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Abstract 1 Introduction
GP-GOMEA is among the state-of-the-art for symbolic regression, Especially in domains where decisions can have severe conse-
especially when it comes to finding small and potentially inter- quences on lives and livelihoods, such as healthcare, accountability
pretable solutions. A key mechanism employed in any GOMEA and responsibility are paramount. In recognition of this, the fields
variant is the exploitation of linkage, the dependencies between of eXplainable AI (XAI) and interpretable machine learning aim to
variables, to ensure efficient evolution. In GP-GOMEA, mutual in- either explain model outputs or learn models that are inherently
formation between node positions in GP trees has so far been used transparent [40, 55]. Symbolic regression (SR), the task of finding
to learn linkage. For this, a fixed expression template is used. This, mathematical expressions that accurately model relationships in
however, leads to introns for expressions smaller than the full tem- data, is one form of such inherently interpretable models [28]. Small
plate. As introns have no impact on fitness, their occurrences are mathematical expressions describing one target variable consisting
not directly linked to selection. Consequently, introns can adversely of atomic functions (e.g., {+, —, X, +, sin}), numerical parameters,
affect the extent to which mutual information captures dependen- and input features potentially are not only readable for human
cies between tree nodes. To overcome this, we propose two new experts, but also have the potential to be interpretable and can help
measures for linkage learning, one that explicitly considers introns uncover yet unknown knowledge.
in mutual information estimates, and one that revisits linkage learn- GP-GOMEA, a Genetic Programming (GP) version of the Gene-
ing in GP-GOMEA from a grey-box perspective, yielding a measure pool Optimal Mixing Evolutionary Algorithm (GOMEA), is one of
that needs not to be learned from the population but is derived the leading algorithms when it comes to finding small, yet accurate
directly from the template. Across five standard symbolic regres- symbolic expressions [3, 29]. GP algorithms typically start with
sion problems, GP-GOMEA achieves substantial improvements an initially random population of solutions that is refined through
using both measures. We also find that the newly learned linkage repeated selection and variation. One key aspect to GP-GOMEA is
structure closely reflects the template linkage structure, and that the explicit modeling and exploitation of key dependencies between
explicitly using the template structure yields the best performance decision variables, also called linkage [53]. Linkage is well-known
overall. to be a crucial factor in how effectively an algorithm can tackle
problems in general, where problems can be exponentially harder
CCS Concepts to solve without the correct linkage structure [46]. If no linkage

information is known a priori, it can be detected and learned during
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The goal of this paper is to study whether explicitly taking the
presence of introns into account during linkage learning can im-
prove the detection of important dependencies and consequently
lead to improved performance by GP-GOMEA. Moreover, we wish
to study closer what dependencies are discovered once the noise
caused by the presence of introns is removed.

The remainder of this paper is organized as follows: Related work
is covered in Section 2. GP-GOMEA and new ways of detecting
linkage are discussed in Section 3. Experiments and results thereof
are covered in Section 4. Finally, we discuss our results in Section 5
and conclude in Section 6.

2 Related Work

The importance of linkage in evolutionary optimization is well-
known [13] and it has been shown that the computational effort
needed to solve optimization problems can exponentially increase
without the right linkage model [46]. There are various ways to
handle linkage to more effectively propagate building blocks with
less disruption: The solution representation can be optimized to-
wards highly linked low-order schemata [24], variables can be
re-ordered during evolution to improve linkage [17, 30], domain
specific crossovers can be used [38], distribution-based algorithms
can encode linkage in probabilistic models [8, 33], or linkage can be
modeled and learned explicitly. GOMEAs fall into the last category
of model-based evolutionary algorithms, where linkage information
is either known or learned [4, 15, 35].

In the field of GP, too, decision variables are typically arranged
such that related variables are grouped and varied together, for
example by representing solutions as trees in standard GP. All
the above-mentioned approaches arguably have been explored to
various extents, albeit not necessarily with an explicit intent to-
wards linkage in GP: Tree-based GP keeps related variables close
together [28], linear and cartesian GP allow re-ordering subrou-
tines by decoupling semantic from spatial adjacency [58], various
context aware crossover operators [31] and distribution based GP
algorithms [34, 42, 45] have been proposed. How linkage between
variables is modeled and exploited is generally highly specific to
the solution representation and algorithm used.

When it comes to explicitly modeling and learning linkage as
done in GOMEA, various topics have been explored. From dif-
ferent ways of modeling and learning linkage, to similarity mea-
sures, to filtering extraneous linkage, to conditional variation op-
erators that consider the context of already varied linked vari-
ables [4, 6, 7, 9, 15, 35, 37]. In particular, fitness-based linkage
learning, i.e., performing targeted fitness evaluations to uncover
definitive linkage instead of using potentially untruthful statistical
measures, is gaining ground [4, 35, 37]. Due to the use of a fixed
template in GP-GOMEA and the knowledge that it is possible for
any two variables to interact, this form of linkage learning does
not apply to symbolic regression (SR). The linkage measure used
typically heavily depends on the domain [5, 10, 41].

To the best of our knowledge, additional information available
in the GP setting such as the user-defined template structure or
knowledge about inactive variables has not yet been considered
when it comes to linkage. Nonetheless, an adjustment to the esti-
mated linkage to prevent the detection of spurious linkage after
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initialization and a binning approach to handle numerical constants
were previously proposed [53]. This adjusted linkage measure is
re-visited and compared to in this work.

3 Method

In this section, GP-GOMEA is introduced, before the proposed
changes to how linkage is learned, are presented.

3.1 GP-GOMEA

As in other population-based algorithms, GP-GOMEA works by
iteratively improving an initial, often random, set of candidate so-
lutions through variation and selection. Compared to most other
algorithms, a linkage learning step is performed every generation
in GP-GOMEA, followed by variation using the gene-pool opti-
mal mixing (GOM) operator. GOM combines both variation and
selection on a per-solution basis as shown in Algorithm 1.

Each solution consists of a fixed-length string of decision vari-
ables, where a common tree-based template structure is used to
map decision variables to tree nodes, as shown in Figure 1. Typi-
cally, this template is a single n-ary tree, where n is the maximum
arity in the function set used [53]. However, the use of multiple
output trees or modular subfunctions is also possible [21, 44]. By
using a fixed structural template compared to a representation with
a dynamic length, the same variable position corresponds to the
same tree node across all individuals. Hence, the linkage between
variables corresponds to the linkage of the respective tree nodes.
However, this inherently introduces conditionally inactive variables
or introns, as for smaller expressions not all decision variables are
used in the corresponding semantic expression.

sin(xo) + VX1
Expression Semantics

aF X2 X1 X3
[ [ T

0 1 2 3 4 5 6
Internal Representation

Template Structure

Figure 1: A fixed-length string of decision variables is mapped
to a fixed tree template, which defines the corresponding
semantic expression. Shaded variables are introns, and do
not affect the semantic meaning of the expression.

In each generation, first a linkage model is learned, aimed at
capturing the dependencies between variables. To represent this
linkage information, a set containing multiple subsets of all de-
cision variables, called a Family of Subsets (FOS, denoted ¥), is
commonly used. Each subset of variables in the FOS corresponds
to a set of linked variables that are jointly optimized by using the
subset as a crossover mask during variation. In GP-GOMEA, this
FOS is learned during optimization based on a pairwise similarity
measure between decision variables, such as ML. After estimating
the similarity measure, hierarchical clustering with UPGMA [18] is
performed to repeatedly merge subsets of variables starting from all
single variable subsets. The last merge, i.e., the subset containing all
variables, is discarded as the corresponding crossover mask would
perform replacement instead of variation. This hierarchical FOS
structure is commonly referred to as a Linkage Tree (LT) [15, 47].
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Variation is performed separately for each solution, each of
which is first cloned into an offspring solution. Next, for each
offspring solution, each subset in the FOS is considered, and the
offspring solution inherits all variables in the subset from a donor
solution chosen uniformly randomly from the population. Specific
to the GP domain, an evaluation is only necessary if this leads to
a modification of any actively used part of the expression. If this
is the case, the fitness of the resulting solution is compared with a
backup and regressions in fitness are reverted.

Algorithm 1: GP-GOMEA

1 P «— INITIALIZEANDEVALUATEPOPULATION()

2 while —“TERMINATIONCRITERIASATISFIED do
// 1. Linkage learning

3 S «— ESTIMATESIMILARITY(P)
4 F «— BUILDLINKAGETREE(S)
// 2. GOM

5 O «— CLONE(P)
6 forie {1,...,]0|} do

7 for s € SHUFFLE(F) do

8 donor «— Ranpom({1,...,|P|} \ {i})

9 backup «— CrLoNE(O;)

10 0; [S] —— Pdonor [5]

11 if O;lactive] # backup[active] then

12 EvALUATE(O;)

13 if (O;) worse than f(backup) then
1 O; «— backup

15 Pe— O

To avoid determining an appropriate population size for a prob-
lem, (GP-)GOMEA is often paired with the interleaved multistart
scheme (IMS), in which populations of exponentially increasing
sizes perform generations in a scheduled manner, with larger pop-
ulations performing generations less frequently than smaller popu-
lations, and under-performing populations are terminated when
converged or once larger populations perform better [53].

3.2 Linkage Measures in GP-GOMEA

The FOS that dictates how variation in GP-GOMEA adheres to
the learned variable dependencies, is constructed using a pairwise
similarity measure. This measure is computed by interpreting the
population as a dataset without regard for the mapping to the
tree template. In this work, two new approaches are proposed
to compute more fitting similarity measures by exploiting so far
unused domain knowledge: the knowledge about inactive variables
and the fixed template structure.

3.2.1 Existing measures. For GP, the previously explored measures
are MI, an adjusted version thereof, and random noise [52, 53]. For
the random measure, pairwise similarity is sampled from U (0, 1).
For two random variables X and Y, the MI is defined as:

MI(X,Y) = H(X) + H(Y) - H(X, Y)

where H(X) = X, —P(X = x)log,(P(X = x)) defines entropy.

In GP, expressions are typically initialized with domain-specific
methods such as Half-and-Half [53] instead of uniformly randomly.
While this often achieves more desirable diversity in some aspects,

)
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Figure 2: Top left: population of 4 solutions. Bottom left: tree
template. Matrices in blue show entropy (above the black line)
and MI (below the black line). The corresponding linkage
tree for both the normal and proposed masked MI are shown
as well. The masked version treats all introns (shaded) as the
same separate "masked" symbol.

such as the initial expression depths, biases can appear in the ini-
tial MI estimates [53]. To avoid this, normalization factors were
proposed to adjust the MI such that no linkage is detected directly
after initialization, leading to increased performance [53].

3.2.2  Exploiting knowledge about introns. The use of MIin GOMEA
can often lead to successfully detecting variable dependencies. How-
ever, inactive variables in the form of introns are inherent to GP-
GOMEA. The impact that this may have on dependency detection,
has so far not been considered. For each solution, it is known which
variables are currently active or inactive. The values of inactive vari-
ables do not influence the semantics and thus are freely interchange-
able and not subject to selection pressure. From the perspective of
entropy estimation, the values of inactive variables can therefore
be considered to be noise, hiding the true signal of active variables.
To avoid this undesirable effect, we propose to mask the inactive
variables using a special intron label during the entropy calculation,
i.e., the alphabet of any variable now includes the "masked" label.
An example is shown in Figure 2, where masking introns leads to a
different linkage tree compared to using normal MI. Masking makes
the estimated MI more accurate, by ensuring that the estimate is
fully based on active variables under selection pressure. Note that
this approach is not compatible with the adjustments for biased
initialization methods proposed in [53]. This is because initially,
variables that are inactive in the entire population would lead to
divisions by zero.

3.2.3  Exploiting the known template. In discrete and real-valued
evolutionary optimization literature, it is common to model depen-
dencies with a variable interaction graph (VIG) [4, 51, 57]. In such
a graph, each variable is a vertex, and an edge exists between two
vertices if there exists a dependency between the two variables.
Commonly, a VIG is associated with grey-box optimization sce-
narios in which it is assumed that the problem being optimized is
sufficiently known. By studying the problem formulation, depen-
dencies between variables may then be directly gauged by iden-
tifying which variables are jointly part of a subfunction. As an
extension, or more informed, variant of the VIG, the edges in the
graph can be weighted. The resulting wVIG then expresses not
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only whether or not two variables are jointly dependent, but also
how strong that dependence is, relative to other dependencies. In
GOMEA, such a wVIG can be used directly to build a linkage tree
(or other types of linkage structures such as conditional linkage
sets [4] by creating a similarity matrix S that contains the weight
of an edge between vertices i and j at S;; and ;.

The function represented by a GP tree template in GP-GOMEA,
is a nested function. It can be defined using two functions f and g
in which the first argument of f determines the operation repre-
sented in the corresponding node of the GP tree, which may include
returning the value of a constant or input variable and ignoring the
other arguments. Function g is used only in leaf nodes of the GP
tree template, returning the value of a constant or an input variable.
Given a data vector d, the function GP(x) that a tree template rep-
resents, can be written as a nested application of function f with
function g at the deepest level. Le., for depth 2, we have:

GP(x’d) =f(x0,f(x1,g(x3,d),g(x4,d),d),f(x2,g(x5,d),g(x(,,d),d)) (2)

This function is the core of what imposes dependencies between
the variables that we optimize over in GP-GOMEA. Consider the
SSE optimization function for symbolic regression over all data
vectors d' and targets t':

min 3.

®)

(GP(x,d’) - ti)z}
1
Essentially this is a large sum of independent terms. Focusing on
a single term, we find GP(x,d")? — 2GP(x,d")t' + (t))%. Since the
variables in GP are already fully coupled through nonlinear in-
teractions due to the nested function composition, squaring the
function does not alter the dependency structure, but amplifies
existing interactions. Hence, we can construct the wVIG based on
the definition of GP(x, d).

A straightforward and common way of doing so is counting
how many times a variable is contained in the same subfunction as
another variable. For the depth 2 case, we get the similarity matrix
defined in the middle of Figure 3.

However, for multiple reasons, the dependence between the
arguments of a parent node in the template tree is likely almost
always smaller than the dependence between an argument and
its parent node. One of these reasons is that some functions may
impose no dependencies between its arguments. Another reason
is that generally, the higher a node is in the template tree (and
therefore the less deeply nested in the functional description), the
larger its impact on changing the output of the tree and thus on
the regression error. Moreover, internal nodes may be terminals.
Thus, the second and third arguments of f may not always be used.
In that case, it does not matter what values the variables take in
the deeper nested functions (as they are then introns), and thus, in
those cases, those variables are independent. We can convey this
information in a systematic manner by defining a distance function
between any two nodes in the GP template that is the smallest
distance between these nodes to travel along the template. This
makes the distance between two arguments of the same parent
node 1 larger than the distance between each of the arguments and
the parent node (i.e., 2 and 1, respectively).
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Figure 3: An example template with highlighted subfunc-
tions and the corresponding node proximity and subfunction
based similarity measures.

This distance measure can be turned into a normalized similarity
measure as follows:

d(i,j) o .
S = 1- Trmax 1o [dRD] if i and j are connected @
' 0 otherwise

where the distance d(i, j) is the total number of edges between
nodes i and j and their closest ancestor in the template, and 7 is
the set of all node indices.

As shown on the right of Figure 3, while nodes are still equally
similar by definition using this measure of structural relatedness,
there is more granularity than in the direct subfunction encapsula-
tion approach. During the hierarchical clustering, ties are broken
randomly if there are multiple merges with the same simiarlity. By
rebuilding the linkage tree every generation, different LT FOS struc-
tures representing the similarity matrix are created. Note that com-
pared to MI estimates, this form of pre-defined similarity disregards
semantic relations due to variable values entirely. However, there
is no need for population sizes sufficiently large to get statistically
reliable estimates and literature has shown that appropriate offline
similarity measures can lead to much better results [11, 12, 50].

4 Experiments and Results

In this section, two experiments are performed to evaluate the
proposed measures. First, the proposed measures are compared
with previously used measures. The second experiment aims to
uncover what linkage structures are learned.

4.1 Experimental Setup

To isolate the effect of linkage learning from other algorithm set-
tings such as the fixed structural template and whether linear scal-
ing [26] (hereafter LS) is enabled, all combinations are tested. LS
is a much-used post-processing technique that provides scale and
translation invariance by performing a linear regression on the
output of the GP expression. The other settings are detailed in Ta-
ble 2. The operator set was chosen based on [32]. The coefficient of
determination (R? Score) is used as objective:

Uar(ytarget)

®)

RZ (ypreds ytarget) =1-

N
1
MSE(ypreds ytarget) = ﬁ ;(ypred,- - ytarget,-)2 (6)
where ypreq and yyarger are the predicted output (as in Equation (2))
and target variable respectively, and N is the dataset size. Note that
with LS enabled, the predicted values are scaled and transformed
before computing the prediction error.
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Table 1: The problems used in the experiments.

Dataset #Instances #Features
Airfoil [49] 1503 5
Bike Sharing (Daily) [16] 731 12
Concrete Compressive Strength [25] 1030 8
Dow Chemical [1] 1066 57
Tower [56] 4999 25

The problems we used in our experiments (listed in Table 1) were
selected to contain varying numbers of input features. For each
problem, 25% of the instances form a held-out test set. The remain-
ing data is split into 5 cross-validation folds, using 80% for training
and 20% for validation. Each fold is repeated 6 times with differ-
ent seeds, yielding 30 independent runs. Seeds are shared across
algorithms so that all algorithms have identical initial populations.

Numerical constants in the form of ephemeral random constants
(ERCs) are used for which random values are sampled during initial-
ization that remain constant throughout evolution. During linkage
learning, ERCs are handled as in [43], i.e., for the MI-based mea-
sures, constant values are split into 25 discrete bins (note: measures
not considering population statistics are unaffected).

In the first experiment, a computational budget of 107 evaluations
was used. As in [43], the IMS starting population size is set to 64 with
a subgeneration factor of 10 generations before larger populations
are started. All experiments follow the setup described in Table 2
and were run on a separate physical core of a machine with two Intel
Xeon E5-2699v4 processors, ensuring that runtimes are comparable.

In the second experiment, instead of IMS, a single population
with a fixed size of 1024 and a generational budget of 20, a template
height of 5 (31 Nodes), and LS enabled, is used. This population size
aligns with earlier work on GP-GOMEA [27, 53, 54].

We consider the following linkage measures: random linkage,
MI, bias adjusted MI as in [53], the proposed approach of masking
inactive variables when computing the MI, and the similarity based
on node proximity in the structural template with and without
repeated building of the linkage tree every generation, hereafter
abbreviated as Random, MI, MI,qjusteds MImasked, Node, and Node
(static) respectively. Both building of the linkage tree only once and
rebuilding it every generation are considered for the node proximity
measure to assess the effect of the aforementioned random tie-
breaking during hierarchical clustering. Results for another baseline
assuming full variable independence and the subfunction based
measure are presented and discussed in the supplementary material,
where the results confirm that variables are not independent and
the Node measure outperforms the subfunction based measure.

Table 2: Experiment Setup

Setting ‘ Experiment I Experiment IT
Objective R? Score

Initialization Half-and-Half [53]

ERC Initialization U (min(yrain) max(Yerain))
Operator set {+,—, X, +,sin}
Termination 107 evaluations 20 generations

Yes / No
5/7(31/ 127 Nodes)

Yes
5 (31 Nodes)

Linear scaling
Template Height
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To analyze the results, we follow the recommendations and im-
plementation provided by [2], where interval estimates via stratified
bootstrap confidence intervals are preferred over point estimates
and statistical significance tests to take uncertainty and the ef-
fect size into account. We mainly consider training performance,
as that is directly optimized and we are primarily interested in
the effectiveness of the linkage models instead of the generaliza-
tion performance which can be addressed separately, for example
through model selection [39]. Statistical analysis is also done as
recommended in [14] with the implementation provided by [23].

4.2 Experiment 1: Effectiveness of Various
Linkage Measures

To assess the effectiveness of the various linkage measures, we
consider both the final accuracies achieved (Figure 5) and inter-
mediate results throughout optimization in Figures 4 and 6. The
supplementary material provides per problem results (Section C),
and a repeat of the first experiment showing that the conclusions
made extend to varying operator set sizes (Section E).

The expected final R? scores on both the training and test splits
are shown in Figure 5 with two different aggregate metrics, split
up into the various combinations of template height and linear
scaling that we considered. Two different aggregates, based on the
mean performance without outliers, and the median per problem
performance are provided, as both measures are differently affected
by asymmetric accuracy distributions.

Across all settings, the Node measure performs best, followed
by MI,45keq, indicating that the proposed methods provide more
effective linkage information. Interestingly, the static version of the
Node measure, where the initial linkage tree is re-used within the
same population for all subsequent generations, clearly performs
worse than the randomized version. This aligns with [48], where
it was found that there is not necessarily one best static linkage
structure and randomization can be beneficial. This could be due
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Approximate Runtime

Mlagjusted =

1min 5min 10min
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Figure 4: The interquartile mean (IQM) training R? and boot-
strapped 95% confidence intervals (as per [2]) over evalua-
tions and approximate runtime, across all runs performed.
For the runtime, the last recorded value before each point in
time was used, and dashed horizontal lines show the final
values reached for the existing measures. The vertical line in-
dicates the computational budget (not to scale w.r.t runtime)
where the final values reached are marked with crosses.
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Figure 5: Aggregate R” scores (higher is better) on the problems for each combination of template height and LS considered. The
interquartile mean corresponds to the mean after discarding the bottom and top 25% of runs for each problem, and the mean
of medians corresponds to the mean of the median performances on each problem. The colored bar corresponds to the 95%
confidence interval estimated using a percentile bootstrap with stratified sampling as per [2] with the expected value in black.
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Figure 6: Median training R? score (higher is better) over evaluations and approximate runtime across problems with template
height 7 and without linear scaling. The filled area corresponds to the interquartile range, and the runtime where the first run
finished is marked with a cross, after which the final value obtained is re-used for completed runs until all runs have finished.

to the static version introducing bias by breaking ties only one In general, increasing the template height and thus the possible
way, while the repeated building of linkage trees with ties being expression sizes, leads to better accuracies, and the same holds for
broken randomly, leads to an unbiased FOS representation of the enabling LS. While the template size and LS have a larger impact
estimated linkage structure over multiple generations. Another on accuracy, clearly, linkage learning too has a noticeable impact.
effect is that the randomization possibly promotes propagation of However, considering only the already existing methods, the ran-
building blocks between overlapping subsets of subsequent FOS dom baseline is not clearly outperformed for all settings, suggesting
structures better than the static version. that previously proposed linkage measures are suboptimal for GP.
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Figure 7: The different linkage measures over generations, averaged over 30 runs on the Bike Sharing dataset with a template
height of 5 (31 Nodes), LS and a fixed population size of 1024. Note that different scales are used for each measure, as the focus
lies on differences between variable pairs within measures instead of differences between linkage measures. The Node measure
is shown only once per row as it does not change throughout evolution to ease comparisons.

When it comes to the relative performance of the linkage mea-
sures, increasing the number of decision variables (template height)
widens the gap between the various methods. LS, as arguably could
be expected, has the opposite effect and decreases the differences.
Moreover, of course, there is a generalization gap when the training
and test performance are compared, however, the relative perfor-
mance of the various linkage measures mostly remains unaffected.
Overall, MI tends to outperform the bias-adjusted version, while
the setting using a template height of 5 and LS as used in [53] where
statistical tests showed the opposite. Compared to the experiments
performed in [53], the budget used here is an order of magnitude
larger, and thus any beneficial effects of mitigating initial biases
are likely less visible in the final results achieved after exhausting
the computational budget. Figure 4, where the convergence aggre-
gated over all combinations and problems considered is shown, also
shows an initial advantage of MI,qjusteq Over MI, aligning with the
results obtained in [53]. This suggests that the bias adjustment it-
self does work, however, as optimization progresses, the initial bias
becomes less and continued mitigation can be harmful as the MI
measure outperforms its adjusted counterpart in various settings.

Intermediate results and the runtime performance across all runs
are shown in Figure 4, and Figure 6 provides convergence results
per problem for template height 7 without LS. Results for the other
combinations are in Section C of the supplementary material. In
both figures, the Node and MI;,4skeq measures outperform the other
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measures throughout evolution with respect to both evaluations
performed and runtime. In terms of evaluations, use of the proposed
measures outperforms use of the existing measures at only half the
computational budget, and the same holds for comparing the IQM
achieved using the Node measure after 5e5 evaluations, and the
existing methods after 1e6 evaluations. Considering runtime, the
varying number of instances between the problems (see Table 1)
leads to varying runtimes until the full budget is exhausted, ranging
from several minutes to hours. Nonetheless, the Node and MI,,,4skeq
measures exceed the final accuracy reached by the existing meth-
ods after 10 and 20 minutes, respectively, showing a substantial
speed-up in terms of runtime and highlighting the importance of
exploiting linkage. The observed efficiency improvement possibly
is proportional to the number of nodes in the template, as the ad-
vantage in Figure 6 is larger compared to Figure 4 where all settings
are aggregated. Statistical differences are shown in Figure 8 across
all settings considered, where a critical difference diagram is used
to show the average measure ranks. It can be seen that all measures
are significantly different from each other, except the normal and
bias adjusted variants of mutual information. Clearly, the proposed
linkage measures exploit the problem structure more effectively
compared to the existing measures, with the template informed
Node measure performing best followed by MI,;4skeq-
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Figure 8: Statistical differences across all problem, template
height and linear scaling combinations considered obtained
by performing a Friedman test followed by the pairwise Ne-
menyi test using [23]. Lower ranks indicate better perfor-
mance, and measures not connected by a bar exceed the crit-
ical difference (CD) and are significant (at p = 0.05).

4.3 Experiment 2: What linkage structures are
learned?

The learned pairwise similarities pertaining to the various mea-
sures averaged over 30 runs on the Bike Sharing problem are shown
in Figure 7. Results for the other problems are shown in Section D of
the supplementary material. Note that both Node versions use the
same similarity measure that does not change throughout evolution
and Random is not shown as it is not informative. The similari-
ties shown at generation 0 are recorded before any variation is
performed, i.e. directly after initialization.

In the first row of Figure 7, the bias in the mutual information
estimate due to non-uniform initialization (as addressed in [53])
is clearly visible in the first generation, and notably absent for
MI,qjusteq- As the number of generations performed increases, the
bias in MI (and the bias adjustment of MI,4justeq) becomes less
visible and both measures learn similar patterns of linked variables.

Compared to the existing measures, MI,,,,skeq does not seem to
suffer from the same bias as MI, suggesting that not accounting
for inactive variables is the cause of the bias. The linkage structure
learned by MI,;,4skeq is highly similar to the node proximity measure
introduced. However, with increasing generations, parts of the
template structure learned by M, 4sk.q degrade over time. The
patterns learned in later generations by MI and MIagjusteq, as well
as the linkage structure learned by MI,;4skeq resemble the Node
measure, suggesting that indeed the distance of variables in the
fixed template is highly informative. Clearly, once introns are taken
into account, this structure can be learned from population statistics.
Section D of the supplementary material shows that this general
trend of mutual information based linkage learning approximating
the template structure holds across all problems considered.

5 Discussion

Learning and exploitation of linkage information can be crucial
for effective optimization. We re-visited linkage learning in GP-
GOMEA with the aim to more fully exploit the available problem
knowledge, in particular knowledge about inactive variables and
the user-defined structural template shared across all solutions. The
experiments clearly show that the proposed measures outperform
existing measures. This holds across all combinations of template
heights and linear scaling considered, with clear speed-ups in terms
of evaluations and runtime performance.

The proposed methods include no new algorithm settings, and
either are a simple modification to how introns are handled during
the calculation of the mutual information between variable pairs or
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require no runtime cost in the case of the node proximity measure.
Notably, masking introns to improve the signal-to-noise ratio of
variables not under selection pressure is not specific to GP, and can
be applied to other settings where it is known which variables are
inactive, as in [19, 35, 36].

For the first time in GP-GOMEA, we also explored what linkage
structures are learned by the various measures. Interestingly, all
mutual information based variants seem to approximate the struc-
tural template, suggesting that at least for the problems considered,
the solution representation is more important than variable val-
ues when it comes to the dependency strengths between variables.
However, there could be problems where this does not hold.

Clearly, the best solutions differ between problems, suggesting
that the importance of different parts in the template can vary as
well. This could potentially still be captured by runtime measures,
especially the masked measure that we proposed that takes into
account the conditionally inactive variables that appear due to the
use of a tree template. It would be interesting to see in future work if
such hybrid linkage measures could improve performance further.

Another aspect to consider is the modeling of the learned linkage,
i.e. why randomization of the node proximity performs better, and
how much randomization of the FOS structure is best. Currently,
the tie breaking in UPGMA only resorts to randomness in the face
of equally strongly linked subsets of variables, which might not
truly lead to FOS structures that over multiple generations form an
unbiased representation of the linkage information.

Beyond improving the learning, modeling and exploitation of
linkage, other factors potentially interacting with linkage learning
in GP were not considered, but could be equally important. This
includes, for example, representing numerical constants differently
as done in [27] and the analysis of possible effects on interpretability
from an explainability viewpoint, which is not considered here.
Nonetheless, the fixed template size used in GP-GOMEA typically
restricts the search space to small, and thus more likely humanly
interpretable expressions.

6 Conclusion

Learning and exploiting linkage is a key mechanism of GP-GOMEA,
an algorithm among the current state-of-the-art when it comes to
SR. With this in mind, we revisited this core aspect of the algo-
rithm, leading to two new linkage measures that exploit more of
the available problem knowledge.

Our experiments, through which we evaluated the use of various
linkage measures in the context of varying template sizes and the
use of linear scaling, showed that by exploiting known problem
information, clear accuracy and runtime performance improve-
ments are possible across all combinations considered. Moreover,
the linkage structures that are learned, align with the user-defined
structural template available a priori, with the best performing link-
age measure being the one that encapsulates exactly the structure
of the template, requiring no additional on-line linkage learning
from the population statistics. This establishes a clear bridge be-
tween GP-GOMEA and other linkage learning EAs, particularly
GOMEA variants, highlighting the advantage of explicitly modeling
compositional problem structure, a principle widely recognized in
discrete and real-valued optimization.
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