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P R E FA C E

This thesis is the result of curiosity-driven research on projection-based
model reduction. While research goals were defined and steps towards
these goals were planned, the most exciting moments were those when
new insights lead into alternative directions and, vice versa, pursued
directions revealed unexpected insights.

Already at the start I had such an exciting moment. While I had
planned to spend two weeks on preparing a chapter of my master thesis
on structure-preserving ROMs for the incompressible Navier-Stokes
equations [88] for publication, I discovered energy conservation as an
additional preserved structure of the proposed ROMs. I investigated
this property in more detail in the subsequent months and additionally
discovered an equivalence between ROMs with and without pressure
computation. These findings were combined in my first journal publica-
tion [90] presented in Chapter 2.

Next, I explored several ideas at the interface of ROMs and closure
models for turbulence. After none of them proved useful, I went back
to the structure-preserving ROM for the incompressible Navier-Stokes
equations and aimed at reconstructing this ROM non-intrusively with
operator inference. For this purpose, I studied among other things
different definitions of the energy conservation property of convection
operators. These investigations culminated in a famous anecdote within
my group known as the King’s night. At the eve of King’s Day 2024

around 6, my colleagues asked me to join them for a beer. I replied that
I would join them at the bar right after finishing some small proof step
I was busy with. When I was done, my whiteboard was cluttered with
sketches, it was 2 am and the bar had closed. Two days later, I assessed
that there was no immediate use of the proof and put it aside.

Enforcing structure preservation for the non-intrusive ROM was
rather straightforward and I was able to show preliminary results at
the ECCOMAS 2024 conference where I got very valuable advice from
the operator inference community. However, even with this advice,
the accuracy of my numerical results remained unsatisfactory. I did
discover that this inaccuracy was caused by the lack of information in
the snapshot data, but I was not able to generate alternative snapshot
data that does contain all required information. More precisely, I was
not able to generate such alternative data along long trajectories like
all works did that I had read. Generating such data via an ensemble
of trajectories, in contrast, was completely obvious to me thanks to my
King’s night exercise.

v
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However, I assumed that this ensemble approach was impractical.
It took me several days to realize first that this approach actually can
be used in practice and second that generating sufficiently informative
snapshot data is not only challenging for me but for anyone who wants
to apply operator inference to nonlinear problems. For this reason, I
decided to put the project on structure-preserving operator inference
for the incompressible Navier-Stokes equations on hold and to pursue
the publication of the method for generating sufficiently informative
snapshot data instead. While the method itself seemed obvious to me
for quadratic problems, I spent several months on proving rigorously
that the snapshot data generated by this method is indeed sufficiently
informative for problems whose right-hand side f comprises an arbi-
trary set of monomials. It took me until the evening after the farewell
symposium of my master thesis supervisor Barry Koren to find the last
puzzle piece of this proof. I am convinced that it was the impressions
of Barry’s achievements that gave me the pivotal inspiration. The proof
and the method itself are published [92] and presented in Chapter 3.

After submission of this manuscript, I explored whether the method
can be extended to parametric problems. I found out swiftly that this
extension is straightforward and not worth a publication on its own.
However, I also discovered that this extension simplifies the paramet-
ric operator inference problem in a way that allows to decouple this
problem. The article about both the extension and the decoupling is
published [91] and presented in Chapter 4.

Besides these first-authored journal articles, I have published a confer-
ence proceedings article [89] and collaborated with two PhD students
that performed internships at CWI with projects on model reduction in
context of Rayleigh-Bénard convection [27] and adaptive time-stepping,
[83], respectively.
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1
I N T R O D U C T I O N

1.1 numerical simulation

Many processes relevant in science and engineering are described by
partial differential equations. The wakes of wind turbines shown in Fig.
1.1, for example, can be described by the incompressible Navier-Stokes
equations. These equations,

∇ · u = 0, (1.1)
∂

∂t
u +∇ · (u⊗ u) = −1

ρ
∇p + ν∇2u + f (1.2)

describe the velocity u and pressure p of a fluid subject to an external
force f in a domain Ω over a time interval [0, T]. For many of these par-
tial differential equations, we do not know how to obtain an analytical
solution in all but very simple settings. For the Navier-Stokes equations,
we do not even know whether a solution exists [35].

Instead of analytical solutions, we therefore resort to numerical so-
lutions of these partial differential equations to gain insights in the
processes that they describe. For this purpose, the equations are dis-
cretized in space using methods such as the Finite Element methods

Figure 1.1: The incompressible Navier-Stokes equations can be used to describe
the wakes of wind turbines (Courtesy: Vattenfall. Photographer is
Christian Steiness). Reprinted from [54] under Creative Commons
Attribution License.

1
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2 introduction

[120] or the Finite Volume methods [33] and in time using methods
such as Runge-Kutta methods or multi-step methods [53]. Concretely,
a grid is defined on the domain Ω such that functions that describe
velocity u and pressure p on the whole domain can be approximated by
a function on this grid with only a finite number of degrees of freedom.
As an example, Fig. 1.2 shows how velocity values u and v and pressure
values p are located on a staggered grid for a finite-volume method [98].
Not only the functions, but also their spatial derivatives in (1.1) and (1.2)
are approximated on this grid, resulting in the differential-algebraic
equations

MhVh(t) = 0, (1.3)

Ωh
d
dt

Vh(t) = Fh(Vh(t), ph(t)). (1.4)

with the vectors Vh and ph that summarize velocity and pressure values,
respectively. These equations can be solved numerically by integrating
them in time starting from a given initial velocity Vh(0) = V0

h using a
suitable time discretization method [97].

∆x

∆y
ui−1/2,j

ui−1/2,j+1

ui+1/2,j

ui+1/2,j+1

ui+3/2,j

ui+3/2,j+1

vi,j−1/2 vi+1,j−1/2

vi,j+1/2 vi+1,j−1/2

vi,j+3/2 vi+1,j+3/2

pi,j

pi,j+1

pi+1,j

pi+1,j+1

Figure 1.2: Staggered grid. Velocity values are located on the faces of the pres-
sure finite volumes.

For problems of interest in science and engineering, the dimensions
of the vectors Vh and ph can be extremely large, so solving the equations
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1.1 numerical simulation 3

(1.3) and (1.4) can cause very large computational costs. Even if these
costs are feasible for a single simulation, they can become prohibitive in
tasks such as optimization, data assimilation, uncertainty quantification
and the development of digital twins that require multiple simulations
in similar settings. Several approaches have been developed to reduce
the computational costs of such tasks by approximating high-fidelity
models such as (1.3) and (1.4). In [63], these approaches are categorized
into simplified models, statistical data-fit models and reduced models.

Simplified models are obtained by revising the derivation of the
high-fidelity models and making less costly choices, for example, by
linearizing nonlinear terms, simplifying physics, or using coarser dis-
cretization grids [63]. For the incompressible Navier-Stokes equations,
the direct numerical simulation (DNS) in (1.3) and (1.4) could, for exam-
ple, be replaced by Large Eddy Simulation (LES) or Reynolds-averaged
Navier-Stokes (RANS). LES uses a coarser grid than DNS but is com-
plemented with a closure model that accounts for the small scales not
represented on this coarse grid [96]. RANS averages the Navier-Stokes
equations over time but is complemented with a model for the effect
of the time fluctuations on the time average [116]. The development
of such models with sufficient accuracy is an ongoing challenge and
requires in-depth knowledge of the underlying physics.

On the other hand, statistical data-fit models and reduced models
are constructed from data via generic methods that do not require in-
depth knowledge of the underlying physics. Statistical data-fit models
are mappings composed of generic functions such as neural networks
or Gaussian processes [117] whose parameters are fitted to data. The
underlying physics enter the model generally only via this training
data and possibly via weak constraints during training, for example in
physics-informed neural networks [87].

In contrast, reduced models are closely based on the underlying
physics as they approximate the high-dimensional high-fidelity model,
typically by projecting this model onto a lower-dimensional subspace.
As described in [64], most methods to construct reduced models,
also called reduced-order models, can be distinguished into state-
approximation methods and system-theoretic methods. System-theoretic
methods approximate the mapping between inputs and outputs of dy-
namical systems that is crucial for control theory. On the other hand,
state-approximation methods approximate the state itself of both static
and dynamical systems. In this thesis, we focus on projection-based
reduced order models for dynamical systems.
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4 introduction

1.2 projection-based model reduction

Like classical numerical methods, projection-based model reduction
derives discrete models from first principles. However, while classical
numerical methods result in generic discretizations, projection-based
model reduction leverages data to construct more efficient, problem-
specific discretizations.

Consider the dynamical system

ẋ(t) = f (x(t)), x(0) = x0, (1.5)

as it results from a classical spatial discretization of a partial differential
equation, for example (1.4). We call this system the Full-Order Model
(FOM). The dimension N of the state x(t) ∈ RN can be very large, so
integrating this FOM is very expensive. However, we can approximate
this state within a linear subspace of much lower dimension n. Let Vn
be a matrix whose columns span this linear subspace, then VnVT

n x(t)
defines the projection of x(t) onto this subspace. For given state snap-
shots x(t1), . . . , x(tK) at time instances t1, . . . , tK, Proper Orthogonal
Decomposition (POD) computes the orthogonal matrix Vn that mini-
mizes the error between these snapshots and their projection onto the
linear subspace [57],

K

∑
i=1

∥∥∥x(ti)−VnVT
n x(ti)

∥∥∥2

2
. (1.6)

We call Vn the POD basis of dimension n. Within the linear subspace
spanned by the columns of Vn, the state x(t) can be approximated as
xr(t) = Vn x̃(t) where x̃(t) is defined via projection of the dynamical
system (1.5),Project FOM onto a

lower-dimensional
subspace to obtain
lower-dimensional

ROM

˙̃x = VT
n f (Vn x̃(t)), x̃(0) = VT

n x(0). (1.7)

We call this system a Reduced-Order Model (ROM). The dimension
of this ROM is only n, so the computational costs of integrating this
ROM are potentially much smaller than for the FOM. However, the
construction of the ROM involves expensive computations such as the
generation of the state snapshots x(t1), . . . , x(tK), the computation of
the POD basis Vn and the projection of the initial condition, VT

n x(0). To
benefit from the cost advantage of the ROM integration, we hence need
to separate the expensive ROM construction costs from the integration.
This separation is done by distinguishing two separate phases: an
offline phase that comprises all expensive computations for the ROM
construction, and an online phase that integrates the ROM efficiently.
Because the expensive offline phase is only performed once, this setup
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1.2 projection-based model reduction 5

Figure 1.3: The ROM construction pays off after a few simulations.

pays off when the ROM is integrated multiple times as as illustrated in
Fig. 1.3.

To integrate the ROM efficiently, we have to evaluate the right-
hand side VT

n f (Vn x̃(t)) with a complexity independent of the FOM
dimension N. If f is a linear function, so f (x) = Ax for some matrix
A ∈ RN×N then the ROM right-hand side

VT
n f (Vn x̃) = VT

n AVn x̃

can be evaluated efficiently as Ãx̃ with the matrix

Ã = VT
n AVn ∈ Rn×n.

The construction of this matrix Ã is expensive but can be computed
during the offline phase. Similarly, if the FOM right-hand side is a
quadratic function f (x) = H(x⊗ x) with the matrix H ∈ RN×N2

then
the ROM right-hand side

VT
n f (Vn x̃) = VT

n H ((Vn x̃)⊗ (Vn x̃))

can be evaluated as H̃(x̃⊗ x̃) with the offline-computed matrix

H̃ = VT
n H(Vn ⊗Vn) ∈ Rn×n2

.

Note that the matrices A and H are typically sparse, so the correspond-
ing right-hand sides f can be evaluated in O(N). In contrast, the ROM
matrices Ã and H̃ are in general dense, so the computational costs
of evaluating the ROM right-hand sides Ãx̃ and H̃(x̃⊗ x̃) are O(n2)
and O(n3), respectively. Similarly, an l-th order polynomial ROM right-
hand side can be evaluated with complexity O(nl+1). Consequently,
these costs can be prohibitive for sufficiently large n and l, despite
being independent of the FOM dimension N. In such cases, and for
non-polynomial FOM right-hand sides f , hyper-reduction techniques
introduce an approximation of the ROM right-hand side VT

n f (Vn x̃(t))
that can be evaluated efficiently [24, 29, 32].

The described projection-based model reduction approximates the
FOM in two ways. First, the state space is restricted to the linear sub-
space spanned by the columns of the ROM basis. Second, the FOM
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6 introduction

dynamics are approximated by projecting the FOM right-hand side
onto the same linear subspace. While the POD basis minimizes the
error introduced by the first approximation,

∥x(t)−VnVT
n x(t)∥2, (1.8)

the error introduced by the second approximation,

∥ f (x(t))−VnVT
n f (VnVT

n x(t))∥2, (1.9)

is not taken into account in the definition of this basis. As a consequence,
the second error can be substantial even when the first error is very
small. For example, small scales play an important role in turbulent
flows. These scales are neglected by the POD basis since they carry only
little energy and states can quite accurately be represented without
these scales, but the projected dynamics lack the energy dissipation of
these small scales and tend to be unstable [37]. Since POD does not take
the physics described by the FOM dynamics into account and neglects
the small scales, the projection fails to capture these small-scale physics
well.

1.3 structure-preserving model reduction

Enforce physical
structure in the ROM

construction
An attempt to compensate for this weak spot of POD-based ROMs is
the concept of structure preservation. While the physics of the system
are not taken into account by the POD and only approximated in
the projection, physical properties are explicitly incorporated in the
construction of the ROM end hence satisfied exactly. Examples for such
physical structures are Lagrangian, Hamiltonian and port-Hamiltonian
structure [64]. In the incompressible Navier-Stokes equations, kinetic
energy conservation is such a physical structure. For homogeneous
boundary conditions, without diffusion and without forcing, the kinetic
energy of the continuous equations (1.1) and (1.2) is conserved. For
suitable discretizations, this energy conservation has been preserved in
the FOM (1.3) and (1.4) [112] and also in the ROM [98]. As a result, this
ROM is better at representing the behavior qualitatively and guaranteed
stable.

However, the ROM in [98] is limited to constant boundary conditions
and the described structure preservation holds only for homogeneous
boundary conditions. Boundary conditions can add or remove kinetic
energy to the system, so enforcing that the ROM energy does not
increase would be unphysical. The first research goal in this thesis is
therefore:

1. A structure-preserving ROM for the incompressible Navier-
Stokes equations with time-dependent boundary conditions.
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1.4 non-intrusive model reduction 7

To achieve this goal, Chapter 2 generalizes the concept of energy
conservation to the concept of energy consistency: due to boundary
conditions, the kinetic energy does not remain constant, but the kinetic
energy evolution of the proposed structure-preserving ROM has the
same structure as the kinetic energy evolution of the FOM. For this
purpose, a lifting function proposed in [98] for constant boundary
conditions is generalized to time-dependent boundary conditions. This
lifting function is orthogonal to the homogeneous velocity that remains
after subtracting the lifting function from the velocity. Preserving this
orthogonality and the orthogonality between the homogeneous velocity
and the pressure gradient in the ROM leads to energy consistency.

1.4 non-intrusive model reduction

While projection-based model reduction has been investigated for
decades in academia [85, 111], it is only rarely adopted in industry.
The main reason for this discrepancy lies in the different software
used. While academics are free to individually choose the software
for demonstrating their work or can even write the code for their toy
problems themselves, engineers in industry are typically constrained
to use software chosen to fit the needs of large groups of people. Such
software is often much more sophisticated than academic software,
but as a consequence also much less flexible and transparent. This
lack of flexibility and transparency is an issue in the construction of
projection-based ROMs. As described in Section 1.2, the evaluation of
the ROM right-hand side VT

n f (Vn x̃(t)) requires access to the FOM oper-
ator f . For example, if f (x) = Ax, we need to compute the ROM matrix
Ã = VT

n AVn. This computation is trivially possible, if we can access the
FOM matrix A. If not, we can compute Ã entry-wise, by evaluating the
FOM right-hand side f for the j-th column of the POD basis Vn, vj and
projecting it onto the i-th column vi, vT

i f (vj) = vT
i Avj = Ãij. However,

in industry software, neither access to A nor to f might be possible.
To address this issue and enable adoption of projection-based model
reduction in industry, non-intrusive model reduction investigates how
ROM operators such as Ã can be computed without intrusive access to
the FOM solver. Operator inference:

construct polynomial
ROM operators without
intrusive FOM access

Operator inference computes such ROM operators non-intrusively
for problems with polynomial right-hand side f [78]. Whether f is poly-
nomial and even which polynomial degrees are involved can often be
inferred from the underlying partial differential equation and hence can
be determined without intrusive access to the FOM solver. This knowl-
edge about the polynomial structure of f is then leveraged to fit ROM
operators with the same polynomial structure to snapshot data. Such

[ September 28, 2026 at 5:56 – classicthesis v4.8 ]



8 introduction

snapshot data can be obtained non-intrusively from FOM simulations
or from measurements of experiments and is also used to compute the
POD basis. However, such snapshots are in general not fully consistent
with the intrusive ROM and hence result in inferred ROM operators
that only approximate the intrusive ROM operators. To reconstruct the
intrusive ROM operators exactly, a method has been proposed that
generates snapshots that are fully consistent with the intrusive ROM
[77]. This method consequently enables exact reconstruction, but only
if the generated snapshots are sufficiently informative. Concretely, the
operator inference least squares matrix derived from these snapshots
must have full rank. Existing works have achieved this full rank using
heuristic strategies to generate snapshot data and checked for full rank
a-posteriori, but without a guarantee of success. The second research
goal of this thesis is therefore:

2. A non-intrusive method that is guaranteed to reconstruct intru-
sive ROMs exactly.

To achieve this goal, Chapter 3 presents a novel snapshot data gen-
eration method that first identifies ROM states that imply full rank
and then generates the corresponding snapshots via an ensemble of
simulations that are run for only a single time step. The resulting least
squares matrix has full rank, so operator inference reconstructs the
intrusive ROM operators exactly up to machine precision.

1.5 parametric model reduction

In the previous three sections, we have only considered the use of a
ROM to reproduce the same trajectory that has already been computed
by the FOM to generate snapshot for the POD computation. Such a
mere reproduction is of little practical use. The actual benefit of ROMs
is to perform computations that have not been performed by the FOM.
One example is the extrapolation of the ROM state x̃(t) beyond the
time instances t1, . . . , tK for which the FOM computed snapshots. To
illustrate other use cases, we extend the dynamical system (1.5) by a
parameter µ,

ẋ(t; µ) = f (x(t; µ); µ), x(0; µ) = x0(µ). (1.10)

For this system, we can generate snapshot data for a set {µ1, . . . , µs} of
samples of parameter µ, construct a ROM from these snapshot data and
evaluate this ROM for other values of µ. There are several approaches
how to construct ROMs from these snapshot data and how to evaluate
these ROMs for unseen values of µ [12]. One approach computes a
single global basis Vn from all snapshots of all parameter samples and
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1.6 thesis outline 9

assumes that the parameter-dependent right-hand side f (x; µ) can be
decomposed as sum of parameter-independent operators f (i)(x) with
parameter-dependent weights θ(i)(µ),

f (x; µ) =
q

∑
i=1

θ(i)(µ) f (i)(x). (1.11)

For each operator f (i), the corresponding ROM operator f (i)r can then
be computed as described in Section 1.2. As described in the previous
section, this computation is intrusive, so a non-intrusive alternative
computation might be needed in practice. Operator inference can be
generalized to parametric problems to serve as such an alternative if
f is polynomial [70, 119]. However, as in the non-parametric case, the
exact reconstruction of the intrusive ROM operators is not guaranteed
for arbitrary snapshot data. As an additional issue, operator inference
can in general not compute the individual operators f (i)r separately as
in the intrusive approach, but does compute them all at once. Such a
monolithic computation is more expensive and can even dominate the
offline ROM construction costs for sufficiently large ROM dimension
n, polynomial degrees present in f and number q of terms in the sum
(1.11). The third research goal of this thesis is therefore:

3. A non-intrusive method that is guaranteed to reconstruct in-
trusive parametric ROMs with affine parameter dependency
exactly with feasible computational costs.

To achieve this goal, Chapter 4 extends the snapshot generation
method in Chapter 3 to the parametric case. This extension guarantees
the exact reconstruction of the intrusive ROM operators and enables to
decouple the monolithic problem of inferring the ROM operators f (i)r

at once into smaller subproblems of inferring each f (i)r separately and
hence more efficiently.

1.6 thesis outline

This thesis is structured as follows. Chapters 2, 3 and 4 are self-contained
and present the articles [90], [92] and [91], respectively, in adapted form.

Chapter 2 presents a ROM for the incompressible Navier-Stokes
equations with time-dependent boundary conditions that preserves the
structure of the kinetic energy evolution. This ROM can simulate the
velocity without computing the pressure but is equivalent to a ROM
with pressure computation.

Chapter 3 presents a method to generate snapshot data for operator
inference that guarantees the exact reconstruction of the corresponding

[ September 28, 2026 at 5:56 – classicthesis v4.8 ]
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intrusive ROM operators. The amount of snapshot data generated by
this method is minimal and simplifies the operator inference least
squares problem to a linear system.

Chapter 4 presents the extension of this snapshot data generation
method to parametric problems. Besides guaranteeing exact reconstruc-
tion of intrusive ROM operators, the method enables a decoupling of
the parametric operator inference problems into smaller subproblems
that can be solved more efficiently.

Conclusion are drawn in Chapter 5.
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2
N O P R E S S U R E ? E N E R G Y- C O N S I S T E N T R O M S F O R
T H E I N C O M P R E S S I B L E N AV I E R - S T O K E S E Q UAT I O N S
W I T H T I M E - D E P E N D E N T B O U N D A RY C O N D I T I O N S

This chapter is based on the
following article:
Henrik Rosenberger and
Benjamin Sanderse. “No
pressure?
Energy-consistent ROMs
for the incompressible
Navier-Stokes equations
with time-dependent
boundary conditions.” In:
Journal of
Computational Physics
491 (2023), p. 112405.
doi: 10.1016/j.jcp.
2023.112405.

This chapter presents an advance in the field of structure-preserving
model reduction. An existing energy-conserving ROM for the incom-
pressible Navier-Stokes equations is extended to time-dependent in-
homogeneous boundary conditions. The resulting ROM preserves the
structure of the kinetic energy evolution.

To achieve this structure preservation, the velocity is decomposed
into two components: a velocity that satisfies homogeneous boundary
conditions and a lifting function that satisfies the prescribed inhomo-
geneous boundary conditions. These two components are orthogonal
to each other which is crucial to preserve the structure of the kinetic
energy evolution.

The velocity decomposition also enables to compute the velocity
without computing the pressure. The equivalence of this velocity-only
ROM to a velocity-pressure ROM is shown.

Numerical experiments on test cases with inflow-outflow boundary
conditions confirm the correctness and efficiency of the new ROM, and
the equivalence with the velocity-pressure formulation. CRediT author

statement
Henrik Rosenberger:
Conceptualization,
Methodology, Software,
Writing – original draft.
Benjamin Sanderse:
Conceptualization,
Funding acquisition,
Methodology, Software,
Writing – review &
editing.

2.1 introduction

Turbulent flow is an ubiquitous phenomenon in fluid flows such as
blood flow in arteries, ocean currents and air flow around wind turbines.
Accurate numerical simulation of these turbulent flows requires com-
putationally expensive methods such as Direct Numerical Simulation
(DNS) [72] or Large Eddy Simulation (LES) [81]. The computational
cost of these methods can sometimes be tolerated for a small number
of simulations but becomes prohibitive when it comes to tasks that
require many simulation runs such as in the case of optimization and
uncertainty quantification studies.

To mitigate the computational costs, several techniques have been
developed to reduce the complexity of the respective full order model
(FOM) resulting in so-called reduced-order models (ROMs). Many
of these techniques are projection-based, i.e., they project the high-
dimensional discretization of the model obtained from classical dis-
cretization methods such as Finite Elements, Finite Volumes or Finite
Differences onto a low-dimensional space, the reduced basis space.

11
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12 energy-consistent velocity-only roms for navier-stokes

Methods to obtain such reduced bases include sampling strategies [51]
and Proper Orthogonal Decomposition (POD) [114].

The POD, which is also known as Karhunen-Loève expansion and
Principal Component Analysis, is optimal in the sense that it extracts
the reduced basis from given high-resolution data which minimizes the
approximation error with respect to this data in the l2 norm [114]. How-
ever, several authors observed that ROMs resulting from the Galerkin
projection of such POD reduced bases tend to exhibit instabilities when
applied to fluid flow problems [37, 105]. This observation is often related
to energy dissipation at the smallest scales of turbulent flow, which
are not included in the POD reduced basis [37]. Hence, approaches to
address the ROM instability include methods that add such small scale
effects either by introducing additional dissipation via closure modeling
[3, 115] or by using a POD based on a discrete equivalent of the H1

norm instead of the l2 norm in order to achieve a better representation
of small scales in the reduced basis [58]. Alternative approaches use
more dissipative ROM bases whose modes are weighted sums of the
standard POD modes and randomly chosen higher-order POD modes,
which are assumed to represent the small scales [7, 8].

Another cause of instability has been identified in the ROM pressure
field. This pressure field can violate an inf-sup condition at the ROM
level, even if the inf-sup condition of the underlying FOM is satisfied
[9, 105]. When violating the condition, the ROM can exhibit spurious
pressure modes that induce instability. Hence, many works have been
developed to satisfy this condition on the ROM level [9, 22, 42, 94, 105].
At the same time, it has been shown that even for a linear ordinary
differential equation (ODE), a stable FOM can result in an unstable POD-
Galerkin ROM [84]. Consequently, POD-Galerkin ROM instabilities are
not exclusively related to the incompressible Navier-Stokes equations.

A promising approach to avoid ROM instabilities, not specific to
the incompressible Navier-Stokes equations, is the idea of preserving
certain structure of the FOM such that stability is implied. A method
widely used for compressible flows [10, 76, 93, 102] preserves the
stability of an equilibrium point at the origin by performing POD
with respect to energy-based inner products. For Hamiltonian systems,
Proper Symplectic Decomposition was proposed as a modification
of POD to obtain Galerkin ROMs that preserve symplecticity, so the
Hamiltonian is time-invariant and the ROM is stable [79]. Alternative
symplecticity-preserving bases have been proposed that can be com-
puted more efficiently [1] and recover the FOM Hamiltonian exactly
[44]. The concept of symplecticity preservation has been extended to
model reduction on nonlinear manifolds [19] and non-canonical Hamil-
tonian systems [104]. Furthermore, non-intrusive methods have been
developed for canonical and non-canonical Hamiltonian systems that
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preserve the Hamiltonian structure [49]. For mechanical systems, La-
grangian structure-preserving methods have been proposed [25, 66] and
observed to be stable [25]. Stability-preserving methods have also been
proposed for port-Hamiltonian systems [28, 68] and second-order index-
1 descriptor systems [13]. For metriplectic systems, a method has been
proposed that preserves the metriplectic structure and is observed to
be long-term stable [48]. For nonlinear conservation laws, stable ROMs
have been proposed that preserve a semi-discrete entropy dissipation
law [26].

For the incompressible Navier-Stokes equations, the POD-Galerkin
ROM proposed in [98] achieves nonlinear stability by preserving the
conservation of kinetic energy in the inviscid limit for homogeneous
boundary conditions. In this work, this ROM is generalized to arbitrary
time-dependent inhomogeneous boundary conditions, while possessing
three properties: (i) structure preservation (consistency with the kinetic
energy equation), (ii) velocity-only formulation (pressure-free), and (iii)
arbitrary inhomogeneous boundary conditions (not separable in space-
and time-dependent functions). To our best knowledge such a ROM
formulation does not yet exist.

To achieve the first two properties, we propose the use of a specific
lifting function. Classically, lifting functions are chosen as a velocity
field that satisfies the prescribed inhomogeneous boundary conditions,
so that the ROM can be solved with homogeneous boundary conditions
[36, 46, 50, 71]. Inspired by the Helmholtz-Hodge decomposition [14],
we propose a lifting function that is orthogonal to the homogeneous
velocity field. This orthogonality allows us to preserve the structure of
the kinetic energy equation on the ROM level.

In addition, this choice of lifting function has the benefit that the
pressure is eliminated from the formulation, leading to a velocity-only
ROM, i.e., the ROM velocity can be simulated without requiring the
computation of the pressure. An important benefit of eliminating the
pressure is that our velocity-only ROM is not affected by the inf-sup
instability mentioned above. We stress that the omission of the pressure
is not an approximation as performed in some early works [59, 80]. As
shown in [74], merely neglecting the pressure in ROMs can lead to sig-
nificant errors. In our ROM, in contrast, the elimination of the pressure
is rigorous and exact. In fact, we show that the proposed velocity-only
ROM is equivalent to a velocity-pressure ROM (for a specific choice of
basis). This equivalence gives us valuable insights in the behaviour of
the ROMs. Compared to other formulations that eliminate the pressure
such as the the streamfunction-vorticity formulation [43], our approach
has the advantage of partial decoupling: while streamfunction and vor-
ticity depend on each other, our lifting function does not depend on the
remaining velocity component, but only on the prescribed boundary
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14 energy-consistent velocity-only roms for navier-stokes

conditions. This partial decoupling has many advantages, for example,
time integration errors do not accumulate in the lifting function.

Lastly, to be able to deal with arbitrary inhomogeneous time-dependent
boundary conditions, we propose to approximate the boundary con-
ditions by projection onto a POD basis. This explicit approximation
of boundary conditions is necessary because standard hyper-reduction
of the ROM ODE right-hand side [17, 29] would not effect a sufficient
efficiency improvement in context of our proposed lifting function.

This chapter is organized as follows. In Section 2.2, we introduce
the continuous formulation and our finite volume discretization of the
incompressible Navier-Stokes equations. In Section 2.3, we present our
novel velocity-only ROM for time-dependent boundary condition. In
Section 2.4, we show that this ROM preserves the structure of the kinetic
energy evolution. In Section 2.5, we show the ROM’s equivalence to a
velocity-pressure ROM. In Section 2.6, we test the novel ROM in two
test cases involving time-dependent inflow boundary conditions.

2.2 preliminaries : continuous equations and full-order

model

2.2.1 The incompressible Navier-Stokes equations

The incompressible Navier-Stokes equations describe the conservation
of mass and momentum of a fluid in a domain Ω ⊂ Rd over a time
interval [0, T], and can be expressed as

∇ · u = 0 in Ω× [0, T], (2.1)
∂

∂t
u +∇ · (u⊗ u) = −1

ρ
∇p + ν∇2u + f in Ω× [0, T], (2.2)

with divergence-free initial condition

u(x, 0) = u0(x) in Ω, (2.3)

where the vector field u : Ω× [0, T] → Rd describes the velocity, the
scalar field p : Ω× [0, T]→ R the pressure, ν is the kinematic viscosity,
ρ the (constant) density (which will be absorbed in the pressure in
subsequent equations), and f a forcing term (possibly space- and time-
dependent). A set of boundary conditions which is appropriate to
ensure uniqueness of the solution u (see [47, Section 3.8]) is assumed to
be prescribed.
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2.2.2 Full order model: Finite volume discretization

The Navier-Stokes equations (2.1)-(2.2) in d = 2 dimensions are spatially
discretized with the second-order finite volume method on a staggered
grid proposed in [98] and depicted in Fig. 2.1. The extension to d = 3
is straightforward, and all the methods described in the subsequent
sections also apply to that case.

∆x

∆y
ui−1/2,j

ui−1/2,j+1

ui+1/2,j

ui+1/2,j+1

ui+3/2,j

ui+3/2,j+1

vi,j−1/2 vi+1,j−1/2

vi,j+1/2 vi+1,j−1/2

vi,j+3/2 vi+1,j+3/2

pi,j

pi,j+1

pi+1,j

pi+1,j+1

Figure 2.1: Staggered grid. Velocity values are located on the faces of the pres-
sure finite volumes.

The u- and v-component of velocity, and the pressure p are discretized
by uh(t) ∈ RNu , vh(t) ∈ RNv and ph(t) ∈ RNp , respectively, where
Np = Nx ×Ny is the number of “pressure finite volumes” and Nu, Nv ≈
Np are the numbers of “velocity component finite volumes” which
depend on the type of boundary conditions. The velocity component
vectors are aggregated in one velocity vector Vh(t) ∈ RNV , NV = Nu +
Nv. The spatial discretization of of (2.1)-(2.2) can be summarized as

MhVh(t) = yM(t) := FMybc(t), (2.4)

Ωh
d
dt

Vh(t) = FCD
h (Vh(t), ybc(t))−Gh ph(t). (2.5)

Here, Ωh ∈ RNV×NV is a diagonal matrix with the sizes of the velocity
component finite volumes corresponding to the entries of Vh on its
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16 energy-consistent velocity-only roms for navier-stokes

diagonal. The matrix Mh ∈ RNp×NV describes the mass equation (2.1)
such that each row of (2.4) represents conservation of mass over the
finite volume around a pressure point pi,j as depicted in Figure 2.1,

ui+1/2,j∆y− ui−1/2,j∆y + vi,j+1/2∆x− vi,j−1/2∆x = 0. (2.6)

using the midpoint rule.
The vector ybc(t) ∈ RNbc constitutes the time-dependent parametriza-

tion of inhomogeneous boundary conditions. In this chapter, we only
consider time-dependence of inflow boundary conditions. Hence, ybc(t)
comprises the prescribed Dirichlet velocity values at finite volume faces
on inflow boundaries and Nbc is the number of such faces. However,
the construction of ybc(t) can be generalized to test cases with other
types of time-dependent boundary conditions. Note that Nbc scales only
by O(h−d+1), while NV and Np scale by O(h−d) upon decreasing the
mesh size h.

The matrix FM ∈ RNp×Nbc maps the vector ybc(t) to the mass equation
right-hand side yM(t) ∈ RNp . The term FCD

h (Vh(t), ybc(t)) contains
the discretized convection, diffusion and forcing terms as well as all
boundary condition contributions. The discretized forcing term f (t) ∈
RNV is assumed fixed and time-independent, hence neither f (t) nor
t appear as an argument of FCD

h . The term Gh ph is the discretization
of the (integrated) pressure gradient ∇p in (2.2) and Gh ∈ RNV×Np

satisfies the discrete compatibility relation between the divergence and
gradient operator

Gh = −MT
h , (2.7)

for all types of boundary conditions. This is a crucial property of the
staggered grid discretization that will be used at several points in the
construction of our new energy-consistent ROM approach for time-
dependent boundary conditions.

To solve the system (2.4)-(2.5), we apply the discrete divergence oper-
ator Mh to the Ω−1

h -premultiplied momentum equation (2.5) and insert
the mass equation (2.4) to get the Poisson equation for the pressure,

Lh ph(t) :=MhΩ−1
h Gh ph(t)

=− d
dt

yM(t) + MhΩ−1
h FCD

h (Vh(t), ybc(t)). (2.8)

As a result, when integrating the velocity Vh(t) according to the mo-
mentum equation (2.5), the pressure ph(t) computed from (2.8) ensures
the velocity to satisfy the mass equation (2.4).

Note that this approach requires the invertibility of Lh. As described
in [99], Lh is singular for certain boundary conditions and the pressure
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2.3 rom for time-dependent boundary conditions 17

ph is only defined up to an additional constant. However, by adding
a constraint, we can construct an invertible matrix L̄h ∈ RNp×Np such
that the unique solution to the regularized Poisson equation

L̄h ph = − d
dt

yM(t) + MhΩ−1
h FCD

h (Vh(t), ybc(t)) (2.9)

is also a solution to the Poisson equation (2.8). For boundary conditions
for which Lh is singular, we therefore compute ph via (2.9) to simulate
the FOM (2.4)-(2.5).

To avoid the need to distinguish between cases with Lh singular
and invertible in our notation, we consider (2.9) the equation to be
solved within the FOM simulation, where we set L̄h := Lh for boundary
conditions for which Lh is invertible. In both cases, the inverse of L̄h
satisfies

LhL̄−1
h y = y for all y ∈ Im(Lh), (2.10)

where Im(FM) ⊂ Im(Mh) = Im(Lh) and

yTL̄−T
h z = yTL̄−1

h z. (2.11)

In other words, within the image space of Mh, L̄−1
h is symmetric and

acts as an inverse to Lh.
Suitable time discretizations of the system consisting of (2.5) and (2.9)

are, for example, described in [97, 99].

2.3 novel velocity-only and energy-consistent rom for

time-dependent boundary conditions

2.3.1 Lifting function inspired by Helmholtz-Hodge decomposition

To construct a ROM for the FOM described in Section 2.2.2, we general-
ize the ideas in [98, Section 4] to time-dependent boundary conditions.
We decompose the FOM velocity,

Vh(t) = Vh,hom(t) + Vinhom(t), (2.12)

such that the time-dependent lifting function Vinhom(t) satisfies the
mass equation,

MhVinhom(t) = yM(t), (2.13)

and consequently, the homogeneous component Vh,hom(t) satisfies the
homogeneous mass equation,

MhVh,hom(t) = 0. (2.14)
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18 energy-consistent velocity-only roms for navier-stokes

The choice of the lifting function Vinhom(t) is of pivotal importance.
Inspired by the Helmholtz-Hodge decomposition [14], we choose the
lifting function as

Vinhom(t) = Ω−1
h GhL̄−1

h yM(t) = Ω−1
h GhL̄−1

h FMybc(t). (2.15)

This choice has three decisive properties. First, the lifting function in-
deed satisfies the mass equation with the inhomogeneous right-hand
side, (2.13). This property implies the homogeneous mass equation
(2.14) for the homogeneous component Vh,hom(t). We use this homo-
geneous mass equation to construct a velocity-only ROM in the next
section.FOM: Lifting function

(1) takes care of
boundary conditions,
(2) can be computed
efficiently and (3) is

orthogonal to
homogeneous velocity

Second, the lifting function is a linear function of the boundary
condition vector ybc(t). We use this property to compute the ROM
efficiently for arbitrary time-dependent boundary conditions in Section
2.3.3.

Third, as in the Helmholtz-Hodge decomposition, the components in
(2.12) are orthogonal, namely with respect to the Ωh-inner product,

V T
h,homΩhVinhom = V T

h,homΩhΩ−1
h GhL̄−1

h yM(t)

= (MhVh,hom)TL̄−1
h yM(t) = 0. (2.16)

This property guarantees the energy consistency of the ROM as de-
scribed in Section 2.4.

2.3.2 Velocity-only ROM

To approximate the homogeneous velocity Vh,hom(t), we construct a
POD basis with respect to the Ωh-inner product computed from snap-
shots V j

h,hom = V j
h − Vinhom(tj), where V j

h is the time-discrete approx-
imation of the velocity Vh(t) defined by the FOM (2.4)-(2.5) at time
step tj. Due to the homogeneous mass equation (2.14), the resulting
Ωh-orthonormal POD basis Φhom ∈ RNV×Rhom satisfies

MhΦhom = 0, (2.17)

as described in [98]. Hence, we can construct the low-dimensional
approximation Vr,hom(t) = Φhomahom(t) ≈ Vh,hom(t) such that the
ROM Vr(t) = Vr,hom(t) + Vinhom(t) satisfies the mass equation,

MhVr(t) = yM(t). (2.18)
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To determine the coefficient vector ahom(t) ∈ RRhom , we replace Vh(t)
by Vr(t) in the momentum equation (2.5) and project onto Φhom,

ΦT
homΩh

d
dt

Vr(t) =
d
dt

ahom(t) + ΦT
homΩh

d
dt

Vinhom(t)

= ΦT
homFCD

h (Vr(t), ybc(t))−ΦT
homGh ph(t).

(2.19)

Due to the divergence-gradient duality (2.7) and property (2.17), the
pressure term vanishes, so the ODE (2.19) simplifies to

d
dt

ahom(t) + ΦT
homΩh

d
dt

Vinhom(t)

= ΦT
homFCD

h (Φhomahom(t) + Vinhom(t), ybc(t)). (2.20)

This ODE does not contain the pressure ph anymore, so our ROM is
velocity-only, i.e., the pressure is not needed to simulate the velocity.
This property is very useful for two reasons: First because we avoid
additional computational costs, second because we avoid pressure-
related inf-sup-instabilities [9].

The steps taken so far also hold for other choices of lifting functions,
e.g., [46, 71]. For the next simplification of ODE (2.20), however, we
exploit the specific definition of our lifting function, (2.15), namely the
orthogonality property (2.16). Due to property (2.17), this orthogonality
property is inherited by the POD basis Φhom, i.e.,

ΦT
homΩhVinhom(t) = 0. (2.21)

Due to this orthogonality, the left-hand side of (2.20) simplifies to
d
dt ahom, so the ODE for the ROM coefficient ahom(t) becomes

d
dt

ahom(t) = ΦT
homFCD

h (Φhomahom(t) + Vinhom(t), ybc(t)) (2.22)

The initial condition is given by the projection of the FOM initial condi-
tion, ahom(0) = ΦT

homVh(0).

2.3.3 Efficient evaluation of the ODE right-hand side

To simulate our novel ROM, we have to discretize the ODE (2.22)
in time and evaluate the right-hand side. As a naive approach, we
could first evaluate the FOM-like right-hand side FCD

h (Φhomahom(t) +
Vinhom(t), ybc(t)) and then perform the projection onto Φhom, both
during the online phase of the ROM simulation. However, the com-
putational costs would depend on the FOM dimensions and hence
deteriorate the computational complexity of the ROM in the online
phase substantially.
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Common ways of avoiding such prohibitive costs are hyper-reduction
techniques such as the discrete interpolation method (DEIM) [29] and
gappy POD [17]. Instead of evaluating the complete FOM-dimensional
vector FCD

h (Φhomahom(t) + Vinhom(t), ybc(t)), these methods only re-
quire a small number of entries to construct an approximation of this
vector. However, the definition of our lifting function Vinhom(t) (2.15)
contains the inverse L̄−1

h , requiring the solution of a Poisson equation
with computational complexity O(N2

p). Consequently, sampling a few
entries of Vinhom(t) is already prohibitively expensive.

Instead of applying hyper-reduction to the right-hand side of (2.22)
as a whole, we therefore propose to approximate only the boundary
condition vector ybc(t). In detail, we propose to replace the boundary
condition vector ybc(t) in the ODE (2.22) and in the definition of the
lifting function (2.15) with a linear approximation

ỹbc(t) = Φbcabc(t) ≈ ybc(t), (2.23)

with Φbc ∈ RNbc×Rbc , abc(t) ∈ RRbc and Rbc ≪ Nbc. One option to
construct this approximation is to apply hyper-reduction techniques
such as DEIM [29]. In that case, the basis Φbc would be computed
via a POD of snapshots of ybc(t) during the offline phase. The coef-
ficient vector abc(t) would be computed based on the evaluation of
only Rbc entries of ybc(t) with complexity O(R2

bc) at each time step
during the online phase. However, such a DEIM coefficient vector is
only an approximation to the optimal coefficient. Actually, the best
approximation to ybc(t) within the space spanned by the basis Φbc
is given by ΦbcΦT

bcybc(t). Hence, we can improve the accuracy of the
approximation ỹbc(t) by computing the coefficient vector via the pro-
jection onto Φbc, abc(t) = ΦT

bcybc(t), instead of performing DEIM. This
computation would be prohibitively expensive when performed during
the online phase. However, we can maintain the online efficiency by
computing abc(tj) for all required time steps tj already in the offline
phase. This approach requires that ybc(t) is known a priori, which
we assume in this chapter. If ybc(t) would not be known a priori, we
suggest to resort to computing abc(t) via DEIM [29].

The replacement of the boundary condition vector ybc(t) by the
approximation (2.23) introduces an error in the ROM. In particular, the
resulting ROM Vr(t) = Φhomahom(t) + Ṽinhom(t) does not satisfy the
mass equation with respect to the original boundary conditions (2.18),
but with respect to the approximated boundary conditions,

MhVr(t) = ỹM(t) := FMỹbc(t). (2.24)

The coefficient ahom(t) is defined by the ODEROM: approximate
lifting function satisfies
approximate boundary

conditions
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d
dt

ahom(t)

= ΦT
homFCD

h
(
Φhomahom(t) + Ṽinhom(t), Φbcabc(t)

)
, (2.25)

where the approximated lifting function Ṽinhom(t) is defined by ROM: approximate
lifting function can be
computed efficientlyṼinhom(t) = Ω−1

h GhL̄−1
h FMΦbcabc(t) =: Finhomabc(t). (2.26)

The main advantage of this approximation is the drastic reduction of
the number of (regularized) Poisson solves required for computing the
lifting function due to the linear dependence on ybc(t) in the definition
(2.15). Indeed, to precompute the matrix Finhom ∈ RNV×Rbc , we need to
solve only Rbc (regularized) Poisson equations for the Rbc columns of
the matrix FMΦbc.

Note that this approximated lifting function satisfies the same orthog-
onality property as the exact lifting function, (2.21), ROM: approximate

lifting function is
orthogonal to
homogeneous ROM
basis

ΦT
homΩhṼinhom(t) = 0. (2.27)

We will use this orthogonality property in Section 2.4 to derive energy
consistency.

2.3.4 Exact offline decomposition using matricized third-order tensors

To evaluate the right-hand side of the approximated ODE (2.25) effi-
ciently, we extend the offline precomputation approach in [98]. This ap-
proach exploits the low-dimensional structure of the terms Φhomahom(t),
Finhomabc(t) and Φbcabc(t) as well as the fact that the nonlinearities in
FCD

h are only second order polynomials. In detail, we formulate these
second order polynomials as precomputable “matricized" third order
tensors. For example, we can write the term quadratic in Φhomahom(t)
as C̄2 (Φhomahom(t)⊗Φhomahom(t)) with C̄2 ∈ RNV×N2

V and the Kro-
necker product ⊗. Then, we find

ΦT
homC̄2 (Φhomahom(t)⊗Φhomahom(t))

= ΦT
homC̄2 (Φhom ⊗Φhom) (ahom(t)⊗ ahom(t)) (2.28)

where ΦT
homC̄2 (Φhom ⊗ Φhom) ∈ RRhom×R2

hom can be precomputed

offline. Similarly, we can precompute operators in RRhom×R2
hom and

RRhom×(RhomRbc) for the term quadratic in Φbcabc(t) and the mixed
term linear in both, Φhomahom(t) and Φbcabc(t), respectively. Hence,
the resulting method has an online complexity scaling in O(R3

hom +
R2

homRbc + RhomR2
bc).
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2.3.5 Pressure recovery

As discussed in Section 2.3.2, our proposed ROM is velocity-only, so no
computation of the pressure is needed to simulate the velocity. However,
we can compute the pressure pr(t) of the ROM as a post-processing
step by inserting the ROM velocity Vr(t) and the boundary condition
approximation ỹbc(t) into the (regularized) FOM Poisson equation (2.9)

we can but do not need
to compute the pressure

L̄h pr(t) = −
d
dt

ỹM(t) + MhΩ−1
h FCD

h (Vr(t), ỹbc(t)). (2.29)

This pressure is consistent in the sense that the (regularized) Poisson
equation (2.29) has the same structure as the (regularized) FOM Poisson
equation (2.8). Consequently, the ROM pressure pr(t) converges to
the FOM pressure ph(t) if the ROM velocity Vr(t) converges to the
FOM velocity Vh(t) and the boundary condition approximation ỹbc(t)
converges to the exact boundary condition vector ybc(t).

2.4 kinetic energy evolution

A distinctive property of our proposed ROM is its kinetic energy con-
sistency, i.e., the ROM kinetic energy evolution has the same structure
as the FOM kinetic energy evolution. We define the FOM kinetic energy
as Kh(t) = 1

2∥Vh(t)∥2
Ωh

, leading to the kinetic energy evolution

d
dt

Kh(t) = Vh(t)T FCD
h (Vh(t), ybc(t)) + yM(t)T ph(t), (2.30)

using the momentum equation (2.5) and the mass equation (2.4).
The key property leading to a kinetic energy evolution with the same

structure for our proposed ROM is the orthogonality of Vr,hom(t) and
Ṽinhom(t), given by equation (2.27). Due to this orthogonality the ROM
kinetic energy can be decomposed into two terms,

Kr(t) =
1
2
∥Vr(t)∥2

Ωh
=

1
2
∥ahom(t)∥2

2 +
1
2
∥Ṽinhom(t)∥2

Ωh
, (2.31)

The time-derivative of the first term (the energy of the homogeneous
component) is given by

d
dt

1
2
∥ahom(t)∥2

2 = ahom(t)T d
dt

ahom(t)

= ahom(t)TΦT
homFCD

h (Vr(t), ỹbc(t)), (2.32)
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using the momentum equation (2.25). Furthermore, the time-derivative
of the second term (the energy of the approximated lifting function
(2.15)) can be written as

d
dt

1
2
∥Ṽinhom(t)∥2

Ωh
= Ṽinhom(t)TΩh

d
dt

Ṽinhom(t)

=
(

Ω−1
h GhL̄−1

h ỹM(t)
)T

Ωh
d
dt

(
Ω−1

h GhL̄−1
h ỹM(t)

)
= −ỹM(t)TL̄−T

h MhΩ−1
h GhL̄−1

h
d
dt

ỹM(t)

= −ỹM(t)TL̄−1
h

d
dt

ỹM(t), (2.33)

where we use the divergence-gradient duality (2.7), the symmetry of
Lh and Ωh, the definition of Lh (2.8), and the inverse and symmetry
properties of L̄−1

h (2.10)-(2.11).
Insertion of the Poisson equation for the ROM pressure (2.29) leads

to

d
dt

1
2

∥∥Ṽinhom(t)
∥∥2

Ωh

= −ỹM(t)T
[
−pr(t) + L̄−1

h MhΩ−1
h FCD

h (Vr(t), ỹbc(t))
]

= ỹM(t)T pr(t) + Ṽinhom(t)T FCD
h (Vr(t), ỹbc(t)). (2.34)

Here, we have again used the divergence-gradient duality (2.7), the
symmetry of Lh and Ωh, the symmetry property of L̄−1

h (2.11), and
identified the definition of the lifting function (2.15),

−ỹM(t)TL̄−1
h MhΩ−1

h = −ỹM(t)TL̄−T
h MhΩ−1

h

=
(

Ω−1
h GhL̄−1

h ỹM(t)
)T

= Ṽinhom(t)T .

(2.35)

Altogether, the kinetic energy evolution of the ROM can be written as

d
dt

Kr(t) = Vr(t)T FCD
h (Vr(t), ỹbc(t)) + ỹM(t)T pr(t). (2.36)

This ROM energy evolution has exactly the same structure as the FOM FOM and ROM kinetic
energy evolutions have
same structure

energy evolution (2.30), which is our definition of consistency.
This energy consistency will be useful to transfer stability statements

from the FOM to the ROM. Namely, if we assume that a bound on the ki-
netic energy can be derived from the FOM kinetic energy evolution with
respect to certain approximated boundary conditions ỹbc(t), then the
same derivation could be used to obtain a bound for the ROM kinetic
energy. Note, however, that stability (energy) bounds for the incom-
pressible Navier-Stokes equations including time-dependent boundary
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conditions are still an open topic [31, 38], so this is a suggestion for
future research.

As indicated above, the orthogonality property (2.27) is key to achieve
this energy consistency. In Appendix A.1, we show that a different
choice of the lifting function would spoil the energy consistency so that
FOM energy bounds could not directly be transferred to the ROM.

To preserve the energy-consistency on the time-discrete level, one
could use energy-conserving Runge-Kutta methods [97]. However, in
our setting of time-dependent boundary conditions, the kinetic energy
is not a conserved quantity and energy-conserving methods do not (and
should not) yield a constant energy. Instead, we opt for using high-order
explicit methods, which are an accurate and computationally attractive
alternative, also given the fact that we are using an exact third-order
tensor representation of the convective terms. As shown in Appendix
A.2, the difference between explicitly and implicitly integrated ROM
velocities is quite small.

2.5 equivalent velocity-pressure rom

2.5.1 Velocity-pressure ROM

Our proposed ROM has the appealing property that it is velocity-only.
However, we can interpret this ROM as a velocity-pressure ROM, as
well. This interpretation provides further insight in the relation between
time-dependent boundary conditions and the role of the pressure.

The velocity-pressure ROM that we consider comprises the velocity
approximation Vr(t) = Φa(t) ≈ Vh(t) with the Ωh-orthonormal basis
Φ ∈ RNV×RV and the coefficient vector a(t) ∈ RRV , and the pressure
approximation pr(t) = Ψb(t) ≈ ph(t) with the basis Ψ ∈ RNp×Rp and
the coefficient vector b(t) ∈ RRp . In the next section, we will specify
the choice of bases such that the resulting velocity-pressure ROM is
equivalent to the velocity-only ROM proposed in Section 2.3. In general,
however, the bases can also be chosen differently.

We insert these approximations in the mass equation (2.4) projected
by the pressure basis Ψ and in the momentum equation (2.5) projected
by the velocity basis Φ, leading to:

ΨTMhΦa(t) = ΨT ỹM(t) := ΨTFMỹbc(t) (2.37)

ΦTΩhΦ
d
dt

a(t) =
d
dt

a(t) = ΦT FCD
h (Φa(t), ỹbc(t))

−ΦTGhΨb(t). (2.38)
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The initial condition a(t0) = a0 is defined via the constrained optimiza-
tion problem of minimizing ∥Φa0 −Vh(t0)∥Ωh such that a0 satisfies the
projected mass equation (2.37) at t = t0.

Analogously to the FOM described in Section 2.2, we solve this system
by solving the reduced Poisson equation for b(t),

Lrb(t) :=ΨTMhΦΦTGhΨb(t)

=−ΨT d
dt

ỹM(t) + ΨTMhΦΦT FCD
h (Φa(t), ỹbc(t)). (2.39)

Then, due to the pressure term in the ODE (2.38), a(t) computed from
this ODE is guaranteed to satisfy the projected mass equation (2.37).
In contrast to the FOM, the system matrix Lr of this reduced Poisson
equation is not high-dimensional and sparse, but low-dimensional and
dense. Hence, the system is solved (by employing a precomputed LU-
factorization) with a computational complexity of O(R2

p) at each time
step in the online phase. This approach requires the invertibility of the
system matrix Lr = ΨTMhΦΦTGhΨ. We will guarantee this invertibility
by choosing the bases Φ and Ψ suitably, as explained in the next section.

Analogously to the discussion in Section 2.3.3 for the velocity-only
ROM, computing the right-hand side of the ODE (2.38) for the exact
boundary condition vector ybc(t) would in general be prohibitively
expensive. Hence, we have replaced the exact boundary condition
vector ybc(t) in (2.37)-(2.39) by the lower-dimensional approximation
ỹbc(t) := Φbcabc(t) as described in Section 2.3.3.

2.5.2 Equivalence to the proposed velocity-only ROM

The following proposition states that the velocity-pressure ROM (2.37)-
(2.38) is equivalent to the velocity-only ROM (2.25)-(2.26) if we choose
the bases Φ and Ψ appropriately. The velocity-only ROM

is equivalent to a
specific
velocity-pressure ROM.

Proposition 2.1 ( Equivalence of velocity-only and velocity-pressure
ROM).
If the Ωh-orthonormal velocity basis Φ ∈ RNV×RV and the pressure basis
Ψ ∈ RNp×Rp are chosen such that

a) the image space of Φ is equivalent to the union of the image spaces of
Φhom in equation (2.17) and Finhom as defined in equation (2.26).

b) for all t ∈ [0, T], there exists a solution to the unprojected mass equation

MhΦa(t) = ỹM(t), (2.40)

c) Rp = rank(MhΦ),
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d) and ΨTMhΦ has rank Rp,

then the velocity of the velocity-pressure ROM, Vr,velocity−pressure(t) =
Φa(t), is for all t ∈ [0, T] equivalent to the velocity of the velocity-only
ROM, Vr,velocity−only(t) = Φhomahom(t) + Ṽinhom(t) described in Section
2.3.

Proof. First of all, Assumption (a) implies that there exists an orthonor-
mal matrix Q ∈ RRV×RV such that Φ = [Φhom Φinhom]Q. Here,
Φinhom ∈ RNV×Rinhom with Rinhom = rank(Finhom) is an Ωh-orthonormal
basis with the same image space as Finhom which can be computed from
Finhom, e.g., via a Gram-Schmidt-orthonormalization. We can decom-

pose the matrix Q =

Q1

Q2

 with Q1 ∈ RRhom×RV and Q2 ∈ RRinhom×RV .

Then, we write the velocity-pressure ROM velocity as

Vr,velocity−pressure(t) = Φa(t)

= ΦhomQ1a(t) + ΦinhomQ2a(t)

=: Φhoma1(t) + Φinhoma2(t). (2.41)

We proceed to show that the velocity components of the two ROMs are
equivalent, namely

a1(t) = ahom(t) for all t ∈ [0, T], (2.42)

and

Φinhoma2(t) = Ṽinhom(t) for all t ∈ [0, T]. (2.43)

For this purpose, we note that the decomposition (2.41) separates the
modes in Φhom, which lie in the kernel of Mh, from those in Φinhom,
which lie outside the kernel of Mh. Consequently, equations (2.37) and
(2.40) simplify to

ΨTMhΦinhoma2(t) = ΨT ỹM(t), (2.44)

and

MhΦinhoma2(t) = ỹM(t), (2.45)

respectively. Let, for a fixed t, â2 and ā2 be the solutions to (2.44) and
(2.45), respectively (their existence follows from Assumption (b)). Then,
premultiplying (2.45) by ΨT , we find

ΨTMhΦinhomā2 = ΨTyM(t) = ΨTMhΦinhomâ2. (2.46)
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By construction of Φinhom, we have rank(MhΦ) = rank(MhΦinhom) =
Rinhom. Because of Assumption (c), Rp = Rinhom, and because of As-
sumption (d), rank(ΨTMhΦinhom) = rank(ΨTMhΦ) = Rinhom. Hence,
ΨTMhΦinhom ∈ RRinhom×Rinhom is invertible, so (2.46) implies ā2 = â2.
Hence, the solution â2 to the projected mass equation (2.44) also satisfies
the unprojected mass equation (2.45). This solution â2 to the unpro-
jected mass equation is unique. To show this uniqueness, let ǎ2 be a
second solution to (2.45). Then, we find

MhΦinhom(â2 − ǎ2) = yM(t)− yM(t) = 0. (2.47)

Since MhΦinhom has full column rank, we infer â2 − ǎ2 = 0, so the two
solutions are equivalent. This uniqueness implies the equivalence of
the inhomogeneous velocity components (2.43) because Finhom has the
same image space as Φinhom and both terms satisfy the unprojected
mass equation for all t ∈ [0, T].

What remains to be shown is the equivalence of the homogeneous
velocity components (2.42). For this purpose, we premultiply the mo-
mentum equation (2.38) by Q1 to find

d
dt

Q1a(t) =
d
dt

a1(t)

= ΦT
homFCD

h (Φhoma1(t) + Ṽinhom(t), ỹbc(t)), (2.48)

where Q1ΦT = ΦT
hom and the pressure term ΦT

homGhΨb(t) disappears
due to equation (2.17). This ODE is equivalent to the velocity-only ODE
(2.25). As both ODEs have the same initial condition, they also have the
same solution, so we find (2.42).

Altogether, we hence find

Vr,velocity−pressure(t) = Vr,velocity−only(t) for all t ∈ [0, T]. (2.49)

The requirements of the proposition are met, for example, by the
choice Φ = [Φhom Φinhom] and Ψ = MhΦinhom. For this choice, we
have Q = I. Note that this choice also guarantees the invertibility of Lr.

The proof of the proposition provides an explanation why eliminating
the pressure in the velocity-only ROM is possible. As can be seen
from ODEs (2.38) and (2.48), the pressure term does not affect the
coefficients of the homogeneous modes (a1(t)) but only those of the
inhomogeneous modes (a2(t)). Since these inhomogeneous coefficients
are uniquely determined by the mass equation (2.37), they do not
require simulating ODE (2.38), so the pressure is superfluous. This
observation is in line with the common understanding that the pressure
is a (vector of) Lagrange multiplier(s) enforcing the velocity to satisfy
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the mass equation. This understanding also implies that the pressure
does not affect the velocity beyond enforcing the mass equation. Indeed,
the error between the approximated pressure pr(t) = Ψb(t) and the
FOM pressure ph(t) does not introduce an additional error in the ROM
velocity.

In practice, the velocity-pressure formulation is slightly more expen-
sive than the velocity-only formulation because the ODE system is
integrated in time for RV = Rhom + Rinhom instead of only Rhom coeffi-
cients and additionally the pressure coefficients have to be computed by
solving the reduced Poisson equation (2.39) at every time step. Hence,
the ROM described in Section 2.3 remains the method of choice.

Analogously to [4], we can decompose the velocity-pressure ROM
velocity into a homogeneous and an inhomogeneous component using a
QR decomposition for arbitrary choices of Φ and Ψ provided that Lr is
invertible. Provided the discretization satisfies the gradient-divergence
duality (2.7), this decomposition can be formulated as a velocity-only
ROM. Due to the stability problems of the QR decomposition described
in [4], this velocity-only ROM would in general not be useful in practice.

2.5.3 Comparison with standard POD velocity-pressure ROMs

A common choice for the velocity basis Φ in the velocity-pressure ROM
defined by (2.37) and (2.38) is the ordinary POD basis. The resulting
ROM does not in general meet the requirements of Proposition 2.1
because the POD basis does not necessarily satisfy Assumption (b).
Consequently, this standard POD velocity-pressure ROM is in general
not equivalent to the proposed velocity-only ROM. In fact, such a stan-
dard POD velocity-pressure ROM can suffer from inf-sup instabilities
[105] whereas the proposed velocity-only ROM cannot.

On the other hand, the important insight that Proposition 2.1 does
give, is that the proposed velocity-only ROM is equivalent to a velocity-
pressure ROM, which differs from the standard POD velocity-pressure
ROM only in the choice of velocity basis Φ (and possibly pressure basis
Ψ). To compare these differing velocity bases, let us define the best
approximation error over the snapshots V j

h,

ε(ϕ) =
K

∑
j=1

∥∥∥V j
h −ϕϕTΩhV j

h

∥∥∥2

Ωh
. (2.50)

Then, the standard POD bases with RV = Rhom and RV = Rhom + Rbc
modes, Φ[Rhom] and Φ[Rhom+Rinhom] satisfy the relationBest approximation

errors of velocity-only
and velocity-pressure

ROMs are comparable. ε
(

Φ[Rhom+Rinhom]

)
≤ ε ([Φhom Φinhom]) ≤ ε

(
Φ[Rhom]

)
, (2.51)
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assuming exact boundary conditions ỹbc(t) = ybc(t). The proof can be
found in Appendix A.3.

If the ROM errors are dominated by these best approximation errors,
we can consequently expect the accuracy of the proposed velocity-only
ROM to lie in between the standard POD velocity-pressure ROMs with
RV = Rhom + Rinhom and with RV = Rhom modes, provided that the
standard POD velocity-pressure ROMs are stable.

As explained in the previous section, velocity-pressure ROMs with
RV = Rhom + Rinhom modes are slightly more expensive than the
velocity-only ROM with Rhom and Rbc modes. Also, velocity-pressure
ROMs with RV = Rhom modes are slightly more expensive than the
velocity-only ROM due to the need to solve Poisson equations for the
pressure.

The accuracy per computation time of the proposed velocity-only
ROM is consequently similar to standard POD velocity-pressure ROMs.
While the latter are known to be prone to instabilities, the velocity-only
ROM is energy-consistent and does not suffer from inf-sup instability.
Furthermore, while standard POD velocity-pressure ROMs only satisfy
a projected mass equation, the velocity-only ROM satisfies the unpro-
jected mass equation with respect to explicitly approximated boundary
conditions.

2.6 numerical experiments

In our numerical experiments, we investigate our proposed velocity-
only ROM regarding convergence behaviour, mass conservation and en-
ergy consistency. Furthermore, we verify the equivalence to the velocity-
pressure ROM described in Section 2.5.2 and analyse the runtime.

2.6.1 Setup

2.6.1.1 Testcases

We consider two testcases based on [97, Section 6.4.2] modelling air
flow around a wind turbine. The simulation domain is [0, 10]× [−2, 2]
with an actuator disk of length 1 at x = 2 as depicted in Fig. 2.2. On the
top (y = ymax = 2), on the bottom (y = ymin = −2) and on the right
(x = 10), we prescribe outflow boundary conditions

(−pI + ν∇u) · n = −p∞ I · n (2.52)

with p∞ = 0 and ν = 10−2 m2

s . In contrast to [97, Section 6.4.2], we
consider inflow on the left boundary (x = 0) which is not only time- but
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Figure 2.2: Sketch of testcase setup with actuator disk and time- and space-
dependent boundary conditions.

also space-dependent. For the first testcase varying angle, we consider
inflow with constant magnitude 1 but time- and space-dependent angle,

ub(y, t) = cos (α(y, t)), vb(y, t) = sin (α(y, t)),

with α(y, t) =
π

6
sin
(

y− t
2

)
. (2.53)

As we will see in Section 2.6.1.3, these boundary conditions can be
approximated well by a lower dimensional approximation ỹbc(t) as
described in Section 2.3.3. In contrast, the second testcase exemplifies
the extreme and in practice unlikely case that the boundary conditions
cannot be reduced effectively. For this second testcase moving mode, we
move the parabolic inflow field uparabolic(y) = 1

10 (y− ymin)(ymax − y)
uniformly such that it enters the simulation domain from the bottom at
tstart and leaves it at the top at tend,

ub(y, t) = uparabolic

(
y +

t− tend
tend − tstart

(ymax − ymin)

)
for tstart ≤ t ≤ tend. (2.54)

This inflow does not have a tangential component, so vb = 0.
For both testcases, the Poisson matrix Lh is invertible, so L̄h = Lh

in the FOM Poisson equation (2.8) and in the definition of the lifting
function (2.26).

The actuator disk represents a momentum sink and is modeled as a
constant force f = 0.25 acting in negative x-direction and we consider
the time intervals [0, 4π] and [0, 20], respectively.

2.6.1.2 Numerical methods

We discretize the simulation domain with a uniform 200× 80 staggered
grid. For time integration, we use the explicit fourth-order Runge-Kutta
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method RK4 [21] and discretize for both testcases the respective time
interval equidistantly with time step size ∆t = tend

800 .
The initial condition is given by V0

h = V0
inhom which is computed

according to (2.15) based on the respective boundary conditions. For
the moving mode testcase, this definition results in V0

h = 0 while the
initial condition for the varying angle testcase is a nonzero function.

The POD bases Φhom and Φbc are constructed from the snapshot
matrices

Xhom =
[
V0

h,hom . . . V j
h,hom . . . V800

h,hom

]
and

Xbc =
[
ybc

(
t0
)

. . . ybc

(
tj
)

. . . ybc

(
t800
)]

, (2.55)

where V j
h,hom is the time discrete approximation of Vh,hom

(
tj) with

tj = j · ∆t.
We compute the coefficient vector abc(t) = ΦbcΦT

bcybc(t) during the
offline precomputation phase for all required time steps, as described
in Section 2.3.3.

The numbers of ROM modes Rhom and Rbc can be chosen indepen-
dently of each other. In the numerical experiments here, however, we
choose Rhom = Rbc = R for convenience only, and consider velocity-
only ROMs for different values of R.

2.6.1.3 Singular value decays

First, we investigate the singular value decays of the snapshot matrices
which we construct our ROM bases from. As can be seen in Fig. 2.3a,
only 23 singular values of the boundary condition vector snapshot
matrix Xbc have a significant magnitude for the varying angle testcase. In
fact, only 5 modes are required to capture at least 99% of the snapshot
energy [49].

In contrast, Fig. 2.3b shows that 80 singular values of Xbc for the
moving mode testcase, which we designed to have irreducible boundary
conditions, have a relative magnitude larger than 10−4. This number
equals the number of grid points at the inflow boundary and the
number of nonzero entries in yM, so these entries do not exhibit any
lower-dimensional coherent structure. Here, 29 modes are required to
capture at least 99% of the snapshot energy.

Similarly, the decays of singular values of the velocity snapshot matri-
ces Xhom shown in Fig. 2.4 differ considerably for large mode numbers.
While only 164 singular values are larger than machine precision (when
divided by the largest singular value), for the varying angle testcase, 684

singular values are larger than this relative threshold for the moving
mode testcase. For small mode numbers, however, both decays are
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Figure 2.3: Singular values of the snapshot matrices Xbc for the two testcases
divided by largest singular value.
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Figure 2.4: Singular values of the snapshot matrices Xhom for the two testcases.

similarly fast, and only 13 and 14 modes capture at least 99% of the
snapshot energy, respectively.

2.6.2 Results

2.6.2.1 Boundary condition approximation accuracy

Before investigating the proposed ROM itself, we investigate the accu-
racy of the boundary condition approximation for the two test cases.
As can be seen in Fig. 2.5, the best approximations are accurate up to
machine precision for Rbc ≥ 23 and Rbc ≥ 80, respectively. This obser-
vation is perfectly in line with Fig. 2.3 that shows 23 and 80 significant
singular values. For the approximations via DEIM, we observe accuracy
up to machine precision for Rbc = 23 and Rbc = 80, but large errors
if the numbers of modes are increased further. These large errors are
likely due to the fact that these numbers of modes exceed the rank of
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Figure 2.5: Relative boundary condition vector approximation error
∥ỹbc(tj)−ybc(tj)∥Ωh

averagej[∥ybc(tj)∥Ωh ]
for the two test cases for boundary condi-

tion DEIM approximations (solid lines) and best approximations
(dashed lines) with Rbc = R modes.

the corresponding snapshot matrix, causing high sensitivity to machine
precision errors. When using the DEIM approach, it is consequently
important to know the rank of the snapshot matrix Xbc. In the following,
we set Rbc = min(R, 23) for the test case varying angle and Rbc = R for
the test case moving mode.

2.6.2.2 Convergence

First, we investigate whether the ROM converges to the FOM for in-
creasing number of modes. As can be seen in Fig. 2.6 the relative
velocity error clearly decreases monotonously for increasing number of
ROM modes. Consequently, our velocity-only ROM for time-dependent
boundary conditions indeed provides a convergent approximation to
the FOM for both boundary condition approximation approaches.
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Figure 2.6: Relative velocity error
∥V j

h−V j
r ∥Ωh

averagej

[
∥V j

h∥Ωh

] for the two testcases for

boundary condition DEIM approximations (solid lines) and best
approximations (dashed lines).

2.6.2.3 Mass conservation

Second, we investigate to which extent our proposed ROM violates
the original mass equation (2.18). As explained in Section 2.3.3, the
proposed ROM satisfies the mass equation exactly, but with respect to
the approximated boundary conditions. The difference between the two
is shown in Fig. 2.7, effectively indicating how well the mass equation
right-hand side yM(t) is approximated by ỹM(t).

Indeed, as can be seen in Fig. 2.7 the mass conservation violation
decreases for increasing number of boundary condition approximation
modes. For the testcase varying angle, the mass conservation violation is
in the order of machine precision for R ≥ 20. In contrast, for the moving
mode testcase, R = 80 modes are required to achieve a similar mass
conservation accuracy. Even for R = 40 modes, the mass conservation
violation is larger than 10−4. This observation can directly be explained
by the singular value decay depicted in Fig. 2.3b, which shows that
the 80 largest singular values all have a relative magnitude larger than
10−4. Note however, that in this case the boundary conditions were
chosen on purpose to be highly ‘irreducible’ with POD and as such
this can be seen as a limiting case, which is very unlikely in practice.
Furthermore, the violation of the exact mass equation seems not to
impair the accuracy of the actual solution Vr, as can be observed by
comparing Fig. 2.6a to 2.6b.
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Figure 2.7: Mass conservation violation ∥MhV j
r − yM(tj)∥2 for the two testcases

for boundary condition DEIM approximations (solid lines) and best
approximations (dashed lines).

2.6.2.4 Energy consistency

Third, we investigate whether the structural correspondence of the
FOM and ROM kinetic energy evolutions derived in Section 2.4 is
accompanied by small energy errors in practice.

Indeed, Fig. 2.8 shows that the relative kinetic energy errors are
approximately at the same order of magnitude as the corresponding
relative velocity errors depicted in Fig. 2.6.

2.6.2.5 Verification of ROM equivalence

Next, we verify the ROM equivalence demonstrated in Section 2.5.2.
For this purpose, we simulate the same testcases as in the previous
experiment but now with the velocity-pressure ROM (2.37)-(2.38) with
the bases Φ = [Φhom Φinhom] and Ψ = MhΦinhom as described in
Section 2.5.2. Here, we compute Φinhom via a QR decomposition of
Finhom. Hence, the numbers of modes of the velocity-pressure ROM are
given by Rbc = Rinhom = Rp = R and RV = Rhom + Rinhom = 2R. As
can be seen in Fig. 2.9, the error between the two ROMs ranges for all
values of R between 10−18 and 10−10. Hence, the ROM equivalence is
confirmed up to machine precision.

2.6.2.6 Runtime analysis

Fig. 2.10 shows the computation time of the ROM in comparison with
the FOM. For all considered numbers of modes, we observe a significant
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Figure 2.8: Relative kinetic energy error
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Figure 2.9: ROM equivalence error
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both testcases for boundary condition DEIM approximations (solid
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speed-up of the ROM online phase compared to the FOM simulations.
As in [98], this speed-up amounts to approximately two orders of mag-
nitude for moderate numbers of modes. The offline precomputations,
on the other hand, have significant costs and even exceed the FOM
simulation costs for R = 80.

However, when used in practice for a parametric study, the ROM
would already pay off for a small number of ROM simulations.

2.7 conclusion

In this chapter we have generalized the energy-conserving ROM for the
incompressible Navier-Stokes equations proposed by Sanderse [98] to
arbitrary time-dependent boundary conditions. Our ROM is velocity-
only, which avoids computing the pressure and pressure-related inf-sup
instability, and it preserves the structure of the kinetic energy evolution.
The ROM is based on a Helmholtz-Hodge-inspired decomposition that
separates the velocity into two orthogonal components: i) a velocity that
satisfies the mass equation with homogeneous boundary conditions and
ii) a lifting function that satisfies the mass equation with the prescribed
time-dependent boundary conditions. The homogeneous component
is defined by the Galerkin-projected momentum equation. Due to the
divergence-free projection basis, the pressure term disappears form the
momentum equation resulting in the proposed velocity-only ROM.

To allow efficient simulation of the ROM, we approximate the pre-
scribed boundary conditions by a lower-dimensional approximation via
POD. The resulting ROM satisfies the mass equation with respect to
these approximated boundary conditions. Our numerical experiments
show that the error introduced by this boundary condition approxi-
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mation does not dominate the velocity error. In these experiments, we
use as many modes to approximate the boundary conditions as we
use to approximate the homogeneous velocity field. In future research,
different choices of these mode numbers should be investigated as well.

We have theoretically shown that the orthogonality of the components
leads to a ROM kinetic energy evolution that has the same structure as
the FOM kinetic energy evolution. Our numerical experiments confirm
that the proposed ROM is able to accurately mimic the kinetic energy
evolution. In future work, the structural equivalence of the kinetic
energy evolution can be used to derive bounds on the kinetic energy
and hence to derive nonlinear stability results.

Furthermore, we have proven the important result that the proposed
velocity-only ROM is equivalent to a velocity-pressure ROM, when
employing a specific choice of basis functions, and confirmed this equiv-
alence in our numerical experiments. This equivalence can function
as a key concept to understand the role of the pressure in ROMs for
the incompressible Navier-Stokes equations. It gives important insights
into the behaviour of the velocity-pressure ROM regarding the choice
for the number of velocity, pressure and boundary condition modes.
While this ROM equivalence is based on the assumption of the discrete
gradient-divergence duality, future research should investigate whether
discretizations that do not exhibit this property also allow for a similar
equivalence statement.

In numerical experiments, we have shown the convergence of the
ROM upon increasing the number of ROM modes and the accuracy
of the boundary condition approximation. Instead of performing a
hyper-reduction technique for the convective term, we have used an
exact offline decomposition. Scaling cubically in the number of modes,
this offline decomposition is limited to small numbers of modes. For
moderate numbers of modes, the speed-up of the ROM online phase
compared to the FOM is approximately two orders of magnitude. If
larger numbers of modes are required that prohibit this cubic scaling,
we suggest to incorporate energy-conserving hyper-reduction methods
[61].

In future work, it should be investigated how the proposed method
performs in practically relevant testcases involving higher Reynolds
numbers and generalization over parameter spaces, varying boundary
and initial conditions as well as longer time intervals. In case of higher
Reynolds numbers, it might be useful to combine our approach with
methods that improve the representation of dissipative small scales [7,
8]. For such combinations, we suggest to keep the lifting function un-
changed and only adapt the construction of the homogeneous velocity
approximation.
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E X A C T O P E R AT O R I N F E R E N C E W I T H M I N I M A L
D ATA

This chapter is based on the
following article:
Henrik Rosenberger,
Benjamin Sanderse, and
Giovanni Stabile. “Exact
operator inference with
minimal data.” In: SIAM
Journal on Scientific
Computing 48.5 (2026),
A2391–C1160. doi:
10.1137/25M177248.

This chapter presents an advance in the field of non-intrusive model
reduction. A novel method is introduced to generate snapshot data for
operator inference that guarantees the exact reconstruction of intrusive
projection-based ROMs.

To ensure exact reconstruction, the operator inference least squares
matrix must have full rank, without regularization. Existing works have
achieved this full rank using heuristic strategies to generate snapshot
data and a-posteriori checks on full rank, but without a guarantee of
success. The novel snapshot data generation method provides this guar-
antee thanks to two key ingredients: first we identify ROM states that
induce full rank, then we generate snapshots corresponding to exactly
these states by simulating multiple trajectories for only a single time
step. This way, the number of required snapshots is minimal and orders
of magnitude lower than typically reported with existing methods. The
method avoids non-Markovian terms and does not require re-projection.
Since the number of snapshots is minimal, the least squares problem
simplifies to a linear system that is numerically more stable. In addition,
because the inferred operators are exact, properties of the intrusive
ROM operators such as symmetry or skew-symmetry are preserved.

Numerical results for differential equations involving 2nd, 3rd and
8th order polynomials demonstrate that the novel snapshot data gen-
eration method leads to exact reconstruction of the intrusive reduced
order models.

3.1 introduction

Computational efficiency is of paramount importance in complex engi-
neering tasks such as optimization, data assimilation, uncertainty quan-
tification and the development of digital twins. All these tasks require
multiple simulations with similar settings. While first principle-derived
models have primarily been developed to run single simulations, data-
driven models are being developed to exploit the similarity among such
multiple simulations.

These data-driven surrogate models vary in how much they preserve
structure of the corresponding first principle-derived model [63]. Statis-
tical data-fit models such as Gaussian process models [117] generally
do not preserve such structure and solely approximate the mapping

39
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between simulation inputs and outputs. Reduced-order models (ROMs),
on the other hand, are closely based on first principle-derived, full-order
models (FOMs) and perform simulations on a lower-dimensional sub-
space, for example, by projecting the first principle-derived model onto
this subspace [5, 56, 95]. Advantages of such projection-based ROMs
are the availability of rigorous theory that provides a posteriori error
estimates [52, 57, 85, 109, 111], and the smaller demand for training
data compared with surrogate models that preserve less structure. A
disadvantage of projection-based ROMs is that they are intrusive in the
sense that they require access to the numerical operators of the FOM
to perform the projection onto the lower-dimensional subspace. This
access is often not possible in software used in industry, and hence
impedes the use of intrusive reduced-order models in practice.

To address this practical problem, methods have been developed to
approximate intrusive reduced models in a non-intrusive way. These
non-intrusive methods do not require access to the numerical operators
of the FOM, but only to the generated output data. For linear models,
dynamic mode decomposition finds the linear operator that fits the
data best [65]. For nonlinear models, operator inference generalizes this
approach to polynomial operators [78]. For non-polynomial models, a
variable transformation can be used to obtain a polynomial model [86],
and so operator inference can still be applied.

However, two major difficulties currently impede operator inference
in accurately reconstructing the intrusive ROM operators. First, the
FOM snapshot data contains non-Markovian information that is in-
consistent with the Markovian intrusive ROM. This non-Markovian
information perturbs the operator inference minimization problem such
that the intrusive ROM generally does not minimize this perturbed
problem. To eliminate this perturbation, Peherstorfer has proposed
to generate additional FOM snapshot data whereby the FOM state
is projected onto the ROM basis after each time step [77], known as
the re-projection approach. The resulting FOM snapshot data does
not contain non-Markovian information and is equivalent to snapshot
data generated by the intrusive ROM. Consequently, the minimization
problem is unperturbed and the intrusive ROM does minimize it. How-
ever, operator inference is only guaranteed to yield this solution if this
minimizer is unique. Concretely, the operator inference minimization
problem is a least squares problem and has a unique solution only if
the least squares matrix has full rank.

This full rank requirement is the second major difficulty in accurately
reconstructing the intrusive ROM operators. To the authors’ knowledge,To infer operators from

data, the data must be
sufficiently informative.

no method has been proposed yet to ensure this full rank requirement
a priori. In practice, two different approaches have been suggested to
address this issue. The first approach is to generate large numbers of
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snapshots and test a posteriori whether the resulting least squares prob-
lem has full rank [77, 78]. However, this approach does not guarantee
full rank, even when the number of generated snapshots exceeds the
required rank by orders of magnitude, and hence causes large computa-
tional costs. The second approach is to circumvent the need for full rank
by adding a regularization term to the operator inference least squares
problem [101, 106]. However, this modification inevitably causes the
resulting inferred ROM operators to deviate from the intrusive ROM
operators.

In this chapter, we propose a novel snapshot data generation method
that guarantees the full rank of the operator inference least squares
problem. The number of generated snapshots is equal to this rank and
hence minimal. Like Peherstorfer’s approach [77], our method avoids
non-Markovian information and hence reconstructs the intrusive ROM
operators exactly, i.e., up to machine precision. Our method has two key
ingredients. First, we leverage the knowledge about the specific poly-
nomial structure of the intrusive ROM to identify a set of ROM states
and input signals that define snapshots that induce a full rank least
squares problem. Second, we generate snapshots corresponding to these
identified ROM states and input signals by simulating multiple trajecto-
ries, initialized with the identified ROM states as initial conditions and
the identified input signals, for only a single explicit Euler time step.
In contrast to the usual approach that generates snapshot data along
long trajectories, this single-step approach gives us control over which
snapshot data we obtain. Additionally, this single-step approach avoids
any non-Markovian terms, so we do not need re-projection[77], and the
explicit Euler scheme prevents time discretization inconsistencies. Since
the number of snapshots is minimal, the least squares problem simpli-
fies to a linear system that is numerically more stable. Since the method
exactly reconstructs intrusive ROM operators, it preserves structures
such as symmetry and skew-symmetry of these intrusive operators [98]
without the need to enforce this preservation explicitly [45, 49, 62].

This chapter is organized as follows. In Section 3.2, we introduce
dynamical systems with polynomial terms, intrusive projection-based
model reduction, operator inference and the limitation of insufficient
snapshot data. In Section 3.3, we propose our novel method for rank-
sufficient snapshot data generation. In Section 3.4, we demonstrate
the novel method in numerical experiments. In Section 3.5, we draw
conclusions and give an outlook on future work.

3.2 preliminaries

Our notation is based on [77], but we start at the time-continuous level.
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3.2.1 Dynamical systems with polynomial terms

As full-order model (FOM), we consider a time-continuous dynamical
system

ẋ(t; µ) = f (x(t; µ), u(t; µ); µ), x(0; µ) = x0(µ), (3.1)

with state x(t; µ) ∈ RN , input u(t; µ) ∈ RNu , time t ∈ [0, T], and
parameter µ ∈ D ⊂ Rd. We assume the nonlinear function f : RN ×
RNu × D → RN to be polynomial of order l ∈ N0 in the state x
and linear in the input signal u, so there exist Ai(µ) ∈ RN×Ni with

Ni =

N + i− 1

i

 for i ∈ I , and B(µ) ∈ RN×Nu for µ ∈ D such that

f (x, u; µ) = ∑
i∈I

Ai(µ)xi + B(µ)u, (3.2)

with the degree set I ⊂ {0, 1, . . . , l}. The vector xi ∈ RNi comprises all
unique products of i entries of x (x0 is scalar 1). We can construct this
vector from the i-fold Kronecker product x⊗ · · · ⊗ x =: xi⊗ by removing
all duplicate entries due to commutativity of the multiplication [78].
Formally, we can write xi = I(i)N xi⊗ with I(i)N ∈ {0, 1}Ni×Ni

an identity

matrix with certain rows removed, and conversely xi⊗ = J(i)N xi with

J(i)N ∈ {0, 1}Ni×Ni an identity matrix with certain rows copied and
permuted. Here Ni denotes as usual the i-th power of N.

3.2.2 Intrusive projection-based model reduction

To obtain a projection-based reduced order model (ROM), a common
intrusive approach is to project the FOM (3.1) onto Vn and replace the
FOM state x(t; µ) by the lower-dimensional approximation Vn x̃(t; µ),

˙̃x(t; µ) = VT
n f (Vn x̃(t; µ), u(t; µ); µ), x̃(0; µ) = VT

n x0(µ). (3.3)

Here, Vn = [v1, . . . , vn] ∈ RN×n is an orthonormal basis of an n-
dimensional subspace of RN with n ≪ N, and x̃(t; µ) ∈ Rn the ROM
state. The orthonormal basis Vn can, for example, be obtained from
proper orthogonal decomposition (POD) [57] of snapshots xk(µ) ∈
RN , k = 0, . . . , KPOD− 1 of a time discretization of the FOM (3.1). Other
methods to construct reduced bases and details on how to sample
parameters and the ROM dimension n are discussed in [12].

To allow efficient simulations of the ROM (3.3), the cost of evaluating
the right-hand side must be independent of the FOM dimension N.
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For this purpose, the intrusive approach is to precompute reduced
operators,

B̃(µ) := VT
n B(µ) ∈ Rn×Nu , (3.4)

and

Ãi(µ) := VT
n Ai(µ)I

(i)
N Vi⊗

n J(i)N ∈ Rn×ni , (3.5)

with ni =

n + i− 1

i

 for all i ∈ I , whose dimensions only depend on

the ROM dimension n (and the unreduced input signal dimension Nu)
[77]. Note that these precomputations must in general be performed for
each choice of the parameter µ ∈ D separately. The resulting efficient
ROM for fixed µ is given by

˙̃x(t; µ) = f̃ (x̃(t; µ), u(t; µ); µ)

= ∑
i∈I

Ãi(µ)x̃i(t; µ) + B̃(µ)u(t; µ)

= Õ(µ)p(x̃(t; µ), u(t; µ)), (3.6)

with the aggregated ROM operator

Õ(µ) :=
[[

Ãi(µ)
]

i∈I B̃(µ)
]
∈ Rn×n f ,

with n f = np + Nu, np = ∑i∈I ni and the aggregated ROM state (and
input) polynomial

p : Rn ×RNu → Rn f , p(x̃, u) =

[x̃i]
i∈I

u

 . (3.7)

3.2.3 Operator inference

As described in the previous subsection, intrusive model reduction
requires access to the FOM operators Ai(µ), B(µ) to precompute the
ROM operators Ãi(µ), B̃(µ) via (3.4) and (3.5). In practice, this access
is not possible in many FOM solvers. Instead, operator inference aims
to learn approximations Âi(µ) ∈ Rn×ni , B̂(µ) ∈ Rn×Nu of the intrusive
ROM operators from data [78]. This data consists of triples of a ROM
state snapshot x̆k(µ) ∈ Rn, a ROM state time derivative snapshot
˙̆xk(µ) ∈ Rn and an input signal snapshot uk(µ), k = 0, . . . , K − 1. For
these triples, operator inference minimizes the residual of the ROM
ODE (3.6) to infer the aggregated ROM operator,

min
Ô(µ)=[[Âi ]i∈I B̂(µ)]

K−1

∑
k=0

∥∥Ô(µ)p(x̆k(µ), uk(µ))− ˙̆xk(µ)
∥∥2

2 . (3.8)
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If snapshot triples are obtained from the intrusive ROM ODE (3.6) such
that x̆k(µ) = x̃(tk; µ), ˙̆xk(µ) = ˙̃x(tk; µ) and uk(µ) = u(tk; µ) at time
steps tk, k = 0, . . . , K− 1, then the intrusive aggregated ROM operator
Õ(µ) =

[
[Ãi]i∈I B̃(µ)

]
is a solution to this minimization problem.

In practice, however, snapshots of the ROM ODE (3.6) are usually not
available, but only snapshots of time discretizations of the FOM (3.1),
xk(µ) ∈ RN , uk(µ) ∈ RNu corresponding to time steps tk, k = 0, . . . , K.
These snapshots can be used to approximate the ROM snapshots x̆k(µ)
in (3.8) by projecting onto the ROM basis,

x̆k(µ) = VT
n xk(µ), k = 0, . . . , K, (3.9)

and to approximate the time derivative snapshots ˙̆xk(µ) via some finite
difference, in the simplest case explicit Euler,

˙̆xk(µ) =
x̆k+1(µ)− x̆k(µ)

tk+1 − tk
, k = 0, . . . , K− 1. (3.10)

When snapshots (3.9) and (3.10) are used in the operator inference
minimization problem (3.8), the inferred operator Ô(µ) resulting from
solving this minimization problem is generally not equal to the in-
trusive operator Õ(µ), but only an approximation. This approach is
non-intrusive because it does not require access to the FOM opera-
tors Ãi(µ), B̃(µ), but only the knowledge about I and Nu, and FOM
snapshot data.

Note that operator inference for ROMs with POD bases take two sets
of snapshots as input. The first set, the POD snapshot data, consists
of FOM state snapshots xk(µ) ∈ RN , k = 0, . . . , KPOD − 1 that are used
to compute the POD basis Vn, exactly in the same way as for the
corresponding intrusive ROM with POD basis. The second set, the
operator inference snapshot data, consists of triples of a ROM state
snapshot x̆k ∈ Rn, a ROM state time derivative snapshot ˙̆xk ∈ Rn and
an input signal snapshot uk ∈ RNu . This set defines the minimization
problem (3.8).

Note further that in general the inference of the ROM operators
by solving (3.8) must be performed separately for each choice of the
parameter µ, just like the intrusive operator precomputations (3.4) and
(3.5). For parameter values for which inference data is not available, the
corresponding operators are then obtained by interpolation of inferred
operators [78]. Under certain assumptions, the parameter dependency
of the ROM operators can explicitly be incorporated in the operator
inference minimization problem (3.8) [70]. In this chapter, we consider
the parameter µ fixed and will omit it in the following sections.
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3.2.4 Insufficiently informative snapshot data

As has been observed by several researchers [45, 69, 77], standard oper-
ator inference via (3.8) often fails to accurately reproduce the intrusive
ROM operators. There are several causes of such failures such as incon-
sistency between the FOM time discretization and the discretization
of the time derivative snapshots ˙̆xk(µ) or non-Markovian information
in the snapshot data [77]. In this chapter, we want to highlight the re-
maining cause that has not been resolved yet: insufficiently informative
snapshot data. For this purpose, we write (3.8) equivalently as

min
Ô∈R

n×n f

∥∥∥ÔP− ˙̂X
∥∥∥2

F
, (3.11)

with P := [p(x̆0, u0) . . . p(x̆K−1, uK−1)] ∈ Rn f×K (3.12)

and ˙̂X :=
[ ˙̆x0 . . . ˙̆xK−1

]
∈ Rn×K. (3.13)

This optimization problem has a unique solution Ô if and only if the Without sufficiently
informative snapshot
data, the operator
inference problem
solution is not uniquely
defined.

matrix P has full rank n f [77]. To compute this solution numerically,
also the numerical rank of P — defined as the number of singular
values larger than a specified tolerance — must be n f . In general, there
is no guarantee that this requirement is satisfied, even if the number
of snapshots K is much larger than n f . As described in [77], strategies
to mitigate such rank deficiency include regularization and reduction
of the ROM dimension n. However, these strategies do not guarantee
accurate reconstruction of the intrusive ROM operators. Regularization
can limit the accuracy of the resulting operators. Indeed, many works
on regularized operator inference report significant differences between
the non-intrusive ROMs and their intrusive counterparts [11, 70, 101].
Reducing the ROM dimension, on the other hand, can result in a least
squares matrix of even smaller rank than the initial matrix. Therefore,
iterative reduction of the ROM dimension can result in a significantly
smaller dimension n corresponding to an intrusive ROM of insufficient
accuracy.

In the numerical experiments in [77], full numerical rank has been
achieved by generating and concatenating multiple trajectories of snap-
shots with randomized input signals. However, the number and length
of the trajectories and the distributions of the random input signals are
hyperparameters that have to be tuned, and whether the resulting least
squares matrix has full numerical rank can only be checked a posteriori.
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3.3 exact operator inference

In this chapter, we propose a novel method to generate snapshots that
is a priori guaranteed to result in a full rank matrix P. Our method has
two key ingredients. First, in Section 3.3.1, we leverage the knowledge
about how the matrix P depends on the ROM states x̆k and input signals
uk via (3.12) and (3.7) to find pairs of ROM states x̂s ∈ Rn and input
signals ūs ∈ RNu , s = 1, . . . , n f that ensure full rank of P. Second, in
Section 3.3.2, we generate time derivative snapshots ˙̂xs corresponding
to these rank-ensuring pairs (x̂s, ūs) by simulating n f trajectories for
only a single time step each, with initial conditions x̂s and input signals
ūs.

3.3.1 Rank-ensuring ROM states and input signals

The motivation for our choice of rank-ensuring ROM states is to isolate
single entries of the aggregated polynomial p(x̃, u) defined in (3.7). If
we could find inputs x̃ and u such that p(x̃, u) is 1 in the j-th entry and
zero in all other entries for all j = 1, . . . , n f , then the product Ôp(x̃, u)
would equal the j-th column of the operator Ô. Hence, we could easily
infer all columns of the operator Ô.

Example 1. If I = {1} and Nu = 0, so p(x̃) = x̃, we can achieve such
an isolation of entries by using the unit vectors in Rn, here denoted by ej,
j = 1, . . . , n, as inputs x̃.

Example 2. If I = {2} and Nu = 0, so p(x̃) = x̃2, perfect isolation of entries
is not possible. For example, when choosing x̃ = [x̃1, . . . , x̃n]T = ei + ej such
that p(x̃) is 1 in the entry x̃i x̃j with i ̸= j, also the entries x̃2

i and x̃2
j are

1. However, the columns of Ô corresponding to x̃i x̃j, x̃2
i and x̃2

j can still be
inferred when employing the data Ôp(ei + ej), Ôp(2ei) and Ôp(2ej).

Based on this motivation, we define for arbitrary i ∈N+ the set X i

that consists of all sums of i of these vectors,

X i :=

{
i

∑
j=1

aj

∣∣∣∣∣a1, . . . , ai ∈ {e1, . . . , en}
}

and consistently X 0 := {0 ∈ Rn}. (3.14)

The main result of this chapter is: the vectors in ∪i∈IX i induce full rank
of the matrix P as defined in (3.12) and (3.7), for any degree set I ⊂N0
and Nu = 0.

If Nu > 0, we achieve full rank of P by pairing these ROM states x̂j
with zero input signals, (x̂j, 0), and adding the pairs (0, uj) with zero
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ROM state and uj, j = 1, . . . , Nu the unit vectors in RNu . This way we
get the rank-ensuring snapshot pairs:{

(x̂j, ūj)
}n f

j=1 =
{
(x̂j, 0)|x̃j ∈ ∪i∈IX i

}
∪
{
(0, uj)

}Nu
j=1 . (3.15)

Example 3. For n = 2, Nu = 2 and I = {1, 2} (such that np = 5, n f = 7),
we get the pairs 1

0

 ,

0

0

 ,

0

1

 ,

0

0


︸ ︷︷ ︸

{(x̂j ,0)|x̃j∈X 1}

,

2

0

 ,

0

0

 ,

1

1

 ,

0

0

 ,

0

2

 ,

0

0


︸ ︷︷ ︸

{(x̂j ,0)|x̃j∈X 2}

,

0

0

 ,

1

0

 ,

0

0

 ,

0

1


︸ ︷︷ ︸

{(0,uj)}Nu
j=1

,

that result in the full-rank matrix

P =



1 0 2 1 0 0 0

0 1 0 1 2 0 0

1 0 4 1 0 0 0

0 0 0 1 0 0 0

0 1 0 1 4 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1


where p(x̃, u) =



x̃1

x̃2

x̃2
1

x̃1 x̃2

x̃2
2

u1

u2


.

In general, the following theorem holds. To find rank-ensuring
snapshots, we interpret
P as interpolation
matrix and identify
interpolation nodes that
uniquely define the
interpolant (see
Appendix B.1 .

Theorem 3.1 (Full rank of matrix P). For any n ∈ N+, Nu ∈ N0 and
I ⊂N0, the matrix P := [p(x̆0, u0) . . . p(x̆K−1, uK−1)] ∈ Rn f×K defined

in (3.12) with K = n f , p(x̃, u) =

[x̃i]
i∈I

u

 as defined in (3.7) and with

the ROM states and input signals
{
(x̂j, ūj)

}n f
j=1 =

{
(x̂j, 0)|x̃j ∈ ∪i∈IX i} ∪{

(0, uj)
}Nu

j=1 defined in (3.15) has full rank.
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The proof is given in Appendix B.1. For moderate values of n, Nu
and I which are relevant in practice, the rank and the numerical rank
of P coincide, so we will only refer to the rank in the following.

Note that this choice of ROM states and input signals results in a
matrix P that has as many columns as rows. This means that our choice
uses the minimal number of snapshots necessary to achieve full rank.
In addition, because P is square, the operator inference minimization
problem (3.11) is equivalent to the matrix-valued linear system

ÔP = ˙̂X. (3.16)

Since the matrix P has a smaller condition number than the matrix PPT

of the normal equations

ÔPPT = ˙̂XPT (3.17)

corresponding to the least squares problem (3.11), the linear system
(3.16) is in general less sensitive to error amplifications.

3.3.2 Snapshot data generation via single-step ensemble

To formulate the operator inference minimization problem (3.8), we not
only need the pairs of ROM states and input signals, denoted by (x̂j, ūj),
j = 1, . . . , n f defined in (3.15), but also approximations of the ROM state
time derivative ˙̂xj that correspond to these pairs. In existing works on
operator inference [45, 69, 77, 78], triples of these quantities are obtained
by projection of the corresponding FOM vector that are generated along
trajectories of the FOM. Hence, the FOM state xj at a given time step tj
depends on the FOM state xj−1 at the previous time step tj−1 and the
FOM dynamics (3.2). These FOM dynamics are unknown (otherwise weAlong each trajectory,

we can only control the
initial condition.

would not need to perform operator inference). Consequently, we cannot
predict or control which FOM states are attained along such trajectories.
In particular, we cannot guarantee that FOM states corresponding to
the ROM states x̂j described in the previous section are attained.

In our approach, we do not generate FOM snapshot data along one
(or few) long trajectories but instead use an ensemble of many short
trajectories, each containing only a single time step. Each trajectory is
initialized withPrescribe all

rank-ensuring ROM
states as initial

conditions so that the
corresponding snapshot

data is generated.

the rank-ensuring initial condition xs
0 = Vn x̂s,

and input signal us
0 = ūs, s = 1, . . . , n f , (3.18)

with x̂s and ūs as defined in (3.15), and integrated in time for only
a single explicit Euler step of size ∆t. This approach results in FOM
snapshots

xs
1 = xs

0 + ∆t f (xs
0, us

0) s = 1, . . . , n f . (3.19)
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From each pair of FOM snapshots xs
0 and xs

1, we can compute the ROM
time derivative snapshot

˙̂xs = VT
n

xs
1 − xs

0
∆t

s = 1, . . . , n f . (3.20)

The resulting triples (x̂s, ˙̂xs, us)
n f
s=1 form the input to the operator infer-

ence optimization problem (3.8). Since the matrix P (3.12) only depends
on the snapshots x̂s and us, s = 1, . . . , n f , it does not depend on the
unknown FOM operators. Hence, we can guarantee full rank of P by
the choice of the initial conditions and input signals.

Note that our novel approach for generating snapshot data for op-
erator inference does not affect the snapshot data used for POD, so
the POD basis Vn remains unchanged. For example, the implicit Euler
method is used to generate POD snapshot data in Section 3.4.2.

The idea to generate snapshot data in multiple trajectories, each
containing only a single time step, has already been used in numerical
experiments in [78]. However, randomized instead of well-chosen initial
conditions are used in that work. Later, FOM snapshots projected onto
the ROM space have been used as initial conditions in context of lifted
nonlinearities [86] and noisy data [110]. All three approaches enable to
check the full rank a priori, but do not guarantee full rank. Indeed, far
more than n f trajectories have been used to achieve full rank of P in the
numerical experiments in these works.

The complete method is summarized in Algorithm 3.1.

3.3.3 Exact reconstruction of the intrusive ROM operators

By combining the rank-ensuring initial conditions and input signals in
Section 3.3.1 and the single-step ensemble in Section 3.3.2, our novel
approach exactly reconstructs the intrusive ROM operators, as stated
by the following theorem.

Theorem 3.2 (Exact reconstruction of intrusive ROM operators). For any
n ∈N+, Nu ∈N0, I ⊂N0 and ∆t > 0, the operator inference minimization
problem (3.8) with snapshot data (x̆k, ˙̆xk, uk) = (x̂s, ˙̂xs, ūs) defined in (3.15)
and (3.20) has a unique solution. This solution is equivalent to the intrusive
ROM operators defined in (3.4) and (3.5).

Proof. We first show that the FOM snapshot data generated in our
proposed approach is equivalent to snapshot data generated from the
intrusive ROM itself, which constitutes the ideal inference data. For this
purpose, we insert the definition of the rank-ensuring initial conditions
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Algorithm 3.1 Exact operator inference

1: procedure exactOpInf(
ROM basis Vn ∈ RN×n,
degree set I ⊂N0,
input signal dimension Nu ∈N0
time step size ∆t

)

2: # Generate rank-ensuring snapshot data.

3: Initialize P← ∅
4: Initialize ˙̂X← ∅
5: for i ∈ I do

6: # Generate ROM state sets X i as defined in (3.14)
(see Appendix B.2)

7: X i ← GenerateROMstateSet(ROM dimension n, polyno-
mial degree i)

8: end for
9: for x̂ ∈ ∪i∈IX i do

10: x1 ← FOM( initial condition x0 = Vn x̂,
input signal u = 0, time step size ∆t,
end time T = ∆t,
explicit Euler time discretization )

11: P← [P, p(x̃0, 0)]

12: ˙̂X← [ ˙̂X, VT
n x1−x̂

∆t ]
13: end for
14: for j = 1, . . . , Nu do
15: u← j-th unit vector in RNu

16: x1 ← FOM( initial condition x0 = 0,
input signal u, time step size ∆t,
end time T = ∆t,
explicit Euler time discretization )

17: P← [P, p(0, u)]

18: ˙̂X← [ ˙̂X, VT
n x1−0

∆t ]
19: end for
20: Solve linear system (3.16)
21: return Ô
22: end procedure
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x̂s (3.18) and the explicit Euler FOM time step (3.19) into the definition
of the explicit Euler time derivative snapshot (3.20) to find

˙̂xs =
1

∆t
VT

n (xs
0 + ∆t f (xs

0, us
0)− xs

0) = VT
n f (xs

0, us
0)

= VT
n f (Vn x̂s, us

0) = Õp(x̂s, us
0). (3.21)

Hence, (3.8) simplifies to

min
Ô

n f

∑
s=1
∥Ôp(x̂s, us

0)− Õp(x̂s, us
0)∥2

2, (3.22)

or equivalently

min
Ô
∥ÔP− ÕP∥2

F. (3.23)

Since P has full rank as shown in Theorem 3.1, the solution Ô =
Õ is unique, so the method exactly reconstructs the intrusive ROM
operator.

Note that our approach not only guarantees the full rank of P but also
eliminates two other error sources common in operator inference. Firstly,
the consistency of using explicit Euler schemes, both for the snapshot
generation (3.19) and the computation of the time derivative snapshots
(3.20) avoids the introduction of time discretization inconsistencies.
Secondly, by performing only a single explicit Euler time step on each
trajectory we avoid introducing non-Markovian terms that would cause
the projected FOM snapshot data (3.9) to deviate from actual ROM
snapshot data as described in [77].

Since our approach exactly reconstructs intrusive ROM operators, it
also preserves any structure present in these intrusive operators such
as symmetry and skew-symmetry [98]. In contrast to other works [45,
49, 62], these structures are preserved automatically without the need
to enforce their preservation explicitly.

3.3.4 Assumptions on the FOM solver

Operator inference is a non-intrusive model reduction concept devel-
oped for FOM solvers that do not provide the access to FOM operators
required by intrusive model reduction. Consequently, imposing strong
assumptions on the FOM solver contradicts the core motivation for
operator inference. In our proposed approach, we only impose two
assumptions.

First, we assume that specific initial conditions can be imposed; con-
cretely, linear combinations of the ROM basis modes (3.18). For POD prescribe POD-based

initial conditions
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bases, these modes are linear combinations of FOM snapshots. Since
these snapshots are physically realizable, the specific initial conditions
are physically realizable as well in most cases. Exceptions include mod-
els that only allow a certain range of state values, for example positivity
of temperature, or require specific boundary conditions. These excep-
tions are beyond the scope of this thesis since they typically require
some additional treatment already on the intrusive ROM level, for ex-
ample the introduction of a lifting function [90] to satisfy boundary
conditions.

Second, we assume that explicit Euler can be chosen as time dis-
cretization method to generate the operator inference snapshot data.
However, this restriction can be relaxed to higher-order Runge-Kutta
schemes if input signals are interpolated between time steps. These
schemes can be written as explicit Euler schemes whose right-hand side
has higher polynomial degree [77]. Consequently, our approach can beuse explicit time

discretization method applied to explicit Runge-Kutta methods (and multi-step methods that
use an explicit Runge-Kutta method to compute the first time step). For
implicit methods, on the other hand, the full rank of P might not be
guaranteed. For example, if the FOM time steps (3.19) are replaced by
implicit Euler steps,

xs
1 = xs

0 + ∆t f (xs
1, us

1), (3.24)

then the matrix P should, for time discretization consistency, be com-
posed of vectors p(xs

1, us
1) instead of p(xs

0, us
0). However, in contrast to

the initial conditions xs
0, we do not have full control over the states xs

1
after one time step. Consequently, we generally cannot guarantee the
full rank of P. Alternatively, we can construct the matrix P from the vec-
tors p(xs

0, us
0). This way, we guarantee the full rank of P but introduce a

time discretization inconsistency that impedes exact reconstruction of
the intrusive ROM operators.

Note that this requirement on the time discretization only affects the
generation of operator inference snapshot data, but neither the genera-
tion of POD snapshot data, nor the simulations that are performed with
the resulting ROM. The POD snapshot data can be generated from any
FOM time discretization, and — like intrusive ROM operators — the
inferred operators can be used for any ROM time discretization.

Note further that the time step size ∆t is provided as an input in
Algorithm 3.1 only for ease of presentation. Our proposed approach is
also applicable to FOM solver that do not allow the users to specify the
time step size themselves. In such cases, ∆t is not provided as an input
and the end time T cannot be chosen to be equal to ∆t. Consequently,
we can generally not guarantee that the FOM solver only performs a
single time step, but by setting T to a small value, we can limit the
number of excess time steps. From the solver output, we then only use
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the state snapshot x1 after the first time step and the corresponding
time t1 to compute the time step size ∆t.

While our approach differs decisively from the re-projection approach
[77] in terms of control over which snapshots are generated, both
approaches are very similar in terms of intrusiveness. In fact, our
approach can be seen as the re-projection approach performed for n f
separate trajectories, but stopped after a single time step and before
the first re-projection step. Consequently, the described assumptions on
the FOM solver are almost the same as for the re-projection approach.
The only exception are implicit time discretization schemes for linear
models which are allowed in re-projection but not in our approach
because they inhibit control over the generated snapshots.

3.3.5 Remarks on changing ROM dimension

When ROMs are used in practice, it can be useful to change their
dimension. For instance, the ROM dimension might be increased to
improve accuracy or reduced to improve computational efficiency. The
proposed data generation method is flexible towards such dimension
changes. Concretely, the set Xn of FOM snapshots xs

1 as defined in (3.19)
for any ROM dimension n ∈N is a subset of the corresponding set Xn+1
of FOM snapshots for dimension n + 1. Generally, Xn− ⊂ Xn ⊂ Xn+ for
all n− < n < n+. Consequently, we do not need to generate new data
to infer ROM operators of dimension n− when the snapshot data Xn
is already generated, but can select the subset Xn− of Xn. Likewise, we
do not need to generate the complete snapshot data Xn+ when Xn is
given, but can completely reuse Xn and only have to generate Xn+ \ Xn
additionally.

Note that re-projection data [77] does not have this flexibility because
the re-projection process is specific to a fixed ROM dimension.

3.3.6 Choice of time step size ∆t

As stated in Theorem 3.2, our proposed method achieves exact recon-
struction for any ∆t > 0. Indeed, in exact arithmetic, the size of ∆t also
does not affect the accuracy of the inferred operators since the effect
of ∆t in computing xs

1 in (3.19) cancels out when computing the time
derivative snapshot ˙̆xs

1 in (3.20). In floating point arithmetic, however,
the accuracy of the inferred operators depends on how accurate the
intermediate results can be represented as floating-point numbers. If
∆t is determined by the FOM solver, we have to accept the inaccuracy in
the ROM operator reconstruction induced by this limitations of floating-
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point number representation. However, if ∆t can be specified by the
user, we can choose ∆t such that these limitations are mitigated.

Concretely, the differences x̆s
1 − x̆s

0 cannot be represented well as
floating-point numbers if ∥Õ∥2 is very large or very small. To counteract
this effect, ∆t = 1

∥Õ∥2
would be a good choice. Since we do not know

Õ a priori, we can only approximate ∥Õ∥2 based on the POD snapshot
data.

In this thesis, we use the estimate

∆t =

 max
k=0,...,KPOD−1

∥∥∥vT
1

xk+1−xk
tk+1−tk

∥∥∥
2∥∥p(vT

1 xk, u(tk))
∥∥

2

−1

, (3.25)

based on the lower bound

∥Õ∥2 := sup
y∈R

n f

∥Õy∥2

∥y∥2
≥ sup

x̃∈Rn , u∈RNu

∥Õp(x̃, u)∥2

∥p(x̃, u)∥2

≥ max
k=0,...,KPOD−1

∥Õp(VT
n xk, u(tk))∥2

∥p(VT
n xk, u(tk))∥2

, (3.26)

and the approximation

Õp(VT
n xk, u(tk)) ≈ VT

n
xk+1 − xk
tk+1 − tk

, k = 0, . . . , KPOD − 1, (3.27)

for ROM dimension n = 1, so Vn = v1.
Note that we do not need to take stability into account when deter-

mining the time step size ∆t since we only perform a single time step
per trajectory.

3.4 numerical experiments

The following numerical experiments demonstrate that Algorithm 3.1
exactly reconstructs the corresponding intrusive ROM operators. Many
existing works on operator inference assess the accuracy of the inferred
ROMs based on trajectory errors. As shown in [101], trajectory errors
can be misleading because they are sensitive to the choice of trajectories.
Furthermore, the objective of operator inference is to reconstruct the
intrusive ROM, so this intrusive ROM should serve as ground truth,
not the underlying FOM (see Appendix B.3). We therefore assess the

reconstruction accuracy with relative operator errors ∥Ô−Õ∥F
∥Õ∥F

.
The code is available on https://github.com/h3rror/exactOpInf.
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Figure 3.2: Condition numbers of data ma-
trices P.

3.4.1 Chafee-Infante equation / Allen-Cahn equation

We consider the Chafee-Infante equation / Allen-Cahn equation in a
setup based on [77, 101],

∂

∂t
x(ξ, t) =

∂2

∂ξ2 x(ξ, t)− x3(ξ, t) + x(ξ, t), (3.28)

with spatial coordinate ξ ∈ Ω = (0, 1) and time t ∈ [0, 0.1]. We impose
the boundary conditions

x(0, t) = u(t),
∂

∂ξ
x(1, t) = 0, t ∈ [0, 0.1], (3.29)

and zero initial condition x(ξ, 0) = 0 for ξ ∈ Ω. We discretize with
central finite differences on an equidistant grid in space with mesh
width ∆ξ = 2−7, and with explicit Euler in time with time step size
∆t = 10−5, to obtain a time-discrete dynamical system of dimension
N = 128,

xk+1 = xk + ∆t
(

A1xk + A2x2
k + A3x3

k + Buk

)
,

k = 0, . . . , K− 1. (3.30)

This system is polynomial of degree l = 3 with A1 ∈ RN×N , A2 ∈
RN×N2 with N2 = N(N+1)

2 , A3 ∈ RN×N3 with N3 = N(N+1)(N+2)
6 , B ∈

RN×Nu with Nu = 1, the input signal uk = 10(sin(kπ∆t) + 1), k =
0, . . . , K− 1 and K = 104. The resulting 104 + 1 snapshots are used to
compute the POD bases Vn ∈ RN×n with n = 1, . . . , 14.

We apply Algorithm 3.1 with ∆t = 3.2741 · 10−5 according to estimate
(3.25) and compute the relative operator errors for ROM dimensions
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n = 1, . . . , 14. Fig. 3.1 shows that the operator error is on the order of
machine precision and Fig. 3.2 shows that the data matrices P have
moderate condition numbers.

A crucial advantage of our method is the minimal number of FOM
time steps needed for exact reconstruction of the intrusive ROM. For
ROM dimension n = 14, we only need n f = n1 + n2 + n3 + Nu = 680
FOM time steps. This number is orders of magnitude smaller than in
previous works with similar setups. For example, in [77], 107 FOM time
steps with re-projection have been used to reconstruct the operators
exactly for ROM dimension n = 12. In [101], 105 FOM time steps
are used to infer ROM operators for ROM dimension n = 14 from a
regularized operator inference minimization problem that significantly
differ from the intrusive counterparts.

Note that A2 = 0 in our discretization, so we could omit this term in
the operator inference, so we would even need n2 = 105 less FOM time
steps. We refrain from this simplification to keep the comparison with
[77] and [101] fair.

3.4.2 Ice sheet model

We consider the shallow ice equations in a setup based on [6],

∂

∂t
x(ξ, t) = c1

∂

∂ξ

(
x2(ξ, t)

∂

∂ξ
x(ξ, t)

)

+ c2
∂

∂ξ

(
x5(ξ, t)

∣∣∣∣ ∂

∂ξ
x(ξ, t)

∣∣∣∣2 ∂

∂ξ
x(ξ, t)

)
(3.31)

with the spatial coordinate ξ ∈ [0, 1000], time t ∈ [0, 2] and the constants
c1 = 8.9 · 10−13 and c2 = 2.8 · 107. We impose the initial condition

x(ξ, 0) = 10−2 + 630
(

ξ

2000
+ 0.25

)4 ( ξ

2000
− 0.75

)4
, (3.32)

and homogeneous Neumann boundary conditions. We discretize with
finite differences in space with mesh width ∆ξ = 1000

29 , and with implicit
Euler in time with time step size ∆t = 10−3, to obtain the time-discrete
dynamical system of dimension N = 512,

xk+1 = xk + ∆t
(

A3x3
k + A8x8

k

)
, k = 0, . . . , K− 1. (3.33)

This system is polynomial of degree l = 8 with A3 ∈ RN×N3 with
N3 = N(N+1)(N+2)

6 and A8 ∈ RN×N8 with N8 = (N+7
8 ) and K = 2000.

The resulting 2001 snapshots from t = 0 to t = 2 are used to compute
the POD bases Vn ∈ RN×n with n = 1, . . . , 7.
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Figure 3.3: Violation of the energy-preserving constraint of the convection oper-
ator of Burgers’ equation.

We apply Algorithm 3.1 with ∆t = 1.4773 · 1013 according to estimate
(3.25). This extreme value can be explained by the extreme operator
norm ∥Õ∥2 = 4.271 · 10−14 for ROM dimension n = 1. The relative
operator errors for ROM dimensions n = 1, . . . , 7 are depicted in Fig.
3.1. Like in the previous test case, these operator errors are essentially
on the order of machine precision. The fact that these errors are a few
orders of magnitude larger than the errors in the previous test case is
presumably related to the larger condition numbers as depicted in Fig.
3.2.

For ROM dimension n = 7, the proposed method performs n f = 3087
FOM time steps. This number is larger than the 2001 FOM time steps
with re-projection reported in [6]. However, the authors also report that
this budget of snapshots is depleted before the inference of the ROM
operators of dimension n = 6 is completed. Hence, their ROM operators
of dimensions n = 6 and n = 7 are partially computed with regularized
operator inference and snapshot data polluted with non-Markovian
terms. Consequently, their inferred operators of dimension n = 6 and
n = 7 are not reconstructed exactly. Their operators of dimension n ≤ 5
might be reconstructed exactly, but the used 2001 snapshots are more
than the n f = 365 snapshots used by our method for dimension n = 5.

Note that the cubic term could be neglected in practice due to the ex-
tremely small value of c1. This simplification would reduce the number
of required FOM time steps further.
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Figure 3.4: Symmetry violation of the diffu-
sion matrix of Burgers’ equation.
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Figure 3.5: Eigenvalues of diffusion matrix
of Burgers’ equation multiplied
with −1.

3.4.3 Burgers’ equation

We consider the viscous Burgers’ equation in a setup based on [62, 77],

∂

∂t
x(ξ, t) + x(ξ, t)

∂

∂ξ
x(ξ, t)− ∂2

∂ξ2 x(ξ, t) = 0, (3.34)

with spatial coordinate ξ ∈ Ω = (−1, 1), time t ∈ [0, 1]. We impose peri-
odic boundary conditions and the initial condition x(ξ, 0) = − sin (πξ)
for all ξ ∈ Ω.

We discretize with finite differences on an equidistant grid in space
with mesh width ∆ξ = 2−6, and with explicit Euler in time with
step size ∆t = 10−4, to obtain the time-discrete dynamical system of
dimension N = 128,

xk+1 = xk + ∆t
(

A1xk + A2x2
k

)
, k = 0, . . . , K− 1. (3.35)

This system is polynomial of degree l = 2 with A1 ∈ RN×N , A2 ∈
RN×N2 with N2 = N(N+1)

2 and K = 104. Concretely, we use a spatial
discretization as described in [41] such that the diffusion matrix A1
is symmetric and negative semi-definite, and the convection operator
A2 satisfies the skew-symmetry property xTA2x2 = 0 for all x ∈ RN .
The resulting 104 + 1 snapshots are used to compute the POD bases
Vn ∈ RN×n with n = 1, . . . , 10.

We perform Algorithm 3.1 with ∆t = 1.0134 · 10−1 according to
estimate (3.25) and compute the relative operator errors for ROM di-
mensions n = 1, . . . , 10. Fig. 3.1 shows operator errors on the order
of machine precison and Fig. 3.2 very small condition numbers. In
addition, we observe that both, the intrusive and the inferred oper-
ators preserve the skew-symmetry of the FOM convection operator
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and the symmetry and negative semi-definiteness of the FOM diffu-
sion operator. Fig. 3.3 shows the energy-preserving constraint violation
∑1≤i,j,k≤n

∣∣ĥijk + ĥjik + ĥkji
∣∣ as defined in [62] for the inferred opera-

tor with ĥijk = eiÂ2I(2)N (ej ⊗ ek) and for the intrusive operator with

ĥijk = eiÃ2I(2)N (ej ⊗ ek). As can be seen, this violation is essentially on
the order of machine precision for both, inferred and intrusive oper-
ators. Fig. 3.4 shows the symmetry violation of the inferred and the

intrusive diffusion matrix, ∥Â1−ÂT
1 ∥

∥Â1∥ and ∥Ã1−ÃT
1 ∥

∥Ã1∥ , respectively. Also

this violation is on the order of machine precision. Consequently, the
diffusion matrices are symmetric, so their eigenvalues are real. These
eigenvalues — multiplied with −1 — are depicted in Fig. 3.5. As can
be seen the eigenvalues of the inferred diffusion matrices coincide with
the eigenvalues of the corresponding intrusive matrices. Hence, both
ROMs in particular preserve the negative semi-definiteness of the FOM
diffusion operator.

3.5 conclusion

This chapter introduces a method to generate rank-ensuring snapshot
data for operator inference that guarantees the exact reconstruction of
the corresponding intrusive reduced order model. This method per-
forms the minimal number of FOM time steps and yields a square
data matrix, so the operator inference least squares problem can be
simplified to a linear system that has better numerical stability. Nu-
merical experiments confirm that the novel snapshot data generation
method leads to exact reconstruction of the intrusive ROM operators.
Consequently, also properties such as skew-symmetry, symmetry and
negative semi-definiteness of the intrusive operators are preserved by
the non-intrusive operators without the need to enforce this structure
preservation explicitly.

To improve the condition number of the matrix corresponding to
the operator inference linear system, future work could investigate
the exploitation of nestedness to solve subproblems sequentially [6] or
different choices of rank-ensuring ROM states, for example based on
Chebychev points [107]. Future work should also investigate how to
enable that the proposed rank-ensuring states can be specified as initial
conditions in solvers that allow only a certain range of state values or
require specific boundary conditions.

In this chapter, we have not considered the parameter dependency of
ROM operators. For that purpose, the method proposed in this chapter
is combined with [70] to generate rank-sufficient operator inference
snapshot data for parametric problems in Chapter 4.
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E X A C T O P E R AT O R I N F E R E N C E D E C O U P L E S
PA R A M E T R I C P R O B L E M S

This chapter is based on the
following article:
Henrik Rosenberger,
Benjamin Sanderse, and
Giovanni Stabile. “Exact
operator inference
decouples parametric
problems.” In: Computer
Methods in Applied
Mechanics and
Engineering 461 (2026),
p. 119199. doi: 10.1016/
j.cma.2026.119199.

This chapter presents an advance in the field of parametric model
reduction. The application of operator inference to non-intrusive para-
metric problems whose operators exhibit affine parameter dependency
results in a minimization problem with three issues. First, the solution
to the minimization problem is generally not unique, so we might
obtain a different solution than the one we are interested in. Second,
time discretization inconsistencies and non-Markovian information can
cause errors in the inferred operators. Third, the large dimensions of
the minimization problem can cause prohibitively high computational
costs.

In this chapter, we resolve these issues by extending previous work on
exact operator inference to the parametric case. Concretely, we propose
a snapshot data generation method that guarantees the uniqueness
of the solution and the absence of time discretization inconsistencies
and non-Markovian information, and thereby the exact reconstruction
of the corresponding intrusive operators of projection-based reduced
order models. Furthermore, we show that the monolithic problem
that comprises the snapshot data of all sampled parameters can be
decoupled into separate problems for only one parameter sample each.
This decoupling results in smaller subproblems that are embarrassingly
parallel, numerically more stable and can be solved more efficiently. CRediT author

statement
Henrik Rosenberger:
Conceptualization,
Methodology, Software,
Writing – original draft.
Benjamin Sanderse:
Funding acquisition,
Writing – review &
editing.
Giovanni Stabile:
Writing – review &
editing.

In numerical experiments, we demonstrate this decoupling for the
heat equation with two different temperature-, parameter- and space-
dependent thermal conductivities.

4.1 introduction

The aim of model reduction is to reduce the computational cost of nu-
merical simulations in complex engineering tasks such as optimization,
data assimilation, uncertainty quantification and the development of
digital twins. All these tasks involve multiple simulations that depend
on variable parameters.

In this chapter we consider problems described by a dynamical
system with parameter-dependent right-hand side. Such dynamical
systems are, for example, derived from spatial discretizations of PDEs
with parameter-dependent geometries or physical properties. Other
types of parameter-dependency considered in other works include

61
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parametric initial conditions [62, 67] and parametric inputs such as
boundary conditions [15].

In intrusive projection-based model reduction, parameter dependen-
cies in the operators of the high-fidelity model are directly inherited
by the reduced-order model (ROM) [12]. However, intrusive model
reduction is often not feasible in practice because it requires access to
numerical operators that is not possible in industry software. To address
this practical problem, nonintrusive model reduction constructs ROMs
without intrusive software access but only based on output data of the
high-fidelity simulations. In particular, operator inference aims at repro-
ducing the same ROMs as intrusive projection-based model reduction
but nonintrusively [63, 78]. Based on snapshot data of high-fidelity sim-
ulations, ROM operators of given polynomial degree are computed as
solution to a minimization problem. However, in context of parameter-
dependent problems [34, 70, 113, 118, 119], operator inference has three
issues. First, the solution to the minimization problem is not unique if
the provided snapshot data is not informative enough. In that case the
computed solution can be very different to the intrusive ROM operators
that we are interested in. Second, time discretization inconsistencies
and non-Markovian information in the snapshot data can introduce
errors in the inferred operators. This issue has been resolved in [77] via
a method known as re-projection that guarantees exact reconstruction
if the first issue does not take effect. Third, solving the minimization
problem can cause prohibitively high computational costs because of
the large dimensions of this problem. These dimensions depend on the
complexity of the parameter dependency, the polynomial degree of the
underlying problem and the considered ROM dimension. If these quan-
tities are sufficiently large, the computational costs of the minimization
problem can even dominate the overall offline costs of the ROM.

In this chapter we resolve all three issues by extending previous work
on non-parametric operator inference [92] to the parametric case. Con-
cretely, we propose a snapshot data generation method that guarantees
the uniqueness of the solution to the minimization problem and avoids
time discretization inconsistencies and non-Markovian information in
the snapshot data. As a consequence, the computed solution is an exact
reconstruction of the intrusive ROM operators up to machine preci-
sion. Moreover, we show that for this snapshot data the minimization
problem simplifies to a linear system that decouples into smaller linear
systems. As a result, the computational costs are significantly smaller. In
addition, the decoupled linear systems have a smaller condition number
and can be solved in parallel.

This chapter is organized as follows. In Section 4.2, we introduce
parametric dynamical systems, intrusive and non-intrusive projection-
based model reduction and non-parametric exact operator inference. In
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Section 4.3 we extend exact operator inference to the parametric case. In
Section 4.4 we describe the decoupling resulting from this extension. In
Section 4.5 we present an alternative derivation for the same decoupling
method. In Section 4.6 we present numerical experiments for the heat
equation with different thermal conductivities. Finally, in Section 4.7
we draw conclusions.

4.2 preliminaries

4.2.1 Parametric dynamical system

We consider the dynamical system of dimension N,

ẋ(t; µ) = f (x(t; µ); µ) , x(0; µ) = x0(µ), (4.1)

parametrized by µ ∈ D ⊂ Rd. We assume that the function f : RN ×
D → RN has polynomial structure, and for ease of presentation, we
assume a quadratic term here,

f (x; µ) = H(µ)x2, (4.2)

where x2 ∈ R(N+1
2 ) comprises all unique products of two entries of

x as described in [77, 92] and H : D → RN×(N+1
2 ). Functions f that

are monomials in x of any other order can be handled analogously.
Functions f that are sums of multiple monomial terms are discussed in
Appendix C.1.

4.2.2 Parametric Galerkin ROM

To obtain a Galerkin ROM, the FOM is projected onto a basis Vn ∈
RN×n, n≪ N, and the FOM state x(t; µ) is replaced by a lower dimen-
sional approximation Vn x̃(t; µ),

˙̃x(t; µ) = H̃(µ)x̃2(t; µ) (4.3)

with the ROM state x̃(t; µ) ∈ Rn and the projected matrix defined by

H̃(µ) = VT
n H(µ)I(i)N (Vn ⊗Vn) J(i)n , (4.4)

with matrices I(i)N ∈ {0, 1}(N+1
2 )×N2

and J(i)n ∈ {0, 1}n2×(n+1
2 ) as described

in [77].
There are several methods to define the basis Vn [12]. In this chapter,

we consider a global basis obtained from POD of snapshots

[X(µ̄1) . . . X(µ̄sPOD)]
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with
X(µ̄i) := [x(t̄1; µ̄i) . . . x(t̄KPOD ; µ̄i)] ∈ RN×KPOD

at sampled parameters µ̄1, . . . , µ̄sPOD ∈ D with KPOD, sPOD ∈ N. How
to choose such parameter samples is discussed in [12].

Computing ROM operators for new parameter values µ via (4.4)
is not efficient because the computational costs scale with the FOM
dimension N. Instead, we assume that the FOM operator can be affinely
decomposed,

H(µ) =
qH

∑
p=1

θ
(p)
H (µ)H(p), (4.5)

with scalar functions θ
(p)
H : D → R and matrices H(p) ∈ RN×(N+1

2 ),
p = 1, . . . , qH . Then, we can precompute

H̃(p) = VT
n H(p)I(i)N (Vn ⊗Vn) J(i)n , p = 1, . . . , qH , (4.6)

during the offline phase, and compute

H̃(µ) =
qH

∑
p=1

θ
(p)
H (µ)H̃(p) (4.7)

efficiently during the online phase with computational costs only de-
pending on the ROM dimension n. However, the computations (4.6)
are intrusive since they require access to the FOM operator compo-
nents H(r). As a non-intrusive alternative, our goal is to infer the ROM
operator components H̃(r) from data in the next section.

Note that not all parametric FOM operators possess an affine struc-
ture of the form (4.5) with known coefficient functions θ

(p)
H : D → R.

However, operators without this structure can still be approximated
by such affine expansions. For example, Taylor approximations [20],
interpolation [30] and hyperreduction techniques such as DEIM [12]
and GNAT [24] have been used in the context of intrusive model re-
duction. These hyperreduction techniques are based on the assumption
that single entries of operators can be computed more efficiently than
the complete operators. Non-intrusive model reduction, however, does
not directly access operators at all, so hyperreduction techniques are
not applicable. In the non-intrusive context of operator inference, affine
expansions have been considered that describe the parameter depen-
dency exactly [70, 113] or are derived from Taylor approximations [34]
and piecewise-linear interpolation [60]. All these approximations intro-
duce errors and can suffer from the the curse of dimensionality if µ is
high-dimensional, so achieving satisfactory accuracy can be challenging
[12].
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4.2.3 Parametric operator inference

As in the non-parametric case, operator inference with affine parameter
dependency uses two sets of snapshot data. The first one to generate
the ROM basis, the second one to infer the operators. These two sets
can comprise different snapshots; in particular, parameter samples the
µ1, . . . , µs ∈ D corresponding to the second set can be different from
the parameter samples µ̄1, . . . , µ̄sPOD corresponding to the first set, as
described in the previous subsection. Let

X(µi) := [x(t1; µi) . . . x(tK; µi)] ∈ RN×K, i = 1, . . . , s (4.8)

be this second set of snapshots with the corresponding time derivative
snapshots

Ẋ(µi) :=
[

d
dt

x(t1; µi) . . .
d
dt

x(tK; µi)

]
∈ RN×K, i = 1, . . . , s,

(4.9)

with K, s ∈N not necessarily equal to KPOD and sPOD, respectively.
As described in [70, 119], the operator inference problem to infer the

operator matrix

Ô :=
[
Ĥ(1) . . . Ĥ(qH)

]
∈ Rn×q(n), q(n) = qH

(
n + 1

2

)
(4.10)

from the projected snapshot data

X̂(µi) = VTX(µi), i = 1, . . . , s, (4.11)
˙̂X(µi) = VTẊ(µi), i = 1, . . . , s, (4.12)

is to minimize

L(Ô) : =
s

∑
i=1

∥∥∥∥∥∥X̂2(µi)
T

[
qH

∑
p=1

θ
(p)
H (µi)Ĥ(p)

]T

− ˙̂X(µi)
T

∥∥∥∥∥∥
2

F

(4.13)

=
∥∥∥DÔT −RT

∥∥∥2

F
. (4.14)

with the matrices R =
[

˙̂X(µ1) . . . ˙̂X(µs)
]
∈ Rn×sK and

D :=


θH(µ1)⊗ X̂2(µ1)

T

...

θH(µs)⊗ X̂2(µs)T

 ∈ RsK×qH(n+1
2 ), (4.15)
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with

θH(µi) =
[
θ
(1)
H (µi) . . . θ

(qH)
H (µi)

]
∈ R1×qH , i = 1, . . . , s, (4.16)

and

X̂2(µi) :=
[

x̂2(t1; µi) . . . x̂2(tK; µi)
]
∈ R(n+1

2 )×K. (4.17)

There are three issues with the operator inference problem of mini-
mizing (4.14): First, the uniqueness of the solution to this minimization
problem is generally not guaranteed. Consequently, we might obtain
a different solution than the one we are interested in. Second, time
discretization inconsistencies and non-Markovian information in the
snapshot data can introduce errors in the inferred operators. Both issues
have been addressed by us in [92] in the context of non-parametric oper-
ator inference. In the next subsection, we will summarize that work and
in Section 4.3 we will show how it can be generalized to the paramet-
ric case. Third, this minimization problem has very large dimensions.
These large dimensions cause high computational costs and can affect
numerical stability [119]. In detail, the matrix D has column dimension
qH(

n+1
2 ) or more generally a column dimension of O(qlnl) with l the

largest polynomial degree in the right-hand side f in (4.1) and ql the
number of terms in the affine decomposition analogous to (4.5) of the
operator with this highest polynomial degree l. The computational cost
of solving the least squares problem scales cubically in this column
dimension of D, so O((qlnl)3). These costs can contribute substantiallySolving the monolithic

parametric operator
inference problem can

dominate the ROM
offline costs.

to the offline preparation of the ROM, even though they do not depend
on the FOM dimension N. Moreover, the computational costs can be
even larger when the linear least squares problem (4.14) is extended
by constraints [16, 101, 103] or replaced by a nonlinear optimization
problem [45] in order to preserve structure. The large dimensions are a
consequence of comprising all affine operators Ĥ(i) and the snapshot
data for all parameter samples µi in one single optimization problem.
In contrast, in intrusive model reduction, the affine operators H̃(i) can
be computed separately as described in (4.6). To achieve a similar sepa-
ration with non-intrusive operator inference, we present in Section 4.4
a strategy to decouple the monolithic optimization problem (4.14) into
smaller subproblems that only pertain one affine operator Ĥ(i) each.
These smaller problems can be solved embarrassingly parallel and have
a smaller condition number and are hence numerically more stable.

4.2.4 Exact operator inference

In [92], we have proposed a method to generate snapshot data for
operator inference that guarantees exact reconstruction in the non-
parametric case. This method has two key steps: First we identify
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ROM states that ensure the full rank of the operator inference least
squares matrix. This identification is done based on the polynomial
terms contained in the right-hand side f in (4.1). In the purely quadratic
case (4.2) considered here, such a set of ROM states is given by the set
of all sums of two unit vectors in Rn,

X 2 := {ei + ej| ei, ej ∈ Rn unit vectors}. (4.18)

Let x̂j ∈ X 2, j = 1, . . . , (n+1
2 ) be the (n+1

2 ) distinct elements of X 2, then
the matrix

X̂2 :=
[

x̂2
1 . . . x̂2

(n+1
2 )

]
∈ R(n+1

2 )×(n+1
2 ) (4.19)

has full rank.
To generate the matrix ˙̂X of corresponding ROM state time derivative

snapshots, the second key step is to perform (n+1
2 ) FOM simulations

each for only a single time step. The initial conditions of these simula-
tions are the FOM states corresponding to the identified ROM states
x̂j.

The snapshot data generated by this method is equivalent to snapshot
data that one would obtain from simulating the corresponding intrusive
ROM. Consequently, the intrusive ROM operator is a solution to the
operator inference least squares problems. Since the matrix X̂2 has full
rank, this solution is unique, so operator inference exactly reconstructs
the intrusive ROM operators.

The complete snapshot data generation method is summarized in
Algorithm 4.1. In exact arithmetics, the time step size ∆t is irrelevant
for the resulting matrices X̂2 and ˙̂X. In practice, however, ∆t should
be chosen to enable accurate floating-point number representations as
explained in more detail in [92].

4.3 exact parametric operator inference

In this section we address the issue of non-unique solutions to the
parametric operator inference least squares problem defined by (4.14).
This problem has a unique solution if the matrix D has full column
rank. As described in Theorem 2.3 in [70], D has full column rank if the
matrix ΘH ∈ Rs×qH defined by

[ΘH ]ij = θ
(j)
H (µi), (4.20)

and all X̂2(µi), i = 1, . . . , s have full column rank.
The first novelty of this chapter is a snapshot data generation method

that guarantees full rank of the matrices X̂2(µi), i = 1, . . . , s. For this
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Algorithm 4.1 Exact operator inference snapshot data generation [92]

1: procedure exactOpInfSnapshots(
ROM basis Vn ∈ RN×n,
time step size ∆t

)
2: Initialize X̂2 ← ∅
3: Initialize ˙̂X← ∅
4: for x̂ ∈ X 2 do
5: x0 ← Vn x̂
6: x1 ← FOM( initial condition x0, time step size ∆t,

end time T = ∆t,
explicit Euler time discretization )

7: X̂2 ← x̂2

8: ˙̂X← [ ˙̂X, VT
n x1−x̂

∆t ]
9: end for

10: return X̂2, ˙̂X
11: end procedure

purpose we use the exact non-parametric operator inference snapshot
data generation method described in Section 4.2.4 and extend it to the
parametric case. In detail, we run Algorithm 4.1 for each parameterThe extension of exact

operator inference to
parametric problems is

straightforward.

sample µi to obtain the outputs X̂2(µi) and ˙̂X(µi) as summarized in
Algorithm 4.2. Note that the matrices X̂2(µi) are actually not affected
by the parameter µi but equal to the matrix X̂2 resulting from the
non-parametric Algorithm 4.1. In particular these matrices all have full
column rank.

On the other hand, ensuring full column rank of ΘH is highly
problem-specific. In view of the definitions of the functions θ

(j)
H , param-

eter samples µi must be chosen to achieve this full rank. In general, it
is unclear how such parameter samples can be found; this is beyond
the scope of this thesis. However, for polynomial functions θ

(j)
H that

arise for example from Taylor approximations as described in [34], full-
rank-ensuring parameter samples can be identified analogously to the
full-rank-ensuring ROM states in [92].

If ΘH indeed has full column rank and the parameter dependency of
the operator Ĥ can be expressed exactly by an affine expansion such as
(4.5), then the snapshot data generated proposed in [92] ensures that the
parametric operator inference exactly reconstructs the intrusive ROM
operators. Furthermore, for any full column rank matrix ΘH ∈ Rs×qH

with s > qH , there exists a subset of qH rows that also form a matrix with
full column rank qH . These rows correspond to qH of the s parameter
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Algorithm 4.2 Exact parametric operator inference snapshot data gener-
ation

1: procedure exactParametricOpInfSnapshots(
ROM basis Vn ∈ RN×n,
time step size ∆t
parameter samples µ1, . . . , µs

)
2: for µi = µ1, . . . , µs do
3: Initialize X̂2(µi)← ∅
4: Initialize ˙̂X(µi)← ∅
5: for x̂ ∈ X 2 do
6: x0 ← Vn x̂
7: x1 ← FOM( initial condition x0, time step size ∆t,

end time T = ∆t,
explicit Euler time discretization
parameter µi )

8: X̂2(µi)← x̂2

9: ˙̂X(µi)← [ ˙̂X(µi),
VT

n x1−x̂
∆t ]

10: end for
11: end for
12: return

(
X̂2(µ1),

˙̂X(µ1)
)

, . . . ,
(

X̂2(µs),
˙̂X(µs)

)
13: end procedure
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samples µi, i = 1, . . . , s. In the following, we can therefore assume that
s = qH parameter samples are used.

Additionally, as described in [92], Algorithm 4.1 does not introduce
time discretization inconsistencies or non-Markovian information in
the snapshot data. This property is preserved by Algorithm 4.2, so the
generated snapshots guarantee that the solution to the parametric oper-
ator inference problem (4.14) reconstructs the intrusive ROM operators
exactly. The following section describes how the computational costs of
solving this problem can be reduced significantly via decoupling.

4.4 decoupling of exact parametric operator inference

The parametric operator inference minimization problem (4.14) is high-
dimensional because it involves data from s = qH parameter samples
to learn qH quadratic operators. We want to decouple this problem into
qH subproblems that each only involve data from a single parameter
sample to learn a single quadratic operator. For this purpose, we first
note that if ΘH is the s-dimensional identity matrix Is, then the objective
function (4.13) simplifies to

L(Ô) =
s

∑
i=1

∥∥∥∥X̂2(µi)
T
[
θ
(i)
H (µi)Ĥ(i)

]T
− ˙̂X(µi)

T
∥∥∥∥2

F
, (4.21)

so for all i = 1, . . . , s, the operator Ĥ(i) only depends on data from the
parameter sample µi. Hence, one can solve subproblems for the basis
operators Ĥ(i) separately,

Ĥ(i) = min
Ĥ(i)

∥∥∥∥X̂2(µi)
T
[
θ
(i)
H (µi)Ĥ(i)

]T
− ˙̂X(µi)

T
∥∥∥∥2

F
,

i = 1, . . . , qH . (4.22)

In general, however, the condition ΘH = Is does not hold. There are
special cases such as in [60] where the condition ΘH = Is is implicitly
satisfied because the parameter dependency of a linear operator is ap-
proximated by piecewise-linear interpolation of the operator evaluated
at parameter samples. In other cases, parameter samples µi might exists
such that ΘH = Is as well. However, for most affine expansions (4.5)
such parameter samples do not exist, or are not physical, so correspond-
ing snapshot data cannot be generated. In the following, we therefdeco
para:ore propose a decoupling method for general square matrices ΘH
with full rank.

This decoupling method is based on two key insights. The first
key insight is that the least squares problem defined by (4.14) can be
simplified to a linear system analogously to the non-parametric case in
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[92]. For this purpose, we first note that this least squares problem is
equivalent to the normal equations

DTDÔT = DTRT . (4.23)

As described in Section 4.3, the matrix D has full rank if the matrices
X̂2(µi) are obtained from Algorithm 4.2 with suitable parameter samples
µi, i = 1, . . . , s. If additionally s = qH , then D is also square and the
normal equations simplify to

DÔT = RT . (4.24)
Exact operator inference
state snapshots are
parameter-independent.

The second key insight of our method is that, as described in Sec-
tion 4.3, the matrices X̂2(µi) resulting from Algorithm 4.2 are actually
independent of the parameter µi and equal to the matrix X̂2 resulting
from the non-parametric Algorithm 4.1. Using X̂2(µi) = X̂2, the matrix
D defined in (4.15) simplifies to

D = [ΘH ⊗ X̂T
2 ], (4.25)

with ΘH as defined in (4.20). This simplified structure allows us to
use preconditioning to transform the linear system (4.24) into a linear
system for the matrix Ď = [IqH ⊗ X̂T

2 ]. For the monomial right-hand
side f considered here, both left- and right-preconditioning are possible.
For non-monomial right-hand sides f , only right-preconditioning is
possible as described in Appendix C.1. For this reason, we also present
the right-preconditioning here. We substitute

ÔT = [Θ−1
H ⊗ I

(n+1
2 )

]ǑT (4.26)

to find

DÔT = [ΘH ⊗ X̂T
2 ][Θ

−1
H ⊗ I

(n+1
2 )

]ǑT = [IqH ⊗ X̂T
2 ]Ǒ

T

=: ĎǑT . (4.27)

Then, the linear system ĎǑT = RT is decoupled and can be written as

X̂T
2

[
Ȟ(i)

]T
= ˙̂X(µi)

T , i = 1, . . . , qH . (4.28)

After solving for the operators Ȟ(i), the original basis operators are then
obtained via (4.26),

Ĥ(i) =
qH

∑
j=1

[Θ−1
H ]ijȞ(j), i = 1, . . . , qH . (4.29)
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Note that this transformation involves the explicit computation of the
inverse Θ−1

H . This explicit computation is numerically unstable and is
only possible for matrices ΘH with small condition number. However,
the matrix ΘH is problem-specific and its condition number can be
large. For large condition numbers, the inverse Θ−1

H should only be
computed implicitly, for example via an LU or QR decomposition. For
this purpose, we write the transformation (4.29) equivalently as linear
system

[ΘH ⊗ I
(n+1

2 )
]ÔT = ǑT , (4.30)

for ÔT . This linear system is decoupled and can be written as

ΘH ôij = ǒij, i = 1, . . . , n, j = 1, . . . ,
(

n + 1
2

)
(4.31)

with

ôij =


Ĥ(1)

ij
...

Ĥ(qH)
ij

 and ǒij =


Ȟ(1)

ij
...

Ȟ(qH)
ij

 . (4.32)

The linear system (4.31) can be solved using standard linear algebra
libraries that choose suitable solvers themselves, so these choices do not
need to be made manually.

This decoupled approach is advantageous in terms of computational
costs, parallelizability and numerical stability. Instead of solving the
linear system (4.24) of dimension sK × q(n) = qH(

n+1
2 )× qH(

n+1
2 ) for

the n columns of ÔT , we hence solve the qH linear systems (4.28) of

dimension (n+1
2 )× (n+1

2 ) for the n columns of
[
Ȟ(i)

]T
and the n(n+1

2 )

linear systems (4.31) of dimension qH × qH for the vectors ôij. Table
4.1 summarizes the computational costs of solving these three linear
systems by first computing the inverse of the respective system matrix –
explicitly or implicitly – and then computing the individual solutions
by matrix-vector-products of the inverse and the respective right-hand-
side. As can be seen, the computational costs reduce significantly from
O(n6q3

H + n5q2
H) for the monolithic approach to O(n6 + n5qH + n3q2

H +
q3

H) for the decoupled approach. While the monolithic system (4.24) can
be solved in parallel for the n columns of ÔT , the decoupled approach
can be split into even more parallel jobs in two steps. First, (4.28) can

be solved in parallel for the qHn columns of the operators
[
Ȟ(i)

]T
,

i = 1, . . . , qH . Second, (4.31) can be solved in parallel for the n(n+1
2 )
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Table 4.1: Summary of computational costs of solving the linear systems in-
volved in the monolithic and decoupled approach.

system number costs matrix costs individual total

dimension of solves inversion solutions costs

monolithic (4.24) qH(
n+1

2 )× qH(
n+1

2 ) n O((qHn2)3) n · O((qHn2)2) O(n6q3
H + n5q2

H)

decoupled (4.28) (n+1
2 )× (n+1

2 ) qHn O((n2)3) qHn · O((n2)2) O(n6 + n5qH)

decoupled (4.29) qH × qH n(n+1
2 ) O(q3

H) n(n+1
2 ) · O(q2

H) O(n3q2
H + q3

H)

vectors ôij. In terms of numerical stability, the matrix D = ΘH ⊗ X̂T
2 in

the monolithic linear system (4.24) has condition number cond(D) =
cond(ΘH) cond(X̂T

2 ), whereas the decoupled approach involves the
condition numbers cond(X̂T

2 ) and cond(ΘH) separately in the linear
systems (4.28) and (4.31), respectively.

As another benefit, the decoupling enables the application of meth-
ods developed for non-parametric operator inference. For example,
the decoupling approach proposed in [6] can be applied to the decou-
pled problems (4.28) to reduce the computational costs and condition
numbers even more.

4.5 alternative derivation via lagrange interpolation

An alternative derivation of the same decoupling approach is based on
Lagrange interpolation. Concretely, [100] states that if the matrix ΘH
defined in (4.20) has full rank for the parameter samples µi, i = 1, . . . , s
and s = qH , then we can construct alternative coefficient functions θ̄

(p)
H

such that
qH

∑
p=1

θ̄
(p)
H (µ)H̄(p) =

qH

∑
p=1

θ
(p)
H (µ)Ĥ(p), (4.33)

that satisfy the Lagrange property

θ̄
(p)
H (µi) = δip, for all i, p = 1, . . . , qH , (4.34)

for the given parameter samples µi, with the Kronecker delta δip.
This alternative affine decomposition (4.33) allows trivial decoupling

of (4.14) since Θ̄H = Is, where [Θ̄H ]ij = θ̄
(j)
H (µi). However, the result of

this decoupled approach are the operators H̄(i), not the original ROM
operators Ĥ(i). To compute these original operators, we combine (4.33)
and (4.34) to find

H̄(i) =
qH

∑
p=1

θ
(p)
H (µi)Ĥ(p), for all i = 1, . . . , qH , (4.35)
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and can then solve for Ĥ(p).
Comparing the operator transformations (4.35) and (4.29), we realize

that the operators H̄(i) coincide with the operators Ȟ(()i). Hence, both
derivations lead to exactly the same computations. Note in particular
that we do not need to compute the alternative coefficient functions θ̄
explicitly.

This Lagrange interpolation-based derivation does not require the
snapshots X̂(µi) to be parameter-independent. Future work should in-
vestigate whether this derivation allows decoupling also for parameter-
dependent snapshots.

Note that the function ∑
qH
p=1 θ̄

(p)
H (µ)H̄(p) interpolates the function

values of the affine decomposition ∑
qH
p=1 θ

(p)
H (µ)Ĥ(p) but not necessarily

those of the true parameter-dependent operator (4.4) if ∑
qH
p=1 θ

(p)
H (µ)Ĥ(p)

is an approximation of (4.4).

4.6 numerical experiments

We consider the heat equation

∂

∂t
T(ξ, t; µ) =

∂

∂ξ

(
ν(T, ξ, µ)

∂

∂ξ
T(ξ, t; µ)

)
(4.36)

with spatial coordinate ξ ∈ Ω = [0, 2π], time t ∈ [0, 0.8], temperature
T : Ω× [0, 0.8) → R and two different thermal conductivities ν : R×
Ω×D → R+ defined in Sections 4.6.1 and 4.6.2. Both conductivities
have a linear temperature dependency, so the corresponding spatially-
discretized FOM has the form (4.1) with quadratic right-hand side (4.2).
The conductivity in Section 4.6.1 implies an affine decomposition (4.5)
of the FOM operator, whereas the conductivity that will be chosen in
Section 4.6.2 allows such a decomposition only approximately.

In both cases, we impose homogeneous Dirichlet boundary conditions

T(0, t) = T(2π, t) = 0, t ∈ [0, 0.8], (4.37)

and the initial condition

T(ξ, 0) = exp(−(ξ − π)2) sin
(

ξ

2

)
, ξ ∈ Ω. (4.38)

We discretize with linear finite elements on an equidistant grid in space
with mesh width ∆ξ = 2−7, and with explicit Euler in time with time
step size ∆t = 10−4, to obtain the time-discrete dynamical system of
dimension N = 127 for the discretized temperature xk,

xk+1(µ) = xk(µ) + ∆t H(µ)x2
k(µ),

k = 0, . . . , K− 1, K = 8000. (4.39)
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We simulate this system for both conductivities twice: first to gen-
erate snapshots to compute POD bases, then to compute snapshots
for exact operator inference. The accuracy of the inferred operators is
then evaluated based on the relative error with respect to the intrusive
operators,∥∥∥∑

qH
p=1 θ

(p)
H (µ)Ĥ(p) − H̃(µ)

∥∥∥
F∥∥H̃(µ)

∥∥
F

, (4.40)

for specified parameter samples µ. Errors with respect to the FOM are
reported in Appendix C.2. The code is available on https://github.

com/h3rror/exactParamOpInf.

4.6.1 Heat equation with affine conductivity

Inspired by [113], we consider a piecewise-defined thermal conductivity
but with linear temperature dependency,

ν(T, ξ, µ) =



µ1T for ξ ∈ [0, 2π
16 ) =: Ω1

...

µiT for ξ ∈ [ i−1
16 2π, i

16 2π) =: Ωi
...

µ16T for ξ ∈ [ 15
16 2π, 2π] =: Ω16

(4.41)

with parameter µ ∈ [1, 2]16. This conductivity allows an affine decom-
position of the quadratic operator,

H(µ) =
16

∑
p=1

µpH(p), (4.42)

where the terms H(p), p = 1, . . . , 16, correspond to the conductivity 1

in Ωp and 0 everywhere else, respectively.
We first simulate the FOM (4.39) for 16 parameter samples µ̄i, i =

1, . . . , 16 whose entries are defined as [µ̄i] = 1 + δij with the Kronecker
delta δij for all i, j = 1, . . . , 16. The resulting 16 · (8000+ 1) snapshots are
used to compute the global POD basis Vn ∈ RN×n with n = 1, . . . , 30.
Then we use the POD basis V30 to generate snapshot data for exact
operator inference according to Algorithm 4.2 for the same 16 parameter
samples µi = µ̄i, i = 1, . . . , 16. This choice of samples ensures that the
matrix ΘH has full rank, so the solution to (4.14) is unique as discussed
in Section 4.3.
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Table 4.2: Number of linear systems of different dimensions solved during
parametric operator inference for ROM dimension n = 30 and qH =
16.

qH(
n+1

2 )× qH(
n+1

2 ) (n+1
2 )× (n+1

2 ) qH × qH

= 7, 440× 7, 440 = 465× 465 = 16× 16

monolithic n = 30 0 0

decoupled 0 (n+1
2 ) = 480 n(n+1

2 ) = 13, 950

Fig. 4.1a shows the errors between the inferred and the intrusive
operators evaluated at µ1, which is one of the parameter samples used
in training, and µ0, whose entries are sampled randomly from the
uniform distribution in [1, 2] and which is not part of the parameter
samples used in training. As can be seen, the errors are for both pa-
rameter values on the order of at most 10−15, so our proposed method
indeed reconstructs the intrusive operators up to machine precision.
Furthermore, we cannot see any difference between the operators of
the monolithic and our proposed decoupled approach. This confirms
the correctness of the proposed decoupling approach. As described
in Section 4.4, the decoupled approach has better parallelizability and
significantly smaller costs. This is confirmed by Table 4.2, which shows
the number of linear systems solved for this test case with ROM di-
mension n = 30 and qH = 16. While the monolithic approach solves
few very large linear systems, the decoupled approach solves many
smaller systems. Consequently, the decoupled approach is much faster
because the cost of solving linear systems scales cubically with their
dimension. Additionally, Fig. 4.1b shows that the condition numbers of
the matrices involved in the decoupled approach are smaller than the
condition number of the monolithic matrix D. Since ΘH is independent
of the ROM dimension, cond(ΘH) is constant. As a result, the factor by
which cond(X̂T

2 ) is smaller than cond(D) is also constant.

4.6.2 Heat equation with non-affine conductivity

For the second test case consider, we consider the thermal conductivity

ν(ξ, µ, T) = (e−
1

2π (ξ−µ)2
+ 1)T, (4.43)

with parameter µ ∈ Ω. This conductivity does not allow an exact affine
decomposition of the quadratic operator. To obtain an approximate
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(a) Relative combined operator errors (4.40) evaluated at µ0
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Figure 4.1: Results for the test case with affine conductivity (4.41).
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affine decomposition (4.5) we use a Taylor expansion of the operator
H(µ) with qH = 16 terms,

H(µ) ≈
qH−1

∑
p=0

(µ− µ0)
p

p!
H(p). (4.44)

The expansion point µ0 can be chosen arbitrarily, here we choose µ0 =
1.3π.

We first simulate the FOM (4.39) for 5 equidistant parameter samples
in Ω, µ̄i = 2π i−1

5−1 , i = 1, . . . , 5. The resulting 5 · (8000 + 1) snapshots
are used to compute the global POD bases Vn ∈ RN×n with n =
1, . . . , 30. Then we use the POD basis V30 to generate snapshot data for
exact operator inference according to Algorithm 4.2 for the qH = 16
equidistant parameter samples in Ω, µi = 2π i−1

16−1 , i = 1, . . . , 16. For
this choice of samples, the matrix ΘH is the Vandermonde matrix of
dimension 16 and has full rank, so the solution to (4.14) is unique as
discussed in Section 4.3.

Fig. 4.2a shows the errors between the inferred and the intrusive op-
erators evaluated both at the expansion point µ0 and at µ1 = 0, which
is the point in Ω with the largest distance to µ0. As in Fig. 4.1a, the
errors of the decoupled and the monolithic approach do not deviate
significantly from each other, so they confirm the correctness of the
decoupling approach. However, compared to the previous test case
depicted in Fig. 4.1a, the errors for µ0 are larger by a few orders of
magnitude. This error is not associated to the accuracy of the exact
operator inference approach but due to the Taylor approximation (4.44)
used to obtain an affine decomposition. This approximation causes
an inconsistency because, on the one hand, operator inference fits the
qH = 16 basis operators Ĥ(p), p = 1, . . . , 16 in (4.14) with θ

(p)
H defined

by the Taylor approximation (4.44), on the other hand, the snapshot data
is generated from the true FOM operator H(µ). This inconsistency is
demonstrated in Fig. 4.2a by the error between the intrusive ROM oper-
ators H̃(p) corresponding to the Taylor approximation (4.44) computed
via (4.6) and the true ROM operator H̃(µ) computed via (4.4),∥∥∥∑

qH
p=1 θ

(p)
H (µ)H̃(p) − H̃(µ)

∥∥∥
F∥∥H̃(µ)

∥∥
F

. (4.45)

As can be seen, this error ranges from 10−18 to 10−15 for all ROM di-
mension when evaluated at the expansion point µ0. Indeed, the Taylor
approximation (4.44) coincides with the true operator H(µ) for this
parameter value. For µ1, however, the error ranges from 10−8 to 10−2.
Since both the true ROM operator H̃(µ) and the intrusive Taylor-based
ROM operators H̃(p) are computed intrusively via projection, this error
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is purely due to the approximation error in the parameter space. Op-
erator inference, on the other hand, implicitly learns a correction term
∆H(p) to the intrusive Taylor term, Ĥ(p) = H̃(p)+∆H(p). As can be seen,
the errors of the inferred operators evaluated at µ1 range from 10−20 to
10−15, similarly to the errors in Fig. 4.1a where no Taylor approxima-
tion was employed. The implicit correction seems to compensate the
Taylor approximation error completely. For µ0, in contrast, the implicit
correction even deteriorates the accuracy compared to the Taylor-based
ROM operators with errors ranging from 10−15 to 10−9.

Fig. 4.2b shows again how the decoupling results in smaller condi-
tions numbers. However, since the condition number of the Vander-
monde matrix ΘH itself is very large, the benefit is relatively small
here. In fact, the large condition numbers of Vandermonde matrices
is limiting the choice of qH in this test case for both monolithic and
decoupled approach.

4.7 conclusion

In this chapter, we have resolved three issues of parametric operator
inference by extending our previous work on exact non-parametric op-
erator inference in Chapter 3, in which smartly chosen initial conditions
lead to snapshot data that guarantee a full rank inference problem. First,
we can guarantee the uniqueness of the operator inference solution,
provided that suitable parameter samples can be found. Second, we
avoid the introduction of time discretization inconsistencies and non-
Markovian information that could cause errors in the inferred operators.
Third, we significantly reduce the computational costs by decoupling
the minimization problem.

This decoupling exploits the exact operator inference snapshot data in
two steps. First, the minimization problem simplifies to a linear system.
Second, this high-dimensional monolithic linear system decouples into
smaller linear systems. The resulting reduction in computational costs
can be decisive for the total costs of operator inference, depending on
the polynomial degree and the complexity of the parameter depen-
dency of the underlying problem and the considered ROM dimension.
Furthermore, the smaller linear systems can be solved embarrassingly
parallel and have a smaller condition number and are hence numerically
more stable.

In numerical experiments, we demonstrate that our proposed method
reconstructs intrusive parametric ROM operators up to machine pre-
cision. The experiments confirm the correctness of the decoupling ap-
proach and exemplify the improvement in condition number when
replacing the monolithic system by the decoupled systems.
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Figure 4.2: Results for the test case with non-affine conductivity (4.43).
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Future work should investigate whether the presented Lagrange
interpolation-based derivation is also applicable to parameter-dependent
snapshot data, as well as extensions to dynamical systems that are de-
rived from systems of partial differential equations such as the Navier-
Stokes equations.
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5
C O N C L U S I O N S

5.1 conclusions

In this thesis, three advances of projection-based model reduction have
been presented in the directions of structure-preserving, non-intrusive
and parametric model reduction. While these advances address dif-
ferent problems, they have in common that they all achieve structure
preservation. While Chapter 2 preserves structure of the FOM explic-
itly in the intrusive ROM, Chapters 3 and 4 preserve structures of the
intrusive ROM in the non-intrusive ROM as a consequence of exact
reconstruction.

Another commonality of the three contributions is that they all are
accompanied with improvements in computational efficiency. The main
motivation for the development of the ROM presented in Chapter 2

is to preserve the structure of the kinetic energy evolution in presence
of time-dependent boundary conditions. This structure preservation is
achieved thanks to an orthogonal decomposition of the velocity field
that additionally enables the computation of the velocity without the
computation of the pressure.

Chapter 3 presents a snapshot data generation method that guar-
antees the exact reconstruction of the intrusive ROM operators. This
exactness is maintained throughout the method and leads to three im-
provements in computational efficiency: First, while existing works have
generated large amounts of snapshot data following the heuristic that
more data increases the probability for full rank, the exact control over
which snapshots are generated enables the minimization of the amount
of data. Second, the exactness of the snapshot data allows to replace the
regression problem (least squares) by an interpolation problem (linear
system). Third, the exact reconstruction implies that properties of the
intrusive ROM are preserved in the inferred ROM automatically that
otherwise have to be enforced, potentially at additional costs.

In Chapter 4, the full rank-ensuring snapshot data generation method
is extended to parametric problems. As a by-product, the parametric
operator inference problem simplifies such that it can be decoupled into
smaller subproblems that are embarrassingly parallel, numerically more
stable and can be solved more efficiently. The achieved improvement
in computational efficiency in this chapter is in line with the intrusive
ROM whose operators can be computed in the same decoupled way.

83
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5.2 recommendations

In future work, Chapters 2 and 3 should be combined to reconstruct the
intrusive energy-consistent velocity-only ROM for the incompressible
Navier-Stokes equations non-intrusively via operator inference. The
inference of the operators of the velocity-only ROM ODE itself can
be done straightforwardly. However, computing the ROM basis Φhom
non-intrusively is not trivial since this basis is defined via POD of
velocity snapshots after subtraction of the lifting function. How this
lifting function can be constructed non-intrusively is subject to future
research.

Combination of such research with Chapter 4 could be interesting
as well, but is not necessary for all types of parametric studies. For
example, varying inflow profiles can be expressed via different input
signals without changing the ROM operators, and varying Reynolds
numbers can be handled by rescaling the ROM diffusion operator. On
the other hand, Chapter 4 can for example be useful for parametrized
geometries.

When applying the energy-consistent ROM in practice, several as-
pects should be taken into account. As described in [11], not all singular
value decomposition algorithms preserve the divergence-freeness of the
POD basis. For complicated geometries, the extension to non-cartesian
structure-preserving grids [108] should be investigated. Since DNS sim-
ulations are extremely expensive and can result in snapshots with a
slow singular value decay, it should be investigated whether LES can
be used as FOM instead. To maintain the structure preservation of the
ROM, the involved turbulence model should be structure-preserving as
well, in particular regarding the divergence-freeness [2]. For computa-
tional efficiency, energy-conserving hyper-reduction should be applied
in intrusive settings [61].

In non-intrusive settings, hyper-reduction is not possible, as stated in
Chapter 4, since the assumption of efficient access to individual entries
of the FOM operator does not hold. In non-intrusive settings, it is there-
fore recommended to first use exact operator inference to reconstruct
the ROM operators and then find a more efficient approximation of
these operators in a second steps. In contrast to conventional hyper-
reduction, this approximation does not act on the FOM operator but
on the ROM operator, so correlations between FOM operator entries
cannot be exploited in this approximation.

Since exact operator inference is explicitly developed for use in in-
dustry, there are only a few issues that could impede its use in practice.
The only assumptions on the FOM solver are that snapshots can be
generated with the prescribed full rank-ensuring initial conditions and
explicit Euler as time discretization.
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While prescribing initial conditions could be limited in different ways
by specific software, the proposed set of full-rank ensuring initial con-
ditions is by no means unique. For example, the interpretation of these
initial conditions as interpolation nodes reveals that we can apply any
invertible linear mapping to these nodes without violating the unique-
ness of the corresponding interpolant. Furthermore, the constructive
proof of uniqueness in Appendix B.1 motivates that alternative inter-
polation nodes, for example Chebychev points [107], can be chosen
separately for each homogeneous multivariate polynomial that corre-
sponds to a single ROM operator of certain polynomial degree. Hence,
there are various opportunities to develop alternative initial condition
sets in view of the limitations of a specific FOM solver.

The assumption of explicit Euler as time discretization can be a
substantial limitation to exact reconstruction. While time discretiza-
tion inconsistencies can be eliminated for other explicit Runge-Kutta
schemes by reformulating these schemes as explicit Euler schemes as
described in [77], the introduction of non-Markovian information is
unavoidable. Future work should investigate how large the effect of
such non-Markovian information is. Such error investigations should
also be performed for settings that do not allow any generation of
additional snapshot data.

If the FOM solver assumptions are satisfied, the only difference
between the non-intrusive computation of the ROM operators via exact
operator inference and the intrusive computation via multiplications of
the FOM operators with the ROM basis is that exact operator inference
involves solving a linear system. Solving this linear system could be
expensive and introduce significant numerical errors if the system has
large dimension and a high condition number. However, these problems
can be addressed by decoupling the linear system as described in [6].
A complementary decoupling follows from the constructive proof in
Appendix B.1. Lower condition numbers could be achieved for different
snapshot sets, for example based on interpolation with Chebychev
points [107].

A more conceptual assumption is the knowledge of the polynomial
structure of the ROM right-hand side. While we presume that the
polynomial degree can be inferred from the underlying PDE, additional
lower-order polynomials could for example be introduced due to the
discretization of boundary conditions. In such cases, it is recommended
to include all possible terms in the operator inference as done in Section
3.4.1 where a quadratic operator is inferred although not present in the
ROM right-hand side. To verify whether the inferred model is complete,
one can perform exact operator inference on different snapshot data,
for example by rotating the full-rank ensuring ROM states using an
orthogonal matrix. In case of a complete model, the result should be
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the same, in case of an incomplete model, the inferred operators can be
different.

5.3 broader outlook

Within this thesis, we have only considered POD-based model reduction.
A well-known limitation of POD is that advection-dominated processes
cannot be approximated well within low-dimensional linear subspaces,
the slow decay of the Kolmogorov-n-width. Approaches to mitigate
this limitation include nonlinear model reduction and adaptive model
reduction [55]. Another modification of the POD-ROM is replacing
the Galerkin projection by a Petrov-Galerkin projection to improve
stability [23] and accuracy of the reduced dynamics [75]. Whether these
modifications are compatible with the methods presented in this thesis
is subject to future research.

Beyond projection-based model reduction, the interpretation of data
samples as interpolation nodes can be useful for other problems where
model parameters are fitted to data such as data assimiliation or SINDy
[18]. The interpolation interpretation also holds for non-polynomial
models, but the identification of interpolation nodes that define a unique
interpolant can be more difficult.
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a.1 importance of orthogonal lifting function

To comprehend the importance of the orthogonality between the lifting
function Ṽinhom(t) and the homogeneous velocity basis Φhom (2.27),
we consider an alternative pair of a lifting function V̂inhom(t) and a
homogeneous velocity basis Φ̂hom that are not Ωh-orthogonal.

For this purpose, let us assume that the lifting function V̂inhom(t)
satisfies the approximated mass equation

MhV̂inhom(t) = ỹM(t), (A.1)

but not the definition (2.26). We define the difference between the two
lifting functions ∆(t) = V̂inhom(t)− Ṽinhom(t).

For simplicity, we assume that the approximated boundary condition
vector equals the exact boundary condition vector, ỹbc(t) = ybc(t) and
hence Ṽinhom(t) = Vinhom(t). Then, we can compute the homogeneous
velocity basis Φ̂hom as the Ωh-orthonormal POD basis of snapshots
V̂ j

h,hom of the homogeneous velocity field V̂h,hom(t) = Vh(t)− V̂inhom(t).
Then, V̂r,hom(t) = Φ̂homâhom(t) approximates V̂h,hom(t), where âhom(t)

is defined by replacing Vh(t) in the momentum equation (2.5) by
V̂r(t) = V̂r,hom(t) + V̂inhom(t), and projecting onto Φ̂hom,

Φ̂T
homΩh

d
dt
(
V̂h,hom(t) + V̂inhom(t)

)
= Φ̂T

homFCD
h
(
V̂r(t), ỹbc(t)

)
− Φ̂T

homGh ph(t). (A.2)

By construction, we have MhΦ̂hom = 0, so the pressure term vanishes.
However, we generally do not have orthogonality of components,

Φ̂T
homΩhV̂inhom(t) = Φ̂T

homΩh∆(t) =: ∆r(t). (A.3)

Hence, the evolution of âhom(t) is given by

d
dt

âhom(t) = Φ̂T
homFCD

h
(
V̂r(t), ỹbc(t)

)
− d

dt
∆r(t). (A.4)

The pressure p̂r(t) corresponding to V̂r(t) can be retrieved from

L̄h p̂r(t) = −
d
dt

ỹM(t) + MhΩ−1
h FCD

h
(
V̂r(t), ỹbc(t)

)
. (A.5)
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Then, the kinetic energy K̂r(t) = 1
2

∥∥V̂r
∥∥2

Ωh
has the evolution

d
dt

K̂r(t) = V̂r(t)FCD
h
(
V̂r(t), ỹbc(t)

)
+ ỹM(t)T p̂r(t) (A.6)

+
(

∆r(t)TΦ̂T
hom − ∆T

)
FCD

h
(
V̂r(t), ỹbc(t)

)
(A.7)

+ ∆(t)TΩh
d
dt

V̂inhom(t) (A.8)

+ V̂inhom(t)TΩh
d
dt

∆(t) (A.9)

− ∆(t)TΩh
d
dt

∆(t)− ∆r(t)T d
dt

∆r(t). (A.10)

Hence, this kinetic energy evolution does not have the same structure as
the energy evolutions (2.30) and (2.36), because of the additional terms
in (A.7), (A.8) and (A.9). Note that the lifting function Ṽinhom(t) defined
by (2.26) is the only lifting function that satisfies the approximated mass
equation (A.1) and is Ωh-orthogonal to all homogeneous velocities, i.e.

V TΩhṼinhom(t) = 0 for all MhV = 0. (A.11)

Hence, any lifting function V̂inhom(t) that satisfies (A.1) and (A.11)
implies ∆(t) = 0, so the additional terms (A.7), (A.8), (A.9) and (A.10)
vanish.

a.2 effect of time integration method : energy-conserving

runge-kutta methods

We investigate the effect of using an energy-conserving, implicit Runge-
Kutta method [97], the implicit midpoint rule, instead of the explicit
fourth-order Runge-Kutta method used in Section 2.6. As can be seen in
Fig. A.1, the difference between the explicitly and implicitly integrated
ROMs is quite small compared to the velocity error of the explicitly
integrated ROMs depicted in Fig. 2.6.

As discussed in Section 2.4, energy-conserving Runge-Kutta methods
do no conserve the kinetic energy for the considered test cases since the
underlying ODEs conserve kinetic energy neither. In addition, Fig. A.2
shows that the relative kinetic energy errors do not vanish even when
an energy-conserving Runge-Kutta method is used.

[ September 28, 2026 at 5:56 – classicthesis v4.8 ]



A.2 effect of energy-conserving runge-kutta methods 89

0 2 4 6 8 10 12 14

t

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

||
||

h

R = 2

R = 5

R = 10

R = 20

R = 40

R = 80

(a) Test case varying angle.

0 5 10 15 20

t

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

||
||

h

R = 2

R = 5

R = 10

R = 20

R = 40

R = 80

(b) Test case moving mode.

Figure A.1: Ωh-norm of ROM velocities ∥V j
r,explict − V j

r,implicit∥Ωh integrated in
time with explicit RK4 and with implicit midpoint for the two
testcases with boundary condition best approximation and Rhom =
Rbc = R.
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Figure A.2: Relative kinetic energy error
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a.3 best approximation error relations between the pro-
posed velocity-only rom and a standard pod velocity-
pressure rom

We repeat and prove the statement in Section 2.5.3 about best approxi-
mation errors of standard POD bases and the proposed velocity-only
ROM basis.

Proposition A.1 (Best approximation errors of velocity-only ROM and
standard POD velocity-pressure ROMs). Let, as in (2.50),

ε(ϕ) =
K

∑
j=1

∥∥∥V j
h −ϕϕTΩhV j

h

∥∥∥2

Ωh
, (A.12)

the best approximation error over a set of snapshots
{

V j
h

}K

j=1
. Then, the

Ωh-orthonormal POD bases over the set of snapshots
{

V j
h

}K

j=1
with RV =

Rhom and RV = Rhom + Rinhom modes, Φ[Rhom] and Φ[Rhom+Rinhom], satisfy
relation (2.51),

ε
(

Φ[Rhom+Rinhom]

)
≤ ε ([Φhom Φinhom]) ≤ ε

(
Φ[Rhom]

)
, (A.13)

with Rinhom, Φhom ∈ RNV×Rhom and Φinhom ∈ RNV×Rinhom as used in the
proof of Proposition 2.1, and the assumption that ỹbc(t) = ybc(t) for all
t ∈ [0, T].

Proof. We use the well-known optimality property of POD bases [114]
that the Ωh-orthonormal POD basis Φ ∈ RNV×RV minimizes ε(ϕ) over
all Ωh-orthonormal ϕ ∈ RNV×RV . Since Φ[Rhom+Rinhom] and [Φhom Φinhom]
both have the same dimension, this optimality property implies

ε
(

Φ[Rhom+Rinhom]

)
≤ ε ([Φhom Φinhom]) . (A.14)

To prove the second inequality, we use that

ΦT
homΩhΦinhom = 0 (A.15)

and, thanks to the assumption that ỹbc(t) = ybc(t) for all t ∈ [0, T],

Vinhom(tj) ∈ span(Φinhom) for all j = 1, . . . , K, (A.16)

where tj is chosen such that V j
h = V j

h,hom + Vinhom(tj). Then, we find

ΦinhomΦT
inhomΩhV j

h = Vinhom(tj), (A.17)
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and hence

V j
h − [Φhom Φinhom][Φhom Φinhom]TΩhV j

h

= V j
h,hom −ΦhomΦT

homΩhV j
h,hom, (A.18)

for all j = 1, . . . , K, and

ε([Φhom Φinhom]) =
K

∑
j=1

∥∥∥V j
h,hom −ΦhomΦT

homΩhV j
h,hom

∥∥∥2

Ωh
.

(A.19)

Since Φhom is the Ωh-orthonormal POD basis over the set of snapshots{
V j

h,hom

}K

j=1
, the POD optimality property implies that Φhom minimizes

ε([ϕ Φinhom]) over all Ωh-orthonormal ϕ ∈ RNV×RV . Hence, we find

ε([Φhom Φinhom]) ≤ ε([Φ[Rhom] Φinhom]). (A.20)

Furthermore, due to the monotonicity of ε upon adding modes, we find

ε([Φ[Rhom] Φinhom]) ≤ ε(Φ[Rhom]), (A.21)

which completes the proposition statement.
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b.1 proof of full rank of operator inference least squares

matrix

We prove that the ROM states and input signals proposed in Section
3.3.1 guarantee that the matrix P has full rank. For this purpose, we first
note that P is composed of the submatrices P ∈ Rnp×np , Z ∈ Rnp×Nu ,
0 ∈ RNu×np and U ∈ RNu×Nu ,

P =
[

p(x̃1, 0) . . . p(x̃np , 0) p(0, u1) . . . p(0, up)
]

=

P̄ Z

0 U

 . (B.1)

The matrix P̄ ∈ Rnp×np is the interpolation matrix corresponding to the
multivariate interpolation problem of finding the coefficients cα of the
polynomial

p : Rn → R, x̃ 7→ ∑
|α|∈I

cα x̃α (B.2)

such that

p(x̃i) = bi, i = 1, . . . , np (B.3)

for the interpolation nodes x̃i ∈ ∪i∈IX i and arbitrary given interpola-
tion values bi ∈ R. All entries of Z are equal to p(0). U ∈ RNu×Nu is the
Nu-dimensional identity matrix.

Since P is a block-triangular matrix, it has full rank if its diagonal
blocks P̄ and U have full rank. While the identity matrix U trivially has
full rank, proving that the polynomial interpolation matrix P̄ has full
rank is more involved.

Most works on multivariate polynomial interpolation consider the
special case I = Nl := {0, 1, . . . , l} for a given l ∈N [39, 40]. In Chapter
3, however, we allow gaps in the degree set I , i.e., not all elements of

93
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Nl are necessarily contained in I . Therefore, we define for all n ∈N+,
l ∈N0 and any I ⊂Nl , the set of gappy polynomials in I ,

Pn
I :=

{
p : Rn → R, x̃ 7→ ∑

|α|∈I
cα x̃α

∣∣∣∣∣ cα ∈ R, α ∈ {0, 1, . . . , l}n

}
(B.4)

Then, the following theorem implies that P̄ has full rank.

Theorem B.1 (Gappy multivariate polynomial interpolation). For any
n ∈N+, l ∈N0, for any degree set I ⊂Nl , there exists a unique polynomial
p ∈ Pn

I such that

p(qj) = bj, j = 1, . . . , np, (B.5)

for the interpolation nodes qj in ∪i∈IX i and arbitrary interpolation values bj.

b.1.1 Outline of proof

The special case of degree sets without gaps, (i.e. I = Nl), is covered
by an existing result on existence and uniqueness of an interpolating
multivariate polynomial [73] described in Section B.1.2. In Section B.1.3,
we use this result to prove Theorem B.1 for the special case that I
contains only one element. I.e., we can find for all i ∈ I a homogeneous
polynomial pi ∈ Pn

{i} that interpolates in the nodes in X i. We use
this result as base case in a proof by induction in Section B.1.5 to
prove the general case where I contains multiple elements. There, the
induction hypothesis states that Theorem B.1 holds for a fixed degree
set I−, i.e., there exists a unique polynomial p− that interpolates in the
interpolation nodes in ∪i∈I−X i. In the induction step, we show that
Theorem B.1 also holds for the new degree set I := {i∗} ∪ I− for any
i∗ ∈N0 with i∗ < min I−. For this purpose, we add a new polynomial
p that has two key properties. First, p attains suitable values in the
new interpolation nodes in X i∗ such that the resulting polynomial
p− + p attains the prescribed interpolation values bj. Second, p attains
0 in the old interpolation nodes in ∪i∈I−X i to not interfere with the
interpolation property of p− in these nodes. In Section B.1.4, we show
that such a polynomial p exists in Pn

I .

b.1.2 Multivariate polynomial interpolation without gaps

The following theorem is given in [73] for the special case without gaps
in the degree set, so I = Nl .
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Theorem B.2 (Multivariate polynomial interpolation without gaps). For
any m ∈ N0, let X0, X1, . . . , Xm ∈ Rm be the vertices of a non-degenerate
m-dimensional simplex in Rm. For any l ∈N0, we define the lattice

B(l, m) :=

{
x ∈ Rm

∣∣∣∣∣x =
m

∑
i=0

λiXi, λi ∈N0,
m

∑
i=0

λi = l

}
. (B.6)

Then there exists a unique polynomial p ∈ Pm
Nl

such that

p(qi) = fi, i = 1, 2, . . . ,
(

m + l
m

)
, (B.7)

for the interpolation nodes qi in B(l, m) and arbitrary interpolation values
fi ∈ R.

b.1.3 Homogeneous multivariate polynomial interpolation

Next we consider the special case that the degree set I contains only
one element l, so the interpolant is a homogeneous polynomial in Pn

{l}
and the interpolation nodes are given by X l .

Theorem B.3 (Homogeneous multivariate polynomial interpolation).
For any n ∈ N+, l ∈ N0, there exists a unique polynomial p ∈ Pn

{l} such
that

p(qi) = fi, i = 1, 2, . . . ,
(

n + l − 1
l

)
, (B.8)

for the interpolation nodes qi in X l as defined in (3.14) and arbitrary interpo-
lation values fi ∈ R.

To prove this theorem, we trace it back to Theorem B.2 on multivariate
polynomial interpolation without gaps. First, we note that X l lies in an
(n− 1)-dimensional subspace of Rn and constitutes a lattice of degree l
and dimension n− 1. Hence, we can construct a multivariate polynomial
p ∈ Pn

Nl
that interpolates arbitrary values in X l . Then, we use the linear

dependence of the nodes in X l to reformulate p into an equivalent
polynomial in Pn

{l}.

Proof of Theorem B.3. We employ Theorem B.2 with m = n− 1 and the
vertices X0 = 0 ∈ Rn−1 and Xj the unit vectors in Rn−1 for j =
1, . . . , n− 1. The theorem states that there exists a polynomial

p̂ : Rn−1 → R, p̂(x̂) = ∑
|α̂|≤l

âα̂ x̂α̂, (B.9)
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with âα̂ ∈ R for all multi-exponents α̂ ∈ {0, 1, . . . , l}n−1 with |α̂| ≤ l,
such that

p̂(q̂i) = fi, i = 1, 2, . . . ,
(

n− 1 + l
n− 1

)
(B.10)

for the prescribed interpolation values fi and the interpolation nodes q̂i
in B(l, n− 1).

We define the linear map m that maps the vertices Xj to the unit
vectors in Rn. Concretely, m(Xj) = ej, j = 1, . . . , n− 1 and m(X0) = en.
In view of the definition of X i (3.14), we can rewrite the definition of
B(l, m) (B.6),

B(l, m) =

{
l

∑
j=1

aj

∣∣∣∣∣a1, . . . , al ∈ {X0, . . . , Xm}
}

. (B.11)

Hence, we find

m(B(l, n− 1))

=

{
l

∑
j=1

aj

∣∣∣∣∣a1, . . . , al ∈ {m(X0), . . . , m(Xn−1)}
}

= X l . (B.12)

Consequently, the polynomial

p(x) := p̂(m−1(x)) (B.13)

satisfies (B.8) with the qi in X l .
To show that this polynomial p is an element of Pn

{l}, we note that
the map m is given by

m : Rn−1 → Rn, x̂ 7→

In−1

0T

 x̂ +

0

l

 , (B.14)

with the inverse map

m−1 : Rn → Rn−1, x 7→ [In−1 0]x. (B.15)

We apply the definition of m−1 to find

p(x) = p̂(m−1(x)) = ∑
|α̂|≤l

âα̂(m−1(x))α̂ = ∑
|α̂|≤l

âα̂

n−1

∏
i=1

xα̂i
i , (B.16)

with the entries xi of x ∈ Rn, i = 1, . . . , n. By definition, all x ∈ X l

satisfy

n

∑
i=1

xi = l, (B.17)
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so we can multiply 1 = 1
l ∑n

i=1 xi to get

p(x) = ∑
|α̂|≤l

âα̂

(
n−1

∏
i=1

xα̂i
i

)(
1
l

n

∑
i=1

xi

)l−∑n
i=1 α̂i

. (B.18)

As a result, each summand is a monomial of degree l, so we can write

p(x) = ∑
|α|=l

aαxα (B.19)

with suitable aα ∈ R, for all α ∈ {0, 1, . . . , l}n with |α| = l. Thereby, we
have proven existence of a polynomial p ∈ Pn

{l} that satisfies (B.8) for

any interpolation values fi, i = 1, 2, . . . , (n+l−1
l ). Since the correspond-

ing interpolation matrix is square, existence of a solution implies also
uniqueness.

b.1.4 Specific gappy multivariate polynomial interpolation

As explained in Section B.1.1, the proof of Theorem B.1 in Section B.1.5
involves a polynomial p ∈ Pn

I with I := {i∗} ∪ I− such that

p(qj) = 0, for all qj ∈ X i for all i ∈ I− (B.20)

p(qj) = f j, for all qj ∈ X i∗ , (B.21)

for prescribed interpolation values f j ∈ R. To show that such a polyno-
mial p exists, we make the Ansatz

p(q) = pi∗(q) p̂

(
n

∑
k=1

qk

)
∀q ∈ Rn, (B.22)

with pi∗ ∈ Pn
i∗ that satisfies (B.21) according to Theorem B.3, and a

univariate polynomial p̂ that solves the specific interpolation problem
with interpolation values 0 and 1 described in the following lemma.

Lemma B.4 (Specific gappy univariate polynomial interpolation). For
any l ∈N0, for any I := {i∗} ∪ I− ⊂ Nl with i∗ < min I−, there exists
a polynomial p ∈ P1

I−i∗ with I−i∗ := {i− i∗
∣∣i ∈ I} such that

p(i) = 0, for all i ∈ I− and (B.23)

p(i∗) = 1. (B.24)

To prove this lemma, we show in Lemma B.5 that for fixed l ∈ N0,
the existence of solutions to such specific interpolation problems with
interpolation values 0 and 1 as described above implies the existence
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of solutions to the general interpolation problems with arbitrary in-
terpolation values. We use this result to prove Lemma B.4 with a case
discrimination: In Lemma B.6, we consider the case i∗ ̸= 0 and in
Lemma B.7 the case i∗ = 0.

Lemma B.5 (Specific and general gappy univariate interpolation). If
for some l ∈N0, for any I ⊂Nl := {0, 1, . . . , l} and any pairwise distinct
nodes x1, . . . , xnI ∈ R, there exists a polynomial p ∈ P1

I such that

p(xj) = 0 for j = 1, . . . , nI − 1, and (B.25)

p(xnI ) = 1, (B.26)

then there also exists for any I ⊂Nl a unique polynomial p̄ ∈ P1
I such that

p̄(xj) = f j, for j = 1, . . . , nI , (B.27)

for arbitrary interpolation values f j ∈ R.

Proof. Let i1 < i2 < . . . inI be the elements of a given I ⊂ Nl . For
k = 1, . . . , nI , we define the set Ik of the smallest k of these elements.
For each of these sets Ik, let pk be the polynomial in P1

Ik
that satisfies

pk(xj) = 0 for j = 1, . . . , k− 1, and (B.28)

pk(xk) = 1. (B.29)

To find the polynomial p̄ ∈ P1
I that satisfies (B.27), we make the

Ansatz

p̄(x) =
nI

∑
k=1

ck pk, (B.30)

to obtain an interpolation problem described by the linear system

Ac = f , (B.31)

with c = [c1 . . . cnI ]
T ∈ RnI , f = [ f1 . . . fnI ]

T ∈ RnI and the
entries of the matrix A ∈ RnI×nI ,

Ajk := pk(xj), j, k = 1, . . . , nI . (B.32)

Because of (B.28) and (B.29), A is a lower triangular matrix with entries
1 on its diagonal. Hence, A has full rank and the linear system (B.31)
has a unique solution c for any right-hand side f .

The following two lemmas extend this result to arbitrary degrees l;
Lemma B.6 for the case that all nodes xj are positive, Lemma B.7 for the
case that xnI = 0 and 0 ∈ I .
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Lemma B.6 (Specific gappy univariate interpolation for arbitrary l).
For any l ∈ N0, for any I ∈ Nl := {0, 1, . . . , l}, there exists a polynomial
p ∈ P1

I such that the interpolation properties (B.25) and (B.26) hold for any
pairwise distinct, positive nodes x1, . . . , xnI ∈ R+.

Proof. The proof proceeds by induction along l.

• Base case: For l = 0, p(x) = 1 satisfies the interpolation properties
for the only existing set I = {0}.

• Induction hypothesis: For fixed l, there exists p ∈ P1
I such that

the interpolation properties (B.25) and (B.26) hold for any I ∈Nl
and any pairwise distinct, positive nodes x1, . . . , xnI ∈ R.

• Induction step: We consider a set I ⊂Nl+1 := {0, 1, . . . , l, l + 1}
and the pairwise distinct, positive nodes x1, . . . , xnI ∈ R+. If l +
1 /∈ I , then the induction hypothesis directly applies. Otherwise,
if l + 1 ∈ I , then the induction hypothesis holds for I− :=
I \ {l + 1} and the nodes x1, . . . , xnI−1. Hence, Lemma B.5 implies
that there exists a polynomial p̄ ∈ P1

I− such that

p̄(xj) = f j, for j = 1, . . . , nI − 1, (B.33)

for arbitrary interpolation values fi ∈ R. Consequently, there
exists p̄ ∈ P1

I− such that

p̄(xj) = −xl+1
j , for j = 1, . . . , nI − 1. (B.34)

Then,

p̂(x) := p̄(x) + xl+1 (B.35)

satisfies (B.25), i.e., x1, . . . , xnI−1 are roots of p̂. By Descartes’ rule
of signs, p̂ has at most nI − 1 positive roots, hence p̂(xnI ) ̸= 0.
Consequently, we can normalize p̂ to find the desired polynomial,

p(x) :=
p̂(x)

p̂(xnI )
. (B.36)

Lemma B.7 (Specific gappy univariate interpolation for arbitrary l with
xnI = 0). For any l ∈ N0 := {0, 1, . . . , l}, for any I ∈ Nl with 0 ∈ I ,
there exists a polynomial p ∈ P1

I such that the interpolation properties (B.25)
and (B.26) hold for any pairwise distinct, positive nodes x1, . . . , xnI−1 ∈ R+

and xnI = 0.

[ September 28, 2026 at 5:56 – classicthesis v4.8 ]



100 supplementary material for chapter 3

Proof. Let I− := I \ {0}. According to Lemma B.5 and Lemma B.6,
there exists a polynomial p̄ ∈ P1

I− such that

p̄(xj) = −1 for j = 1, . . . , nI − 1. (B.37)

Then,

p(x) := p̄(x) + 1 (B.38)

is element of P1
I and satisfies (B.25). Because p̄ ∈ P1

I− with 0 /∈ I−, x
is a factor of p̄, so p̄(0) = 0. Consequently p also satisfies (B.26).

With these preparations, we can prove Lemma B.4.

Proof of Lemma B.4. For any l ∈ N, for any Î = {i∗} ∪ I− ⊂ Nl with
i∗ < min I−, let I = {i− i∗

∣∣i ∈ Î} and {x1, . . . , xnI } = Î . Then Lemma
B.6 implies the statement if i∗ ̸= 0 and Lemma B.7 if i∗ = 0.

b.1.5 Gappy multivariate polynomial interpolation

Now we have all ingredients to prove Theorem B.1.

Proof of Theorem B.1. The proof is performed by induction along the
number of elements in I .

• Base case: Let I = {i} for any i ∈Nl with arbitrary l ∈N0, then
Theorem B.3 implies the existence and uniqueness of a polynomial
p ∈ Pn

{i} that satisfies the interpolation property (B.5) in the

interpolation nodes in X i.

• Induction hypothesis: Let for a fixed degree set I− ⊂ Nl with
arbitrary l ∈ N0 exist a unique polynomial p− ∈ Pn

I− that sat-
isfies the interpolation property (B.5) in the interpolation nodes
∪i∈I−X i.

• Induction step: We consider the degree set I := {i∗} ∪ I− with
arbitrary i∗ ∈ Nl . Without loss of generality, we can assume
i∗ < min I−. As described in Section B.1.4, we can construct a
polynomial

p(q) = pi∗(q) p̂

(
n

∑
k=1

qk

)
∀q ∈ Rn, (B.39)
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with pi∗ ∈ Pn
i∗ and p̂ ∈ P1

I−i∗ , so p ∈ Pn
I . Because of Lemma B.4

and ∑n
k=1 qk = i for all q ∈ X i for any i ∈ N0 , we can choose p̂

such that

p̂

(
n

∑
k=1

qk

)
= 0, for all q ∈ X i for all i ∈ I− (B.40)

p̂

(
n

∑
k=1

qk

)
= 1, for all q ∈ X i∗ , (B.41)

and pi∗ such that

pi∗(qj) = bj − p−(qj), for all qj ∈ X i∗ , (B.42)

with the interpolation values bj prescribed in (B.5). Consequently,
the polynomial p satisfies

p(qj) = 0, for all qj ∈ X i for all i ∈ I− and (B.43)

p(qj) = bj − p−(qj), for all qj ∈ X i∗ . (B.44)

As a result, the polynomial p− + p satisfies

p−(qj) + p(qj) = bj + 0 = bj,

for all qj ∈ X i for all i ∈ I− and (B.45)

p−(qj) = p(qj) = p−(qj) + bj − p−(qj) = bj,

for all qj ∈ X i∗ , (B.46)

and hence satisfies the interpolation property (B.5). Since the cor-
responding interpolation matrix is square, existence of a solution
also implies uniqueness.

b.2 algorithm for generating rom state set

We present two different approaches how to implement the procedure to
generate the rank-ensuring ROM state sets X i as defined in (3.14) in line
7 of Algorithm 3.1. As shown in Algorithm B.1 for polynomial degree
i = 3, the procedure essentially comprises 3 nested for-loops. The first
approach shown in Algorithm B.2 constructs these nested for-loops
for arbitrary i via recursion. This recursion makes the algorithm rather
non-intuitive. While this non-intuitivity might be unavoidable to handle
arbitrary polynomial degrees i, a more intuitive approach is possible
in practice. In practice, we know a priori which polynomial degrees i
are involved in the considered problems. For example, in the numerical
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experiments in Section 3.4, the only polynomial degrees involved are
{1, 2, 3, 8}. Consequently, we can use the hard-coded discrimination of
cases shown in Algorithm B.3 as alternative to Algorithm B.2, with the
procedures for i = 1, 2, 8 implemented analogous to Algorithm B.1.

Algorithm B.1 Generate rank-ensuring ROM state set X 3

1: procedure GenerateROMstateSet3( ROM dimension n )
2: Initialize X 3 ← ∅
3: for j1 = 1, . . . , n do
4: for j2 = j1, . . . , n do
5: for j3 = j2, . . . , n do
6: X 3 ← X 3 ∪ ej1 + ej2 + ej3
7: end for
8: end for
9: end for

10: return X 3

11: end procedure

b.3 rom state errors with respect to the fom

Figures B.1, B.2 and B.3 show the relative average ROM state errors,∥∥X−VnX̃
∥∥

F
∥X∥F

, (B.47)

for Chafee-Infante equation in Section 3.4.1, ice sheet model in Section
3.4.2 and Burgers’ equation in Section 3.4.3, respectively. The matrix
X =

[
x0 . . . xKPOD−1

]
comprises the FOM snapshots used to construct

the POD basis, and X̃ =
[
x̃0 . . . x̃KPOD−1

]
the corresponding ROM

snapshots generated by integrating the ROM ODE (3.6) with the in-
trusive ROM operators and the inferred ROM operators, respectively.
As can be seen, the ROM errors decrease monotonously for increasing
ROM dimensions in all three test cases for both, intrusive and inferred
ROMs. Additionally, we cannot see any difference between the errors
of corresponding intrusive and inferred ROMs. In fact, the differences
between these errors are all smaller than 10−10. This alignment is due
to the exact reconstruction of the intrusive ROM operators shown in
Fig. 3.1.
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Algorithm B.2 Generate rank-ensuring ROM state set X i - recursive
algorithm

1: procedure GenerateROMstateSet(
ROM dimension n,
polynomial degree i ∈N0

)
2: return recursiveROMstateSet( ROM dimension n,

polynomial degree i,
current for loop depth i∗ = 0,
current index sequence j = [],
current ROM state set X i = ∅ )

3: end procedure

4: procedure recursiveROMstateSet( ROM dimension n,
polynomial degree i ∈N0,
current for loop depth i∗,
current index sequence j = [j1, . . . , ji∗ ],

# always has length i∗

current ROM state set X i )
5: if i∗ = i then
6: Initialize x̂← 0 ∈ Rn

7: for k=1,. . . ,i do
8: x̂← x̂ + ejk
9: end for

10: return X i ∪ x̂
11: else

12: # Perform next inner for-loop

13: for ji∗+1 = ji∗ , . . . , n do # with j0 = 1
14: return recursiveROMstateSet(

ROM dimension n,
polynomial degree i,
current for loop depth i∗ + 1,
current index sequence [j1, . . . , ji∗+1],
current ROM state set X i )

15: end for
16: end if
17: end procedure
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Algorithm B.3 Generate rank-ensuring ROM state set X i - hard-coded

1: procedure GenerateROMstateSet(
ROM dimension n,
polynomial degree i ∈N0

)
2: if i = 1 then return GenerateROMstateSet1(

ROM dimension n)
3: else if i = 2 then return GenerateROMstateSet2(

ROM dimension n)
4: else if i = 3 then return GenerateROMstateSet3(

ROM dimension n)
5: else if i = 8 then return GenerateROMstateSet8(

ROM dimension n)
6: end if
7: end procedure
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Figure B.1: Relative average ROM state
error (B.47) for Chafee-Infante
equation.
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Figure B.2: Relative average ROM state
error (B.47) for the ice sheet
model.
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Figure B.3: Relative average ROM state error (B.47) for Burgers’ equation.
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c.1 decoupling for arbitrary polynomial right-hand side

The decoupling described in Section 4.4 can be performed analogously,
if the right-hand side of (4.1) is any monomial in x other than quadratic.
If this right-hand side consists of more than one monomial, the decou-
pling can be performed as follows.

c.1.1 Parametric dynamical system and Galerkin ROM

Let us assume that the right-hand side consists of a constant, a linear
and a quadratic term,

f (x; µ) = c(µ) + A(µ)x + H(µ)x2, (C.1)

with operators c(µ) ∈ RN , A(µ) ∈ RN×N and H(µ) ∈ RN×(N+1
2 ) with

affine decompositions,

c(µ) =
qc

∑
p=1

θ
(p)
c (µ)c(p), A(µ) =

qA

∑
p=1

θ
(p)
A (µ)A(p),

H(µ) =
qH

∑
p=1

θ
(p)
H (µ)H(p), (C.2)

with scalar functions θ
(p)
c , θ

(p)
A and θ

(p)
H and matrices c(p), A(p) and

H(p) of the same dimensions as c(µ), A(µ) and H(µ), respectively. The
intrusive ROM operators are defined as

c̃(µ) = VT
n c(µ) ∈ Rn×1, Ã(µ) = VT

n A(µ)Vn ∈ Rn×n

and H̃(µ) = VT
n H(µ)I(i)N (Vn ⊗Vn) J(i)n . (C.3)

c.1.2 Parametric operator inference

As described in [70, 119], the operator inference problem to infer the
operator matrix

Ô :=
[
ĉ(1) . . . ĉ(qc)

∣∣∣ Â(1) . . . Â(qA)
∣∣∣ Ĥ(1) . . . Ĥ(qH)

]
∈ Rn×q(n),

(C.4)

105
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with q(n) = qc + qAn + qH(
n+1

2 ) is then to minimize L(Ô) defined in
(4.14), but with

D = [ Dc | DA | DH ] (C.5)

=


θc(µ1)⊗ 1K

...

θc(µs)⊗ 1K

∣∣∣∣∣∣∣∣∣
θA(µ1)⊗ X̂(µ1)

T

...

θA(µs)⊗ X̂(µs)T

∣∣∣∣∣∣∣∣∣
θH(µ1)⊗ X̂2(µ1)

T

...

θH(µs)⊗ X̂2(µs)T

 ,

(C.6)

and the row vectors that encode the affine parameter dependencies in
(C.2),

θc(µi) =
[
θ
(1)
c (µi) . . . θ

(qc)
c (µi)

]
∈ R1×qc (C.7)

θA(µi) =
[
θ
(1)
A (µi) . . . θ

(qA)
A (µi)

]
∈ R1×qA (C.8)

θH(µi) =
[
θ
(1)
H (µi) . . . θ

(qH)
H (µi)

]
∈ R1×qH . (C.9)

c.1.3 Decoupling parametric operator inference

The parametric operator inference minimization problem (4.14) is high-
dimensional because it involves data from s parameter samples to learn
qc, qA and qH constant, linear and quadratic operators, respectively. We
want to decouple this problem into subproblems that only involve data
from one parameter sample to learn a set of one constant, one linear
and one quadratic operator. For this purpose, we first note that

L(Ô) =
s

∑
i=1

∥∥∥∥∥D(i)(µi)

[
qc

∑
p=1

θ
(p)
c (µi)ĉ(p)

∣∣∣∣∣ qA

∑
p=1

θ
(p)
A (µi)Â(p)

∣∣∣∣∣
qH

∑
p=1

θ
(p)
H (µi)Ĥ(p)

]T

− ˙̂X(µi)

∥∥∥∥∥
2

F

, (C.10)

with

D(i)(µi) :=
[
1K

∣∣ X̂(µi)
∣∣ X̂2(µi)

]
∈ RK×q(n) (C.11)

and 1K = [ 1 . . . 1 ]T ∈ RK. (C.12)

If Θc = ΘA = ΘH = Is (so qc = qA = qH = s), then the term on the
right simplifies to

s

∑
i=1

∥∥∥∥D(i)(µi)
[

θ
(i)
c (µi)ĉ(i)

∣∣ θ
(i)
A (µi)Â(i) ∣∣ θ

(i)
H (µi)Ĥ(i)

]T
− ˙̂X(µi)

∥∥∥∥2

F
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so for all i = 1, . . . , s, the operators ĉ(i), Â(i), Ĥ(i) only depend on data
from the parameter sample µi. Hence, we can solve subproblems for
the basis operators Ô(i) = [ĉ(i)|Â(i)|Ĥ(i)] separately.

In general, Θc = ΘA = ΘH = Is does not hold (i.e., we cannot find
suitable parameter samples µ1, . . . µs). However, we can achieve similar
decoupling if the rank-ensuring snapshot data described in Section
4.3 are used and the matrices Θc, ΘA and ΘH have full rank. For this
purpose, we first note that the matrices Θc ∈ Rs×qc , ΘA ∈ Rs×qA and
ΘH ∈ Rs×qH can be extended to square full rank matrices of dimension
s× s. Such an extension corresponds to extending the affine expansions
(4.5) by additional terms that evaluate to zero. Correspondingly, we
extend the operator matrix Ô to

Ô =
[
ĉ(1) . . . ĉ(s)

∣∣ Â(1) . . . Â(s) ∣∣ Ĥ(1) . . . Ĥ(s)
]

(C.13)

∈ Rn×(1+n+(n+1
2 ))s (C.14)

with ĉ(i) = 0 for all i > qc, Â(i) = 0 for all i > qA and Ĥ(i) = 0 for all
i > qH .

Next we note that the snapshot data X̂(µi) = X̂ described in Section
4.3 is parameter-independent, so the data matrix D simplifies to

D =
[

Θc ⊗ 1K

∣∣∣ ΘA ⊗ X̂T
∣∣∣ ΘH ⊗ X̂T

2

]
. (C.15)

Now we can define

Ǒ = ÔT−T , with

T =


Θ−1

c ⊗ I1

Θ−1
A ⊗ In

Θ−1
H ⊗ I

(n+1
2 )

 , (C.16)
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then

DÔT = D
(

ǑTT
)T

= DTǑT (C.17)

=
[

Θc ⊗ 1K

∣∣∣ ΘA ⊗ X̂T
∣∣∣ ΘH ⊗ X̂T

2

]


Θ−1
c ⊗ I1

Θ−1
A ⊗ In

Θ−1
H ⊗ I

(n+1
2 )

 ǑT (C.18)

=
[
(ΘcΘ−1

c )⊗ (1KI1)
∣∣∣ (ΘAΘ−1

A )⊗ (X̂TIn)
∣∣∣

(ΘHΘ−1
H )⊗

(
X̂T

2 I
(n+1

2 )

) ]
ǑT (C.19)

=
[

Is ⊗ 1K

∣∣∣ Is ⊗ X̂T
∣∣∣ Is ⊗ X̂T

2

]
ǑT (C.20)

Hence, we can decouple the problem

L(Ǒ) =
∥∥∥ĎǑT −RT

∥∥∥2

F
(C.21)

with Ď = DT.
This decoupling results in smaller, embarrassingly parallel and nu-

merically more stable subproblems

L(Ǒ(i)) =

∥∥∥∥Ď(i)
(

Ǒ(i)
)T
−
(

R(i)(µi)
)T
∥∥∥∥2

F
, i = 1, . . . , s (C.22)

with Ď(i) =
[
1K|X̂T |X̂T

2

]
, Ǒ(i) = [č(i)|Ǎ(i)|Ȟ(i)]

and R(i)(µi) =
˙̂X(µi) (C.23)

and facilitates extensions by new parameter samples/new parametric
terms. The original operator Ô is then computed via Ô = ǑTT .

Note that the addition of zero terms in (C.14) is not necessary for exact
operator inference. For example, if qc > qA > qH , it would be sufficient
to compute exact snapshot data for I = {0, 1, 2} for qH parameter
samples, for I = {0, 1} for qA − qH samples and for I = {0} for
qc − qA samples — provided that the corresponding matrix D has full
rank. While this approach would reduce the demand for generation of
snapshot data, it would destroy the parameter independency X̂(µi) = X̂
and hence make the decoupling impossible.
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c.2 rom state errors with respect to the fom

Figs. C.1a and C.1b show the average ROM state error with respect to
the FOM,

∑K
k=0 ∥xk(µ)−Vn x̃k(µ)∥2

∑K
k=0 ∥xk(µ)∥2

, (C.24)

where x̃k are the snapshots of the explicit Euler ROM

x̃k+1(µ) = x̃k(µ) + ∆t

(
qH

∑
p=1

θ
(p)
H (µ)H̄(p)

)
x̃2

k(µ),

k = 0, . . . , K− 1, (C.25)

with the ROM operators H̄(p) computed intrusively, or via monolithic or
decoupled operator inference, respectively. As can be seen in Fig. C.1a
for the affine test case, decoupled, monolithic and intrusive ROM align
for both parameter values µ0 and µ1. The errors decrease for increasing
ROM dimension, but not strictly monotonically and for µ0 much slower
than for µ1. In Fig. C.1b for the non-affine test case, decoupled and
monolithic ROM align as well, but the Taylor-based intrusive ROM
only for µ0. This mismatch is in line with the observed mismatch of
operator errors in Fig. 4.2a. Also for this test case, all errors decrease
with increasing ROM dimension, but for the Taylor-based intrusive
ROM this decrease seems stalled for µ1 to magnitude 10−2.
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(a) Test case with affine conductivity (4.41).
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(b) Test case with non-affine conductivity (4.43).

Figure C.1: Relative average ROM state error.
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S U M M A RY

Computational efficiency is of paramount importance in complex en-
gineering tasks such as optimization, data assimilation, uncertainty
quantification and the development of digital twins. All these tasks
require multiple simulations with similar settings. While classical nu-
merical methods such as Finite Elements have primarily been developed
to run single simulations, data-driven methods are being developed to
exploit the similarity among such multiple simulations.

One of these data-driven methods is projection-based model reduc-
tion. Like classical numerical methods, this method derives discrete
models from first principles. However, while classical numerical meth-
ods result in generic discretizations, projection-based model reduction
leverages data to construct more efficient, problem-specific discretiza-
tions.

This thesis comprises three advances of projection-based model re-
duction. The first advance is the application to the incompressible
Navier-Stokes equations with time-dependent boundary conditions.
This application results in a reduced-order model (ROM) that does not
require the computation of the pressure to simulate the velocity and
preserves the structure of the kinetic energy evolution. It is shown that
this velocity-only ROM is equivalent to a velocity-pressure ROM, i.e., a
ROM that simulates both velocity and pressure. The advantages of the
velocity-only ROM are better stability and computational efficiency.

The second advance is the proposition of a method that enables the
construction of projection-based ROMs non-intrusively, i.e., without
access to the corresponding full-order model. Such access is often
not possible with software used in industry, so operator inference
has been introduced for nonintrusive ROM construction. However,
operator inference reconstructs the corresponding intrusive ROM only
if sufficiently informative snapshot data is available. The novel method
generates such data and thereby guarantees the exact reconstruction.
This exact operator inference is optimal in the sense that the amount of
generated data to achieve exact reconstruction is minimal.

The third advance is the application of exact operator inference to
parametric models. Next to the exact reconstruction with minimal data,
this application allows to decouple the parametric operator inference
minimization problem. The resulting decoupled problems are embar-
rassingly parallel, numerically more stable and can be solved more
efficiently.
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130 summary

The main result of this thesis is the proposed exact operator inference
that enables the exact non-intrusive reconstruction of intrusive ROMs.
This method can be applied to many scientific and engineering prob-
lems, including the incompressible Navier-Stokes equations as studied
in this thesis.
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