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Abstract: In this work, we study the inverse problem of quantitative photoacoustic tomography
and propose a methodology to simultaneously reconstruct optical spectral parameters and the
speed of sound from photoacoustic waves. The developed methodology is based on a coupled
forward model, incorporating spectral models representing the wavelength dependence of optical
absorption and scattering, a model for light propagation and absorption, and a model for
acoustic wave propagation. The inverse problem is solved using a gradient-based algorithm
that updates the parameters using an alternating iterative process and utilises multiple different
discretisations. Numerical simulations are used to demonstrate that simultaneous reconstruction
of optical spectral parameters and the speed of sound in quantitative photoacoustic tomography
is feasible when several wavelengths of light and illumination patterns are used. Furthermore,
the simulations demonstrate that reference approaches, where either the speed of sound or the
scattering parameters are assumed as constants, can produce artefacts in the reconstructed images.
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1. Introduction

Photoacoustic effect is a physical phenomena in which acoustic pressure waves are created
by absorption of a pulsed light. It forms the basis for biomedical imaging modality called
quantitative photoacoustic tomography (QPAT) [1-5]. In QPAT, an external excitation of pulsed
visible red or near infrared light is used to generate acoustic waves propagating on ultrasound
frequencies. These photoacoustic waves are then measured on the boundary of an imaged target
using ultrasound sensors. The aim in QPAT is to reconstruct the distributions of the optical
parameters of tissue, i.e., absorption and scattering, if one wavelength of light is used, or the
concentrations of light absorbing molecules (chromophores) and spectral scattering parameters,
if multiple wavelengths are utilised to distinguish spectra of different chromophores. The
chromophores of interest are, for example, oxygenated and de-oxygenated hemoglobin.
Conventionally, image reconstruction in QPAT has been considered to consist of two parts,
namely acoustic and optical inverse problems. In the acoustic inverse problem, the initial pressure
distribution, that has been generated inside the target tissue due to the absorption of optical energy,
is reconstructed from measured photoacoustic waves [1,3,6]. The acoustic inverse problem
has been studied widely and a large variety of different image reconstruction methods, such
as, back propagation, time reversal, analytical methods, regularised least squares methods, a
Bayesian approach and deep learning-based approaches have been developed, see e.g. References
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[7-12] and references therein. The optical inverse problem, that is a non-linear, has generally
been solved using so-called iterative methods, such as, regularized least squares and Bayesian
MAP estimation, see e.g. References [4,5,13—17], and references therein. In addition, so-called
direct approaches have been developed [18-22] and, assuming scattering as known, a fixed-point
iteration has been applied [23-25]. In addition to two-stage solving of the QPAT inverse problem,
single-stage methodologies have been proposed. These are based on merging the optical and
acoustic forward models into a single model enabling the optical parameters to be reconstructed
directly from the photoacoustic waves [26-35]. Furthermore, reconstruction of quantitative
optical parameters values has been applied also in vivo [36-38]. These studies, however, utilise a
so-called fluence correction rather than modelling the fluence of light while solving the inverse
problem.

Generally, to be able to reconstruct both absorption and scattering coefficients uniquely, at
least two spatial illumination patterns, that are distinct from each other, are needed [19]. This
can be achieved, e.g., using illuminations from different directions [22,39] or spatially modulated
illumination patterns [40]. Furthermore, concentrations of chromophores and spectral scattering
parameters can be reconstructed if spectral models, that represent the wavelength dependence
of absorption and scattering [13,41—43], and data from multiple wavelengths of light are used.
In general, using multiple spatial illumination patterns and wavelengths of light can enable
simultaneous reconstruction of concentrations of chromophores, wavelength dependent spectral
scattering parameters, and the Griineisen parameter [20,33,44].

When solving the acoustic inverse problem, prior knowledge of the acoustic parameters
such as attenuation, speed of sound and acoustic density, are typically considered as known.
This not true in general, and thus may lead to artefacts in PAT image reconstruction [45-47].
Especially the speed of sound has a considerable affect on the accuracy of the wave equation
and the reconstructed photoacoustic images. To mitigate artefacts due to inaccurate speed of
sound in PAT, approaches that utilise ultrasound tomography measurements to estimate the
targets speed of sound distribution, that can be then used in photoacoustic tomography image
reconstruction, have been developed [48—53]. Furthermore, simultaneous reconstruction of initial
pressure and the speed of sound distributions, using only photoacoustic measurements, have been
proposed [54—57]. This inverse problem of estimating the speed of sound simultaneously with
the initial pressure is highly ill-posed [54,58]. Simultaneous estimation of optical absorption
and speed of sound, assuming scattering as known, was considered in Refs. [28,59]. However,
to our knowledge, apart from these works, simultaneous reconstruction of optical and acoustic
parameters from photoacoustic data alone has not been studied in QPAT. In this work, we propose
simultaneous reconstruction of spatially varying optical spectral parameters and the speed of
sound in QPAT. As an extension to our previous work on estimation of initial pressure and speed
of sound [55], we consider a spectral extension of the model in Ref. [28] enabling reconstruction
of concentrations of tissue chromophores, spectral scattering parameters and speed of sound
simultaneously. This is enabled by the use of multiple wavelengths of light, spectral models of
optical parameters and illuminations from multiple directions.

2. Forward model

In QPAT experiments, a target domain Q is illuminated with a short near-infrared light pulse.
Absorption of light causes an internal temperature rise that leads to pressure increase in the
target [3]. This (initial) pressure relaxes as acoustic pressure waves and these propagating waves
are measured on the boundary of the target using ultrasound sensors. In the forward problem
of QPAT, a model that represents the physical phenomena of light propagation and absorption,
photoacoustic effect, and propagation of acoustic waves during the measurement procedure is
formed and its solution is numerically approximated.



Research Article Vol. 17, No. 11/1 Nov 2026 / Biomedical Optics Express 5713 |

Biomedical Optics EXPRESS P

In a highly scattering medium, the diffusion approximation (DA) of the radiation transfer
equation can be used as a light propagation model. The DA combined with a Robin-type boundary
condition is of the form

=V - k(r, YVO(r, A) + p,(r, Y@(r,1) =0, reQ

T(r,)y3Y, ree Q)
O(r, A) + 7 k(r, )2 = -7,

, ré¢e

where r is the position, A is the wavelength, ®(r, 2) is the photon fluence, p,(r, 1) is the absorption
coefficient, (r, 1) = (d(ua(r, A) + wl(r,2))~" is diffusion coefficient, u/(r, 1) is the reduced
scattering coefficient and d is the dimension [60,61]. Further, 7 (r, 1) is the diffuse boundary
source at a source position € C dQ, y, is a parameter that depends on the dimension (y, = 1/x,
v3 = 1/4), and 7 is the outward unit normal. To model the wavelength dependence of the optical
parameters, spectral models for absorption and reduced scattering are used

K
palr, ) = Y en(HCi(r), @)
k=1

1 =b(r)
) =an 5] ®

where Ci(r), k = 1,...K are the concentrations of chromophores that each have distinct
absorption spectra described by values @x(1), a(r) is the reference scattering coefficient at a
reference wavelength Aef, and b(r) is the scattering power [41,44,62].

Optical energy that is absorbed into the tissue chromophores causes an initial acoustic pressure
distribution py(r, 1), that can be calculated as

G(r)ua(r, H)®(r, 1), Q
o d) = (r)pa(r, )D(r, ) re @
0, re Q

where G(r) is Griineisen parameter describing the photoacoustic efficiency in the target [3]. In
this work, it is assumed as a known constant G(r) = 1.

In an acoustically non-absorbing medium with constant mass density, the propagation of
acoustic waves can be modelled with the acoustic wave equation

1 4
(CZ(r)ﬁ - Vz)p(r, /la t) = 07 re Rd, 1 e (O, T) (5)

where c(r) is the speed of sound and p(r, A, ) is the acoustic pressure at a time instance ¢ [3,63,64].
In photoacoustic wave generation, the wave equation is combined with initial conditions

0
p(r, 4,0) = po(r, 1), 6—tp(r, 1,0)=0. (6)

In this work, we approximate the solution of the DA (1) with a finite element method (FEM)
[44], using a piecewise linear basis for photon fluence. In addition, the solution of the wave Eq. (5)
and (6) is approximated using the k-space pseudo-spectral time-domain method implemented in
the k-Wave MATLAB toolbox [65]. The discrete approximation of the coupled forward model is

i(x) = A (diag{G)diag{u.}AphBpa ) )

where h;(x) : RE¥2N+M _, RST j5 the forward model, j refers to a single light illumi-
nation 7;, i.e., one spatial illumination pattern/direction at one wavelength. Further, x =
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(C1,1, coeosCiNs. . Ck1y .., Ck N, a1, ..y an, b, . by c .,cM) are the target parameters,
N is the number of discretisation points of optical spectral parameters, M is the number of
discretisation points of speed of sound, S is the number of the sensors and t = 1, ..., T denotes
the temporal discretisation. Further, Apay € R¥N and Bpa € RY are the system matrix and
source vector of the FE-approximation of the DA, u, € R is discretised absorption coefficient,
G € RV is discretised Griineisen parameter, diag{-} is a diagonal matrix and Ay is the linear
operator approximating the solution of the wave-equation and mapping the solution to data on

acoustic sensor locations. In the case of using multiple j = 1,...,J light illuminations, the
forward model can be written in the form
h(x) = (hi()7,..., ()T, ®)

where h(x) : RK+2N+M _, RIST

3. Inverse problem

In this work, we aim to reconstruct concentrations of multiple chromophores, reference scattering,
scattering power and the speed of sound. We approach the inverse problem in the Bayesian
framework [66,67]. In Bayesian framework, the inverse problem is approached from a statistical
point of view and all variables are treated as random variables, with a discrete observation model

y = h(x) +e, )

where y = (y],...,y])" € R is data generated by illuminations j = 1, ..,/ that can consist
of different spatial illumination patterns and multiple wavelengths of light. Further, A(x) is the
discretised forward model, i.e. Equation (8), x = (Cy,...,Ck,a, b,c)T € RE+*2N*M are the target
parameters to be reconstructed and e = (e],..,e] )" € R* denotes additive noise. In this work,
the optical parameters are presented in a piece-wise linear basis in a triangular (finite element)
mesh and speed of sound is presented in a piece-wise constant basis in a pixel (rectangular) mesh.
Further, parameters x and noise e are modelled as Gaussian distributed and mutually independent.
We solve the maximum a posteriori (MAP) estimate by minimising

J
)1 21
arg min § > Z L, (yj = hj(x) - 77@,) 5 I Le(x = )17
x = (10)

arg min {u(x) }

XMAP

where u(x) is the objective function, 7,, is the mean of the noise and LeTJ,LeJ. =TI';! is the Cholesky
decomposition, where I, ; is the covariance matrix of the noise. Further, 7, is the mean of the
prior and LTL, = T!, where I, is the covariance matrix of the prior. In practice, the mean Ne;
and covariance matrix I';; of the noise can be defined based on the expected noise level of the
measurement system. Furthermore, the mean 7, and covariance matrix I'y of the prior model
can be constructed based on the prior knowledge of the unknown parameters based on using,
for example, parameter values that are known from literature for different tissue types. In this
work, the Ornstein-Uhlenbeck prior model is used [68], that leads to a block diagonal covariance
matrix consisting of covariance matrices for each unknown X of the form

P
F},y:og(zexp (——H d j”), (11)
Tx

where o7 is the standard deviation, 7; and r; are the discretisation points, and 7 is the characteristic
length scale describing the spatial smoothness of the parameters and is typically chosen to
correspond to the expected size of inclusions in the target.
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Minimisation problem (10) can be solved using methods of numerical optimization. In this
work, an alternative iterative algorithm presented in Algorithm 1 is used. The algorithm is
initialised by using the expected values of the prior model for the unknown parameters as an
initial guess. In the alternating approach, only part of the parameters are updated at time, while
keeping the others fixed. More specifically, three different sub-problems are considered. In the
first sub-problem, concentrations of chromophores are updated while keeping the scattering
related parameters and the speed of sound fixed. In the second sub-problem, the speed of sound
is updated while the concentration of chromophores and the scattering parameters are kept
fixed. In the third sub-problem, the reference scattering and scattering power are updated while
keeping the chromophore concentrations and the speed of sound fixed. As concentrations of
chromophores act as a source for the photoacoustic signal due to light absorption, it is reasonable
to start the iterative process by updating them before other parameter distributions. Furthermore,
this order was found to yield the most efficient convergence of the minimisation algorithm. Each
sub-problem is solved using the limited memory Broyden—Fletcher—Goldfarb—Shanno (L-BFGS)
algorithm with a backtracking line-search [69]. These sub-problems are solved alternately until
the entire optimisation problem is converged.

Algorithm 1. Alternating iterative process used to solve minimisation problem (10).

Initialise: C),...,CR,a’,b% % i <0
1: for [ = Coarsest to finest discretisation do
2:  while Not converged do
3: (cil,...cet) = grgmin {u(Cl,....CL.a",b',c") }
1

----- Ck
4: (¢™*!) = arg min {u(Cl”l, G L al bl e }
C
5: (a™1, b™*1) = arg r;)lin {u(ci*!,..,Cit at b, 1) }
a,

6: l—i+1

7:  end while

8:  if [ < Finest discretisation then

9: Change to a discretisation [ + 1

10:  end if

11: end for
Output: Cj map < Cj, ..., Ck MaP < Ci, amap < a', byap < b', cmap < ¢

Use of L-BFGS algorithm requires the gradients with respect to objective function to be
calculated to find the search direction. In this work, adjoint state method is used to calculate the
gradients as follows. The adjoint wave equation is defined as

1 8%

Cz—(r)ﬁqa(r, ,0) = V2qu(r,A,0) =¥(r,A,1), reR te[0,T], (12)

where ¢,(r, 4,1) is the adjoint pressure wave and W(r, A, 1) is the source term of the adjoint
equation [70]. Initial conditions for the adjoint wave equation are defined as

0
qa(r,2,0) =0, Eqa(r, 4,0)=0. 13)
Further, the adjoint equation for the DA can be written as

_V : K(r7 /l)VCIo(”, A) + /.ta(r, /1)510(”, /1) = Cla(”, A’ T)G(r)/la(r’ /1)7 re Q? (14)
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where g, (7, ) is the optical adjoint and g,(r, 4, T) is the solution of the (acoustic) adjoint wave
equation at a time instance 7 [30]. The adjoint DA is combined with a boundary condition

06]0(1” 1)

qo(r, ) + — ( A)————==0, reiQ. (15)

In the discretised setting, with parameters defined similarly as in Sec. 2, the functional gradient
for the speed of sound ¢ with respect to the objective functional u(x) (see Eq. (10)) can be written

as
2
au(x) Z/ ( 2apj(r/1t)) aos AT — 1)t + LI (e — ) 6

where j refers to a single illumination Z; [55,71,72]. Furthermore, the functional gradients for the
optical spectral parameters can be written as

au(x) ! 6I/tj(x) T
ICx = Z ay Em + LCkLCk(Ck -n¢,) an
Ou(x) J 4 -b Ouj(x) L )
da ]:Zl Aref 3lué +La ll(a—na) (18)
b - i— () ()72, (19)
ob =1 “n Aret | \ Aret o bb p)-

where the gradients of absorption and scattering with respect to the objective functional are

du;(x) _ (aADA

T
¢,») o + (ding{¢;}diag{G})T gu,

Ofta op (20)
814/()6) _ (aADA¢) o
A oug )T

In the equations above, g, is the optical adjoint and g, is the acoustic adjoint field at time 7.
More details about the derivation of the optical parameter gradients can be found, e.g., in Refs.
[29,30].

In this work, the parameters are reparametrised to same scale by scaling them with their
expected values similary as in [39,73]. Furthermore, when solving the inverse problem, multiple
different discretisations are used to avoid the so-called cycle skipping problem [71] and to speed
up the calculation process. More precisely, the parameters of interest are first reconstructed in
a coarse discretisation, after which the reconstructed parameters are interpolated to a denser
discretisation. In this discretisation, the calculation process is continued until convergence. In
this work, this is repeated in a total of three different discretisations, and the details of the different
discretisations are given later in Sec. 4.2. More information about the benefits of using different
discretisations when reconstructing the speed of sound can be found for example in Refs. [55,74].

4. Numerical simulations

The proposed methodology was studied with numerical simulations in full-view and limited-view
imaging geometries. In all simulations, a 16 mm X 10 mm rectangular target domain was used. In
the full-view simulations, the target was illuminated by four planar illumination patterns, where
each pattern covered a single side of the rectangular domain. In the limited-view simulations, the
target was illuminated by four planar illumination patterns from top and left sides of the domain,
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where each pattern covered half of a single side of the domain. With each illumination pattern,
two wavelengths (1 = 750, 850 nm) of light were used, resulting to a total of 8 illuminations.
To simulate acoustic measurements in the full-view imaging geometry, 204 point-like acoustic
sensors were placed evenly around the target domain to a distance of a 1 mm from the target
boundary. In the limited-view imaging geometry, 102 sensors were placed evenly to a distance
of a 1 mm from the target boundary on the top and left sides of the domain. This kind of
planar simulation setup mimics a Fabry-Pérot scanner [75-77] with a broad bandwidth and
omnidirectional detector response. Illumination patterns and sensor geometries are illustrated in
Fig. 1. The proposed approach was used to reconstruct distributions of concentrations of two
chromophores, reference scattering, scattering power, and speed of sound.

LLLLL L LI

RN P
) —— I
I, —>| s ! — Iy ! !
— — I_)
i
N —

[RRRARRN

Fig. 1. Tllumination patterns and acoustic sensor geometries used in this work in full-view
(left column) and limited-view (right column) imaging geometries with a target phantom €.
Blue arrows illustrate different illumination patterns 17, . . ., 74 and red dashed line illustrate
the locations of acoustic sensors.

In the first set of simulations, the full-view imaging geometry was considered to evaluate
the proposed methodology. For reference, reconstructions in a situation where either the
speed of sound or scattering parameters were assumed as constant, were calculated. Reference
reconstructions were calculated by considering three different cases both for speed of sound and
scattering. In the first reference case, a constant value was estimated simultaneously with the
unknown spatially varying parameters. In the second reference case, the constant value was fixed
to the mean of the prior model. For the third reference case, the constant value was fixed to a
some value that was higher than the prior mean.

In the second set of simulations, applicability of the methodology was evaluated both in
full-view and limited-view geometries. Furthermore, data simulated using two different noise
levels were used.

4.1. Data simulation

In this work, three different numerical phantoms, where optical and acoustic parameters mimicked
typical values of soft tissue [41,78-80], were used. The phantoms with their optical and acoustic
parameters are illustrated in Fig. 2. The first phantom consisted of simple shapes. The second
phantom consisted of a more complex vessel-like structure, and as a third phantom, geometries
and parameters of a photoacoustic breast phantom [78] were utilised. The imaged target was
modelled to consists of two (K = 2) chromophores, namely oxygenated and de-oxygenated
hemoglobin. Absorption spectra values for oxygenated and de-oxygenated hemoglobin, see



Vol. 17, No. 11/1 Nov 2026 / Biomedical Optics Express 5718 |
Biomedical Optics EXPRESS

Eq. (2), that were used in this work, are shown in Table 1 [81]. In the spectral model for scattering,
Eq. (3), value A = 750 nm was used.

1.25 5 .8 . 4 1456 1522 1588
(;1\[) (/AI\I) (mm™") (m/s)

Simple
Phantom

C1 Cy a

b
-
Vessel
Phantom

1 100 200 1 90 180 1 1.5 2 0.5 0.95 14 1410 1470 1530
(M) (uM) (mm™') (m/s)

c

g

l’

Breast
Phantom

»
R

1000 1900 1 250 500 1.9 45 71 05 0.625 0.75 1430 1505 1575
(M) (M) (mm™!) (m/s)

Fig. 2. Concentrations of chromophores C; (uM) and C, (uM), reference scattering
a(mm™1), scattering power b and the speed of sound ¢ (m/s) of the numerical phantoms.
Rows from top to bottom: the simple phantom (first row), the vessel phantom (second row),
and the breast phantom (third row).

Table 1. Absorption spectra of oxygenated
1 (M~'mm~1) and de-oxygenated
as (M~'mm~1) hemoglobin at different
wavelengths of light 2 (nm), that were used in
the spectral model for the concentrations of
chromophores C; and C,, respectively [81].

A aj [¢%)
750 355.9 126.5
850 181.0 267.0

To simulate the measurement data, propagation of light was modelled using DA, Eq. (1), and
its solution was approximated using FEM, as described in Section 2. In FEM, a discretisation
consisting of 25920 triangular elements and 13195 nodes was used. Initial pressure distribution,
formed in the target, was modelled as in Eq. (4). Further, propagation of acoustic waves was
modelled using acoustic wave Eq. (5) and (6) which solution was numerically approximated
using k-space pseudo-spectral time-domain method using the k-Wave toolbox, as described in
Section 2. This was carried out using a discretisation that consisted of 13195 pixels, where
the center of each pixel corresponded to the location of a FEM node. The calculated initial
pressure in the FEM discretisation was interpolated linearly to the discretisation used in the
k-Wave. To numerically simulate boundary conditions of the acoustic wave equation, the area
was expanded with 10 pixels on each side, where the acoustic point-like sensors were placed,
and with a perfectly matched layer (PML) composed of 39 pixels to horizontal (left and right)
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sides, and 12 pixels on vertical (bottom and top) sides of the target, to remove reflections on the
boundary. The optical and acoustic discretisations are summarised in Table 2. Additive random
noise with a zero mean and standard deviation corresponding to the 1% of the peak-to-peak
amplitude was added to the simulated photoacoustic data. In addition, a higher noise level of
5% was used in the breast phantom studies. Noisy data simulated in a simple target phantom is
presented in Fig. 3.

Iy, A = 750nm (Pa) Iy, A = 850nm

L o =2 N
B s 8
Angle (°)

8.4 126 0 42 8.4 126
Time (us) Time (us)

T, A = 750nm T, A = 850nm (Pa)

H o o3 -
Angle (°)

- - .

42 i 126 0 4.2 8.4 126
Time (1) Time (y15)
I3, A = 750nm (Pa) I3, A = 850nm

20
10

Angle (°)

Angle (°)

-10

84
Time (us)

8.4
Time (15)

Ty, A = 750nm

(Pa) Iy, A = 850nm
—

Lo o2 om
2 3 8
Angle (°)

8.4
Time (ps)

8.4
Time (pus)

Fig. 3. Sinograms of simulated noisy data using different illumination patterns 1, ..., I4
(see Fig. 1), and wavelengths of light A in a simple target phantom and in a full-view imaging
geometry. Angles of the acoustic sensors start from top right corner of the domain (see
Fig. 1) and rotate clockwise.

Table 2. Discretisations used in data simulation and in solving of the inverse problem: number of
FEM elements N. and nodes N, of the optical discretisation, number of pixels in the acoustic
discretisation Np, pixel size ANy (um), number of pixels placed outside the target domain to place
the acoustic sensors to each side Ng, number of pixels added around the computational domain
(horizontally and vertically) for the PML Npy, number of time instances N;, temporal discretisation
At (ns) and peak supported frequency of the acoustic computation f, (MHz). Inverse problem
discretisations 1.-3. were used for the simple and vessel phantoms, and inverse problem
discretisations 2.-4. were used for the breast phantom.

Data Inverse problem Inverse problem Inverse problem Inverse problem
simulation discretisation 1. discretisation 2. discretisation 3. discretisation 4.
N, 25920 2880 5120 11520 16048
Ny 13195 1519 2665 5917 8023
N, 13195 1519 2665 5917 8023
AN, 111 333 250 166 143
Ng 10 4 4 6 8
NpMmL 39,12 12,21 26,12 13,26 23,19
Ny 731 275 322 484 567
At 21.2 63.3 474 31.6 27.2

b 6.4 2.1 27 40 46
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4.2. Inverse problem

The minimisation problem (10), was solved using an alternative iterative algorithm (Algorithm 1)
as described in Sec. 3. Mean and standard deviation values of the prior model, see Eq. (11), are
presented in Table 3 for the three different targets. Characteristic length scale value 7z = 2 mm
was used for the simple and vessel-like phantoms. For the breast phantom, 7z = 1 mm was
used for the prior models of concentrations of chromophores, and 7z = 2 mm was used for the
prior models of scattering parameters and speed of sound. Furthermore, noise of the data was
modelled as additive with zero mean and a standard deviation corresponding to a 1% of the
peak-to-peak amplitude of the simulated noisy measurement data in all simulations, except in
the high noise level simulations using the breast phantom where the noise was modelled as zero
mean and standard deviation of 5% peak-to-peak amplitude of the simulated measurement data.
As described in Sec. 3, three different discretisations were used in solving the inverse problem,
see Table 2.

Table 3. Mean 7, and standard deviations o used in the prior modes of
concentrations of chromophores C; (uM) and C, (uM), reference
scattering a(mm~1), scattering power b, and speed of sound ¢ (m/s)
used in image reconstruction.

Simple phantom Vessel-like phantom Breast phantom
n loa n o n o
C 28.8 8.0 50.0 105.4 83.0 317.2
(@) 27.8 9.0 43.0 85.0 13.5 82.7
1.08 0.08 1.4 0.20 2.7 0.23
b 0.92 0.10 0.92 0.14 0.60 0.04
c 1524.1 219 1465.0 21.6 1515.1 23.7

In addition to visual inspections, the results were evaluated by calculating the relative errors of
the reconstructed parameters

RE (%) = 100 - — e = Zrecll 1)
[|ztrue — Min(Zgye)|

where zyye and zpec are true and reconstructed parameter distributions for each parameter of
interest, and offset is removed by subtracting the minimum of the true parameter from the
denominator.

4.3. Results
4.3.1. Simple phantom

Reconstructed concentrations of chromophores, reference scattering, scattering power and the
speed of sound in a simple target phantom using the full-view imaging geometry are presented
in Fig. 4 and the related relative errors are shown in Table 4. As it can be seen, reconstructed
concentrations of chromophores resemble the true parameters well as they have similar shapes and
the parameter values are close to the true target. Reconstructed reference scattering, scattering
power and the speed of sound distributions are noisier than the chromophore reconstructions,
but still similar to the true targets. The reconstructed scattering power has lower values in
the inclusion compared to the true target distribution. Calculated relative errors for reference
scattering, scattering power and speed of sound are higher than the relative errors of concentration
of chromophores.

The reference reconstructions where the speed of sound was treated as constant are also shown
in Fig. 4 and the corresponding relative errors are given in Table 4. In this case, the reconstructed
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Fig. 4. Concentrations of chromophores C; (uM) and C, (uM), reference scattering
a(mm™1), scattering power b and the speed of sound ¢ (m/s) in a simple phantom. Rows
from top to bottom: true target parameters, MAP estimates using the proposed approach,
estimating constant speed of sound, assuming mean value for the constant speed of sound,
assuming high constant speed of sound value, estimating constant scattering values, assuming
mean values for the constant scattering, assuming high constant scattering values.

concentrations of chromophores resemble the true parameters well. However, the reference
scattering and scattering power distributions contain large artefacts, and the inclusions cannot
be distinguished. The relative errors in this case are notably higher for all parameters when
compared to the proposed approach. Reconstructions, where the constant speed of sound was
fixed as the mean of the prior, look similar as in the case of reconstructed constant speed of sound.
Further, the relative errors are close to each other. These observations can be expected as the
estimated constant speed of sound value is close to the mean of the prior. In the case of constant
speed of sound fixed to a higher value, reconstructed chromophores resemble the true targets
but the scattering parameters are deformed, similarly as in other reference cases. However, in
this case, the relative errors are considerably higher than in other cases for all other parameters,
except the reference scattering.
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Table 4. Relative errors for concentration of chromophores RE¢, (%)
and RE, (%), reference scattering RE; (%), scattering power RE; (%)
and the speed of sound RE_ (%) in the simple and vessel phantoms.
Different rows corresponds to: MAP estimates calculated using the
proposed approach, estimating constant speed of sound, assuming
mean value for the constant speed of sound, assuming high constant
speed of sound value, estimating constant scattering values, assuming
mean values for the constant scattering, and assuming high constant
scattering values. Notation (*) refers to the relative error between the
true parameter and the (fixed) constant parameter used in the
reconstruction.

RE¢, REg, RE, RE, RE,

MAP 1.5 1.8 18.3 435 11.1
E Constant ¢ (estimated) 5.5 6.5 994 66.7 43 4%
;:% Constant ¢ (mean) 5.5 6.5 99.9 65.0 43.4%*
22 Constant ¢ (high) 10.1 9.6 98.1 79.6 75.2%
g Constant a, b (estimated) 4.1 34 85.7* 81.5% 19.9
Constant a, b (mean) 4.1 34 85.7* 81.5% 20.3
Constant a, b (high) 10.9 8.4 278.0%  237.6% 239

MAP 5.7 74 18.1 29.6 16.2
g Constant ¢ (estimated) 17.6 18.1 28.4 42.1 36.5%
g Constant ¢ (mean) 17.8 18.8 27.3 41.7 36.5*
; Constant ¢ (high) 44.8 445 60.1 322 98.7%*
é Constant a, b (estimated) 7.8 7.4 35.4%* 36.8%* 20.6
Constant a, b (mean) 7.7 7.4 35.3* 36.8%* 20.6
Constant a, b (high) 24.4 8.1 62.0%* 94.9% 234

Reference reconstructions and the corresponding relative errors, when a constant scattering
was used, are also shown in Fig. 4 and Table 4, respectively. In the reference case where the
constant scattering parameters were estimated together with spatially varying chromophores and
the speed of sound, concentrations of chromophores resemble the true parameters well. However,
the reconstructed speed of sound contains artefacts throughout the domain. In addition, the
relative errors are notably higher as those calculated using the proposed approach. When the
constant scattering parameters were fixed to the mean of the prior, the reconstructed chromophore
concentrations and speed of sound are similar as when the constant scattering parameters were
estimated and relative errors are of the same magnitude. The reference where high constant
scattering values were used produced reconstructions where the concentrations of chromophores
had similar shaped inclusions as in the true parameters but the parameter values in the inclusions
were overestimated. This effect can also be noticed from the calculated relative errors that are
considerably higher, especially for concentrations of chromophores, than in other cases. Also,
the speed of sound suffers from artefacts when high constant scattering is assumed and relative
errors are twice as large when compared to the proposed approach.

4.3.2. Vessel phantom

Reconstructions using the proposed approach in a vessel-like target phantom in the full-view
imaging geometry are presented in Fig. 5 and the calculated relative errors are shown in
Table 4. As it can be seen, the proposed methodology is able to provide reconstructions where
the concentrations of chromophores have similar values in the background and in the vessels
compared to the true parameter. The reconstructed reference scattering is visually similar as the
true target despite the blurriness of the reconstruction. In the reconstruction of the scattering
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Fig. 5. Concentrations of chromophores C; (uM) and C, (uM), reference scattering
a(mm™1), scattering power b and the speed of sound ¢ (m/s) in a vessel phantom. Rows
from top to bottom: true target parameters, MAP estimates using the proposed approach,
estimating constant speed of sound, assuming mean value for the constant speed of sound,
assuming high constant speed of sound value, estimating constant scattering values, assuming
mean values for the constant scattering, assuming high constant scattering values.

power, the shape of the target can not be detected clearly but regions with high or low values
can be seen. The reconstructed speed of sound is distorted but have similar shape and the
parameter values are close to the true parameter. Calculated relative errors of concentration of
chromophores are notably lower compared to the ones of reference scattering, scattering power
and the speed of sound.

The reference reconstructions using a constant speed of sound are also shown in Fig. 5, and the
corresponding relative errors are shown in Table 4. The results show that, when a constant speed
of sound was estimated simultaneously with spatially varying concentrations of chromophores and
scattering parameters, the chromophore reconstructions resemble the true parameters. However,
aberrations can be seen on the background of the reconstructions. Reconstruction of reference
scattering is distorted and the shape of it is not as clearly detectable as it was when the spatially
varying speed of sound was reconstructed. These artefacts in the reconstructions also affect to
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the calculated relative errors, that are notably higher compared to the ones calculated using the
proposed approach. Similar kind of observations, considering the reconstructions and relative
errors, can be seen when the constant speed of sound was set as the mean of the prior. When a high
constant speed of sound value was used, reconstructions of chromophores contains high amount
of aberrations and the vessel-like structures are not clearly visible. Reconstructed scattering
parameters are deformed and does not resemble the true targets. In addition, highest relative
errors are found for all other parameters except for scattering power in this case.

Reference reconstructions and the corresponding relative errors, when constant scattering
parameters are used, are also shown in Fig. 5 and Table 4, respectively. When estimating
constant scattering parameters simultaneously with the chromophore concentrations and speed
of sound, or when using the mean of the prior as the constant scattering values, we can see
that the reconstructed parameter distributions resemble the true parameters closely, similarly as
with the proposed approach. The relative errors are also close to each other in these situations.
When using high constant scattering values, the concentrations of chromophores have similar
shaped inclusions as in the true parameters but the parameter values in the inclusions of the
first concentration of chromophore are notably higher that in the true parameter. Furthermore,
similarly as in the other reconstructions, the reconstructed speed of sound is distorted. These
observations can also be noticed from the relative errors that are higher than in other constant
scattering imaging scenarios.

4.3.3. Breast phantom

Reconstructions using the proposed approach in the breast phantom using both full-view and
limited-view imaging geometries as well as 1% and 5% additive noise are shown in Fig. 6.
Furthermore, the calculated relative errors are shown in Table 5.

Table 5. Relative errors for concentration of chromophores
REc, (%) and RE(, (%), reference scattering RE, (%), scattering
power RE, (%) and the speed of sound RE (%) in the breast
phantom. Different rows corresponds to MAP estimates
calculated using the proposed approach in: full-view imaging
geometry with 1% noise, full-view imaging geometry with 5%
noise, limited-view imaging geometry with 1% noise, and
limited-view imaging geometry with 5% noise.

REc, REc, RE, RE, RE,
MAP, FV 1% 283 80.9 67.9 58.5 28.5
MAP, FV 5% 26.4 80.6 70.0 56.2 245
MAP, LV 1% 66.7 91.6 1115 80.5 69.6
MAP, LV 5% 61.9 923 89.1 64.1 58.8

As it can be seen, in the full-view geometry with 1% additive noise in the data, the concentrations
of chromophores have similar shapes as the true parameters, but the chromophore C, has lower
parameter values in the inclusions than the true target. Reconstructed scattering parameters are
blurry, and the inclusions cannot be clearly distinguished. The reconstructed speed of sound is
distorted but still has parameter values close to the true target values. When looking at the relative
errors, it can be seen that the concentration of chromophore C; and the speed of sound have
lowest relative errors, whereas the relative errors of chromophore C, the scattering parameters
are high. We suspect that better imaging contrast and lower relative errors could be achieved if
the used wavelengths would be chosen more optimally, for example, supporting distinguishability
of both chromophores.

In the full-view imaging geometry with 5% noise in the data, the reconstructed parameter
distributions resemble the ones calculated in previous case, i.e., with 1% noise in the data.
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Fig. 6. Concentrations of chromophores C; (uM) and C, (uM), reference scattering
a(mm™1), scattering power b and the speed of sound ¢ (m/s) in a breast phantom. Rows
from top to bottom: true target parameters, MAP estimates using the proposed approach in
the full-view imaging geometry with 1% noise, full-view imaging geometry with 5% noise,
limited-view imaging geometry with 1% noise, and limited-view imaging geometry with 5%
noise.

However, in this case, the concentrations of chromophores show distortion in the background
values, and the reconstructed speed of sound is blurry. The calculated relative errors are close to
the ones calculated in the case of 1% noise.

In the limited-view imaging situation both with 1% and 5% noise, the inclusions are not
distinguishable in the regions of larger distances from the light sources and within the regions
that are not enclosed by the acoustic sensors. Furthermore, the relative errors are higher for all
parameters compared to the full-view imaging scenarios.

5. Discussion and conclusions

In this work, the inverse problem of quantitative photoacoustic tomography was investigated.
A methodology for simultaneous reconstruction of chromophore concentrations, reference
scattering, scattering power and the speed of sound was proposed. The developed approach
is based on a coupled forward model that models light propagation, photoacoustic effect and
acoustic wave propagation, and expresses the optical parameters with their spectral models. The
inverse problem was solved using a gradient-based optimisation algorithm that used an alternating
iterative process and utilised different discretisations. To ovecome non-uniqueness and alleviate
ill-posedness [20,28] multiple illuminations and wavelengths were used.

The proposed approach was studied using numerical simulations. The simulations demonstrated
that spatially distributed concentrations of chromophores, reference scattering, scattering power
and the speed of sound can be reconstructed simultaneously from photoacoustic waves. We
showed that the highest image reconstruction accuracy can be obtained when all parameters of
interest are reconstructed simultaneously, compared to situations where the speed of sound or
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scattering is assumed as constant in the image reconstruction. Furthermore, assuming these
parameters as constant can result in severe reconstruction artefacts if the constant assumption
does not match with the true parameter of the target. These results underline the importance of
modelling all parameters in QPAT when aim is to reconstruct quantitative values of parameters
of interest, for example, concentrations of oxygenated and de-oxygenated hemoglobin.

Overall, reconstructing optical spectral parameters and the speed of sound simultaneously
in QPAT is an ill-posed inverse problem, and challenging to solve numerically. In this work,
alternating approach for the iterative algorithm, different discretisations and scaling of the
parameters were utilised to achieve convergence of the minimisation algorithm. Using these
techniques facilitated avoiding local minima that are present due to non-convex nature of the
problem. Further, the problem is computationally expensive due to high number of reconstructed
parameter distributions, which calls for multiple illumination patterns and wavelengths to be used
to remove the non-uniqueness of the problem. For example, on each iteration, J (i.e. total number
of illuminations) forward and J adjoint simulations, as well as possible forward simulations
needed in the line search, are required. Thus, using multiple light illuminations and a large
number of iterations, the total amount of wave simulations needed in the image reconstruction
can be substantial. In this work, when using the full-view geometry, the data and solution spaces
consisted of JST = 789888 data points and (K + 2)N + M = 25895 unknowns, respectively, in the
case of simple and vessel phantoms, and 925344 data points and 40115 unknowns, respectively,
in the case of breast phantom. In all simulations, alternating minimisation algorithm converged in
less than 1500 iterations with a computational time of ~ 30 h using an Intel Core Ultra 7 — 155H
(1.4 GHz) processor. That is, even in this 2D simulation geometry, the computational burden is
high, and expanding the methodology to 3D requires efficient methods of scientific computing
to be developed and implemented, for example, model reduction methods, methods of parallel
computing, and GPU implementations. In addition, the further studies could include optimisation
of illumination patterns and wavelengths of light to compress the data without compromising the
accuracy of the solution. In addition, using, for example, stochastic optimisation techniques [82]
could reduce the computational burden.

In addition to computational aspects, the methodology can be developed further to provide
more accurate reconstructions. For example, modelling light propagation using the Monte Carlo
method for light transport could enhance the forward model accuracy, e.g., in low scattering
regions [83-86]. Furthermore, considering heterogeneous mass density and modelling of acoustic
attenuation could provide more accurate forward model for acoustic wave propagation [87]. In
addition, possible motion artefacts of the patients, and more accurate modelling of the acoustic
sensors, such as frequency responses, need to be considered before clinical translation is possible.

In conclusion, we proposed a methodology for of reconstructing concentrations of two
chromophores, reference scattering, scattering power and the speed of sound directly from
photoacoustic data in QPAT. The results of this work, that were based on numerical simulations,
show that these parameter distributions can be reconstructed simultaneously when multiple
illumination patters and several wavelengths of light are used. In addition, as demonstrated with
the simulations, constant speed of sound or scattering assumption can cause the reconstructed
images to suffer from artefacts.
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