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The present work develops an explicit constrained-optimization treatment of the Q-functions in Helmholtz-
energy variables for the PSN, PHN, PTN, and SVN specifications. The actual independent-variable space is
stated for each specification, the Lagrange multipliers are obtained directly from stationarity in those variables,
and the resulting Q-functions are shown to recover the prescribed constraints and phase-equilibrium conditions.
A second-order analysis then distinguishes the full Hessian of the unconstrained Q-function from the reduced
Hessian relevant to the original constrained thermodynamic problem. We show that, on the admissible tangent
space, the quadratic form of the Q-function Hessian coincides with that of the KKT Lagrangian.

1. Introduction

Phase equilibrium calculations are fundamental to numerous en-
gineering disciplines, including chemical, petroleum, and geophysical
applications. These calculations determine the distribution of species
among coexisting phases under specified thermodynamic constraints.
These constraints correspond to fixing different combinations of two
thermodynamic state variables such as internal energy (U), enthalpy
(H), pressure (P), temperature (T), entropy (S), volume (V), along
with the total mole numbers (N, N, ..., N,). These different combina-
tions give rise to a family of so-called flash specifications. A comprehen-
sive overview of these specifications is available in [1] and references
therein.

Pressure-specified flash calculations include the PTN, PHN, and
PSN specifications. The PTN flash, in which pressure, temperature,
and total mole numbers are specified, is the standard isothermal—
isobaric equilibrium calculation and forms the basis of most commercial
process simulators (e.g., [2-4]). The PHN flash is formulated as the
maximization of entropy at fixed pressure, enthalpy, and mole num-
bers [5-14]; it is relevant to adiabatic expansions, throttling processes,
and compositional reservoir simulation of thermal recovery processes.
Recent contributions address PHN phase stability [15], unified isen-
thalpic and isochoric flash calculations [16], nested three-phase cal-
culations [17], direct entropy-maximization iterations [18], and an
augmented-Q-function algorithm [19]. The PSN flash is formulated as
the minimization of enthalpy at fixed pressure, entropy, and mole num-
bers [1,4,8,20,21]; it is relevant to reversible adiabatic operations and
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depressurization calculations, including compressors, pumps, turbines,
and pipeline decompression.

Flash calculations with specified volume have received compara-
tively less attention. The VTN flash, defined by fixed volume, tempera-
ture, and mole numbers, is obtained by minimizing the Helmholtz free
energy and is used to describe phase behavior in closed, isothermal
vessels [1,22,23]. The UVN flash is formulated as the maximization of
entropy at fixed internal energy, volume, and mole numbers [24-30];
it arises in dynamic simulations of distillation columns, multiphase
pipe flow, tank filling, venting, and leakage from pressure vessels.
The SVN flash is formulated as the minimization of internal energy
at fixed entropy, volume, and mole numbers [20,21]. Although direct
engineering applications of the SVN specification are less common, it is
part of the general thermodynamic framework for state-function-based
equilibrium calculations [12].

Michelsen [1] introduced Q-functions as a unified framework for
state-function-based flash calculations. He showed that the solutions of
PHN, PSN, UVN, SVN, and related flash specifications can be obtained
as stationary points of suitable modified thermodynamic potentials, and
identified the characteristic saddle-point structure of most of these Q-
functions. He further proposed nested solution strategies in which the
phase variables are minimized at fixed temperature and/or pressure
while the remaining intensive variables are treated in an outer max-
imization. Both Gibbs-energy- and Helmholtz-energy-based forms were
given; in particular, the Helmholtz formulation already contains the
PSN, PHN, PTN, and SVN Q-functions considered here.
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Table 1

State function to be minimized for a given flash specification [1].
Specification PTN PHN PSN TVN UVN SVN
State function G -S H A -S U

Medeiros et al. [31] subsequently provided a general construction
of Q-functions based on constrained optimization and Legendre trans-
forms. Their analysis clarifies how the state function associated with the
original flash specification is related to the thermodynamic potential
whose natural variables are used in the numerical formulation, and ex-
tends the framework to open and reactive systems. They also discuss the
second-order structure of Q-functions in terms of the convexity or con-
cavity of thermodynamic potentials in extensive and intensive variable
subspaces. The purpose of the present work is therefore not to introduce
new Q-functions, but to complement this general framework with
explicit, specification-resolved derivations in the Helmholtz-variable
space actually used by a T, V, N-based equation of state. Starting from
the original constrained equilibrium problems, the Lagrange multipliers
are obtained directly from the stationarity equations, with the required
transformations between thermodynamic variable sets carried out ex-
plicitly. The resulting first-order conditions are then shown to recover
the prescribed flash constraints together with mechanical and chemical
equilibrium. This treatment makes explicit several intermediate steps
that are compactly represented through thermodynamic conjugacy and
Legendre transforms in the general construction of Medeiros et al.

Kumar and Rosen Esquivel [32] previously derived Michelsen’s UVN
Q-function from a Lagrangian in Helmholtz T', V', N variables by deter-
mining the energy-constraint multiplier from temperature stationarity.
For PHN, Xu et al. [19] likewise obtained the Q-function by substi-
tuting the stationary value 1/T of the enthalpy-constraint multiplier
into a fixed-pressure Lagrangian. The present PHN derivation keeps
the phase volumes among the independent variables and makes the
phase-pressure constraints explicit.

A second objective of the present work is to make the local second-
order structure of these formulations explicit. In particular, we distin-
guish between the Hessian of the Q-function in the unrestricted compu-
tational variable space and the reduced Hessian relevant to the original
constrained thermodynamic problem. It is shown that, although the full
Q-function may be saddle-shaped, its quadratic form on perturbations
satisfying the linearized flash constraints coincides with the KKT second
variation of the original constrained problem. For the PSN formulation,
this leads to an explicit inertia characterization of the full Helmholtz-
variable Hessian and shows how its negative temperature direction is
reconciled with nonnegative curvature on the PSN-admissible tangent
space. Reduction along the fixed- P, N phase-equilibrium branch further
recovers the negative temperature curvature underlying Michelsen’s
nested PSN-flash interpretation. Analogous results are developed for
the remaining specifications with their respective sets of independent
variables.

2. Decision variables

We formulate each flash specification as a constrained optimization
problem in which the appropriate state function of a p-phase system is
minimized, where p denotes the number of phases. The state functions
associated with the flash specifications considered in this work are
listed in Table 1.

Our presentation is based on the availability of a Helmholtz energy-
based equation of state, i.e., we can evaluate thermodynamic properties
explicitly if T, V, and N are available. Let T € R, be the common
temperature. In all derivations, we will use the following notation:
V® and N® € R”" denote the volume and mole vector of phase k,
respectively.
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Define:

S® =51, VO, ND),
G = G(T, V(k), N(k)),

H® = H(T, VO NO),
vk = U(T, V(k), N(k)),

AR = AT, V(k), N(k)),

as the entropy, enthalpy, Helmholtz free energy, Gibbs free energy,
and the internal energy of the k' phase. The total quantities can be
expressed as

p P P p
y=>Yv® =350 H=YHO A=) A®,
G= ZP:G“‘), U= iu@ Y]
k=1 k=1

Denote by V := [V, ..., V@]T the phase-volume vector and by
N® e R" the mole vector of phase k. The total mole balance is
eliminated throughout the pressure-specified derivations by writing

p—1
N® = pNspec _ Z N®,

k=1
It is important for both the first- and second-order analyses to distin-
guish the actual independent-variable spaces. For PSN and PHN we
use
]T

zp = VTN (N xp o= [T,2)

For PTN, the specified temperature T = T is a parameter rather
than an optimization variable, so the independent variables are only zp.
For SVN, both the total mole and total volume balances are eliminated
before optimization:

p—1 p—1
y® = yspec _ Z V(k), N® = Nspee _ Z N(k),
k=1 k=1

and we use

zy = VO, L VO (N (N xy = [T

These definitions prevent a specified thermodynamic variable from
being inadvertently included in the Hessian as a free optimization
coordinate.

In the next section, we derive the pressure-specified Q-functions.
The PSN and PHN cases share the variable vector xp; PTN is treated as
the fixed-temperature limiting case.

3. Derivation of Q-function for PXN-flash

In this section, we discuss the general methodology for pressure-
based flashes. We group these specifications as PXN flashes. For the
PSN and PHN derivations below, x denotes the decision vector xp
defined above. A state function Y is minimized under the specification
of pressure P, an extensive quantity X, and total mole numbers N. The
PTN case, for which temperature rather than an additional extensive
quantity is specified, is treated separately with decision vector zp. The
objective for the general PXN case is to optimize the total extensive
quantity Y,

P
Yior®) 1= ) ¥ (x©)

k=1

subject to the following constraints:
1. extensive constraint:

P
Cx(x) := Y X(x®) - xe =,
k=1
2. pressure constraints:

CPx) = Px®)— PP =0, fork=1,...,p.
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Define the constraint vector:
V)

where Cp(x) := : € RP. 2)
P x)

Cy (x)

C(x) := [ e R+,

The solution % corresponds to the minimizer of the following con-
strained optimization problem:

min Y;;(x) subjectto C(x)=

The first-order conditions of this constrained optimization problem can
be represented by the Lagrangian:

L(X, 1) = Y (%) + AT C(x), 3
where A are Lagrange multipliers defined as below

A
A= |0
i

e RP, Q)

where

1. Ay € R: Lagrange multiplier for the extensive (or intensive)

constraint
@)
Ap
2. Ap = € RP: Lagrange multipliers for pressure constraints.
A(P)
P

Substituting Eqgs. (2) and (4) into Eq. (3)

L(x, 1) = Yo (%) + Ay Cx (X) + 1,C p(x),
P )4 p
= Z Yx®) + 4, <Z X(x®) - Xspcc) Z ® (px®) - PPy (5)
k=1 k=1 k=1
KKT conditions

The constrained minimum is then computed by requiring station-
arity of the Lagrangian with respect to the optimization variables,
together with satisfaction of the original constraints. The resulting
Karush-Kuhn-Tucker (KKT) conditions are:

1. Stationarity:
Vi L(x,4) =0, (6)
2. Primal feasibility:

C(x)=0. @

These equations form a coupled nonlinear system for the primal
variables x and the Lagrange multipliers A. In the present case, only
equality constraints are considered, so the KKT conditions reduce to sta-
tionarity and primal feasibility. If inequality constraints were present,
additional dual-feasibility and complementarity conditions would also
be required.

3.1. Stationarity condition

The stationarity conditions are obtained by setting each element of
the gradient equal to zero:

oL
oL -0
(6T >V,N ®
oL
=0 Vk=1,..., 9
<0V(k) >T,V(5*">,N P ©

where V&K = ¥\ ¥® is the phase volumes vector not containing the
volume of phase k.
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Temperature gradient
Substituting the expression for the Lagrangian from Eq. (5) into Eq.
(8) gives the temperature-gradient condition

(-2 (57),, 2 (50),, -2 (57),, -0

(10

Phasic volume gradient
Similarly, substituting the expression for the Lagrangian from
Eq. (5) into Eq. (9) gives the volume-gradient condition

or oY ® ax®
= +ix | —=
VW Jryen y oV® S yen § VWO Jryeo N

(k)
+2,0 (0”_ >
oV k) TVED N

Yy ® ax®
< wv® )T,V<5~">,N i < wv® >T,V<w,N
2 p®
< v ® )T,VW’,N

aYy® ax®
o [< ap® &k *Ax aP® o | 12
TVSY N TVSY N

Substituting Eq. (12) into Eq. (10), we get
oL oy ax® . (awk))
(aT )V,N B Z; ( or ),,.N Ax 2 < )V_N 2 [ 0P® )1 en y

ox® opP®
+Ax | = . 13
* ("P(k) >T.V"5"“,N:| ( or )V.N 1%

Rearranging the terms gives

( ) 2 < oY ® ) < oY ® ) ( opP® >
VN k=1 V.N OP® Jpyenn \ 0T [y y

oxX® 0X® op®
+4 —_ . (14
x ,; [( ) < oP® >T,V<“>.N < or )V,N] as)
Using Eq. (F.4 h 9z
sing Eq. (F.4), we have (aT >V

= (2) +(2) (&
T \ir/p, oF )7 \ 0T )y,
YW, x® we get

<ax<k>> B <ax<k>> <aP<k>> _ <ax<k>> as)
o Jyn oP® Jryewny \ 0T Jy N oT /) pwy

and,

<aY<k>> 3 <aY<k>> (ap<k>> _ <ay<k> 16)
or )y aP® ) yenn \ 0T Jy N T ) pw

Using Egs. (15) and (16) into Eq. (14) gives:

p p

oL oy ) < ox® >

oL - + A . a7)
(aT )V,N ; ( oT Jpw ¥ 25t P

k=1

=0. an

— 0=

for Z =

Now, the stationarity condmon

(57
k=1 \ "o
Ay=-——° IPO 18)

p [ ox®)
k=1 \ 0T ) pw

PSN-flash: For PSN-flash, we need to minimize the enthalpy (H);
putting X =.5, Y = H into Eq. (18) yields

(%) . ,

= pk)

W =- ; ¥/ <k2‘1 cp<k>/T> =-T. (19
pk)

k=1 oT

=0 yields

Ay =—

Substituting X =S, Y = H, Ay = —T into Eq. (12) yields

1 (aHW) T <3S<k>>
P 0P® )1y N oP® )y yen n |
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Using identities (F.6) and (F.5) yields,

Zp(k) - _ [V(k) -T <6V_(k)> +T <0V(k)> ] =_y®, (20)
oT ) pw oT ) pw

Substituting expressions (19) and (20) into Eq. (5), we get

£®N(T YV, N) = Zp: H®_T <i s® - S“p“> —i y® (po — pspecy

k=1 k=1 k=1
(2D

Rearranging we get,

P P
LON@, Y Ny = Y HY 750 - pOy® L pgee 4 preee By

k=1 k=1
=AK)
(22)
P P
NI,V Ny = (AR) 4 TsPec 4 pieee 3 y®), (23)
k=1 k=1

Using Eq. (1), we can write Eq. (23) in a more compact form as

LESNT YV, N)= A+ PPy 4 TSPeC, (24)

which is the desired Q-function for PSN-flash.

PHN-flash: For the PHN-flash problem, we express entropy maximiza-
tion as minimization of the sign-reversed entropy objective. Therefore,
weset X =H, Y =-S.

Eq. (18) then yields,

- (50)
k=1 o Jpw < 2

P
T ZCP(“/T>/ Y=,
k=1< oT )p(k) k=t

k=1
The stationary enthalpy-constraint multiplier 1/7T" agrees with the fixed-
pressure PHN derivation of Xu et al. [19]. Here the phase-pressure mul-
tipliers are also needed because the phase volumes remain independent
variables.

Substituting X = H, Y = —S, Ay = 1/T in Eq. (12) yields

(k) (k)
e [(25)  (mey ]
OP® ) yen N OP® ) yen N

Using identities (F.6) and (F.5) yields,

(k) (k) (k)
Ap(k):_[<av_> +1/T <V(k)_T<aV_> >] :_V__
aT Pk oT Pk T

The final expressions for the Lagrange multipliers are

Y

=g Y=

(25)

Substituting these expressions in Lagrangian Equation (5), we get

p P P
L(T,V,N)= Z —S® 4 <Z H® - HSP“'> JT — Z v (p0 — psee) /T

k=1 k=1

14 cc 14
_ Z —TS® 4 g _ ply k) B HP + pee Z Y&
- T T

k=1
zi:l (A(k)) — Hspec 4 pspecy/
= )
The final expression for the Lagrange function for PHN-flash becomes

_ pyspec spec
L(T,V,N)= w, (26)

which is the desired Q-function for PHN-flash.

PTN-flash: For PTN, T = T*P* is fixed and is not an optimization
variable. The objective is the total Gibbs free energy, and the only non-
linear constraints introduced by the Helmholtz-variable representation
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are the phase-pressure conditions P*) = PP, Thus the decision vector
is zp, not [T, z},]7. With Y = G and no additional extensive constraint,
the volume stationarity relation gives

(k)
ap® = = (aG ) @7
oP® )1 yen N
Using identity (F.11) into Eq. (27), we get
1p0 = —y®, (28)
Substituting Eq. (28) and Ay = 0 into Eq. (5), we get
p p
LTV, N)=Y GP -3 y® (p® _ prrec)
k=1 k=1
p p
=Y |G® - pRy® |y poec Ry, (29)
= | k=1
=AK)

The final expression for the Lagrange function in PTN-flash becomes

LTV, N) = A+ PPV | (30)

3.2. First-order analysis of the Q-function for PSN flash

The Q-function formulation recasts the constrained enthalpy-
minimization problem into an unconstrained saddle-point problem. The
Q-function is not a conventional Lagrangian: it contains no explicit
multipliers enforcing the fixed-entropy and fixed-pressure constraints of
the PSN specification. It is, therefore, not immediately evident that the
stationary points of Q-function (24) correspond to the thermodynamic
equilibrium state. Furthermore, enthalpy is naturally expressed as a
function of pressure, entropy, and mole numbers, H = H(P,S,N),
whereas the Q-function is formulated in the variables (T, V, N) native
to a Helmholtz-energy-based equation of state. It must therefore be
shown that stationarity of the Q-function with respect to (7,V,N)
recovers the same equilibrium state that constrained minimization of
H(P, S, N) identifies under the PSN specification.

We verify this equivalence by examining the first-order stationarity
conditions of Eq. (24) and showing that they simultaneously reproduce:

1. the prescribed entropy constraint;

2. equality of pressure across all phases, with each phase pressure
equal to the specified pressure PP<¢;

3. equality of the chemical potential of each component across all
coexisting phases.

3.2.1. Stationarity with respect to temperature
Differentiating the Q-function (23) with respect to T, we obtain:

(PSN) 2 (k)
or _sgrey 3 9A , 31
oT V.N = oT N

——
—s

Setting the derivative to zero gives:

4
(aE(PSN>> S0 — s = Z s,
oT V.N &

thus, recovering the entropy constraint.

3.2.2. Stationarity with respect to volume
Next, differentiating with respect to V®):

oLFsN 9A® s
—_— = pec
< PRE =\ 5® +pspec, (32)
T,VEO N T,.VEO N
—_——
_pk

Setting this derivative to zero implies:
PO = ... = p) = pPec wE=1,...p,

which enforces equality of pressure across all phases.
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3.2.3. Stationarity with respect to mole numbers
Next, we rewrite Eq. (23) in the following form:

p—1
N, Y, N) = Y (AT, V0, ND) 4 poecy )
k=1

+ (A(T, V“’), N(”)) 4 pspec V(p)) + T.§%Pe¢, (33)
») -_ spec _ xw—1 pr (k) spec _ xwp—1 pp (k)
wher.e N .._{N1 . _Zk=1_N1 ,...» N, et Na )
Finally, differentiating with respect to the mole number of compo-
nent i in phase k, i.e., Nf.k> fori=1,...,nand k=1,...,p— 1, with the
other independent variables held fixed, we obtain:

< ILESN) ) ~ < IAT, VP, N®) >
k - k
oN® oN® TyoNG

1 ®

OA(T, V(p), N(”))
_ <T , (34)
i T,V(p),Nt’;)l

()
i

u

Setting this to zero yields:

2 .
u=uP == Vi=1.n, (35

thus confirming equality of chemical potentials for all components
across phases.

Hence, the stationarity conditions of the Q-function are consistent
with thermodynamic equilibrium under the PSN constraints. The ther-
modynamic consistency of PHN and PTN flash can also be established
using an analogous approach. We now proceed to the derivation of
volume-based specification.

4. Derivation of Q-function for SVN-flash

Three types of volume-based flash specifications are commonly
considered: VTN, UVN, and SVN. In the VTN flash formulation, thermo-
dynamic equilibrium is obtained by minimizing the total Helmholtz free
energy at fixed temperature, volume, and mole numbers, which results
in an unconstrained optimization problem. The UVN flash formulation
has been treated in detail elsewhere; the reader is referred to [32] for
its derivation and numerical implementation.

In this paper, we focus on the remaining volume-based formulation:
the SVN-flash and provide a detailed derivation of the associated
Q-function. Under the SVN specification, equilibrium corresponds to
minimization of the total internal energy at fixed total entropy, total
volume, and component mole numbers. We first eliminate the linear
total-volume and total-mole balances using the residual phase defini-
tions given above. The only remaining nonlinear equality constraint
is then the specified total entropy. For a p-phase system, consider the
Lagrangian:

p P
LTV, N =Y UY + i <2 s — S“P“> (36)

k=1 k=1
4.1. Stationarity condition

The temperature and volume stationarity conditions, with the other
independent variables held fixed, are

(%) =0 (372)
T /v.N

L
<m> =0 Vk—l, see p—l (37b)

Temperature Gradient

(), =[5, ]+

k=1

4 aS<’<>>
. (38)
Z < or V,N:|

Fluid Phase Equilibria 614 (2027) 114899

Setting (%)m =0 = | ig =_(_>v,~ =T (39)

Substituting this in Eq. (36) yields

P P
Lr.v.Ny=yuh-r <Z s® _ 55P°C>

=1 k=1

P

=) (UW —TsW) 4 7550 (40)
k=

~

The final expression for the Lagrange function for SVN-flash becomes

L(T,V,N)=A+TS%*,

(41)

which is the desired Q-function for the SVN-flash.
4.2. First-order analysis of Q-function for SVN flash

Similar to the PSN-flash, the Q-function associated with the SVN
specification is not a Lagrangian in the classical sense. Consequently,
it is not a priori clear that the stationary points of the SVN Q-function
correspond to thermodynamic equilibrium. For completeness, we there-
fore analyze the stationarity conditions of the associated Lagrangian
and show that they recover the thermodynamic equilibrium under
prescribed constraints.

The Lagrangian (40) associated with the constrained minimization
of the total internal energy at fixed total entropy is given by

)4 )4
L(T,V,N) = Z U, ve N®y_T (2 ST, v®, N®y SSP“) . (42)
k=1 k=1

4.2.1. Stationarity with respect to temperature
Taking the partial derivative of £ with respect to T, while keeping
V® and N® fixed for all k, yields

P p p

L ou® pec sk

== - S® _ gspee | . 43
-Su-(2 e )
Substituting the thermodynamic identity

(k) (k)
( U ) 7 ( as' ) 44
T Jy N T )y N

into Eq. (43) leads to the exact cancellation of the temperature-
dependent terms, yielding:

)4
aL
—=- s® SSP“) . (45)
oT (2

The stationarity condition 0£/0T = 0 therefore enforces

i S® = gspec, (46)
k=1

which shows that the specified total entropy is the sum of entropies of
the individual phases at equilibrium.

4.2.2. Stationarity with respect to volume
Rewriting the Lagrangian by separating the first p — 1 phases from
the residual pth phase as
p—1
LT, v.N) =Y U, v®O NO)+ U@, v, NP)-
k=1

p-1
T <2 ST, v®, N®) 1+ ST, ¥, NPy — SSP“> , (47)
k=1

where the residual phase quantities are defined by the total balance
relations

p—1 p—1
y® .= yspec _ Z V(k), N® .= pnspec _ Z NG (48)
k=1 k=1
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The partial derivative of £ (47) with respect to VX fork = 1,..., p—
1, is obtained using the chain rule,

oL oU k) 9.5 ou® gy ® 9.5® gy P

avw gy T gr® T gr®m o ® gy ® gy’ 49
Since oV ® /gV® = —1, this reduces to

oL Uk ERYL ou® FRY2 50
v \ov  Tovm ) T \gv® oy ) G0

Using the thermodynamic identity (0U /dV )y y = T(dS/0V)r y—P, one
finally obtains

The stationarity condition d£/dV®¥) = 0 therefore enforces

PO = pw), k=1,...,p—1, 52)

which expresses mechanical equilibrium between all phases.

4.2.3. Stationarity with respect to mole numbers

The partial derivative of the Lagrangian with respect to the mole
number Ni(k) of component i in phase k, for k = 1,...,p— 1, is obtained
by applying the chain rule,

or oU® _as®  ouw NP 456k NP

= =T + =T . (53)
oN®  gN®  oN®  gNP NP gNP 9N

From the material balance constraint Ni(”)
follows that oN’ ,.(”) /aNf’” = —1. Hence,

(k) (k) ) (p)
aE(k) = aU(k) _T0S<k> - aU( ) _Tas() ' 9
N, ON,; N, oN;” oN,”
Using the fundamental thermodynamic identity (U /dN;)r, = T(9S/

ON))ry + u;, one obtains

oL _ w_ »
SN Hi - (55)
i

= NP - 3N D

i =1

The stationarity condition 0L/ aNf") = 0 therefore implies

yfk>=y§p), i=1,....n, k=1,....,p—1, (56)

which expresses chemical equilibrium for every component between all
phases.

5. Second-order structure and constrained stability

Michelsen [1] identified the characteristic saddle-point structure of
the Q-functions, with positive curvature along phase-splitting directions
and negative curvature along temperature and/or pressure directions,
and derived the reduced heat-capacity curvature underlying the nested
formulation. Medeiros et al. [31] subsequently formulated a generic Q-
function Hessian and interpreted its sign structure in terms of extensive
and intensive thermodynamic subspaces. In the present work, we make
this connection explicit for each Helmholtz-based flash specification:
using its actual set of independent optimization variables, we relate the
full Q-function Hessian directly to the constrained second variation of
the corresponding underlying thermodynamic minimization problem.

The Q-functions remove the nonlinear flash constraints from the
equations that are solved, but the underlying thermodynamic equi-
librium problem remains a constrained minimization problem. Conse-
quently, two different second-order objects must be distinguished: the
full Hessian of the Q-function in its free variables, which describes
the local saddle geometry used by Newton or nested algorithms, and
the reduced Hessian of the original constrained problem on physically
admissible perturbations.
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5.1. Relation between the Q-function Hessian and the constrained second
variation

Consider a regular equality-constrained problem
mxin f(x), c(x)=0, (57)
with Lagrangian
Lx,A) = f(x)+ ATe(x). (58)

Let (x*, A*) satisfy the KKT conditions, and let a Q-function be obtained
by replacing the equilibrium multipliers by smooth functions of the
thermodynamic variables,

0x) = fX)+ A ex),  Ax*)= 4% (59

This is precisely the situation in the constructions above: for example,
in PSN, Ag = —T and E(If) = —¥®, Since ¢(x*) = 0, the Q-function
and the KKT Lagrangian have the same first derivative at the solution.
Their full Hessians are not generally identical because the promoted
multipliers vary with x. However, for every tangent perturbation d
satisfying

J (x*)d =0, (60)

the additional cross terms vanish and

‘ d™V2Q(x*)d =dTV2 _L(x*, A*)d. ‘ (61)

Equivalently, if the columns of Z span ker J.(x*) (see Appendix B),
then

‘ ZTVIOGNZ = ZTVA L(x*, AN Z. ‘ (62)

Thus the second-order necessary condition for a locally stable con-
strained flash solution is nonnegativity of this reduced matrix, not
positive semidefiniteness of the full Q-function Hessian. Strict positivity
on the tangent space gives the corresponding standard sufficient condi-
tion for a strict local constrained minimum. At phase boundaries, where
nonnegativity constraints on phase or component amounts become
active, the tangent space must be replaced by the KKT critical cone.

5.2. Helmbholtz curvature in the reduced extensive variables

For phase k, define the extensive vector

T
y = [V(k)’(N(k))T] ’ H(:) = Vf’(k)y(k)A(k)(T’ Y. (63)
At fixed temperature, local mechanical and diffusive stability of a
homogeneous phase requires nonnegative Helmholtz curvature on ad-

missible extensive perturbations; in particular,

w _(aP®
AV(k]V(k) = <0V(k) N >0 (64)

away from mechanical degeneracy. More generally, H (:) > 0 for a
locally stable homogeneous phase, with possible null directions associ-
ated with extensivity or coexistence degeneracy. Because the total-mole
and, where applicable, total-volume balances are eliminated by affine
maps, the fixed-temperature Hessian in the retained coordinates has the
form

K =R diag(H}.....HY) R >0, (65)

where R maps a retained perturbation to the corresponding phase-
volume and phase-mole perturbations. Eq. (65) makes explicit that
the relevant composition/volume curvature is the Helmholtz curvature
projected onto the linear balance subspace.



P. Kumar

5.3. PSN flash

For PSN, the independent variables are xp, = [T, z;]T, where
zp collects the independent phase volumes and mole numbers after
elimination of the total mole-balance constraints. The Q-function is

Opsn = A(T, zp) + PPV 4 TS, (66)

Since PV is linear in the phase-volume variables and TSP is
linear in T, both terms have zero Hessian in the chosen optimization
variables,

T
2 _wv2ar_ |19 8
VZ0pn = V2 A —[g K], (67)
Here
*
—% 0S5 \* CV tot
= =—(= =—— <0, 68
4= Arr (ar)ZP T* ©®
— ) —
g=V,, 4, K=Vl _ A, (69)

where Cy = X, Cl(,k). For a locally stable fixed-temperature phase
state, the Helmholtz curvature with respect to the admissible phase
variables is nonnegative, so that

K > 0. (70)

A congruence transformation eliminates the temperature-phase-
variable cross block without changing the inertia:

a 0" ] a 0’

V20E ~ = 1 :
QPSN |:0 K — iggT 0 K+ mggT

(71)

Because K > 0 and gg' > 0, the lower block is positive semidefinite,
whereas a < 0. Sylvester’s law of inertia (see Appendix D) therefore
gives

n_(V2Qhey) = 1. (72)

Thus the unrestricted PSN Q-function has exactly one negative-
curvature direction.
More precisely, let m = dimz, and define

r:=dim(ker K ngt), (73)

where r is the number of independent zero-curvature directions of K
that are also orthogonal to the temperature-coupling vector g. Then,
with In = (n,n_, ny),

In(V2Q)e) = (m—r,1,n). 74

Hence a locally fixed-temperature-stable interior PSN state is saddle-
shaped in the full Q-function variable space, with one negative direc-
tion and possible zero modes at degenerate states.

Curvature on the PSN-admissible space

The full-space saddle character does not contradict the constrained
enthalpy-minimum principle underlying the PSN flash. The original
PSN problem allows only perturbations that preserve the specified
entropy and phase-pressure constraints. Define

cpsn(xp) 1= [§ = see, pO) _ pspec p(p) _ psvec] T (75)

If Zpgy spans the null space of the Jacobian of (75), then the admissible
first-order perturbations lie in Range(Zpgy). The corresponding local
second-order condition is

‘ Z;SNVZQ;SNZPSN z0, (76)

which, by (62), is exactly the KKT reduced-Hessian condition for the
original constrained enthalpy minimization.
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The role of the entropy constraint can be seen directly. Consider a
small perturbation (6T, 6z p). To first order,

88 = S5 8T +(V,,5) 6zp. 77)
Since A; = —S, Eqgs. (68)~(69) imply

a=-Sr,  g=-V,5* (78)
Therefore an entropy-preserving perturbation, 6.5 = 0, satisfies

aéT +g"62p =0. (79)

Thus temperature cannot vary independently along the PSN constraint
surface. Solving (79) for 6T gives

T
1)
5T = -8 %P (80)
a
The quadratic form associated with the full Hessian (67) is
T
) _ T1la g oT
1) QPSN = [5T 5ZP] [g K] [52})]
= a(6T)* +26T ' 6zp + 62, K62p. (81)
Substituting the entropy-preserving relation (80) gives
Tozp\° T6z
8 Opsn =a <—g—P> 2 <—g—P> g'ézp+0z,Kozp
a a
T§ 2 2 T5 2
_ (g 6zp) _ (g 6zp) i 6z;K5zP
a a
1
= _Z(,_I;Taz,,)2 +06z,Kézp. (82)
Since a < 0,
S (83)
a |a|
and
(g76zp)* = 62},88 6zp. (84)
Consequently,
82 Opsy = 62, (K + l—llggT> 5zp. (85)
a

Thus, when K > 0, the Q-function curvature is nonnegative on the
entropy-preserving hyperplane. The complete PSN admissible space
is smaller still, because the phase-pressure constraints additionally

require

5P® =, k=1,...,p. (86)

These linearized pressure conditions further restrict the entropy-
preserving perturbations. Hence the two statements refer to different
spaces: the unrestricted Q-function is saddle-shaped, while its curva-
ture along perturbations admissible for the original PSN problem is
nonnegative.

Reduced temperature curvature
When K > 0, the fixed-P**°, N***¢ phase-equilibrium conditions
define a smooth local branch z,(T') satisfying

V2, OpsN (T.zp(T)) = 0. ©7)

The implicit-function theorem then gives

dzp 71

— =-K"'g.

T g (88)
Defining the Q-function restricted to this equilibrated branch as
Opsn(T) := Opsy (T-Zp(T)) , (89)

its stationary condition reduces to

O (T) = S — 5, (T, (90)
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so that the PSN temperature T* satisfies S, (T*) = S°P¢c.
The corresponding reduced temperature curvature is

*
—
stN(T*) =a- gTK_lg == P

<0, (91)

for C3, > 0, where Cp,, denotes the heat capacity along the lo-
cal fixed-P*Pec, NP phase-equilibrium branch. If this branch is the
globally stable one, Cp ), is the equilibrium heat capacity Cp .

Using a = -C;,  /T* gives
T p—1
Com =Cri tT" 8 K'g. (92)

Thus, after the phase variables are equilibrated at each temperature, the
PSN Q-function is locally maximized with respect to the remaining tem-
perature coordinate. This recovers Michelsen’s nested PS-flash interpre-
tation [1]. The intermediate chain-rule steps and the thermodynamic
identification of —Cp /T are given in Appendix E.

5.4. PHN, PTN, and SVN flashes
The remaining cases follow from the same distinction between full

and reduced curvature.
For PHN,

AT, zp) + PPV — HPee
= .

At a stationary point, the first-order conditions cancel the additional
quotient-rule terms (see Appendix A), giving

Opyn(T', zp) = (93)

2 U el
Vi Opun = FV A 94)

Since T* > 0, PHN has the same inertia as PSN under the same fixed-
temperature stability condition. If K > 0, the reduced outer curvature
is

*
_ P,br

(T*)?

For the original PHN entropy-maximization problem, equivalently min-
imization of —.S, the admissible tangent space is defined by the lin-
earized enthalpy and phase-pressure constraints; Eq. (62) gives the
corresponding reduced second-order condition.

For PTN, temperature is specified and is therefore absent from the
decision vector. The Q-function is

O (1) = (95)

Oprn(zp) = AT, zp) + PPV, (96)

and the affine pressure term gives

V2 _ Ohn=Kxo0. 97)

ZpZp

Thus the PTN Q-function has nonnegative second-order curvature
in its actual Helmholtz-variable decision space, in agreement with
Michelsen’s volume-based PT formulation [1]. Including 7 in this
Hessian would be incorrect because T is prescribed, not optimized.

For SVN, the total-volume and total-mole balances have already
been eliminated, so x;, = [T,z]]" and

Qsyn = AT, zy) + TSP, (98)

Again the added term is affine, and therefore V2Qgyy = V2A in the
reduced coordinates. The fixed-temperature block is the projection of
the phase Helmholtz Hessians onto perturbations satisfying both total-
volume and total-mole balance and is positive semidefinite for locally
stable phases. Consequently, the same congruence argument as for
PSN gives one negative eigenvalue in the full SVN Q-function Hessian,
up to possible zero modes. On the entropy-preserving tangent space,
however, the reduced quadratic form is nonnegative at a locally stable
constrained internal-energy minimum.
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The preceding results are local. Positive semidefiniteness of the
relevant reduced Hessian does not establish global phase stability or
prove that the globally stable phase assemblage has been found. As
in the classical PT flash, a global tangent-plane or equivalent phase-
stability test is required to exclude competing phases [1]. Critical,
spinodal, invariant-coexistence, and phase-appearance states may intro-
duce zero modes or active inequality constraints and therefore require
the corresponding degenerate or critical-cone analysis.

6. Conclusion

Michelsen’s Q-functions and their general Legendre-transform con-
struction are established prior results. The contribution of the present
work is therefore not the introduction of new Q-functions, but an ex-
plicit specification-by-specification derivation and second-order inter-
pretation in Helmholtz-energy variables. By keeping the actual
independent-variable spaces and eliminated balances explicit, the
derivations show directly how the equilibrium Lagrange-multipliers
arise from stationarity and how the Q-function gradients recover the
imposed thermodynamic constraints together with mechanical and
chemical equilibrium.

The second-order analysis clarifies an important distinction that is
obscured if the full Q-function Hessian is interpreted as the stability
Hessian of the original flash problem. The full Hessian characterizes the
unconstrained saddle geometry of the Q-function, whereas thermody-
namic stability of the original constrained minimization is determined
by the Hessian projected onto the admissible tangent space. For the
Q-functions considered here, these tangent-space quadratic forms co-
incide with the KKT reduced Hessians of the original constrained
problems. Under positive heat capacity and local fixed-temperature
Helmholtz stability, the PSN, PHN, and SVN Q-functions possess ex-
actly one negative-curvature direction in the full variable space, apart
from possible zero modes, while PTN is locally nonnegative in its
actual fixed-temperature decision space. The reduced PSN temperature
curvature recovers the familiar —Cp /T result of the nested formulation.

These results are local and do not replace global phase-stability
analysis. Degenerate states and active phase-amount constraints require
the corresponding critical-cone treatment, while global equilibrium still
requires a tangent-plane or equivalent global stability test.
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Appendix A. Stationary-point simplification of the PHN Q-function
Hessian

For the PHN flash, define

F(T,z)

F(T.z) := A(T,z) + PPV — H,  Qpun(T,2) = @D

where z contains the independent phase volumes and mole num-
bers after elimination of the total mole-balance constraints. The first
derivatives are

Fr F 1
QT:T_sz7 VZQ=TVZF (A.Z)
Hence, at a stationary point (T*, z*),
g A3
TS T = =0 (A-3)
The second derivatives are
Frr  2Fp  2F
Orr=7F @t A9
1 1
V.Or = TVZFT - ﬁVsz (A.5)
25_ 1l
v2,0= V2 F. (A.6)

T
Using (A.3), the additional terms generated by differentiation of 1/T

cancel or vanish:
*

1
OFr = _TT*T V.07 = szﬂf- (A7)
Consequently,
V2Q;HN = %VZF* = %VZZ*. (A.8)

The last equality follows because PPV — H*P* is affine in the chosen
optimization variables and therefore has zero Hessian. Since 7* > 0,
multiplication by 1/T* does not change the inertia of the Hessian. Eq.
(A.8) is a stationary-point identity and does not hold in this form away
from stationarity.

Appendix B. Relation between the Q-function Hessian and the
constrained second variation

Consider the regular equality-constrained optimization problem
c(x)=0, (B.1)

min f(x),

where x € R” denotes the optimization variables and c¢(x) € R™ collects
the equality constraints. The corresponding Lagrangian is

L(x, 1) = f(x)+ AT e(x). (B.2)

Let (x*, 1*) satisfy the KKT conditions.
In the Q-function construction, the equilibrium multipliers are pro-
moted to smooth functions of the thermodynamic variables. Thus,

Q) = f(X)+Ax)Te(x),  AUx*)=2A*. (B.3)

For example, in the PSN construction, Ay = —T and /Al(lf) =—_yW,
Admissible perturbations

To determine which perturbations are relevant to the original con-
strained problem, consider a small displacement from the solution,

x(e) = x* +ed, (B.4)

where ¢ is a small scalar and d denotes the perturbation direction.
A perturbation is admissible only if it preserves the constraints to
first order. Expanding the constraint vector about x* gives

c(x* +ed) = c(x*) + £J.(x*)d + O?), (B.5)
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where

J.(x*) = 4

Tx (B.6)

X*
is the Jacobian of the constraints.

Since x* is feasible, c(x*) = 0. Therefore, preservation of the
constraints to first order requires

Hence the admissible perturbations are precisely the directions in the
null space of the constraint Jacobian,

d € ker J,(x*). (B.8)

Geometrically, these directions form the tangent space to the constraint
manifold at x*.

Comparison of the two Hessians

Because c¢(x*) = 0 and A(x*) = 4*, the Q-function and the KKT
Lagrangian have the same first derivative at the solution,

VO(x*) = V, L(x*, 1%). (B.9)

Their full Hessians, however, are generally not identical because 1
depends on x. Differentiating (B.3) twice and evaluating at x* gives
m
VIQ* = V2,L* 4+ VANV + Ver (VAN (B.10)
i=1
Terms proportional to ¢;(x*) have vanished because the constraints are
satisfied at the solution.

Now consider the second-order curvature along an admissible di-
rection d. Premultiplying and postmultiplying (B.10) by d' and d
gives
d'V2Q*d =d"Vi £*d

m

+ 2 (dTV) (Ve Td)
1

+

-

(d™Ver) ((ViHTd). (B.11)

The admissibility condition (B.7) implies, for every constraint c;,
(VeH)Td = 0. (B.12)

Consequently, each of the additional cross terms in (B.11) vanishes.
Therefore,

Ty2 Ty2
d'v:Q*d=d'V:, L*d, J.(x*)d = 0. (B.13)

Thus, the full Hessians need not be equal, but they produce the same
second-order curvature along every admissible perturbation.

Reduced-Hessian form

Let the columns of Z form a basis for the tangent space,

Range(Z) = ker J.(x*). (B.14)
Every admissible perturbation can then be expressed as
d=Z7 y, (B15)

where y contains the coordinates of the perturbation within the tangent
space.
Substituting (B.15) into (B.13) gives

(Zy)'V20*(Zy) = (Zy)' V2, L*(Zy). (B.16)
Using (Zy)" = yTZ7, this becomes
Y (Z2™V20*Z)y=y" (Z2"V2,£*Z)y. (8.17)
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Since (B.17) holds for every tangent-space coordinate vector y, the
matrices defining the two quadratic forms must be identical. Hence,

ZWQ*z=27"V2 r*Z. (B.18)

Eq. (B.18) shows that the Q-function and the original constrained
problem have the same reduced Hessian on the physically admissible
tangent space. Consequently, a necessary second-order condition for a
locally stable constrained solution is

Z'VQ*Z > 0.

The full Hessian V2Q* may nevertheless be indefinite, because its
negative-curvature directions need not satisfy the linearized
constraints. Strict positive definiteness of the reduced Hessian gives the
standard second-order sufficient condition for a strict local constrained
minimum. At phase boundaries, where nonnegativity constraints be-
come active, the tangent space is replaced by the corresponding KKT
critical cone.

(B.19)

Appendix C. Role of the quadratic form in the second-order anal-
ysis

Let H = V>Q(x*) denote the Hessian of a Q-function at a stationary
point x*. Consider a small perturbation

x(e) =x* +ed, (C.1)

where d specifies the perturbation direction. A Taylor expansion gives

2
O(x* +ed) = O(x*) + eVOx*)"d + %dTHd +0O(). (C.2)

Since x* is stationary, VQ(x*) = 0, and therefore the leading change is
governed by the quadratic form

Its sign determines the local second-order curvature in the direction d:
it is positive for upward curvature, negative for downward curvature,
and zero for a locally flat direction.

For an unconstrained problem, all perturbation directions are ad-
missible. Thus,

(C.3)

H>0 < d'Hd>0 foralld. (C.4)

For a constrained flash problem, however, only perturbations satisfying
the linearized constraints are physically admissible. If Z spans the
corresponding tangent space, every admissible perturbation can be
written as

d=2Zy. (C.5)
The quadratic form then becomes
d"Hd=y" (Z2'HZ)y. (C.6)

Hence the relevant curvature for constrained stability is governed by
the reduced Hessian

rather than by the sign of the full Hessian in directions that may violate
the flash constraints. This explains how a Q-function may be saddle-
shaped in the unrestricted variable space while retaining nonnegative
curvature along all physically admissible perturbations.

()]

Appendix D. Sylvester’s law of inertia

For completeness, we recall the form of Sylvester’s law of inertia
used in the Hessian analysis. Let H € R"™" be symmetric and let R be
any nonsingular matrix. The matrices

H ad RTHR (D.1)

10
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are said to be congruent. Sylvester’s law of inertia states that congruent
real symmetric matrices have the same numbers of positive, negative,
and zero eigenvalues. Thus,

In(H)=In(RTHR),  In(H) := (n,,n_,ng), (D.2)

where n_, n_, and n, denote the numbers of positive, negative, and zero
eigenvalues, respectively.

This result is useful because a symmetric block matrix can of-
ten be simplified by a congruence transformation without explicitly
calculating its eigenvalues. For example, for

H=[; i] a0, (D.3)
a suitable nonsingular transformation gives
a or
H~ [0 K- lg.gT] | -9
a

where “~” denotes congruence. Consequently, the inertia of H is
obtained directly from the signs of a and of the eigenvalues of its
Schur-complement block

1
K- ;ggT. (D.5)
In particular, if a < 0 and K > 0, then
K—iggT=K+ l—(lllggTzo. (D.6)

Hence the original matrix has exactly one negative eigenvalue, apart
from any possible zero modes in the lower block. This is the form
of Sylvester’s law used in the PSN and related Q-function Hessian
analyses.

Appendix E. Reduced temperature curvature of the PSN Q-
function

This appendix gives the intermediate steps leading to the reduced
temperature curvature of the PSN Q-function. The purpose is to distin-
guish the curvature obtained when all Q-function variables are varied
independently from that obtained after the phase variables have been
equilibrated at each temperature.

For the PSN specification,

Opsn(T, zp) = A(T, zp) + PPV + TSP, (E.1)

where z, collects the independent phase volumes and mole numbers
after elimination of the total mole balances. At fixed PSP*¢ and N°P¢,
consider a local phase-equilibrium branch

zp =2zp(T) (E.2)
defined implicitly by
V., 0psn (T, Zp(1)) = 0. (E.3)

Thus, for each nearby value of T, the phase variables are allowed to
readjust so that mechanical and chemical equilibrium are maintained.
If

K :=V?

ZpZp

Opsn =V (E.4)

Zpzp
is nonsingular, the implicit-function theorem ensures that zp(T) is
locally smooth.

Variation of the equilibrium phase variables with temperature

Differentiate (E.3) with respect to T. Because the gradient depends
on T both directly and through z,(T'), the chain rule gives

d —
0= EVzPQPSN <T= ZP(T))
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dz

_v2 2 P

= V,r0psn + V3,2, Orsn o (E.5)
Introducing
8=V 1Qpsx = Vs, Ar, (E.6)
we obtain

dzp

+K— =0. E.7
g T (E.7)
Hence, when K is invertible,

dzp |

— =—Klg. E.8

T g (E.8)

Eq. (E.8) describes how the equilibrium phase volumes and compo-
sitions respond to a small change in temperature at fixed P***¢ and
Nspec

Reduction of the Q-function to the temperature coordinate

Define the Q-function restricted to this phase-equilibrium branch by

Opsn(T) := Opsy (T, Zp(D)) - (E.9)
The first derivative follows from the chain rule:

C@PSN T dzp

o Or+ (VZPQPSN) T (E.10)

Along the branch, V; Opgy = 0, and therefore

—

QPSN(T) = QT~ (E].l)
Using ZT =-Sin (E.1),
OF = —S + 5%, (E12)
so that

— !

Opsn(T) = S — §,(T), (E.13)

where S,.(T) denotes the entropy of the state on the local phase-
equilibrium branch. The PSN solution T* is therefore the point on this
branch at which

8, (T*) = S, (E.14)
Differentiating (E.11) once more gives
—n dzp
Opsn(T) = Or7 + Or2, ar (E.15)
With
a:=Qrp =Arp.  Op, =g (E.16)
Eq. (E.15) becomes
—n T dzp
Opsy=atg ar (E.17)
Substituting (E.8) then yields
-
QPSN(T*)=‘1_3TK_18~ (E.18)
Since
*
—* V tot
a=Ar = -~ (E-19)

the first term represents the temperature curvature obtained when
the phase variables are held fixed. The second term accounts for the
additional change arising because the phase volumes and compositions
readjust as temperature varies.

11
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Connection with the equilibrium heat capacity

Along the fixed- P*P*¢, fixed-N*P*° phase-equilibrium branch,

A(T,Zp(T)) + PPV = Gy, (T, PP, NP) | (E.20)

where G, denotes the Gibbs energy of the local equilibrium branch.
Hence

Opsn(T) = Gy, (T, PP, NP 4 T 55, (E.21)

If the branch corresponds to the globally stable phase state, G\, may be
identified with the equilibrium Gibbs energy.
At fixed pressure and total mole numbers,

dG;
< br > =-S5, (E.22)
T Jpn
and therefore differentiation of (E.21) again gives
—n oSy,
=— . E.23
== (%), 29
Defining the heat capacity along this equilibrium branch by
a5,
Cppy =T [ =X , (E.24)
' o Jpn
we obtain
*
-
Opsn(T*) = =5 (E.25)

For a stable branch with C; o > 0, the reduced Q-function therefore
has negative temperature curvature.

Finally, comparing (E.18) and (E.25) with a = —C; ot /T* gives
Cx c*
Pbr V tot T -1
T =T 8 Ke (E.26)
or equivalently
T -1
Crm =Cr+T"8' K'g. (E.27)

Thus, after the phase variables are equilibrated at each temperature,
the multivariable PSN Q-function reduces locally to a one-dimensional
function of T. Its stationary condition enforces the specified entropy,
while its negative second derivative, —Cp,, /T, explains the tempera-
ture maximization appearing in the nested PS-flash interpretation.

Appendix F. Calculus identities

@%)Z - [(%)Z]_l (F.1)
<Z_§’()z - (%)Z (%_W)z (F.2)
(3_;()2:_(3_5>X/(3_Z)Y (F.3)
(%)W = (%)XJ’(Z—)Z()Y (%)W (F.4)
Thermodynamic identities:

(%>T=_(%)P (F.5)
oH oV

(a_P)-r :V‘T<a_r>,, (F.6)
(%)V =-S (F.7)
(%)T =-F (%)T (F.8)
(%)V = % (F.9)
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(2
(6
JoP

Data

CP
)P ==+ (F.10)
) = (F.11)
T
availability

No data was used for the research described in the article.
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