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Abstract

In 2020, a landmark result by Ji, Natarajan, Vidick, Wright, and
Yuen shows that MIP*, the class of languages that can be decided
by a classical verifier interacting with multiple computationally
unbounded provers sharing entanglement in the tensor product
model, is equal to RE. We show that the class MIP®°, a complexity
class defined similarly to MIP*, except with provers sharing the
commuting operator model of entanglement, is equal to the class
coRE. This shows that giving the provers two different models
of entanglement leads to two completely different computational
powers for interactive proof systems. Our proof builds upon the
compression theorem used in the proof of MIP* = RE, and we
use the tracially embeddable strategies framework to show that
the same compression procedure in MIP* = RE also has the same
desired property in the commuting operator setting. We also give
a more streamlined proof of the compression theorem for non-
local games by incorporating the synchronous framework used by
Mousavi et al. [STOC 2022], as well as the improved Pauli basis test
introduced by de la Salle [ArXiv:2204.07084].

We introduce a new equivalence condition for RE/coRE-complete
problems, which we call the weakly compressible condition. We
show that both MIP* and MIP satisfy this condition through the
compression theorem, and thereby establish that the uncomputabil-
ity for MIP* and MIP®® can be proved under a unified framework
(despite these two complexity classes being different). Notably, this
approach also gives an alternative proof of the MIP* = RE theo-
rem, which does not rely on the preservation of the entanglement
bound. In addition to non-local games, this new condition could
also potentially be applicable to other promise problems.
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1 Introduction

A two-prover non-local game G is played between a polynomial-
time verifier and two computationally unbounded, but noncommu-
nicating provers, which we name Alice and Bob. In this scenario,
the verifier first samples a pair of questions (x,y) from a prede-
termined distribution y and sends x to Alice (resp. y to Bob), who
then responds with the answer a (resp. b). The verifier then com-
putes a predicate function D(x,y, a,b) that outputs either 0 or 1,
with 1 indicating the verifier accepts (meaning the provers win the
game), and 0 if the verifier rejects (meaning the provers lose the
game). The provers know the initial question distribution and the
predicate function and can strategize before the game, but cannot
communicate during the game.

Non-local games are widely studied in the quantum information
community. Famously, [7] shows that if the two provers employ
the laws of quantum mechanics in their strategy, certain non-local
games can be won with a higher probability, and this has since led
to several experimental setups refuting the local realist model in
our universe. Additionally, non-local games play an important role
in quantum cryptography, both in the study of device-independent
cryptography [8, 18], and in the analysis of certain quantum key
exchange protocols [14].

When discussing models of entanglement in a non-local game,
two natural models are considered. The first model, which is the
more conventional model in the quantum information community,
is the tensor product model. In this model, the provers are assumed to
share an entangled state defined by a unit vector in a tensor factor of
two potentially infinite-dimensional Hilbert spaces, H4 ® Hp. Alice,
in this model, can make local measurements on the Hilbert space
H 4 and Bob similarly on the Hilbert space Hp in order to sample an
answer pair (g, b). The other, more general model is the commuting
operator model, which is used in, e.g., the Haag-Kastler axioms of
quantum mechanics [17]. This model defines the entangled state
shared between the provers within a single Hilbert space 4. In this
model, the provers are allowed to make measurements on the same
Hilbert space as long as their measurement operators commute.

We call the optimal winning probability for a game G over all
tensor product strategies the tensor product value of the game G,
or w*(G) € [0,1], and the optimal winning probability over all
commuting operator strategies as the commuting operator value
of the game G or w°(G) € [0, 1]. Since the commuting operator
model includes the tensor product model (by considering the tensor
product space as a single Hilbert space), we have w*(G) < v*°(G)
for all non-local games G.

The complexity of non-local games. In computational complexity,
non-local games are known as two-prover one-round Multiprover
Interactive Proof systems, and these games are used to model the
complexity class MIP.
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When discussing a Multiprover Interactive Proof system, unless
otherwise stated, we implicitly assume that it is the two-prover one-
round variant. Roughly speaking, a language is in MIP = MIP % %
if every instance x of the language can be translated into a non-local
game such that, if x is in the language, then the provers have a
classical strategy that wins the game with a high probability (> %) If
x is not in the language, then the provers cannot win the game with
high probability (< %) given any classical strategy. Famously, [5]
shows that MIP = NEXP, where NEXP is the set of languages
decidable by a nondeterministic exponential-time Turing machine,
and the technique used provided the foundation for showing the
famous PCP theorem [2, 3].

The notion of a Multiprover Interactive proof system with “entan-
gled provers" was first introduced in [9], where the computational
model is defined similarly to MIP, except the provers are now given
access to shared quantum entanglement. In this paper, we use MIP*
(resp. MIP®) to denote the complexity class defined by multiprover
interactive proof systems with the tensor product model of en-
tanglement (resp. multiprover interactive proof systems with the
commuting operator model of entanglement). For t € {x, co}, the
complexity class MIP! is complete under polynomial time reduction
with respect to the t-non-local game value problem, which is de-
fined as a decision problem over the following two sets of non-local
games:

t_
Lyes -

{G:0'(G) =1} and qu):{g:w'(g)s %}
For clarity, we refer to the * non-local game value problem as
the tensor product value problem and the co non-local game value
problem as the commuting operator value problem.

A recent breakthrough result by Ji et al. shows that MIP* =
RE [19], where RE is the complexity class that contains all promise
problems in which the “yes" case can be verified by a Turing ma-
chine in finite time. In other words, it is possible to reduce an
instance of the halting problem to an instance of a non-local game
G for which w*(G) = 1 if the Turing machine halts in a finite num-
ber of steps, and w*(G) < % if the Turing machine does not halt. It
is known that if the tensor product and the commuting operator
value for a non-local game coincide, then one can construct a ter-
minating algorithm that estimates the quantum value of the game
up to some constant error [26]. The existence of such an algorithm,
in conjunction with the MIP* = RE theorem, implies the existence
of a game that has a commuting operator value strictly larger than
its tensor product value. This, in turn, provides a negative answer
to both Tsirelson’s problem in quantum information and Connes’s
Embedding problem, a long-standing open problem in operator
algebra [11, 28].

In contrast, another natural variant for MIP is MIP°, which is de-
fined similarly to MIP*, but the provers are given access to the com-
muting operator model of entanglement instead. MIP® is known
to be in coRE by the algorithm known as the “NPA hierarchy" pro-
posed in [26], and it has been conjectured to be coRE-complete [19,
Section 1.4] 1.

As a main contribution of this paper, we give a positive answer
to this conjecture.

'We remark that the co modifiers on both sides of MIP® = coRE refer to different
things!
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THEOREM 1.1. MIP = coRE.

This provides a nice complementary result to MIP* = RE, as it
implies that employing two different axioms of quantum entan-
glement gives two completely different uncomputable verification
powers to a MIP protocol. The proof of the main theorem follows
by showing that the key technique used in MIP* = RE, the gap com-
pression theorem for non-local games, also holds in the commuting
operator model. A key part of this adaptation relies on the recently
discovered tracially embeddable strategies framework [22]. Then,
we combine the gap compression theorem with the compression
proof approach from [24, Section 1.1] to show that coRE <, MIP.
In conjunction with the NPA hierarchy algorithm, this also shows
that all p-prover r-round MIP®® protocols are equivalent to the
2-prover 1-round MIP® protocol.

We also streamline the proof for the gap compression theorem
in this paper. Mainly, we incorporate some recent simplifications,
such as the simplification to the Pauli basis test given in [12] and
the synchronous game framework used in [24] for zero-gap MIP*
in our proof. Since we make use of the synchronous game frame-
work, our result also implies that MIPS®, the complexity for the
commuting operator value problem for synchronous games, is also
coRE-complete.

The compressible condition. The proof of the MIP* = RE theorem
relies on a key technique known as the gap compression theorem
for non-local games. On a high level, the gap compression theorem
shows the existence of an algorithm that takes a sequence of non-
local games {Gp } e With a polynomial time verifier and outputs
a “compressed" sequence of non-local games {g,‘f MRy en with
a polylog time verifier. Furthermore, the compression procedure
preserves the value for the tensor product value problem.

To be more precise, foralln € N, if 0*(G,,) = 1, then v* (g,f"mp):
1 and if 0*(Gy,) < %, then w*(gf"mp) < % The compression the-
orem is known as the “gap" compression theorem because it pre-
serves the % gap between the yes/no cases for the tensor product
value problem. The gap compression given in [19] also has an addi-
tional clause on entanglement lower bound on the gap compression
theorem, where the provers need a higher entanglement dimension,
the dimension of the Hilbert space in which their joint entangled
state is defined on, in the compressed game compared to the origi-
nal game to formulate a strategy which wins with a probability of
at least % If we intuitively view the entanglement dimension as the
amount of “resources" that the provers need for the game, then the
compression theorem essentially states that it is possible for the
verifier to perform “less work” when playing a non-local game with
two entangled provers in the tensor product model. However, the
provers would potentially have to prepare “more resources” in the
form of an entangled state with a larger Hilbert space dimension
in order to convince the verifier to accept the given game.

Based on the compression theorem, [19] constructs a game G
for every Turing machine such that the provers need an entan-
gled strategy whose entanglement dimensions (to succeed in the
game with probability greater than %) grow with the runtime of
the Turing machine. Hence, if the given Turing machine does not
halt, then 0*(G) < % showing that RE <, MIP*. A similar ob-
servation was made in the first version of [27], where for certain
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RE/coRE-complete problems such as the Halting problem and some
versions of the word problem, a “resources-dependent” version of
the compression theorem can be formulated.

Interestingly, [24, Theorem 6.10] shows that MIP* being RE-hard
implies the existence of the gap compression theorem, which does
not require the entanglement lower bound condition stated earlier.
Since the entanglement lower bound condition is a specialized con-
dition which only seems to apply in the context of non-local games
with finite dimensional entanglement, an interesting question is
whether this condition is necessary for showing that RE <, MIP*.

In this paper, we give a new condition for promise problems
being RE/coRE-complete which we refer to as “compressible". Intu-
itively, promise problems that are compressible admit a “compres-
sion theorem", similarly to non-local games, but without the need
for the preservation of resources like previous work. Using this new
formulation, we give an alternative proof for RE <, MIP*, which
only relies on the gap compression theorem and the existence of
an algorithm that halts in the“yes" case, and runs forever in
the “no" case for the tensor product value problem (this condi-
tion is trivially satisfied by MIP* <, RE). This, in turn, shows that
the entanglement lower bound condition is not needed for the
proof of MIP* = RE. The same formulation can be used to show
MIP® = coRE, where a gap compression theorem in conjunction
with the existence of an algorithm which halts in the “no" case,
and runs forever in the “yes" case for the commuting operator
value problem implies that coRE <, MIP®. Since our formulation
works for general promise problems, we believe our approach can
be generalized to establish the conjectured RE/coRE-completeness
for other promise problems.

Explicit separation between the models of entanglement. As a
corollary of the MIP* = RE theorem, the tensor product model
of entanglement is mathematically different from the commuting
operator model of entanglement. A natural follow-up question is
whether we can find an experimental setup similar to the Bell test
scenario to determine which is the right way to model entanglement
in our universe? [19, Theorem 12.10] shows the existence of a game
G such that 0*(G) < % and ©°°(G) = 1, which, in theory, could
serve as the Bell test mentioned earlier. However, the question and
answer sets for the given game have a magnitude of 102, making
it impractical for experimental implementation.

We show that given a non-local game G, the promise problem
of deciding whether w*(G) = 0 (G) or |0*(G) — w°(G)| = ¢
for any fixed constant ¢ € [0, 1] is RE-complete. In other words,
there is no algorithm which can be used to find explicit separation
between the tensor product model and the commuting operator
model for general non-local games! On the brighter side, our proof
also gives a reduction for any non-halting Turing machine to an
instance of a game such that |0*(G) — w“°(G)| = c; however, since
the technique used is similar to the one given in[19, Theorem 12.10],
we suspect that the question size and answer size would be as large
as those in [19].

Consequences. An obvious consequence of the main result of
this paper is that there is no algorithm which can estimate
the commuting operator value of the game up to any constant
c € (0,1), or else one can use this algorithm to construct a halting
algorithm for the co-non-local game value problem. Our result also
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implies that one cannot compute the convergence rate of the NPA
hierarchy in general.

In conjunction with recent work in operator algebra, our main
result also gives a negative result to a stronger variant of Connes
embedding conjecture and Kirchberg’s QWEP conjecture. Roughly
speaking, the disproof of the Connes embedding problem states that
every tracial von Neumann algebra on a separable Hilbert space
cannot be approximated by a limit of finite-dimensional matrices.
A recent result by [4] shows that our main result also implies that
furthermore all tracial von Neumann algebras cannot be approxi-
mated by any computable object, thus showing the class of tracial
von Neumann algebras is “uncomputable” in nature.

The disproof of Kirchberg’s QWEP conjecture states that the
maximum tensor product (or the “algebraic" tensor product) norm
for C*(Fn X Fn) (Where 7, denotes the free group with n generators)
is different than the minimum tensor product (or the “analytic"
tensor product) norm. By using our main result, [16] shows that in
general, there is no algorithm which can approximate the maximum
tensor product norm of C* (%, X ) foralln € {2,3, - - - }. By taking
the case where n = 2, this also gives a negative answer to [15,
Problem 4.2]°.

2 Compressible Condition

To demonstrate the idea behind the compressible condition, we
begin by presenting a simple example with decision problems. We
assume the standard Turing machine as the model of computation
in this paper. For a Turing machine T, we use |T| to denote the
description length of the Turing machine. To abuse notation slightly,
we also use the same notation to denote both the description of
the Turing machine and the function that the Turing machine
implements. We also take the convention that every integer given
as an input for a Turing machine is being represented under its
binary representation. This means that any integer n will be treated
as an O(polylog(n))-bit input for all Turing machines. We give the
definition of a compressible language below.

Definition 2.1 (Compressible promise problem). Let L C {0, 1}".
We say that L is compressible if there exists a universal algorithm
Compress’ with the following properties:

(1) (Output) Compress’, which takes as input a description of a

Turing machine Seqy, and outputs a description of a Turing
machine Seqfomp, computes the function Seql(_:omp N —
{0,1}* in O(polylog(n)) time.

(2) (Runtime): Compress’ runs in O(|(Seq, }|) time.

(3) If Seq, implements a function which maps N — {0, 1}* and
runs in O(poly(n)) time, then for all n € N, the following
holds:

e (Completeness): If Seq, (n) € L, then Seqfomp(n) elL,

e (Soundness): If Seq; (n) ¢ L, then Seqfomp(n) ¢ L.

We point out that based on the above definition, if L is com-
pressible, then the language col = {0,1}" \ L is also compressible.
An important remark about the compressible condition is that
the Compress' algorithm is language dependent. In other words,
Compress’ takes any Turing machine which computes a sequence
of strings in O(poly(n)) time and maps it to a Turing machine that

Thus showing that “no, you can not compute the operator norm"!
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computes a sequence of strings with a significantly smaller runtime
while still preserving whether the nth string of the output is in L
or not in L.

We remark that this is an unnatural condition for a language L,
as Seqfomp, when generating the nth instance, cannot generate the
nth instance of Seq; due to the smaller runtime requirement and,
hence, cannot even decide whether Seq, (n) € L or Seq,(n) ¢ L.
The Compress' algorithm has to, in some way, manipulate the
description of the Turing machine Seq, in a black-box way to
reduce the runtime. We use the following clever example given
in [27] to show that the halting problem is compressible.

Example 2.2 (The Halting problem is compressible). Recall, the
halting problem is defined as L = {(Prog), where (Prog) is a binary
encoding of a Turing machine which halts on the empty input.
Define compression algorithm CompressT for the halting prob-
lem as follows: given the input (Sequa 1), CompressAtT

M|

), described by Pseudocode 1.

returns a
description of (SeqS:L

1 Input: Integer n

2 Compute and return the description of (Prog{Seamr)

where the pseudocode for Progl e

in Pseudocode 2

)

is given

Comp

Pseudocode 1: The description of Seq, 1 -

1 Compute the description of (Sequa 1(n)) using (Sedua 1)
and n, halt and return ERROR if (Seqyy 1) is not a valid
description for a Turing machine.

2 Run the program (Seqys 1(n)), halt and return ERROR if
(SequaLt(n)) is not a valid description for a Turing
machine.

Pseudocode 2: The description of the output for

Progf,se%ALT), We remark that the above program depends
on both Seqy 1 and n

In the above example, one should interpret the description of
(P rog,(,seq”"“)) given in Pseudocode 2 as an instance for the halting
problem (and hence, the runtime of line 1 from Pseudocode 2 is
irrelevant). The program Seqﬁfl_nTlP merely generates different in-

stances of the halting problem by outputting the description of

<Pr.og$lse‘:|HALT)>‘

Since the Turing machine Seqﬁfﬂp (n) only returns the descrip-
tion for (Progflseq'*“m) which depends on n, the description of
(Seqﬁfl_n%p(n)) can be computed in O(poly(|(Seq)|)) time. Since
any integer input is represented under the binary representation,

Squomp runs in O(polylog(n)). Furthermore, for all integer n € N

o If Seqyy 7(n) returns a description of a halting program, then
Seq;iﬁ’(n) = (Progf,seqHALT>) is a description of a halting
program.

o Otherwise, if Seqys, 1 (n) returns a description of a non-halting

program, then Seqaif‘f(n) = (Pr‘ogflseq”’*m) is a description

of a non-halting program.
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This shows that the halting problem is an example of a compressible
promise problem.

Notably, the above example shows that all decision problems in
RE are compressible. Given a compressible language L that is also
“non-trivially" in RE, our goal is to show that L must be RE-complete.
We first give a more precise definition for L being “non-trivially” in
RE by making the following assumption:

(1) L € RE.In other words, there exists a Turing machine Algo, :
{0,1}* — {0, 1}, such that Algo, , when running on the input
x € L, halts in finite time and outputs 1, and runs forever
if given input y ¢ L (this can be achieved by changing the
termination condition for the “no" case for Algo, to running
an infinite loop).

(2) L is not trivial, meaning |L| = | ({0,1}* \ L) | = oo. There
exist xyes € L and xpo € {0,1}" \ L which are both trivially
computable.

(3) We can generate an instance xyes € L, and an instance x,, €

L.

We now show that RE < L (where L; < L, implies that there exists
a mapping reduction from L; to L;). Let & be a Turing machine.
We wish to reduce & into an instance x& € {0, 1}* such that
X | =poly(|&= |) and

o If & halts in a finite number of steps, then x& € L,

e If & does not halt, then x&, ¢ L.

1 Input: Integer n.

2 Run & for n steps. If & halts in the given steps, return
Xyes, the yes-instance guaranteed by the non-triviality
condition above.

3 Compute (Seqy ), the description for Seq .

4 Simulate the following program describe by step 6 and 7
for n steps

5 Compute Seq (1)

6 Run Algo,, the RE algorithm for L guaranteed by
assumption 1 above, on the computed instance
Seqr(1).

7 If the above subroutine halts in n steps, return x,,, the

no-instance guaranteed by the non-triviality condition.

8 Compute Compress®((Seq, )) and obtain the description
for (Seqfomp).

s Return Seqfomp(n +1).

Pseudocode 3: The description of Seq, for demonstrating
the generalized compression framework.

Consider the following function Seq, : N — {0,1}* given
by Pseudocode 3. We remark that line 3 uses a self-referential trick
to make Seq, perform computation steps on its own source code.
This step can be done in polynomial time with respect to the de-
scription length of Seq; using Kleene’s recursion theorem, and we
refer to [21, Chapter 14.2] and [29, Chapter 6.1] for more details.

We first analyze the runtime of Seq, . Lines 2, 4 and 7 of Pseu-
docode 3 trivially take time O(n). By the recursion theorem men-
tioned earlier, we see that lines 3 and 8 take time based on the
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description length of (Seqy ), independent of n. By looking at Pseu-
docode 3, we see that the description length of (Seq, ) depends only
on the description length of & . Line 9 takes time O(polylog(n))
by the definition of Compress’. Hence, the runtime for Seq, (n)
is O(n - log(n) + poly(|&» |)) = O(poly(n)) (since & is a fixed
Turing machine, its description length is independent of the vari-
able n). Thus, by the definition of Compresst, since Seq, runs in
O(poly(n)) time, the compression step on line 9 outputs a Turing
machine that is a “compressed" version of Seq, .

We claim that x& = Seq; (1) is the desired instance for the
reduction. We first argue that Seq, never halts on line 7 of Pseu-
docode 3 given any input n € N. Suppose, for a contradiction, that
there exists some C € N such that the algorithm Seq; halts in line 7
of Pseudocode 3 with C as the input; We can also assume that C is
the smallest integer such that this holds without loss of generality.
The goal is to argue that whenever Seq (C) does halt in line 7, then
Seqy (1) simultaneously belongs in L and does not belong in L, thus
creating a contradiction.

By first analysing Pseudocode 3, we see that Seq, halting in
step 2 implies that it cannot halt in step 7. This also means that
&% cannot halt in C steps, and hence Seq, cannot halt in step 2
of Pseudocode 3 for all input n < C.

Now, Seq, halting in line 7 on input C implies that Seq; (C) =
Xno € L. Seqp halting in line 7 also implies that Algo, (Seq; (1))
halts in a finite number of steps, which means Seq (1) € L by
the definition of Algo, . By the minimal assumption of C and the
argument above, Seq; does not terminate on line 2 or 7 for all
inputs 1 < n < C, and hence Seq, (C - 1) = Seqiomp(C). By the
compressible condition, since Seqiomp(C) ¢ L, this implies that
Seqiomp(C) ¢ L and hence Seq; (C — 1) ¢ L. By a simple induc-
tive argument, one can deduce that Seq, (1) ¢ L. This creates the
contradiction needed to argue that Pseudocode 3 never terminates
via the exit clause on line 7. Notably, this also implies that Algo,
with Seq, (1) as the input, cannot halt before & (or else Seq,
would halt in the exit clause on line 7, thus creating the given above
contradiction).

Now, suppose & halts in C steps, by construction, we have
Seq(C) € L, and hence, by a similar inductive argument as above,
we see that Seq, (1) € L. If & does not halt, then by the above ar-
gument, we see that Algo, also cannot halt given the input Seq, (1).
This means that Algo, does not halt when given Seq; (1) as the
input, implying that Seq, (1) ¢ L. This shows that L is RE-complete.
We remark that this reduction is poly-time, as x& = Seq (1)
which can be computed in O(poly(|€* |)) time.

If alanguage L is shown to be compressible and in coRE, {0, 1}*\L
is compressible and in RE, and hence L is coRE. Intuitively, the above
argument relies on the fact that we can embed the RE algorithm into
a uniform Turing machine which generates a sequence of promise
problems for the given language and use compression to “infinitely”
reduce the runtime of the algorithm. The above proof approach for
showing L < RE is a generalization of the conjectured approach for
showing coRE C MIP® in [24, Pseudocode 4]. In comparison to the
first draft of [27], there is no dependency on some “resource” in the
Compress’ map. Interestingly, as pointed out from [27], the Halting
Problem is also compressible, which means that any RE-complete
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language is also compressible, and we present their formulation
in Theorem 2.2 of this paper.

Weakly compressible condition. In order to apply the compress-
ible condition to non-local games, we have to first reformulate the
compressible condition to hold for promise problems. For a decision
problem D given by Dyes € {0,1}" and Dy, € {0,1}%, we define
D to be compressible if it admits a similar CompressP algorithm
which compresses a uniform problem instance for D, or a Turing
machine Seqp : N — Dyes U Dy,. To draw the parallel to the defi-
nition given in Theorem 2.1, one can interpret Seq; : N — {0, 1}
given in the previous section as a function which maps n € N to
an element to either in L or {0, 1}* \ L. In this case, the Compress®
generates a description of a “compressed” uniform problem in-
stance SeqCDOmp which has the same completeness/soundness prop-
erty given in Theorem 2.1 (i.e. for i € {yes,no} If Seqp(n) € D;,
then Squomp(n) € D; for all n € N), assuming the given input is a
uniform problem instance for D which runs in O(poly(n)).

Unfortunately, this generalization in practice is very hard to
show for any non-trivial language. One of the reasons is that the
compressible condition requires one to show the existence of a
universal compressible map which works for all O(poly(n)) uni-
form problem instances. In an effort to make this condition more
applicable for general promise problems, we define a weaker notion
of the compressible condition known as weakly compressible
condition given below.

Definition 2.3 (Weakly compressible problems). LetD = (LyDeS, LD
be a promise problem. We say that the promise problem D is
weakly compressible if for every @« € N, there exists an algo-
rithm CompressD, which takes, as input, (Seqp), a description of
a uniform instance of promise problemsfor D. Compress® outputs
a description for a uniform instance of promise problemsfor D,
(Squomp>, such that the following holds: There exists an integer
y = O(poly(a)) such that

(1) (Runtime): CompressP runs in O(poly(|(Seqp ), @)) time.

(2) (Consistency of the output): Squomp(n) e Dforalln e N,

D

« is not a valid uniform

even if the initial input for Compress
instance of D.
(3) (Complexity bound for the output): Squom
O(log(n)").
Furthermore, if there exists some constant ny € N such that for all
n > ny, Seqp(n) runs in time less than n®. Then there exist some
constant nocomp = poly(y, ng) such that for all n > nocomp

D
yes

e (Soundness): Seqp(n) € L2, = Squomp(n) elb.

P runs in time

D

e (Completeness):Seqp(n) € LD, = Squomp(n) € Lpes-

Intuitively, instead of requiring a single CompressP, a decision
problem is weakly compressible if for every a € N, there exists a
Compress? which only “compresses" uniform instances with run-
time O(n%). Clearly, if D is compressible, the compression algorithm
guaranteed by the compressible condition can be used to satisfy the
condition for weakly compressible. Namely, we have the following
theorem.
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THEOREM 2.4. IfD < RE, then the following are equivalent:

(1) D is RE-complete.
(2) D is compressible decision problem.
(3) D is weakly compressible decision problem.

Furthermore, if D < coRE, the above statement is true except with
clause 1 replaced by "D is coRE-complete”.

This shows that this weaker notion of compressibility can also
be used for showing RE/coRE-completeness. We describe the com-
pressible condition and weakly compressible for promise problems
in more detail in the full manuscript in [23, Chapter 4].

3 Applying the Compressible Condition to
Non-Local Games

Recall from the previous section that the tensor product value
problem is complete with respect to the complexity class MIP*, and
the commuting operator value problem is complete with respect
to the complexity class MIP°. A uniform problem instance for the
tensor product/commuting operator value problem is defined as a
Turing machine 7" : N — G, where to abuse notation, G in this
case is the set of all possible descriptions for a non-local game. One
could intuitively think of the uniform sequence as the “inputted
Turing machine”

We show that a specific subclass of game sequences, which we
refer to as “conditionally linear verifier" admits a gap compression
theorem described earlier in the introduction. We give an informal
description of the conditionally linear verifier in the next section
and the more detailed version in the full manuscript in [23, Chapter
5]. We give an informal version of the gap compression theorem
below.

THEOREM 3.1 (GAP COMPRESSION THEOREM). For every o € N,
there exists a polynomial time algorithm Gapcompress,, that takes
the input 7" : N — G a conditionally linear verifier such that 7" (n)
runs in O(n%) time, each game in the sequence can be sampled and
decided in O(n%) time. The algorithm runs in poly(|{7")|, a) time
and outputs a conditionally linear verifier "™ : n — G such that,
fort € {x co}:=

(1) (Runtime) 7"°™(n) runs in O(polylog(n)) time, and each

game ¥ C°"P(n) can be sampled in O(polylog(n)) time, and
the decider function D,, runs in O(polylog(n)) time.

(2) (Completeness) If (7" (n)) = 1, then w* (7 ™ (n)) = 1

(3) (Soundness) If ' (7' (n)) < 3, then ' (7" (n)) < 1.

Roughly speaking, by considering the Gapcompress, guaranteed
by the theorem, this shows that MIP*/MIP°, when restricted from
games generated by a conditionally linear verifier, are weakly com-
pressible. In practice, there are many more caveats to the above the-
orem which is needed to argue for weakly compressible which was
not listed above. Instead, we refer to the full manuscript in [23, Chap-
ter 6] for more details. In conjunction with the NPA-hierarchy [26],
which is a coRE algorithm for the commuting operator value prob-
lem (i.e. it halts if the game is in the set L,, and otherwise runs
forever), we can conclude the coRE-completeness of MIP®, thus
showing the main theorem in this paper.

On the other hand, by combining the Gap compression with the
well-known Searchfrombelow algorithm, an RE algorithm for the
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tensor product value problem, we give an alternative proof for the
MIP* = RE theorem using the weakly compressible condition we
described above.

We remark that the Gapcompress,, algorithm is a more stream-
lined version of [19, Theorem 12.1], and the conditionally linear
verifier is a more concise version of the normal form verifier defined
in [19, Definition 5.31]. The primary challenge in this paper is to
show that the same compression algorithm also has the desired
completeness/soundness condition under the commuting operator
model, which we summarize in Section 5.

In this paper, we also model finding an explicit separation be-
tween the models of entanglement as the 3-Bell test separation
decision problem, which we model as a decision problem over the
following two sets of non-local games:

d I-yes ={G : 0" (G) = v*°(G)}.
o Ly = {G : [0"(6) - 0®(G) = 3 }.

We remark that the constant above being % can be changed to any
arbitrary fixed constant ¢ € (0,1) by increasing the number of
parallel repetition. The problem is known to be in RE by combin-
ing Searchfrombelow together with the NPA hierarchy, since the
Gapcompress,, algorithm given in Theorem 3.1 preserves the ten-
sor product value and the commuting operator value. It is not hard
to see that Gapcompress,, also preserves the yes/no case for any
given conditionally linear verifier and thus can be used to argue
that the above problem is weakly compressible. Although it is im-
possible to find a game that realizes the separation computationally,
such a separation can still potentially be found using mathematical
technique.

4 Towards Proving the Gap Compression
Theorem

In this subsection, we provide, from an algorithmic level, a rough
outline of the subroutine used in Gapcompress given in Theo-
rem 3.1. We first give a high-level description of a conditionally
linear verifier and some intuition as to why the runtime can be com-
pressed. In standard non-local game literature, a non-local game
is defined in terms of two finite sets, X for the question set, A for
the answer set, 4 ~ X X X as the question distribution for the two
provers and D : X% x A% — {0,1} as the validation function. A
conditionally linear verifier 7" is a game sequence that takes as
input n € N and outputs a non-local game G, with the following
properties:

o Each game in the sequence has a question distribution that
follows a specific class of distributions known as “condition-
ally linear distributions". Intuitively, a verifier can sample a
question pair by first sampling a seed s and then applying two
special deterministic functions L4, L® in order to compute
the question pair (L4(s), LB(s)). [19] realizes that a pair of
honest provers can sample a question pair (in a way such that
the question sampled for one prover is unknown to the other
prover) from the conditionally linear distribution by taking
the outcome from a specific set of Pauli Z measurements on
shared EPR pairs (where a single EPR pair corresponds to
the state M)

the question size for the non-local game by simply asking

. Hence, the verifier can effectively shrink
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honest provers to perform the correct measurement on some
pre-prepared EPR pairs between the provers. As seen later
in this section, this fact is used with self-testing techniques
to force the provers to make the correct Z measurements.

o 7 is defined by a pair of Turing machines (Q, D). The sampler,
Q, takes as input a natural number n and returns a description
for the two functions L%, LB which describes the condition-
ally linear distribution that samples a question pair for G,.
The decider, D, also takes a natural number and returns a
description of a Turing machine, which computes D,,, the
decision function for G,,. This definition is closer to a defini-
tion given in the interactive proof system literature, and this
allows us to use techniques from the PCP theorem to shrink
the answer size for the game.

The runtime, or the complexity for the conditionally linear veri-
fier is defined as the maximum runtime for the Turing machine Q
and D. We remark that although the question set and the answer set
are not explicitly specified by 7" in a conditionally linear verifier,
both Q and D being time bounded effectively define a finite set of
questions/answers for each of the games G,>. The Gapcompress
algorithm constructed for a conditionally linear verifier consists
of three main subroutines: question reduction, answer reduc-
tion, and parallel repetition, in which we briefly summarized
below. Since many of the techniques used are similar to the ones
used in [19], we only give a brief summary of each subroutine and
highlight our improvements over [19] below. For a more detailed
summary, we instead refer the readers to [19, Chapter 2].

Question Reduction. The goal of the question reduction protocol
is to force the provers to make an “ideal" measurement in order for
them to sample from a question pair following the conditionally
linear verifier. The question reduction is a combination of two tests:
the Pauli Basis test and the Introspection protocol. The Pauli Basis
test uses self-testing techniques in order to force the dishonest
provers to prepare enough EPR pairs required to sample the input
distribution, as well as perform an X or Z measurement on all the
prepared EPR pairs. The Introspection protocol utilizes the EPR
pairs guaranteed by the Pauli Basis test and forces the provers to
make the correct Pauli Z measurement so that the provers can
sample a pair of questions from the given conditionally linear distri-
bution. The Pauli basis test has a question sampling complexity of
polylog(n), and the Introspection protocol has a sampling complex-
ity independent of n (where both tests have a decision complexity
of poly(n)), thereby reducing the complexity of Q from poly(n) to
polylog(n).

In this paper, we use the recent simplification due to [12] for the
Pauli Basis test, which circumvents the low-individual degree test
subroutine used in the original Pauli Basis test [19, Section 7]. As
a result, the increase in soundness error in the question reduction
theorem proven in our paper is independent of the size of the game,
an improvement over the polynomial dependency in [19].

Answer Reduction. The goal of the answer reduction protocol
is to reduce the complexity of the decider D from poly(n) time
to polylog(n) time while retaining a polylog(n) runtime for the

3if Q runs in time T, then Q can samples a string with length at most T, which means
that the question set can effectively be taken as {0, 1}T
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sampler. Similarly to [19, 25], a classical probabilistically check-
able proof (PCP) is used on the verification Turing machine D,,.
In particular, we use the same tailor-made PCP procedure used
within [19]’s answer reduction protocol as a black box in this paper.
The PCP procedure reduces checking computation steps of D,, re-
turning accept given the corresponding question/answer pair into
checking whether the two provers share the same collection of low
individual degree polynomials with specific properties, which can
then be checked using the “quantum low-individual degree test"
introduced in [20].

There is an immediate problem with this approach. Recall that
for a classical PCP which verifies an NP instance, the provers are
intuitively trying to prove the following statement to the verifier:
“given x € L and a polynomial size circuit C, there exists a proof
string s such that C(x,s) = 1. Where as in the non-local game set-
ting, the provers are trying to prove: “given a validation function
D, for a non-local game, and a question pair (x, y), there exists an
answer pair (a, b), which is generated by two entangled provers,
such that D, (x,y,a,b) = 1. In order to compute the second state-
ment in a PCP instance, both provers need to somehow play the
game using a predetermined entangled strategy and output their
answer without communicating with each other. Then, the provers
need to pass their answer so that they can encode the computation
step of D,,(x,y, a,b) as a PCP instance. In order to get around this
issue, a transformation known as Oracularization is applied before
computing the PCP instance, whereby the question set and the
answer set can be safely passed to one of the provers by using the
other prover as a “consistency checker". To ensure completeness
is preserved through the oracularization transformation, we need
an additional property in the completeness statement in the gap
compression theorem: The perfect strategies in the original game
must use a special kind of strategy known as an oracularizable strat-
egy. Roughly speaking, a strategy is oracularizable if the player’s
measurement observable commute in the same Hilbert space when-
ever they are given a question pair (x,y) such that p(x,y) > 0.
We remark that this transformation is also used in [19], and the
oracularizable strategy in this paper is the same as the “commuting
and consistent strategy” used in [19].

Parallel repetition. By applying the above two subroutines to a
conditionally linear verifier 7" : N — G with sampling and veri-
fication complexity O(poly(n)), the resulting conditionally linear
verifier 7" : N — G which runs in O(polylog(n)) time, such that
for t € {*,co}

(1) (Completeness): If 0! (7(n)) = 1, then o' (7" (n)) =1,

(2) (Soundness): If 0! (7 (n)) < 1, then

< g
o' (7' (n)) <1 - polylog(n).

Thus, in order to show Theorem 3.1, one would need to apply
a logarithmic-fold parallel repetition transformation to the game
in order to amplify the “soundness" condition for 7 to < 1 while
retaining the “completeness” condition. Where recall, r-fold parallel
repetition is a transformation for the game G in which r question
pairs are sampled independently and sent to the provers, and the
provers must treat each of the r question pairs as independent
questions and reply with r corresponding answer pairs. The provers
only win the r-fold parallel repetition game if they win on all
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r independent instances of the game. We remark that applying
a logarithmic-fold parallel repetitions to 7" only increases the
runtime by a logarithm factor.

Unfortunately, a strong parallel repetition theorem, i.e. a par-
allel repetition theorem that shows an exponential decay in the
optimal success rate for entangled provers is an open problem.
However, [6] shows that by applying a simple transformation, the
anchored transformation, the resulting game would have a strong
parallel repetition theorem, and this version of parallel repetition
has been used in [19]. We use a slight modification for the anchoring
transformation? in our paper.

5 From MIP* to MIP°

Finally, we discuss some of the challenges in extending the gap
compression theorem to the commuting operator models. Since
the commuting operator model of entanglement cannot be approx-
imated by finite-dimensional strategies, unlike the tensor product
model, many techniques used in [19] for proving the gap com-
pression theorem are not known to generalize to the commuting
operator model.

[22] recently introduced a subclass of (two prover) commut-
ing operator strategies known as tracially embeddable strategies.
Tracially embeddable strategies, while being infinite dimensional,
have many similar structures to a finite-dimensional tensor product
strategy. Hence, many techniques from [19], which hold for the
finite-dimensional tensor product model, can easily be translated to
the setting where the provers are restricted to tracially embeddable
strategies.

Furthermore, [22] shows that the behaviour of provers with ac-
cess to the commuting operator model of entanglement can be well
approximated by provers restricted to using tracially embeddable
strategies. To be a bit more precise, the set of correlations, or the
set of probability distributions for outputting a certain answer pair
given a question pair when the provers are given access to tracially
embeddable strategies is dense within the set of correlations for
provers with commuting operator strategies. Hence, the complexity
of MIP® is precisely the same as the complexity of an interactive
proof system where the provers are restricted to using tracially
embeddable strategies. By working within this class of strategy,
the following techniques used in the proof of the gap compression
theorem in [19] become available in the analysis of MIP:

(1) Tracially embeddable strategies provide a natural general-
ization to “density matrices" and the “observable switching
trick” to finite-dimensional strategies. This is used in [22]
to replicate the rigidity statement for the Pauli basis test
for provers restricted to using tracially embedded strategies
similarly to [19, Theorem 7.14] (which shows the rigidity for
finite dimensional tensor product strategies). This is a key
part of showing the “soundness" properties of the question
reduction protocol in the commuting operator model.

(2) The answer reduction protocol relies on the “soundness”
of the quantum low-individual degree test, which is only
shown to hold for a special class of strategies known as
synchronous strategies in [20]. In [31], a “rounding" lemma,
or a lemma translating results proven using synchronous

4The modification is designed to preserve synchronicity within the game.
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strategies to regular strategies when restricted to finite di-
mensional strategies, was shown. By working with tracially
embeddable strategies, the same lemma can be shown for
tracially embeddable strategies in [22]. We remark that the
“rounding” lemma can be proven without using the tracially
embeddable strategies framework by the works of [13].

For more intuition about tracially embeddable strategies in the
finite-dimensional setting, we refer to [22, Example 3.3].

6 Parallel Repetition in the Commuting
Operator Model

We also give the first “informational-theoretic" proof of parallel
repetition theorem for the commuting operator model in this work.
We remark that prior to this work, the only known example of
a class of game which exhibits an exponential parallel repetition
theorem was the XOR game [10], in which the tensor product value
and the commuting operator value coincide [30].

We show that the informational-theoretical tools used to proof
the parallel repetition theorem for anchored games [6], such as an
analogue of mutual information and Ulhmann’s theorem, have an
appropriate analogue in the commuting operator model and hence
the majority of the proof from [6] can be shown for the commuting
operator model. This is proven by combine the relative entropy
formulation given in [1] for states on von Neumann algebras with
the Tracially embeddable strategy mentioned above. We believe
these techniques also could be useful to show a parallel repetition
theorem for other classes of games, and could potentially be of
interest to the quantum information community.

The proof of the parallel repetition for anchored games in this
paper emerged from an early collaboration with William Slofstra
and Henry Yuen. For more details on the proof of the anchored
parallel repetition theorem in the commuting model, we refer the
readers to the full manuscript in [23, Appendix A]
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