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Chapter 1

Introduction

1.1 Inline Industrial Inspection

Non-destructive inspection is essential to ensure that products meet quality standards
before further assembly, processing, or distribution. In general, two inspection strate-
gies can be distinguished: offline and inline [4].

Offline inspection separates the production and inspection stages by extracting
samples from the production line. This approach is time-consuming, provides only
delayed feedback, and is often not representative since only a limited number of samples
are tested [88]. Moreover, offline inspection may damage or compromise the product
[4]. For example, transporting parts outside the production environment increases the
risk of defects, and in agricultural applications product freshness may be lost during
the delay.

In contrast, inline inspection integrates quality control directly into the production
process. Products are examined in real time while being transported on conveyor belts
or manipulated by robotic arms. This enables immediate feedback and facilitates cor-
rective actions without interrupting production. Inline inspection is therefore highly
compatible with automation and aligns with the principles of Industry 4.0 and smart
manufacturing [18, 25, 12].

A variety of modalities can be employed for inline industrial inspection, including
visible-light cameras, ultrasound, and X-ray imaging [105, 87, 1]. Visible-light cameras
cannot access internal features of an object. Ultrasound, on the other hand, is pri-
marily effective for soft materials and homogeneous media; its performance degrades
significantly in the presence of air gaps or materials with large acoustic-impedance
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1.2. Experimental Design for Inverse Problem Solving

mismatches, which cause strong reflections and attenuation. In contrast, X-rays can
penetrate a wide range of common packaging and industrial materials, making them
far more versatile for internal inspection tasks [24, 83]. However, conventional X-ray
radiography provides only two-dimensional projections, where features from different
depths overlap and may obscure critical defects.

To overcome these limitations, X-ray Computed Tomography (CT) reconstructs
a full three-dimensional representation of an object by acquiring a series of two-
dimensional X-ray projections as either the object or the X-ray source–detector pair
rotates over 360 degrees. These projections are then combined computationally using
tomographic reconstruction algorithms to recover the internal structure of the object
with high spatial accuracy, enabling precise localization and quantification of internal
features. This capability makes CT highly attractive for inline inspection in domains
such as additive manufacturing, food quality control, and agriculture. Figure 1.1
illustrates the concept of inline inspection using X-ray CT, in which products are
transported along a conveyor belt. At the inspection station, the conveyor motion is
temporarily halted, and a robotic manipulator grips and rotates the product to acquire
X-ray projections from multiple viewing angles required for tomographic reconstruc-
tion. While CT is already widely used for offline inspection, two-dimensional X-ray
imaging remains more common for inline applications [104, 3]. However, deploying CT
in an inline setting remains challenging due to the inherent trade-offs between scan
time, reconstruction quality, and computational cost. Furthermore, once volumetric
data are acquired, automated downstream analysis is required to extract actionable in-
formation, such as detecting cracks in industrial components [96], identifying browning
in apples [74, 73], or classifying abnormalities in poultry [52]. The efficient integration
of CT acquisition with automated analysis is therefore a key requirement for realizing
practical inline inspection systems.

1.2 Experimental Design for Inverse Problem Solv-
ing

To address the challenges of inline inspection using X-ray CT, it is essential to carefully
design the acquisition process. The Figure 1.1 also illustrates the schematic of a CT
acquisition setup, consisting of an X-ray source, a detector, and the object in between.
Optimal Experimental design (OED) refers to the selection of design parameters (or
control variables), such as projection angles, exposure times, or dose allocation, in
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Detector  

Source  

Conveyor belt  

Figure 1.1: Inline inspection using X-ray CT. Products are transported along a conveyor
belt to the inspection station. At the scanning position, the conveyor belt is temporarily
halted, and a robotic manipulator grips and rotates the product to acquire X-ray projections
from multiple viewing angles. This controlled rotation enables projection acquisition while
maintaining compatibility with an inline inspection workflow. Illustration created by the
author; the inline CT system concept was inspired by [33].

order to optimize the information gained from the measurements. These design choices
directly affect the quality of the recorded data and, consequently, the accuracy and
reliability of the reconstructed images that form the basis for downstream analysis. In
the following, we formulate the problem in terms of projection angle parameters.

1.2.1 Bayesian Perspective on Forward and Inverse Problems

From a mathematical perspective, data acquisition in CT corresponds to a forward
problem. Once the design parameters are fixed, θ = {θ1, . . . , θM}, the forward op-
erator A(θ), which represents the discretized Radon transform associated with these
parameters, maps the unknown object x̄ ∈ Rn (with n ∈ N denoting the number of
pixels or voxels) to a finite set of measurements y(θ) [38, 51]. In practice, this forward
process is corrupted by measurement noise, arising from effects such as photon statis-
tics, detector imperfections, or electronic noise. Thus, the acquired data are modeled
as noisy measurements. From a Bayesian perspective, the measurement process is

3
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InverseForward

3D object 2D projections 3D reconstruction

Figure 1.2: Illustration of the forward and inverse processes in X-ray CT using a three-
dimensional foam phantom as an example. In the forward process, the CT system acquires
a series of two-dimensional projection images as measurements. In the inverse process, these
projections are combined computationally to reconstruct the three-dimensional volume of the
object. The foam phantom data were obtained from [61]; the projections, reconstruction, and
figure composition were generated by the author.

represented by a likelihood distribution:

y(θ) ∼ πdata(y | x̄;θ) . (1.1)

CT reconstruction can then be formulated as an inverse problem: recovering the
unknown object x̄ from the finite set of noisy measurements y(θ), resulting in an
estimate x̂. Because the inversion is ill-posed, direct recovery is unstable and requires
the incorporation of prior information. Within a Bayesian framework, this is naturally
achieved by combining the likelihood with a prior distribution, yielding the posterior:

x̂(θ) = arg max
x

πpost(x | y;θ)

= arg max
x

πdata(y | x;θ) πprior(x)

π(y)

∝ arg max
x
{− log(πdata(y | x;θ))− log(πprior(x))} ,

(1.2)

where πprior(x) encodes assumptions about the image, such as smoothness, sparsity, or
structural properties. The maximum a posteriori (MAP) estimate thus balances data
fidelity with prior knowledge to produce a stable and reliable reconstruction. Figure 1.2
illustrates the forward and inverse processes in X-ray CT using a three-dimensional
foam phantom [61, 41, 79]. In the forward process, the CT system acquires a series
of two-dimensional projection images as measurements, while the inverse process re-
constructs a three-dimensional volume from these projections. In the two-dimensional
projections, internal structures overlap along the projection direction, whereas the re-
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Chapter 1. Introduction

constructed three-dimensional volume reveals the true spatial arrangement of internal
features. This comparison highlights the necessity of using X-ray CT for industrial
inspection, where accurate visualization of internal components is essential.

1.2.2 Bayesian Optimal Experimental Design

In principle, the Optimal Experimental Design (OED) aims to select the design param-
eters that maximize the information obtained from an experiment. Figure 1.3 concep-
tually illustrates this idea from a Bayesian perspective. The prior distribution, shown
at the top, represents the initial uncertainty about the unknown parameter before any
measurements are taken. When design A is selected, the resulting posterior distribu-
tion becomes moderately narrower, indicating a partial reduction in uncertainty. In
contrast, selecting a more informative design B yields a posterior distribution that is
significantly narrower, corresponding to a greater reduction in uncertainty and thus a
higher information gain.

To assess the quality of an experimental design, a utility function is introduced to
quantitatively measure its effectiveness. Within the Bayesian framework, a natural and
widely used choice of utility is the Expected Information Gain (EIG), which quantifies
the anticipated reduction in uncertainty about the unknown parameters following
data acquisition [53, 67, 64]. Conceptually, the EIG compares the entropy of the
posterior distribution with that of the prior distribution, thereby measuring how much
information is gained through the experiment. The design parameters that maximize
this expectation are considered optimal. Equation 1.3 presents the corresponding
formulation, where the joint distribution πjoint(x,y | θ) factorizes as πprior(x)πdata(y |
x;θ).

EIG(θ) = E(x,y)∼πjoint(·|θ) [logπpost(x | y;θ)− logπprior(x)] . (1.3)

In classical OED, so-called alphabetic criteria summarize the quality of a design
in terms of the Fisher information matrix [43, 28, 56]. A well-known example is
the D-optimality criterion, which seeks to maximize the determinant of the Fisher
information matrix, thereby minimizing the volume of the confidence ellipsoid of the
estimator. In the Bayesian setting, under the assumptions of a linear forward model
with Gaussian noise (and typically a Gaussian prior), the D-optimality criterion can
be shown to coincide with maximizing the expected information gain [14].

However, solving Equation 1.3 is generally highly challenging, as it involves a nested
expectation (or equivalently a bi-level optimization problem) that is typically non-

5
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Low information gain High information gain

Prior distribution (wide)

Select BSe
le
ct
 A

Posterior A (moderate) Posterior B (narrow)

Figure 1.3: Conceptual illustration of information gain in Bayesian experimental design.
A wide prior distribution represents initial uncertainty about the unknown parameter. Two
different measurement designs, A and B, lead to distinct posterior distributions. Design B
yields a narrower posterior—corresponding to reduced uncertainty and thus higher informa-
tion gain.

convex and non-linear [66, 81]. In practice, the EIG is generally intractable. If both
πdata(y | x;θ) and πprior(x) admit closed-form expressions, one can approximate the
EIG using nested Monte Carlo sampling, though this approach is computationally
expensive [64]. To improve efficiency, variational approaches have been proposed to
approximate either the posterior πpost(x | y;θ) or the marginal likelihood π(y | θ),
thereby yielding tractable lower or upper bounds on the EIG [32, 31].

In reality, however, neither πdata(y | x;θ) nor πprior(x) is typically available in
closed form. A common simplification is to approximate the posterior distribution by
a Gaussian using the Laplace approximation, which leads to a local quadratic approx-
imation of the log-posterior around the MAP estimate. Under this approximation—
often combined with a Gaussian prior—the Bayesian EIG reduces to a linear-model
D-optimality criterion [39, 7, 26]. However, such approximations are inherently local
and fragile, and they fail to capture the non-Gaussian structure that arises in many
practical CT inverse problems.

1.2.3 Simultaneous vs. Sequential OED

In simultaneous (or static) OED, all design parameters are selected in a single step
before any data are observed. In contrast, sequential (or adaptive) OED incorporates
information obtained during the experiment, updating the design strategy as new
measurements become available. In this case, the EIG is conditioned on the history of
design choices and measurements [77, 64]. At the kth step, given the history hk−1 =

6
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Design Measure
Optimize EIG  Run Experiment  

(a) Simultaneous OED  

(b) Sequential OED  

Optimize EIG  Run Experiment  

Inference  

Design

MeasureModel  

Figure 1.4: Comparison between simultaneous (static) and sequential (adaptive) OED.
In simultaneous OED (a), all design parameters are selected in advance, and measurements
are collected without adaptation. In sequential OED (b), design parameters are chosen step
by step, with each choice conditioned on previously acquired data, enabling feedback-driven
adaptation.

{(θt,yt})}k−1
t=1 , the conditional EIG is defined as

EIG(θk | hk−1) = E(x,yk})∼πjoint(·|θk,hk−1)

[
logπpost(x | yk, θk,hk−1)− logπprior(x | hk−1)

]
.

(1.4)
where the joint distribution factorizes in the same way as in the simultaneous case,

but using the updated prior:

πjoint(x,yk | θk,hk−1) = πprior(x | hk−1)πdata(yk | x; θk).

In most cases, the forward model πdata does not depend explicitly on the history
hk−1 and can therefore be written as πdata(yk | x; θk). Sequential OED enables adap-
tivity by exploiting feedback from past measurements, but it also amplifies the com-
putational challenges discussed previously, since sampling and approximations must
be performed at every step of the experiment.
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1.3. Challenges in Adaptive CT Acquisition

The optimization problems for simultaneous and sequential OED can be written
as

θ∗ = arg max
θ

EIG(θ), (1.5)

θ∗k = arg max
θk

EIG(θk | hk−1). (1.6)

As shown in Equations 1.5 and 1.6, optimal designs can be selected either in one
shot or in a sequential manner. To make this optimization tractable, an acquisition
function must be chosen. Under typical independence assumptions, the total infor-
mation gain is a monotone submodular function of the selected design parameters.
Consequently, greedy search methods can be used to approximate the optimal design:
they are guaranteed to achieve at least a (1 − 1/e) ≈ 63% fraction of the optimal
EIG [59, 75, 50]. Alternatively, Bayesian optimization [34, 35] treats the EIG as a
black-box objective, providing a flexible means to balance exploration and exploitation
for efficient design selection in practice.

1.3 Challenges in Adaptive CT Acquisition
In inline inspection using X-ray CT, adaptive data acquisition is highly desirable
because objects may vary in shape, size, and orientation as they move along the
conveyor belt. Moreover, when the goal is defect detection, the acquisition strategy
should adapt dynamically to the presence and characteristics of defects as they become
visible in the reconstructed images. To accommodate such variability, feedback from
previously acquired measurements should be incorporated into the scanning strategy.
This naturally motivates the use of a sequential OED framework, which aligns well
with the requirements of adaptive CT scanning.

While the theoretical framework of OED provides a principled foundation, several
practical challenges limit its direct applicability to CT. First, as discussed in Sec-
tion 1.2.2, neither the likelihood distribution πdata(y | x;θ) nor the prior πprior(x) is
typically available in closed form for realistic CT problems. Second, CT reconstruction
is inherently high-dimensional, making it computationally demanding to approximate
models or perform sampling. In a sequential setting, these difficulties are compounded
because inference must be performed at every step of the experiment.

Furthermore, inline inspection requires rapid decision-making: the acquisition
function must be evaluated online to determine the next design parameter in real
time. This poses difficulties for methods such as greedy search or Bayesian optimiza-
tion [34, 35], which are often computationally expensive. Moreover, in many industrial
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scenarios, the acquisition strategy must adapt to task-specific objectives, such as con-
centrating measurements on regions where defects or other abnormalities are likely to
occur. Such objectives are difficult to encode directly into the information-gain frame-
work, further complicating the design of adaptive CT acquisition strategies. These
limitations motivate the development of a data-driven, model-free framework capable
of learning efficient and task-aware acquisition policies.

1.4 Sequential OED with Reinforcement Learning

Reinforcement learning (RL) is a branch of machine learning that focuses on sequential
decision-making. It has achieved remarkable success in diverse domains, including
video games [57, 76, 86], board games such as AlphaGo [80], and large language models
[60, 37]. The core idea of RL is to learn through interaction with an environment—by
trial and error—how to choose actions that maximize cumulative rewards (utilities)
over time. In this thesis, we apply the same principle to the sequential OED problem
in CT, treating the scanning process analogously to playing a game by simulation.
The agent learns to maximize the information gained through adaptive acquisition
decisions. Once trained, the learned policy can be directly deployed to guide data
acquisition.

1.4.1 Formulating Sequential OED as an RL Problem

RL offers a new perspective on the sequential OED problem by avoiding the reliance
on closed-form probabilistic models required in traditional approaches. This allows
RL-based methods to bypass the need for tractable priors, likelihoods, and poste-
rior approximations required in classical sequential OED, enabling fast and adaptive
acquisition strategies suitable for CT applications.

RL is grounded in the framework of a Markov Decision Process (MDP), which
consists of an action space, state space, transition function, and reward function [84].
In practice, MDPs are often extended to Partially Observable MDPs (POMDPs),
where the underlying parameters are not directly observable and must instead be
inferred through belief states reconstructed from measurements. This formulation
closely matches the setting of CT, in which the true object is only indirectly observed
through noisy measurements. On the other hand, the policy in RL serves as an acquisi-
tion function, which directly maps the current reconstruction to the probabilities over
the action space and can be parameterised. The goal of RL is to learn a parameterized
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1.4. Sequential OED with Reinforcement Learning

policy that maps the current state to the next action so as to maximize the expected
cumulative reward. Through its probabilistic formulation, the policy naturally bal-
ances exploration—sampling novel or uncertain design parameters—and exploitation
—selecting actions expected to yield high rewards. Accordingly, the optimization
problem of sequential OED can be reformulated as learning a parameterized policy
πa(θ | x̂k;wa), where wa denotes the policy parameters. The non-greedy optimal
policy π∗

a , with parameters w∗
a, maximizes the expected cumulative reward obtained

throughout the experiment.
Figure 1.5 illustrates the interaction loop between the reconstruction environment

and the RL agent at each step. In the context of sequential OED, at the kth step
the action space corresponds to the possible values of the design parameter θk. After
selecting θk, acquired projection sampled from the forward model is yk ∼ πdata(y |
x̄; θk). The reconstruction x̂k+1 is sampled from πpost(x | yk, θk,hk−1) serves as
the belief state. The reward function R corresponds to the EIG, which evaluates
reconstruction accuracy. As the ground truth x̄ is often available from Computer-
Aided Design (CAD) models or blueprints in industrial inspection, various metrics can
be used to define R. For example, the reward can be the Peak Signal-to-Noise Ratio
(PSNR) between the reconstruction and the ground truth for global reconstruction
quality, or a contrast-based metric for task-specific objectives such as defect detection.
This flexibility in reward design contrasts with the fixed EIG formulation of Bayesian
OED.

By employing RL, we optimize policy parameters rather than the design parameters
directly. We consider a finite-horizon return

∑M
k=1 rk. Assuming the initial state is

fixed, the objective function for RL is the expected cumulative reward from the initial
state x̂1 under the trajectory distribution πchain, which factorizes into the action policy
and the data-driven transition:

J(wa) = Eτ∼πchain

[
M∑
k=1

rk | x̂1

]
, (1.7)

where the trajectory distribution is

πchain(τ ;wa) =

M∏
k=1

πa(θk | x̂k;wa) · πt(x̂k+1 | x̂k, θk), (1.8)

πt denotes the transition function in the standard RL formulation. In the CT context,
it describes how the next reconstruction x̂k+1 is obtained after selecting an action
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Obtain a new reconstruction:
 Evaluate the reconstruction quality

 compared to the ground truth: 
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Figure 1.5: Acquisition–reconstruction loop at step k. (1) The current reconstruction
(belief state) x̂k is fed to the policy, which either terminates or selects the next angle θk.
(2) If continuing, the corresponding measurement yk is acquired. (3) The reconstruction
is updated with the new data to obtain the refined estimate x̂k+1. (4) The reward rk is
computed from the improvement in a utility function, such as PSNR with respect to the
ground truth x̄ (used only during training). Time flows from left to right as k→k+1, with
no feedback to earlier steps.

θk, reflecting the combined effect of acquiring a new measurement and updating the
reconstruction. Analytically, this transition corresponds to applying the measurement
likelihood (acquiring the projection at angle θk) followed by the reconstruction opera-
tor that updates the estimate using all available measurements. Because closed-form
expressions for this transition are unavailable in realistic CT settings, we adopt a
model-free approach and sample the transition by executing the forward projection at
θk and performing one reconstruction update to obtain x̂k+1. A trajectory τ of M

steps, {x̂1, (θ1, x̂2, r1), . . . , (θM , x̂M+1, rM )}, is generated by iteratively selecting and
evaluating actions according to the policy.

Two fundamental functions characterize the expected performance of a policy in
RL. The state-value function V πa(x̂k) denotes the expected cumulative reward ob-
tained when starting from state x̂k and following the policy πa thereafter. When the
initial state is fixed, V πa(x̂1) coincides with the RL objective defined in Equation 1.7.
The state–action value function Qπa(x̂k, θk) quantifies the expected cumulative reward
obtained by taking action θk in state x̂k and subsequently following the policy πa.
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-0.75  PSNR  4.80  32.99  4.80  0.10  15.28 32.99  15.28  7.40  

Figure 1.6: Illustration of the RL framework for projection angle selection in X-ray CT.
The objective is to reconstruct the ground-truth image x̄ by selecting two projection angles
from the candidate set {0◦, 45◦, 90◦}. The figure shows the reconstruction results obtained
for different pairs of selected angles, with reconstruction quality quantified by the PSNR. A
uniform policy is applied, assigning equal probability to each action branch. Branches corre-
sponding to different reconstruction paths are shown in distinct colors. The state value and
action–state value under this uniform policy, corresponding to the initial state x̂1 (initialized
as a zero matrix) and the state after the first angle selection, are highlighted.

Figure 1.6 illustrates the RL framework using a simple rectangular phantom as an
example. The action space consists of three projection angle candidates, {0◦, 45◦, 90◦}.
Because the experiment is limited to two acquisition steps, the agent must select two
angles from this candidate set. The figure shows the reconstructions obtained for
all possible angle pairs, with reconstruction quality measured by the PSNR. In this
example, the PSNR is used as the reward only at the final step, while intermediate
steps receive zero reward. Consequently, the blue branches (which correspond to the
first step) have reward 0, whereas the second-level branches (orange, green, and red)
contain the PSNR values of the final reconstructions.

A uniform policy is applied, assigning equal probability 1
3 to each action at every

decision point. For simplicity, we additionally assume that the reconstruction resulting
from selecting a single angle is deterministic. Under this policy, the action–state value
Qπa(x̂1, θ1) represents the expected cumulative reward obtained after taking action θ1

in the initial state x̂1 (initialized as a zero image), averaged over all possible second-
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step actions. For example, choosing θ1 = 0◦ leads to the three orange branches, and

Qπa(x̂1, θ1 = 0◦) = 1
3 (−0.75 + 4.80 + 32.99) = 12.35.

Similarly, the action–state values for the other first-step actions are

Qπa(x̂1, θ1 = 45◦) = 6.73, Qπa(x̂1, θ1 = 90◦) = 18.56.

The state-value function aggregates these action–state values under the uniform
policy:

V πa(x̂1) =
1
3

(
Qπa(x̂1, θ1 = 0◦) +Qπa(x̂1, θ1 = 45◦) +Qπa(x̂1, θ1 = 90◦)

)
= 12.55.

The state-value and state–action value for the second selection can be computed
analogously. From these results, we observe that, under the uniform policy, selecting
either 90◦ or 0◦ as the first projection angle yields higher expected returns. This
indicates that the uniform policy is suboptimal and should be improved toward a
non-uniform policy that assigns higher probability to selecting 0◦ and 90◦, thereby
increasing the value V πa(x̂1).

To optimize the policy parameters, several policy-gradient methods may be used. A
particularly effective approach is the actor–critic method, in which the policy (actor) is
updated using estimates of the advantage provided by a learned value function (critic).
The policy gradient can be approximated as

∇waJ(wa) ≈
1

N

N∑
n=1

[
T∑

k=1

∇wa logπa(θk | x̂k;wa)
(
Qπa(x̂k, θk)− V πa(x̂k)

)]
, (1.9)

where the critic provides an estimate of the advantage Aπa(x̂k, θk) = Qπa(x̂k, θk) −
V πa(x̂k), which reduces variance and stabilizes the gradient updates. In practical
implementations, both the state-value function and the state–action value function
are learned using function approximators such as neural networks [84].

In the illustrative example shown in Figure 1.6, the horizon length is T = 2, cor-
responding to the requirement of selecting two projection angles. The parameter N

denotes the number of sampled trajectories (i.e., complete angle-selection experiments)
used to compute the Monte Carlo estimate of the policy gradient in Equation 1.9. Each
trajectory produces a single realization of the sequence of rewards and the correspond-
ing advantage values, and averaging these realizations over N trajectories provides an
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empirical estimate of the gradient direction used to update the policy parameters.
Of course, this toy example contains only three actions and a short decision hori-

zon, resulting in a very small decision tree. In realistic CT applications, however,
the situation is far more complex: the objects being scanned are diverse, exhibiting
variations in shape, position, scale, and orientation, and the state space consists of
high-dimensional images. Moreover, the action space may be large, and the decision
horizon can extend over many acquisition steps. Consequently, the underlying de-
cision tree becomes exponentially large and cannot be enumerated. To address this
complexity, neural networks are used to represent both the policy and the value func-
tions, leading to the framework known as deep reinforcement learning, which enables
scalable policy learning in high-dimensional CT reconstruction tasks.

In summary, reinforcement learning offers a principled and scalable framework
for sequential experimental design in CT. In contrast to classical Bayesian OED ap-
proaches—which rely on explicit evaluation or approximation of the expected infor-
mation gain—RL learns acquisition policies directly through interaction with the en-
vironment and can naturally incorporate task-specific objectives through the reward
function. This black-box formulation is well suited to realistic CT systems, where
accurate forward or inverse models and precise noise statistics may be unavailable or
computationally expensive to evaluate. When such models are available or can be
approximated reliably, RL can further benefit from a model-based formulation to im-
prove sample efficiency. Moreover, the adaptive nature of RL policies enables real-time
decision-making, making them particularly appealing for inline industrial inspection,
where rapid feedback and efficient use of limited resources are essential. These consid-
erations motivate the use of RL as the core methodological framework in this thesis.

1.5 Research Questions
This thesis investigates the use of RL for sequential OED in X-ray CT. The overarching
goal is to develop and validate adaptive acquisition strategies that can be applied
to inline CT inspection, where rapid and task-driven decision-making is essential.
The research progresses from proof of concept to increasingly realistic and complex
scenarios across the following chapters.
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(a) 180 angles  (b) two angles (10 and 110)  (c) two angles (0 and 90)  

Figure 1.7: Reconstruction results using different angle selections. (a) Reconstruction
from 180 uniformly distributed angles. (b) Reconstruction using two less informative angles
(10◦ and 110◦). (c) Reconstruction using two more informative angles (0◦ and 90◦). Only
the two informative angles achieve a reconstruction quality comparable to that of the full
180-angle case.

Research Question 1. Can an RL agent learn to identify informative projection
angles and achieve posterior-aware angle selection in X-ray CT?

Figure 1.7 illustrates reconstruction results obtained using different angle selec-
tions. A parallel-beam geometry was employed, and reconstructions were computed
using the Simultaneous Iterative Reconstruction Technique (SIRT) with a nonnega-
tivity constraint over 150 iterations. For parallel-beam geometry, projection angles
that are tangential to object edges tend to be more informative [102]. In Figure 1.7
(a), the reconstruction is obtained from 180 uniformly distributed angles, serving as
the reference. Figures 1.7 (b) and (c) show reconstructions from only two projection
angles: less informative ones (10◦ and 110◦) and more informative ones (0◦ and 90◦),
respectively. Remarkably, using only two informative angles yields a reconstruction
quality comparable to that obtained with the full set of 180 angles. This observation
highlights the importance of identifying informative angles to address the challenges
of efficient acquisition in industrial CT inspection.

In Chapter 2, we present a novel formulation of the projection-angle selection prob-
lem as a Partially Observable Markov Decision Process (POMDP), introduce an Actor–
Critic reinforcement learning framework to address the sequential OED problem, and
develop an adaptive acquisition strategy that can be efficiently applied to inline CT
applications.
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ROI 

Figure 1.8: The top row depicts the selected ROI from the initial dataset, devoid of any
defects. The bottom row presents three samples with artificially inserted crack defects within
the ROI, each sample exhibiting a unique combination of rotation and scale variations to
simulate defect diversity.

Research Question 2. Can task-specific objectives, such as defect detection, be
effectively integrated into the RL-based sequential design framework for inline CT?

In Figure 1.8, assuming the defect-prone region is known, the reward function is
adapted to focus on the corresponding Region of Interest (ROI), thereby emphasizing
defect detectability. A segmentation-based evaluation is integrated into the acquisition
pipeline to quantify how well the reconstructed image reveals the defect.

In Chapter 3, we extend this framework toward task-specific design by incorporat-
ing a downstream defect-detection objective directly into the RL formulation.
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(a) Triangle Shepp-Logan(b)

Figure 1.9: Noisy parallel-beam projections at 180 equally spaced angles; additive zero-
mean Gaussian noise (5% level) is applied to the noise-free sinogram. PSNR as a function
of the number of angles. The number of angles increases in increments of one. The orange
curve represents angles selected via exhaustive search, while the blue curve corresponds to
uniformly spaced angles. (a) Left: triangle phantom; (b) right: Shepp–Logan phantom.

Research Question 3. Can an RL framework jointly learn an angle-selection
policy and a terminal policy to adaptively determine the number of angles based on
experimental cost while maintaining informative angle selection? Does a model trained
on simulated data generalize effectively to similar experimental CT data?

As shown in Figure 1.9, we plot reconstruction quality—measured by PSNR—
versus the number of projection angles M (up to 50), with reconstructions obtained
using SIRT under a nonnegativity constraint for 150 iterations. The orange curve
corresponds to a selection that, at each step, exhaustively evaluates all remaining
angles and chooses the most informative one; the blue curve uses uniformly spaced
angles. For the triangle phantom (Figure 1.9 (a)), the selection consistently outper-
forms the uniform strategy, especially at small M . The uniform strategy occasionally
picks informative directions, which explains the oscillations in its performance. For
the Shepp–Logan phantom (Figure 1.9 (b)), which is approximately rotationally sym-
metric and lacks a preferred direction, the gap between the two strategies is small.
Across both phantoms we observe diminishing returns: beyond a moderate number of
angles, further increases in M yield only marginal PSNR gains. When acquisition is
costly, such small gains may not justify additional projections, motivating an optimal
stopping rule to balance reconstruction quality against experimental cost.

In Chapter 4, we address the optimal stopping problem. While previous work
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assumed a fixed number of projection angles, here we aim to enable a flexible number
of acquisition steps that balance reconstruction quality with experimental cost. To this
end, we introduce a terminal policy and jointly optimize the policy gradients of the
angle-selection and terminal policies. Additionally, we investigate the generalization
capability of the learned policy by transferring it from simulated to experimental data.
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Figure 1.10: Reconstruction results for two phantoms with 60 projection angles using
SIRT, conventional PWLS, and the proposed dose-aware methods. For each method, the
iteration count was selected from 0 to 100 to yield its best reconstruction. SIRT reconstruc-
tions suffer from low contrast and artifacts, while PWLS provides modest improvements but
remains noisy. The proposed dose-aware approaches achieve the highest PSNR and visibly
improve contrast.

Research Question 4A. How does a dose-aware reconstruction algorithm perform
compared to conventional reconstruction under varying noise levels?

Figure 1.10 compares four reconstruction methods: the Simultaneous Iterative
Reconstruction Technique (SIRT), conventional Penalized Weighted Least Squares
(PWLS), the proposed dose-aware PWLS formulation, and dose-aware PnP–PWLS in-
corporating a Plug-and-Play (PnP) TV denoiser. All reconstructions were performed
under a non-negativity constraint for a fair comparison.

The visual reconstructions are consistent with the quantitative PSNR values shown
in Figure 1.10. Across different noise levels, the dose-aware methods yield an improve-
ment of approximately 1.5–3 dB over SIRT and conventional PWLS when considering
their best results within the first 100 iterations. These results demonstrate that ex-
plicitly modeling angle-dependent dose allocation leads to substantially improved nu-
merical performance and visibly cleaner, higher-contrast reconstructions—highlighting
the importance of dose-aware modeling in CT.

Research Question 4B. Can an RL agent jointly select projection angles and
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Figure 1.11: Angle-selection and dose-allocation strategies learned by the RL agent under a
total dose budget of 2000 photons, shown separately for non-defective and defective phantoms.
Each spoke indicates a parallel-beam projection direction at angle θ (degrees), measured
counter-clockwise from the x-axis, where θ and θ + 180◦ represent equivalent views. The
color of each spoke encodes the number of times the corresponding angle is selected, which is
proportional to the photon allocation at that angle. For instance, if one selection corresponds
to 200 photons, then an orange spoke denotes an angle chosen once (200 photons), whereas
a green spoke denotes an angle chosen twice (400 photons), and so forth.

allocate dose levels optimally to improve reconstruction quality and defect detectability
under a limited total dose budget?

As illustrated in Figure 1.11, the RL policy adapts its acquisition strategy to
the underlying object. For non-defective phantoms, the agent distributes projection
angles and dose more uniformly, reflecting the absence of salient localized features. In
contrast, for defective phantoms, the agent concentrates both angular sampling and
photon allocation around views that are most informative for revealing the defect.
This behavior indicates that the learned policy is able to jointly adjust angle selection
and dose distribution in a task-aware manner under a fixed dose budget.

In Chapter 5, we further extend the framework by incorporating another key ex-
perimental parameter—dose level—which is critical for practical applications. The
reconstruction algorithm is adapted to account for Poisson-distributed noise, and the
RL agent is trained to allocate dose adaptively across different projection angles.
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Chapter 2

Sequential Experimental
Design for X-Ray CT Using
Deep Reinforcement Learning

2.1 Introduction
X-ray Computed Tomography (CT) is a non-destructive method widely used to eval-
uate the quality of complex internal structures in industrial parts. However, there
is a trade-off between high-quality reconstruction and scanning speed, as a time-
consuming full 360-degree rotation is typically needed to obtain comprehensive in-
formation. Kazantsev [46] and Varga et al. [91] have pointed out that angles are not
equally informative. Therefore, reducing the number of angles by extracting more
informative data can help to improve the trade-off between reconstruction quality and
scanning efficiency. This trade-off can be formulated as a bi-level optimization problem
with respect to angle parameters [66]. The low-level optimization problem formulates
the image reconstruction based on the chosen, limited projection data, while the high-
level optimization problem finds angles that optimize the reconstruction quality.

This chapter is based on:
Tianyuan Wang, Felix Lucka, and Tristan van Leeuwen. “Sequential Experimental Design for X-Ray
CT Using Deep Reinforcement Learning”. In: IEEE Transactions on Computational Imaging 10
(2024), pp. 953–968. doi: 10.1109/TCI.2024.3414273
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Bayesian Optimal Experimental Design (OED) is a mathematical framework that
enables the acquisition of informative measurements while minimizing experimental
costs [53, 67]. In Bayesian OED, the prior distribution represents the current belief
about the underlying ground truth, while the posterior distribution refers to the up-
dated belief after taking into account the new measurements obtained through the
selected design. The difference between the prior and updated posterior reflects the
change in uncertainty or equivalently the amount of information gained from the ex-
periments. In simultaneous experimental design, we apply this procedure to select the
optimal viewing angles in a single step, while in sequential experimental design, the
goal is to select the viewing angles step-by-step, based on the projection data that has
been collected so far [103]. It is this variant of the experimental design problem that
we are interested in, as it can adapt the selected viewing angles to the object under
investigation.

Two widely used methods for measuring the uncertainty reduction or information
gain in Bayesian OED are D-optimality, and A-optimality [14]. D-optimality measures
the information gain using the Kullback-Leibler divergence to compare the posterior
and prior distributions, while A-optimality computes the expected error between the
underlying ground truth and the reconstruction.

However, the high dimensionality, computational cost, and typically unknown or
unobtainable prior distribution prevents the direct application of the aforementioned
technique for sequential optimal design in real-time CT imaging.

Several methods have been proposed to address these issues. Implicit prior infor-
mation has been the focus of some researchers. To this end, Batenburg et al. [9] and
Dabravolski et al. [22] used a set of template images comprising Gaussian blobs to rep-
resent prior distribution samples and introduced an upper bound [8] to approximate
the information gain, indicating the solution set’s diameter. Gaussian distribution has
been used as a tractable method for the prior distribution in [14]. Burger et al. se-
quentially selected the projection angle and the source-receiver pair’s lateral position
considering a specific region of interest and explored Bayesian A- and D-optimality to
update the posterior in the covariance matrix and mean after each experimental step.
Helin et al. [39] extended this work to non-Gaussian distributions and employed a
Total Variation (TV) prior to enhance edges. In practice, a lagged diffusivity iteration
generated a series of Gaussian approximations for the TV prior. Additionally, Bar-
bano et al. [7] proposed a linearized deep image prior that incorporated information
from the pilot measurements as a data-dependent prior. They then used a conjugate
Gaussian-linear model to determine the next informative angles sequentially. How-
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ever, these methods can be time-consuming and are not well-suited for fast in-line
applications.

In an industrial context, the use of Computer-Aided Design (CAD) models is a
common form of prior information. CAD models enable offline optimization by allow-
ing angle acquisition using simulation tools. Fischer et al. [29] used a CAD model
of the object to optimize task-specific trajectories based on the detectability index
proposed by Stayman et al. [82]. The detectability index is computed using the
modulation transfer function and noise power spectrum to evaluate its fitness with a
user-defined frequency template. In addition to task-specific optimization, Herl et al.
[42] considered data completeness optimization using a Tuy-based metric. Meanwhile,
Bussy et al. [16] obtained a complete set of angles using either a simulation model or
a CAD model and then used the discrete empirical interpolation method and related
variants to sub-sample from the set of angles. Once a trajectory is optimized offline se-
quentially by a CAD model, it can be applied fast in the real application. Nonetheless,
the alignment of the optimized trajectory outcome to the real-world coordinate system
through proper registration is crucial before executing the real scan [10]. Hence, these
methods lack genuine adaptability in in-line applications.

In terms of the methods discussed above, achieving adaptivity while maintaining a
fast scan for in-line settings still presents a significant challenge. Additionally, infor-
mative angles are typically selected in a greedy manner after evaluating all available
angle candidates. In the field of medical CT, Shen et al. [78] addressed this issue
by training a deep reinforcement learning agent on a medical CT image dataset to
personalize the scanning strategy sequentially. They utilized a gated recurrent unit
as a policy network that maps all the previous measurements to a probability distri-
bution over discrete angles and a radiation dose fraction. The next angle is chosen by
sampling from this distribution. This way, around 60 are chosen sequentially.

We also leverage deep reinforcement learning to address the aforementioned chal-
lenges in our work but we focus on the application of industrial, in-line CT inspection
instead of medical CT: We are considering very few scan angles (< 10), simple image
features, but a potentially large inter-subject variation due to arbitrary placement and
changing samples. For these reasons, we diverge from [78] by using the reconstruction
space as the main state variable, avoiding problems caused by the increasing number
of measurements. Due to this we use very different network architectures to param-
eterize the learned policy. By employing a deep reinforcement learning approach, we
can train the policy to facilitate adaptive angle selection, offering a more efficient al-
ternative to solving the high-dimensional, non-convex, bi-level optimization problem.
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Figure (2.1) illustrates the proposed reinforcement learning approach for X-ray CT to
solve this OED problem.

The contributions of this work include a novel formulation of the angle selection
problem as a Partially Observable Markov Decision Process (POMDP), the use of the
Actor-Critic approach from the field of reinforcement learning to address the OED
problem, and the development of an adaptive approach that can be fast applied in
in-line CT applications.

Map the 
current 

reconstruction
to probability 

distribution for  
next angle

Gather 
information on 
measurements 

and designs, 
then do 

reconstruction 

Select next angle and obtain the 
measurement

Obtain a new reconstruction and 
evaluate the reconstruction quality

 compared to the ground truth

Agent Environment

Figure 2.1: The interaction between the environment and the agent during policy training

The structure of this paper is as follows. In section 2.2, we present the background
on CT reconstruction, Bayesian OED, and reinforcement learning. In section 2.3, we
discuss the formulation of this experimental design as a POMDP and describe the
computation of the policy gradient using the Actor-Critic approach. We provide a
set of numerical experiments in section 2.4 to assess the performance of our proposed
method. Finally, in section 2.5 and section 2.6, we discuss and summarize our findings.
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2.2 Background

2.2.1 CT Reconstruction

In sparse-angle tomography, the challenge lies in accurately reconstructing an image
from incomplete measurement data, where only a limited number of angles are ac-
quired. This inverse problem is severely ill-posed, meaning that small errors in the
measurements could result in a large reconstruction error, or that several reconstruc-
tions are consistent with the measurements [58]. The Filtered Back-Projection (FBP)
algorithm, a traditional analytical reconstruction method, has limitations when used
for sparse-angle tomography. It assumes that the measurements are acquired over the
full angular range, resulting in inferior reconstructions when applied to limited data
[38].

To address this challenge, it is necessary to incorporate prior information into the
reconstruction algorithm to compensate for the limited data [17, 38]. Regularised
algebraic reconstruction methods have been proposed to incorporate such prior infor-
mation efficiently. When applied to limited data, these can result in more stable and
accurate reconstructions.

Therefore, we represent the object that we would like to reconstruct as x̄ ∈ Rn

where n ∈ N represents the number of pixels or voxels. A single noisy measurement y

at angle θ is generated as
y(θ) = A(θ)x̄+ ϵ, (2.1)

with ϵ ∼ N (0, σ2I) and A(θ) is a discretization of the Radon transform along angle
θ.

The reconstructed image from M measurements along angles θ = {θ1, . . . , θM} is
obtained via

x̂(θ) = arg min
x

1
2

M∑
k=1

‖A(θk)x− y(θk)‖22 + αL(x), (2.2)

where L(x) is a regularization term representing prior information for x.

2.2.2 Bayesian OED

Bayesian OED is a statistical framework that optimizes the design of an experiment
by trading off the information gain with the cost of an experiment.

In the context of X-ray CT experimental design, the utility function in Bayesian
OED measures the reconstruction quality, where the true underlying ground truth x̄ is
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estimated by x̂(θ) from measurements y ∈ Y obtained under experimental conditions
specified by θ ∈ D. The optimal design θ∗ maximizes the expectation of the utility
function over the design space D with respect to the measured data y and the model
parameter x̄.

Sequential OED is an approach that adjusts the design parameters as new data is
acquired. This is achieved by treating the experiment as a sequential decision-making
process, where the aim is to select the most informative design parameters based
on the observed data to maximize the utility function. In the kth step of an X-ray
CT experiment, the process involves generating observed data using a data model
πdata(yk|x̄; θk) (as shown in Equation (2.1)), updating the posterior distribution of
x given the observed data up to step k (denoted by πpost(xk|y1:k;θ1:k) in Equation
(2.2)), obtaining the reconstruction for the underlying ground truth. Subsequently,
the most informative angle θk+1 is selected as the next design parameter to be used,
which maximizes the utility function.

2.2.3 Reinforcement Learning

Reinforcement learning is a widely used approach for sequential decision-making, al-
lowing agents to learn how to map the current state to actions that maximize the total
reward for the entire process [84]. Since it considers the long-term effects of actions,
reinforcement learning can realize non-greedy sequential decision-making. This ap-
proach is based on the Markov Decision Processes (MDPs) framework {S,A, πt, R},
which consists of a set of states S, a set of actions A, a transition operator πt repre-
senting the conditional probability distribution from the current state to the next state
after selecting an action, and a reward function: S × A → R that provides feedback
from the environment at each time step.

A policy πpolicy in reinforcement learning is a mapping from the current state to a
probability distribution of actions: πpolicy(ak|sk).

In MDPs with a finite number of states, the process begins from an initial state
s1 with a probability distribution πs(s1). The agent follows a policy that maps the
initial state to the first action, leading the agent to transition to the next state and
receive a reward from the environment. This process is repeated until a terminal state
is reached, generating a trajectory or an episode τ = (s1, a1, r1, ..., sM , aM , rM ) of M
steps.

A Partially Observable Markov Decision Process (POMDP) is an extension of a
MDP. In many practical scenarios, an agent may not have full visibility or knowledge
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about the environment’s state. POMDPs come into play in such situations, allowing
an agent to make decisions based on limited or partial observations. A POMDP can be
defined as a tuple {S,A,O, πt, πe, R}, where two additional components are included
in addition to the ones in the standard MDP formulation: a finite observation set O
and an observation function πe that defines the conditional probability distribution
over the observation in the underlying state after executing an action. Since the agent
has limited knowledge about the underlying state in POMDPs, the policy must either
map historical observations to the next action or extract information from historical
observations in the form of a belief state.

Reinforcement learning aims to find the optimal policy with parameters w, denoted
as π∗

policy(.;w), that generates the trajectory or episode τ to maximize the expected
total reward. The objective function for reinforcement learning can be expressed as
follows:

J(w) = Eτ∼πchain

M∑
k=1

γk−1rk,

where πchain = πs(s1)

M∏
k=1

πpolicy(ak|sk;w)πt(sk+1|sk, ak).

(2.3)

The objective function measures the expected total reward with a discount fac-
tor γ ∈ (0, 1] to account for future uncertainty, and πchain represents the trajectory
generation process by the policy.

The total rewards for one trajectory are obtained after the agent completes an
episode. The expectation over all trajectories can be estimated by sampling many tra-
jectories. To enhance the process’s efficiency, some reinforcement learning approaches
utilize value functions that evaluate the expected future benefits from the kth step fol-
lowing the policy. The state-value function V (sk) quantifies the expected cumulative
reward from state sk, taking into account all possible trajectories following the current
policy that start from this state.

2.3 Methods

2.3.1 Sequential OED as a POMDP

We take the reconstruction as a belief state rather than considering measurements
as the state, as done in [78]. To formulate the problem, we adopt a Bayesian OED
framework and model it as a POMDP. The POMDP formulation for the X-ray CT
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experiment is defined as follows:

• Observation space O: The observation space is defined as the set of measure-
ments generated by the data model expressed in Equation (2.1).

• State space S: The ground truth x̄ represents the underlying state. The cur-
rent reconstruction (belief state) of the underlying state, denoted by x̂(θ1:k),
is obtained using the SIRT algorithm with box constraints [27] as specified in
Equation (2.2). For ease of notation, we use x̂k to represent the reconstruction
at the kth step. In addition, we maintain a vector bk to keep track of the angles
that have been selected before the kth experiment to prevent repeating the same
angles.

• Action space A: The action space is a discrete design space consisting of 180
integer angles from the range [0◦, 180◦).

• Transition function πt and observation function πe: The transition function πt

is deterministic, as the underlying state remains unchanged. On the other hand,
the data model πe given by Equation (2.1) serves as the observation function,
from which we only consider measurement samples.

• Reward function R: The reward function is defined based on the PSNR value
between the reconstruction obtained after selecting the angle θk and its ground
truth. Two reward settings are considered, both of which correspond to A-
optimality in Bayesian OED.:

– End-to-end setting: The reward is given as follows:

R(x̂k+1, x̄) =

PSNR(x̂k+1, x̄) if k = M

0 otherwise

If the fixed number of angles M is reached, the episode terminates, and the
final PSNR value is given. Otherwise, the agent receives a reward of 0.

– Incremental setting: The reward is given as follows:

R(x̂k+1, x̂k, x̄) = PSNR(x̂k+1, x̄)− PSNR(x̂k, x̄)

The reward represents the improvement in the current reconstruction qual-
ity compared to the previous step.
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2.3.2 Actor-Critic method for policy optimization

The Actor-Critic method is a novel category in the field of reinforcement learning for
computing the policy gradient on the objective function described in Equation (2.3).
The proposed approach leverages the concept of value functions and utilizes a state-
value function to obtain the expected future rewards at the current state, thereby
expediting the learning process. Additionally, this method parameterizes the value
function. The Temporal-Difference (TD) error [84] is employed in this approach, which
calculates the discrepancy between the estimated value function for the current state
and the sum of the current reward and the discounted estimated value function for the
next state. This enables the state-value function to be updated through bootstrapping
and provides a direction for policy gradient.

At the beginning of each episode, a zero matrix and a zero vector are used as the
initial state and action vector, respectively. The complete algorithm is presented in
Algorithm (1).

2.3.3 Network architecture

The proposed method requires the agent to extract relevant features from high-dimensional
images to increase learning efficiency, which is accomplished using a deep neural en-
coder network. The architecture of the encoder network and the Actor-Critic network
is shown in Figure (2.2), with the input image being of dimension 128×128. The neural
network’s connection weights represent the policy parameters w1 and the state-value
function parameters w2.

The proposed model adopts a shared encoder network between the actor and critic
networks. This shared encoder network comprises three convolutional neural networks
(CNNs) each with padding and group normalization, followed by a leaky Rectified
Linear Unit (ReLU) activation and a max pooling operation for down-sampling. The
shared encoder network consists of a total of 13,320 parameters. Furthermore, the
following actor and critic networks are separate and have 170,820 and 900,601 param-
eters, respectively.

Figure (2.2) outlines the process by which the network operates in the context of
the Actor-Critic method. The encoder network takes the reconstruction x̂k as input
and produces a feature vector in the bottleneck layer, which is flattened into a 1D
vector and concatenated with the 1D action vector bk. The resulting information is
then fed into the following actor and critic networks.

The actor network uses a Soft-max policy to map the information to a probability
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Algorithm 1 Actor-Critic.
1: Initialize the policy parameters w1 and the value function parameters w2 ran-

domly. Set step sizes αw1 > 0 and αw2 > 0
2:
3: for each episode do: do
4: Get a phantom sample x̄ then initialize x̂1 = 0 and
5: b1 = 0 (first state of this episode).
6: for k = 1, ...,M :
7: Select the angle based on the soft-max policy,
8: which maps the inputs to a probability distribution
9: that sums to 1: θk ∼ πpolicy(·|x̂k, bk;w1)

10: Get new measurements yk from Equation (2.1)
11:
12: Reconstruct new image x̂k+1 from Equation (2.2)
13: and get a new vector bk+1

14:
15: Get reward rk using end-to-end setting
16: R(x̂k+1, x̄) or incremental setting R(x̂k+1, x̂k, x̄)

17: Estimate the state-values V̂ (x̂k, bk;w2) and
18: V̂ (x̂k+1, bk+1;w2) using a neural network
19: Compute TD error:
20: δk ← rk + γV̂ (x̂k+1, bk+1;w2)− V̂ (x̂k, bk;w2)

21: (If k = M , V̂ (x̂k+1, bk+1;w2) = 0)
22: Update policy function parameters w1:
23: w1 ← w1 + αw1∇w1

logπpolicy(θk|x̂k, bk;w1)δk
24: Update value function parameters w2:
25: w2 ← w2 + αw2∇w2 V̂ (x̂k, bk;w2)δk
26: end for
27: end for

distribution over all possible angle candidates in the action space, while the critic
network estimates the state-value function V̂ (x̂k, bk;w2). Based on the probability
distribution generated by the actor network, the agent selects the next angle θk and
subsequently collects measurements to obtain a new reconstruction x̂k+1. The action
vector is updated as bk+1 accordingly.

To compute the policy gradient and update the parameters in the value function
using TD error in Algorithm (1), the new reconstruction x̂k+1 and the new action
vector bk+1 are fed into the network again. This is done to calculate a new state-value
function V̂ (x̂k+1, bk+1;w2). Once an angle is selected, both the policy parameters w1

and the value function parameters w2 are updated once.
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Figure 2.2: The combined network architecture first consists of an image encoder branch
that processes the current reconstruction. Then, the code is concatenated with the previous
action vector and fed into a network parameterizing the policy (Actor, left bottom) and a
network estimating the state value (Critic, right bottom).
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2.4 Numerical Experiments

We examine in some numerical experiments whether the learned policies are really
able to sequentially adapt the scan angles to the object (a-posteriori adaptation). For
this, we use various simple numerical phantoms—where informative angles are well-
established—as well as more realistic phantoms. Throughout our experiments, we
focus on parallel-beam geometry and 2D tomography using synthetic data. The code
and synthetic data are available on Github 1.

2.4.1 Datasets

In our numerical experiments, we consider several shapes depicted in Figure (2.3). All
phantoms have a size of 128× 128. The phantoms in the datasets from d1) to d5) are
binary images. To facilitate algorithm validation with more sophisticated scenarios,
datasets d7) and d8) feature advanced phantoms composed of multiple materials. To
assess the adaptability of the agent to dynamic environments, each dataset from d1)
to d8) includes phantoms with different rotations, causing a shift in their informative
angles. These rotations are represented by 36 equally spaced angles ranging from 0◦

to 179◦. Additionally, the phantoms in each dataset from d1) to d8) exhibit various
scaling and shifts (parameters are shown in Appendix A.1). Nonetheless, these mod-
ifications do not alter the informative angles, thereby preserving the consistency of
informative angles across the scaled and shifted phantoms. By including these scaling
and shifts, we aim to ensure the agent’s ability to recognize the same object despite its
size and location variations. Using these datasets allows us to transparently validate
the algorithm.

d1) Circles: The first dataset consists of circles with varying locations and radii.
Due to its uniform curvature, a circle does not have a relatively higher concentration of
informative angles. To obtain an accurate reconstruction, angles must be equidistantly
distributed.

d2) Ellipses: Unlike circles, ellipses have a major axis and a minor axis. The major
axis serves as a preferential direction, making angles around it more informative, as
shown in references [9] and [92].

d3) Triangles: Triangles, characterized by one angle of 90◦ and two angles of 45◦,
possess three preferential directions, causing the informative angles to be tangential
to their edges [102].

1https://github.com/tianyuan1wang/SeqAngleRL
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d4) Mixed phantoms: This dataset consists of a mixture of phantoms, including
triangles from d3), regular pentagons, and regular hexagons, each of which has its own
preferential directions.

d5) and d6) Combined phantoms: The dataset d5) comprises samples created
by combining elements from two distinct phantom types found in categories d1), d2),
and d4). In contrast, dataset d6) consists of two distinct samples from dataset d4),
which does not include round shapes. These two datasets integrate features from a
variety of shapes. Through this approach, the dataset transforms simple phantoms
into more complex entities, facilitating a broader exploration of shape and structure.

d7) and d8) Complex phantoms: The datasets under consideration introduce
variations to the classic Shepp-Logan phantoms. Specifically, we have redesigned the
Shepp-Logan phantoms by excluding the outer ellipse and modifying the two inner
ellipses, ranging from the lowest to the highest intensity values. In contrast to previous
datasets, the current ones integrate both static and dynamic elements. In the d7)
setup, two high-intensity ellipses experience changes in both scale and rotation across
36 uniformly distributed angles from 0◦ to 179◦. Following such modifications, these
redefined ellipses markedly impact the reconstruction error, consequently influencing
the adaptive capabilities of the trained policy. On the other hand, in the d8) setup,
only the lower of these ellipses exhibits dynamic characteristics.

2.4.2 Implementation

For all of our experiments, the sequential experimental process for each dataset in
Figure (2.3) follows Algorithm (1). To generate the measurement data, we utilize the
ASTRA Toolbox [90, 89], considering a projection size of 1.5× 128. This specific size
choice ensures that each angle covers all pixels. The reconstruction is performed using
the SIRT algorithm with box constraints [0,1] for 150 iterations.

The encoder and Actor-Critic neural network architectures are illustrated in Fig-
ure (2.2). During training, we set the discount factor γ to 0.99 and assign weights
of 1.0 and 0.5 to the actor loss: − logπpolicy(θk|x̂k, bk;w1)δk and critic loss: (δk)

2,
respectively. To encourage exploration during training, we incorporate an entropy
loss:

∑
θ

πpolicy(θk|x̂k, bk;w1) logπpolicy(θk|x̂k, bk;w1), with a weight of 0.01. The

aforementioned parameter settings have been empirically determined to achieve an
optimal balance between policy optimization, accurate value estimation, and robust
exploration throughout the training regimen. For optimization of the parameters, we
employ the Adam optimizer [47] with a learning rate of 10−4 and weight decay of 10−5.
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d1) d2)

d3) d4)

d7) d8)

d5) d6)

Figure 2.3: Datasets utilized in subsequent experiments: Each dataset comprises samples
that exhibit a variety of rotations and scales.
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In addition, we consider two reward functions: incremental and end-to-end settings.
An equidistant policy is introduced as a benchmark to compare the performance of
the Actor-Critic policy with un-informed and non-adaptive angle selection method.
Significantly, Experiments 1, 2, 3, 4, and 6 employ distinct policies, each specifically
tailored to their respective training datasets. Conversely, Experiment 5 adopts either
the policy developed in Experiment 4 or a newly trained policy encompassing multiple
datasets, to thoroughly evaluate and validate its ability to generalize.

2.4.3 Experiment 1 - Uniform informative angles

In the first experiment, we aim to train an agent and evaluate its performance on
the circles (dataset d1), which have a uniform distribution of informative angles. It
is known that the equidistant benchmark is the optimal policy for this dataset. Our
objective is to investigate whether the Actor-Critic policy approaches the equidistant
policy in performance. To facilitate this investigation, the experiment is conducted
with 3,000 training phantoms, and it requires an extensive training duration of 100,000
episodes.

As depicted in Figure (2.4), the equidistant policy exhibits enhanced performance
for the circular phantoms compared to the Actor-Critic policies with diverse reward
configurations. Furthermore, we observe that the performance of the Actor-Critic
policy with end-to-end reward surpasses that of the policy with incremental reward as
the number of angles increases.

Figure (2.5) presents two samples considering three and seven angles obtained from
the Actor-Critic policy with the end-to-end reward setting. This result demonstrates
that the Actor-Critic agent tends to distribute the selected angles evenly, although the
number of angles is different.

2.4.4 Experiment 2 - Non-uniform informative angles

In contrast to circles, informative angles in ellipses (dataset d2) are found to be con-
centrated around its major axis. We train an agent on a dataset comprising 3,000
ellipse phantoms. The model achieves convergence after undergoing 150,000 training
episodes.

The training outcomes of the ellipse phantoms over the final 2,000 episodes are
shown in Figure (2.6), which indicates that the Actor-Critic policies exhibit superior
performance. As the number of angles increases, the results for the three policies get
closer. This is because a sufficient number of angles around the major axis have already
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Figure 2.4: Comparison of policies considering different numbers of angles for the circles
dataset: the results demonstrate the training outcomes over the last 2,000 episodes. The box
represents the interquartile range in these plots, spanning from the first to the third quartile
of the data distribution. The median value is displayed as a line within the box. The whiskers
extend from the box to illustrate the range of the data distribution beyond the interquartile
range.

Figure 2.5: Results of the end-to-end reward setting for two circle phantoms considering
three and seven angles.
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Figure 2.6: Comparison of policies considering different numbers of angles for the ellipses
dataset: the results demonstrate the training outcomes over the last 2,000 episodes. The box
represents the interquartile range in these plots, spanning from the first to the third quartile
of the data distribution. The median value is displayed as a line within the box. The whiskers
extend from the box to illustrate the range of the data distribution beyond the interquartile
range.
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Table 2.1: Performance comparison of policies on unseen rotations test for ELLIPSES
regarding the PSNR values

Policies 3 4 5 6 7
Learned adaptive policy (end-to-end) 23.16 ± 1.02 25.10 ± 0.72 25.73 ± 1.20 26.31 ± 0.82 26.87 ± 1.06
Learned adaptive policy (increment) 22.78 ± 0.92 24.90 ± 0.73 25.67 ± 0.77 26.33 ± 0.79 26.86 ± 0.73

Equidistant policy 22.40 ± 0.74 24.27 ± 0.73 25.35 ± 0.69 26.16 ± 0.64 26.73 ± 0.62

been obtained, even for the equidistant policy, to achieve a high-quality reconstruction.
Notably, the Actor-Critic policy with the end-to-end reward setting achieves the best
performance. Figure (2.7) presents the results for two ellipse phantoms, demonstrating
that the agent can discern the rotation of the ellipse and concentrate the distribution
of the angles around the informative area. As the number of angles increases, the
agent increases the number of angles around the major axis.

The unseen test set comprises 300 phantoms. Table (2.1) reports the outcomes
regarding the unseen rotations for the ellipses dataset with three to seven angles.
Consistent with the training results, the Actor-Critic policies demonstrate superior
performance compared to the benchmark, with the policies becoming progressively
closer as the number of angles increases. The end-to-end reward setting still shows
the best average performance, though it has a higher variance.

Figure 2.7: Results of the end-to-end reward setting for two ellipse phantoms considering
three and seven angles.

2.4.5 Experiment 3 - Explicit informative angles

The third experiment focuses on evaluating the ability of the Actor-Critic agent to
identify explicit informative angles for phantoms with sharp edges, namely triangles
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(dataset d3). These phantoms have well-defined informative angles that are tangential
to their edges, and thus, it is of interest to investigate if the agent can successfully
locate these angles. The results of this experiment will provide insight into the per-
formance of the Actor-Critic agent in detecting preferential directions for phantoms
with sharp edges.

This study employs a dataset comprising 3,000 triangle phantoms for training the
agent. A total of 150,000 episodes are required to reach convergence in the training
process. A fixed number of five angles is employed. As shown in Figure (2.8), both
reward settings for the Actor-Critic agent outperform the equidistant policy. Specifi-
cally, training using the incremental reward setting demonstrates faster convergence,
whereas the end-to-end reward setting yields the best performance.
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Figure 2.8: This figure compares the performance of Actor-Critic policies, trained on
triangles phantoms, with that of an equidistant policy. It displays the training outcomes,
with curves showing the mean values and shaded color bands representing the variances.

The training results demonstrate that the Actor-Critic agent tends to select the
first two angles as fixed angles, with particular emphasis on the first angle, while the
second angle exhibits some uncertainty. Subsequently, the agent would select three
informative angles to optimize the reconstruction process. This behavior is consistent
with the fact that the initial state is set as a zero matrix and a zero vector with no prior
information, and the agent, therefore, prioritizes gathering information by fixing the
first angle or first two angles before personalizing the strategies based on the different
phantoms encountered.

Figure (2.9) presents two samples of the agent’s performance in an end-to-end
reward setting, in which the agent selects the initial two angles of 44◦ and 153◦.
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Figure 2.9: The personalized strategies for triangle phantoms achieved by the Actor-Critic
policy are demonstrated in these sample results obtained under the end-to-end reward setting.

Table 2.2: Performance comparison of policies on unseen rotations test for TRIANGLES
regarding the PSNR values

Policies Triangles
Learned adaptive policy (end-to-end) 24.07 ± 2.07
Learned adaptive policy (increment) 23.78 ± 1.80

Equidistant policy 20.64 ± 1.05

Subsequently, for the right phantom, the agent selects 76◦, 115◦, and 165◦ as the
following three angles, while for the left phantom, the agent chooses 97◦, 136◦, and
3◦. Notably, these angles are almost tangential to the edges of the triangle phantoms.

We observe that sometimes, the agent selects more angles around the informative
angles or repeats its selection when the first two angles are close to the informative
angles. This sub-optimal behavior is counter-intuitive and might indicate that the
policy network’s capacity is too limited to avoid this repetition.

In the context of evaluating unseen rotations across 300 test phantoms, Table (2.2)
demonstrates that the Actor-Critic policies outperform the equidistant benchmark.
Furthermore, it is observed that the end-to-end reward setting achieves the highest
quality in terms of reconstruction.
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2.4.6 Experiment 4 - Mixed phantoms with explicit informa-
tive angles

In this study, we aim to investigate the capacity of an Actor-Critic agent to recognize
and distinguish between different phantoms with varying informative angles and their
rotation. Our research methodology trains the agent using a comprehensive dataset
(dataset d4) comprising 9,000 phantoms over 300,000 training episodes. In this study,
a fixed number of seven angles is employed.

Similar to Experiment 3, shown in Figure (2.10), the training for the mixed phan-
toms reveals that the incremental reward setting facilitates faster convergence, while
end-to-end reward setting results in better performance. Figure (2.11) illustrates the
performance of the end-to-end reward setting. It fixes the first two angles to 137◦ and
46◦ for the hexagon and triangle, respectively, while it selects 137◦ and 65◦ for the
pentagon as the first two angles because of some uncertainty for the second angle as
mentioned in Experiment 3. The agent then selects the subsequent informative angles
based on this prior information by the fixed angles.
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Figure 2.10: This figure compares the performance of Actor-Critic policies, trained on
mixed phantoms dataset, with that of an equidistant policy. It displays the training outcomes,
with curves showing the mean values and shaded color bands representing the variances.

Drawing from the unseen rotations test conducted on 900 phantoms, as detailed
in Table (2.3), it can be observed that the Actor-Critic policies, with both end-to-end
and incremental rewards, outperform the equidistant policy.
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Figure 2.11: The personalized strategies for mixed phantoms achieved by the Actor-Critic
policy are demonstrated in these sample results obtained under the end-to-end reward setting.

Table 2.3: Performance comparison of policies on unseen rotations test for MIXED phan-
toms regarding the PSNR values

Policies Mixed phantoms
Learned adaptive policy (end-to-end) 24.85 ± 1.64
Learned adaptive policy (increment) 24.15 ± 1.55

Equidistant policy 22.94 ± 0.76

2.4.7 Experiment 5 - Generalizability Assessment

To evaluate the generalizability of the proposed method, we apply the trained Actor-
Critic policy, initially tailored for mixed phantoms, to various noise levels, phantoms
possessing distinct shapes and intensity values. Following this, we train the Actor-
Critic policy using simple datasets. Next, to assess its effectiveness, we evaluated how
well it could generalize from a simple training dataset to a similar yet more complex
dataset.

We investigate the impact of Gaussian noise (5%, 7.5%, and 10%) on the Actor-
Critic agent’s ability to select informative angles for phantoms. As illustrated in Figure
(2.12), the incorporation of Gaussian noise into measurements results in a decrease
in performance for both the equidistant and Actor-Critic policies, particularly when
compared to outcomes from noise-free measurements. Nevertheless, Actor-Critic poli-
cies consistently outperform the equidistant approach, particularly in an end-to-end
framework. This indicates that the predominant factors contributing to performance
disparities are the difficulties inherent in reconstructing data from noise-contaminated
inputs. Comparing the result samples with 5% Gaussian noise from end-to-end re-
wards in Figure (2.13) to those in Figure (2.11) from Experiment 4, we find that
the noise in measurements has a substantial influence on the angle selection strat-
egy, including the fixed angles and the informative angles selection orders afterward.
To better understand the differences between the two policies in Figures (2.11) and
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Table 2.4: Performance comparison of policies on test for phantoms with different shapes
regarding the PSNR values

Policies Rectangular Heptagon Octagon
Learned adaptive policy (end-to-end) 21.28 ± 2.66 23.08 ± 0.74 23.19 ± 1.24
Learned adaptive policy (increment) 21.89 ± 2.52 23.32 ± 0.57 23.46 ± 0.90

Equidistant policy 23.66 ± 1.20 22.75 ± 2.16 24.24 ± 0.43

(2.13), we show the policy results for triangles in Figure (2.14). Our analysis reveals
that the policy for clean data is tightly clustered around informative angles, whereas
the policy for noisy data is more broadly distributed. We also observe that the policy
realizes adaptive angle selection, where the probability of a chosen angle decreases
significantly, followed by an increase in the probability of some angles with a small
probability.

In the test involving unseen rotations, conducted on 900 phantoms with variable
noise levels as depicted in Figure (2.15), the Actor-Critic policies consistently surpass
the equidistant policy, with the end-to-end reward setting maintaining the most su-
perior performance across the three distinct noise levels. This suggests again that the
observed performance variation predominantly stems from the reconstruction chal-
lenges posed by noisy measurements rather than the efficiency of the trained policy
itself. Additionally, models trained on clean measurements generally exhibit enhanced
resilience to noisy measurements compared to those trained on noisy datasets, sug-
gesting that training with noisy data might hinder the optimal performance of the
Actor-Critic policies.

In terms of shape variations, we analyze phantoms with fewer edges, such as rect-
angles, and those with a greater number of edges, specifically heptagons, and octagons.
For each shape category, we have studied a sample size of 900 phantoms. As deduced
from Table (2.4), while the Actor-Critic policy demonstrates a degree of generalizabil-
ity for diverse phantom shapes, such as heptagon, its efficacy is somewhat restricted.
The policy with an incremental setting demonstrates enhanced generalizability.

For variations in intensity values, we assess phantoms (dataset d4) with four dis-
tinct intensity ranges: [0.9,1), [0.7,1), [0.5,1), and [0.1,1). For each of these intensity
categories, our study encompassed a sample size of 900 phantoms. Insights drawn
from Table (2.7) suggest that as the intensity value range expands, the generalizabil-
ity of the Actor-Critic policy diminishes. However, the policy employing an end-to-end
setting showcases superior generalizability.
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Figure 2.12: This figure compares the performance of Actor-Critic policies, trained on a
mixed phantoms dataset, with that of an equidistant policy. It displays the training outcomes
while considering the impact of Gaussian noise (5%, 7.5%, and 10%), with curves indicating
the mean values and shaded color bands representing the variances.
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Figure 2.13: The personalized strategies for mixed phantoms with 5% Gaussian noise on
measurements achieved by the Actor-Critic policy are demonstrated in these sample results,
obtained under the end-to-end reward setting.

Figure 2.14: Comparison of policies for triangles. The policy on the left is trained on
clean data, while the policy on the right is trained on noisy data. The probabilities are scaled
by log 5 to magnify the small probabilities. The red star on each colored line represents the
selected angle based on the corresponding probability distribution. Once an angle is selected,
its probability becomes zero or is decreased for subsequent selections.

Finally, we initially trained the Actor-Critic policy on a comprehensive dataset
that includes all phantoms from categories d1), d2), and d4). This approach aimed
to develop a versatile and adaptable policy capable of handling a variety of shapes
and complexities. With a set configuration of seven angles across 300,000 training
episodes, Figure 2.16 showcases the training results for the Actor-Critic policies and
uses the equidistant policy as a comparative baseline. The Actor-Critic policies sur-
pass the equidistant policy in performance, though the margin is modest. This narrow
performance gap can be attributed to the specific nature of the training datasets,
particularly the circle and ellipse phantoms. Circles possess uniformly informative
angles, while ellipses offer nearly uniform informative angles, as shown in Experiment
2, considering the seven angles. Interestingly, the performances of Actor-Critic poli-
cies, whether configured for end-to-end or incremental learning, show a remarkable
similarity.

Subsequently, to assess the ability of the policy to generalize from a simpler training
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Figure 2.15: Comparison of policies considering different Gaussian noise levels for the
mixed dataset d4): the results demonstrate the unseen rotations outcomes over. The graph
depicts the efficacy of learned adaptive policies, both in incremental and end-to-end settings,
against the equidistant policy. Notably, both clean and noisy training conditions are consid-
ered for the adaptive policies. The x-axis represents the Gaussian noise percentage, while the
y-axis captures the performance metric. Error bars indicate the variability in performance
at each noise level.
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Figure 2.16: This figure compares the performance of Actor-Critic policies, trained on
simple phantoms from datasets d1), d2), and d4), with that of an equidistant policy. It
displays the training outcomes, with curves showing the mean values and shaded color bands
representing the variances.

Table 2.5: Policy Performance on Complex Combined Phantoms: A comparison of policies
trained on simple phantoms, evaluated on complex combined phantoms (d5) using PSNR
values.

Policies Combined phantoms d5)
Learned adaptive policy (end-to-end) 23.27 ± 1.43
Learned adaptive policy (increment) 23.20 ± 1.67

Equidistant policy 23.24 ± 1.25

set to a more complex one, we evaluate the trained Actor-Critic policy on datasets
d5) and d6) with a size of 900 phantoms, respectively. This category encompasses
a mix of two distinct shape types found in the training dataset, thereby providing
a challenging test for its adaptability. The results for the dataset d5), depicted in
Table (2.5), indicate that the performance of these three policies is quite similar due
to the inclusion of round shapes. In contrast, the results for dataset d6), shown in
Table (2.6), demonstrate the superiority of both Actor-Critic policies. These results
highlight the Actor-Critic’s proficiency in handling increased complexity.
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Table 2.6: Policy Performance on Complex Combined Phantoms: A comparison of policies
trained on simple phantoms, evaluated on complex combined phantoms (d6) using PSNR
values.

Policies Combined phantoms d6)
Learned adaptive policy (end-to-end) 22.35 ± 1.12
Learned adaptive policy (increment) 22.49 ± 1.27

Equidistant policy 22.20 ± 0.54

Table 2.7: Performance comparison of policies on test for phantoms with different intensity
values regarding the PSNR values

Policies [0.9,1) [0.7,1) [0.5,1) [0.1,1)
Learned adaptive policy (end-to-end) 23.91 ± 1.86 23.30 ± 2.35 22.51 ± 2.91 21.21 ± 3.04
Learned adaptive policy (increment) 22.41 ± 2.98 21.41 ± 3.73 18.56 ± 3.92 17.29 ± 3.42

Equidistant policy 21.77 ± 0.77 21.43 ± 0.76 21.36 ± 0.74 21.31 ± 0.71

2.4.8 Experiment 6 - Complex phantoms with implicit infor-
mative angles

This study seeks to evaluate the effectiveness of the Actor-Critic agent when applied to
complex, multi-material phantoms that more closely resemble realistic scenarios. The
agent is trained using dataset d7) to examine its capability in a-posteriori adaptation
and on dataset d8) to evaluate the impact of static components on a-priori angle
selection.

The number of phantoms used for training is 3,000 and the episodes for training are
150,000. The training outcomes during the final 2,000 episodes are illustrated in Figure
(2.17) for dataset d7) and Figure (2.18) for dataset d8). Both figures affirm the superior
efficacy of the Actor-Critic policies. As the number of angles increases, the differences
in results among the three policies become less pronounced. This convergence suggests
that with a sufficient number of angles, even an equidistant policy can achieve high-
quality reconstructions. Noteworthily, the Actor-Critic policy under the end-to-end
reward configuration still manifests optimal performance.

In Figures (2.19) and (2.20), we showcase the training results for two different
configurations: five angles in group a) and nineteen angles in group b). The distinction
in angle choices for these configurations is emphasized by the red lines in both groups
a) and b), illustrating the Actor-Critic’s proficiency in a-posteriori adaptation. These
red lines delineate the Actor-Critic agent’s ability to monitor the rotations of the
ellipses. To understand the impact of the static component on a-priori angle-selection,
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we juxtapose the outcomes from datasets d7) and d8) as seen in Figure (2.21). In
our analysis of the final 2000 episodes, angles selected over 1750 times are classified as
belonging to the most frequently selected category. In comparison to group a), group
b) incorporates an increased count of angles, characterized by a denser distribution,
attributable to the introduction of an additional static ellipse. Collectively, these
insights emphasize the Actor-Critic agent’s proficiency in managing both a-priori angle
selection and a-posteriori adjustments.

Figure 2.17: Comparison of policies considering different numbers of angles for the complex
dataset d7): the results demonstrate the training outcomes over the last 2,000 episodes. The
box represents the interquartile range in these plots, spanning from the first to the third
quartile of the data distribution. The median value is displayed as a line within the box.
The whiskers extend from the box to illustrate the range of the data distribution beyond the
interquartile range.

2.5 Discussion

The results indicate that for both categories of phantoms—those with clear informative
angles and those without—the reinforcement learning policy are able to achieve supe-
rior performance compared to the uninformed, equidistant policy. Empirical evidence
suggests that the reinforcement learning policy can devise a strategy for the static
component based on a-priori knowledge while authentically implementing a-posteriori
adaptations. This complements the findings from [78], whose numerical studies could
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Figure 2.18: Comparison of policies considering different numbers of angles for the complex
dataset d8): the results demonstrate the training outcomes over the last 2,000 episodes. The
box represents the interquartile range in these plots, spanning from the first to the third
quartile of the data distribution. The median value is displayed as a line within the box.
The whiskers extend from the box to illustrate the range of the data distribution beyond the
interquartile range.
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a)

b)

Figure 2.19: Illustration of personalized strategies for complex phantoms in d7) achieved
using the Actor-Critic policy under the end-to-end reward setting. Two groups are depicted
based on the number of angles: a) five angles; b) nineteen angles. Rows one and two present
a comparison of distinct phantoms, with red lines emphasizing the a-posteriori adaptation
due to ellipse rotations.
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a)

b)

Figure 2.20: Illustration of personalized strategies for complex phantoms in d8) achieved
using the Actor-Critic policy under the end-to-end reward setting. Two groups are depicted
based on the number of angles: a) five angles; b) nineteen angles. Rows one and two present
a comparison of distinct phantoms, with red lines emphasizing the a-posteriori adaptation
due to ellipse rotations.
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a)

b)

Figure 2.21: The figure illustrates the distribution of angles most commonly chosen,
emphasizing intrinsic preferences devoid of dynamic interferences. The depicted phantoms
signify the omission of any dynamic element. The gradation in color is indicative of the
frequency with which specific angles were chosen over the last 2000 episodes, with each angle
correlating to a color on the provided scale. Notably, angles that fall within the top frequency
bracket (1750 to 2000 occurrences) are accentuated by pronounced black lines.
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not answer this important question. Furthermore, our approach simplifies the exten-
sion to other design parameters beyond angle selection. While angle selection involves
straightforward sampling from one dimension of the complete dataset, altering other
design parameters, such as zooming into a region of interest, introduces more complex
changes in data geometry, like resolution adjustments. Designing a network to oper-
ate effectively within such a variable data environment presents significant challenges.
However, in our approach, the reconstruction method intuitively accommodates these
variations and seamlessly converts them to a consistent image space format, thus al-
leviating the complexities inherent in handling variable data geometries.

Importantly, the trained reinforcement learning policies exhibit generalization ca-
pabilities on the test dataset, including rotations not encountered during training.
Introducing varying levels of noise in measurements diminishes the potential perfor-
mance improvements across all policies. Yet, reinforcement learning policies continue
to exhibit superior performance. This suggests that the primary challenge arises from
the reconstruction of noisy data. Although the method’s generalizability is somewhat
limited when faced with diverse shapes and intensity values, it remains relevant un-
der particular scenarios, especially when intensity values mirror those encountered
during training. Additionally, initially trained using simpler phantoms, these poli-
cies are later evaluated on more complex ones, essentially aggregations of the simpler
phantoms. This illustrates the policies’ capability to adapt from basic to more intri-
cate geometries. We have also determined that a robust training dataset is crucial.
Fortunately, high-quality datasets like CAD models are accessible for industrial appli-
cations. The insights from Experiment 5 highlight the flexibility of the reinforcement
learning policy in adapting to more complex or varied situations, suggesting room for
further improvement.

In addition, we conducted numerical experiments to compare end-to-end and incre-
mental reward functions. The end-to-end reward function achieves the highest average
performance on both the training and test datasets. This indicates its effectiveness in
guiding the reinforcement learning agent toward optimal solutions. On the other hand,
the incremental reward function demonstrates faster convergence during training. In
the future, we will investigate further how to design reward functions that share both
of these desirable properties.

In the future, our work can be extended in the following ways: Firstly, instead
of using SIRT as an image reconstruction method, we will use deep learning-based
reconstruction methods, trained end-to-end. The integration of DL in the reconstruc-
tion process is anticipated to significantly expedite and enhance the efficiency of our
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image reconstruction pipeline. This adaptation is expected to render the process more
efficient, particularly aligning it with the demands of real-time application scenarios.
Conceptually, the current separation between image reconstruction and RL involves
different a-priori assumptions about the class of images being analyzed. By develop-
ing a coherent framework that unifies these assumptions for both tasks, we expect to
achieve more consistent and reliable outcomes. Secondly, our forthcoming research
will involve rigorous testing of our method against datasets containing defects to val-
idate its effectiveness. Working towards this integration by incorporating defects into
our phantom studies and factoring defect detection into the cost function. Thirdly,
we will focus on improving the policy network to mitigate the issue of repeated angle
selections. Fourthly, we restricted ourselves to a simple 2D parallel-beam geometry
to obtain scenarios in which optimal angle selection strategies are known, and the
results of trained policies can be interpreted more easily. In the future, we will extend
the approach to more complex and realistic 3D geometries with additional degrees of
freedom, such as tilting and zooming. Fifthly, we will continue exploring and strength-
ening the generalization capabilities of our approach. This enhancement is crucial for
ensuring that the algorithm can adapt effectively to a wide range of imaging situations.
Finally, a significant aspect of our future work will involve testing and validating our
algorithm on actual CT scans. This step is fundamental to transition from theoretical
and simulated environments to real-world applications, and will be a critical area of
focus in our continued research.

2.6 Conclusion

Compared to classical, computationally prohibitive approaches to solve the sequential
OED problem of adaptive angle selection in X-ray CT, deep reinforcement learning
avoids direct gradient computation on the high-dimensional, non-convex, bi-level op-
timization problem. Instead, it learns non-greedy strategies to solve it for a particular
class of phantoms during an offline training phase which can then be applied fast
and efficiently online to scans of new phantoms. We posed the sequential OED prob-
lem as a POMDP and utilized the Actor-Critic network combining a shared encoder
network to learn an optimal policy. In our numerical studies with 2D CT scenarios
mimicking industrial, in-line CT inspection, we could demonstrate that our approach
learns efficient, truly adaptive policies that achieve better performance in terms of
reconstruction quality. We introduced two different reward function settings, namely,
the end-to-end and incremental reward settings. Both settings lead to stable learning
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processes, consolidating reinforcement learning as a reliable and extremely promising
method for sequential OED. To conclude, our work demonstrates the potential of us-
ing reinforcement learning for solving sequential OED problems in inverse problems
and imaging - in particular to automate angle selection and improve CT imaging ef-
ficiency, providing a flexible and adaptive approach for various CT imaging scenarios
in the Industry 4.0.
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Chapter 3

Task-Adaptive Angle
Selection for Computed
Tomography-Based Defect
Detection

3.1 Introduction

X-ray Computed Tomography (CT) plays a pivotal role in non-destructive quality
control, yet it remains predominantly an off-line tool due to the trade-off between
scan speed and scan quality. Standard CT protocols use evenly spaced angles around
the object, typically requiring a large number of angles to ensure quality. However, in
particular in sparse angle CT, the geometry of the object under analysis heavily influ-
ences which angular projections carry more or less useful information for the specific
task to be performed, e.g., for defect detection [46, 29]. Optimal Experimental Design
(OED) aims to identify the optimal scanning angles to achieve a given task. We discern

This chapter is based on:
Tianyuan Wang, Virginia Florian, Richard Schielein, Christian Kretzer, Stefan Kasperl, Felix Lucka,
and Tristan van Leeuwen. “Task-Adaptive Angle Selection for Computed Tomography-Based Defect
Detection”. In: Journal of Imaging 10.9 (2024), p. 208. doi: 10.3390/jimaging10090208
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two primary categories: static OED and sequential OED. Static OED determines all
experimental parameters in advance, without incorporating feedback from subsequent
observations. In contrast, sequential OED relies on continuous feedback from each
stage of the experiment, allowing for adjustments and adaptations based on emerging
data. In the context of enhancing the speed of in-line CT inspections, the development
of sequential OED for adaptive angle selection strategies is essential. Such a strategy
would allow for a more focused scanning process, dynamically adjusting the angles
and reducing the number of necessary angles, tailored to meet the specific needs of the
inspection task. This approach promises to streamline the scanning process, making it
quicker and more responsive to the unique characteristics of each inspection scenario.

Several researchers have employed prior information in the form of generic statisti-
cal models to determine the most informative angles using approaches based on OED
[9, 22, 14, 39]. However, computational challenges have limited the application of
such methods to off-line settings. In industrial applications, prior information in the
form of Computer-aided design (CAD) models are often available. Therefore, many
researchers utilized them for off-line training to determine the informative angles. The
resulting predefined trajectories can then be rapidly applied in real settings. Fischer
et al. [29] proposed a CAD-based method to optimize task-specific trajectories us-
ing a detectability index [82]. The index is computed by evaluating trajectory fitness
against a user-defined frequency template, utilizing a modulation transfer function
and the noise power spectrum. There are some extended works based on this: Herl et
al. [42] considered a Tuy-based metric to guarantee the completeness of the data ac-
quisition. Schneider et al. [69] used the regressive ResNet-34 to predict this index for
each angle. Then, they used an integer optimization method to generate the trajectory
based on these predictions. Matz et al. [54] proposed geometry-based metrics using
a discrete wavelet transform to find which angle can capture more information about
edges. Bussy et al. [94] employed the Q-Discrete Empirical Interpolation Method to
obtain a subset from full angles. Furthermore, they introduced additional constraints
considering the ray’s attenuation [15].

The need for adaptability in in-line use, particularly regarding angle selection, is
underscored by the fact that these offline-optimized methods, while efficient in prac-
tical applications, often require precise alignment with actual scans [10]. To address
this, we explored the potential of a Deep Reinforcement Learning (DRL) approach in
the development of the sequential OED for adaptive angle selection in [97]. So far, we
only considered approaches that choose a fixed number of angles to optimize generic
image reconstruction quality measures.
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This paper extends our previous work [97] and addresses challenges of identifying
defects in products using in-line CT. The contributions of this study include:

1. Incorporating prior knowledge about potential defects into the DRL reward func-
tion to guide task-specific angle selection for defect detection;

2. Acknowledging that defects in industrial products are infrequent, and that de-
fective and non-defective samples may require different numbers of angles, our
method introduces adaptability in angle count. This flexibility allows for a more
detailed inspection when defects are suspected, enhancing defect detection while
simultaneously optimizing the use of scanning resources;

3. Incorporating task-specific, such as image contrast or segmentation quality in
the training reward. This integration of DRL with defect detection strategies
significantly enhances both the rapidity and precision of defect identification,
demonstrating the feasibility of an automated and efficient process for task-
specific angle selection in CT scans.

The paper is structured as follows: The following section introduces the basic
concepts and notation we use for the inverse problem in CT imaging and Reinforcement
Learning (RL) for sequential OED. Section 3.3 elaborates on DRL and defect detection
methodologies and outlines the integration of defect information into the RL reward
function. The fourth section presents three experiments validating the algorithm. The
fifth section discusses the advantages, limitations, and prospects for future research.
The paper concludes in the final section with a summary of our findings.

3.2 Background

3.2.1 Inverse problem of CT

In sparse-angle CT, we aim to reconstruct x̄ from a small number of angles θ =

{θ1, . . . , θM}, which presents a underdetermined and ill-posed inverse problem, which
we will denote as

y(θ) = A(θ)x̄+ ϵ(θ), (3.1)

Traditional approaches like Filtered Back-Projection (FBP) are inadequate here, as
they rely on a complete range of angles. We will use the Simultaneous Iterative
Reconstruction Technique (SIRT) [27], which obtains a reconstruction by solving the
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constrained weighted least-squares problem

x̂(θ) = arg min
x∈Λ
‖A(θ)x− y(θ)‖2R , (3.2)

using a pre-conditioned projected gradient-descent scheme:

x(k+1) = ΠΛ

(
x(k) + CA(θ)TR

(
A(θ)x(k) − y(θ)

))
. (3.3)

In the above, ΠΛ denotes a projection onto the constraint set (e.g., bound constraints
a ≤ xi ≤ b), the diagonal matrix R contains the reciprocals of row sums of A(θ) and
the diagonal matrix C contains the column sums of A(θ).

3.2.2 Reinforcement learning for sequential OED

OED is a methodological framework developed to select experimental designs that
maximize the information gained about parameters of interest [64]. In the example
of (3.1), OED would aim to choose a set θ = {θ1, . . . , θM} such that y(θ) contains
maximal information about a feature of x̄. In sequential OED, as an extension, the
experimental designs can be adapted sequentially based on the outcomes of previ-
ous experiments, e.g., we can choose each new angle θk based on the measurements
y({θ1, . . . , θk−1}).

While conventional OED formulations lead to complex optimization problems over
utility functions measuring the information gain, we are considering using Reinforce-
ment Learning (RL) to solve the sequential OED problem. RL is a machine learning
paradigm in which intelligent agents learn to take actions in a dynamical environment
that will maximize a reward they obtain [84]. RL is typically grounded in Markov De-
cision Processes (MDP), a framework comprising action and state spaces, transition,
and reward functions. RL algorithms aim to learn a policy —a strategy for selecting
actions based on the current state —that maximizes cumulative rewards over time.
Partially observable MDP (POMDP) extends this framework to scenarios, where the
current state may not always be fully observable, and the agent has to construct a
belief state that its actions are then based on.

We utilize RL within the POMDP framework to address the sequential OED prob-
lem following [77]. The RL algorithm operates by mapping the belief state at step t,
denoted as st, to a probability distribution over the possible experimental designs or
actions. The action for the next experiment, at, is then chosen based on this probabil-
ity distribution. The objective is to learn a policy π(at|st) that optimizes the utility
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function of the sequential OED, essentially guiding the experimental design process in
a way that maximizes the overall gain from the experiments conducted. Consequently,
this methodology allows for the optimization of policy parameters rather than the de-
sign parameters themselves.

In [97], we described a POMDP model of the sequential OED problem of adap-
tively selecting a fixed number of scan angles in X-ray CT in terms of states, actions,
and rewards associated with state transitions. The DRL training in this setup was
focused on developing an optimal policy aimed at maximizing total rewards, primarily
enhancing the reconstruction quality by choosing the most suitable actions based on
the current state. The components of this model include:

• Observation space: it consists of a set of measurements y generated according
to Equation 3.1.

• State space: we consider the reconstruction x̂ of the underlying ground truth x̄

as a belief state, which can be obtained via SIRT (3.3).

• Action space: it consists of 360 integer angles θ = {θ0, θ1, ..., θ359} from the range
[0, 360).

• Transition function and observation function: the transition function is deter-
ministic, as the underlying ground truth remains unchanged. On the other hand,
the data model given by the forward model serves as the observation function,
from which we only consider measurement samples.

• Reward function: The reward function primarily evaluated the reconstruction
quality using the Peak Signal-to-Noise Ratio (PSNR) value.

3.3 Methods

3.3.1 Task-adaptive angle selection for defect detection

Building on the approach outlined above, we now introduce a more complex reward
function to facilitate adaptive, task-specific angle selection with a flexible number of
angles. We propose an integrated pipeline where angle selection aids in improving
defect detectability. As shown in Figure 3.1, the pipeline involves training two key
components: the DRL network and the evaluation for defect detectability. The DRL
network follows the architecture described in our previous work [97]. It includes a
deep neural encoder network that extracts informative features from reconstructions at
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each step. Additionally, it incorporates an Actor-Critic network to estimate the value
function and output the probability distribution over the action space. The bottleneck
layer of the encoder network serves as the input to the Actor-Critic network.

Measurements 
acquisition DRL network

Only used for training 

Trained for angle selection 
and defect detection applications 

Reconstruction pipeline 

Next angle Reconstruction 
using SIRT

Segmentation
algorithm

Segmented 
defect 

Defect
ground truth

Comparison

Reward 1: 
SSIM value Reconstructed

image 

Outputs from pipeline 

C
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ris
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Image
ground truth

Reward 2: 
CR/DS 

Figure 3.1: The DRL network selects the next angle θi+1, which is used, along with the
previously selected ones and measurements, to gather a new reconstruction. The SSIM is
then calculated to assess the similarity between this reconstruction and the ground truth
image. Concurrently, the contrast ratio value is derived from the ground truth of the defect
(indicated by the dashed line); alternatively, the dice score value is determined by comparing
the defect segmentation output with the defect’s ground truth (depicted by the solid line).
These metrics inform the DRL network’s decision-making for further angle selection.

The pipeline operates as follows: To explain one step of this sequential pipeline, we
assume a set of angles θ = {θ0, θ1, ..., θi} and their corresponding measurements are
acquired. The SIRT algorithm with constraints is then used for image reconstruction.
This reconstructed image serves as the input for the DRL network.

The reward function considers reconstruction quality, which is measured by com-
paring the reconstruction to the ground truth, often using the Structural Similarity
(SSIM) index. It also evaluates defect detectability, described by metrics such as the
Contrast Ratio (CR) or Dice Score (DS) for segmentation precision. A negative re-
ward is assigned at each step to encourage the use of fewer angles. More details about
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this reward function are provided in the following section.
The policy maps the input reconstructed image to a probability distribution over

the action space, from which the next angle is selected by sampling. The policy is
trained to maximize the total rewards. The computational costs spend on the training
process. While the training processis computationally intensive, the trained model
can be applied quickly in real-world applications.

3.3.2 Reward function

The reward function considers two primary objectives: defect detectability and recon-
struction quality. The detectability of defects, given the current reconstruction x̂k+1

and the ground truth of the defect z̄, will be assessed by a measure D(x̂k+1, z̄) ∈ [0, 1],
where higher values mean a better detectability. We will describe two examples of
D(x̂k+1, z̄) in more detail in the following section. To asses reconstruction quality,
we will use the SSIM index instead of the PSNR value, because the SSIM also takes
values in the range [0,1]. With this, the reward function is defined as:

R(x̂k+1, x̄, z̄) =

α(SSIM(x̂k+1, x̄) +D(x̂k+1, z̄)) if stop criteria is reached

−a otherwise
(3.4)

The stop criteria are reached if the number of angles k+1 is equal to a maximum M ,
or if the reconstruction quality SSIM(x̂k+1, x̄) is above a threshold Q. The rationale
behind setting M is to prevent the process from selecting an excessively large number
of angles, while the threshold Q ensures that angle selection stops in defect-free cases,
where D(x̂, z̄) = 0 at each step, and that the reconstruction quality is high enough for
reliable defect determination. The term α is a scale. The term −a acts as a penalty at
each step, encouraging the RL agent to select fewer angles to meet the stop criteria.
Both the Contrast Ratio (CR) metric and Dice Score (DS) metric can serve as the
component D(x̂k+1, z̄) of the reward function (3.4).

To effectively assess the detectability of defects, it is important to introduce specific
metrics that quantify how clearly a defect is visible. The CR measures the visibility of
a defect against the background material in terms of the average intensity difference:

CR =
|µ(Idefect)− µ(Ibackground)|

µ(Ibackground)
(3.5)

In this formula, µ(Idefect) represents the mean intensity value of the defect area, while
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µ(Ibackground) denotes the mean intensity value of the surrounding background area.
A greater CR value between a defect and the surrounding material often correlates
with better detectability.

In practical terms, however, one must also take into account the actual segmenta-
tion of the defect. To this end, we explore unsupervised defect segmentation using the
K-means clustering algorithm, a method celebrated for its uncomplicated yet effective
approach to categorizing complex data into distinct clusters.

K-means clustering begins by determining a predetermined number of clusters,
known as K, with each cluster represented by a central value or ’centroid’. The algo-
rithm then proceeds in an iterative fashion, assigning each data point to the closest
centroid using a distance metric, typically Euclidean distance. Centroids are recalcu-
lated in each iteration, and this process repeats until the centroid positions no longer
change significantly.

Our paper leverages the K-means clustering algorithm to identify defects within
material samples. By initializing the algorithm to create two clusters, we effectively
distinguish between normal and defective regions. The defective cluster is then used
to guide the manual segmentation of defects, illustrating the algorithm’s practical
application in materials analysis.

When this semantic segmentation method is applied to the reconstructed image,
one can also consider a metric that directly measures the accuracy of the segmented
image: The DS compares the predicted segmentation of defects against the actual
(ground truth) segmentation. It is expressed as:

DS =
2× |Ppredicted ∩ Pground truth|
|Ppredicted|+ |Pground truth|

(3.6)

Here, Ppredicted refers to the set of pixels identified as defects in the predicted segmen-
tation and Pground truth represents the set of pixels identified as defects in the actual
ground truth segmentation. Thus, Ppredicted ∩Pground truth is the set of correctly iden-
tified as defect pixels. The cardinality operator | · | measures the size of the sets, i.e.,
the number of active pixels.

These metrics offer insights into how effectively the chosen imaging angles can
accentuate defects in the scans. By incorporating CR or DS into the reward function,
we can systematically evaluate and optimize the angle selection process, ensuring that
it maximizes the visibility and detectability of defects.
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3.4 Results
In the results section of our paper, we explore the efficacy of the pipeline in select-
ing informative angles that enhance defect detectability. We compare our RL-based
method to non-adaptive angle selection criteria. These non-adaptive angle selection
criteria use the same number of angles, which is determined by the RL-based method.
Our experimental analysis spans various datasets, ranging from synthetic numerical
simulations to those that closely mimic real-world scenarios.

3.4.1 Baseline angle selection Methods

This subsection introduces the foundational angle selection methods used as baselines
in our X-ray CT studies:

• Equidistant policy: This method is a conventional strategy for determining
the acquisition angles in X-ray CT imaging. It uniformly divides the full 360-
degree rotation into equally spaced angular intervals. With an increase in the
number of angles, the interval between consecutive angles becomes narrower,
offering denser angular coverage.

• Golden standard policy [49, 21] In contrast to the equidistant approach, this
method adopts a non-uniform strategy for angle selection, leveraging the golden
ratio for angle distribution. This ensures that with the addition of angles, the
previously established angles remain fixed, and new angles are allocated within
the largest existing interval between angles, according to the golden ratio. This
dynamic adjustment can optimize angular coverage.

3.4.2 Shepp-Logan phantoms

Initially, our experiment employs a numerical dataset and incorporates the CR metric
into the reward function. The primary goal of this preliminary test is to demonstrate
that our approach can effectively enhance defect detectability.

Dataset

For the first experiment, we generated images of objects consisting of ellipsoidal parts
inspired by the Shepp-Logan phantom. The dataset consists of 1,800 images of size
128 × 128, evenly divided into 900 normal samples and 900 samples with elliptical
defects. The shapes and defects are characterized by random variations in scale, shift,
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and rotation. The Shepp-Logan shapes have scales within the following ranges: minor
axis length between 57 and 67 pixels, and major axis length between 90 and 105 pixels.
The defects have scales within these ranges: major axis length between 9 and 25 pixels,
and minor axis length between 6 and 19 pixels. The rotations are distributed across 36
angles, each spaced equally from 0◦ to 179◦. The diversity in the dataset is depicted
in Figure 3.2.

Implementation

When computing the CR value, we consider an elliptical background area slightly
larger than the elliptical defect, with both its major and minor axes extended by four
pixels. For the stop criteria, we set the maximum number of angles, M, to 20, the
threshold for reconstruction quality, Q, to 0.85, scale α, to 15 and penalty −a, to -1.
The Astra-toolbox [90, 89] is employed for both forward projection and reconstruction
tasks.

In the forward projection process, we utilize a fan-beam geometry. The distance
from the source to the detector is set at 400 units, while the distance from the source
to the object is 200 units. The detector is configured with a resolution of 256 pixels.

For the reconstruction phase, we employ SIRT with bound constraints, i.e., we run
(3.3) with Λ = {x ∈ Rn|0 ≤ xi ≤ 1} for 150 iterations.

Figure 3.2: This figure displays samples of Shepp-Logan shapes, illustrating both normal
(top row) and defective variants (bottom row). Each sample is unique, demonstrating a range
of scales, shifts, and rotations, which reflects the diversity of the dataset used in our analysis.
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Evaluation

During our training process, we conduct a series of 160,000 episodes to train the
DRL agent. Each episode involves using a Shepp-Logan shape from our dataset. In
Figure 3.3, the top demonstrates the progression of average total rewards accumulated
by the DRL agent during the training phase. This trend indicates that the policy
effectively learned to balance improving SSIM and contrast ratio values while reducing
the number of angles over time.
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Figure 3.3: Evolution of average total rewards and the number of angles over training
episodes. The figure at the top presents the trend in average total rewards achieved by
the DRL agent throughout the training episodes. The figure at the bottom illustrates the
variation in the average number of angles selected by the DRL agent for Shepp-Logan shapes,
differentiated by the presence or absence of defects. Analyzed at intervals of every 1000
episodes, the graph shows mean values as a central curve, signifying the average reward
at each point, with variance depicted as shaded bands around the curve, representing the
standard deviation and the spread of reward values over time.
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The bottom of the Figure 3.3 showcases how the number of angles chosen by the
DRL agent adjusts in response to Shepp-Logan shapes, both with and without defects.
Initially, the DRL agent tends to select a higher number of angles to meet the stop
criteria. It is observed that the shapes with defects consistently require more angles
compared to the normal shapes from the start of training. As training progresses, the
number of angles decreases for both scenarios due to the negative reward applied at
each step. When considered alongside Figure 3.3, this trend suggests that the DRL
agent is optimizing its angle selection strategy by choosing fewer yet more informative
angles, thereby enhancing the total rewards earned. We incorporate the contrast
ratio into the reward function, which influences the agent’s behavior when defects
are present. In these cases, more angles are needed to enhance the visibility of flaws
against the background. Notably, the data reveals that the defective Shepp-Logan
shapes necessitate approximately 11 angles for effective analysis, compared to around
7 for non-defective ones.

Figure 3.4 presents a set of reconstructed image samples obtained using the DRL,
equidistant, and golden standard policies. The number of angles used in each row is
determined by the DRL policy. The first row, utilizing 8 angles, and the second row,
employing 10 angles, highlight the superior clarity of defects in images reconstructed
by the DRL policy.

The observed decrease in the number of angles chosen significantly influences the
resulting CR values. Figure 3.5 contrasts the performance of three different policies
—equidistant, golden standard, and DRL —in terms of their influence on CR value.
The equidistant and golden standard policies utilize the number of angles determined
by the DRL policy with SSIM and CR rewards. It is noted that while the average
CR values under the equidistant and golden standard policies tend to diminish as
the number of angles decreases, the CR values achieved using the DRL policy show
a notable increase at the early stage and remain stable. Among these, the golden
standard policy slightly outperforms the equidistant policy. Additionally, to evaluate
the effectiveness of the CR reward, a separate DRL agent is trained solely with SSIM
rewards. As shown in Figure 3.3, this approach initially leads to an increase in the
CR values, which later declines. Upon reaching convergence, this SSIM-based DRL
policy surpasses the equidistant and golden standard policies in performance but is
still outperformed by the DRL policy, which incorporates a CR reward. Notably, the
SSIM-based DRL policy focuses on a single task, leading to the selection of fewer angles
than the DRL policy with dual tasks. Specifically, during the last 2000 episodes, the
SSIM-based DRL policy selects an average of 8.07 angles, compared to 8.32 angles for
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DRL (CR=0.55) Equidistant (CR=0.23) Gloden (CR=0.34)

DRL (CR=0.59) Equidistant (CR=0.35) Golden (CR=0.38)

Figure 3.4: Reconstruction quality comparison. This figure presents a side-by-side com-
parison of reconstructed images obtained using the DRL policy versus those acquired through
the equidistant and golden standard policies. The comparison highlights the differences in
defect visibility across these methodologies. The numerical value accompanying each title
denotes the CR value pertinent to its respective image, serving as a quantitative measure
of the defect contrast compared to its surroundings. Red rectangles highlight the defect in
each image, with a zoomed-in view displayed in the upper right corner to facilitate a more
detailed examination of the defect visibility.
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the DRL policy with the CR reward. The DRL policy can handle variations in scale
and rotation, ensuring reconstruction quality and effective defect detection with an
appropriate number of angles. These findings suggest that including a reward for CR
in the DRL framework aids in adaptively selecting angles that are not only optimal in
quantity but also more effective for defect detection.
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Figure 3.5: This figure presents a side-by-side comparison of CR values derived from
different imaging policies. It specifically highlights the differences in CR values achieved by
the DRL policy that utilizes both SSIM and CR as rewards, in contrast to the equidistant and
golden standard policies. The number of angles selected by the DRL policy, which integrates
SSIM and CR rewards, forms the basis for this comparison. The DRL policy informed by
SSIM alone selects a smaller number of angles. It takes into account 1000 episodes, with the
mean values representing the average. Additionally, calculations not depicted in this figure
indicate that the DRL policy exhibits the smallest variance among these policies once the
mean values reach a point of convergence.

To assess the efficacy of the trained policy, we examine the same phantom subjected
to previously unseen rotations. According to Table 3.1, the DRL policy with dual tasks
demonstrates superior performance compared to two traditional approaches, across all
policies considering the average number of angles, which is 8.46 as determined by the
DRL policy. Additionally, both the golden ratio and equidistant policies require the
selection of three additional angles to achieve performance comparable to that of the
DRL policy with dual tasks, as indicates in the last two rows of Table 3.1.
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Table 3.1: Comparative performance of DRL policy with dual tasks and traditional angle
selection policies on Shepp-Logan phantom.

Policy Average number of angles CR SSIM
DRL 8.46 0.62 ± 0.10 0.86 ± 0.01

Golden ratio 8.46 0.48 ± 0.13 0.83 ± 0.01
Equidistant 8.46 0.49 ± 0.17 0.83 ± 0.01
Golden ratio 8.46+3 0.61 ± 0.11 0.85 ± 0.01
Equidistant 8.46+3 0.59 ± 0.13 0.86 ± 0.01

3.4.3 Simulated industrial dataset

After the proof of the first experiment focusing on enhancing the contrast of the
defect, a second experiment is carried out to assess the pipeline against a more realistic
scenario and involve the defect segmentation.

The Fraunhofer EZRT XSimulation software [68] is used to acquire a set of 1800
simulated images of size 128×128 in fan beam geometry. These simulated images serve
as the ground truth and are used to compare with the K-means clustering segmentation
to calculate the Dice score values. In this study, we focus on two prevalent defect types
—pores and cracks—to evaluate the efficacy of the DRL approach. Within the domain
of industrial CT scans, Regions of Interest (ROIs) are typically predetermined. Certain
areas are more prone to defects and, consequently, demand a higher reconstruction
quality. To reflect this industry practice, we designate two distinct ROIs to separately
introduce pore and crack defects. Mirroring the setting of our initial experiment, we
consider an equal distribution of normal and defective samples, totaling 900 each.
Figures 3.6 and 3.7 display examples of these artificially induced defects for reference.
Variable position and tilt of the object are chosen for data augmentation and bias
reduction.

In this research, we introduce pore defects of varying sizes into ROI 1. These defects
encompass a pixel count between 11 and 35, with circumcircle diameters ranging from
3.2 to 7.0 pixels. This range presents diverse scenarios for the DRL method to tackle.
Similarly, cracks are inserted into ROI 2, with a pixel count ranging from 7 to 25 and
circumcircle diameters between 8.6 and 19.7 pixels. These experiments are designed to
rigorously assess the DRL method’s effectiveness in segmenting defects and enhancing
the quality of reconstructions within ROIs.
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ROI 1

Figure 3.6: The top row depicts the selected ROI from the initial dataset, devoid of any
defects. The bottom row presents three samples with artificially inserted pore defects within
the ROI, each sample exhibiting a unique combination of rotation and scale variations to
simulate defect diversity.

ROI 2

Figure 3.7: The top row depicts the selected ROI from the initial dataset, devoid of any
defects. The bottom row presents three samples with artificially inserted crack defects within
the ROI, each sample exhibiting a unique combination of rotation and scale variations to
simulate defect diversity.
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Implementation

In this investigation, we assess the utility of our approach in augmenting the defect
segmentation capabilities of the K-means clustering algorithm. Because the sample
investigated in Section 4.3 has homogeneous materials, the number of clusters is two.
Additionally, We identify the pixel with the maximum intensity value and use its
position as the initial center for one of the clusters. This approach helps distinguish
between the defect and non-defect areas. Finally, we compare the segmented results
with ground truth annotations to validate the clustering performance using the DS
metric.

To establish clear termination parameters for our process, we define two stopping
criteria: a maximum count of 20 angles (M) and a minimum threshold for recon-
struction quality within the ROIs, set at a SSIM of 0.45 (Q). To ensure uniformity
throughout our experiments, we adhere to the same configuration settings used in our
initial experiment, both in other parameters and within the Astra Toolbox. Addition-
ally, we train two distinct DRL policies to address pore and crack defects, respectively,
allowing for a targeted approach to each defect type and ROI.

Evaluation

A. Pore defects
Our investigation centers on pore defects within ROI 1. Figure 3.8 captures the evolu-
tion of the training phase, tracking both the average total rewards and the number of
angles utilized. The upper section of Figure 3.8 demonstrates that the DRL agent suc-
cessfully progressively increases its reward acquisition. The lower section reveals the
strategy of the agent to minimize the number of angles used. Notably, non-defective
samples tend to require a greater number of angles on average compared to defective
ones, and they also exhibit a broader variance.

Figure 3.9 presents two sets of reconstructed images using the DRL policy, along-
side those derived from the equidistant and golden standard policies. This comparison
is based on the number of angles determined by the DRL policy. The first row, utilizing
10 angles, and the second row, employing 7 angles, are evident that the reconstructions
produced by the DRL policy are superior, demonstrating enhanced defect visualiza-
tion. This improvement is corroborated by the corresponding DS values, indicating a
higher accuracy of defect detection.

Subsequently, Figure 3.10 showcases the segmentation outcomes corresponding to
the top group of reconstructions from Figure 3.9. The reconstructed images are pro-
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Figure 3.8: Evolution of average total rewards and the number of angles over training
episodes. The figure at the top presents the trend in average total rewards achieved by
the DRL agent throughout the training episodes. The figure at the bottom illustrates the
variation in the average number of angles selected by the DRL agent for samples with ROI
1, differentiated by the presence or absence of defects. Analyzed at intervals of every 1000
episodes, the graph shows mean values as a central curve, signifying the average reward
at each point, with variance depicted as shaded bands around the curve, representing the
standard deviation and the spread of reward values over time.
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DRL (DS=0.73) Equidistant (DS=0.46) Gloden (DS=0.45)

DRL (DS=0.66) Equidistant (DS=0.0) Gloden (DS=0.15)

Figure 3.9: Reconstruction quality comparison. This figure presents a side-by-side com-
parison of reconstructed images obtained using the DRL policy versus those acquired through
the equidistant and golden standard policies. The comparison highlights the differences in
defect visibility across these methodologies. The numerical value accompanying each title
denotes the DS value pertinent to its respective image, serving as a quantitative measure of
the defect segmentation. Red rectangles highlight the defect in each image, with a zoomed-in
view displayed in the upper right corner to facilitate a more detailed examination of the
defect visibility.
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cessed via the K-means clustering algorithm, resulting in binary representations of the
defects. Segmentation accuracy is then ascertained by comparing these binary images
against the ground truth defect masks, demonstrating the practical effectiveness of
our DRL policy in identifying pore defects within the examined ROI.
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Figure 3.10: Comparative analysis of the pore defect segmentation. The top row represents
the original image with ground truth defects. The middle row illustrates segmentation outputs
using three different policies: DRL policy, equidistant policy, and a golden standard policy.
The bottom row displays the corresponding defect masks generated by K-means clustering.
The values of the DS for each method are indicated, quantifying the accuracy of the defect
segmentation relative to the ground truth.

Figure 3.11 presents the impact of reducing the number of selected angles on the
DS value. This figure provides a performance comparison of three distinct policies—
equidistant, golden standard, and DRL. The number of angles used by these policies
is set according to the DRL policy, which integrates both SSIM and DS rewards. It
is observed that while the DS values for the equidistant and golden standard policies
generally decrease with a reduction in the number of angles, the DRL policy either
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Figure 3.11: This figure presents a side-by-side comparison of DS values derived from
different imaging policies. It specifically highlights the differences in DS values achieved by
the DRL policy that utilizes both SSIM and DS as rewards, in contrast to the equidistant and
golden standard policies. The number of angles selected by the DRL policy, which integrates
SSIM and DS rewards, forms the basis for this comparison. The DRL policy informed by
SSIM alone selects a smaller number of angles. It takes into account 1000 episodes, with the
mean values representing the average. Additionally, calculations not depicted in this figure
indicate that the DRL policy exhibits the smallest variance among these policies once the
mean values reach a point of convergence.
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sustains or enhances its DS values. Notably, the golden standard policy demonstrates
a performance level that is similar to that of the equidistant policy. The effectiveness
of the DRL policy, integrating both SSIM and DS rewards, is clearly demonstrated.
In contrast, a DRL agent trained exclusively with the SSIM as its reward displays
inconsistent performance, initially showing an increase in DS values but subsequently
declining. When this training process reaches its endpoint, the SSIM-based DRL pol-
icy is outperformed by both equidistant and golden policies. As mentioned in the
first experiment, the SSIM-based DRL policy necessitates fewer angles, averaging 5.65
over the final 2000 episodes, in contrast to the DRL policy that integrates both SSIM
and DS rewards, which averages 10.84 angles. This difference in the number of angles
is a contributing factor to the lesser performance observed in the SSIM-based policy.
These findings validate the importance of including a DS reward in the DRL algorithm,
significantly enhancing the selection of angles for improved defect segmentation. With-
out this reward, the DRL approach tends to focus solely on the reconstruction quality
within the ROI while overlooking the specifics of the defect.

In a manner analogous to the experiments conducted on the Shepp-Logan phantom,
we evaluate the trained DRL policy with dual tasks using rotations that are not
included in the training set. The DRL policy selects an average of 9.84 angles. Table
3.2 shows that this policy outperforms two traditional policies in terms of performance.
Furthermore, the last two rows of Table 3.2 indicate that both the golden ratio policy
and the equidistant policy require the selection of two additional angles to achieve
performance comparable to that of the DRL policy with dual tasks.

Table 3.2: Comparative performance of DRL policy and traditional angle selection policies
on the simulated industrial dataset with pore defects.

Policy Average number of angles CR SSIM
DRL (9.84) 9.84 0.65 ± 0.24 0.46 ± 0.03
Golden ratio 9.84 0.57 ± 0.32 0.43 ± 0.09
Equidistant 9.84 0.56 ± 0.34 0.43 ± 0.07
Golden ratio 9.84+2 0.67 ± 0.25 0.47 ± 0.07
Equidistant 9.84+2 0.67 ± 0.28 0.47 ± 0.06

B. Crack defects
Crack defects, with their distinctively long and thin shapes, pose unique challenges for
automated detection and segmentation systems. In an experiment analogous to that
conducted for pore defects, we observe that the average total rewards for the crack

78



Chapter 3. Task-Adaptive Angle Selection for Computed
Tomography-Based Defect Detection

defect samples increase over time while the average number of angles used decreases,
as shown in Figure 3.12. Interestingly, the number of angles required for accurately
detecting defective samples is similar to that for non-defective samples in the case of
crack defects.

0k 25k 50k 75k 100k 125k 150k 175k 200k
Episodes

15

10

5

0

5

10

Av
er

ag
e 

to
ta

l r
ew

ar
ds

Average total rewards

0k 20k 40k 60k 80k 100k
Episodes

8

10

12

14

16

18

20

22

Av
er

ag
e 

nu
m

be
r o

f a
ng

le
s

Average number of angles
without defect
with defect

Figure 3.12: Evolution of average total rewards and the number of angles over training
episodes. The figure at the top presents the trend in average total rewards achieved by
the DRL agent throughout the training episodes. The figure at the bottom illustrates the
variation in the average number of angles selected by the DRL agent for samples with ROI
2, differentiated by the presence or absence of defects. Analyzed at intervals of every 1000
episodes, the graph shows mean values as a central curve, signifying the average reward
at each point, with variance depicted as shaded bands around the curve, representing the
standard deviation and the spread of reward values over time.

In our analysis, Figure 3.13 displays the reconstructed images of crack defects
using three distinct policies: the DRL policy, and the equidistant and golden standard
policies. Additionally, the number of angles is determined by the DRL policy. The first
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row utilizes 14 angles, while the second row employs 18 angles. Similar to pore defects,
the DRL policy, as indicated by the visibility of the defects and their corresponding
DS values, appears to significantly enhance the segmentation process, making cracks
more distinguishable for subsequent analysis.

Figure 3.14 presents the outcomes of applying the K-means clustering algorithm
for segmenting these crack defects. The outcomes are corresponding to the first row in
Figure 3.13. As evidenced by the DS values, the segmentation performance illustrates
the DRL policy’s superior ability to accurately define and isolate the cracks within the
material sample, underscoring its potential in improving segmentation in CT imaging.
Additionally, Figure 3.15 presents a similar impact of reducing the number of selected
angles on the DS value to Figure 3.11. When examining the last 2000 episodes, the
average number of angles determined by the DRL policy, which incorporates both
SSIM and DS rewards, is 11.86. In contrast, the average for the DRL policy that
relies solely on SSIM is 9.39. However, it is noteworthy that the performance of the
SSIM-based DRL policy exhibits a degree of instability.

DRL (DS=0.99) Equidistant (DS=0.38) Gloden (DS=0.76)

DRL (DS=0.95) Equidistant (DS=0.90) Gloden (DS=0.62)

Figure 3.13: Reconstruction quality comparison. This figure presents a side-by-side com-
parison of reconstructed images obtained using the DRL policy versus those acquired through
the equidistant and golden policies. The comparison highlights the differences in defect visi-
bility across these methodologies. The numerical value accompanying each title denotes the
DS value pertinent to its respective image, serving as a quantitative measure of the defect
segmentation. Red rectangles highlight the defect in each image, with a zoomed-in view
displayed in the upper right corner to facilitate a more detailed examination of the defect
visibility.

In the context of a simulated industrial dataset featuring crack defects, the DRL
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Figure 3.14: Comparative analysis of the crack defect segmentation. The top row repre-
sents the original image with ground truth defects. The middle row illustrates segmentation
outputs using three different policies: DRL policy, equidistant policy, and a golden standard
policy. The bottom row displays the corresponding defect masks generated by K-means clus-
tering. The values of the dice score for each method are indicated, quantifying the accuracy
of the defect segmentation relative to the ground truth.
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Figure 3.15: This figure presents a side-by-side comparison of DS values derived from
different imaging policies. It specifically highlights the differences in DS values achieved by
the DRL policy that utilizes both SSIM and DS as rewards, in contrast to the equidistant and
golden standard policies. The number of angles selected by the DRL policy, which integrates
SSIM and DS rewards, forms the basis for this comparison. The DRL policy informed by
SSIM alone selects a smaller number of angles. It takes into account 1000 episodes, with the
mean values representing the average. Additionally, calculations not depicted in this figure
indicate that the DRL policy exhibits the smallest variance among these policies once the
mean values reach a point of convergence.
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policy with dual tasks selects an average of 12.26 angles. As indicated by Table 3.3,
this policy surpasses the performance of two traditional policies. Additionally, the
last two rows of Table 3.3 reveal that to match the performance of the DRL policy
with dual tasks, both the golden ratio policy and the equidistant policy necessitate
the selection of six additional angles.

Table 3.3: Comparative performance of DRL policy with dual tasks and traditional angle
selection policies on the simulated industrial dataset with crack defects.

Policy Average number of angles CR SSIM
DRL 12.26 0.85 ± 0.14 0.46 ± 0.03

Golden ratio 12.26 0.72 ± 0.28 0.39 ± 0.10
Equidistant 12.26 0.76 ± 0.25 0.40 ± 0.10
Golden ratio 12.26+6 0.83 ± 0.18 0.49 ± 0.07
Equidistant 12.26+6 0.86 ± 0.14 0.49 ± 0.07

3.5 Discussion

Our study initiates with numerical experiments using the Shepp-Logan phantom, fea-
turing ellipse-shaped defects, and employs a CR-based reward to initially evaluate how
defect information influences the DRL policy. Advancing towards more complex sce-
narios, we tackle the challenge of detecting smaller defects, which are inherently more
difficult to identify. Our investigation encompasses two predominant defect types—
pores and cracks—and incorporates K-means clustering for the segmentation of these
defects. Following this, we integrate the DS metric into the reward function, showcas-
ing its effectiveness in boosting the K-means clustering algorithm’s ability to segment
defects. The findings reveal that DRL can successfully learn task-specific sequential
OED policies that surpass traditional equidistant and golden standard approaches.
This achievement underscores the potential to include additional tasks in our method-
ology, allowing for more tailored angle selection adaptations. In such cases, carefully
optimizing the assigned weights for these tasks is crucial for achieving balanced and
effective results.

Another notable aspect of our approach is the introduction of a negative reward
at each step, encouraging the DRL agent to select an optimal number of angles. This
strategy balances experimental cost and quality, proving advantageous for practical
applications. The experimental results consistently surpass the outcomes of traditional
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equidistant and golden standard methods, underscoring the DRL approach’s ability
to effectively select a flexible number of angles for improved defect detection.

To apply our method to real-world settings, the DRL approach has to be extended
to incorporate one more component: To focus on task adaptation, a simple stopping
criterion was used in this work, which depended on the ground truth images. In
real-world settings, the DRL policy also needs to decide when to stop. One of the
approaches for this that we will investigate in the future is to use the value function
of the DRL framework, which is an estimate of future total rewards, as a stopping
criterion, e.g., by setting a tolerance level for the output of the value function [85].

Several challenges and future works need to be addressed to advance this method.
CAD models would be valuable for offline training of the DRL agent. However, it is
essential to build a reliable simulation environment using CAD models that closely
mimics real-world conditions. Besides the metrics involved in the reward function,
such as those assessing reconstruction quality and defect detectability, other metrics for
industrial quality control can also be considered. Then, we aim to extend our method
to encompass 3D geometries, in particular the cone-beam geometry, which is most
commonly used in industrial applications. We also plan to investigate more dynamic
scanning trajectories, including out-of-plane angles and variable focus, to align with
the advanced capabilities of robotic CT scanners in industrial inspections. These
developments promise to increase the versatility and applicability of our approach
across diverse industrial inspection scenarios. Another aspect worth considering is the
impact of the reconstruction algorithm on the efficiency of inline CT scans. Exploring
deep-learning-based reconstruction methods [6] instead of traditional iterative methods
like SIRT could potentially speed up the process, leading to more efficient industrial CT
applications. Additionally, more efficient training methods, particularly reducing the
computational complexity for handling large-scale data, need to be considered. Finally,
adopting more advanced defect segmentation methods could improve our ability to
manage the complexities associated with diverse defect types and imaging conditions.

3.6 Conclusion
This paper aims to expand the complexity of the reward function used in DRL for
sequential OED and validate its effectiveness through various experiments. The in-
clusion of a reward for defect information enables the DRL agent to effectively learn
task-specific angle selection. Moreover, our method offers flexibility in the number of
angles utilized, achieving comparable reconstruction quality and defect detectability
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with fewer angles than those required by golden ratio and equidistant policies. This
methodology shows promise for online application in practice following the training
phase.

In conclusion, our research sets the stage for future advancements in applying DRL
to various industrial CT scanning scenarios, with the potential to improve the accuracy
and efficiency of automated inspection technologies.
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Chapter 4

Dynamic Angle Selection in
X-Ray CT: A RL Approach to
Optimal Stopping

4.1 Introduction

X-ray Computed Tomography (CT) enables inline industrial inspection through three-
dimensional reconstruction. However, fast and adaptive CT scanning is essential to
make its widespread industrial application feasible. Previous studies have shown that
not all projections are equally informative for certain objects [46, 91]. Most research
has focused on sequentially selecting informative angles to enhance efficiency. This
sequential Optimal Experimental Design (sOED) is often described within a Bayesian
framework [53, 19, 64], where angles are chosen to maximize information gain. Infor-
mation gain is typically quantified by comparing the prior and posterior distributions
of the reconstruction or by assessing the similarity between the reconstructed image
and the ground truth.

This chapter is based on:
Tianyuan Wang, Felix Lucka, Daniël M. Pelt, K. Joost Batenburg, and Tristan van Leeuwen. “Dy-
namic Angle Selection in X-Ray CT: A Reinforcement Learning Approach to Optimal Stopping”. In:
Applied Mathematics for Modern Challenges 5 (2025), pp. 36–63. doi: 10.3934/ammc.2025010
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Batenburg et al. [9] and Dabravolski et al. [22] used a set of template images
composed of Gaussian blobs to represent samples from the prior distribution. They
introduced an upper bound [8] to approximate the information gain, which reflects
the diameter of the solution set. Burger et al. [14] employed classical “alphabetic
criteria”for OED, such as ”A-” and ”D-” optimality, using the trace or determinant
of the covariance matrix of the posterior distribution as summary statistics [43]. Ad-
ditionally, they used a Gaussian distribution as a prior, updating the posterior after
selecting each angle. Building on this approach, Helin et al. [39] introduced a Total
Variation (TV) prior to enhance edges in reconstructions. The non-Gaussian TV prior
was approximated as a Gaussian distribution using lagged diffusivity iteration. Fur-
thermore, Barbano et al. [7] utilized a deep image prior as the reconstruction method
and linearized the network to approximate the posterior distribution as a Gaussian.
To avoid the need for a closed-form solution, Elata et al. [26] proposed using a dif-
fusion model for CT reconstruction, sampling from the posterior to approximate the
posterior covariance matrix.

Recently, policy-based methods from the reinforcement learning community have
been introduced into sOED [77, 13, 30]. In the medical CT field, Shen et al. [78]
trained a gated recurrent unit as a policy network on simulated medical data to map
projections to probabilities over the angle space. In previous work, we explored in-
dustrial CT applications with very few angles [97]. We trained a policy that maps
the current reconstruction to probabilities over the angle space. Additionally, we
addressed a specific task—defect detection—by incorporating an extra reward for de-
fect detectability and prior information about defects, enabling the trained policy to
identify informative angles to aid in defect detection [96].

Although extensive work has been devoted to selecting informative projection an-
gles, the question of how many angles to acquire is often neglected. This choice can be
cast as an optimal stopping problem, a topic well studied in financial mathematics. The
optimal expected reward is given by the Snell envelope, the smallest super‑martingale
that dominates the reward process. The earliest (respectively, latest) optimal stopping
time is the first instant at which the immediate reward equals (respectively, exceeds)
the continuation value [63, 11, 23].

Additionally, most studies have focused on simulated data rather than experimental
X-ray CT data. This is particularly evident in learning-based methods, which rely on
training with simulated data, leaving their generalizability to experimental X-ray CT
data uncertain.

The contributions of this work include the development of an optimal stopping
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method to balance the trade-off between experimental costs and experimental goals,
such as reconstruction quality. This approach enables both adaptive selection of infor-
mative angles and optimal scan termination based on experimental costs. By incorpo-
rating a terminal policy into the Actor–Critic framework, we proposed a novel method
for computing the policy gradient, jointly optimizing angle selection and the termi-
nal policy. Additionally, we investigated the gap between simulation and real-world
applications by evaluating the trained model on experimental X-ray CT data.

The structure of the paper is as follows: The Background section provides an
overview of the fundamental concepts and notations related to inverse problems and
sOED using reinforcement learning. The Method section introduces our novel ap-
proach for computing the policy gradient. The Results section presents the findings
from both simulation and experimental X-ray CT data experiments. Finally, the
paper concludes with a discussion of the key findings and their implications.

4.2 Background

4.2.1 Forward and Inverse Problems and Optimal Experimen-
tal Design (OED)

Measurements y(θ) are obtained from the ground-truth image (underlying parameters)
x̄ using a forward operator A(θ), which is determined by the design parameters θ =

{θ1, . . . , θM}. In the case of X-ray CT, the forward operator A(θ) corresponds to the
Radon transform for angles θ [38]. Since the measurement process is subject to noise,
we also incorporate a noise term ϵ(θ) and model the projections as follows:

y(θ) = A(θ)x̄+ ϵ(θ). (4.1)

The inverse problem involves using the projections y(θ) and the forward operator
A(θ) to compute a reconstruction x̂(θ) as an estimate of the ground-truth image x̄.
Figure (4.1, a) illustrates the forward and inverse processes. However, solving inverse
problems is often challenging due to their ill-posedness [58]. The accuracy of the recon-
structed ground-truth image is influenced by the design parameters θ, making their
optimal selection crucial. OED is employed to select the most informative angles to
acquire the corresponding projections. To quantify the accuracy of the reconstruction,
a utility function is defined within the OED framework. The optimal design θ∗ is
then obtained by maximizing the expected value of this utility function over the de-
sign space, taking into account the projections y(θ) and the ground truth image x̄ [53,
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67]. As shown in Figure (4.1, b), we plot reconstruction quality—measured by PSNR
—versus the number of projection angles M (up to 50). Reconstructions x̂(θ) are
computed with the Simultaneous Iterative Reconstruction Technique (SIRT) under a
nonnegativity constraint (150 iterations). The orange curve corresponds to a selec-
tion that, at each step, exhaustively evaluates all remaining angles and chooses the
most informative one; the blue curve uses uniformly spaced angles. For the triangle
phantom (left), the selection consistently outperforms the uniform strategy, especially
at small M . The uniform strategy occasionally picks informative directions, which
explains the oscillations in its performance. For the Shepp–Logan phantom (right),
which is approximately rotationally symmetric and lacks a preferred direction, the
gap between the two strategies is small. Across both phantoms we observe diminish-
ing returns: beyond a moderate number of angles, further increases in M yield only
marginal PSNR gains. When acquisition is costly, such small gains may not justify
additional projections, motivating an optimal stopping rule to balance reconstruction
quality against experimental cost.

4.2.2 Sequential Optimal Experimental Design (sOED) and Re-
inforcement Learning

Traditional experimental design is typically performed a-priori, with all optimal design
parameters selected simultaneously. Because it ignores the feedback obtained after
each parameter choice, this approach cannot support a-posteriori selection, potentially
overlooking information that could refine subsequent decisions [77].

The sOED extends the concept of traditional OED by allowing the design pa-
rameters to be determined sequentially, based on the data acquired from previous
projections [19, 67]. For example, the design parameter θk can be chosen based on the
previous projections y({θ1, . . . , θk−1}). This approach enables the design process to
adapt dynamically to changes in the underlying parameters (ground-truth image) by
adjusting the design parameters iteratively.

Solving OED problems in image reconstruction is inherently a bi-level optimiza-
tion challenge: the lower level reconstructs the image, while the upper level minimizes
the reconstruction error relative to the ground truth. The joint optimization problem
is characterized by nonconvexity, nonlinearity, and high dimensionality, particularly
in imaging applications [66]. The sequential approach further complicates this opti-
mization, as the bi-level optimization problem would need to be solved in real time.
Reinforcement Learning (RL) [84], a machine learning technique designed for fast se-
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Forward Inverse

(a)

(b)

Triangle Shepp-Logan

Figure 4.1: Triangle phantom example. (a) Forward process: Noisy parallel-beam projec-
tions at 180 equally spaced angles; additive zero-mean Gaussian noise (5% level) is applied
to the noise-free sinogram. Inverse process: the image is reconstructed from these noisy pro-
jections. (b) PSNR as a function of the number of angles for the triangle phantom. The
number of angles increases in increments of one. The orange curve represents angles selected
via exhaustive search, while the blue curve corresponds to uniformly spaced angles. Left:
triangle phantom; right: Shepp–Logan phantom.
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quential decision-making, facilitates the resolution of this sOED by training through
interaction with the environment. RL is grounded in the framework of Markov Deci-
sion Processes (MDPs), which consist of a state space, action space, transition model,
and reward function. In practice, MDPs are sometimes extended to Partially Ob-
servable MDPs (POMDPs) when the underlying parameters are not fully observable,
necessitating the reconstruction of the belief state from measurements. The goal of
RL is to learn a parameterized policy that maps the current state to the next action,
maximizing the expectation of the cumulative rewards [84].

Figure (4.2) illustrates how the RL framework integrates with the sOED process.
In the context of sOED, at the kth step, the action space consists of the possible
values that the design parameter θk can take. After selecting θk, the reconstructed
underlying parameters x̂k+1, inferred from all previous projections y({θ1, . . . , θk}),
serve as the belief state. The utility function used for accuracy estimation acts as
the reward function R. For example, R can be defined as PSNR, which estimates the
reconstruction quality by comparing the reconstruction with the ground-truth image
[97]. Consequently, the optimization problem of sOED is reformulated as learning a
parameterized policy πa(θk | x̂k;wa), where wa represents the policy parameters. This
policy, with the optimal parameters w∗

a, maximizes the expectation of the cumulative
rewards obtained from the experiments.

By employing RL, we optimize policy parameters rather than the design parame-
ters directly. We consider a finite-horizon return

∑M
k=1 rk. The state-value function

V πa(x̂1) is the expected cumulative reward from the initial state x̂1 under the tra-
jectory distribution πchain, which factorizes into the action policy and the data-driven
transition:

V πa(x̂1) = Eτ∼πchain

[
M∑
k=1

rk | x̂1

]
, (4.2)

where the trajectory distribution is

πchain(τ ;wa) =

M∏
k=1

πa(θk | x̂k;wa) · πt(x̂k+1 | x̂k, θk), (4.3)

and πt denotes the acquisition+reconstruction state transition (unknown analytically;
we sample it by taking a projection at θk and running one reconstruction update).

A trajectory τ of M steps, {x̂1, (θ1, x̂2, r1), . . . , (θM , x̂M+1, rM )}, is thus generated
by iterating: choose θk ∼ πa(· | x̂k), obtain x̂k+1 ∼ πt(· | x̂k, θk), and accrue rk.
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Map the 
current 

reconstruction
to probability 

distribution for  
next angle:

Gather 
information on 
measurements 

and designs, 
then do 

reconstruction: 

Select next angle:
 Obtain the measurement: 

Obtain a new reconstruction:
 Evaluate the reconstruction quality

 compared to the ground truth: 

Agent Environment

Figure 4.2: Acquisition–reconstruction loop at step k. (1) The current reconstruction
(belief state) x̂k is fed to the policy, which either terminates or selects the next angle θk. (2)
If continuing, acquire the projection y(θk). (3) Update the reconstruction with the new data
to obtain the updated estimate x̂k+1. (4) Compute the reward rk from the improvement in
utility (PSNR to the ground truth x̄). Time flows left-to-right with the transition k→k+1;
no feedback “back to k”occurs. Notation: x̄ denotes the ground truth used solely for
computing the training utility.
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The learning objective is to maximize the expected return. For a fixed initial state
x̂1,

J(wa) = V πa(x̂1). (4.4)

For policy-gradient estimation we use the action–value and advantage functions.
The action–value links actions to value via

V πa(x̂) =
∑
θ

πa(θ | x̂;wa) Q
πa(x̂, θ), (4.5)

where the action–value function is formally defined as

Qπa(x̂1, θ) = Eτθ∼πθ
chain

[
M∑
k=1

rk | x̂1, θ1 = θ

]
, (4.6)

and πθ
chain denotes the trajectory distribution conditioned on taking action θ at the

first time step.

The advantage measures how much better an action is than the on-policy average:

Aπa(x̂, θ) = Qπa(x̂, θ)− V πa(x̂), (4.7)

which we use as a variance-reducing baseline in the policy gradient.

Building on this framework, we consider two approaches to optimal stopping. The
key difference is whether stopping is modeled explicitly via a terminal policy πter(d |
x̂;wt). Introducing πter augments the trajectory distribution in Equation (5.5) with
an additional (Bernoulli) decision at each step, which in turn alters the policy–gradient
contributions for the angle policy. In the terminal–policy variant, we also compute
gradients with respect to wt.

4.3 Method

This section presents two approaches to optimal stopping. The first approach treats
termination as an additional action in the action space. The second approach defines a
separate termination policy, which is optimized jointly with the angle selection policy.
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4.3.1 Naive optimal stopping

Optimal stopping for sOED can be implemented by introducing an additional terminal
action within the action space. In our previous formulation [97], the action space
consisted of the 180 discrete angles 0◦, . . . , 179◦. In the present work, we augment this
space with an explicit termination action, yielding 181 discrete actions in total. The
policy πa(θ | x̂;wa) produces logits z(x̂) ∈ R181, inducing a categorical distribution
h = softmax(z) over these actions. The selected action is the index θ ∈ {1, . . . , 181},
where θ = 1, . . . , 180 correspond to the angles 0◦, . . . , 179◦, and θ = 181 denotes
termination. The reward function for ’termination’ and ’continuation’ is defined by
R(x̂, x̄, θ), which accounts for the decision to either continue or terminate, as follows:

R(x̂, x̄, θ) =

−b, if θ = θmax,

PSNR(x̂, x̄), if otherwise,

where PSNR(x̂, x̄) is a function that serves as the immediate reward, evaluating
the quality of the experiment at the stopping point x̂, and −b is a negative scaling
factor representing the experimental cost incurred at each step. With PSNR (dB) as
the utility, the per-step cost b is also in dB and serves as a minimum marginal-gain
threshold (e.g., b = 0.5 means we continue only if PSNR increases by at least 0.5

dB); in applications b can be calibrated from time or dose per view. This mechanism
works because the agent aims to maximize the cumulative reward: as long as selecting
an additional angle leads to a PSNR gain that exceeds the experimental cost for
continuing, the agent will proceed. It will choose to stop only when further actions are
expected to result in no meaningful improvement in PSNR relative to the experimental
cost. When termination is disabled (or b = 0), this approach reduces to the angle-only
setting of [97].

As described in our previous work [97] and shown in Figure (4.3, a), after selecting
k − 1 angles θ = {θ1, ..., θk−1}, the observations y(θ) are obtained from the data
acquisition. At step k, the reconstructed image x̂k serves as the belief state and is fed
to a shared encoder E(·); the initial state is x̂1 = 0. The encoder produces features
hk = E(x̂k) that are consumed by Actor–Critic heads; no decoder is used, as images
are reconstructed by the iterative solver. One branch is designed to estimate the state-
value function V πa(x̂), and we use V̂ (x̂;wv) for this approximation, where wv denotes
the neural network parameters. The other branch outputs the distribution over the
action space, which consists of all possible angles and the terminal probability θmax

as the final action. The inclusion of a mixture of actions for angles and termination
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(b) Optimal stopping using terminal policy

Reconstruction 
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Data
acquisition 

Data 
acquisition 

(a) Naive optimal stopping

Reconstruction 

If  select  , 
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Encoder

Figure 4.3: This figure illustrates the workflows: (a) Naive stopping: after selecting angles
{θ1, . . . , θk−1} and acquiring projections y(θ), the reconstruction x̂k becomes the belief state.
A shared encoder then outputs (i) the state-value estimate V̂ (x̂k;wv) and (ii) a distribution
over all angles plus a terminal action θmax. (b) Terminal‐policy stopping: the encoder ad-
ditionally outputs a probability distribution over termination versus continuation. Another
distinction is that the top branch estimates the continuation value function using V̂C(x̂k;wv).
In both workflows, a termination signal halts the process. A convolutional encoder produces
features consumed by Actor–Critic heads; no decoder is used, as images are reconstructed by
the iterative solver.
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represents the primary difference from the standard method described in our previous
work [97]. Consequently, the Temporal Difference (TD) error [84] for the terminal
action is modified to account for the reward at the termination state PSNR(x̂k+1, x̄),
as shown in line 10 of Algorithm (2). Algorithm (2) outlines the modified algorithm
based on the previous work [97].

Algorithm 2
1: Initialize the action policy parameters wa, and the value function parameters wv

randomly. Define the maximal experimental steps M . Set step sizes αwa > 0 and
αwv > 0.

2: for each episode do:
3: Get a phantom sample x̄ then a zero matrix serves as the initial state x̂1 and

k = 0.
4: while:
5: Select the angle based on the softmax policy, which maps the inputs
6: to a probability distribution that sums to 1: θk ∼ πa(θ | x̂k;wa)
7:
8: Get new measurements yk from the data acquisition
9:

10: Reconstruct new image x̂k+1

11:
12: Get reward for continuation −b
13:
14: Estimate the state-values V̂ (x̂k;wv) and V̂ (x̂k+1;wv)
15:
16: Compute TD error:
17: if θk = θmax:
18: Get reward for termination PSNR(x̂k+1, x̄)

19: δk = −b+ PSNR(x̂k+1, x̄)− V̂ (x̂k;wv)
20: else:
21: δk = −b+ V̂ (x̂k+1;wv)− V̂ (x̂k;wv)
22:
23: Update the action policy function parameters wa:
24: wa ← wa + αwa∇wa logπa(θk | x̂k;wa)δk
25: Update value function parameters wv:
26: wv ← wv + αwv∇wv

V̂ (x̂k;wv)δk
27: Increase the step number k += 1
28:
29: if θk = θmax or k = M :
30: break
31: end for
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4.3.2 Optimal stopping using terminal policy

Objective function

Different from the naive way of implementing optimal stopping, we consider an in-
dependent parameterized terminal policy [5], which maps the state x̂ to a stochastic
stopping decision d ∼ πter(d | x̂;wt). The continuation corresponds to d = 0, while
termination corresponds to d = 1. Apart from the stopping decision, the reward
function remains the same as in naive optimal stopping.

In the context of optimal stopping for sOED, the framework integrates both the
terminal policy for scan termination and the action policy for angle selection, instead
of combining them within the same action space as in the naive approach. First, we
reformulate the probability chain from Equation (5.5) to incorporate the termination
decision. The updated probability chain reflects the decision-making process of the
terminal policy, which evaluates at each step whether the trajectory should terminate
or continue.

Similar to Equation (5.5), the probability chain πchain,C(τC ;wa,wt) with the in-
clusion of the termination distribution is expressed as:

πchain,C(τC ;wa,wt) =

T∏
k=1

πsec(dk, x̂k+1, θk | x̂k;wa,wt), (4.8)

where the function πsec is defined as:

πsec(d, x̂
′
, θ | x̂;wa,wt) = πter(d | x̂;wt)+

(
1−πter(d | x̂;wt)

)
πa(θ | x̂;wa)πt(x̂

′
| x̂, θ).
(4.9)

The stopping step T is determined by the terminal policy, which is less or equal to
the maximal step M and dM ≡ 1.

Convention. The terminal policy is Bernoulli over d ∈ {0, 1}, with d = 1 denoting
termination and d = 0 continuation. Whenever d appears inside πter(d | x̂;wt) without
an explicit sum over d, it refers to the event d = 1. Consequently, 1 − πter(d | x̂;wt)

denotes the probability of continuation.
A trajectory up to the stopping point is generated from the new πchain,C as:

{x̂1, (d1, θ1, x̂2,−b), (d2, θ2, x̂3,−b), . . . , (dT , θT , x̂T+1, pT )} .

This trajectory represents the sequence of states (x̂), termination indicators (d),
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experimental cost (−b), and quality evaluations PSNR(x̂T , x̄) (pT ) at termination.
The process is designed to terminate at step T as soon as dT = 1, ensuring that
the trajectory is finite and explicitly concludes. For all prior steps (i < T ), di = 0,
indicating that the process continues during those steps.

The objective function, representing the value function at the fixed initial state
x̂1, aims to learn both the action and terminal policies that maximize the expected
cumulative rewards:

J(wa,wt) = V πa,πter(x̂1)

= πter(d1 | x̂1;wt)PSNR(x̂1, x̄)

+
(
1− πter(d1 | x̂1;wt)

)
V πa,πter
C (x̂1).

(4.10)

Here, the continuation state-value function is defined as follows [23, 63]:

V πa,πter
C (x̂1) = −b+ E

τ
(2)
C ∼π

(2)
chain,C

[V πa,πter(x̂2)] , (4.11)

where τ
(2)
C represents the trajectory starting from x̂2, following the probability chain

described in Equation (4.8).
Similarly, the continuation action-value function is defined only when the trajectory

continues, as one of its inputs is the action: Qπa,πter
C (x̂, θ).

The optimal terminal policy π∗
ter(dk | x̂k;wt) at step k is defined as [23, 63, 11]:

π∗
ter(dk | x̂k;wt) =

I
(

PSNR(x̂k, x̄) ≥ V πa,πter
C (x̂k)

)
, if k < M,

1, if k = M,
(4.12)

where I(·) denotes the indicator function and M is the maximum number of steps in
the experiment.

Figure (4.3, b) illustrates the workflow of optimal stopping using the terminal pol-
icy. Compared to the naive optimal stopping, this approach includes an additional
branch for the terminal policy, which uses the sample from Sigmoid function to deter-
mine continuation or termination. Another distinction is that the top branch estimates
the continuation value function V πa,πter

C (x̂k) using V̂C(x̂k;wv).

Policy gradient

To jointly solve the optimal stopping and action selection problems for sOED, we
propose a novel policy gradient method. The policy gradients are calculated using
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Equation (4.10).
For the gradient with respect to the action policy wa, the detailed unrolling recur-

sive derivation is provided in Appendix (B.2). By sampling from N trajectories, the
gradient is expressed as:

∇wa
J(wa,wt) = ∇wa

V πa,πter(x̂1)

∝
N∑

n=1

(
T∑

k=1

∇wa
logπa(θk | x̂k;wa)Q

πa,πter
C (x̂k, θ)

)
,

(4.13)

To improve the stability and efficiency of action policy gradient computation, a
baseline is introduced by replacing the continuation action-state value function in
Equation (4.13) with an advantage function [84]. The continuation advantage func-
tion is defined by incorporating the output of the terminal policy; further details are
provided in the Appendix (B.1). The continuation advantage function is approximated
as:

Aπa,πter
C (x̂, θ) ≈ −b+

(
1− πter(d

′
| x̂

′
;wt)

)
V πa,πter
C (x̂

′
)

+ πter(d
′
| x̂

′
;wt)PSNR(x̂

′
, x̄)− V πa,πter

C (x̂).
(4.14)

We perform stochastic gradient ascent to update the parameters of the angle policy,
wa, using a step size of αwa .

wa ← wa + αwa∇wa logπa(θ | x̂;wa)A
πa,πter
C (x̂, θ) (4.15)

For the gradient with respect to the terminal policy wt, the detailed unrolling re-
cursive derivation is provided in the Appendix (B.3). By sampling from N trajectories,
the gradient is expressed as:

∇wt
J(wa,wt) = ∇wt

V πa,πter(x̂)

∝
N∑

n=1

(
T∑

k=1

∇wt
πter(dk | x̂k;wt)

(
PSNR(x̂k, x̄)− V πa,πter

C (x̂k)
))

,

(4.16)
We also perform stochastic gradient ascent to update the parameters of the terminal

policy, wt, using a step size of αwt .

wt ← wt + αwt∇wtπter(d | x̂;wt)
(

PSNR(x̂, x̄)− V πa,πter
C (x̂))

)
(4.17)
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The complete algorithm is presented in Algorithm (3).

Algorithm 3
1: Initialize the action policy parameters wa, the terminal policy parameters wt, and

the value function parameters wv randomly. Define the maximal experimental
steps M . Set step sizes αwa > 0, αwt > 0, αwv > 0.

2: for each episode do:
3: Get a phantom sample x̄ then a zero matrix serves as the initial state x̂1

4: and k = 0.
5: while dk = 0 and k < M :
6: Select the angle based on the softmax policy, which maps the inputs
7: to a probability distribution that sums to 1: θk ∼ πa(θ | x̂k;wa)
8: Get new measurements yk from the data acquisition
9:

10: Reconstruct new image x̂k+1

11:
12: Get reward for continuation −b, and rewards for termination
13: PSNR(x̂k, x̄) and PSNR(x̂k+1, x̄)
14:
15: Determine the terminal action based on the Sigmoid policy, which
16: maps the inputs to terminal probability: dk ∼ πter(d | x̂k;wt)

17: Estimate the state-values V̂C(x̂k;wv) and V̂C(x̂k+1;wv)
18:
19: Compute TD error: δk = −b+

(
1− πter(dk+1 | x̂k+1;wt)

)
V̂C(x̂k+1;wv)

20: + πter(dk+1 | x̂k+1;wt)PSNR(x̂k+1, x̄)− V̂C(x̂k;wv)
21:
22: Update policy function parameters wa:
23: wa ← wa + αwa∇wa logπa(θk | x̂k;wa)δk
24: Update policy function parameters wt:
25: wt ← wt + αwt∇wtπter(dk | x̂k;wt)

(
PSNR(x̂k, x̄)− V̂C(x̂k;wv)

)
26: Update value function parameters wv:
27: wv ← wv + αwv∇wv

V̂C(x̂k;wv)δk
28: Increase the step number k += 1
29:
30: end for

Termination is modeled either as (Algorithm 2) an additional action in a single 181-
way categorical policy, or (Algorithm 3) a dedicated binary termination head alongside
a 180-way angle head, both sharing the same encoder. In both cases, policy parameters
are optimized jointly without alternating/block-coordinate updates. Unlike exhaustive
search, which evaluates many remaining candidates at each step, the learned policy
selects one angle per-step. Once trained offline, the model can be used directly online;
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per-step latency is effectively dominated by the reconstruction update.

4.4 Results

The proposed optimal stopping method for sOED was validated through a series of
X-ray CT experiments. The model was first trained using synthetic data and then
evaluated on experimental X-ray CT data to test its performance and generalizability.

4.4.1 Dataset

Synthetic dataset

We created a synthetic dataset that includes features with strongly nonuniform ori-
entations, corresponding to highly informative imaging angles. The dataset includes
three shapes—parallelograms, triangles, and pentagons—each varying in scale, rota-
tion, and position. These variations result in differing requirements for the number
of angles needed to achieve accurate reconstructions. Figure (4.4) provides example
images from this dataset, while the parameters used for its generation are outlined in
the Appendix (B.5).

Figure 4.4: The figure shows nine samples from the synthetic dataset, including parallel-
ograms, triangles, and pentagons. Each shape type is represented by three samples.

102



Chapter 4. Dynamic Angle Selection in X-Ray CT: A RL Approach to
Optimal Stopping

Experimental dataset

All data were collected at the FleX-ray laboratory of Centrum Wiskunde en Informat-
ica (CWI) in Amsterdam, the Netherlands [98, 48]. A scanning approach was used
to acquire projections with dimensions of 956 × 10 pixels. The source-to-object and
detector-to-object distances were both set to 225 mm. An exposure time of 80 ms per-
projection was applied, and the source spectrum was shaped using filters consisting of
0.1 mm zinc, 0.2 mm copper, and 0.5 mm aluminum. A total of 3601 projections were
acquired. Figure (4.5) illustrates the scanning setup.

The dataset comprises two laser-cut objects—triangular and pentagonal—fabri-
cated from 6 mm-thick transparent acrylate. Each shape is represented by 12 samples
of varying sizes. The right-angle edges of the triangular samples range from 2.8 cm to
4.0 cm, while the edges of the pentagonal samples range from 2.5 cm to 3.0 cm. Each
scanning session involved different placements of the objects, resulting in variations in
rotation and translation. To create a dataset with two noise levels, two emission cur-
rents were used: 600 µA and 100 µA. The lower emission current (100 µA) produced
data with higher noise levels. Finally, 12 groups of projections were acquired for each
shape and each noise level, resulting in a total of 48 groups of projections.

For the purpose of this study, the number of projections was reduced to 361 by
subsampling every 10th projection. To approximate the cone-beam geometry as a fan-
beam geometry, only the middle row of the detector was used. The column size of the
projections was then reduced to 239 by selecting every fourth pixel on the detector.
Furthermore, the fan-beam data was rebinned into a parallel-beam data with 180
projections to simplify angle selection. This transformation made it more precise to
identify the informative angles, as they are tangential to the edges in parallel-beam
geometry.

4.4.2 Implementation

For training on the synthetic data, the Astra Toolbox [90, 89] was used to generate the
simulated projections. Reconstruction x̂(θ) is computed with SIRT under a nonnega-
tivity constraint (150 iterations), a stable choice for sparse-view CT. The reconstructor
is held fixed throughout to isolate the effect of the design policy—angle selection and
stopping—which is the focus of this study.

For the algorithm implementation, the architectures of the encoder and the Actor–
Critic neural networks are detailed in the Appendix (B.6). During training, weights
of 1.0 and 0.5 were assigned to the actor loss and critic loss in Algorithm (2) and
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Figure 4.5: Experimental scanning setup at the FleX‑ray laboratory. The X‑ray source
(left) and flat‑panel detector (right) remain fixed, while the object is positioned on a paper
cup atop the rotation stage centered between them. During acquisition, the stage rotates to
capture projections from multiple angles.
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Algorithm (3,) respectively. To encourage exploration during training, an entropy
loss with a weight of 0.01 was included. Compared to Algorithm (2), Algorithm (3)
included an additional loss term for the terminal policy with a weight of 1.0. These
parameter settings were empirically chosen to strike an optimal balance between policy
optimization, accurate value estimation, and robust exploration during training. The
network weights were optimized using the Adam optimizer [47] with a learning rate of
10−4 and a weight decay of 10−5. To prevent selecting the same angle multiple times,
previously chosen angles are masked according to the procedure described in [44].

4.4.3 Training on synthetic data with Gaussian noise

In this experiment, we investigated whether the two algorithms could adaptively de-
termine the optimal number of angles for CT imaging by adjusting the experimental
costs before termination. The projections incorporated 5% Gaussian noise. For Al-
gorithms (2) and (3), the experimental costs ranged from -0.4 to -0.9 in intervals of
0.1. At higher experimental costs, priority is placed on guaranteeing image quality,
whereas at lower costs the emphasis shifts toward reducing the number of projections.
A separate model was trained for each experimental cost setting using the synthetic
dataset shown in Figure (4.4). To prevent excessive nontermination during training,
the maximum number of angles, M , in Algorithm (2) and Algorithm (3), was limited
to 20.

During training, each episode involved sampling a data point from the dataset
shown in Figure (4.4). The policy was trained at each angle selection step until termi-
nation, thereby completing the episode. A total of 80,000 episodes (i.e., 80,000 sampled
data) were considered. Figure (4.6), and Figure (4.7)) report training dynamics on the
training distribution (5% Gaussian noise) and are used to analyze learning behavior.
Quantitative evaluation on held-out data appears in Section 5.4 (unseen rotations and
noise levels) and Section 5.5 (experimental X-ray CT).

However, the naive stopping mechanism in Algorithm (2) (stop-as-action) did not
function reliably. Across per-step cost settings b ∈ [0.4, 0.9] (displayed in the plots
as −b), the policy typically exhausted the maximum number of angles. As shown in
Figure (4.6), the setting b = 0.5 (label“−0.5”) produced shape-dependent stopping
with different angle counts, whereas b = 0.6 (label “−0.6”) failed to yield a valid
stopping policy. These outcomes indicate that, in this formulation, the policy-gradient
signal to the “stop’’class is too weak/sparse, leading to instability, lack of robust
convergence, and a tendency to ignore the terminal action.
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Figure 4.6: Comparison of the number of angles selected by the naive policy and by
experimental cost settings of −0.5 and −0.6. The curves represent the mean number of
angles during training, averaged over every 1000 episodes, and the shaded regions indicate
the variance. Results are grouped by shape: parallelogram, triangle, and pentagon.
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In contrast, the terminal policy remained robust under different reward settings.
Figure (4.7) shows that, during training, the number of angles increased, and more
complex shapes required more angles. Lower costs (experimental cost is -0.5) generally
led to a higher number of angles.
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Figure 4.7: Comparison of the number of angles selected by the terminal policy and by
experimental cost settings of −0.5 and −0.6. The curves represent the mean number of
angles during training, averaged over every 1000 episodes, and the shaded regions indicate
the variance. Results are grouped by shape: parallelogram, triangle, and pentagon.

4.4.4 Validation on unseen rotations and noise levels

To assess the generalizability of Algorithm (3) for optimal stopping, we applied the
policy trained in the previous experiment (which involved 5% Gaussian noise) to syn-
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thetic data featuring unseen rotations—rotations not included in the training set shown
in Figure (4.4)—as well as two additional noise levels: 3% and 7% Gaussian noise. The
total number of unseen phantoms was 1,800, with 600 for each shape.

A standard baseline approach, the Golden Ratio (GR) Policy [49, 21], is considered
for comparison with the RL policy. In the GR policy, an angular increment based on
an irrational number is used, which leads to a nonrepeating sequence of angles that
fill the angular space most evenly over time. We note that simple online stopping
heuristics—e.g., stopping when the relative data residual or the relative reconstruction
change falls below a threshold for L consecutive steps—require dataset-specific tuning
and can either stop too early or over-acquire. Instead, we adopt a learned terminal
policy that internalizes the quality–cost trade-off via the per-step cost b.
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Figure 4.8: Simulation results are categorized into parallelogram, triangle, and pentagon
shapes to illustrate how the number of angles influences PSNR under various rewards and var-
ious noise levels. Data points are color-coded by experimental costs—blue (−0.4,−0.5,−0.6)
and orange (−0.7,−0.8,−0.9). Increased transparency indicates data points that are further
from the mean. Triangular markers represent the mean PSNR values obtained from the
golden ratio policy at each corresponding angle.

Figure (4.8) shows the validation results for experimental costs ranging from −0.4
to −0.9 (in increments of 0.1) under Gaussian noise level of 5%. Results for Gaussian
noise levels of 3% and 7% are presented in Appendix (B.4). Each data point represents
the relationship between the number of angles and the corresponding PSNR values.
For clarity, results are grouped by shape (parallelogram, triangle, and pentagon). The
GR policy used the same synthetic data with unseen rotations and the same number
of angles chosen by the terminal policy. For each number of angles used by the GR
policy, the mean PSNR value was calculated.

Overall, the RL approach with the terminal policy achieved higher PSNR values
compared to the GR policy. At lower numbers of angles, the GR policy consistently
produced lower mean PSNR values across all shapes, with the difference between the
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Table 4.1: Comparison of the number of angles and PSNR values for triangle and pentagon
shapes under different noise levels.

Shape Noise Number of angles RL (PSNR) GR (PSNR)
Parallelogram 3% 6.02 ± 2.26 25.96 ± 1.29 22.65 ± 2.17
Parallelogram 5% 6.96 ± 2.81 25.55 ± 1.10 22.92 ± 2.06
Parallelogram 7% 9.41 ± 3.98 24.99 ± 0.95 23.21 ± 1.91
Triangle 3% 8.54 ± 1.97 23.42 ± 1.10 21.58 ± 1.71
Triangle 5% 9.43 ± 2.21 22.85 ± 1.09 21.44 ± 1.54
Triangle 7% 11.39 ± 3.09 22.05 ± 1.12 21.17 ± 1.41
Pentagon 3% 10.43 ± 1.98 22.66 ± 0.67 22.21 ± 0.51
Pentagon 5% 10.99 ± 2.01 21.47 ± 0.56 20.99 ± 0.51
Pentagon 7% 12.56 ± 2.25 20.01 ± 0.58 19.56 ± 0.52

two methods diminishing as the number of angles increased. As shape complexity
increased from parallelogram to pentagon, the performance gap between the two poli-
cies narrowed. For instance, at lower numbers of angles for the parallelogram, the
RL approach yielded data points above the mean value of the GR policy, while for
the more complex pentagon shape, the RL policy’s advantage was less pronounced.
Figure (4.8) uses distinct colors to represent different ranges of experimental costs,
with generally lower experimental costs leading to fewer angles. As experimental cost
increases, the number of angles decreases across all shapes. In Figure (4.8), the orange
points (indicating higher costs) are concentrated at lower numbers of angles, while the
blue points (indicating lower costs) are found at higher numbers of angles; however,
the distinction is more evident for complex shapes, which require more angles.

Table (4.1) summarizes the number of angles selected for the three shapes during
validation under different noise levels, with the experimental cost fixed at −0.5. In
general, lower noise levels lead to fewer angles being chosen. As shown in the table,
each shape requires the fewest angles at 3% Gaussian noise, whereas 7% Gaussian noise
leads to the largest number of angles. Furthermore, the number of angles increases
with the complexity of the geometry: the parallelogram requires the fewest angles,
while the pentagon requires the most. The RL policy outperforms the GR policy
under every tested condition.
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4.4.5 Test on experimental X-ray CT data with two noise levels

We explored the gap between simulation and the real world by applying the model
trained on the synthetic dataset to the experimental X-ray CT data described in
Section 5.1.2. Building on the potential demonstrated in the simulation, we further
investigated whether the trained model could adapt to changes in the real scanning
environment, particularly variations in noise levels. Two noise levels were considered,
based on different emission current settings (600 µA and 100 µA). The model was
trained using 5% Gaussian noise on the projections, while the noise in the experi-
mental X-ray CT typically consists of a mixture of Poisson and Gaussian noise [2].
It is important to demonstrate whether training under simplified conditions (Gaus-
sian noise model) can produce reasonable results when applied to the more complex
conditions of the real world (experimental noise).

Figure (4.9) shows results obtained from experimental X-ray CT data using three
trained models under varying emission currents and reward settings. To evaluate
reconstruction quality, we used the reconstruction obtained with all 180 angles as the
ground truth. The GR policy used the same number of angles chosen by the terminal
policy. For each number of angles used by the GR policy, the mean PSNR value was
calculated. Several consistent trends emerged across the 12 data groups, aligning with
the conclusions from the validation. First, pentagon data points generally involved a
larger number of selected angles than triangles. Second, noisier data from the lower
emission current (100 µA) triggered more angles than data collected at the higher
emission current (600 µA). Third, although the number of samples was limited, it was
still evident that lower experimental costs (e.g., −0.4, −0.5 and −0.6) led to more
angles, while higher costs (e.g., −0.7, −0.8 and −0.9) required fewer angles. Finally,
the RL policy clearly outperformed the GR policy when fewer angles were selected,
though the difference between them diminished as the number of angles increased.

Table (4.2) compares the performance of the RL policy and GR policy under an
emission current of 600 µA and 100 µA under a reward setting of -0.5. The RL policy
consistently outperformed the GR policy for triangles, while it was only comparable to
the baselines for pentagons. This outcome, likely influenced by the gap between syn-
thetic and experimental X-ray CT data, is consistent with the training results, where
the RL policy did not demonstrate a particularly distinct advantage for pentagon
shapes.

Additionally, Figure (4.10) illustrates sample reconstructions for the two policies,
with the number of angles determined by the RL policy. Each colored spoke indicates
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Figure 4.9: Results on experimental X-ray CT data for the triangle and pentagon shapes
are shown, illustrating how the number of angles affects PSNR under various experimen-
tal costs and noise levels. Data points are color-coded by their experimental costs: blue
(−0.4,−0.5,−0.6) and orange (−0.7,−0.8,−0.9). Triangular markers represent the mean
PSNR values obtained from the GR policy at each corresponding number of angles.

Table 4.2: Comparison of the number of selected angles and PSNR values for triangle
and pentagon shapes under two different noise levels: The low noise level corresponds to an
emission current of 600 µA, and the high noise level to 100 µA.

Shape Noise Number of angles RL (PSNR) GR (PSNR)
Triangle Low 7.92 ± 3.04 27.38 ± 2.09 25.58 ± 2.10
Triangle High 11.08 ± 2.87 25.95 ± 0.72 24.47 ± 1.32
Pentagon Low 9.17 ± 1.86 26.63 ± 1.13 26.84 ± 0.87
Pentagon High 10.33 ± 2.05 24.50 ± 0.63 24.40 ± 0.30
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the beam direction of a parallel-beam view at angle θ (degrees), measured counter-
clockwise from the x-axis; note that θ and θ + 180◦ are equivalent. The results show
that the angles selected by the RL policy tend to cluster around the edges. Further-
more, as the noise level increases (from an emission current of 600 µA to 100 µA), the
number of selected angles increases, and their distribution becomes broader.

Consequently, the RL policy trained on synthetic data with a simple Gaussian
noise model demonstrated reasonable performance on experimental X-ray CT data,
effectively handling both optimal stopping and the selection of informative angles.

4.5 Discussion
These results demonstrate that our algorithm effectively balances experimental costs
and reconstruction quality by incorporating optimal stopping and adaptively selecting
informative angles through deep reinforcement learning. Moreover, the model trained
on a synthetic dataset with a simple Gaussian noise model showed satisfactory perfor-
mance on experimental X-ray CT data, which typically includes more complex noise,
such as a mixture of Gaussian and Poisson noise. The algorithm also demonstrated
its ability to adapt the number of angles (optimal stopping) to varying noise levels in
real-world scenarios while maintaining a consistent level of experimental quality.

Despite these encouraging findings, several areas for improvement remain. First,
the gap between simulation and real-world performance could be minimized by incor-
porating more realistic simulators that account for precise noise models. Second, the
training process could be improved by adopting a multi-stage approach, where the
model is initially trained on simulated data and subsequently fine-tuned using exper-
imental X-ray CT data. Third, extending the dataset to three-dimensional scenarios
would enable the exploration of larger action and state spaces, further enhancing the
model’s capability. Additionally, task-specific zooming techniques could be integrated
for applications such as defect detection. Fourth, incorporating learning-based recon-
struction algorithms could facilitate the extraction of informative features directly from
the reconstruction process, providing a more robust basis for selecting informative an-
gles. Fifth, while we report PSNR as the primary, model-aligned metric in this work,
complementary structural and task-oriented measures (e.g., SSIM, edge preservation,
and detectability) are also informative; related results with SSIM and detectability are
reported in [96], and a comprehensive multi-metric evaluation is a natural direction
for future work. Finally, the learned policy is trained on the shape families used in
this work and generalizes within that distribution (unseen rotations/scales); we do not
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Figure 4.10: Selected projection directions for a representative scan. Each colored ray
denotes the projection normal (central ray) of a parallel-beam view at angle θ (degrees),
measured counter-clockwise from the x-axis and defined modulo 180◦. Color encodes acqui-
sition order (step 1 → M ; see colorbar).
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claim out-of-distribution generalization to arbitrary non-convex or non-homogeneous
objects. In industrial CT, CAD/blueprint priors make class-specific training natural;
extending to broader multi-material classes is left for future work.

4.6 Conclusion
In this paper, we proposed an approach to simultaneously optimize adaptive informa-
tive angle selection and optimal stopping by introducing a terminal policy and jointly
computing the policy gradient for both the angle selection and terminal policies. Ad-
ditionally, we investigated the gap between simulation and real-world scenarios. Our
findings demonstrate the feasibility of achieving optimal stopping for sOED based on
experimental costs. Furthermore, the trained model from simulation showed promis-
ing potential for application to experimental X-ray CT data, highlighting its value for
industrial CT applications. This approach paves the way for fully adaptive scanning
processes, optimizing both the selection of informative angles and the number of angles
required.

4.7 Data and code availability
Experimental datasets are available on Zenodo: https://zenodo.org/records/14893740

The code for this work is available on GitHub: https://github.com/tianyuan1wang/
Optimal_Stopping_RL_CT
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Chapter 5

Deep Reinforcement Learning
for Optimizing Angle
Selection and Dose Allocation
in CT Reconstruction

5.1 Introduction

X-ray Computed Tomography (CT) is a widely used non-destructive imaging modality
that reconstructs the internal structure of objects from external projections. However,
CT inherently faces trade-offs among image quality, scan time, and radiation exposure
—particularly in settings requiring rapid inspection or involving dose-sensitive subjects.

In medical CT, dose optimization is critical to minimize patient radiation expo-
sure. As reviewed in [55], conventional approaches such as tube current modula-
tion and automatic exposure control adjust exposure according to patient size and

This chapter is based on:
Tianyuan Wang, Daniël M Pelt, Felix Lucka, Tristan van Leeuwen, and Kees Joost Batenburg. “Deep
reinforcement learning for optimising angle selection and dose allocation in CT reconstruction”. In:
Applied Mathematics in Science and Engineering 34.1 (2026), p. 2705107. doi: 10.1080/27690911.
2026.2705107
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anatomy. Although effective, these strategies remain largely heuristic and lack task-
specific adaptivity. In industrial CT, the objective is often to concentrate measure-
ments on regions with high uncertainty or suspected defects while avoiding redundant
projections. Similar considerations arise in computational microscopy and electron or
optical tomography, where optimizing illumination dose is essential to prevent spec-
imen damage. The object’s position or orientation may differ between scans due to
manipulation or changes in setup. These factors motivate the development of adaptive
scanning strategies that jointly optimize projection angle selection and dose allocation
under a fixed dose budget. Depending on the imaging task, the total dose can be
distributed over many low-intensity views or concentrated on fewer, more informative
angles, since not all measurements contribute equally to reconstruction quality [46].

Several works investigate adaptive scanning strategies that focus solely on sequen-
tial angle selection, where projection views are chosen based on information acquired
during the scan [9, 26, 7, 97]. The problem of selecting informative projection angles
has often been formulated as a bi-level optimization problem [66], where the lower
level performs image reconstruction, and the upper level minimizes reconstruction er-
ror. This approach is high-dimensional and non-convex, as both levels depend on
the design parameters (angles). Alternatively, Bayesian experimental design [53, 67,
64] seeks to maximize expected information gain by comparing prior and posterior
distributions or reconstruction accuracy. Extensions of this framework have incorpo-
rated prior knowledge to guide angle selection and improve acquisition efficiency [8,
9, 22, 39, 7, 26]. However, extending these methods to include dose allocation further
increases dimensionality and computational cost. In practical applications, imaging
often requires adaptive, online decision-making to accommodate variations in object
geometry or motion. Traditional Bayesian approaches, which rely on repeated evalu-
ation of expected information gain, are computationally intensive and unsuitable for
real-time control. Moreover, the joint optimization of angle and dose remains largely
unexplored, despite its strong impact on reconstruction quality.

Recent works have explored Reinforcement Learning (RL) for sequential CT scan-
ning [78, 97, 96, 99]. Policy-based RL methods learn scanning strategies directly
from data, eliminating repeated optimization during acquisition and enabling adaptive
decision-making based on intermediate reconstructions. Once trained, these policies
can be applied efficiently in online scanning scenarios.

From a reconstruction perspective, the incident photon count—that is, the local
dose—directly affects measurement noise according to the Beer–Lambert law. When
dose allocation varies across angles, high-dose projections yield lower noise, while
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low-dose projections are more uncertain. This heterogeneity calls for reconstruction
algorithms that explicitly account for dose-dependent noise. Penalized Weighted Least
Squares (PWLS) methods [95, 45] address noise in low-dose CT but typically assume
uniform dose across angles. Some learning-based approaches incorporate global dose
levels [101], yet they do not handle unequal per-angle dose distributions.

In this work, we address this gap by deriving a dose-aware PWLS model derived
from a second-order Taylor approximation of the Poisson log-likelihood. While con-
ventional PWLS formulations generally assume uniform or fixed doses across views,
our adaptive setting requires handling intentionally non-uniform, per-angle dose al-
locations. To accommodate this, we introduce an angle-dependent weighting matrix
that explicitly reflects the dose assigned to each view by the adaptive policy.

Contributions

Building on recent advances in adaptive imaging, this work presents an RL-based
framework for joint projection-angle selection and dose allocation in X-ray CT. The
main contributions are:

• Joint angle–dose acquisition strategy: We formulate adaptive CT acquisi-
tion as a sequential decision-making problem in which the policy selects projec-
tion angles under a fixed dose budget. Dose allocation is represented through re-
peated selections of projection angles, so that more photons are assigned to views
selected multiple times. The resulting policy is trained with task-dependent ob-
jectives, including reconstruction quality and defect detectability.

• Dose-aware reconstruction under non-uniform exposure: We extend the
PWLS reconstruction model to incorporate angle-dependent weights induced by
the non-uniform dose distribution produced by the acquisition policy. The result-
ing dose-weighted PWLS data-fidelity term is combined with a Total Variation
(TV) prior within a Plug-and-Play (PnP) reconstruction scheme, enabling recon-
struction in settings where the statistical reliability of the measured projections
varies across angles.

The remainder of this paper is organized as follows. Section 5.2 reviews background
on CT reconstruction and sequential optimal experimental design using RL. Section 5.3
presents the proposed reconstruction and scanning framework. Section 5.4 reports
experimental results, and Sections 5.5–5.6 provide discussion and conclusions.
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5.2 Background

5.2.1 CT Reconstruction

In X-ray CT, the objective is to reconstruct an unknown image x̄ ∈ Rn, representing
the spatial distribution of attenuation coefficients within an object, from a set of
external measurements. Let Θ denote the full set of available candidate projection
angles. At step k, the agent selects one angle θk ∈ Θ. The sequence of selected angles
is denoted by θ. These measurements, denoted y(θ), are acquired at a sequence of
design parameters θ = {θ1, . . . , θM}, typically projection angles. The image formation
process is described by a forward operator A(θ), which discretizes the Radon transform
under the specified acquisition geometry [38].

To account for measurement uncertainty, we adopt a statistical observation model
in which the measurements are treated as random variables:

y(θ) ∼ πdata(y | x̄;θ), (5.1)

where πdata denotes the data likelihood.

Beer–Lambert law. X-ray attenuation follows the Beer–Lambert law [38], which
relates transmitted intensity to the cumulative attenuation along an X-ray path. Let
I0(θj) denote the incident photon flux (dose) at angle θj , and Ii(θj) the transmitted
intensity measured at detector bin i. Then the attenuation model is

Ii(θj) = I0(θj) exp(−[A(θj)x̄]i) , (5.2)

where [A(θj)x̄]i represents the line integral of x̄ along ray i at angle θj . The corre-
sponding noise-free measurement is

yi(θj) = − log
(
Ii(θj)

I0(θj)

)
= [A(θj)x̄]i. (5.3)

In practice, the observed measurements y(θj) deviate from this ideal due to stochastic
noise governed by the dose level I0(θj).

Bayesian inverse formulation. Reconstructing x̄ from noisy measurements is an
ill-posed inverse problem. Within a Bayesian framework, the posterior distribution
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combines the measurement model with prior information:

x̂(θ) = arg max
x

πpost(x | y;θ)

= arg max
x

πdata(y | x;θ) · πprior(x)

π(y)
,

(5.4)

where πprior(x) encodes assumptions about the image, such as smoothness or spar-
sity. The maximum a posteriori (MAP) estimate thus balances data fidelity and prior
knowledge to yield a stable reconstruction.

5.2.2 Sequential Optimal Experimental Design via Reinforce-
ment Learning

Reinforcement learning (RL) provides a natural framework for solving sequential opti-
mal experimental design (OED) problems in CT imaging by modeling the acquisition
process as a Partially Observable Markov Decision Process (POMDP) [77]. This
perspective has been effectively applied in prior work [97, 96, 99], where the agent
interacts with the CT environment to iteratively select measurements and refine the
reconstruction.

The interaction starts from an initial estimate x̂1, typically a zero image. At each
time step k, the agent selects an acquisition angle θk based on the current recon-
struction x̂k. A noisy measurement yk is then acquired using the forward model in
Equation (5.1), and a new reconstruction x̂k+1 is computed based on all measurements
up to step k. A reward rk is subsequently calculated by comparing x̂k+1 to the ground
truth image.

The agent learns a parameterized policy πa(θ | x̂k;wa), which maps the current
reconstruction to a probability distribution over candidate angles. After M steps, the
acquisition process produces a trajectory τ defined as:

τ = {x̂1, (θ1, x̂2, r1), . . . , (θM , x̂M+1, rM )} .

This trajectory follows a distribution governed by:

πchain(τ ;wa) =

M∏
k=1

πa(θk | x̂k;wa) · πt(x̂k+1 | x̂k, θk), (5.5)

where πt(x̂k+1 | x̂k, θk) represents the transition model capturing the effect of mea-
surement and reconstruction.
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The learning objective is to maximize the expected cumulative reward, where future
rewards may be discounted using a factor γ ∈ [0, 1] to prioritize immediate outcomes.
The state-value function under policy πa is defined as:

V πa(x̂k) = Eτ∼πchain

[
M∑
t=k

γ t−krt

∣∣∣∣∣ x̂k

]
, (5.6)

where γt−k discounts the reward obtained at time step k relative to the current step
k. This formulation captures the preference for receiving rewards earlier rather than
later.

The overall objective in RL is to maximize the expected return starting from the
fixed initial zero image x̂1::

J(wa) = V πa(x̂1), (5.7)

where optimization is performed over the policy parameters wa.

5.2.3 Policy Gradient Methods

Policy gradient methods aim to optimize the expected return J(wa) by computing
gradients with respect to the policy parameters wa. A popular approach is the actor-
critic framework, where the actor represents the policy, and the critic estimates the
state-value function to guide policy improvement.

To reduce variance and improve learning efficiency, policy updates are often scaled
by an advantage estimate Âk, which measures how much better (or worse) an action
is compared to the critic’s baseline value estimate V πa(x̂k). A simple and widely used
choice is the one-step Temporal-Difference (TD(0)) estimator [84]:

Âk = rk + γV πa(x̂k+1)− V πa(x̂k), (5.8)

where γ is the discount factor. More general estimators, such as Generalized Advan-
tage Estimation (GAE) [71], can further reduce variance by incorporating multi-step
returns.

The policy gradient can then be approximated from sampled trajectories as:

∇waJ(wa) ≈
1

N

N∑
n=1

(
M∑
k=1

∇wa logπa(θk | x̂k;wa) · Âk

)
, (5.9)

where N is the number of sampled trajectories and M is the number of timesteps per
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trajectory.

5.3 Methods

This section introduces the proposed framework, which combines a dose-aware recon-
struction algorithm with prior information to handle unequal dose allocation, and a
RL approach to address the adaptive CT scanning problem.

5.3.1 Reconstruction with Unequal Dose Allocation

Building on the Beer–Lambert formulation in Section 5.2, we now incorporate mea-
surement noise arising from photon statistics. Since photon detection follows a Poisson
distribution, the measured photon count at detector bin i for angle θj can be modeled
as (according to Equation (5.2))

Ii(θj) ∼ Poisson(I0(θj) exp(−[A(θj)x̄]i)) . (5.10)

where I0(θj) = [I0,1(θj), . . . , I0,ndet(θj)]
T denotes the incident photon flux at all detec-

tor bins. (For the experiments in this paper, we consider a spatially uniform incident
dose so that I0(θj) = I0(θj)1.)

Normalizing by I0(θj) and applying a negative logarithm yields the noisy log-
transformed measurements:

y(θj) = − log
(

I(θj)
I0(θj)

)
. (5.11)

From the Bayesian inverse formulation in Equation (5.4), the negative log-likelihood
(up to constants) gives the dose-aware reconstruction objective:

x̂(θ) ∝ arg min
x

{∑
j

I0(θj)
T exp(−A(θj)x)

+
∑
j

[
I0(θj)� exp

(
− y(θj)

)]T
A(θj)x− logπprior(x)

}
.

(5.12)

This formulation explicitly incorporates unequal per-angle dose levels I0(θj), which
directly affect both the noise characteristics of the measurements and their contribu-
tion to the reconstruction objective.
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PWLS formulation. Direct minimization of Equation (5.12) is computationally
demanding. Using a second-order Taylor expansion around the measured log-data [38]
yields a Penalized Weighted Least-Squares (PWLS) problem [62, 95, 38]:

x̂(θ) ∝ arg min
x

{
1
2 (y(θ)−A(θ)x)

T
W (θ) (y(θ)−A(θ)x)− logπprior(x)

}
, (5.13)

with diagonal weight matrix

W (θ) = diag
(
I0(θ)� exp

(
− y(θ)

))
. (5.14)

Here, I0(θ) expands the per-angle dose allocation I0(θj) to all bins. In contrast to con-
ventional PWLS formulations [95] that assume a uniform incident dose across views,
this model explicitly accounts for angle-dependent dose allocation. This dose-aware
weighting provides a principled mechanism to assign higher statistical confidence to
high-dose projections and lower confidence to noisy low-dose measurements, effectively
capturing the signal-dependent variance characteristic of Poisson noise in X-ray CT.

Plug-and-Play priors In particular when using low radiation dosages distributed
over few projection angles, minimizing the PWLS objective directly is ill-posed and
leads to very noisy reconstructions ridden with sparse-angle artifacts. To regularize the
inversion in the most flexible way, we describe here how to employ the Plug-and-Play
(PnP) framework [93]. PnP decouples the reconstruction into two alternating steps: a
gradient step for the PWLS objective followed by the application of an image denoiser.
To illustrate this, we implemented denoising with a Total Variation (TV) energy [65,
20], denoted by proxτ TV(·). TV penalizes the ℓ1-norm of image gradients and is used
to suppresses noise in homogeneous regions while preserving sharp edges. While this
choice means that the PnP framework reduces to a proximal gradient descent with an
explicit image prior πprior(x), using, e.g., a trained DNN would correspond to using
an implicit prior.
Explanation. Algorithm 4 performs gradient descent on the PWLS objective with
explicit modeling of angle-dependent dose allocation. At each iteration, the current
reconstruction is forward-projected and compared with the measured log-projections to
form a residual. This residual is reweighted by a Poisson–dose factor, which increases
the influence of high-dose views and suppresses noisy low-dose views. The weighted
residual is then backprojected to compute the gradient, and the step size is normalized
by the estimated Lipschitz constant (Appendix C.1) to ensure stable convergence.
After the gradient update, a TV denoiser proxτ TV(·) is applied in the PnP framework,

122



Chapter 5. Deep Reinforcement Learning for Optimizing Angle
Selection and Dose Allocation in CT Reconstruction

Algorithm 4 Dose-Aware PnP–PWLS Reconstruction (Gradient + TV Prior)
Require: Forward operator A(θ); measured log-projections y(θ); dose allocation

d(θ); number of iterations T ; initial estimate x0; PnP denoiser strength τ > 0
(TV parameter); positivity flag.

Ensure: Reconstructed image xT .
1: x← x0

2: Normalize dose: d(θ)← d(θ)/mean(d(θ))
3: Dose–Poisson weights: R(θ)← d(θ)� exp

(
− y(θ)

)
4: Define weighting operator: W(·) : u 7→ R(θ)� u
5: Estimate Lipschitz constant L via Appendix C.1; set step size α ← h/L with

h ∈ [0, 2]
6: for k = 1 to T do ▷ Data fidelity + PnP prior
7: ypred ← A(θ)x ▷ Forward projection
8: r ←W(ypred − y(θ)) ▷ Dose-aware residual
9: g ← A(θ)⊤r ▷ Backprojection (gradient of data term)

10: x← x− α g ▷ Gradient step (data fidelity)
11: x← proxτ TV(x) ▷ PnP denoiser: TV proximal operator (e.g. Chambolle’s

algorithm)
12: if positivity flag then
13: x← max(x, 0)
14: end if
15: end for
16: return x
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providing noise suppression while preserving edges. Finally, a positivity constraint can
be optionally enforced to maintain physically valid attenuation values.

Compared with standard iterative reconstruction, this dose-aware PnP scheme
explicitly accounts for non-uniform photon allocation across projection angles, yielding
statistically consistent updates under unequal-dose settings while benefiting from edge-
preserving regularization.

5.3.2 Proximal Policy Optimization for CT Environment

To stably optimize the objective J(wa) in Equation (5.7), Proximal Policy Optimiza-
tion (PPO) [72] is adopted as the RL framework. The vanilla policy-gradient method
in Equation (5.9) updates the policy parameters by directly ascending an unbiased
stochastic estimate of ∇waJ(wa), computed from sampled trajectories, without ex-
plicitly constraining the size of policy updates. PPO replaces this unconstrained up-
date with a clipped surrogate objective that approximates the same gradient while
preventing excessively large policy changes, thereby improving training stability:

Lossactor(wa) =
1

N

N∑
n=1

M∑
k=1

min
(
ek(wa) Âk, c

1+ϵ
1−ϵ

(
ek(wa)

)
Âk

)
, (5.15)

where ek(wa) =
πa(θk|x̂k;wa)
πold
a (θk|x̂k)

is the probability ratio between new and old policies,
Âk is the estimated advantage, and ϵ > 0 is a clipping parameter. Here, c 1+ϵ

1−ϵ (·)
clips the probability ratio ek(wa) to the interval [1 − ϵ, 1 + ϵ], ensuring stable and
conservative policy updates. The objective is maximized during training to update
the actor parameters wa.

The critic is trained using a mean squared error (MSE) loss with respect to the
Monte Carlo return Gk (Formally, Gk =

∑M
t=k γ

t−krt.):

Losscritic(wv) =
1

N

N∑
n=1

M∑
k=1

(
Gk − V (x̂k;wv)

)2
, (5.16)

Reward Definition. The reward function depends on the objective of the recon-
struction task. For general image quality assessment, we use the Peak Signal-to-Noise
Ratio (PSNR), computed over a region of interest (RoI) Ω:

PSNRΩ(x̄, x̂) = 10 log10

(
H2

1
|Ω|
∑

i∈Ω(x̄i − x̂i)2

)
, (5.17)
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where H denotes the dynamic range of the image.
For defect-focused tasks, the reward can instead be based on the Contrast-to-Noise

Ratio (CNR):
CNRD,B(x̄, x̂) =

µD − µB

σB
, (5.18)

where µD is the mean intensity within the defect mask D, and µB and σB denote the
mean and standard deviation in a background region B.

Training Procedure. The RL agent interacts with the CT environment under a
fixed dose budget B, which is spent in base quanta ∆b per projection. Dose allocation
is modeled implicitly by repeating angle selections: if an angle is chosen z times, the
allocated dose is z∆b. The episode terminates after L = bB/∆bc steps, corresponding
to exhaustion of the total dose budget B. The policy maps the current reconstruc-
tion x̂k to a probability distribution over candidate projection angles, thereby jointly
determining angle selection and dose allocation. The overall training loop is summa-
rized in Algorithm 5. A trajectory buffer stores observations, actions, rewards, and
log-probabilities of the old policy. After each rollout, advantages and returns are com-
puted, and the policy and value networks are updated by Equations (5.15)–(5.16).
Implementation details including advantage estimation, entropy regularization, and
minibatch updates are provided in Appendix C.2.
Intuition. The PPO framework enables the agent to learn dose-aware acquisition
strategies directly through interaction with the CT environment. Rather than dis-
tributing photons uniformly across all projection angles, the learned policy adaptively
selects which angles to measure at each step. Since a fixed dose ∆b is used for every
acquisition, repeatedly selecting the same angle results in a higher cumulative dose be-
ing allocated to that direction, while angles that are selected fewer times receive less
total dose. In this way, the policy implicitly concentrates the dose budget on more
informative views through repeated measurements, without reallocating or reducing
the dose that has already been acquired. The critic provides value estimates that
stabilize training, and the reward function drives the policy to optimize either overall
reconstruction quality (PSNR) or defect detectability (CNR). This design balances
exploration of new angles with exploitation of informative ones, leading to improved
reconstruction quality under limited-dose conditions.

The overall pipeline is illustrated in Figure (5.1). At each step k, the dose-aware
reconstruction produces the current state x̂k. The PPO agent then selects an angle
θk based on the current policy πk, and the environment returns the next state x̂k+1
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Algorithm 5 PPO Training in a CT Environment with a Dose Budget
Require: Environment E , policy πa(·;wa), value function V (·;wv), total dose budget

B, fixed dose per step ∆b, number of trajectories per iteration n
1: Set trajectory length L←

⌊
B
∆b

⌋
2: Set horizon T ← n · L ▷ total steps per PPO iteration
3: for each iteration do
4: Initialize empty trajectory buffer T
5: for i = 1 to n do ▷ collect n trajectories
6: Reset environment: x̂1(zero matrix)← E .reset()
7: for k = 1 to L do
8: Sample angle θk ∼ πa(· | x̂k;wa)
9: logπk ← logπa(θk | x̂k;wa), vk ← V (x̂k;wv)

10: Apply action: (x̂k+1, rk)← E .step(θk)
11: dk ← I[k = L]
12: Store (x̂k, θk, rk, x̂k+1, logπk, vk, dk) in T
13: end for
14: end for
15: Compute advantages Âk and returns Gk from T (Appendix C.2)
16: Normalize advantages
17: Update actor by maximizing the clipped PPO objective (Equation (5.15)),

where πold uses stored logπk from T
18: Update critic by minimizing the MSE loss (Eq. (5.16))
19: end for
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along with the reward rk. The transition (x̂k, θk, rk, x̂k+1, logπk, vk, dk) is appended
to the buffer T for PPO updates. The pipeline continues until the dose budget is
exhausted. Orange blocks and dashed arrows denote components used only during
training, whereas in real applications only the blue blocks and solid arrows are exe-
cuted.

Forward 
model
with Poisson 
noise

Dose-aware 
reconstruction

Task-specific 
reward 

RL agent 
(PPO) with
an actor 
and a critic 

 Buffer    with size 

Losses for 
updating 
actor and 
critic

If                   (dose budget not exhausted), 
continue

Figure 5.1: Pipeline of the proposed method. At each step k, the dose-aware reconstruc-
tion produces the current state x̂k. The PPO agent selects an angle θk based on the current
policy πk, and the environment returns the next state x̂k+1 and reward rk. The transi-
tion (x̂k, θk, rk, x̂k+1, logπk, vk, dk) is stored in the buffer T for PPO updates. The pipeline
continues until the dose budget is exhausted. Orange blocks and dashed arrows denote com-
ponents used only during training, whereas in real applications only the blue blocks and solid
arrows are executed.

5.4 Results
We present experimental results to validate both components of the proposed frame-
work. First, we evaluate the dose-aware PnP–PWLS reconstruction algorithm against
standard iterative methods. Next, we assess the RL policy for joint angle selection
and dose allocation, using the golden ratio policy as a baseline. Finally, we demon-
strate the effectiveness of the proposed approach on a specific task of interest—defect
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detection.

5.4.1 Datasets

In our numerical experiments, we consider several phantoms illustrated in Figure (5.2),
each with a size of 256 × 256 pixels. The phantoms are composed of multiple mate-
rials and grouped into three datasets. Dataset (a) contains wedge-shaped phantoms
composed of different materials, with variations in rotation, position, and size. These
phantoms are inspired by industrial CT inspection scenarios involving fiber-reinforced
or layered composite materials, where internal structures exhibit strong directional
characteristics. Datasets (b) and (c) consist of ellipse- and foam-based phantoms [61]
with different material properties. These phantoms are inspired by polymer or metal
foam–like materials that act as containers for embedded foreign objects or defects
with preferential orientations. Such configurations are representative of industrial
CT inspection tasks, where the goal is to detect and characterize internal objects or
anisotropic defects within a heterogeneous, porous background. In particular, dataset
(c) includes ellipse-based phantoms containing defects. All datasets include phantoms
at different rotations, represented by 36 equally spaced angles between 0◦ and 179◦.
In addition, the phantoms exhibit variations in scaling and spatial shifts.

5.4.2 Implementation

Tomosipo [40] was used to generate simulated projections and perform reconstructions.
The image size was set to 256× 256, and a projection size of 384 was chosen to ensure
that each view fully covered the image domain.

The photon budgets in our synthetic experiments are normalized photon-count pa-
rameters in the Poisson noise model and are not directly calibrated to physical dose
units such as mGy. Such a conversion would require scanner-specific information, in-
cluding the X-ray spectrum, filtration, exposure time, detector efficiency, acquisition
geometry, and object attenuation. We therefore use these budgets to define controlled
low-count regimes for comparing angle and dose selection policies under matched rel-
ative dose constraints. They should be interpreted as representative of dose-scarce
imaging scenarios, such as low-dose CT, repeated or interventional imaging, and in-
dustrial CT inspection with limited exposure or acquisition time, rather than as a
one-to-one mapping to a specific clinical or industrial dose value.

For the reconstruction algorithm, the parameter h in Algorithm 4 was set to 1.8,
and the PnP–TV denoiser employed a fixed proximal step size of 0.0005. In the RL
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(a) 

(b) (c) 

Figure 5.2: Example training dataset consisting of three types of phantoms. (a) Wedge-
shaped phantoms composed of two different materials, with variations in rotation, position,
and size. (b) Ellipse- and foam-based phantoms with different material properties. (c) Ellipse-
based phantoms containing defects. The ellipses vary in rotation, position, size, and round-
ness, providing a diverse set of training samples.
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framework (Algorithm 5), the discount factor was set to γ = 0.99, and the replay buffer
capacity was fixed at 500 transitions. The actor and critic losses were weighted by 1.0

and 0.5, respectively, and an entropy regularization term with weight 0.01 was included
to promote adequate exploration during training (see Appendix C.2 for details). These
hyperparameters were selected empirically to provide a stable balance between policy
optimization, accurate value-function estimation, and robust exploratory behavior. A
convolutional encoder was employed to extract low-dimensional feature representations
from the input images, following the design in [97]. All network parameters were
optimized using the Adam algorithm [47] with a learning rate of 10−4 and a weight
decay of 10−5. Further architectural and algorithmic details are provided in Table
(C.1) in Appendix C.2.

5.4.3 Experiment 1: Reconstruction Using Dose-Aware PnP–
PWLS with a TV Prior

This experiment evaluates the proposed reconstruction algorithm against standard
iterative methods. We focus on datasets (a) and (b) described in Section 5.4.1. Re-
constructions were performed with three equal angular sampling settings: 36, 48, and
60 angles. To simulate unequal dose allocation across views, odd-indexed angles were
assigned a low dose (100 photons), and even-indexed angles a high dose (1000 photons).
The number of gradient descent iterations was varied from 5 to 100 in increments of
5.

Four methods were compared: Simultaneous Iterative Reconstruction Technique
(SIRT), conventional PWLS, dose-aware PWLS, and dose-aware PnP–PWLS with a
TV prior. All reconstructions were performed under a non-negativity constraint.

Figure (5.3) compares reconstruction performance on datasets (a) and (b). Both
dose-aware variants (PWLS and PnP–PWLS with a TV prior) consistently achieve
higher PSNR and exhibit greater robustness to the number of iterations across dif-
ferent angular sampling settings. In contrast, SIRT and conventional PWLS degrade
noticeably at higher iteration counts, making reconstruction quality more sensitive to
the iteration choice and less reliable for subsequent experiments. These results demon-
strate that dose-aware weighting improves reconstruction stability, with PnP–PWLS
with a TV prior consistently providing the best overall performance.
Remark. The performance gap between the proposed dose-aware methods and the
baselines becomes more pronounced at higher iteration counts. While SIRT and con-
ventional PWLS tend to overfit the noise and degrade in quality, dose-aware weight-
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(a) PSNR vs. Iterations for different angle counts on dataset (a)

(b) PSNR vs. Iterations for different angle counts on dataset (b)
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Figure 5.3: PSNR versus number of iterations for different angular sampling settings (36,
48, and 60 angles, left to right) on datasets (a) and (b). The four methods compared are
SIRT, conventional PWLS, dose-aware PWLS, and dose-aware PnP–PWLS. Curves show
the mean PSNR across all non-defective phantoms in the dataset, and error bars indicate the
standard deviation.
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ing preserves relative stability by scaling the contribution of each view according
to its photon statistics, although some degradation remains visible on dataset (a).
This highlights that dose-awareness is particularly beneficial in long-iteration regimes,
where conventional methods become unreliable. In addition, incorporating a TV prior
provides effective denoising while preserving edges, further improving reconstruction
quality.

Ground Truth
SIRT

PSNR=16.40 dB
PWLS

PSNR=16.95 dB
Dose-Aware PWLS
PSNR=18.03 dB

Dose-Aware PnP PWLS
PSNR=18.53 dB

Ground Truth
SIRT

PSNR=18.53 dB
PWLS

PSNR=18.60 dB
Dose-Aware PWLS
PSNR=20.86 dB

Dose-Aware PnP PWLS
PSNR=21.99 dB

Figure 5.4: Reconstruction results for two phantoms with 60 projection angles using SIRT,
conventional PWLS, and the proposed dose-aware methods. For each method, the iteration
count was selected from 0 to 100 to yield its best reconstruction. SIRT reconstructions suffer
from low contrast and artifacts, while PWLS provides modest improvements but remains
noisy. The proposed dose-aware approaches achieve the highest PSNR and visibly improve
contrast.

These visual results are consistent with the quantitative PSNR values reported in
Figure (5.4), where the proposed dose-aware methods achieve improvements of ap-
proximately 1.5–3 dB over SIRT and conventional PWLS when considering their best
reconstructions within the iteration range of 0–100. This demonstrates that explicitly
modeling angle-dependent dose allocation not only enhances numerical performance
but also leads to visibly cleaner and higher-contrast reconstructions.
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Experiment 2: Angle Selection and Dose Allocation for Reconstruction
Quality Improvement

This experiment evaluates whether the RL agent can jointly select projection angles
and allocate dose to improve reconstruction quality when the reward function is based
solely on PSNR. We used dataset (a) for this study and adopted the dose-aware PnP–
PWLS reconstruction method with a TV prior, which showed the best performance
in the previous experiments.

We compared the learned RL policy with two baselines. The first baseline is the
Golden Ratio (GR) policy [49, 21], which is commonly used in sparse-view CT. The
GR policy generates projection angles by applying an irrational angular increment,
resulting in a non-repeating sequence that approximately uniformly fills the angular
range over time. The second baseline is a Projected-Uncertainty (PU) adaptive policy,
which provides a simple adaptive non-RL comparison.

For the PU baseline, an uncertainty map is computed at acquisition step k from
the change between consecutive reconstructions,

uk−1 = |x̂k−1 − x̂k−2| . (5.19)

Each candidate angle θ ∈ Θ is scored by forward-projecting this uncertainty map,

Sk(θ) =
‖A(θ)uk−1‖1
1 + nk(θ)

, (5.20)

where A(θ) is the single-view forward operator at angle θ, and nk(θ) is the number
of previous selections of angle θ. The denominator discourages repeated selection of
the same angle while still allowing additional dose to be assigned through repeated
measurements. The next angle is selected greedily as

θk = arg max
θ∈Θ

Sk(θ). (5.21)

For the first acquisition step, the first GR angle is used to avoid the degenerate case
of uniform initial uncertainty. This baseline uses the same candidate angle set, dose
budget, repeated-angle dose-allocation mechanism, Poisson noise model, and dose-
aware PnP–PWLS reconstruction method as the RL policy, but it is myopic and does
not learn a task-specific acquisition strategy.
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Training procedure. The agent was trained on 150 phantoms from dataset (a).
For the GR policy, 20 angles were used with an equal dose assigned to each angle.
Three separate RL policies were trained for three different total photon budgets of
6000 photons (300 photons per angle), 7000 photons (350 photons per angle) and
8000 photons (400 photons per angle). For the RL policy, the agent could allocate
more dose to informative angles by repeating them. For example, with a base dose of
300 photons per angle, if angle a is repeated n times, the total dose assigned to that
angle becomes n × 300. Training was performed for 1500 episodes using the reward
function in Eq. (5.22), assuming that the ground truth x̄ was non-defective. The
weight parameter α in Eq. (5.22) was set to 0.2, and the RoI Ω corresponded to the
full image.

Validation procedure. Validation was performed on a separate test set of 100
phantoms with unseen rotation angles. All results reported in this section are obtained
from this validation set using the trained policy.

The reward functions used in this work require ground-truth images and are there-
fore used only during offline training in simulation. During inference, the trained
policy does not require access to the ground truth; it selects angles and allocates dose
based only on the current reconstruction state and acquisition history.

Quantitative comparison. Table 5.1 summarizes the performance of the GR, PU,
and RL policies on the unseen-rotation test set across total photon budgets of 6000,
7000, and 8000. The RL policy consistently achieves higher PSNR than both the
non-adaptive GR policy and the adaptive PU baseline. Compared with GR, the mean
PSNR improvements of the RL policy are 2.80, 2.46, and 2.68 dB for total photon
budgets of 6000, 7000, and 8000, respectively. The corresponding 95% paired bootstrap
confidence intervals are strictly positive, and the improvements remain significant after
Benjamini–Hochberg FDR correction at α = 0.05. In contrast, the PU baseline does
not outperform GR, indicating that a simple myopic projected-uncertainty strategy is
insufficient for this wedge reconstruction task. As the total photon budget increases,
the RL policy selects a larger number of distinct angles, suggesting that repeated angle
selection is reduced when more dose is available.
∗Significant after Benjamini–Hochberg FDR correction at α = 0.05.

Angle selection and reconstruction analysis. Figures (5.5) and (5.6) (a1–a2)
illustrate the angle selections produced by the GR and RL policies for wedge-shaped
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Table 5.1: Performance comparison of GR, projected-uncertainty (PU), and RL policies
on unseen-rotation tests for the wedge phantom experiment. Results are reported as mean ±
standard deviation. The RL–GR difference is reported with 95% paired bootstrap confidence
intervals. One-sided p-values for RL outperforming GR were corrected using Benjamini–
Hochberg FDR control at α = 0.05.

Total photons Policy PSNR Average
number of angles

PSNR diff.
RL–GR
[95% CI]

6000
GR 16.82 ± 0.40 20

2.80 [2.76, 2.83]∗PU 15.64 ± 1.15 20
RL 19.61 ± 0.67 7.26 ± 1.13

7000
GR 17.25 ± 0.43 20

2.46 [2.42, 2.50]∗PU 15.92 ± 1.23 20
RL 19.71 ± 0.89 7.92 ± 1.44

8000
GR 17.60 ± 0.47 20

2.68 [2.65, 2.71]∗PU 16.15 ± 1.30 20
RL 20.28 ± 0.63 8.81 ± 1.32

phantoms at total doses of 6000 and 8000 photons, respectively. Each colored spoke
denotes the beam direction of a parallel-beam view at angle θ (degrees), measured
counter-clockwise from the x-axis, with θ and θ + 180◦ being equivalent. The color
coding indicates the number of repeats, corresponding to the relative photon allocation
at that angle. The GR policy distributes views uniformly across the angular range,
whereas the RL policy adapts its strategy by concentrating angles and dose around
preferential directions corresponding to the wedge orientations. This adaptive allo-
cation provides more informative measurements along high-contrast directions while
reducing sampling in less informative regions.

Figures (5.5) and (5.6) (b1–b4) present reconstruction results for wedge-shaped
phantoms using the GR and RL policies at total doses of 6000 and 8000 photons.
For both dose levels, reconstructions obtained with the GR policy appear noisy and
exhibit poor contrast between materials. In contrast, the RL policy produces recon-
structions with clearer separation of material regions and reduced noise, demonstrating
the advantage of adaptive angle selection and dose allocation.

Experiment 3: Angle Selection and Dose Allocation for Defect Detectabil-
ity Improvement

This experiment addresses the task of defect detection. Both dataset (b) (non-defective)
and dataset (c) (defective) phantoms were used to evaluate whether the agent can
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(a2) Phantom 2 

Total photon counts: 6000 
(a) Angle selection and dose allocation

(b) Reconstructions

(b1) Phantom 1: GR (b2) Phantom 2: GR

(b3) Phantom 1: RL (b4) Phantom 2: RL

PSNR 17.23 PSNR 16.59

PSNR 19.86 PSNR 19.34

78  × 6

162  × 4

178  × 4

90  × 3

65  × 1

72  × 1

134  × 1

90  × 6

148  × 6

57  × 3

155  × 2

134  × 1

161  × 1

168  × 1

(a1) Phantom 1 

Figure 5.5: (a) Angle selection and dose allocation at a total dose of 6000 photons for
wedge-shaped phantoms (a1–a2). Each colored spoke represents a parallel-beam view at
angle θ, measured counter-clockwise from the x-axis; angles θ and θ + 180◦ are equivalent.
Colors indicate the number of repeated selections and thus the allocated photons at that angle.
With 6000 photons in total, each selection corresponds to 300 photons; for example, an orange
spoke denotes one selection (300 photons), and a green spoke denotes two selections (600
photons). (b) Reconstructions obtained under the GR (b1–b2) and RL (b3–b4) policies at the
same total dose. The RL policy adaptively concentrates measurements in more informative
directions, yielding improved reconstruction quality.
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(a1) Phantom 1 (a2) Phantom 2 

Total photon counts: 8000 
(a) Angle selection and dose allocation

(b) Reconstructions

(b1) Phantom 1: GR (b2) Phantom 2: GR

(b3) Phantom 1: RL (b4) Phantom 2: RL

PSNR 18.17 PSNR 17.34

PSNR 20.36 PSNR 20.81
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Figure 5.6: (a) Angle selection and dose allocation at a total dose of 8000 photons for
wedge-shaped phantoms (a1–a2). Each colored spoke represents a parallel-beam view at
angle θ, measured counter-clockwise from the x-axis; angles θ and θ + 180◦ are equivalent.
Colors indicate the number of repeated selections and thus the allocated photons at that angle.
With 8000 photons in total, each selection corresponds to 400 photons; for example, an orange
spoke denotes one selection (400 photons), and a green spoke denotes two selections (800
photons). (b) Reconstructions obtained under the GR (b1–b2) and RL (b3–b4) policies at the
same total dose. The RL policy adaptively concentrates measurements in more informative
directions, yielding improved reconstruction quality.
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select angles and allocate dose in a way that maintains reconstruction quality for non-
defective phantoms while improving defect detectability. We still used the dose-aware
PnP–PWLS with a TV prior as the reconstruction algorithm. The elliptical region is
assumed to be defect-prone, and the ground-truth defect mask is used during train-
ing. Accordingly, we define an ROI covering the ellipse and compute rewards within
this region. Figure (5.7) illustrates the ROI, the ground-truth defect mask, and the
surrounding background region used for computing the CNR in Equation (5.18).

ROI Defect Ground Truth Background

Figure 5.7: Illustration of the regions used for defect detection. (Left) ROI highlighted
by a red rectangle. (Middle) Ground-truth defect mask. (Right) Background region used for
CNR calculation.

Training procedure. The agent was trained on a dataset of 300 phantoms, com-
prising 150 non-defective and 150 defective cases. Three separate RL policies were
trained for three different total photon budgets of 1000, 1500, and 2000. Training
was performed for 2000 episodes using the reward function defined in Eq. (5.22). The
weight parameters α and β in Eq. (5.22) were set to 0.2 and 3.5, respectively, to
balance the two tasks.

R(x̄, x̂) =


αPSNRΩ(x̄, x̂), if x̄ is non-defective,

β CNRD,B(x̄, x̂), if x̄ is defective,
(5.22)

where α and β control the relative importance of reconstruction accuracy and defect
detectability.

Validation procedure. Evaluation was carried out on a separate test set of 200
phantoms with unseen rotation angles, including 100 non-defective and 100 defective
cases. All results reported in this section are obtained from this validation set using
the trained policy.
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Quantitative comparison. Table 5.2 summarizes the performance of the GR, PU,
and RL policies on the unseen-rotation test set across total photon budgets of 1000,
1500, and 2000. For non-defective phantoms, the RL policy achieves PSNR compara-
ble to or higher than GR at 1000 and 1500 photons, with significant mean improve-
ments of 0.56 and 0.06 dB, respectively, based on paired bootstrap confidence intervals
and Benjamini–Hochberg FDR correction. At 2000 photons, the RL policy obtains
a slightly lower PSNR than GR, with a mean difference of −0.26 dB. For defective
phantoms, however, the RL policy consistently achieves substantially higher CNR
than GR at all dose levels. The mean CNR improvements are 0.47, 0.61, and 0.59 for
total photon budgets of 1000, 1500, and 2000, respectively, and all corresponding 95%
paired bootstrap confidence intervals are strictly positive after FDR correction. The
PU baseline does not outperform GR in either PSNR or CNR, indicating that sim-
ple myopic uncertainty-based adaptivity is insufficient for this defect-detection task.
Overall, these results show that the learned RL policy prioritizes task-specific defect
detectability while largely preserving reconstruction quality.

Table 5.2: Performance comparison of GR, projected-uncertainty (PU), and RL policies
on unseen-rotation tests for the foam-defect experiment. Results are reported as mean ±
standard deviation. The RL–GR difference is reported with 95% paired bootstrap confidence
intervals. One-sided p-values for RL outperforming GR were corrected using Benjamini–
Hochberg FDR control at α = 0.05.

Total photons Policy PSNR
(Non-def.)

CNR
(Def.)

Average
number of angles

PSNR diff.
RL–GR
[95% CI]

CNR diff.
RL–GR
[95% CI]

1000
GR 19.50 ± 1.28 0.51 ± 0.25 10

0.56 [0.52, 0.60]∗ 0.47 [0.45, 0.50]∗PU 19.19 ± 1.30 0.49 ± 0.39 10
RL 20.06 ± 1.52 0.98 ± 0.42 6.92 ± 1.41

1500
GR 20.68 ± 1.23 0.62 ± 0.30 10

0.06 [0.02, 0.10]∗ 0.61 [0.59, 0.63]∗PU 19.79 ± 1.35 0.59 ± 0.46 10
RL 20.74 ± 1.49 1.23 ± 0.42 7.15 ± 1.27

2000
GR 21.38 ± 1.20 0.70 ± 0.32 10

-0.26 [-0.30, -0.22] 0.59 [0.57, 0.62]∗PU 20.10 ± 1.44 0.62 ± 0.49 10
RL 21.12 ± 1.50 1.29 ± 0.47 7.56 ± 1.25

∗Significant after Benjamini–Hochberg FDR correction at α = 0.05.

Angle selection and reconstruction analysis. Figures (5.8) and (5.9) (a1-a4)
illustrate the angle selections produced by the GR and RL policies for non-defective
and defective phantoms at total doses of 1000 and 2000 photons, respectively. While
the GR policy distributes views uniformly regardless of phantom type, the RL policy
adapts its strategy: for defective phantoms, angles and dose are concentrated around
the defect region. Comparing across dose levels shows that higher photon budgets
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lead to broader angular coverage, while the presence of defects drives the RL policy
to focus sampling more locally.

The ultimate goal of this experiment is to evaluate whether adaptive angle and
dose selection can improve defect detectability. Figures (5.8) and (5.9) (b1-b4) show
reconstruction results for defective phantoms at total doses of 1000 and 2000 photons,
respectively. Reconstructions using the GR policy fail to make the defects clearly
visible. In contrast, reconstructions obtained with the RL policy consistently achieve
higher CNR values and reveal defects more distinctly, validating the benefit of dose-
aware adaptive view selection for defect detection.
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(a1) Phantom 1: non-defective (a2) Phantom 2: non-defective 

(a3) Phantom 1: defective (a4) Phantom 2: defective 

Total photon counts: 1000 
(a) Angle selection and dose allocation

(b) Reconstructions of defective phantoms
CNR 0.14

CNR 1.35

CNR 0.80

CNR 1.40
(b1) Phantom 1: GR (b2) Phantom 2: GR

(b3) Phantom 1: RL (b4) Phantom 2: RL
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Figure 5.8: (a) Angle selection and dose allocation at a total dose of 1000 photons for
non-defective (a1–a2) and defective (a3–a4) phantoms. Colored spokes denote projection
angles, with color indicating the number of repeats (i.e., relative photon allocation). An
orange spoke corresponds to one selection (base level: 100 photons), while colors such as
green indicate multiple repeats and therefore higher allocated photons. (b) Reconstructions
of defective phantoms using the GR (b1–b2) and RL (b3–b4) policies. The RL policy adap-
tively concentrates measurements near the defect, yielding higher CNR and improved defect
visibility compared with the fixed GR policy.141
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Computational cost. To quantify the training cost without repeating the full train-
ing procedure, we benchmarked the runtime of representative training runs and mea-
sured the average wall-clock time per training episode. The benchmark was performed
on a single NVIDIA L40 GPU with 44.39 GB memory, using PyTorch 2.11.0+cu130
and CUDA 13.0. Since each training episode contains the same acquisition length and
reconstruction procedure as in the full training, the total training cost was computed
by multiplying the measured average per-episode runtime by the number of train-
ing episodes. For the wedge phantom experiment, 50 representative training episodes
required 4.28 hours, corresponding to an average of 0.0856 hours per episode. Mul-
tiplying this by the full training schedule of 1500 episodes gives a training cost of
approximately 128.33 GPU-hours. For the foam-defect experiment, 50 representative
training episodes required 4.40 hours, corresponding to an average of 0.0880 hours per
episode. Multiplying this by the full training schedule of 2000 episodes gives a training
cost of approximately 176.06 GPU-hours. Because each run used a single GPU, the
reported GPU-hours are equal to the wall-clock hours.

Summary. These experiments demonstrate that the proposed RL policy adaptively
selects relative informative angles and allocates dose across projection angles according
to phantom content. It preserves reconstruction quality for non-defective phantoms
while substantially improving defect detectability in defective cases, consistently out-
performing the GR policy in both CNR and visual clarity.

5.5 Discussion
These results demonstrate that the proposed dose-aware reconstruction algorithms
are particularly effective when dose is distributed unequally across projection angles.
Moreover, the RL policy achieves superior reconstruction quality and defect detectabil-
ity by leveraging fewer angles and adaptively distributing dose within a fixed budget,
compared to the GR policy, which relies on more angles with equal dose allocation.

The dose-aware PWLS formulation is based on a standard second-order approx-
imation of the Poisson negative log-likelihood; the main novelty of this work lies in
integrating this reconstruction model into an adaptive RL framework for joint an-
gle selection and dose allocation. The angle-dependent weights provide a statistically
motivated way to account for dose-dependent noise by assigning higher confidence to
high-dose projections and lower confidence to noisier low-dose projections. For a fixed
acquisition sequence, the PnP–PWLS update behaves as a regularized weighted least-
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(a1) Phantom 1: non-defective (a2) Phantom 2: non-defective 

(a3) Phantom 1: defective (a4) Phantom 2: defective 

Total photon counts: 2000 

CNR 0.54

(a) Angle selection and dose allocation

(b) Reconstructions of defective phantoms
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Figure 5.9: (a) Angle selection and dose allocation at a total dose of 2000 photons for
non-defective (a1–a2) and defective (a3–a4) phantoms. Colored spokes denote projection
angles, with color indicating the number of repeats (i.e., relative photon allocation). An
orange spoke corresponds to one selection (base level: 200 photons), while colors such as
green indicate multiple repeats and therefore higher allocated photons. (b) Reconstructions
of defective phantoms using the GR (b1–b2) and RL (b3–b4) policies. The RL policy adap-
tively concentrates measurements near the defect, yielding higher CNR and improved defect
visibility compared with the fixed GR policy.
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squares iteration, and the estimated Lipschitz constant is used to stabilize the gradient
step. However, because the RL policy changes the selected angles and dose distribution
sequentially, the complete adaptive acquisition–reconstruction loop does not optimize
a single fixed objective, and we therefore do not claim a formal global convergence guar-
antee. The reward design also influences the learned acquisition strategy. PSNR- and
CNR-based rewards are used only during offline training, where ground-truth phan-
toms are available; the trained policy does not require ground truth during inference.
The weights α and β control the trade-off between reconstruction quality and defect
detectability, making the learned policy task-dependent. Consequently, the policy is
expected to generalize within the object class and imaging conditions represented in
the training distribution, but different tasks, datasets, or imaging conditions may re-
quire retraining, fine-tuning, or an expanded training distribution. Alternative reward
formulations based on data consistency, uncertainty reduction, expected information
gain, or downstream task confidence may further reduce reliance on ground-truth-
based rewards and are important directions for future work.

Despite these encouraging findings, several limitations remain. First, only a Pois-
son noise model was considered, whereas real CT measurements are often better de-
scribed by a mixture of Gaussian and Poisson noise [2, 36]. Accurate modeling of the
noise characteristics of a specific CT system will be important for translating this ap-
proach to real data. Second, dose allocation is represented through repeated selection
of the same projection angle. This provides a convenient abstraction for concentrat-
ing photons under a fixed dose budget, but practical implementation may require
scanner-specific mechanisms such as exposure-time control, tube-current modulation,
or repeated measurements. Third, extending the framework to three-dimensional
datasets introduces additional challenges: iterative reconstruction becomes more com-
putationally demanding, and the state and action spaces for RL grow substantially.
Fourth, the validation experiments use unseen rotations, shifts, and shape variations,
indicating generalization within the training distribution. However, we do not claim
generalization to arbitrary out-of-distribution geometries or unrelated object classes.
In practical industrial CT applications, this assumption is often reasonable because
prior information about the inspected object class is available through CAD models,
blueprints, design specifications, or previous scans. For substantially different geome-
tries or imaging conditions, retraining, fine-tuning, or domain-randomized training
would be required. Finally, future work may explore the integration of downstream
tasks such as segmentation and classification, which could further highlight the prac-
tical benefits of adaptive angle and dose allocation.
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5.6 Conclusion
In this paper, we proposed dose-aware reconstruction methods and developed a rein-
forcement learning strategy for joint angle selection and dose allocation. Our results
demonstrate that explicitly modeling angle-dependent dose variation improves recon-
struction quality and defect detectability under unequal dose distributions. Further-
more, the proposed RL-based framework shows the potential to reduce the number
of projection angles while maintaining or improving image quality, thereby enabling
more efficient and task-adaptive CT scanning.

Data availability statement
The data that support the findings of this study are available from the corresponding
author, T.W., upon reasonable request. The implementation and synthetic datasets
used in this study are publicly available on GitHub: https://github.com/tianyuan1wang/
ct-angle-dose-rl and Zenodo: https://doi.org/10.5281/zenodo.20486336.
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Chapter 6

Conclusion and Outlook

6.1 Contributions and Limitations

The primary objective of this thesis was to develop methods for adaptive projection
angle selection in X-ray CT, with a particular focus on inline industrial inspection.
This problem can naturally be formulated within a sequential OED framework, in
which measurement decisions are updated based on previously acquired data.

However, directly applying classical sequential OED formulations to adaptive CT
scanning poses several fundamental challenges. First, the sequential OED framework
typically requires evaluating expectations over both the prior distribution and the
data likelihood, which are generally unavailable in closed form for realistic CT sys-
tems. Second, practical CT problems are inherently high-dimensional, since both the
unknown object and the measurement data are large-scale. Although approximate
models for these probability distributions can be constructed, the resulting computa-
tions are often prohibitively expensive, limiting the applicability of classical sequential
OED methods in time-critical industrial settings.

6.1.1 Contributions and Limitations

Chapter 2 formulates sequential OED for X-ray CT as a Partially Observable Markov
Decision Process (POMDP) and addresses it using an Actor–Critic RL framework.
A model-free formulation removes the requirement for closed-form expressions of the
prior distribution and data likelihood, enables offline training, and allows the trained
policy to be deployed during scanning. A series of two-dimensional phantoms, ranging
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from simple to moderately complex shapes, were designed to validate the approach.
For simple shapes such as triangles and pentagons, the RL agent learned to select
projection angles tangential to object boundaries, which are known to be highly infor-
mative. Notably, a model trained on a mixture of different shapes retained the ability
to select such informative angles. For a more complex modified Shepp–Logan phantom
with rotatable ellipses, the agent successfully tracked these rotations by adapting its
angle selection. The generalisability of the trained policy was also examined, showing
robustness when transferring from clean to noisier data, and limited generalisation
across substantially different shapes and intensity distributions.

Despite demonstrating that high-quality reconstructions can be obtained from very
few projections in simple phantoms, the experimental setup remains idealised relative
to industrial practice. In real industrial inspection, the primary interest often lies in the
interpretability or task relevance of the reconstruction rather than purely numerical
error metrics. Moreover, the parallel-beam geometry considered in this chapter is
rarely used in industrial CT systems.

Building on the previous chapter, Chapter 3 extends the framework to task-specific
angle selection rather than focusing solely on general reconstruction quality. Two
types of defects—cracks and pores—were inserted into a predefined Region-of-Interest
(RoI) of a simulated industrial component, representing areas prone to failure. The
reward function was redesigned to incorporate defect detectability measures, including
contrast-based metrics and segmentation performance quantified by the Dice score. As
a result, the RL agent adaptively selected angles that improved defect visibility while
maintaining overall reconstruction quality.

Although promising results were obtained for simulated industrial parts, it remains
unclear how well the approach would transfer to real measurement data. In practice,
noise and reconstruction artifacts may obscure small defects and reduce detectability.
Furthermore, segmentation in this chapter relied on K-means clustering and assumed a
single-material object, which is a strong simplification and not representative of many
real industrial components.

Chapter 4 investigates optimal stopping within the sequential OED framework
using an Actor–Critic approach. A terminal policy was introduced to determine when
data acquisition should stop, allowing the number of projection angles to be selected
adaptively. This terminal policy was optimized jointly with the angle-selection policy
to maximize the expected cumulative reward. In addition, an experimental dataset
was collected at the FleX-ray laboratory of Centrum Wiskunde & Informatica (CWI)
by varying the tube current to generate different noise levels. The trained policy was
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evaluated on experimental data to assess whether a model learned from simulations
could transfer to real measurements. The results show that joint optimization of angle
selection and stopping outperforms naive fixed stopping criteria, and that the trained
model retains functionality on experimental data with similar characteristics. The
terminal policy also adapts the number of projections to different object shapes and
noise conditions.

Nevertheless, the experimental objects considered in this chapter were geometri-
cally simple. Furthermore, the simulation model could be made more realistic. Only
Gaussian noise was considered in the simulations, whereas the experimental data ex-
hibit a combination of Gaussian and Poisson noise.

Chapter 5 extends the adaptive design framework by introducing dose level as
an additional design parameter, directly influencing Poisson noise statistics. The
RL agent was trained to jointly select projection angles and allocate dose levels
adaptively. Task-specific acquisition was also investigated, with the agent allocat-
ing more projections and higher dose to directions aligned with crack-like defects.
To enable reconstruction under non-uniform dose allocation, the conventional Penal-
ized Weighted Least Squares (PWLS) formulation was modified to incorporate angle-
dependent weighting. This dose-aware PWLS term was combined with a TV prior in
a PnP framework, providing robust reconstructions under highly heterogeneous dose
distributions.

In this chapter, dose allocation was implemented through repeated selection of
projection angles, with higher repetition corresponding to higher dose. In principle, the
framework could be extended to output angles and dose levels jointly and continuously
after sufficient information has been gathered. Unlike Chapter 4, only Poisson noise
was considered in this study, whereas real CT measurements typically involve a mixture
of Poisson and Gaussian noise.

6.1.2 Outlook

Future work should extend the methods developed in this thesis from two-dimensional
to fully three-dimensional geometries, as cone-beam CT is commonly used in indus-
trial inspection. In addition, acquisition trajectories could be made more flexible by
allowing zoom-in and zoom-out motions, rather than restricting the scan to planar
trajectories. Achieving such flexible trajectories naturally requires the use of robotic
manipulators to control the CT scanner or the object, and it would therefore be valu-
able to more tightly integrate robotic control with trajectory generation.
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6.1. Contributions and Limitations

Since industrial inspection ultimately aims to extract actionable information from
CT reconstructions, downstream image analysis tasks remain an important direction
for further research. For example, in Chapter 3, segmentation was performed using
relatively simple methods. More advanced approaches, such as deep learning-based
segmentation, could be incorporated, allowing angle selection strategies to be opti-
mized directly for improved segmentation or defect detection performance. Similarly,
the task-specific optimal stopping strategy studied in Chapter 4 could be extended
to task-driven stopping criteria, where scanning terminates once a defect has been
detected with sufficient confidence.

From a theoretical perspective, future work could aim to make the current black-box
formulation more transparent by incorporating more accurate physical models. This
includes developing improved forward and inverse models, as well as more realistic
noise models. As discussed in Chapters 4 and 5, CT measurements are often affected
by a combination of Poisson and Gaussian noise, and modeling these effects more
accurately—potentially in a system-specific manner—could improve both reconstruc-
tion quality and policy training. More realistic simulation models would also facilitate
better transfer of policies trained on simulated data to experimental or industrial data.

By combining these practical and theoretical developments, a physics-based sim-
ulation environment could be constructed that integrates X-ray imaging and robotic
motion in a manner closely resembling real-world inspection systems. Such an envi-
ronment would reduce the need for extensive data collection in laboratory settings by
enabling the generation of realistic synthetic data. Within this framework, robotic sys-
tems could learn efficient and informative acquisition strategies, ultimately supporting
fully adaptive and efficient inline industrial inspection.
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B.1. Continuation advantage function

B.1 Continuation advantage function

Notation. πa(θ | x̂;wa) denotes the angle policy, πter(d | x̂;wt) denotes the terminal
policy with decision d ∈ {stop, continue}, and πt(x̂

′ | x̂, θ) denotes the transition
induced by acquiring angle θ and applying one reconstruction update.

Convention. Whenever d (resp. d′, dk) appears inside πter(· | x̂) without an explicit
summation over the decision variable, it denotes the stopping decision. Thus,

πter(d | x̂;wt) = πter(stop | x̂;wt),

and consequently,

1− πter(d | x̂;wt) = πter(continue | x̂;wt).

The subscripts in d′ and dk only indicate the associated recursion step; they do not
introduce additional free decision variables unless an explicit summation over decisions
is written.

The value function decomposes into a stopping branch and a continuation branch:

V πa,πter(x̂) = πter(d | x̂;wt)PSNR(x̂, x̄)

+
(
1− πter(d | x̂;wt)

)
V πa,πter
C (x̂).

(B.1)

The continuation state-value function is

V πa,πter
C (x̂) =

∑
θ

πa(θ | x̂;wa)Q
πa,πter
C (x̂, θ). (B.2)

The continuation action-value function is

Qπa,πter
C (x̂, θ) = −b+

∑
x̂′

πt(x̂
′ | x̂, θ)V πa,πter(x̂′). (B.3)

Continuation advantage. The continuation advantage measures whether the selected
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action performs better than the on-policy continuation average at the current state:

Aπa,πter
C (x̂, θ) = Qπa,πter

C (x̂, θ)−
∑
θ′

πa(θ
′ | x̂;wa)Q

πa,πter
C (x̂, θ′)

= Qπa,πter
C (x̂, θ)− V πa,πter

C (x̂)

= −b+
∑
x̂′

πt(x̂
′ | x̂, θ)V πa,πter(x̂′)− V πa,πter

C (x̂)

= −b+
∑
x̂′

πt(x̂
′ | x̂, θ)

((
1− πter(d

′ | x̂′;wt)
)
V πa,πter
C (x̂′)

+ πter(d
′ | x̂′;wt)PSNR(x̂′, x̄)

)
− V πa,πter

C (x̂).

(B.4)

In practice, since πt(x̂
′ | x̂, θ) is unknown, we draw a single Monte Carlo sample

x̂′ ∼ πt(· | x̂, θ) and use the approximation

Aπa,πter
C (x̂, θ) ≈ − b+

(
1− πter(d

′ | x̂′;wt)
)
V πa,πter
C (x̂′)

+ πter(d
′ | x̂′;wt)PSNR(x̂′, x̄)

− V πa,πter
C (x̂).

(B.5)
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B.2 Policy gradient on wa

Notation. πa(θ | x̂;wa) denotes the angle policy, πter(d | x̂;wt) denotes the terminal
policy, and πt(x̂

′ | x̂, θ) denotes the transition induced by acquiring θ and applying
one reconstruction update.

Starting from J(wa,wt) = V πa,πter(x̂1), and using (B.1), we have

∇wa
J(wa,wt) = ∇wa

V πa,πter(x̂1)

= ∇wa

(
πter(d1 | x̂1;wt)PSNR(x̂1, x̄)

+
(
1− πter(d1 | x̂1;wt)

)
V πa,πter
C (x̂1)

)
=
(
1− πter(d1 | x̂1;wt)

)
∇wa

V πa,πter
C (x̂1)

=
(
1− πter(d1 | x̂1;wt)

)(∑
θ

∇wa
πa(θ | x̂1;wa)Q

πa,πter
C (x̂1, θ)

+
∑
θ

πa(θ | x̂1;wa)∇wa
Qπa,πter

C (x̂1, θ)

)
.

(B.6)

Using (B.3), and noting that πt does not depend on wa, we obtain

∇wa
Qπa,πter

C (x̂, θ) =
∑
x̂′

πt(x̂
′ | x̂, θ)∇wa

V πa,πter(x̂′). (B.7)

Substituting (B.7) into (B.6) yields the recursive form

∇waJ(wa,wt) =
(
1− πter(d1 | x̂1;wt)

)(∑
θ

∇waπa(θ | x̂1;wa)Q
πa,πter
C (x̂1, θ)

+
∑
θ

πa(θ | x̂1;wa)
∑
x̂′

πt(x̂
′ | x̂1, θ)∇wa

V πa,πter(x̂′)

)
.

(B.8)

Unrolled form. Let µk(x̂;wa,wt) denote the continuation visitation probability of
state x̂ at step k, namely the probability of reaching x̂ at step k without terminating
earlier. Then

µ1(x̂1;wa,wt) = 1,

and for k ≥ 1,

µk+1(x̂
′) =

∑
x̂

µk(x̂)
(
1− πter(d | x̂;wt)

)∑
θ

πa(θ | x̂;wa)πt(x̂
′ | x̂, θ). (B.9)
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By recursively expanding (B.8), we obtain

∇wa
J(wa,wt) =

T∑
k=1

∑
x̂k

µk(x̂k;wa,wt)
(
1− πter(dk | x̂k;wt)

)
×
∑
θ

∇waπa(θ | x̂k;wa)Q
πa,πter
C (x̂k, θ).

(B.10)

Using
∇wa

πa(θ | x̂;wa) = πa(θ | x̂;wa)∇wa
logπa(θ | x̂;wa),

we may rewrite (B.10) as

∇wa
J(wa,wt) =

T∑
k=1

∑
x̂k

µk(x̂k;wa,wt)
(
1− πter(dk | x̂k;wt)

)
×
∑
θ

πa(θ | x̂k;wa)∇wa logπa(θ | x̂k;wa)Q
πa,πter
C (x̂k, θ).

(B.11)
Since ∑

θ

πa(θ | x̂;wa)∇wa
logπa(θ | x̂;wa) = 0,

we may subtract the baseline V πa,πter
C (x̂k) without changing the expectation. Hence,

∇wa
J(wa,wt) =

T∑
k=1

∑
x̂k

µk(x̂k;wa,wt)
(
1− πter(dk | x̂k;wt)

)
×
∑
θ

πa(θ | x̂k;wa)∇wa logπa(θ | x̂k;wa)A
πa,πter
C (x̂k, θ).

(B.12)
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B.3 Policy gradient on wt

Notation. πa(θ | x̂;wa) denotes the angle policy, πter(d | x̂;wt) denotes the terminal
policy, and πt(x̂

′ | x̂, θ) denotes the transition induced by acquiring θ and applying
one reconstruction update.

Starting from J(wa,wt) = V πa,πter(x̂1), and using (B.1), we obtain

∇wt
J(wa,wt) = ∇wt

V πa,πter(x̂1)

= ∇wt

(
πter(d1 | x̂1;wt)PSNR(x̂1, x̄)

+
(
1− πter(d1 | x̂1;wt)

)
V πa,πter
C (x̂1)

)
= ∇wtπter(d1 | x̂1;wt)

(
PSNR(x̂1, x̄)− V πa,πter

C (x̂1)
)

+
(
1− πter(d1 | x̂1;wt)

)
∇wt

V πa,πter
C (x̂1).

(B.13)

Using (B.2) and (B.3), and noting that πa and πt do not depend on wt, we have

∇wt
Qπa,πter

C (x̂, θ) =
∑
x̂′

πt(x̂
′ | x̂, θ)∇wt

V πa,πter(x̂′). (B.14)

Therefore,

∇wtJ(wa,wt) = ∇wtπter(d1 | x̂1;wt)
(

PSNR(x̂1, x̄)− V πa,πter
C (x̂1)

)
+
(
1− πter(d1 | x̂1;wt)

)∑
θ

πa(θ | x̂1;wa)

×
∑
x̂′

πt(x̂
′ | x̂1, θ)∇wt

V πa,πter(x̂′).

(B.15)

Using the continuation visitation probability µk defined in (B.9), repeated expan-
sion of (B.15) gives

∇wt
J(wa,wt) =

T∑
k=1

∑
x̂k

µk(x̂k;wa,wt)∇wt
πter(dk | x̂k;wt)

×
(

PSNR(x̂k, x̄)− V πa,πter
C (x̂k)

)
.

(B.16)

Again, by the convention stated at the beginning of this appendix, dk inside
πter(dk | x̂k;wt) denotes the stopping decision. Hence,

∇wt
πter(dk | x̂k;wt)
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is precisely the gradient of the stopping probability evaluated at the step-k state.
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B.4 Additional results
We report supplementary experiments to illustrate robustness across seeds and noise
levels (3%, 5%, 7%). Architectures and hyperparameters match Section 5.2.
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Figure B.1: Simulation results are categorized into parallelogram, triangle, and pentagon
shapes to illustrate how the number of angles influences PSNR under various rewards and var-
ious noise levels. Data points are color-coded by experimental costs—blue (−0.4,−0.5,−0.6)
and orange (−0.7,−0.8,−0.9). Increased transparency indicates data points that are further
from the mean. Triangular markers represent the mean PSNR values obtained from the
golden ratio policy at each corresponding angle.

The trends mirror those in Figure (4.8). Figure (B.1) encodes ranges of experi-
mental cost b by color: lower costs (blue) encourage acquiring more views, whereas
higher costs (orange) penalize additional views and thus lead to fewer selected angles.
Across all shapes, the number of acquired angles tends to decrease as b increases,
with the separation between cost regimes more pronounced for geometrically complex
phantoms that require more views at a given cost level. Moreover, higher noise levels
generally drive the policy to select more angles.

B.5 Parameters used in datasets
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Table B.1: Parameters used in the datasets. The scale is represented by the radius of the
circumscribed circles, and the position is described by the center coordinates (x, y) of these
circles.

Shapes Scales Shifts
Parallelogram Radius: 42 ∼ 51 Center (x, y): (110,130) ∼ (110,130)
Triangles Radius: 56 ∼ 89 Center (x, y): (110,130) ∼ (110,130)
Pentagons Radius: 56 ∼ 89 Center (x, y): (110,130) ∼ (110,130)

B.6 Architecture of the Actor–Critic network
The Actor–Critic model consists of a shared convolutional feature extractor followed
by three separate heads for policy, value estimation, and terminal state prediction.
The complete architecture is detailed in Table (B.2).
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Table B.2: Detailed architecture of the Actor–Critic neural network. A shared convolu-
tional encoder extracts features, which are processed by separate heads for policy (actor),
value estimation (critic), and terminal prediction.

Layer Type Parameters In Ch. Out Ch. Output Size
1 Conv2d kernel=3, stride=2, padding=1 1 12 120× 120
2 GroupNorm num_groups=4 12 12 same
3 LeakyReLU negative_slope=0.2 12 12 same
4 MaxPool2d kernel=2 12 12 60× 60

5 Conv2d kernel=3, padding=1 12 24 same
6 GroupNorm num_groups=4 24 24 same
7 LeakyReLU negative_slope=0.2 24 24 same
8 MaxPool2d kernel=2 24 24 30× 30

9 Conv2d kernel=3, padding=1 24 48 same
10 GroupNorm num_groups=4 48 48 same
11 LeakyReLU negative_slope=0.2 48 48 same
12 MaxPool2d kernel=4 48 48 7× 7

13 Flatten - - - 1× 2352

Actor Head
14 Linear in=1× 2352, out=1× 180 - - 1× 180
15 Softmax dim=-1 - - 1× 180

Critic Head
16 Linear in=1× 2352, out=1× 2352 - - 1× 2352
17 ReLU - - - same
18 Linear in=1× 2352, out=1× 1 - - 1× 1

Terminal Head
19 Linear in=1× 2352, out=1× 1 - - 1× 1
20 Sigmoid - - - 1× 1
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C.1 Power Iteration for Lipschitz Constant Estima-
tion

To ensure stable gradient descent updates in Algorithm 4, the step size is normalized
by the Lipschitz constant

L = ‖A⊤WA‖,

which corresponds to the spectral norm of the weighted normal operator. Since exact
computation of L is infeasible for large-scale CT systems, we approximate it using the
standard power iteration method. The procedure is summarized in Algorithm 6.

Algorithm 6 Power Iteration to Estimate Spectral Norm L = ‖A⊤WA‖

Require: Forward operator A(θ); transpose operator A⊤(θ); weighting operator
W(·); domain size n; maximum iterations T .

Ensure: Spectral norm estimate L.
1: Initialize: z(0) ∼ N (0, In); normalize z(0) ← z(0)/‖z(0)‖
2: for t = 0 to T − 1 do
3: u← A(θ) z(t) ▷ Forward projection
4: v ←W(u) ▷ Dose-aware weighting
5: w ← A⊤(θ)v ▷ Backprojection
6: Normalize: z(t+1) ← w/‖w‖
7: Update estimate: L(t+1) ← ‖w‖
8: end for
9: return L = L(T )

In practice, only a small number of iterations (e.g., T ≤ 20) is sufficient to obtain
an accurate estimate of the largest eigenvalue, which is then used to set the step size
α = h/L in Algorithm 4.

C.2 Additional PPO Training Details
The training loop in Algorithm 5 (main text) summarizes the high-level workflow of
PPO in the CT environment. For clarity and readability, minibatch updates, entropy
regularization, and advantage estimation are omitted in the main algorithm but are
detailed here for reproducibility. We denote the parametric approximation of the value
function by V (·;wv) to distinguish it from the (unknown) true value function V π(·).
This convention follows our previous work [97].

Notation.
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• x̂k: reconstructed state at step k,

• θk: action (e.g., projection angle or dose) at step k,

• rk: immediate reward (see Equation 5.22),

• πa(· | x̂k;wa): stochastic policy with parameters wa,

• V (x̂k;wv): approximate value function (critic) with parameters wv,

• Gk: Monte Carlo return from step k,

• Âk: estimated advantage at step k,

• ek(wa) =
πa(θk | x̂k;wa)

πold
a (θk | x̂k)

: policy probability ratio.

Minibatch Updates. As in standard PPO, parameter updates are performed over
multiple epochs using minibatch sampling from the collected trajectory set. Although
each episode produces only a small number of transitions (M steps), we construct
an effective training batch by aggregating transitions from multiple episodes until a
predefined batch size (e.g., 64 samples) is reached. This “batch-size accumulation”
strategy stabilizes optimization, ensures sufficient gradient diversity, and enables PPO
updates even in environments where each trajectory is short (as in sparse-view CT).

Advantage Estimation. We use generalized advantage estimation (GAE) with dis-
count factor γ and parameter λ ∈ [0, 1]. Following the PPO update scheme, the
temporal-difference residuals are computed using the value function parameters wold

v ,
which are frozen during the update epoch:

δk = rk + γV (x̂k+1;w
old
v )− V (x̂k;w

old
v ).

The advantages are then estimated as

Âk =

T−k−1∑
t=0

(γλ)t δk+t, Gk = Âk + V (x̂k;w
old
v ).

Entropy Regularization. To encourage exploration, we add the policy entropy:

H(πa(· | x̂k)) = −
∑
θ

πa(θ | x̂k) logπa(θ | x̂k).
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Total PPO Objective. Combining the actor and critic losses from the main text
with entropy regularization, the overall objective is

J(wa,wv) = E
[
Lactor(wa)− cv L

critic(wv) + ceH(πa(· | x̂;wa))
]
,

where cv and ce are positive coefficients weighting the critic and entropy terms, re-
spectively.

Table C.1: Key architectural and algorithmic parameters of the RL pipeline.

Parameter Value
Input image size 256× 256

Action-space dimension 180 candidate projection angles
Training seed 1029
Evaluation seeds 20260526 + r, where r is the replication index
Discount factor γ 0.99
GAE parameter λ 0.95
PPO clipping parameter ϵ 0.2
PPO update epochs 4
Mini-batch size 64
Timesteps per batch 540
Optimizer Adam
Learning rate 1× 10−4

Weight decay 1× 10−5

Training episodes, wedge 1500
Training episodes, foam-
defect

2000

Convolutional encoder
Conv block 1 Conv2D(1, 12, 3, stride = 2, padding = 1) + GroupNorm(4, 12) +

LeakyReLU(0.2) + MaxPool2D(2)

Conv block 2 Conv2D(12, 24, 3, padding = 1) + GroupNorm(4, 24) +
LeakyReLU(0.2) + MaxPool2D(2)

Conv block 3 Conv2D(24, 48, 3, padding = 1) + GroupNorm(4, 48) +
LeakyReLU(0.2) + MaxPool2D(4)

Actor head Linear(flattened features, 180) + Softmax
Critic head Linear(flattened features, flattened features) + ReLU + Lin-

ear(flattened features, 1)
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Summary

Non-destructive inspection is essential for verifying that products satisfy quality re-
quirements prior to further assembly, processing, or distribution. X-ray computed
tomography (CT) is a powerful imaging modality that provides access to the full
three-dimensional internal structure of products, enabling reliable identification of
internal defects.

In industrial settings, however, inspection is preferably performed inline, without
interrupting the production process. Inline inspection is often time-critical and avoids
the risks associated with transporting products outside the production line. These re-
quirements make the application of X-ray CT particularly challenging, as conventional
CT acquisition typically relies on predefined scanning trajectories and long acquisition
times.

From a theoretical perspective, adaptive CT acquisition can be formulated as a
sequential Optimal Experimental Design (OED) problem, which requires evaluating
expectations over both the prior distribution and the data likelihood at each step.
In practice, these distributions are difficult to access or model accurately, and their
sequential evaluation is computationally demanding, making efficient angle selection
for inline CT a challenging problem.

In this thesis, we address this problem from a new perspective using reinforce-
ment learning (RL). RL enables learning adaptive acquisition strategies through of-
fline training, without requiring closed-form models of distributions. Once trained, the
resulting policy can be applied efficiently, allowing fast decision-making during inline
CT acquisition.

In Chapter 2, we reformulate the sequential OED problem within a reinforcement
learning (RL) framework by defining appropriate action spaces, state representations,
and reward functions. Using synthetic datasets with known preferential directions, we
demonstrate that the RL agent can successfully identify informative projection angles,
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Detector  

Source  

Conveyor belt  

Figure C.1: Inline inspection using X-ray CT. Products are transported along a conveyor
belt to the inspection station. At the scanning position, the conveyor belt is temporarily
halted, and a robotic manipulator grips and rotates the product to acquire X-ray projections
from multiple viewing angles. This controlled rotation enables projection acquisition while
maintaining compatibility with an inline inspection workflow. Illustration created by the
author; the inline CT system concept was inspired by [33].

which typically correspond to directions tangential to object boundaries or aligned
with principal axes.

In Chapter 3, we move closer to practical industrial inspection scenarios by incor-
porating a downstream task—defect detection—into the design process. The reward
function is adapted to reflect task-specific objectives, enabling the RL agent to select
projection angles that enhance defect contrast and improve segmentation performance.

In Chapter 4, we extend the framework by introducing a terminal policy that allows
the agent to decide when to stop the acquisition process, thereby enabling adaptive
selection of the number of projection angles through optimal stopping. In addition, a
set of experimental datasets was collected to study the gap between simulation and
real-world measurements. The results show that models trained on carefully designed
simulated data exhibit reasonable generalization to experimental data.

In Chapter 5, dose allocation is considered jointly with projection angle selection.
The reconstruction algorithm is modified to incorporate an angle-dependent weighting
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matrix that reflects non-uniform dose levels across projections. Within this setting, the
RL agent learns to adaptively select informative angles and simultaneously allocate
higher dose to these directions, leading to improved reconstruction quality under a
limited total dose budget.
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Samenvatting

Niet-destructieve inspectie is essentieel om te verifiëren dat producten voldoen aan
kwaliteitsvereisten vóór verdere assemblage, verwerking of distributie. Computer-
tomografie (CT) is een krachtige beeldvormingstechniek die toegang biedt tot de
volledige driedimensionale interne structuur van producten en daarmee een betrouw-
bare identificatie van interne defecten mogelijk maakt.

In industriële omgevingen wordt inspectie echter bij voorkeur inline uitgevoerd,
zonder het productieproces te onderbreken. Inline inspectie is vaak tijdkritisch en
vermijdt de risico’s die gepaard gaan met het transporteren van producten buiten de
productielijn. Deze vereisten maken de toepassing van röntgen-CT bijzonder uitda-
gend, aangezien conventionele CT-acquisitie doorgaans berust op vooraf gedefinieerde
scantrajecten en lange acquisitietijden.

Vanuit theoretisch oogpunt kan adaptieve CT-acquisitie worden geformuleerd als
een sequentieel Optimal Experimental Design (OED)-probleem, waarbij op elke stap
verwachtingen moeten worden geëvalueerd over zowel de a-prioriverdeling als de data-
likelihood. In de praktijk zijn deze verdelingen moeilijk toegankelijk of nauwkeurig te
modelleren, en is hun sequentiële evaluatie computationeel veeleisend. Hierdoor vormt
efficiënte hoekselectie voor inline CT een uitdagend probleem.

In dit proefschrift benaderen wij dit probleem vanuit een nieuw perspectief door
gebruik te maken van reinforcement learning (RL). RL maakt het mogelijk adaptieve
acquisitiestrategieën te leren via offline training, zonder dat gesloten-vormmodellen
van onderliggende verdelingen vereist zijn. Na training kan het resulterende beleid
efficiënt worden toegepast, waardoor snelle besluitvorming tijdens inline CT-acquisitie
mogelijk wordt.

In Hoofdstuk 2 herformuleren wij het sequentiële OED-probleem binnen een re-
inforcement learning (RL)-kader door geschikte actieruimten, toestandsrepresentaties
en beloningsfuncties te definiëren. Met behulp van synthetische datasets met bekende
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Detector  

Source  

Conveyor belt  

Figure C.2: Inline-inspectie met behulp van röntgen-CT. Producten worden via een trans-
portband naar het inspectiestation vervoerd. Op de scanpositie wordt de transportband
tijdelijk stilgezet, waarna een robotmanipulator het product vastgrijpt en roteert om rönt-
genprojecties vanuit meerdere kijkhoeken te verkrijgen. Deze gecontroleerde rotatie maakt
het mogelijk projecties te verkrijgen met behoud van de compatibiliteit met een inline-
inspectieproces. Illustratie gemaakt door de auteur; het concept van het inline-CT-systeem
is geïnspireerd op [33].

voorkeursrichtingen tonen wij aan dat de RL-agent in staat is informatieve projec-
tiehoeken te identificeren, die doorgaans overeenkomen met richtingen tangentieel aan
objectgrenzen of uitgelijnd met de hoofdassen van het object.

In Hoofdstuk 3 benaderen wij realistischere industriële inspectiescenario’s door een
downstream-taak—defectdetectie—te integreren in het ontwerpproces. De belonings-
functie wordt aangepast om taak-specifieke doelstellingen te weerspiegelen, waardoor
de RL-agent projectiehoeken selecteert die het defectcontrast versterken en de segmen-
tatieprestatie verbeteren.

In Hoofdstuk 4 breiden wij het raamwerk uit door een terminaal beleid te intro-
duceren waarmee de agent kan beslissen wanneer het acquisitieproces moet worden
beëindigd. Dit maakt adaptieve selectie van het aantal projectiehoeken mogelijk via
optimaal stoppen. Daarnaast is een reeks experimentele datasets verzameld om de
kloof tussen simulatie en metingen in de praktijk te bestuderen. De resultaten laten
zien dat modellen die zijn getraind op zorgvuldig ontworpen gesimuleerde data een
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redelijke generalisatie naar experimentele data vertonen.
In Hoofdstuk 5 wordt dosisallocatie gezamenlijk beschouwd met de selectie van

projectiehoeken. Het reconstructie-algoritme wordt aangepast door de introductie
van een hoekafhankelijke wegingsmatrix die niet-uniforme dosisniveaus over projecties
weerspiegelt. Binnen deze setting leert de RL-agent adaptief informatieve hoeken te
selecteren en tegelijkertijd een hogere dosis toe te wijzen aan deze richtingen, wat leidt
tot een verbeterde reconstructiekwaliteit onder een beperkt totaal dosisbudget.
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