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1 Introduction
Each science is driven by its paradigms. They are formed by pioneers, who create new theories or
new approaches in the still to be shaped field and who, thanks to their insights, succeed in imposing
their research agenda on others. In computer science Tony Hoare was one such pioneer. Tony died
on 5th of March 2026 at the age of 92. To better appreciate his influence on computer science, we
provide here a chronological outline of his early contributions and assess the impact they have had
on the field.

This article covers the crucial years 1961–1977, the period preceding his appointment as Professor
of Computation at the University of Oxford. It starts with the publication of his Quicksort algorithm
and ends with the revised version of his article titled Communicating Sequential Processes. During
these 17 years his research was focused on various aspects of imperative and parallel programming
and it is for this work that he received the ACM Turing Award in 1980.

Our aim is also to better understand the influences that shaped his work; to do so, we need to
reexamine his early contributions in detail, while also taking into account the work and opinions
of his peers. It should be noted that in the period under discussion Hoare wrote most of his articles
alone and the number of his coauthors can be counted on one hand. His first joint publication, with
Niklaus Wirth, dates from 1966.

At that time only mainframe computers existed. Computer programs were prepared on punched
cards or paper tape and computer time was scarce. Information about research by others was
difficult to obtain and contacts were sparse since e-mail and internet did not exist. Research articles
were written on a typewriter and communication was reduced to correspondence by post since
international phone calls were expensive. So participation in scientific events was crucial. Hoare
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13:2 K. R. Apt

had a rare talent to distill the essence from what he learned during these meetings. His works
built upon it and showed that often he saw further than his peers. This is remarkable given that he
started his research with hardly any knowledge of the budding field of computer science.

2 Quicksort and Find
In 1961, at the age of 27, Hoare published his first article, [46], while working as a programmer at a
small company, Elliott Brothers, in London. It described three algorithms, Partition, Quicksort
and Find. They were written in ALGOL 60, a language he learned that year during a course, with
Peter Naur, Edsger Dijkstra, and Peter Landin as tutors (see [59]). Each algorithm is interesting in
its own right. The sorting algorithm Quicksort uses Partition as a subroutine and is so compact
that for the sake of further discussion it is worth reproducing it in full.

procedure quicksort(A,M,N); value M, N;
array A; integer M, N;

begin integer I,J;
if M < N then begin partition(A,M,N,I,J);

quicksort(A,M,J);
quicksort (A,I,N)

end
end quicksort

Quicksort as presented in [46].

So Quicksort invokes the procedure Partition, the body of which is longer, though relatively
straightforward. It suffices here to reproduce Hoare’s comment about the working of this procedure.

Given an array A[M..N], the call partition(A,M,N,I,J) modifies the array by means of in place
element swaps using a random element X (nowadays called a pivot) and the output parameters I
and J:
M ≤ J < I ≤ N provided M < N,
A[R] ≤ X for M ≤ R ≤ J,
A[R] = X for J < R < I,
A[R] ≥ X for I ≤ R ≤ N.

Interestingly, Hoare conceived Quicksort in Moscow, where he attended the Moscow State
University as a visiting student in the School of Statistics [67]. It became one of the most famous
algorithms in computing. It achieves sorting by means of the “divide-and-conquer” paradigm,
where the “conquer” part consists of two inner calls operating on disjoint array segments. One
of its novelties is the use of recursion, a feature introduced in the ALGOL 60 language almost by
accident (see [29, 30]). As stated by Dijkstra in [28] “Tony Hoare’s “quicksort” convinced the last
doubters that the inclusion of recursion was more than a whim”. But Quicksort is also a randomized
algorithm since, to avoid the worst-case behaviour, the Partition call includes randomization in
the choice of the pivot.

Hoare analysed the algorithm in detail in [47], though, remarkably, he described it there only in
plain English. After having carried out a complexity analysis he concluded that the average number
of comparisons needed to sort an array with distinct entries is 2𝑁 ln𝑁, which is about 1.4 off the
minimum 𝑁 𝑙𝑜𝑔2(𝑁 ). In the article, Hoare also reported that the algorithm compared favourably
with the competing Mergesort, invented in 1945 by John von Neumann (see [70, p. 384]). They
were both programmed “by Mr. P. Shackleton” and run on the National-Elliot 405 computer using
random data produced “by Mr. D. J. Pentecost”. This reference to experiments and two researchers
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involved in them gives an early indication that Hoare and the Elliot Brothers company were fully
aware of the importance of his discovery. Hoare also mentioned a modification of Quicksort made
by Pat Shackleton, now called the Multi-key quicksort, that was the first out of many variants
studied in the literature.

Starting with [70], where Donald Knuth stated that Hoare’s article “contains one of the most
comprehensive accounts of a sorting method that has ever been published” (p. 115), its complexity-
theoretic analysis became a vibrant research topic. In 1975 Robert Sedgewick defended, under the
supervision of Knuth, an award winning 361 pages-long PhD thesis [87] titled Quicksort, in which
he undertook an extensive study of the algorithm’s complexity, also analysing various variants and
modifications that appeared in the meantime. These results were published in three journal articles
[88–90]. Classic books on algorithms such as [13, 91], contain a chapter-long analysis of Quicksort.
Find, the third algorithm published by Hoare in his [46] article, is also recursive. Its purpose is

to find the 𝑘th smallest element in an unordered array of elements. The algorithm is relevant in
numerous applications in which sorting of the whole array is not needed, for instance in statistical
analysis when one just wants to find a median of a dataset, or to analyse, say, the top 10% of data.
Like Quicksort, Find is also a randomized algorithm, since it contains a call to Partition, but in
contrast to Quicksort the average number of comparisons is linear (see, e.g., [99, p. 84]).

Unknowingly, when publishing his Find algorithm, Hoare just scratched the surface of a re-
spectable research area that originated with a 1883 article by Charles Lutwidge Dodgson. Better
known by his pen name Lewis Carroll, he proposed a modification of the knockout elimination
tennis tournament to determine the true second- and third-best players, see [70, pp. 209-218].
Somehow Find also assumed a pen name, Quickselect, and as such can be found in various
standard books on algorithms (see e.g., in [91, pp. 345-347]).

Both algorithms continue to be studied today (see, e.g., [45, 64]). We shall return to them in
Section 4.

3 Extensions of ALGOL 60
In the period that followed his two articles, Hoare continued to work for the Elliot Brothers company,
where he oversaw a successful implementation of a subset of ALGOL 60. Subsequently, as a manager
of a group of eventually 40 programmers, he faced mostly unsuccessful attempts to deliver new
software for the company’s new computer, adventures he later described in a colourful way in his
Turing Award speech [59]. In 1962 he married Jill Pym, one of the two main implementers of the
ALGOL 60 subset, a marriage that was to last his lifetime.

In 1962 he was invited to become a member of a newly formed IFIP Working Group 2.1 on
Algorithmic Languages and Calculi that studied maintenance, revision and extensions of the
ALGOL 60 language. Several members of the group became leading computer scientists and six
of them eventually went on to win the ACM Turing Award. The meetings of the group brought
him into regular contact with Edsger Dijkstra and Niklaus Wirth. In the years that followed their
research had a profound effect on each other’s scientific work.

In this period, Hoare proposed to add to the language the case statement and the record data
structure about which he wrote an extensive report [48], published three years later as [49]. This
clearly caught Dijkstra’s interest as demonstrated by his 1965 report in which he “experimented”
(his formulation) with Hoare’s record concept [17]. Hoare also advocated the concept of a null
reference (a value reserved to indicate that a pointer or reference does not refer to a valid object),
though later came to regret it. In a 2009 lecture he famously described it as “the billion dollar
mistake”.1

1https://www.infoq.com/presentations/Null-References-The-Billion-Dollar-Mistake-Tony-Hoare/
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In 1966 he published, jointly with Wirth, a long article [102] in which these and other additions
to the language were proposed.2 One of them was the while statement, thanks to which loops
could be written without the use of the goto statement, which was an important contribution
toward structured programming. This report formed the basis for the ALGOL W language that in
turn formed the basis for the more popular Pascal language, first implemented by Wirth and his
colleagues in 1970.

This period was also marked by increasingly ominous discussions within Working Group 2.1
on the successor of ALGOL 60. In 1965 a proposal consisting of an implementation of ALGOL W
on the IBM 360 computer, combined with the report that became the above mentioned [102], was
rejected. Subsequent repeated delays in a delivery of a report on the alternative proposal, eventually
called ALGOL 68, finally led to the departure of six scientists, including Dijkstra and Hoare. Their
reservations were spelled out in a harshly worded succinct “Minority Report” that criticized both
ALGOL 68 and its definition method (see the English fragment of [32]). This eventually led to
the creation of IFIP Working Group 2.3 on Programming Methodology of which Dijkstra, Hoare
and Wirth became prominent members. Thirteen years later Hoare discussed these frustrating
developments in sober terms in his Turing Award speech [59].

4 Hoare Logic
In 1968 Hoare moved to Northern Ireland where he became Professor of Computer Science at the
Queen’s University of Belfast. Through his work on extensions of the ALGOL 60 language he got
interested in techniques for formal definition of languages. This eventually led to his article [50] in
which he introduced what is now Hoare logic. It consisted of the following axiom and proof rules.

D0 Axiom of Assignment
⊢ 𝑃0{𝑥 ∶= 𝑓 }𝑃
where
𝑥 is a variable identifier;
𝑓 is an expression;
𝑃0 is obtained from 𝑃 by substituting 𝑓 for all occur-
rences of 𝑥.

D1 Rules of Consequence
If ⊢ 𝑃{𝑄}𝑅 and 𝑆 ⊃ 𝑃 then ⊢ 𝑆{𝑄}𝑅
If ⊢ 𝑃{𝑄}𝑅 and 𝑅 ⊃ 𝑆 then ⊢ 𝑃{𝑄}𝑆

D2 Rule of Composition
If ⊢ 𝑃{𝑄1}𝑅1 and ⊢ 𝑅1{𝑄2}𝑅 then ⊢ 𝑃{(𝑄1; 𝑄2)}𝑅.

D3 Rule of Iteration
If ⊢ 𝑃 ∧ 𝐵{𝑆}𝑃 then ⊢ 𝑃{while 𝐵 do 𝑆}¬𝐵 ∧ 𝑃.

Hoare’s axioms and proof rules, as presented in [50].

The statement ⊢ 𝑃{𝑄}𝑅 is supposed to capture the following intuition: if a program 𝑄 is started
in a state satisfying 𝑃 and it terminates then it reaches a state satisfying 𝑅. It is now common to
write {𝑃} 𝑄 {𝑅} instead of ⊢ 𝑃{𝑄}𝑅. Such a construct is nowadays referred to as Hoare triple, while
𝑃 and 𝑅 are called assertions, where 𝑃 is the precondition and 𝑅 the postcondition.

2It contains the following intriguing comment: “The concept of records has been pioneered in the AED-I language by D. T.
Ross.”
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Let us discuss each of the axioms and rules in turn. In the Axiom of Assignment one nowadays
writes the substitution explicitly, that is, one writes

{𝑃[𝑥 ∶= 𝑓 ]} 𝑥 ∶= 𝑓 {𝑃},

where 𝑃[𝑥 ∶= 𝑓 ] denotes the result of substitution of 𝑓 for all free occurrences of 𝑥 in 𝑃.3 Next, the
Rules of Consequence are currently combined into one rule and written using the notation more
common in logic, so as

𝑃 → 𝑃1, {𝑃1} 𝑄 {𝑅1}, 𝑅1 →𝑅
{𝑃} 𝑄 {𝑅}

.

The Rule of Composition then takes the form
{𝑃} 𝑄1 {𝑅1}, {𝑅1} 𝑄2 {𝑅}

{𝑃} 𝑄1; 𝑄2 {𝑅}
.

while the Rule of Iteration becomes
{𝑃 ∧ 𝐵} 𝑆 {𝑃}

{𝑃} while 𝐵 do 𝑆 {¬𝐵 ∧ 𝑃}
.

The Axiom of Assignment should be contrasted with a more complicated version used earlier (in
a different setting) by Robert Floyd in [35]

{𝑃} 𝑥 ∶= 𝑓 {∃𝑦 ∶ (𝑃[𝑥 ∶= 𝑦] ∧ 𝑥 = 𝑓 [𝑥 ∶= 𝑦])},

that Hoare used in the earlier, unpublished, version of his article [62]. The more elegant version he
adopted in the journal article apparently appeared first in the PhD thesis of J.C. King [69] (who
attributed it to his supervisor Robert Floyd, see [68, page 6]). It provides a direct link between
the assignment and substitution (to the extent that we use here the same notation for both). It is
achieved by reasoning “backward”, from the post- to the precondition.

Another notable item is the Rule of Iteration. It states that if an assertion 𝑃 is maintained during
each activation of the loop body and is true at the beginning of the loop, then it is also true upon its
termination. The assertion 𝑃 is called a loop invariant. The idea of using invariants to reason about
programs was already present in earlier works by Alan Turing [95] (see also [80]), Naur [81] and
Floyd [35]. However, Hoare’s use of them is much more succinct, since they are only associated with
the while loops. Incidentally, Hoare learned of Floyd’s article [35] only after having distributed the
first draft of his article (see [66, page 27]).

In his 2015 interview with Cliff Jones, Hoare explained that the motivation for his axiomatic
approach was to provide a third alternative to two approaches of describing a programming
language, none of which appealed to him: denotational semantics and operational semantics (see
[65, page 361]). This approach became known as Hoare logic.

5 Hoare Logic for Procedures and Program Development
The reason for the success of Hoare’s article was that it spelled out in simple terms an axiomatic basis
for reasoning about programs that was of interest both for researchers analysing programming
constructs and for logicians who got interested in standard logical questions concerning the
introduced proof systems. The simplicity and elegance of this formalism made it possible to adjust
and extend it to practically all types of programming constructs used in imperative programming
languages.

Hoare himself took the lead in this research. In the original article he illustrated usefulness of
his proof system by presenting an axiomatic correctness proof of a toy example originally used by

3There is no standard notation for writing substitution. In later publications Hoare used 𝑃𝑥
𝑓 .
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Floyd in [35]. In the subsequent articles on the subject he took upon himself a more ambitious task:
to verify the original three algorithms he published in his first article [46].

In [51] he dealt with Find, which he rewrote as a nonrecursive programwith a triply nestedwhile
loop. He established its correctness by systematically developing it together with its correctness
proof and augmented it by an informal proof of termination (that could not be reasoned about in
his logic).

Hoare acknowledged the influence of Dijkstra by citing his “privately circulated” 1970 lecture
notes on structured programming [19]. But the influence went both ways. It is quite likely that this
article encouraged Dijkstra to study closer systematic development of programs together with their
correctness proofs, which eventually led to his 1976 book [25]. However, Dijkstra’s appreciation
was not immediate. In 2001, he admitted in [31]:

In the early 70s we studied Tony Hoare’s correctness proof of the routine “FIND” and
my friends still remember that at the end of that study I declared in disgust that “that
meaningless ballet of symbols was not my cup of tea”; only gradually, my resistance to
that kind of formula manipulation faded, until eventually, I began to love it.

Hoare’s proof was indeed not easy to follow and he speculated that “In future, it may be possible
to enlist the aid of a computer in formulating the lemmas, and perhaps even in checking the proofs.”
Several years later Jean-Christophe Filliâtre did exactly that and justified in [34] Hoare’s proof
formally using the interactive theorem prover Coq. He also ascertained that Hoare’s reasoning
about termination had to be modified.

The Find algorithm could be rewritten as a nonrecursive program because it only used so-called
left recursion. But reasoning about Quicksort required new insights, since here recursion was
essential. An appropriate rule for dealing with it was proposed in 1971 by M. Foley and Hoare in
[36]. It was modelled after so-called Scott’s induction rule that appeared in a widely circulated,
unpublished and handwritten, article by Dana Scott and Jaco de Bakker [86], a rule that in turn had
its roots in Gerhard Gentzen’s 1934 natural deduction system. It is not clear whether Foley and
Hoare were familiar with these references.

Scott’s induction was concerned with parameterless procedures expressed in relational calculus,
while Hoare and Foley dealt with procedures with parameters, written in an imperative language. So
to draw conclusions about specific procedure calls, additional rules were added. The article provided
a correctness proof of Quicksort, but just as in the case of the Find program the proof was not
easy to read. Several years later, this motivated Krzysztof R. Apt, Frank de Boer and Ernst-Rüdiger
Olderog to provide a more modular presentation in their book [1], including the previously missing
termination proof.
Quicksort can be elegantly programmed in functional and logic programming languages (see,

e.g., [94] and [93]).This is occasionally used as an argument for the superiority of these programming
styles, since the corresponding correctness proofs are substantially simpler. However, these versions
of the program do not perform sorting in situ, an important feature of the algorithm already
mentioned in [47], so they cannot be considered as faithful counterparts of the original program.

Foley and Hoare’s article was also remarkable for other insights. Given that the formal proof was
tedious, the authors speculated about the possibility of having a “mechanical means to generate
these lemmas from the text of the program”. The following striking fragment that includes a
discussion of the Assignment axiom may raise eyebrows:

For each command type there is the rule of inference permitting the mechanical
construction of the “weakest” proposition, which is “provably” true before execution
of the command if a certain proposition is true after it.
[… ] Call it [the weakest proposition] “Precondition”.

Form. Asp. Comput., Vol. 38, No. 2, Article 13. Publication date: June 2026.
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It clearly alludes to the weakest precondition semantics proposed four years later by Dijkstra
in [22]. This semantics assigns to a given a program 𝑆 and postcondition 𝑄 the set of states 𝑤𝑝(𝑆, 𝑄)
from which each execution of 𝑆 is guaranteed to terminate in a state that satisfies 𝑄. In this notation
we have 𝑤𝑝(𝑥 ∶= 𝑓 , 𝑃) = 𝑃[𝑥 ∶= 𝑓 ] (where we identify the assertion with the set of states
satisfying it). In his article, Dijkstra considered nondeterministic programs that in turn influenced
Hoare; more about this later, in Section 8.

Two other articles by Hoare from this period testify to his growing interest in constructing
programs together with their correctness proofs. In [52] he developed in this way a program that
implements the sieve of Eratosthenes for finding all primes smaller than a given natural number.
This program was informally developed earlier by Dijkstra in his 1970 lecture notes on structured
programming [19]. Remarkably, Hoare’s article does not refer, even in the references, to his proof
system, though references to loop invariants abound. He also used the class concept of Ole-Johan
Dahl’s SIMULA 67 programming language to separate the abstract algorithm from the proof of the
concrete representation. Next, in [53] he suggested that the use of data abstraction can be combined
with his approach to program verification. To make his point he again used the class concept and
showed how correctness of a program that operates on several small sets of integers using the
remove, insert and test operations can be established by reasoning first about its abstract version.

Clearly, Hoare became an early advocate of object-oriented programming, in contrast to Dijkstra
who never overcame his early aversion to it, exemplified in 1975 by this revealing confession
(see [23]):

It all started on Sunday 27th of July 1975, when Tony Hoare explained to me in the
garden of Hotel Sepp in Marktoberdorf (Western Germany) upon my request the class-
concept of SIMULA (including the so-called inner-concept); at least he explained his
version of it. I had always stayed away from it as far as possible, in order to avoid
contamination with the extremely operational point of view as practiced by Dahl c.s.,
and, after some time I could not even (under-) stand their mechanistic descriptions
anymore: they just made me shudder.

During this period Dijkstra got interested in turning programming into a systematic activity
and published in 1971 his lecture notes A Short Introduction to the Art of Programming [21] (the
cover mentions the price of 4 guilders) in which he devoted a chapter to Hoare’s Partition
program rewritten using the while statement. Wirth’s similar interests led him to publish, in 1971,
a paper titled Program Development by Stepwise Refinement in which he acknowledged “stimulating
influence of many discussions with C.A.R. Hoare and E.W. Dijkstra” [96]. Clearly, the three pursued
a similar research agenda in this period, though each of them carried it out by different means.

Dijkstra’s aversion to object-oriented programmming did not prevent him from contributing
to an important milestone of this period, the highly influential book Structured Programming [14]
that consisted of three long chapters written by Dijkstra, Hoare, and Hoare with Ole-Johan Dahl.
The opening chapter by Dijkstra was an expanded version of his already mentioned lecture notes
on structured programming. Hoare’s chapter titled Notes on data structuring discussed the use of
various data types, including enumeration type, record, powerset, sequence, and recursive types
(with the family tree as an example), together with their representations. The final chapter dealt
with the use of the class concept in the SIMULA 67 language and was perhaps the first exposition of
object-oriented programming. Hoare later modestly stated that his role was limited to simplifying
Dahl’s somewhat “dense” presentation (see [92]).

Hoare and Wirth’s mutual influence in this period is amply documented. Wirth ended his 1971
article [97] on the presentation of Pascal with this acknowledgement:
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The author gratefully acknowledges his indebtedness to C. A. R. Hoare for his many
valuable suggestions concerning overall design strategy as well as details, and for his
critical scrutiny of this article.

A year later Hoare returned the compliment by ending his above mentioned chapter on data
structuring with:

I am also deeply indebted to Professor N.Wirth for many fruitful discussions and sugges-
tions, and for his willingness to test several of the ideas of the paper in his design and im-
plementation of PASCAL, and to Professor E. W. Dijkstra for his perpetual inspiration.”

In 1973, an important book by Wirth appeared; an introductory textbook [98] on systematic
programming in Pascal. He introduced in it Hoare’s axioms and proof rules switching to the now
common Hoare triple notation, {𝑃} 𝑄 {𝑅}. This allowed him to annotate his programs with pre- and
postconditions and loop invariants. In 1976, in another book, [99], he included a detailed exposition
of Quicksort and Find and also discussed recursive types which he illustrated using Hoare’s family
tree example, all rewritten as Pascal programs.

Also in 1973, Hoare kept in mind his original motivation for creation of Hoare logic and published
with Wirth a substantial article on the axiomatic definition of a subset of Pascal [61], an approach
later adopted in [73] to define the programming language Euclid. Data types were defined by a
mixture of logical axioms and comments in English, while program statements were defined using
Hoare logic. Hoare and Wirth expressed hope that such a definition may serve as “a reference
manual for programmers [and] an axiomatic basis for formal proofs of properties of programs.”

But to justify such expectations the status of the introduced axioms and rules had to be clarified.
This undoubtedly motivated Hoare to undertake investigation of his logic from the semantic point
of view. In [60], a paper with his first PhD student Peter Lauer, soundness of the original proof
system was established with respect to the semantics of programs formulated in relational calculus.4

After these seminal publications by Hoare research on Hoare logic took off. We shall discuss
these developments in Section 9. Another line of research in Hoare logic, also initiated by Hoare,
was related to his study of parallel programs, a subject that we have to discuss first.

6 Parallelism: Conditional Critical Regions
To explain Hoare’s contributions to parallelism, we need to turn our attention briefly to Dijkstra,
who single handedly created a theory of parallel processes by publishing his 87-page long report
titled Cooperating Sequential Processes [16] in 1965. In it he identified the crucial synchronization
problem, called by him the mutual exclusion problem, and also introduced the first known
synchronization primitive, which he termed a semaphore. This originated research on high-level
synchronization constructs.

In 1971, Dijkstra introduced in [20] the classic synchronization problem, called the Five Dining
Philosophers, and provided a solution to it using semaphores. In a 2001 interview he mentioned
that he originally used the name of the Dining Quintuple and that the currently used name was
conceived by Tony Hoare (see [37]).This problem became a benchmark for presenting new solutions
to synchronization. We shall return to it below. In his article, Dijkstra also suggested, without
providing syntactic details, a concept of secretaries, with an intuition that it is “primarily a bunch
of non-reentrant routines with a common state space”.

So Hoare must have closely followed this work by Dijkstra and undoubtedly thanks to him got
interested in parallelism. His first article on this subject, [54], appeared in 1972. In it he introduced
a simple to manage form of parallelism, which he called disjoint parallelism, and the by now

4The authors referred to ‘consistency’ but ‘soundness’ is a more appropriate term here.
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standard notation
{𝑄1||𝑄2|| … ||𝑄𝑛},

indicating that the individual component programs 𝑄1, 𝑄2, … , 𝑄𝑛, called processes, are executed
in parallel. Disjointness meant that no variable subject to change in one process was referred to in
another one. So the processes could only share “read only” variables. As an example he proposed
a natural parallel version of Quicksort in which the inner calls (that operate on disjoint segments
of the array) are processes executed in parallel.

From the perspective of time the most important contribution of the article was a suggestion
to control interaction between the parallel processes using appropriate high-level features. His
idea was that such constructs should prevent time-dependent errors by means of compile-time
checking, which was novel at the time. He also proposed the first such feature, a shared resource
with a conditional critical region statement regulating access to it. According to Hoare a resource 𝑟 is
a set of shared variables that can be accessed only by means of conditional statements of the form

with 𝑟 when 𝐵 do 𝐶,

where 𝐵 is an optional Boolean expression and 𝐶 is a statement that uses the variables of 𝑟. It has
the following interpretation. When a process attempts to execute such a statement it is delayed
until the condition 𝐵 is true and the resource 𝑟 is not being used by another process. When both
conditions are satisfied the statement 𝐶 is executed. Upon termination the resource 𝑟 is available
for other processes. When several processes are competing for a particular resource no assumption
is made about the order in which they acquire it.

In the article, he illustrated the use of conditional critical regions by a couple of elegant examples,
including a simple solution to Dijkstra’s Five Dining Philosophers problem. To clarify the use of
conditional critical regions let us present Hoare’s solution.

The problem involves five philosophers sitting around the table. In the middle there is a bowl of
spaghetti. On the table five forks are placed, one to the left and one to the right of each philosopher.
In order to eat spaghetti, each philosopher needs two forks. Their lives alternate between eating
and thinking. The problem is to synchronize their actions so that each philosopher eventually can
eat. In particular one should prevent the situation in which each philosopher takes just one fork.

Hoare’s program uses as a shared resource an integer array possforks[0 : 4], where possforks[i]
indicates the number of forks available to philosopher 𝑖. He can eat spaghetti when both of his
neighbours are not eating, which is modelled by the condition possforks[i] = 2. Taking (respectively,
releasing) forks by philosopher 𝑖 is modelled by decreasing (respectively, increasing) the number of
forks available to his neighbours, 𝑖 ⊖ 1 and 𝑖 ⊕ 1, by 1, where ⊖ and ⊕ indicate counting modulo 5.
The program for philosopher 𝑖 is given below.

with possforks when possforks[i]= 2 do
begin possforks[i ⊖ 1]:= possforks[i ⊖ 1] - 1;

possforks[i ⊕ 1]:= possforks[i ⊕ 1] - 1
end;

eat spaghetti;
with possforks do

begin possforks[i ⊖ 1]:= possforks[i ⊖ 1] + 1;
possforks[i ⊕ 1]:= possforks[i ⊕ 1] + 1

end;
think

Hoare’s solution to the Dining Philosophers problem presented in [54].
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One of the first researchers who recognized the importance of Hoare’s proposal was Per Brinch
Hansen who soon after published an article [39] on comparison of semaphores and conditional
critical regions in which he wrote about a solution to a resource allocation problem:

A fairly long argument is needed to justify the solution which uses semaphores. In
contrast, the solution based on conditional critical regions is so obvious that a proof is
hardly needed.

Thirty years later he published an anthology of, in his view, the 19 most important articles on
concurrent programming [43] in which he included this article by Hoare. In the 60-page introduction
he stated (italics in the original):

This is the first notable attempt to extend programming languages with abstract features
for parallel programming.

and reproduced Hoare’s opinion that the search for such features is “one of the major challenges to
the invention, imagination and intellect of Computer Scientists of the present day.”

Hoare himself was much more modest. Even though, remarkably, he did not cite any references,
in the acknowledgements he attributed the concept of critical region to Dijkstra, perhaps by viewing
it as a realization of Dijkstra’s secretary concept. He also wrote:

Less obvious but equally invaluable has been his [Dijkstra’s] constant encouragement
in the search for a concept to “replace” the semaphore in a high-level programming
language, and my ambition of meeting his high standards of rigour and programming
style.

Hoare pursued this study in [57], the first version of which appeared as a Stanford University
report in 1973. In it he identified three ways of extending disjoint processes, to quote:

(1) Competing processes, which require exclusive use of some global resource during
certain phases of their execution.
(2) Co-operating processes, each of which makes its contribution to the construction of
some final desired result.
(3) Communicating processes, which transmit information to each other at intermediate
stages in their progress.

Communicating processes soon became a central focus of Hoare’s research. Admittedly, the
initial ideas presented in this article were still quite preliminary. In particular, while the article
proposed a two-way communication between processes, it did not yet consider simultaneous
communication—a concept that would become crucial in his later work that we shall discuss in
Section 8.

7 Parallelism: Monitors
Hoare’s proposal of critical regions was very simple and elegant, but at the cost of efficiency.
In particular, each delayed process would have to keep reevaluating the condition that caused
its suspension and no scheduling of access to resources was possible. Further, resources and
operations associated with them could not be grouped into one module. This led to a search for
more sophisticated constructs that could remedy such deficiencies, in particular by allowing the
processes to have some influence on the scheduling of delayed processes.

This eventually led to the invention of a monitor. It is a collection of procedures, variables,
and data structures that are grouped together in a class. Processes can synchronize their actions
exclusively by calling the monitor procedures. However, for each monitor at all times at most one
process can enter a monitor procedure. To achieve synchronization within the monitor procedures
condition variables are used with two operations on them,wait and signal. Thewait operation results
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in suspending the process, while the signal operation results in resuming one of the suspended
processes. This is the essence of the monitor concept as described and illustrated in Hoare’s 1973–74
articles [55] and [56].

Who exactly invented monitors is not obvious at first glance. Hoare’s first article did not use
the word “monitor”, while he began the second article with the following sentence: “This paper
develops Brinch Hansen’s concept of a monitor as a method of structuring an operating system”. In
the article, he cited Brinch Hansen’s 1972 article [40] and 1973 book [41]. In the acknowledgements
he wrote

The development of the monitor concept is due to frequent discussions and communi-
cations with E.W. Dijkstra and P. Brinch Hansen.

which is consistent with what Brinch Hansen wrote 20 years later in [42]:
The idea ofmonitors evolved through discussions and communications between E.W. Di-
jkstra, C.A.R. Hoare, and me during the summer and fall of 1971.

Brinch Hansen’s memoirs [44, page 92] make clear that he referred to the Marktoberdorf Summer
School that was followed by a Seminar on Operating Systems Techniques held at the Queen’s
University in Belfast. About the latter he wrote: “The threat of terrorist bombings had discouraged
several contributors, including Dijkstra, from attending the seminar. At the time, bombings were
frequent in downtown Belfast”. This may explain why certain aspects of Hoare’s monitor proposal
were unfamiliar to Dijkstra, as reflected in his analysis of it in [24], in which—one should note—he
did not mention his idea of secretaries.

In 2002 Brinch Hansen traced, in the introduction to his book [43], the history of monitors and
wrote about Hoare’s [56] article (italics in the original):

This influential paper deserves a place in history of concurrent programming as the
first monitor tutorial

subsequently explaining the differences between Hoare’s proposal and his earlier proposals.
Hoare’s comments in his 2015 interview make clear that they both invented the concept of a

monitor (see [65, page 373]). In the literature the idea is attributed both to Brinch Hansen and
Hoare. It became undoubtedly the most popular synchronisation concept and its proposal was
followed by intense research on languages for concurrent programming. Already in 1989 a survey
[6] appeared that mentioned nearly 100 programming languages. The widely used Java and C#
languages use monitors for synchronization of parallel processes. Hoare’s idea of shared resources
with the corresponding conditional critical region statement was the first stepping stone in this
research. Also, as shown in [85], it turned out to be a natural abstraction for implementing monitors.

8 Communicating Sequential Processes
To explain the next seminal contribution of Hoare, his 1978 (but submitted and revised in 1977) article
[58] titled Communicating Sequential Processes, we need first to explain some background. The title
is a clear reference to Dijkstra’s ground breaking Cooperating Sequential Processes article [16]. The
proposed language, called in short CSP, is an outcome of three ideas, two due to Hoare and one due
to Dijkstra. These are: disjoint parallelism, guarded commands and synchronous communication.

The first one has already been discussed. The second one was introduced by Dijkstra in [22]. In
this article he introduced a small programming language, called guarded commands and provided
for it the already mentioned weakest precondition semantics. The language contained two non-
deterministic constructs, the alternative construct and the repetitive construct, written in the CSP
syntax respectively as

[𝐵1 → 𝑆1�…�𝐵𝑛 → 𝑆𝑛],
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and

∗[𝐵1 → 𝑆1�…�𝐵𝑛 → 𝑆𝑛],

where 𝐵1, …, 𝐵𝑛 are Boolean expressions called guards and 𝑆1, …, 𝑆𝑛 are program statements.
In the alternative construct the statement 𝑆𝑖 can be chosen only if its guard 𝐵𝑖 evaluates to true;

then 𝑆𝑖 remains to be executed. Crucially, if more than one guard 𝐵𝑖 evaluates to true then any of
the corresponding statements 𝑆𝑖 may be executed next. If all guards evaluate to false, the alternative
construct terminates in failure. The repetitive construct is the loop around the corresponding
alternative construct with the important difference that when all guards evaluate to false, the
repetitive construct properly terminates. Guarded commands lead to what is now called demonic
nondeterminism. Informally, it states that all computations of a nondeterministic program have to
deliver the desired result.

The third crucial idea in CSP consisted of synchronous communication, according to which the
sender of a message can deliver it only when the receiver is ready to accept it at the same moment.
Syntactically, it is achieved by means of input and output commands that specify communication
between two concurrent processes.

The input command, written as 𝑃?𝑥, where 𝑃 is the name of a process and 𝑥 is a variable, expresses
the request to receive from the process 𝑃 a value that upon reception is assigned to 𝑥. The output
command 𝑄!𝑡 expresses the readiness to send to the process 𝑄 the value of the expression 𝑡. When
in such a pair of input and output commands the processes address each other and the types of
𝑥 and 𝑡 match, the input and output commands are said to correspond. They are then executed
simultaneously and their combined effect is that of the assignment 𝑥 ∶= 𝑡. Each input/output
command is delayed until a corresponding command is reached.

In CSP the processes are simply guarded command statements in which the input and output
commands are allowed as atomic statements. Additionally, variable declarations and, more crucially,
input commands can appear in guards of the alternative and repetitive commands. A CSP program
is a collection of named disjoint processes.

To illustrate the elegance and simplicity of the resulting language let us consider just one simple
example from Hoare’s article. The problem is to write a process X that copies characters output by
process west to process east, where every pair of consecutive asterisks “∗∗” should be replaced by
an upward arrow “↑”. It is assumed that the final character input is not an asterisk. The solution is
given below.

𝑋:: ∗[𝑐 ∶ 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟 ; 𝑤𝑒𝑠𝑡?𝑐 →
[𝑐 ≠ ∗ → 𝑒𝑎𝑠𝑡!𝑐
�𝑐 = ∗ → 𝑤𝑒𝑠𝑡?𝑐;

[𝑐 ≠ ∗ → 𝑒𝑎𝑠𝑡!∗; 𝑒𝑎𝑠𝑡!𝑐
�𝑐 = ∗ → 𝑒𝑎𝑠𝑡! ↑
]

]
]

Hoare’s CSP solution to a copy/squash problem as presented in [58].

Synchronous communication is sometimes called handshake communication. It had an important
impact on distributed programming, which is concerned with parallel processes sharing information
exclusively by means of message passing. It is a bold abstraction from asynchronous communication,
according to which the sender can always send its message. This assumes the existence of a buffer
where messages are kept until the receiver collects them.
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The CSP proposal had substantial impact on subsequent developments in distributed computing.
On the theoretical side it led to a number of interesting research problems, in particular how
to implement output commands in guards (see, e.g., [7]) and how to ensure global termination
when all processes terminate communication but cannot exit their repetitive command loops on
their own. This convention, identified by Nissim Francez in [38] and called distributed termination,
occasionally results in simpler CSP programs.

On the practical side CSP led to the development of the programming language occam (see [74]
and especially [75] for a historical retrospective). It was specifically designed for the computer
architecture developed at the INMOS company, based on transputers, chips that contained a
processor, cache memory and communications hardware. In occam communication is synchronous
and takes place through point-to-point channels that need to be declared.

The idea of synchronous communication through channels also caught the attention of Robin
Milner. In his 1978 article [78] on processes and synchronous communication he cited Hoare’s 1976
original technical report on CSP and Milne and Milner’s 1977 technical report on a mathematical
model of such processes; the latter was eventually published as [77].

In 2010, in a article [9] co-authored with Mikkel Bundgaard for a volume celebrating Tony
Hoare’s 75th birthday, Robin Milner wrote:

Tony Hoare and I have exchanged ideas on concurrent processes for three decades. To a
sufficiently distant observer it has seemed that we were doing the same thing, and that
therefore we should not have made it look different. A closer view shows this to be false.
Complementary things, yes; and both have been enriched by the cross-fertilisation.

and clarified that (italics in the original) “he was keen to find a mathematical concept of process
that could stand in analogy with the familiar notion of (single valued) function.”

This notion of a process led to his Calculus of Communicating Systems (CCS) [79]. In contrast,
Hoare’s original motivation was to design an elegant programming language for distributed comput-
ing. Hoare’s and Milner’s interests started to converge later, when Hoare embarked on his research
on an algebraic version of CSP, initially put forward in [8]. The account of these connections falls
outside of scope of this article.

9 Hoare Logic: Further Developments
By its very nature Hoare logic developed into an open-ended subject. We will now briefly mention
the main developments that followed Hoare’s initial contributions.

One line of research focussed on incorporating reasoning about termination into his logic. It
culminated in 1976 in an elegant rule by Susan Owicki and David Gries [82] in which simply two
new premises were added to the original Rule of Iteration. They state that an integer expression,
called a bound function, decreases with each loop iteration and that it remains nonnegative, both
under the assumption that the precondition 𝑃 ∧ 𝐵 holds. The rule takes the following form

{𝑃 ∧ 𝐵} 𝑆 {𝑃},
{𝑃 ∧ 𝐵 ∧ 𝑡 = 𝑧} 𝑆 {𝑡 < 𝑧},
𝑃 ∧ 𝐵→ 𝑡 ≥ 0

{𝑃} while 𝐵 do 𝑆 od {¬𝐵 ∧ 𝑃}
where 𝑡 is an integer expression and 𝑧 is a fresh integer variable.

Another line of research was concerned with the logical status of Hoare logic. It was initiated by
the already mentioned article [60] of Hoare and Lauer in which the soundness of Hoare’s original
proof system was established. In 1978 Stephen Cook introduced in [12] an appropriate notion of
relative completeness, now called Cook’s completeness, and established this form of completeness
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for Hoare logic for a programming language that contained blocks and non-recursive procedures.
Several articles on the subject followed, culminating in Edmund Clarke’s seminal article [11] in
which a combination of programming language features was identified for which it is impossible to
obtain a Hoare logic that is sound and Cook complete.

The third line of research concerned extension of Hoare logic to parallel programs and was,
again, initiated by Hoare. In his article [54] on disjoint parallelism and conditional critical regions
he introduced appropriate proof rules in his logic that aimed at establishing correctness of the
corresponding programs. He pursued this study in [54], where he admitted that his initial proof
rule concerned with critical regions was “quite inadequate to prove cooperation in achieving any
goal”.

The appropriate solution required fundamentally new insights, in particular to deal with arbitrary
parallel programs. The breakthrough was achieved in 1976 by Owicki and Gries who in [82]
introduced the crucial concept of interference freedom between correctness proofs of the component
programs. The key observation was that proofs in Hoare logic can be presented as proof outlines,
which are—informally—programs appropriately interleaved with assertions. Interference freedom
formalizes the informal requirement that the proof outlines remain valid proofs in the presence of
other components.

A similar approach was introduced independently by Leslie Lamport in [71] in the context
of parallel programs described by means of flowcharts, but the Owicki and Gries method was
better amenable to reason about structured programs. This allowed them to show in [83] how their
approach can be used to reason about parallel programs with Hoare’s critical regions. To illustrate
the usefulness of their approach they provided a correctness proof of Hoare’s [54] solution to the
Dining Philosophers problem written using shared resource and conditional critical regions. Their
article thus extends Hoare logic to prove correctness of a program he himself developed.

An appropriate approach to reason about correctness of CSP programs was proposed indepen-
dently by Krzysztof R. Apt, Nissim Francez and Willem-Paul de Roever in [2] and by Gary Levin
and David Gries in [72], where the concept of cooperation between proof outlines was introduced.
The cooperation test formalizes in the context of CSP programs, the requirement that the proof
outlines become valid proofs in presence of other components.

Hoare logic also influenced the way programs were discussed and presented. As already men-
tioned, Wirth’s 1973 book [98] discussed Hoare logic. It helped to spread the idea that programs
should be presented together with appropriate assertions, notably with loop invariants. This idea
was developed further by Bertrand Meyer who introduced in [76] the concept of design by contract
for his object-oriented programming language Eiffel. A contract is a specification in the form
of assertions (class invariants and pre- and postconditions for each method) and serves as an
agreement before an implementation is developed.

Starting with [15] several books were published that discussed the theory behind Hoare logic
or had a chapter on it. In 1991 a book exclusively devoted to the subject appeared [4]. It covered,
among others, Hoare logics for parallel programs and CSP programs. Its third edition, [1], also
dealt with recursive procedures and object-oriented programs. The state of the art in this area was
discussed in a number of surveys. The last one, from 2019, aptly titled Fifty years of Hoare’s logic [5],
has more than 200 references. Since then articles related to Hoare logic continue to appear. Just to
mention two recent references from the past two years: in [63] an extension of Hoare logic was
developed to verify quantum error correction programs and in [10] it was extended to model and
verify security, real-time, and mobile features of Internet of Things systems.

But there is more to report. With the advent of automated theorem provers it became possible to
mechanically verify correctness proofs based on Hoare logic, a development foreseen by Hoare.
The most prominent effort was undertaken by researchers of the Why3 platform built for deductive
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program verification (see, e.g, [33]). The accompanying website https://toccata.gitlabpages.inria.
fr/toccata/gallery/why3.en.html lists more than 200 programs mechanically verified using Hoare
logic. Among them are Hoare’s original three algorithms. So it is fair to say that Hoare’s original
article set a fruitful research agenda for more than 50 years.

10 Summary
We discussed here Tony Hoare’s scientific contributions in the period 1961–1977. They show his
remarkable talent for developing innovative algorithms, combined with a sustained effort to find
appropriate ways to reason about them, and—separately—with a search for apposite abstractions to
deal with the complexities of parallel programming.

The above account makes clear that Hoare’s research agenda and opinions in the period under
discussion were greatly influenced by his colleagues and friends, Niklaus Wirth and Edsger Dijkstra,
and to smaller extent by Robert Floyd, Ole-Johan Dahl, Per Brinch Hansen and Robin Milner, all
but one eventual recipients of the ACM Turing Award. This influence was often mutual.

Hoare’s interaction with Niklaus Wirth led to two substantial articles and their close scientific
interaction had a visible effect on the development of Pascal. Wirth clearly appreciated Hoare’s
quest for elegance and simplicity. In his account of the history of Pascal [101] he defended Pascal’s
omissions with respect to ALGOL 60 by citing Hoare’s remark:

A language is characterized not only by what it permits programmers to specify, but
even more so by what it does not allow.

Hoare’s archive https://www.cs.ox.ac.uk/people/publications/date/Tony.Hoare.html contains
Wirth’s 1976 four-page long letter [100] in which he discussed in detail Hoare’s CSP proposal. In
particular, he wrote:

It is both fascinating and aggravating. The former one when one recognises the appeal-
ing simplicity of many concepts that hitherto seemed complicated, the latter when one
is forced to give up ideas that one had just been getting familiar and comfortable with.

But, as should be clear from this account, Hoare’s relationship with Dijkstra stands out. Dijkstra
quickly developed a great deal of respect for Hoare. Already in 1970 in a letter, in which he reported
that he lost his copy of Hoare’s article on the Find program, he wrote to him: “Yours are fine
shoulders to stand upon!”. The following year, as already mentioned, he devoted one of the chapters
of his lecture notes [21] to Hoare’s Partition program. A search for “Hoare” in the E.W.D. Dijkstra
Archive https://www.cs.utexas.edu/~EWD/ yields the astonishing number of 704 hits. Also, eight
of Dijkstra’s EWD reports bear Hoare’s name in their title. The interaction in the other direction is
more difficult to trace though fortunately, Hoare was always detailed in his acknowledgements.
Yet, despite interacting regularly for 40 years, they never wrote a joint article.

Hoare, like many others, learned from Dijkstra the importance of concurrent programs and the
elegance of guarded commands, but like nobody else he was able to build on these ideas to make
new, lasting contributions.

11 Postscript
Let me finish this article on a personal note. In my research in computer science I have been mostly
influenced by Tony’s works, though I have to admit that I never discussed them with him. It could
have been because of our age difference (15 years), but also because of our different background,
education and career paths.

In 2021 I undertook with Tony editing of a book dedicated to Edsger Dijkstra. It took us a year
to complete it. It is more than 500 pages long and contains 31 contributions by leading computer
scientists, including a moving chapter by Tony titled Forty Years with Edsger, and four other
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contributions by Turing award winners (see [3]). Tony was then 88. While cooperating with him I
realized how gentle a person he was and how important Edsger and his works were for him. This
article is in turn my attempt at conveying my thanks to Tony for his contributions to our field. I
hope to have made it clear that their impact continues to this day.
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