-concentration
Theorem 20. Let E be the ensemble of orthogonal matrices drawn from the two-layer superblock
architecture. This gives us two layers of m/2 = n/(2ξ) superblocks each, where ξ = O(log(n/ϵ)).
This ensemble anti-concentrates for k = 2, i.e.,

EO∼E |⟨0|O |0n⟩|4 ≤ (1 + ϵ) EO∼O |⟨0|O |0n⟩|4 . (69)

Proof. Let E1, E2 be the ensembles consisting of orthogonal matrices sampled from the first and
second layer of superblocks respectively. We thus have ΦE = ΦE2 ◦ ΦE1 . We compute that

EO∼E |⟨0n|O |0n⟩|4 = tr
[
ΦE1(|0n⟩⟨0n|⊗2)ΦE2(|0n⟩⟨0n|⊗2)

]
= 1

22n(22ξ + 2)m tr
[
(1 + F + Πo)⊗m/2 (1 + F + Πo)

−−−→
⊗m/2

]
≤ 1

22n(22n + 2) tr
[
(1 + F + Πo)⊗m/2 (1 + F + Πo)

−−−→
⊗m/2

]
,

(70)

where the arrow indicates that the operators 1 + F + Πo act to the patches (2, 3), . . . , (m, 1). Let
us now expand the product as a sum

tr
[
(1 + F + Πo)⊗m/2 (1 + F + Πo)

−−−→
⊗m/2

]
=

∑
a,b∈{1,F,Πo}m/2

tr
[
a1bm/2 ⊗ a1b1 ⊗ · · · ⊗ am/2bm/2

]
,

(71)

where aibj acts on two copies of ξ qubits. We can easily compute that

tr[aibj ] =
{

22ξ if ai = bj

2ξ if ai ̸= bj .
(72)

This means that a term from the sum only depends on the number of walls, i.e. the number of i
such that ai ̸= bi plus the number of i such that ai ̸= bi+1. Let us define wa,b as the number of
walls for given a, b ∈ {1,F,Πo}m/2. We define a room as the set of patches in between two walls.
We thus get that

1
22n

∑
a,b∈{1,F,Πo}m/2

tr
[
a1bm/2 ⊗ a1b1 ⊗ · · · ⊗ am/2bm/2

]
=

∑
a,b∈{1,F,Πo}m/2

1
2ξ·wa,b

. (73)

To upper bound the expression, we will count the number of configurations a, b, that give a number
of walls w. There are

(2m
w

)
possible positions where the walls could be placed. Furthermore, inside

a room (an interval bounded by two walls), we need to have ai = bj . This can be achieved in three
different ways (i.e. ai equals 1,F or Πo). We thus get a factor of 3min{1,w}, as min{1, w} is the total
number of rooms. As we are only interested in upper bounding the expression, we can ignore the
fact that two adjacent rooms need to have a different sign (1, F or Πo). We can also ignore the fact
that there exists no configuration with exactly 1 wall. Let us upper bound our equation as

∑
a,b∈{1,F,Πo}m/2

1
2ξ·wa,b

≤
2m∑
w=0

3min{1,w}
(

2m
w

)
1

2ξ·w

≤ 3
2m∑
w=0

(
2m
w

)
1

2ξ·w−log2(3)w

= 3
(

1 + 1
2ξ−log2(3)

)2m

≤ 3 exp
( 2m

2ξ−log2(3)

)
≤ 3

(
1 + 2m

loge(2) · 2ξ−log2(3)

)
.

(74)
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In the final step we used that exp(x) ≤ 1 + x/ loge(2) for 0 ≤ x ≤ loge(2). We use ξ = O(log(n/ϵ))
to get

3 · 2m
loge(2) · 2ξ−log2(3) ≤ ϵ. (75)

Combining all the things we learned, we find that

EO∼E |⟨0n|O |0n⟩|4 ≤ (1 + ϵ) 3
2n(2n + 2) = (1 + ϵ) EO∼O |⟨0n|O |0n⟩|4 , (76)

which is what we set out to prove.

We note that Theorem 20 also follows from the computation for random MPS in Ref.13 along
the lines of Ref.14. In this way, higher-order anticoncentration can be shown as well.

Supplementary Note 4 — Unitary symplectic group
1 Preliminaries
We define a symplectic form as a D×D matrix J such that J2 = −1 and JT = J† = −J . Note that
for such an operator to exist, the dimension of the underlying space has to be even. We say that a
unitary U ∈ U(D) is symplectic if UJUT = J and denote the group of unitary symplectic matrices
as USp(D,J) ≡ USp(D). If the context is clear, we will simply call USp(D) the symplectic group.

We note that we could make different choices of J , but that they are all equal up to a basis
change. The unitary symplectic group acts transitively on the set of pure quantum states, i.e., for
every pair of states (ψ,φ) there is a U ∈ USp(D) such that U |ψ⟩ = |φ⟩15. Clearly, this does not
depend on the choice of J . A consequence of transitivity is that USp(D) induces the same measure
as U(D) on pure quantum states and thus the ensemble {U |ψ⟩}U∼USp(D) is an exact state design of
any order, see also Ref.16.

Another important note is that the mentioned basis change does not need to be local, so when
studying the depth of circuits consisting of local gates, it is important to take into account what J
is. Here, we consider symplectic forms over n qubits, D = 2n, of the form J = Jx := i|x|⊗n

j=1 Y
xj ,

where x ∈ {0, 1}n is such that the Hamming weight |x| of x is odd. For instance, if we choose
x = (100 . . . 0), then J1 = iY1 is what is usually considered the standard choice of symplectic form
and what has been studied in the context of local circuits before16,17. In this paper, we will however
choose x = (11 . . . 11), and assume that n is odd. We thus define J = in

⊗n
j=1 Yj .

Let U = Ur ⊗1n−r be a local gate acting on r qubits. For U to be symplectic for our choice of J ,
we need that UrY ⊗rUTr = Y ⊗r. This means that Ur can only be symplectic as a unitary on r qubits,
if r is odd. It is therefore not natural to look at symplectic circuits with local gates that act on 2
qubits. A more natural approach is to use local gates on 3 qubits. For example, it is known that
the 3-qubit gate U3 := exp(i(Z1 ⊗ Z2 ⊗ Z3)), together with all 1-qubit gates, span the symplectic
group18. The number of qubits one wants to apply local gates on, is however really dependent on
the choice of J .

We quickly review some symplectic Weingarten calculus. The commutant of the symplectic
representation U → U⊗k is a representation of the Brauer algebra, but by a different representation
than in the orthogonal case. We can now define the representation RUSp as

RUSp(σ) :=

 2k∏
j=1

J
aσ(j)
j

 ∑
i1,...i2k

 2k∏
j=1

δij ,ifσ(j)

 |i1 . . . ik⟩⟨ik+1 . . . i2k|

 2k∏
j=1

J
bσ(j)
j

 , (77)

where we defined aσ(j) = 1 if j < fσ(j) ≤ k and 0 otherwise. Likewise, bσ(j) = 1 if k < j < fσ(j)
and 0 otherwise. Jj is the operator J acting on subsystem j. RUSp is a representation of Bk(−D),
with D the dimension.
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We note that for k = 2 the commutant of the symplectic group is given by 1,F and Πs :=
(J ⊗ 1) |Ωn⟩⟨Ωn| (J ⊗ 1), where we recall that |Ωn⟩ = 1

2−n/2
∑
i∈{0,1}n |ii⟩. We compute the Gram

and Weingarten matrices

GUSp = D

D 1 −1
1 D 1

−1 1 D

 , WgUSp = 1
D(D + 1)(D − 2)

D − 1 −1 1
−1 D − 1 −1
1 −1 D − 1

 . (78)

Hence,

EU∼USpU
⊗2XU †,⊗2 = 1

D(D + 1)(D − 2)
(

[(D − 1) tr(X) − tr(XF) + tr(XΠs)]1

+ [− tr(X) + (D − 1) tr(XF) − tr(XΠs)]F

+ [tr(X) − tr(XF) + (D − 1) tr(XΠs)] Πs

)
.

(79)

2 Symplectic group designs
Our lower bound on the depth of additive-error symplectic group designs proceeds in an exactly
parallel manner to our lower bound on additive-error orthogonal group designs. We consider the
canonical choice J = in

⊗n
j=1 Yj , for which we prove the following theorem.

Theorem 21. Let E be an approximate symplectic unitary k-design with additive error ε < 1/4.
Then at least one symplectic unitary must have a lightcone covering a 1/4’th fraction of the qubits.
This implies E must have circuit depth d = Ω(n) in 1D circuits and d = Ω(logn) in all-to-all
connected circuits for any k ≥ 2.

For completeness, we can also consider the alternative choice J = iY1 introduced in17. For this
choice, all the local gates needed to construct global symplectic gates are all orthogonal, except the
gates acting on the first qubit17. This implies that the depth lower bounds for orthogonal group
designs (in Section 2, based on3) immediately hold for this choice of symplectic group designs as
well.

Proof. To prove the theorem, we will show that any symplectic unitary with lightcone smaller than
the system size can be distinguished from a Haar-random symplectic unitary using two parallel
queries and constant-depth quantum and classical operations.

Let U be a short-depth symplectic unitary and |Jn⟩ ≡ (J ⊗1) |Ωn⟩ the EPR state acted on by J
on the first copy. The state |Jn⟩ can be prepared in constant depth since it is a tensor product of n
two-qubit stabilizer states, |Jn⟩ = |J1⟩⊗n. Our distinguishing protocol proceeds as follows. We first
perturb the J-state by a single-qubit Pauli operator Z1 on the first qubit (taking an arbitrary but
fixed ordering of the qubits) of the first copy. We then apply U to both copies in parallel. Finally,
we choose i ∈ [n] uniformly at random and take the trace inner product with a Pauli-Z operator
on both copies of qubit i, P (i) = Z⊗2

i .
This procedure yields an expectation value,

Ei∼[n] ⟨Ωn| (JZ1⊗1)(U †⊗U †)P (i)(U⊗U)(Z1J⊗1) |Ωn⟩ = Ei∼[n] ⟨Ωn| (JUZ1U
†⊗1)P (i)(UZ1U

†J⊗1) |Ωn⟩ .

In the second expression, we used (1 ⊗ U) |Ωn⟩ = (UT ⊗ 1) |Ωn⟩ and JUT = U †J and U∗J = JU .
Note that P (i) and UZ1U

T commute whenever i is not in the lightcone of UZ1U
T . The proof now

finished in the same manner as Theorem 14.

Moreover, we find a linear lower bound for generalized random brickworks.

Theorem 22. Let E be an approximate symplectic unitary k-design with relative error ε < 1. If E
is a generalized random brickwork, then d = Ω(n).
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Proof. We prepare our system in the state (Z1 ⊗ 1) |Jn⟩ and then apply a symplectic unitary on
both systems. The probability that we measure (1 ⊗ J) |0n⟩⊗2 is

| ⟨Jn| (Z1 ⊗ 1)U⊗2(1 ⊗ J) |0n⟩⊗2 |2 = | ⟨0n|U †Z1U |0n⟩ |2 (80)

For U drawn from the symplectic Haar measure, we get

EU∼USp| ⟨Jn| (Z1 ⊗ 1)U⊗2(1 ⊗ J) |0n⟩⊗2 |2 = tr[(Z1 ⊗ 1) |Jn⟩⟨Jn| (Z1 ⊗ 1)(2n1 − 2F + 2nΠs)]
2n(2n + 1)(2n − 2)

= 1
2n(2n + 1) .

(81)

We note that the symplectic Clifford group (i.e. all Clifford gates that are symplectic) form a
symplectic 2-design for any number of qubits (this group is also called the semi-real Clifford group19,
and corresponds to case B in Theorem 1.6 in20 which proves this group is a 3-design for the unitary
symplectic group). In the case that E is a generalized random brickwork, we can follow the same
argument as for the Clifford and orthogonal case. We thus get that

EU∼E | ⟨0n|U †Z1U |0n⟩ |2 ≥ Ω(pd), (82)

where p is the probability that a local gate (in the symplectic Clifford group) is not entangling.
We get an architecture-independent linear lower bound on the depth of symplectic relative-error
designs.

3 Symplectic state designs: relative error
In this section we prove a lower bound on the depth of relative-error state designs with local sym-
plectic gates.

Theorem 23. Let E be an ensemble of local symplectic circuits with respect to J = in
⊗n

j=1 Yj of
depth d, such that ΦE(|0n⟩⟨0n|⊗2) is a relative-error ϵ-approximate state 2-design for ϵ < 1. The
lightcone starting from any qubit should contain all other qubits. In particular this implies a depth
lower bound of Ω(n) in 1D architectures and Ω(logn) in the all-to-all architecture.

Note that the theorem makes a stronger statement than Theorems 11 and 15 in the all-to-all
connectivity. Also, we do not require the circuit to be locally independent.

Proof. Let E be an ensemble of locally symplectic circuits of depth d < n. We define |J⟩ :=
(J ⊗ 1n×n) |Ωn⟩, where |Ωn⟩ is the n qubit Bell state.

The idea of the proof is that we evaluate the symplectic twirl ΦUSp and the ΦE on initial state
|0n⟩⟨0n|⊗2, and we show that they differ when we take the trace inner-product with the psd operator
(Y1 ⊗ 1) |J⟩⟨J | (Y1 ⊗ 1). More precisely, we show the following two claims.

Claim 1: When evaluating the twirl over E we have that

tr
[
(Y1 ⊗ 1) |J⟩⟨J | (Y1 ⊗ 1)ΦE

(
|0n⟩⟨0n|⊗2

)]
= 0. (83)

Claim 2: When evaluating the symplectic Haar twirl we get

tr
[
(Y1 ⊗ 1) |J⟩⟨J | (Y1 ⊗ 1)ΦUSp

(
|0n⟩⟨0n|⊗2

)]
> 0. (84)

These two claims together directly imply that (1−ϵ)ΦUSp
(
|0n⟩⟨0n|⊗2

)
⪯ ΦE

(
|0n⟩⟨0n|⊗2

)
cannot

be true for ϵ < 1, thus proving the theorem.
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Proof of Claim 1: We note that U⊗2 |J⟩ = |J⟩ for every symplectic U . For U ∈ E , we then have
U⊗2(Yj ⊗ 1) |J⟩ =

(
U⊗2
l (Yj ⊗ 1) |Jxl

⟩
)

⊗ |Jxl
⟩, where Ul is the part of the circuit U that lies in the

lightcone of qubit j. All local gates outside of this lightcone vanish, which leaves us with |Jxl
⟩ on

the qubits outside of the lightcone. We can thus compute

tr
[
(Y1 ⊗ 1) |J⟩⟨J | (Y1 ⊗ 1)ΦE

(
|0n⟩⟨0n|⊗2

)]
= ⟨J | (Y1 ⊗ 1)ΦE

(
|0n⟩⟨0n|⊗2

)
(Y1 ⊗ 1) |J⟩

= EU∼E
[
⟨0n|⊗2

((
U⊗2
l (Y1 ⊗ 1) |Jxl

⟩⟨Jxl
| (Y1 ⊗ 1)U †,⊗2

l

)
⊗ |Jxl

⟩⟨Jxl
|
)

|0n⟩⊗2
]

= 0.

(85)

In the final step, we used that |⟨00|J1⟩| = 1√
2 |⟨00| (|10⟩ − |01⟩)| = 0.

Proof of Claim 2: Uniformly random ensembles of symplectic and unitary states are indistinguishable16.
We can thus replace the symplectic twirl with the unitary twirl:

ΦUSp
(
|0n⟩⟨0n|⊗2

)
= ΦU

(
|0n⟩⟨0n|⊗2

)
= 2

2n(2n + 1)Psym, (86)

where Psym = 1
2(1+F) is the projector onto the symmetric subspace. Note that Y1J is a symmetric

operator, i.e., Y1J = (Y1J)T . This means that

Psym(Y1 ⊗ 1) |J⟩ = Psym(Y1J ⊗ 1) |Ωn⟩ = (Y1 ⊗ 1) |J⟩ . (87)

Hence

tr
[
(Y1 ⊗ 1) |J⟩⟨J | (Y1 ⊗ 1)ΦUSp

(
|0n⟩⟨0n|⊗2

)]
= ⟨J | (Y1 ⊗ 1)ΦUSp

(
|0n⟩⟨0n|⊗2

)
(Y1 ⊗ 1) |J⟩

= ⟨J | (Y1 ⊗ 1)
( 2

2n(2n + 1)Psym

)
(Y1 ⊗ 1) |J⟩

= 2
2n(2n + 1) > 0,

(88)

which is what we set out to prove.

4 Symplectic state designs: additive error
In this section we prove that we can construct additive-error state designs in O(log(n)) depth, using
local symplectic gates. We use a similar approach as in the orthogonal case in Section 4.

Theorem 24 (Equivalence of symplectic and unitary designs on unentangled states). Consider a
state ρ on H⊗k ⊗ A that obeys the PPT condition on each copy of H. Then the Haar symplectic
twirl of ρ is equal to the Haar unitary twirl of ρ up to additive error

∥ΦUSp(ρ) − ΦU(ρ)∥1 ≤ O(k7/2/2n) + O(k/2n/2). (89)

Just as in the orthogonal case, the theorem directly implies that we can construct additive-error
symplectic state designs in depth O(log(kn/ϵ)).

Proof. We define the symplectic distinct subspace as the space spanned by strings (x1, . . . , xk) such
that |xi⟩⟨xi| ̸= J |xj⟩⟨xj | J for all i ̸= j. Let us define Π̂dist as the projector onto this space. The
proof of the theorem follows similar steps as the proof of Theorem 16, except that we project onto
the symplectic distinct subspace.

1. The Haar symplectic twirl squares to itself, ΦUSp = ΦUSp ◦ ΦUSp.
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2. We prove that ∥∥∥[ Π̂dist ◦ΦUSp ◦ Π̂dist ◦ΦUSp
]
(ρ) − ΦUSp ◦ ΦUSp(ρ)

∥∥∥
1

≤ 6k/2n/2, (90)

where Π̂dist(·) ≡ Π̂dist(·) Π̂dist denotes conjugation by the symplectic distinct subspace projec-
tor.

3. Within the symplectic distinct subspace, the Haar symplectic twirl and Haar unitary twirl are
equal up to small relative error,(

1 − ε′) [ Π̂dist ◦ΦU ◦ Π̂dist
]

⪯
[
Π̂dist ◦ΦUSp ◦ Π̂dist

]
⪯
(
1 + ε′) [ Π̂dist ◦ΦU ◦ Π̂dist

]
, (91)

with ε′ = O(k7/2/2n).

4. One can remove the projectors onto the symplectic distinct subspace after the Haar symplectic
and Haar unitary twirls, up to small additive error,∥∥∥[ Π̂dist ◦ΦU ◦ Π̂dist ◦ΦUSp

]
(ρ) − ΦU ◦ ΦUSp(ρ)

∥∥∥
1

≤ 6k/2n/2. (92)

5. The composition of the Haar unitary and Haar symplectic twirl is equal to the Haar unitary
twirl, ΦU ◦ ΦUSp = ΦU.

We start by proving the symplectic version of step 2. Similarly as in the orthogonal case, we
can compute that

∥∥[ Π̂dist ◦ΦUSp ◦ Π̂dist ◦ΦUSp
]
(ρ) −

[
ΦUSp ◦ ΦUSp

]
(ρ)
∥∥

1 ≤ 4
√

1 − tr
(
ΦUSp(ρ) Π̂dist

)
. (93)

We note that 1− Π̂dist ≤
∑
i<j Π̂ij , where Π̂ij =

∑
x∈{0,1}n |x⟩⟨x|i ⊗ (J |x⟩⟨x| J)j . It thus follows

that
4
√

1 − tr
(
ΦUSp(ρ) Π̂dist

)
≤ 4

√∑
i<j

tr
(
Π̂ijΦUSp(ρ)

)
= 4

√∑
i<j

tr
(
ΦUSp(Π̂ij)ρ

)
. (94)

We know that {1ij , Sij ,Πs,ij} is a basis of the commutant of the symplectic group over the
subsystem i, j. We note that tr

(
Πs,ijΠ̂ij

)
= 2n. Using Eq. (78) we compute that

ΦUSp(Π̂ij) = 2n − 1
(2n + 1)(2n − 2)(1ij + Fij + Πs,ij). (95)

We can use the PPT condition to bound the last term,

tr(Πs,ijρ) = tr((1 ⊗ J)ijΠo,ij(1 ⊗ J)ijρ)

= tr
(
(Πo,ij)Γi(1 ⊗ J)ijρΓi(1 ⊗ J)ij

)
≤ ∥(Πo,ij)Γi∥∞ · ∥(1 ⊗ J)ijρΓi(1 ⊗ J)ij∥1

= ∥Fij∥∞ · 1
= 1.

(96)

This all adds up to

tr
(
ΦUSp(Π̂ij)(ρ)

)
≤ 3(2n − 1)

(2n + 1)(2n − 2) ≤ 4
2n . (97)

Combining the things we learned gives

∥∥[ Π̂dist ◦ΦUSp ◦ Π̂dist ◦ΦUSp
]
(ρ) −

[
ΦUSp ◦ ΦUSp

]
(ρ)
∥∥

1 ≤ 4

√
k(k − 1)

2
4
2n ≤ 6 k

2n/2 . (98)
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Step 4 is done similarly.
To prove step 3 we see that

[ΦUSp ⊗ 1](|Ωn⟩⟨Ωn|) = 1
2nk

∑
σ,τ∈Mk

WgUSp(σ, τ)[τ ⊗ σ], (99)

where σ, τ are summed over the generators of the commutant of the symplectic group.
Multiplying by the symplectic distinct subspace projectors yields

[Π̂dist ⊗ Π̂dist] [ΦUSp⊗1](|Ωn⟩⟨Ωn|) [Π̂dist ⊗ Π̂dist] = 1
2nk

∑
π,π̃∈Sk

WgUSp(π, π̃) [Π̂dist π Π̂dist ⊗ Π̂dist π̃ Π̂dist].

(100)
Note that π, π̃ sum over Sk. This follows since the elements of the commutant that are not a
permutation vanish when multiplied with the projector. Similarly as in the orthogonal case we now
get that

∥[Π̂dist ⊗ Π̂dist] [(ΦUSp−Φa)⊗1](|Ωn⟩⟨Ωn|) [Π̂dist ⊗ Π̂dist]∥∞ ≤
∑

π∈Sk\1

∣∣∣WgUSp(π)
∣∣∣+∣∣∣∣WgUSp(1) − 1

2nk

∣∣∣∣ .
(101)

We use that | WgUSp(1) − 1
2nk | ≤ 1

2nk O
(
k7/2

22n

)
, which follows from Theorem 4.10 in12. An argument

similar as the proof of Lemma 19 tells us that
∑
π∈Sk\1

∣∣∣WgUSp(π)
∣∣∣ ≤ 1

2nk O
(
k

2n

)
. We get that

∥[Π̂dist ⊗ Π̂dist] [(ΦUSp − Φa) ⊗ 1](|Ωn⟩⟨Ωn|) [Π̂dist ⊗ Π̂dist]∥∞ ≤ O(k7/2/2n). (102)

An argument similar to the proof of Lemma 18 concludes the proof of step 3.

5 Symplectic anti-concentration
We know that the symplectic twirl equals the unitary twirl on pure states. This directly implies that
the gluing lemma3 also works for the symplectic twirl, provided that the input and the output are
both pure states, that factorize in the qubit-direction. We thus have anti-concentration in O(log(n))
depth for locally symplectic circuits.

Theorem 25. Let E be the ensemble of symplectic matrices drawn from the two-layer superblock
architecture. This gives us two layers of m/2 = n/(2ξ) superblocks each, where ξ = O(log

(
k2n/ϵ

)
).

This ensemble anti-concentrates, i.e.,

EU∼E |⟨0|U |0n⟩|2k ≤ (1 + ϵ) EU∼USp |⟨0|U |0n⟩|2k . (103)

Proof. Let E be the ensemble of superblocks with the superblocks drawn from the unitary symplectic
group. We define E1, E2 as the ensemble of superblocks in the first and second layer respectively.
We have that

EU∼E | ⟨0n|U |0n⟩ |2k = tr
[
ΦE1(|0n⟩⟨0n|⊗k)ΦE2(|0n⟩⟨0n|⊗k)

]
. (104)

As the superblocks are locally drawn independently from Haar random symplectic unitaries, and
symplectic unitaries are indistinguishable from unitaries on pure states16, we can replace the Haar
random symplectic unitaries in Eq. (104) with Haar random unitaries. By the gluing lemma, we
now have that

EU∼E | ⟨0n|U |0n⟩ |2k ≤ (1 + ϵ)EU∼U| ⟨0n|U |0n⟩ |2k

= (1 + ϵ)EU∼USp| ⟨0n|U |0n⟩ |2k,
(105)

if the superblocks act on O
(
log
(
nk2/ϵ

))
qubits.
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Supplementary Note 5 — Matchgate group
In this section, we prove our results on the n-qubit matchgate group Mn, which models the evolu-
tion of free fermions (without particle number preservation). Matchgate designs have been applied
to shadow estimation of fermionic observables21 , scalable benchmarking of quantum computers22 ,
and the development of quantum advantage schemes23. Here we will prove that the superblock con-
struction for matchgate designs requires depth Ω(n1/3) to anti-concentrate (though this is probably
not sufficient). We will furthermore provide stronger lightcone-based lower bounds for relative and
additive-error matchgate state designs.

1 Preliminaries
The matchgate group M(n) is generated by 2-qubit unitaries of the form eθPiQi+1 where P,Q ∈
{X,Y }, supplemented with single qubit X gates, where the qubits are laid out on a line. In this
specific geometry these generators conspire to generate a small subgroup of the unitary group with
a rich structure. To discuss this structure further we need to introduce the so called Majorana
operators.

The Majorana operators (on n fermionic modes) are a set of operators γi for i ∈ [2n] with the
properties that γ2

i = I and γiγj = −γjγi for i ̸= j. They form an algebra that can be represented
faithfully on the space (C2)⊗n of qubit states using Hermitian Pauli operators. There are several
ways of doing this, but a convenient way is the so called Jordan-Wigner (JW) isomorphism, which
maps

γ2i−1 → Z1 . . . Zi−1Xi,

γ2i → Z1 . . . Zi−1Yi.
(106)

It turns out that any matchgate circuit effects an orthogonal transformation at the level of Majoranas;
we can write a matchgate unitary as U(O) with O ∈ O(2n) an orthogonal operator, which acts on
Majorana operators as

U(O)γiU(O)† =
∑
j∈[n]

Oijγj . (107)

Through the JW isomorphism, we can thus think of the matchgate group as irreducible projective
representation of the Lie group O(2n) on (C2)⊗n (sometimes called the Pin representation).1 The
k = 2 diagonal representation (U(O) · U(O)†)⊗2 was evaluated in22, where it was shown that the
average over the twofold tensor product projects onto a space spanned by the operators

Vk =
(

2n
k

)−1/2 ∑
S⊂[2n], |S|=k

2−nγS
⊗2, (108)

with k ∈ [0 : 2n] and where the Majorana operator products

γS =
∏
i∈S

γi, (109)

are normally ordered (that is, in increasing order in the set S ⊂ [2n]). Note that the operators Vk
are orthonormal under the trace inner product.

For the purposes of this paper it is also important to evaluate averages over random matchgates
that only act on a subset of the qubits. It is important to note that such embedded matchgates only
exist if the subset is a sub-interval [a : b] of the interval [n] (with a < b ∈ [n]). These matchgates
form a Pin representation of the orthogonal group O(2(a− b)) acting on the a’th to b’th qubit. The

1Often the name matchgate group is reserved for the subgroup SO(2n). The results we discuss here hold for this
group as well with minor alterations to the proofs.
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second moment average can again be characterized; it has support on the operators A⊗ V
(a,b)
k ⊗B

where A (resp. B) is an arbitrary operator on (C2)⊗a−1 (resp. (C2)⊗n−b), and V (a,b)
k is of the form

V
(a,b)
k = I⊗a−1 ⊗

(
2(a− b)

k

)−1/2 ∑
S⊂[2(a−b)], |S|=k

2−(a−b)γ
(a,b)
S

⊗2
⊗ I⊗n−b, (110)

where γ(a,b)
i is the operator obtained by taking the JW representation of γi and replacing the first

a− 1 Z operators with identity I operators. Note that if k is even this replacement does not change
the Majorana product operators, i.e., if S ⊂ [2(a− b)] and |S| even, then∏

i∈S
γ

(a,b)
i =

∏
i∈S

γi. (111)

2 Matchgate anti-concentration
We prove the following theorem, which constrains how much superblock matchgate circuits anti-
concentrate in the generalized sense (i.e. they approximate the value for uniformly random match-
gates up to a constant factor).

Theorem 26. Consider the ensemble of matchgate random circuits in a 1D superblock construction
with block-size 2ξ, with uniformly random matchgates inside the blocks (and thus total depth 4ξ). If
this ensemble anti-concentrates, that is

22nEU(O)∼E | ⟨0|U(O) |0⟩ |4 ≤ (1 + ϵ)22n
∫
dO| ⟨0|U(O) |0⟩ |4, (112)

for some constant ϵ, then ξ = Ω(n/ log(n)).

Proof. We begin by computing the anti-concentration value of random n-qubit matchgates, i.e.,

χ = 22n
∫
SO(2n)

dO| ⟨0|U(O) |0⟩ |4. (113)

This is a second moment quantity, easily computed using the orthonormal basis {Vk} described
above. Concretely, from the JW isomorphism it is easy to see that |0⟩⟨0|⊗2 is trace orthogonal to
Vk with k odd and that for even k we have

tr
(

|0⟩⟨0|⊗2 Vk
)2 = 2−2n

(
n

k/2

)2(2n
k

)−1

. (114)

This follows by noting that through JW, only Majorana strings composed of γ2i−1γ2i products (i.e.
Zi operators) have non-zero expectation value on |0⟩⟨0|. It’s not hard to see (using standard bounds
for the binomial) that

C1

√
n/((2n− k)k) ≤

(
n

k/2

)2(2n
k

)−1

≤ C2

√
n/((2n− k)k), (115)

for k ∈ [2 : 2n − 2], for some constants C1, C2. From this we immediately obtain that (for some
constant C):

χ = 22n ∑
k∈[0:2:2n]

tr
(

|0⟩⟨0|⊗2 Vk
)2 ≤ 2 +

∑
k∈[2:2:2n−2]

C2

√
n/((2n− k)k) ≤ C

√
n. (116)

We will now compute the same quantity for a 1D superblock circuit of random matchgates. We
divide n qubits into m equal patches of size n/m = ξ, and have random matchgates U(O)(i)
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act on the patches (i, i + 1) (assuming periodic boundary conditions for convenience). Defining
W

(a,b)
k := V

(a,b)
k

(2(a−b)
k

)1/2
and using the embedded Majorana notation defined above we can write

∫
Oi

1⊗U(Oi)⊗2 |0⟩⟨0|⊗2 U(Oi)⊗2† ⊗1 =
4ξ∑

k=0, keven
2−2ξ

(
2ξ
k/2

)(
4ξ
k

)−1

(1⊗W
(ξi+1,ξ(i+2))
k ⊗1). (117)

With this we can partially evaluate the anti-concentration value as

χ = 22n
∫
O1,...On∈O(4ξ)

| ⟨0|
(m/2⊗
i=1

U(O2i−1)
m/2⊗
i=1

U(O2i) |0⟩ |4

=
∑

k1,...km/2∈[0:2:4ξ]
l1,...lm/2∈[0:2:4ξ]

m/2∏
i=1

(
2ξ
ki/2

)(
2ξ
li/2

)(
4ξ
ki

)−1(4ξ
li

)−1

× Tr
[
(W (1,2ξ)

k1
⊗ . . .⊗W

(n−2ξ+1,n)
km/2

)(W (ξ+1,3ξ)
l1

⊗ . . .⊗W
(n−ξ+1,ξ)
lm/2

)
]

(118)

We note that W factorizes in the qubit-direction when taken inside the trace, i.e.,

Tr(ξ+1,3ξ)
[
(W (1,2ξ)

k1
⊗W

(2ξ+1,4ξ)
k2

)W (ξ+1,3ξ)
l1

]
= Tr(ξ+1,3ξ)

(W (1,2ξ)
k1

⊗W
(2ξ+1,4ξ)
k2

)

 l1∑
v1=0

(W (ξ+1,2ξ)
v1 ⊗W

(2ξ+1,3ξ)
l1−v1

)

 . (119)

Note that the equation does not hold without the trace when v1 is odd.
Equation 118 is a rather complicated equation, but because of its 1D nature, its periodic bound-

ary conditions and Equation 119 we can write it as the trace of an m-fold power of a 2ξ × 2ξ
matrix:

χξ = Tr((AB)m), (120)

where

Avw =
(

2ξ
(v + w)/2

)(
4ξ

v + w

)−1

δeven
v+w (121)

Bvw = 2−2ξ Tr
[
W (1,ξ)
v W (1,ξ)

w

]
= δv,w

(
2ξ
v

)
, (122)

where δeven
v+w is 1 for v + w even, and 0 otherwise. We define M = (AB)2 to get

Mvw =
∑
k

(
2ξ

(v + k)/2

)(
2ξ

(w + k)/2

)(
4ξ

v + k

)−1( 4ξ
w + k

)−1(2ξ
v

)(
2ξ
k

)
δeven
v+k δ

even
w+k. (123)

It remains to provide a lower bound for the largest eigenvalue of this matrix. As it is a point-wise
positive matrix, any element on the diagonal provides a lower bound for the largest eigenvalue. In
particular we can calculate the entry M00

M00 =
∑
k even

(
2ξ
k/2

)2(4ξ
k

)−2(2ξ
k

)

≥ 1 + (2ξ)2
(

4ξ
2

)−2(2ξ
2

)
= 1 + Ω(1),

(124)

where for the inequality we evaluated the sum for k = 0, 2. It follows that for some constant c > 0

χξ ≥
(
1 + c

)m/2
. (125)
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In order to obtain anti-concentration, we require(
1 + c

)n/2ξ ≤ (1 + ϵ)C
√
n, (126)

which directly leads to ξ = Ω(n/ log(n)), which in turn implies the same scaling for the circuit
depth.

3 Matchgate state designs
We now prove lower bounds for matchgate state designs. We note that due to the explicit one
dimensional nature of the matchgate group these results are simpler to state and prove than the
analogous statements for the other groups we have discussed. This is so because limiting the depth
of a 1D circuit implies the existence of a lightcone that does not depend on the internal structure of
the circuit. Hence we have no need for extra assumptions to make our proofs work.

Theorem 27. Let E be an ensemble of matchgate circuits of depth d. The following now holds:

1. If ΦE(|0⟩⟨0|⊗2) is an additive-error (with ϵ < 1/(2n− 1)) state design, then d = Ω(n)

2. If ΦE(|0⟩⟨0|⊗2) is a relative-error (with ϵ < 1/(4n− 2)) state design, then d = Ω(n).

Proof. Consider the Majorana operators γ1, γ2n. For uniformly random matchgates we have (using
the definition of Vk): ∫

O(2n)
dO| ⟨0|U(O)γ1γ2nU(O)† |0⟩ |2 = 1

2n− 1 . (127)

On the other hand, if U(O) is a matchgate circuit of depth d ≤ n/4, then clearly

| ⟨0|U(O)γ1γ2nU(O)† |0⟩ |2 = | ⟨0|
n/2∑
i=1

αiγi

2n∑
j=3n/2

βjγj |0⟩ |2 = 0, (128)

since ⟨0| γiγj |0⟩ = 0 unless i = j or i is odd and j = i + 1. Now since the operator (γ1γ2n)⊗2 is
hermitian and of operator norm 1, one clearly requires d ≥ n/4 to obtain any additive error state
design of error smaller than 1/(2n− 1). Since the existence of relative-error state designs with error
ϵ imply the existence of additive-error state designs with error 2ϵ the same conclusion holds for
relative-error designs.
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