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Random quantum operations are a central tool in quantum information and
beyond, having applications ranging from benchmarking and cryptography to
many-body physics. While recent advances have shown that shallow-depth
circuits can realize approximate unitary designs, which are ensembles that
appear to be random to a restricted observer, it remained unclear whether
similar constructions extend to other groups that play important roles in
quantum computing. We provide a range of results on several groups of broad
interest in quantum information science: the Clifford group, the orthogonal
group, the unitary symplectic groups, and the matchgate group. For these
groups we prove that designs cannot be generated by any circuit ensemble
with lightcones that are smaller than the system size. We moreover show that
commonly considered circuit ensembles cannot generate designs in sub-linear
depth on any circuit architecture. On the other hand, we prove that slightly
weaker forms of randomness—including additive-error state designs and anti-
concentration—nevertheless emerge at logarithmic depths in many cases. Our
results reveal that the onset of randomness in shallow quantum circuits is a
widespread yet subtle phenomenon, dependent on the interplay between the
group itself and the context of its application.

Random quantum operations are a central tool in quantum informa-
tion theory and beyond. Applications include a wide range of research
fields, such as quantum system characterization', quantum learning®,
quantum supremacy experiments °, quantum machine learning®’,
quantum cryptography®’, quantum many-body physics'*", and quan-
tum gravity? ™,

A natural, and the most commonly used, candidate for a random
class of quantum operations is the Haar-random unitaries given by the
unique uniform distribution on the unitary group. While easy to work
with in theory, the Haar measure is often far from practical: Standard
counting arguments show that exponential circuit depth is required to
implement a Haar random unitary®. A second, independent objection
to Haar-random unitaries is that they require access to a universal gate

set, rendering them potentially expensive to implement on early fault-
tolerant devices. Significant effort has thus been spent to find low-
depth constructions of random unitaries that appear Haar-random to a
restricted observer'®?. Roughly, these constructions fall into two
categories: Approximate unitary k-designs® that appear Haar-random
to an observer with access to at most k copies of the sampled unitary,
and pseudorandom unitaries that appear Haar-random to a compu-
tationally bounded observer®.

While approximate unitary designs and pseudorandom unitaries
using circuits of depth linear in the number of qubits have been known
for a few years”, sub-linear depth constructions were only found very
recently”* There, such ensembles are constructed in logarithmic and
polylogarithmic depth, respectively, even in a 1D geometry. The results
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of refs. 21,22 came as a great surprise, because in this regime lightcones
are of negligible size compared to the system size and yet the distin-
guishability to Haar-random unitaries (which generate near-maximally
entangled states) decays exponentially. Indeed, previous methods -
often based on analyzing the spectrum of so-called moment operators
- also apply to classical analogs of random quantum operations, such
as random reversible circuits. But mixing in logarithmic depth appears
to be a quantum phenomenon and can be proven to be false for
classical analogs®. What is more, ref. 21 gives an argument that rules
out log-depth construction of orthogonal designs, i.e., based on
orthogonal matrices. Not only do classical circuits not mix at loga-
rithmic depth, but even the absence of complex numbers results in a
linear lower bound. Instead, the construction in ref. 21 glues designs on
local, log-sized patches together to form designs globally. A dichot-
omy seems to emerge: Either the class of operations is sufficiently
universal to allow for a gluing construction or a linear lower bound can
be proven.

In this paper, we delineate the boundaries of this phenomenon
and ask generally: Will it glue? More precisely, we use lightcone
arguments to prove strong lower bounds on the circuit depth for
additive-error group designs over the Clifford group, the orthogonal
group, the unitary symplectic group, and the matchgate group. These
results are particularly strong in one dimension, setting linear lower
bounds on the required circuit depth. In general architectures, these
bounds depend on the connectivity in the form of the lightcone of
qubits and still constitute non-trivial results. Intriguingly, we are also
able to show linear lower bounds independent of the underlying
architecture for a vast majority of circuit ensembles considered in the
literature, such as the popular brickwork circuits. We derive these
bounds for relative-error state designs generated by such circuits,
which implies analogous circuit lower bounds for relative-error group
designs. These findings indicate that lightcones underestimate the
mixing time of non-universal circuits, while ref. 21,22 show that they
overestimate in the case of universal circuits. In this sense, lightcone
considerations may generally be misleading when studying designs.
However, for the strictly weaker notion of additive-error state k-
designs, we instead give logarithmic depth constructions for the
orthogonal and symplectic groups, as well as the Clifford group (if
k < 6). Moreover, we show that for all of these cases, we have a gen-
eralized notion of anti-concentration in logarithmic depth. For the
matchgate group, we show that linear depth is still necessary for
additive-error state designs, and we moreover give a (probably sub-
optimal) Q(n/log(n)) depth lower bound for anti-concentration
(relative to the corresponding value for the uniform matchgate
group average), specifically for a gluing-type construction.

Results

We will begin by introducing some notation and the various notions of
randomness we use in our results. We then give an overview of the
results, followed by a more detailed discussion for each group
individually.

Notation and concepts

Let G be a (compact) subgroup of the unitary group U(2") on the n-
qubit Hilbert space H=(Cz)®n (in this work, we focus on n-qubit sys-
tems, although some of our results can be readily generalized to qudit
systems). The Haar measure on G should be thought of as the most
uniform probability measure on G - Formally, it is the unique prob-
ability measure that is both left and right invariant under multi-
plication with elements of G. We write E,,_ for the expectation value
over the Haar measure on G.

We often call general probability distributions over G ensembles
and typically denote them by £. These will always be implemented by
quantum circuits, so we will also sometimes speak of circuit ensem-
bles. To quantify how close an ensemble ¢ is to the Haar measure, we

consider moments of the distribution, given as
By tr(BUBK AU &) @

for suitably sized matrices A and B. If all k-th moments of £ agree with
those of the Haar measure, we call £ a unitary k-design over the group
G. We note that if A (or B) commutes with U for all U € G (we say they
are in the k-th commutant of G), then the moments trivially agree.

We typically only require that moments are reproduced up to a
(small) error - we then call £ an approximate k-design. However, there
are different notions of approximation, which are not equivalent in
their resource demands.

Additive-error group k-designs over G require that k-th moments
are reproduced up to an additive error. For this to be well-defined, the
matrices A and B in Eq. (1) have to be suitably restricted. Here, we
typically take A to be a quantum state and B to be a POVM element -
such that the error relates to the probability of distinguishing the
averaging (or twirling) channels ®% : =,  U®*()U"** and OX .
=E,cUPX()U"®* and can be alternatively written in terms of the
diamond norm as [| O — ®¥||_ <e. Strictly speaking, we would need
to include auxiliary systems in Eq. (1), but we omit this detail for this
discussion.

Relative-error group k-designs over G require the reproduction of
k-th moments up to a multiplicative error. We keep A and B restricted,
but as overall normalizations do not matter for relative errors, we take
them to be arbitrary positive semi-definite (psd) matrices (i.e., Her-
mitian matrices with non-negative eigenvalues). A relative error €
always implies an additive error 2¢”. Even more, given a relative-error
e-approximate unitary k-design &£, any quantum experiment that
queries a unitary U from £ at most k times outputs a state that is, on
average, 2¢-close in trace distance to the output state obtained if U
were sampled from the Haar measure instead. For an additive-error e-
approximate unitary k-design, the same statement holds, but then for
non-adaptive quantum experiments®”. An additive error is thus a
weaker requirement than a relative error.

We have analogous statements for state ensembles: Haar-random
quantum states over G are given by S;={U|0")|U € G} with the
induced measure. The moments of a state ensemble £/ are given as

E e trBI) (91%). )]

Additive-error state k-designs over G are those for which these
moments are e-close to the Haar moments (for any POVM element B),
or equivalently the one with trace distance
error |[E s, 1) ($1™ — By o l0) (911 <€

Relative-error state k-designs over G reproduce all k-th moments
with psd B up to multiplicative error. Unlike with group designs,
additive-error state designs suffice for indistinguishability from Haar
random in every quantum experiment that queries a state |z/)> atmost k
times. That is because there is no such notion as adaptivity when
considering states. There is thus no clear operational interpretation for
relative-error state designs. However, for certain procedures like sha-
dow tomography**, one really needs relative errors. If £ is a relative-
error unitary k-design, then {U|0")|U ~ £} is a relative-error state k-
design. A similar statement holds for additive error. State designs are
thus a weaker notion than group designs.

Anti-concentration is the weakest notion of randomness that we
consider. We here adopt a common misusage of this word in the
random circuit community and mean that the moments in Equation (1)
of the ensemble £ withA=B8= |0”><0"|®k approximate the Haar value
over G up to arelative error. We then say that £ anti-concentrates up to
order k. In contrast, anti-concentration in the conventional sense is a
property of the ensemble of outcome distributions. The conventional
notion is implied if the kK = 2 Haar moment scales as 4™, which is,
however, not necessarily true for any subgroup G, e.g., the matchgate

Nature Communications | (2026)17:11290


www.nature.com/naturecommunications

Article

https://doi.org/10.1038/s41467-026-77776-7

group does not scale like that. We note that if £ forms a relative-error
state k-design, then it anti-concentrates up to order k.

Most of our bounds depend on the architecture according to
which the qubits are ordered and connected. An architecture is
described by a graph, where the vertices of the graph are the qubits,
and an edge between two vertices indicates that a 2-qubit gate can be
applied on those 2 qubits. Commonly studied architectures are 1D and
2D lattices (with open or closed boundary conditions), or all-to-all
connectivity (the complete graph). We define the diameter (often
denoted as dia) as the largest possible distance between two vertices in
the architecture, e.g. the diameter of 1D is dia = O(n), for
2D dia=0(+/n), and for the all-to-all connectivity dia = O(1). Note,
however, that many known constructions of designs in the all-to-all
connectivity actually use architectures of higher diameter. For exam-
ple, the construction of Clifford 3-designs in ref. 21 in O(loglog(n))
depth implicitly uses an architecture of diameter O(n/ log(n)).

Finally, we elaborate a bit on the assumptions we impose on the
circuit ensembles to derive lower bounds that are independent of the
architecture. Due to their clearly defined structure, we obtain the
strongest results for so-called generalized random brickworks. We
define them as a circuit ensemble that is a concatenation of indepen-
dently chosen r-local Haar-random gates, for some constant r.

Definition 1. (Generalized random brickworks) Let A;, ..., A; be subsets
of [n] of size at most some constant r, and such that the qubits in A4; are
connected w.r.t the underlying architecture. For each A; draw a unitary
U; from the Haar measure of the group G and apply it to the respective
qubits. Let £ denote the ensemble of circuits generated by composing
all these unitaries. We call an ensemble of this form a fixed brickwork. A
generalized random brickwork is defined as a convex combination of
(different) fixed brickworks.

See refs. 18,20,28,29, and Corollary 1, first bullet point, in ref. 21
for examples of fixed brickworks that are thus generalized random
brickworks as well. See Def. 1.4, first bullet point, in ref. 20 for an
example of a generalized random brickwork which is not a fixed
brickwork. See refs. 24,30,31 and Corollary 1, second bullet point, in
ref. 21 for examples of ensembles that are not generalized random
brickworks.

We define a locally independent ensemble as an ensemble such
that the local gates acting on a qubit are drawn independently from the
local gates acting on qubits that are far away.

Definition 2. (Locally independent ensemble) Let £ be an ensemble of
unitary circuits on a fixed architecture. Let S, (U){U7, ..., Uﬁlu}u be the
set of local unitaries that act on qubit x for a circuit U. If for every pair
of qubits x, y that have distance at least dia/2 we have that S,(U) and
S,(U) are independent variables when U is sampled from &, then € is
locally independent.

Note that the notion of a locally independent ensemble does not
make any sense in the all-to-all architecture, as there we have that
dia = 1. Almost all of the ensembles named in the previous paragraph
are locally independent. Only the ones in ref. 32 and Def. 1.4, first bullet
point, in ref. 20 are not, as these ensembles use the all-to-all
architecture.

Summary of results

We study four subgroups of the n-qubit unitary group, namely the
Clifford group Cl(n), the orthogonal group O(2"), the unitary sym-
plectic group USp(27), and the matchgate group M(n). For all the
notions of randomness discussed in the previous section, we either
show that they can be constructed in O(log(n)) depth, or aim at
deriving Q(n) lower bounds, where n denotes the number of qubits (we
suppress the k and e-dependence). Our lower bounds come in two
different flavors, which both build on the existence of suitable

Fig. 1| Detection of short-depth local circuits over certain subgroups G by a
lightcone argument. We construct a factorizing operator Q®" that commutes with
the k-copy action of G. By hiding the first factor behind a single-qubit gate, a local
circuit will no longer leave the perturbed operator invariant -- instead only the local
gates outside the lightcone of the first qubit cancel due to the invariance of the local
Q's. If the circuit is too short and the lightcone does not contain all qubits, then
some of the qubits stay unentangled with the rest. This can be probed by a suitable
observable, allowing to separate short-depth circuits from deep circuits and setting
a lower bound on the depth of approximate designs.

invariances of the tensor power representation of G, i.e., an operator Q
that commutes with U for all U € G.

The first flavor uses lightcone arguments to rule out short-depth
designs, cf. Fig. 1, generalizing an observation in ref. 21. The lower
bounds derived in this way scale with the minimal depth of a lightcone
that is supported on a constant fraction of all qubits; we let £(n) denote
this minimal depth. Note that #(n) depends on the underlying archi-
tecture. These lower bounds are particularly strong in 1D yielding Q(n),
but still give non-trivial lower bounds in other architectures, for
instance Q(n"?) in D-dimensional lattices and Q(logn) in all-to-all
connectivity. In some cases, however, we only manage to prove
(slightly) weaker lower bounds depending on the diameter of an
architecture. The diameter is the maximal distance between any two
qubits in the architecture. For D-dimensional lattices, the diameter
scales the same as the minimal depth of a lightcone that supports (a
constant fraction of) the qubits, dia < £(n) = @(n"), but in the all-to-all
connectivity the diameter equals 1.

For the second flavor, we go beyond architecture-
dependent bounds by noting that for many classes of random
circuits, at every layer of the circuit there is a finite probability
that a lightcone does not grow. We show a linear-depth lower
bound rigorously for generalized random brickwork circuits.
The technique used provides us with linear lower bounds Q(n) in
any architecture, even with all-to-all connectivity. We emphasize
that these lower bounds still hold under a significant relaxation
of the definition of generalized random brickwork, and we
decided for Def. 1 to simplify the presentation. More precisely,
we do not necessarily need that the local gates are uniformly
distributed, and their distributions do not have to be identical
either (but they should be sampled independently). Instead, our
proofs require that the local gates preserve some single-qubit
Pauli operator (up to a phase) with a finite probability or, more
generally, that they can be replaced by such a distribution up to
second moments (see also Section 4 for a sketch of the argu-
ment). This includes a vast majority of the random circuits
considered in the literature; it, for example, also includes the
circuits considered in ref. 31 that are not generalized random
brickworks.
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Table 1| Overview of circuit depth bounds obtained in this work and in the literature, for various notions of k-designs and
different subgroups of the unitary group (bounds without references are derived in this work)

Notion of randomness Group

u(2") o(2") Usp(2") Cl(n) M(n)
relative-error group designs  O(log(n))*"* Q(n)), Qn)' QE(n)), Qn) k < 4: k24: O(log(n))***Q(&(n)), Q(n)' Q(n)
additive-error group designs ~ O(log(n))*"* Q(8(n)) Qn)) k < 4: k24: O(log(n))*"*Q(&(n)) Q(n)
relative-error state designs O(log(n))*+* Q(dia)’, Q(n)' Q#(n)) k < 4:k=4: O(log(n))***Q(dia)’, Q(n)' Q(n)
additive-error state designs  O(log(n))*"* O(log(n)) O(log(n)) k < 6: O(log(n)) Q(n)

i H 21,22,29,43 35 36,44

anti-concentration O(log(n)) O(log(n)) O(log(n)) O(log(n)) Q(%)

Here, we always assume k>2 and indicate further restrictions on k when necessary, but otherwise suppress the k-and e-dependence in the asymptotic notation. The first set of our lower bounds
depend on the architecture through #(n), the minimal depth of a lightcone that is supported on a constant fraction of all qubits. This translates to #(n) = ©(n"°) on a D-dimensional lattice and to
£(n)=0(log n) on all-to-all architectures. The other lower bounds are derived under mild structural assumptions on the used circuit: The ones indicated by a * depend instead on the diameter dia, the
largest distance between two qubits in the architecture, which can yield a different scaling as the lightcone bounds. The ones indicated by a t are derived for so-called generalized brickwork circuits
and do no longer depend on the underlying architecture. The upper bounds are derived for the two-layer superblock circuits from Ref. 21. Note that some notions of randomness imply others. In this

table, the relative-error group design is the strongest notion.

Our upper bounds, on the other hand, all explicitly pass through
the gluing lemma of ref. 21 (thus proving that it will glue). We extend
this construction by various non-trivial statements of unitary k-design-
ness of the Clifford, orthogonal, and symplectic groups when
restricting the input states to being positive partial transpose (PPT) on
all copies of the state.

For all notions of randomness, we assume that the considered
ensemble consists of unitaries from the considered group. However,
the local gates from which the unitaries are constructed need not be
from the subgroup. Table 1 shows an overview of all the results in this
paper, together with a few known results from the literature. We now
discuss our results for each group individually.

Clifford group

We know that the multi-qubit Clifford group is an exact unitary
3-design®, thus, the results from refs. 21,22 carry over to random
Clifford circuits for k<3. It is therefore interesting to see that a
clear distinction can be made between Clifford 3-designs and
Clifford 4-designs in terms of circuit depth. Indeed, we prove that
if the lightcone starting from the first qubit does not contain a
constant fraction of all qubits, an ensemble cannot be an (addi-
tive or relative-error) Clifford 4-design. In the 1D architecture,
this gives us a lower bound of Q(n), which is exponentially worse
than for k = 3. For the all-to-all architecture this gives a lower
bound of Q(log(n)).

We also prove a lower bound of Q(dia) for relative-error Clifford
state 4-designs, where dia is the architecture’s diameter, under the
additional assumption that the circuits are locally independent. This
assumption is typically satisfied for the commonly considered random
quantum circuits and thus a minor restriction only. We also believe
that the assumption can be eventually dropped.

For generalized random brickwork circuits, we also prove a strong
Q(n) lower bound on relative-error state designs in any architecture. Of
course, this implies the same lower bound for relative-error group
designs for this class of random circuits.

Given these linear lower bounds, it is somewhat surprising that
the construction of additive-error Clifford state 4- and 5-designs of
depth O(log(n)) in 1D is possible. This result follows from the fact that,
for k<5, the k-copy ensemble of stabilizer states is close in trace dis-
tance to Haar-random states with an error O(2~"). It is notable that our
proof technique fails for k=6, as these stabilizer states can be efficiently
distinguished from Haar-random states through Bell difference sam-
pling. After the release of the first version of this work, the existence of
O(log(n))-depth additive-error Clifford state designs for k>6 was pro-
ven in ref. 34.

Proofs and further details on the Clifford group are given in
Supplementary Note 2.

Orthogonal group

Alower bound on the depth of relative-error orthogonal group designs
was already known in ref. 21, based on a similar lightcone argument as
we use in this work. We extend the lower bound Q(¢(n)) to an additive-
error statement. We also extend their argument to relative-error
orthogonal state designs, provided the same nuances on local inde-
pendence as in the Clifford case. We moreover prove the same strong
Q(n) depth lower bound for generalized random brickwork circuits in
any architecture.

Surprising is the fact that we can construct additive-error state
designs in O(log(n)) depth. We prove a theorem that states that the
unitary and orthogonal Haar twirl are equal on PPT states, up to an
exponentially small additive error, more precisely, with n-dependence
2“%' Note that an additive error of € implies a relative error of € - 4™,
The exponent of our additive error is thus not small enough to imply a
relative error statement.

We also show that random orthogonal circuits anti-concentrate in
depth O(log(n)) for k = 2 at the example of the two-layer superblock
circuits from ref. 21. We note that anti-concentration at higher k was
shown for orthogonal MPS in ref. 35, and we think that the analogous
statement for superblock circuits can also be derived along the lines
of ref. 36.

Proofs and further details on the orthogonal group are given in
Supplementary Note 3.

Unitary symplectic group

Our results for the unitary symplectic group are similar to those for the
orthogonal group. Note that we obtained a slightly stronger statement
for relative-error state designs, as we do not need the assumption of
local independence.

The result on state designs is surprising, as we know that Haar-
random ensembles of symplectic and unitary states are
indistinguishable”, i.e., symplectic state designs are identical to uni-
tary state designs. We know that these relative-error state designs can
be constructed in O(log(n)) depth using local unitary gates in the 1D
architecture? . It is therefore quite surprising that relative-error state
designs cannot be constructed in O(log(n)) depth using local sym-
plectic gates. The indistinguishability between symplectic and unitary
state designs combined with the unitary gluing lemma® does however,
directly imply symplectic anticoncentration in O(log(n)) depth.

Proofs and further details on the unitary symplectic group are
given in Supplementary Note 4.
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Matchgate group
Finally, we provide lower bounds for the matchgate group. We prove
two main results. The first result states that the superblock archi-
tecture does not attain the minimal anti-concentration value (which is
0O(+/n), in the context of fermions this quantity is also called an inverse
participation ratio®) for any circuit that has less than Q(n/log(n))
circuit depth. We suspect that this scaling behavior is (slightly) non-
optimal and that a linear-depth lower bound should be possible.
Interestingly, our proof is entirely combinatorial in nature and uses no
lightcone arguments. The second result states that matchgate
additive-error state designs are not possible for any depth less than
Q(n), with the minor technical caveat that the proof only covers errors
(inboth the relative and additive cases) of size O(1/n). This argument is
essentially lightcone-based, but is substantially less subtle than similar
arguments for other groups, as the matchgate group is inherently local
with respect to a 1D architecture.

Proofs and further details on the matchgate group are given in
Supplementary Note 5.

Discussion
Our results immediately impact constructions of efficient randomiza-
tion protocols over restricted groups, for instance:
* The circuit complexity of randomized protocols based on Clifford
unitaries under circuit re-use (such as thrifty shadow estimation”).
* Our results prevent the existence of short-depth matchgate
designs; thus fermionic protocols, such as fermionic shadows,
may need much deeper circuits than their qubit counterparts.
This answers a question raised in ref. 39 in the negative (at least for
geometrically local circuits).

Beyond this, our work raises a number of interesting theoretical
questions, of which we list several key ones in the following:

* Our work raises the question of which subgroups of the unitary
group could actually support a gluing lemma. Beyond its strict
meaning, gluing-type constructions succeed in many settings, as
demonstrated in this work. We believe that at least the strong
existence question could be rigorously decided, as there are
rather few relevant groups. Perhaps this could be done following a
logic similar to the work of Tiep and Guralnick*’. However, we
suspect that any of these questions are highly nontrivial to
answer.

There is, for a fixed group, also the question of which classes of
observables (acting on several copies of the unitary) actually
witness lightcones in state designs. We see that anti-concentration
is generally possible in short depth even when designs cannot be
formed, so |O”><O"|®k is an observable that does not witness
lightcones. Is there a natural class of anti-concentration-like
observables? We suspect that the PPT condition we use in several
proofs could serve as at least a sufficient condition, but a general
statement of that form is unclear.

It is known that barren plateaus arise when optimizing over
orthogonal or symplectic 2-designs*, and our results on additive-
error state designs imply that barren plateaus will also emerge
when optimizing over shallow orthogonal or symplectic circuits. If
one could find an interesting group which does not allow shallow-
depth designs even in the weaker notions, and is not classically
simulatable like the matchgate group, then it might be possible to
optimize efficiently over sub-linear depth circuits of this group.

While finishing this manuscript, we became aware of the work*?,
which shares several goals and results with our work. There, it is shown
that G-invariant pure states (in the sense that U® |$) o< 1)) can be
used to discriminate short-depth circuits from G-Haar-random uni-
taries, which yields a lower bound on the diamond distance between
the respective twirls. This implies that there cannot be additive-error

designs over G in such depth. Both our work and ref. 42 consider the
same set of examples for G and arguments based on lightcones.
However, we consider a more general notion of invariance, namely the
existence of factorizing positive-semidefinite operators Q in the k-fold
commutant (i.e., [U®, Q] = 0). This allows us to already give lower
bounds on Clifford 4-designs, while the criterion in ref. 42 only applies
to 8-designs. Moreover, we also rule out relative-error state designs
over the considered subgroups, which is not implied by ref. 42. Going
beyond lightcone arguments, we prove stronger results for general-
ized random brickwork circuits, which set linear lower bounds on
relative designs in any architecture. Finally, we also construct additive-
error state designs and prove anticoncentration over all but the
matchgate groups in logarithmic depth, and prove (almost) linear
lower bounds for the matchgate group.

Methods

In the following, we will give an overview of the methods used in this
work and sketch the arguments used to derive our results. We refer the
reader to the Supplementary Information for the exact statements of
our results and detailed proofs.

Lower bounds

Most of the lower bounds in this paper are based on a similar lightcone
technique as used in ref. 21 to give a lower bound on the depth of
orthogonal designs. The exception are the lower bounds for general-
ized random brickwork circuits, on which we will elaborate
more below.

Lightcone arguments. To give circuit depth lower bounds for group
and state designs over subgroups G, we make use of the existence of
specific positive semi-definite (psd) operators Q>0 in the group’s k-th
order commutant. The structure of these operators allows us to
effectively test for lightcones of individual qubits and thus to separate
deep from shallow circuits. Properly normalized, Q can be seen as
either a (mixed) quantum state or a POVM element, thus allowing us to
use this argument in different variations for both additive-error and
relative-error designs.

More specifically, suppose we can find a factorizing Q in the sense
that Q=Q; ® --- ® Q,,, where all tensor products of the local operators
Q20 are in the k-th commutant of G restricted to the respective qubits.
Consider alocal perturbation to Q by applying a Pauli-Z operator to the
first qubit: Q' = (Z; ® 1%¥HQ(Z, ® 1%V, Now @ is still psd but, in
general, not invariant under G. However, if V € G acts trivially on the
first qubit, then V& Q Ve =qQ.

Hence, if we consider the action of a local G-circuit U on Q, all
gates which are outside of the lightcone of the first qubit cancel. This is
most clearly seen at the example of a brickwork circuit, cf. Fig. 1. In the
first layer, all gates cancel except the gates that act on the first qubit. In
the second layer, again all gates cancel except the ones that act on
qubits which were acted upon by the first layer, i.e., the first two qubits.
Iterating this argument shows that the only gates left after d layers are
the gates that form a lightcone starting from the first qubit.

If this lightcone does not include all qubits, then we are left with
operators Q; on the remaining ones, which we can test for by mea-
suring their local expectation values.

We show that this gives a means to distinguish deep circuits (or
Haar-random unitaries) from short circuits, setting a lower bound of
Q(¢(n)) for the depth of k-designs for the specific group, where #(n) is
the minimal depth of a lightcone that is supported on a constant
fraction of all qubits. In the 1D architecture this implies a lower bound
of Q(n), in the all-to-all connectivity a lower bound of Q(log(n)).

We note that finding such Q for the considered groups is not
difficult. For the orthogonal and unitary symplectic group, we can
simply vectorize the preserved bilinear forms (the identity matrix 1, or
the symplectic form J,) to construct Q. We obtain Q in the k = 2
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commutant as the projector onto the maximally entangled state |Q,,)
oronl/,) = (, ® 1,)IQ,), respectively. For the Clifford group, we can
find a suitable Q in the k=4 commutant as the infamous stabilizer code
projector < Y ,P®*, where the sum runs over all n-qubit Pauli operators.
Note that all three examples are PSD and factorize in the desired way.

Pauli scrambling arguments. The second lower-bound technique is
built on the insight that the existence of factorizing Q in the commu-
tant allows to reduce psd moments tr(PU®XQ U ®¥) (with P=0) to Pauli
expectation values. The former are exactly the functions which can be
estimated up to relative error using log-depth random circuits over the
unitary group®?, while the latter generally need linear depth, even for
universal circuits. On a high level, the existence of such a relation
between these two types of functions for the here considered sub-
groups prevents the construction of log-depth (relative-error) designs.
More precisely, applying the random circuit to Q" and taking the right
POVM, we are left with probabilities of the form o [(0|UZ,U*|0)|*. For
the previously introduced generalized random brickwork circuits, we
then explicitly show that these Pauli expectation values need linear
depth to approximate their Haar values within relative error. Intui-
tively, there is a constant probability in every layer that the locality of Z;
is preserved and thus the probability that the final operator is Z; decays
exponentially with the depth. To achieve the exponentially small Haar
value, the depth thus has to be linear. Using this technique, we obtain a
lower bound of Q(n) on the depth of relative-error state designs for the
Clifford and orthogonal groups, and relative-error group designs for
the symplectic group. Crucially, this result holds for generalized ran-
dom brickwork circuits in any architecture and is thus considerably
stronger than the previously discussed lightcone arguments. We are
confident that our arguments can be generalized to an even broader
class of circuit ensembles and may even hold for general circuits (cf.
the comment below in Section 2).

Arguments for matchgates. Finally, we use slightly different techni-
ques to deal with the case of the matchgate group. The inherently one-
dimensional nature of matchgates makes them relatively straightfor-
ward to deal with. We prove a lower bound on the anti-concentration
value by relating it to a path counting problem in the commutant of the
second moment averaged circuit. We cut a short depth circuit into
roughly square pieces and lower bound the number of paths that pass
through such cuts, which leads directly to a lower bound on the
anticoncentration value. Our proof only deals with superblock circuits,
but we believe the technique can be easily generalized to arbitrary
matchgate circuit distributions. Finally, the absence of state designs is
proven by a straightforward one-dimensional lightcone argument at
the level of Majorana operators.

Upper bounds

The constructions for O(log(n))-depth designs (of various types) in this
paper are similar to the construction in ref. 21. The idea is to construct
a two-layer brickwork circuit in which the local gates act on a large
number of qubits (superblocks). We organize n qubits in m local pat-
ches, each consisting of £ = n/m qubits. We choose m to be even. In the
first layer we apply superblocks to the local patches
1,2),(3,4),..., (m-1,m), and in the second layer to the local patches
2, 3), 4,5), ..., (m, 1). In the first layer we thus have m/2 superblocks,
that act on 2§ qubits each. The second layer is the same as the first
layer, except that the superblocks act on patches that are shifted ¢
qubits from the patches the superblocks in the first layer act on. The
superblocks are independently drawn from the Haar measure of a
given group G (or from k-designs if required). The key step in ref. 21 is
then the gluing lemma.

Lemma 1. (Gluing lemma, Theorem 1inref. 21) Let £ be the ensemble of
matrices drawn from the two-layer superblock architecture for the

unitary group U. If we choose § = O(log(nk/€)), then £ is a relative-error
e-approximate unitary k-design.

In ref. 20 it is shown that random brickwork circuits form unitary
k-designs in depth O((nk + log(1/€)) poly log (k)). If we thus insert
random brickwork circuits of this depth in the superblock construc-
tion &£, we get a relative-error e-approximate unitary k-design in depth
d=0(log(n/e)k poly log (k)). Note that this construction is a general-
ized random brickwork.

To prove that additive-error state designs can be constructed
in depth O(log(n)) for the orthogonal and the symplectic group,
we use a similar construction in conjunction with a new techni-
que; We show that the Haar twirl over these groups is e-close in
trace distance to the unitary Haar twirl, for € polynomial in k and
27", provided that the input state obeys the positive partial
transpose (PPT) condition with respect to every copy of the Hil-
bert space H. This is proven by projecting on a subspace of the
Hilbert space where the commutant of the considered subgroup
is identical to the commutant of the unitary group. For the
orthogonal group, this is the distinct subspace** and we define an
analogous subspace for the symplectic group. We then observe
that if p is PPT, then U®*pU®** is as well. The two-layer superblock
brickwork will thus provide a O(log(n))-depth construction for
additive-error state designs by the gluing lemma.

To obtain expressive circuit depth upper bounds on anti-con-
centration, we have to restrict the considered circuits to a relevant
class of interest. This is because we can otherwise find constant-depth
circuits that anti-concentrate but are otherwise not interesting (for
instance, a layer of parallel Hadamard gates trivially anti-concentrates
for the unitary group). For concreteness, we here focus on the two-
layer superblock construction from ref. 21. The bounds then follow by
an explicit calculation using Weingarten calculus in the orthogonal
case. In the unitary symplectic case, this follows readily from the fact
that the twirl over USp-Haar random states is the same as over U-Haar
random states and thus the result follows directly from the glu-
ing lemma.

Data availability
Data sharing is not applicable as no datasets were generated or ana-
lyzed during the current study.
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