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Abstract

P-values have been the main tool for designing statistical tests for almost a century. The
novel theory of e-values offers an alternative approach, providing testing procedures that
allow safe optional stopping of data collection, and safety guarantees for data-dependent
significance levels. We systematically compare two types of e-variables that have been
proposed for linear regression testing: the Model-X (MX) and the Simple Linear Regres-
sion (S-LR) e-variable. These e-variables differ fundamentally in their design principles.
The MX e-variable was originally developed for conditional independence testing and
relies on knowledge of part of the underlying distribution of the covariates. In contrast,
the S-LR e-variable was specifically designed for linear regression testing, exploiting lin-
earity and distributional assumptions on the target variable.

We analyze and mathematically compare these e-variables in a setting in which both
methods are simultaneously applicable. A key instance of this setting is provided by
randomized controlled trials. For simple alternative hypotheses, we prove that, asymp-
totically as the sample size tends to infinity, MX never outperforms S-LR in terms of
e-power. However, we show that MX can provide robust tests with theoretical safety
guarantees of great practical relevance. Surprisingly, we find that in a generalized AN-
COVA setting, the asymptotic e-power difference is very small, of order O(||5]|%) as the
effect size vector § tends to zero. All our findings naturally extend to the adaptations of
S-LR and MX e-variables for testing the full (composite) linear alternative hypothesis,
which are directly applicable to linear regression testing in practice.
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1 Introduction

Consider a medical scientist testing the effectiveness of a newly developed drug. Suppose
the drug is intended to affect a target quantity e.g. blood pressure. She may conduct
a randomized experiment by assigning participants to a treatment or control group and
measuring the difference in blood pressure before and after the intervention period.
This experiment can be summarized by the following equation:

Y=8X+pu+e,

where Y denotes the target variable (i.e., the difference in blood pressure before/after
intervention), X is a binary variable indicating treatment assignment, p is the expected
value of Y under control, 8 represents the treatment effect, i.e. difference in expected
value of Y under treatment and control, and ¢ is a 0-mean random variable that captures
unobserved effects and measurement errors.
Additional measured variables related to blood pressure, such as age or body mass index,
can be included as covariates, e.g. by assuming a linear relation with Y, yielding the
extended linear model

V=BX++"Z+u+e. (1.1)

The existence of a treatment effect corresponds to 8 # 0, and if a researcher is willing
to accept this model, inference reduces to assessing the plausibility of 8 # 0 given the
observed data and all formulated assumptions. The data, in this context, consists of
observations {(Y1, X1, Z1), ..., (Yn, Xn, Z,)}, where each triplet (Y;, X;, Z;) corresponds
to an individual participant. Testing whether the medication has an effect based on
observed data via a linear regression model such as (1.1) is a classical problem of statis-
tics, and it is also the main topic of this thesis. In particular, we consider new testing
approaches based on e-variables, which provide multiple practical advantages over classi-
cal linear regression tests, such as the possibility of applying the test sequentially, safety
properties under data-driven security levels, and a simple way of combining the results
of multiple studies.

The theory of hypothesis testing with e-variables, is very recent, with almost all major
results having been developed after 2019, and since then two fundamentally different
approaches for linear regression testing have been proposed. The first approach, dubbed
Simple Linear Regression (S-LR) is a direct extension of the classical approach, testing
whether 5 = 0 as above, and heavily relying on an assumption of normally distributed
errors € [Griinwald et al., 2025]. The second rephrases the problem as conditional in-
dependence testing and relies instead on a so-called Model-X (MX) Assumption - an
approach that is quite different from the classical one, but that is eminently suited for



combination with e-variables [Griinwald et al., 2023]. We systematically compare the
approaches in settings in which both of them can be used, and for each of the two,
we identify situations in which it works better. We find that, while they can exhibit
strikingly different behaviour on some examples, they also show surprisingly similar per-
formance on many others.

More precisely, the condition 8 = 0 in the model (1.1) can be viewed as a linearized
version of the full conditional independence statement:

Y 1 X|Z,

which may be read as: “given the covariates, the target does not depend on the treatment
assignment”. While the distinction between linear and full conditional independence is
subtle, it is central to the questions addressed in this thesis. Unlike standard regression
models, the Model-X framework makes no assumptions on the marginal distribution of
the error term. Instead, it relies on knowledge of the conditional distribution P(X|Z2)
of the treatment assignment given the covariates. Owing to this non-standard model-
ing assumption, the Model-X approach can give rise to tests with properties that differ
substantially from those of classical methods, both in terms of safety guarantees and
statistical power, making it particularly worthy of a systematic comparative study. Im-
portantly, the Model-X requirement is satisfied in many practical settings, most notably
in randomized controlled trials, where treatment assignment is under the experimenter’s
control and determined by a known randomization mechanism, such as a coin toss.

Our main contributions include showing that asymptotically as the sample size grows,
if the assumptions needed for both approaches hold, then S-LR yields more e-powerful
tests than MX, where e-power represents the e-variable theory analog of classical sta-
tistical power. This result does not come as a big surprise, as the first approach makes
arguably stronger assumptions on the underlying distribution of the data. Nevertheless,
we do describe a special setting in which MX dominates on finite samples. As our most
surprising result, we show that in a very general setting, which includes randomized
controlled trials such as in model (1.1), the two methods yield tests with very similar
asymptotic e-power.

The remainder of this chapter provides background on statistical hypothesis testing, a
brief historical overview, and an introduction to e-variable theory within the modern
statistical framework. Section 1.3 outlines the structure of the thesis, describes our con-
tributions in more depth, and summarizes the main conclusions.

1.1 Statistical hypothesis testing

Abstractly, a (statistical) hypothesis is a set of probability distributions defined over a
fixed measurable space (D, F D) - which represents possible observations of the data, and



is called the data space.

For example, a scientist may hypothesize that a particular treatment has no effect on
the expected value of a target random variable Y. To investigate this hypothesis, she
draws one participant from the population of interest, administers the treatment, and
subsequently observes the value of Y. Assuming that the untreated population’s mean
value of Y is known, and equals u, her hypothesis can mathematically be expressed as:

H = {P P e Ml,EP[Y] = M},

were M represents the set of all probability measures over the data space.

A hypothesis is called simple, or a point hypothesis if it contains a single distribution,
and otherwise it is composite.

The theory of (statistical) hypothesis testing formalizes the task of drawing general con-
clusions from finite samples and of quantifying the risks involved.

The Neyman—Pearson (NP) approach, named after Jerzy Neyman and Egon Pearson, is
the standard framework for statistical hypothesis testing and adopts a decision-theoretic
perspective [Neyman and Pearson, 1933]. They define two hypotheses for each testing
problem: the null Hy and the alternative hypothesis ;. A (statistical) test is merely a
decision rule, which is formalized as a measurable function mapping the observed data
to a binary decision. The decision is either to reject the null and accept the alternative
hypothesis (output 1), or accept the null and reject the alternative (output 0). There
are two types of errors one can make when testing this way:

e Type-1 error: reject Ho when it is true
e Type-2 error: not reject Hg when it is false

Controlling the type-1 error probability is considered a safety guarantee, and is given
primary importance when designing tests. This motivates the definition of level-« tests.

Definition 1.1.1. (Level-a tests)

A statistical test for a null hypothesis H is said to be of level-a if the probability of
rejecting the null is upper-bounded by « under all P € Hg.

Furthermore, the value « is called the significance (or security) level of the test.

The power of a statistical test ¢ under distribution @ is simply the probability of rejecting
the null hypothesis if the data is generated by @, i.e. the value Q({¢ = 1}). The power
of a test under QQ &€ Ho and the type-2 error probability under () are complementary:

powg = Q({¢ =1}) =1 -Q({¢ = 0}).

According to the NP framework, for a fixed a € (0, 1), the best level-« test is one which
maximizes power uniformly (simultaneously) under all distributions in H;. Such a test
is called wuniformly most powerful (UMP). UMP tests exist only in highly structured
special cases, such as having point alternatives or when both null and alternative are



subsets of a one-parameter parametric family satisfying the monotone likelihood ratio
property, which in turn includes the one-dimensional exponential families [Casella and
Berger, 2024]. In most realistic statistical models, they provably do not exist, and prac-
titioners must rely on other criteria, such as worst-case-optimality [Casella and Berger,
2024].

Ronald Fisher, another famous statistician, proposed a different view of statistical test-
ing [Fisher, 1934]. He argued that the output of a statistical test ought to be interpreted
as a measure of observed evidence against the null hypothesis, and considered the al-
ternative hypothesis irrelevant. An important mathematical tool which stems from his
work is the p-variable.

Definition 1.1.2. (p-variables)
A random variable U is said to be a p-variable for H if for all P € Hg, the distribution
of U under P is stochastically larger than the uniform distribution. In other words:

PU<c¢)<c
holds for all ¢ € [0,1] and P € H,.

P-variables are generally called p-values, but in this thesis we reserve the term “variable”
to indicate the random nature of the object, and “value” whenever we refer to a specific
realization of the random variable.

An immediate consequence of the definition is that for any p-variable U for H:

b = 1[0,04] (U)

is a level-« test for Hg.

The two frameworks can, therefore, be connected. From a NP perspective, p-variables
may be used as tools for constructing tests, but the final outcome is an accept-reject
decision, with no distinction made between p-values that fall on the same side of the
threshold «.

In modern practice, however, the p-value is often reported alongside the accept-reject de-
cision, and in accordance with Fisher’s views, regarded as a measure of evidence against
the null. This practice departs from the NP approach, and treating the p-value as evi-
dence has been repeatedly criticized across statistics [Lindley, 1957, Berger and Sellke,
1987].

Another downside of the modern framework is that it can incentivize p-hacking. Re-
searchers might feel the urge to sample additional data points and re-test after observing
a p-value which is slightly above « - and thus is almost, but not quite small enough to
reject the null hypothesis. Another common hack is that of choosing « post-hoc - after
observing the p-value.

If either of these hacks is used, o no longer represents an upper bound on the type-1
error probability, and the safety guarantees of the test are lost.



Example 1.1.3. (p-hacking by sequential testing)

The most extreme example of the first kind of p-hacking would be to use a fixed-sample
test and re-test after every new observation. We will use the classical z-test to illustrate
how safety guarantees can be lost. The simple null hypothesis is that the data are
generated by a standard normal distribution, while under the alternative the data are
still normal with variance 1, but the mean can be any real value. The test statistic for
n i.i.d. observations (Y71, ...,Y;,) is their mean value Y,,. This statistic can be converted
into a p-variable for testing, but one can also work with it directly. To get the level-a
version of the z-test for n data points, one merely has to reject the null whenever:

— «
WATal 2 g1 - 5),

and not reject otherwise. Here ¢ is the quantile function of the standard normal distri-
bution, and thus makes the rejection probability at each fixed n exactly a when the null
is true. By Kolmogorov’s law of the iterated logarithm [Billingsley, 2017]:

lim sup |v/nY,| = oo
n—o0
holds almost surely under the null hypothesis. Therefore, although for each fixed n the
rejection probability is «, if we re-test sequentially at every sample size, the null gets
rejected with probability one, even when it is true.

In practice, researchers would never re-test infinitely many times, but performing the
test twice is already enough to inflate the type-1 error probability, and make it surpass a.

Now, let us address the second p-hack. If the security level « is chosen after observing
the realization of the p-variable U, i.e. is data-dependent, in the most severe case one can
reject the null hypothesis always, by simply taking a function o which satisfies «(U) > U.

To remedy the second issue, we could try to modify the p-variable definition, to also
allow data-dependent security levels, as shown by Griinwald [2024], Koning [2024].
The p-variable requirement can equivalently be rewritten as:

1
P(U < a) <aVPeHy < Ep[l{USQ}a] <1VP € Hy, (1.2)

for all @ € (0,1). The right-hand side (RHS) formulation of the safety requirement can
be imposed even if we consider a a random variable. So, let us now impose a stricter
safety requirement on U — that the RHS of (1.2) holds for all non-negative measurable
functions of the data «. It is not hard to see that the maximal value over « is achieved
exactly for the random variable « = U, and that the new safety requirement on U
amounts to:

1
Ep |:U:| <1VP € Hp.



Definition 1.1.4. (e-variables)
A non-negative random variable S is called an e-variable for the hypothesis H if:

Ep[S] <1
for all P € H,.

With this new terminology, we can state that a p-variable U for H satisfies (1.2) for any
data-dependent « if and only if U~! is an e-variable. On the other hand, by Markov’s
inequality, the inverse S™! of any e-variable S for Hg is a p-variable for Ho:

1
P(S™'<a)=P(S>~-)<aEp[9] <a.

Q@
Therefore, there is a one-to-one correspondence between the set of e-variables for Hj,
and a subset of p-variables for Hg, which provide the safety guarantee (1.2) for all data-

dependent choices of «, as opposed to only fixed constants a € (0,1).

It is important to realize that classical p-variables, which are used for testing in practice,
do not provide this stronger safety guarantee. They are generally designed to take values
in [0, 1], meaning that the inverse of any such p-variable U can only be an e-variable if

U=U"'=1

holds a.s. under all distributions in the null. But any such p-variable is clearly useless
for testing.

E-variables thus provide an answer to the problem of data dependent significance levels.
If we agree that the RHS of (1.2) is a meaningful generalization of our original safety
requirement for data-dependent values «, then we merely need to restrict the set of p-
variables we consider for designing tests to those whose inverses are e-variables. Since
our tests are based on thresholding p-variables:

o = 1[0,04(U) = 1[%,00]([]71)7

we could equivalently say that, if we want safety guarantees for data-dependent signifi-
cance levels, we should use tests which are based on thresholding e-variables instead of
(general) p-variables.

We will return to the other issue with p-variables, which we encountered in Example 1.1.3
in the next section.

1.2 Testing with e-variables

The majority of e-variable research has approached hypothesis testing from a decision-
theoretic perspective, in the spirit of Neyman and Pearson. The focus is on creating



level-a tests, which provide type-1 error guarantees. The null hypothesis has the same
classical interpretation as in the NP framework, simply providing a set of distributions of
the data, under which the rejection probability of a test has to be controlled if the test is
to be considered safe. The alternative hypothesis, on the other hand, serves exclusively
as a guideline for choosing useful e-variables. The output of a test is a decision to reject
or not to reject the null, while the alternative is never considered rejected or accepted.

In order to grasp all the benefits of e-variable theory it is necessary to differentiate
between fized-sample and sequential statistical tests ! . So far, we have only discussed
fixed-sample tests, which were the focus of Neyman, Pearson and Fisher. In a fixed-
sample test, the sample size n is predetermined, and n data points are observed and
analyzed at once. The data space (D, fD) is the set of all possible values of the n data
points, endowed with a suitable o-algebra. As we have seen before, a fized-sample test
is simply a measurable function mapping the data to {0,1}.

We can also model a testing scenario where the data points are observed sequentially,
one-by-one. Then, the data space D contains the possible outcomes of a whole countable
sequence of data points (Dq, Da, ...), and is additionally equipped with the data filtration
(FP),en, where FP is the o-algebra generated by the first n data points. A sequential
test is then any stopping time 7, adapted to the data filtration. This means that stopping
at time ¢ € N can be interpreted as rejecting the null hypothesis based on the first ¢ data
points, after which in practice data sampling would be halted. To simplify our definitions
and results, we always assume that infinitely many data points are available when testing
sequentially, i.e. a researcher can, if she wants, keep sampling data indefinitely. With
this interpretation, a sequential test 7 rejects the null whenever 7 < oo, and does not
reject only when 7 = oco. Therefore, 7 can be converted into a fixed-sample test:

1{T<OO}7

and fixed-sample testing definitions of type-1 errors and level-a tests can also be applied
to sequential tests.

The first form of p-hacking, discussed in 1.1.3, is a consequence of using a fixed-sample
test in a sequential way, for which the test does not provide safety guarantees by design.
E-variables can be used to create sequential tests which allow the user to stop or pro-
ceed with data-collection based on the data observed so far, without sacrificing safety
guarantees. Thus, they can be regarded as a solution to this form of p-hacking as well.

As a final note on e-variables, one can easily check that multiplying two independent
e-variables for the same null leads to a new e-variable. Researchers can, therefore, eas-
ily combine the results of two experiments which share the same null hypothesis (i.e.
research question) and are based on independent data. Combining the outcomes this
way is possible even if the second experiment would not have happened at all were it

1Sequential testing was pioneered by Abraham Wald, whose work was highly influential in the devel-
opment of e-variable theory [Wald and Wolfowitz, 1948].
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not for the results of the first [Ter Schure and Griinwald, 2019], which is often the case
in scientific practice; with p-variables, this is impossible to achieve without destroying
type-1 error guarantees.

All statistical tests described in this thesis are e-variable based. We are primarily in-
terested in linear regression testing [Agresti, 2015], as one of the most widely used sta-
tistical tests in practice. Our hope is to spark the reader’s curiosity about e-variables,
by showing their importance for contemporary statistical practice and describing several
methods for creating useful e-variables in the context of linear regression testing.

The following section describes the contents of the remainder of the thesis. A major
part of our results are related to measuring and comparing the expected performance —
or usefulness of our e-variables. The measure of usefulness is formalized by e-power. A
GRO e-variable is one which achieves optimal e-power against a given point alternative,
while GROW/REGROW refers to versions of optimal e-power for composite alternatives.
All of these concepts will be defined in detail later on.

1.3 Contents, contributions and conclusion

In Chapter 2, we present the necessary mathematical background. We begin by re-
viewing basic properties of multivariate Gaussian distributions and related concepts,
including exponential families and the Kullback—Leibler divergence. We then provide a
general introduction to e-variable theory, outlining its key definitions and results, such
as the GRO e-variable and its construction. This is followed by a brief section on group
theory, which plays a central role in the development of e-variable-based linear regres-
sion tests for composite alternatives, as well as an overview of the Model-X framework
for conditional independence testing. The chapter is concluded with a recap of classical
linear regression testing.

Our own contributions begin in Chapter 3, with an analysis of the random design ver-
sion of the Simple Linear Regression (S-LR) e-variable, which was originally introduced
and described in fixed design by Griinwald et al. [2025]. We show that the optimality
properties from fixed design transfer directly to random design under a suitable choice
of the null hypothesis. Next, we analyze the MX e-variable in the context of LR testing,
and provide practical examples in which S-LR and MX e-variables have very different
properties. We go on to describe the practical relevance and harshness of effectively
testing the intersection of the S-LR and Model-X (MX) null hypotheses, and of the
even smaller, Fully Specified Linear Regression (FSLR) null. This analysis leads us to a
special setting, in which the MX e-variable coincides with the sequential Growth Rate
Optimal (GRO) e-variable for testing the FSLR null. The chapter is concluded with a
theoretical e-power comparison of S-LR and MX e-variables, which contains our most
important results. We find that, asymptotically as the sample size tends to infinity, S-LR
reaches the highest possible benchmark, achieving the same asymptotic relative power
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(ARP) as the GRO e-variable for the FSLR null (Theorem 3.5.6). As a consequence,
asymptotically S-LR never performs worse than MX (in terms of ARP), but we show
that MX can dominate on finite samples (Proposition 3.5.7). A deeper analysis for the
ANCOVA setting is conducted (Theorem 3.5.8), and shows that the asymptotic e-power
difference between the two types of e-variables is of order O(]|5]|%) as the effect size
vector ¢ tends to zero. At the end of this chapter we provide a one-page “cheat-sheet”,
containing the most important conclusions and formulas of the chapter.

All our results in Chapter 3 were in the context of a simple (point) alternatives — a
case which is unrealistic but carries essentially all the difficult work: once it has been
achieved the extension to composite alternatives is straightforward. Thus, in Chap-
ter 4 we describe the construction of composite alternative adaptations of the MX and
S-LR e-variables from Chapter 3. The adaptations are called Adaptive MX (AMX)
and the Group Linear Regression (G-LR) e-variables, and were originally described by
Pérez-Ortiz et al. [2024], Lindon et al. [2024] and Griinwald et al. [2023]. We show that
GROW/REGROW optimality and safe sequential testing properties transfer directly
to random design, and empirically verify the e-power similarities of G-LR and AMX
e-variables in the ANCOVA setting.

We end in Chapter 5 with a thorough description of our most important conclusions and
suggestions for future work, while a short summary of the most notable findings is given
right away.

The S-LR e-variable, despite of not being built on any assumptions about the distribution
of the covariates, achieves the same asymptotic relative power as the GRO e-variable for
the FSLR null (Theorem 3.5.6). The latter e-variable does have knowledge of the true
covariate distribution incorporated by design, but it can rarely be analytically described
and used in practice. Thus, the price a researcher pays for not having, or not being able
to incorporate (partial) knowledge of the true covariate distribution is at most of order
o(n), where n is the sample size, which is remarkable, since the e-power itself typically
increases linearly in n. As a special consequence, we also know that asymptotically S-LR
is always at least as e-powerful as MX. This difference however, is almost negligible in
a described setting, which includes randomized controlled trials with ANCOVA designs
(Theorem 3.5.8). On a robust ANCOVA example (see Section 3.3), we demonstrate that
the MX e-variable can provide, practically very important, theoretical safety guarantees
which do not necessarily hold for S-LR. Importantly, all conclusions about asymptotic
relative powers of S-LR and MX transfer directly to the composite alternative extensions
- G-LR and AMX, making the findings practically relevant.
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2 Mathematical preliminaries

This chapter covers the mathematical background necessary to follow the remainder of
the thesis.

Outline:

Section 2.1 introduces some important properties of multivariate Gaussians, and their
central role in linear regression models. Furthermore, we discuss the Kullback-Leibler
divergence, exponential families and sufficient statistics, which are all essential concepts
in the process of finding optimal e-variables and will be used throughout Chapters 3 and
4.

In Section 2.2 we lay out some of the most important findings in e-variable theory, in-
cluding the main results on the existence and construction of optimal e-variables, which
are used to define both the S-LR e-variable in Section 3.1, and the MX e-variable in
Section 2.4. We further discuss sequential testing, and two methods for adapting point-
alternative tests to composite-alternative tests, which are used in Chapter 4.

The short Section 2.3 gives fundamental group-theory definitions needed to follow the
construction of the Group Linear Regression e-variable in Section 4.2.

Section 2.4 introduces the Markov kernel notation and presents the MX framework for
conditional independence testing, including the MX e-variable, its properties, and the
main results of Griinwald et al. [2023].

Finally, Section 2.5 gives a quick overview of classical linear regression testing, including
ordinary-least-squares (OLS) estimators, fundamental results such as the Gauss-Markov
theorem, and the classical F-test for linear regression. The primary purpose of this sec-
tion is comparative: it can be used to contrast the classical framework with the e-value
theory introduced later.

Important note:
To ensure regular behavior of random variables and processes, throughout this thesis
the data space (D, FP) is assumed to be a standard Borel space.

2.1 Properties of Multivariate Gaussians

The multivariate Gaussian distribution will be one of the main mathematical objects used
throughout this thesis, as it is used to model error terms in classical linear regression.
We lay out some of its important properties and notation in this section.

We use N (u,X) to denote the multivariate Gaussian distribution with mean p and
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covariance matrix Y, which we invariably assume to be regular. The probability density
function (PDF) of N(u,X) is given by:

N, X) = e (—1(y” — )=y - u)) -
’ V27| X 2
The notation we use for the distribution itself and its PDF is similar, but this should
not lead to confusion as the density always has an additional input.

The KL-divergence is an information-theoretic quantity, traditionally used to represent
the expected number of extra bits required when encoding data generated by distribu-
tion @), using a code optimized for distribution P. It plays a central role in statistical
testing, appearing in fundamental theorems such as the Chernoff-Stein lemma [Cover
and Thomas, 1991]. The generalized, measure theoretic definition of the KL-divergence
between two o-finite measures ) and P is:

Eq [m%}, if Q< P
%0, ifQ & P

where (Q < P means that () is absolutely continuous w.r.t. P. As we will see later on,
the KL-divergence is a central concept in e-variable theory. The KL-divergence between
two n-dimensional multivariate Gaussians is given by [Cover and Thomas, 1991]:

Dxr(Q||P) == {

N(anl,El)d n
Ny 2, X2)

— 5 (et (£2) +10 (5) # 0 - )55 - ) =) (21)

Dxr(N (1, L) ||V (2, X2)) = /N(yn|ul,21)1n

The fraction % of two matrices in the formula can be interpreted as either B~'A or
AB™!, since the trace and determinant of the product do not depend on the order of
multiplication. We are particularly interested in Gaussian families of the following form:

{N(w"™n,o%I,) :n € R % > 0}, (2.2)

where w" is a fixed n x d,, matrix of full column rank, as they are used to represent the
null and alternative hypotheses in linear regression testing. The density can be rewritten
as:

1 T r
N 1, 021) = . exp (~5r 571 + Lyu ).

This specifically means, (2.2) is an exponential family [Casella and Berger, 2024], with
a sufficient statistic: , .
TY™") =" Y",w" Y").
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Definition 2.1.1. (Exponential families)
A hypothesis H over the data space D is said to be an exponential family if there exists
a o-finite dominating measure y, index set © and functions:

q:D —0,00),

A:0 =R,

T:D — R,

n:0 — RF,

such that g and 1" are measurable,
H = {Pg 10 e @},

and the p-density of Py is given by:

Cg’i(d) — q(d) exp(n(6)TT(d) — A(B)).

The function T'(d) in this decomposition is called the sufficient statistic. The family is
said to regular if the image of 17 is an open subset of R¥.

Generally, a sufficient statistic is a measurable function of the data that captures all
information in the sample relevant to the parameter of the data-generating distribu-
tion. Once the sufficient statistic is known, the rest of the data provides no additional
information about the parameter. More formally, the conditional distribution:

Fy(D|T(D))

does not depend on the parameter 6.

As we will see in Proposition 3.1.2, having an exponential family null hypothesis greatly
simplifies the problem of finding an effective e-variable for testing point alternatives,
while sufficient statistics are crucial in the development of e-variables for linear regression
testing with composite alternatives, which is described in Chapter 4.

2.2 Background on e-variables

2.2.1 Fixed-sample testing

All measures and random variables in this section are defined over a fixed measurable
space (D, FP).
A simple corollary of Markov’s inequality is that for any e-variable S for Hg:

¢CM = 1[%,00}(8)

is a level-« fixed-sample test for Hg. All fixed-sample tests of interest for us have this,
thresholding form, meaning that the test is completely determined by the choice of the
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e-variable S.

The constant 1 is an e-variable for any null hypothesis, but is completely useless for
testing. It would be useful to have some notion of optimality, according to which one
can look for the “best” e-variable for testing Hy against H1. What should the optimality
criterion be?

To simplify the question, let us first assume a point alternative hypothesis.

A good e-variable for testing Ho against {Q} should attain large values with high prob-
ability under @). It makes sense to look for e-variables which maximize:

Eqlu(S)]

among all e-variables S, and for some fixed non-decreasing function wu.

Griinwald et al. [2024], Koolen and Grinwald [2022] argue that a good choice for w is
the logarithm if our goal is to test hypotheses sequentially, using products of e-variables.
As we will see in the following subsection, (very often) this is exactly what we want to
do. This motivates the definition of the Growth Rate Optimal e-variable.

Let £(Ho) be the set of all e-variables for Hg, and M<1(D) the set of all sub-probability
measures on (D, FP).

Definition 2.2.1. (e-power and GRO e-variable)
The e-power of e-variable S for testing Ho against {Q} is:

Eg[ln S].
A Growth Rate Optimal (GRO) e-variable is any e-variable S* which satisfies:
S
Eq [ln S*] <0
for all S € E(Ho).

The GRO e-variable is also known as the numeraire.

Definition 2.2.2. (The effective null hypothesis)
The set:
HET .= (P € My (D) :Ep[S] <1VS € E(Ho)}

is called the effective null hypothesis.

The effective null is the largest set of subprobability measures to which we can extend
the original null hypothesis without losing any e-variables.
We say that the alternative () is absolutely continuous w.r.t. the null:

Q < Hy

if
P(A) =0 VP € Hy = Q(A) =0
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holds for all A € FP. This is a very mild regularity condition, and it will be satisfied in
all cases of interest for us.

Note that if the opposite holds, the testing problem is trivial, and one can easily design
an e-variable with infinite e-power, e.g.:

S=1+o00ly

where A is any set on which Q(A) > 0, and P(A) =0 VP € H,.
We say that measures P and Q) are equivalent if they are absolutely continuous w.r.t
each other.

Proposition 2.2.3. (The GRO e-variable always exists)
Let Ho be any collection of probability distributions, and @) a fixed distribution over
D. There exists a Q-a.s. unique e-variable S* for Hg such that:

S
Eo|lIn—| <
Q|:DS*:|_O

for all S € E(Ho).

Theorem 2.2.4. (The GRO and the RIPr)
Whenever Q < H,, there exists a unique subprobability distribution P* € HET, equiv-
alent to @, such that the GRO e-variable S* satisfies:

. dQ
s 4P’

Q-a.s.
P* from Theorem 2.2.4 is called the Reverse Information Projection (RIPr) of @ onto Hy.

Theorem 2.2.5. (Finding the GRO and RIPr)

In the setting of the previous theorem, if % is an e-variable for some P € Hgﬁ, then
g—g is a version of the GRO e-variable. Furthermore, if P is equivalent to @, then P is
the RIPr of Q) onto Hy.

Finally, the following duality holds:

Eg[lnS*] = sup Eg[lnS]= inf Dkp(Q,P) = Dk(Q,P"). (2.3)
S€E(Ho) Pengt

Theorem 2.2.5 tells us that the GRO e-variable can be identified by finding the mini-
mizer of the KL-divergence between the alternative, and elements of the effective null
hypothesis. Although the optimization goal is quite clear, it is in general hard to de-
scribe the effective null hypothesis, and even harder to optimize over it. The problem
greatly simplifies if we know the minimizer P* is an element of the null hypothesis itself.
This idea will be used extensively throughout Chapter 3.
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The statements of Theorems 2.2.4 and 2.2.5 were first proposed by Griinwald et al. [2024]
for a more restricted setting, and proved in full generality by Larsson et al. [2025], along
with Proposition 2.2.3.

Definition 2.2.6. (The simple case)
We say that the testing problem is in the “simple case” whenever the alternative is
simple - {Q}, and the RIPr of @ onto Hy is an element of H,.

A classical example of a GRO e-variable is the simple likelihood ratio. Assume the null
hypothesis is simple: Hy = {P}, and that @ and P are equivalent measures. Then
S = % is an e-variable because:
dQ
Ep|—=|=Q(D) =1.
P [ y P] Q(D)

Furthermore, since P € Hy C HET, Theorem 2.2.5 implies that P must be the RIPr of
Q@ onto {P}, and that % is the GRO e-variable.

The simplest interesting example of a GRO e-variable for a composite null can be found
in the one-sample t-test setting.

Example 2.2.7. (One sample t-test)
Under the null hypothesis, the data consists of n i.i.d. Gaussians with mean 0 and
unknown variance:

Ho = {N(0,0%1,,) : 6% > 0}.
The point alternative is:
(Q} == (N, 0?1},
for some fixed 1 € R and 0 > 0. Griinwald et al. [2025] show that the described testing

problem is in the simple case. Finding the RIPr then amounts to solving a simple convex
optimization problem:

arg m12n Dxr(N (u1lp, 021,)||IN(0,0°1,)) = arg m12n nDg1, (N (g1, 03)[|N(0,6%))

2 2, 2

..n o o1 + 1

= —(In(= 1 -1
arg min 2( n(U%) + = )

= Uf + u%
Therefore, (2.3) implies the RIPr is the distribution:
P* = N(0, 12 + 0%)
and the GRO e-variable:

N (Y"1, 021,)

ny _ 4Q
S™) N0, (4F + o)1)’

~ dP*

Y") =

where Y := (Y1, ..., Y,,) represents the sampled data.
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2.2.2 Sequential testing

In this subsection, we focus on describing e-variable based sequential tests for i.i.d.
data, and two standard methods for generalizing simple-alternative sequential tests to
composite alternatives.
Let Hgj; be a null hypothesis for the distribution of a single data point - represented by
the random variable D. We use P™ to denote the n-fold product of the distribution P.
Then:

Hojn :={P" : P € Ho}

is the extension of H|; to nii.d. datapoints D" = (D1, ..., Dy). If S1(D) is an e-variable
for Ho|q, it is easy to see that:

=[[s@®
i=1

is an e-variable for Hoy,.

Definition 2.2.8. (The sequential GRO e-variable)
Let STRO(D) be the GRO e-variable for testing Hop against {Q}. Then:

Sseq GRO Dn . HsGRO

is called the sequential GRO e-variable.

A question that naturally arises now is, under which conditions can we say that the
sequential GRO e-variable is equal to the GRO.

Proposition 2.2.9. (The relation between sequential GRO and GRO)

Assume Q < Hoj1, Q" < Hoj,, and the RIPr of @ onto Hy|; is an element of the null
hypothesis (the simple case). Then, the sequential GRO and the GRO e-variable for
Ho|,, against {Q"} coincide Q"-a.s.

Proof. Let dP*( ) be the GRO e-variable for n = 1, and P* the RIPr on @ onto Hy;.

Then, & dP*" (D) = | %(Di) is an e-variable. P*" is an element of Ho|n because
P* € Hopp. Thus, Theorem 2.2.5 implies JT;_; %(Di) is the GRO e-variable. O

We can go further and define Hg|, using countably infinite products, to represent a
hypothesis for the whole (i.i.d.) data process.

Definition 2.2.10. (Test supermartingale)

A discrete time stochastic process (Sy,)n>1 is a test (super) martingale for a null hypoth-
esis Hp if it is a non-negative (super) martingale with respect to the data filtration, with
expectation at most one at time n = 1 under all distributions in H.
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It is not hard to see that (Sf;eq'GRO)neN is a test supermartingale.
Test (super) martingales are the heart of e-variable theory, and the reason will become
obvious after the following proposition.

Proposition 2.2.11. (Ville’s inequality)
Let (Sp)n be a test supermartingale for Hy. Then:

1
P({EInGN:SnZa})Sa

for any P € H,.

Ville’s inequality [Ville, 1939] can be thought of as a generalization of Markov’s inequality
to non-negative supermartingales. It immediately implies that the greedy stopping time:

1
To :=min{n e N: S, > E} (2.4)
is a level-a sequential test for Hy. This holds because:
1
{Ta<oo}:{EIn€N:Snza},

and thus, the probability of ever rejecting the null with 7, at any finite time n, is at
most a under the null hypothesis.

As we have seen in the p-hacking by re-testing Example 1.1.3, general sequences of p-
variables do not offer type-1 error guarantees of this kind when used sequentially. Ville’s
inequality (when it holds) is precisely the reason why one can not break safety guaran-
tees of an e-variable based test, or equivalently, a test based on thresholding a p-variable
whose inverse is an e-variable, using this form of p-hacking.

So far, we have described e-variables for testing composite nulls against simple alter-
natives in fixed-sample and sequential settings. The two main methods for extending
simple alternative, e-variable-based, tests to composite alternatives are the prequential
plug-in method and the method of miztures [Ramdas et al., 2023, Griinwald, 2007].
Let us discuss the prequential plug-in method first. Assume that for each fixed distri-
bution @ € Hy;, we know how to find a “good” e-variable S for testing Hg); against
{@}, e.g. the GRO e-variable. Furthermore, given n data points D™, we have a way
of estimating the most plausible alternative distribution Qn(D”) € Hypp- This could
be done, for example, by maximum likelihood estimation. Then, as long as there are
no measurability issues (which can be avoided under mild additional assumptions), the
stochastic process defined recursively by:

Sn(Dn) = nfl(Dn_l) : SQn_l(Dn—l)(DTL)? (25)
51(D1) := S, (D1) (2.6)
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is a test supermartingale for H|oo. Qo in the definition represents some fixed starting
distribution. Thus, the prequential plug-in method yields a simple modification of the
sequential GRO e-variable, which allows the process to learn the most likely true alter-
native distribution over time.

The method of mixtures, on the other hand, works by fixing a Bayesian prior distribution
m(0) over the the parameter space © of the (parametric) alternative hypothesis, and using
a mixture of e-variables Sy for Hjy,:

S.(D") = /@ Sp(D™)(0)do (2.7)

A common choice for Sp is the GRO e-variable for Hy,, against {Qp}.

The method of mixtures can be used for fixed-sample or sequential testing alike. Note
that if (Sg,,(D"))nen is a test supermartingale for each 0, then under mild regularity
conditions:

( /@ S0 (D™)7(0)d0)

is also a test supermartingale [Shafer et al., 2011].

The described methods are not as different as they might seem at first sight. For example,
consider testing a point null hypothesis {p} against a composite alternative {gy : 0 € O},
both represented by positive densities w.r.t some common measure, and extended to n
i.i.d. data points as usual. The GRO e-variable for testing against ¢y is then given by
the simple likelihood ratio:

and the method of mixtures suggests using the e-variable
QG f@ 1 q0(D; = 4i(D
0)do = 2.8
L1155 Ty i 29

where the density §; depends on D*~! and is given by the Bayesian predictive distribution

(D) = [ aDyw(olD™).
with the Bayesian posterior density

qg(Di_l)Ww)
f@ qo(D*=1)m(0)do

From the right-hand side of (2.8), it is clear that, in this setting, the method of mix-
tures is merely a mild extension of of the prequential plug-in method, where the rule for

7(0) DY) =
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choosing new alternatives @ in each step is determined by the prior m. The resulting Q’s
being posterior predictive distributions, they then lie in the convex hull of H,|;, whereas
in the original formulation they were restricted to lie in H;j;. In Section 4.3 we show
that sometimes it is possible to use a combination of the two methods which inherits
useful properties from both.

As a final note, instead of using tricks to extend point alternative tests to composite
alternatives, one could, more fundamentally, come up with an entirely new definition of
optimal e-variables in this setting. The GROW and REGROW optimality criteria have
been proposed by Griinwald et al. [2024] to do just that. We will get back to them in
Chapter 4, where we describe e-variables for linear regression testing with composite
alternatives.

2.3 Group theory

Group theory plays a central role in the design of e-variables for linear regression testing
with composite alternatives. We devote this small section to recapping some fundamen-
tal definitions. The section is not needed for understanding Chapter 3 (which contains
most of our contributions), and may be skipped if the reader is primarily interested in
point alternatives.

Definition 2.3.1. (Group)
Let G be non-empty set, and - a binary operation on G. We say that (G, -) is a group if:

e g-heGVg,heG (closure)

e g-(h-1)=(g-h)-1Vg,h,l € G (associativity)
e Je e G Vg € G eg = ge = g (neutral element)

e VgeGIg el gyt =g g =e (inverses).

In statistics, groups are used to represent transformations which act on the data and
distributions of the data.

For example, imagine a one sample t-test setting with n data points, and a given effect
size 6. Under the null hypothesis the data points are i.i.d. Gaussians with mean 0 and
an unknown variance. Under the alternative, the mean is instead proportional to the
standard deviation, with a proportionality constant §. Precisely, the hypotheses are:

Hojn = {N(0, o’I,) : 0% > 0},
Hipp = {N (001, o?I,) : 0® > 0}.

The set (0,00) with standard multiplication forms the so called scale group [Lehmann
and Romano, 2005]. Informally, the alternative hypothesis can be viewed as the set
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of distributions that we get by “acting” on the distribution N (§1,,1,) with the scale
group:
o-N(61,,1,,) = N(061,,0°1,).

Similarly, we get the null by acting on N(0,1,,). This is an example of a testing prob-
lem where the null and alternative hypotheses can each be represented as an “orbit”
[Lehmann and Romano, 2005] of a single distribution. Under regularity assumptions,
Pérez-Ortiz et al. [2024] have shown how to find GROW and REGROW (see Chapter
4) e-variables for testing problems of this kind, which, as already indicated by the t-test
example, frequently occur in practice.

Let us now formalize the meaning of group actions and orbits.

Definition 2.3.2. (Group action on data)
The action of group (G, -) on the data is a function A : G x D — D which satisfies:

A(e,d) =d,
A(h, A(g,d)) = A(h - g,d)
for all g,h € G, and d € D. To simplify notation, instead of A(g,d) we use g - d.
The requirements on the action ensure that it is well aligned with the group operation.

Definition 2.3.3. (Data orbits)
The orbit of an element d € D is defined as the set:

O(d)={g-d:geG}.
Group actions and orbits can be defined analogously for distributions of the data:
g-P(D):= P(g-D),
O(P(Y)):={P(g-D): g€ G}
This is exactly how the scale group acted on Gaussian distributions in the previous ex-

ample.

It is useful to notice that a group action generates an equivalence relation where each
orbit represents an equivalence class. Furthermore, the group action over the data
immediately induces a group action over any observed statistic S(d) of the data:

g-S(d):=S(g-d).

Invariant statistics provide the natural gateway through which group-theoretic ideas
enter statistical inference and hypothesis testing.

Definition 2.3.4. (Maximally invariant statistic)
Statistic S is invariant w.r.t. group G if for any d € D, g € G:

g-S(d)=S(d).
S is a maximally invariant statistic if for any data points d, d:

S(d) = S(d) < d e 0(d).
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A simple, yet very useful consequence of the definition is that the distribution of any
G-invariant statistic S(D) is the same under any two distributions P and @ of the data,
which belong to the same distribution orbit:

P(S(D)) = Q(S(g- D)) = Q(S(D)),

for some g € G. Specifically, it means that the probability-density function of an invari-
ant statistic depends only on the distribution orbit of the data-generating distribution.
This fact is one of the basic ideas behind the results of Pérez-Ortiz et al. [2024], and
proves to be very useful for the development of GROW and REGROW e-variables for
testing Ho against Hi, when the hypotheses are two distribution orbits of the same
group. As we will see in Chapter 4, linear regression testing almost fits this description.

2.4 Markov kernels and Model-X

Throughout this thesis, any set defined as:
{P(D) : some restriction}

should be understood as the set of all probability distributions over the data space
(D, FP) which satisfy the restriction.

We use the convenient notation P(A, B) for the joint probability distribution of random
variables (or vectors) A and B, and P(A) for the marginal distribution of A. The
underlying assumption then is that D = A x B is a product space with the product
o-algebra, A taking values in A, and B in B. The object P(A|B) is a Markov kernel, i.e.
a regular conditional probability, which is well defined for any joint probability P(A, B)
due to the standard Borel space assumption on the data space. We use ® for the usual
product operation on Markov kernels [Forré and Mooij, 2024], so specifically:

P(A,B) = P(A|B)® P(B)
holds. If we have two probabilities P(4, B) < Q(A, B), then:

dP(A, B)

04D (a,b) (2.9)

is the Radon-Nikodym derivative of P(A, B) and Q(A, B) evaluated at a fixed point
(a,b). If the derivative (2.9) is evaluated at a random point (A, B), then we simply use:

dP(A, B)

d0(A.B) (A, B).

Finally, whenever P(A|B) < Q(A|B),

dP(A|B)
dQ(A|B)
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denotes the Doob-Radon-Nikodym derivative of the two kernels [Forré and Mooij, 2024].
With this notation set, we are ready to delve into the Model-X (MX) framework.

Given data from three random vectors Y, X and Z, testing the conditional independence
null:
Ho:={PY,X,Z2):Y Lp X|Z},

or the corresponding n i.i.d. data point version, turns out to be a very hard problem.
In a famous result, Shah and Peters [2020] prove that if a null hypothesis contains
all distributions which satisfy the conditional independence requirement and admit a
Lebesgue density, then any level-a test for that null has at most a power under all
absolutely continuous alternatives. Therefore, in order to test conditional independence
effectively, strong assumptions are necessary.

Making the Model-X assumption [Candes et al., 2018, Griinwald et al., 2023] means
assuming;:

e ii.d. data

e knowledge of the true conditional distribution of X given Z, which we denote
K(X|Z), and call the propensity kernel.

The classical example of this setting is a randomized controlled trial (RCT). The vari-
able Y could represent a target variable, measured for each participant, which the re-
searchers hope to influence using a treatment. X encodes whether a participant is
given the real treatment or a placebo, and Z could be a medical history of the par-
ticipant. In this case, a common propensity kernel is a simple Bernoulli distribution
K(X|Z) = K(X) ~ B(0.5), meaning that participants are divided into the experimen-
tal and control group by a fair coin toss. Testing Y L X|Z is then equivalent to testing
whether the treatment has an effect on the target variable, after controlling the influence
of the participant’s medical histories.

As shown by Griinwald et al. [2023], the MX assumption allows us to create useful
e-variables for testing the conditional independence Y L X|Z. Here, we restate their
results in the language of Markov kernels, which we keep using in the coming sections.
Formally, the Model-X null hypothesis for n data points D™ = (Y, X" Z™) with kernel
K(X|Z) is given by

Mo i (x|z) = {P(D") : Dj are i.id. under P,P(Y, X, Z) = K(X|2)®P(Y, Z)} (2.10)

The notation on the left hand side will be motivated in the beginning of Chapter 3,
where it will arise as a special case of a general notational convention.
Let Q(Y, X, Z) be any probability distribution over a single data point which satisfies
the MX assumption, i.e. comes from
Hllv‘%[{(mz) ={P(D"): D; are i.i.d. under P,
PY,X,Z)=PY|X,2) K(X|Z)® P(Z)}. (2.11)
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Then, as shown by Griinwald et al. [2023], the GRO e-variable for testing Hg/\llxK(X|Z)
against {Q(Y,X,Z)} is given by:
bAE(X[2)2QY,2)  dK(X|Z)

This object is well-defined because Q(Y, X, 7) < Q(X|Z) ® Q(Y, Z) holds for any dis-
tribution ). From the rightmost expression it is easy to show the e-variable property;
let P be an element of the null. Then:

(2.12)

Epw,x,2) 517 = Epy,2) [Ex(x12) ST ]

— Epy) [ / W(Y’ 2, 2)AK (X|Z = z)(x)}

= Ey,)~pP(v.2) [ / dQX|Y =y, Z = Z>(w)]

T

=Epy,z)[l] =1.

In fact, we have shown something even stronger, namely that S%VIX is a (Y, Z)-conditional
e-variable:

Definition 2.4.1. (Conditional and strong conditional e-variables)
We say that S(A, B) is a B-conditional e-variable for a null hypothesis Ho over the
data D = (A, B), if for every P € Hy:

Ep[S(A, B)|B] <1,

P(B)-a.s. Equivalently, for any P € Hy, there exists a measurable set B’ C B (which
may depend on P) such that P(B € B') =1 and

EP(A|B:b) [S(A, b)] <1Vbe B.
S(A, B) is a strong B-conditional e-variable if:
Epap=p)[S(A,b)] < 1Vbe B, P € Hy.

Clearly, any strong conditional e-variable is a conditional e-variable, and any conditional
e-variable is an ordinary e-variable for the same null. The distinction between strong
conditional and conditional e-variables will be important for extending fixed-design re-
sults to random design in Chapter 3.

Now, let us get back to S%/IX. Its GRO property follows directly from Theorem 2.2.5.
Furthermore, the GRO e-variable for Hg/ﬁ( K(X|2) against the n-fold product distribution

{Q(Y, X, Z)"} is simply the product e-variable:

n
SyX (v, xn, zm) = [ St (W, X, Z0).
=1
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The last claim follows from Proposition 2.2.9, as Q < H)X and Q" <« Hgﬁ( clearly hold

since Q(Y, X, 7)) < K(X|Z) ® Q(Y, Z), and the same is true for their n-fold products.

Finally, the e-power of S%/IX is given by a well known information-theoretic measure
of conditional dependence: the (conditional) mutual information of Y and X given Z,
denoted by I(Y; X|Z) [Cover and Thomas, 1991].

dQ(Y, X, Z)
(K(X[2) ® Q(Y, Z))
= DxL(Q(Y, X, 2)||Q(X|Z) ® Q(Y, 2))
= I(Y; X|2).

Eg [In SY¥] = Eq |In y

The e-power of SMX is then clearly nl(Y; X|Z2).

2.5 Classical LR testing

In this section we define the linear regression testing problem and analyze it from the
fixed and random design perspectives. We end the section with a description of several
important results in classical LR testing theory.

In general regression problems, the goal is to predict a target variable Y using several
predictor variables summarized in a vector W. It is common to measure the approxima-
tion error using the L? norm. In that case, assuming (Y, W) have well-defined second
moments, the conditional expectation:

E[Y W]
is the best predictor of Y among all measurable functions of W. More precisely:
E[(Y - E[Y|W])!] <E[(Y — f(W))?]

for any measurable function f, with equality if and only if E[Y|W] = f(W) a.s. In
practice, with finite amounts of data, searching for a good approximation of the condi-
tional expectation among all measurable functions is a difficult task. Thus, it is often
simplified by assuming a linear relation between the target and the predictors:

E[Y|W] =n'W

for some vector of unknown coefficients € R%. Here d,, is the dimensionality of W.
Finding the optimal coefficient is now a very simple convex optimization task:

dC;E[(Y —n'W)’|=0 < E[Y —n'W)W'] =0

— E[WY]=EWWT].

27



The optimizer is unique whenever E[WW7] is of full rank. This is the case if and only if
the vector of covariates is a linearly independent random vector. In other words, when
the following implication holds:

W =0as =a=0.

Of course, this analysis was purely theoretical, as in practice one does not have access
to the true values E[WW7] and E[WY]. Instead, a practitioner might have a sample
(Y7, W") € R™*(+dw) of n iid. data points available. The most commonly used
estimator for 7 is the Ordinary Least Squares (OLS) estimator:

ﬁOLS(Yna Wn) — (WnTWn)flwnTYn
1 n -1 1 n
==Y wwl -y WY |.

By the law of large numbers, the OLS estimator converges almost surely to the theoret-
ically optimal 7 that we previously found, whenever (Y, W) has a finite second moment
and W is linearly independent.

So far in our analysis, we have modeled the covariates as random objects. This is called
a random design setting. While developing statistical tests for regression problems, or
proving theorems about estimators, it is often useful to temporarily assume a fixed-
design, i.e. forget about the randomness of the covariates and consider them given,
deterministic values. One may think of fixed design models as representing their ran-
dom design counterparts after conditioning on the event {W"™ = w"}. The fixed matrix
of covariate values w" is called the design matriz. As we will see, the conditional inter-
pretation makes it easy to generalize optimality properties of e-variables from fixed to
random design settings. Therefore, all theorems in this section, along with the definition
of the linear regression testing problem will be given assuming a fixed design.

We first review the celebrated Gauss-Markov theorem, which shows that the OLS estima-
tor is optimal in terms of variance minimization, within the class of linear and unbiased
estimators of 7.

Theorem 2.5.1. (Gauss-Markov BLUE)
Assume the data satisfy the model:

Y" =w"n+e"

with some random error term €" and fixed design matrix w™. If the Gauss-Markov
assumptions:

o Elg;] =0 for all ¢

e Var(g;) = o? for all i
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e Cov(ej,ej) =0fori#j
hold and w™ has full column rank, then the OLS estimator:
ﬁOLS — (wnTwn)—lwnTYn

is, the Best Linear Unbiased Estimator (BLUE) of 7.
In other words, it minimizes Cov(7), in Loewner order among all estimators 7 of 7 which
are measurable functions of (w™,Y™), linear in Y™ and unbiased.

The OLS is a clear favorite among linear unbiased estimators, but if we drop one of
those assumptions, there do exist estimators which are arguably better. For example,
shrinkage estimators such as ridge regression and the James Stein estimator [Berger,
2013] introduce bias, but can substantially decrease the variance, leading to a more
favorable bias/variance trade-off.

Nevertheless, the OLS estimator has another useful feature. If we assume the model

Yn:wnn+€n

holds with an error vector €” consisting of i.i.d. 0-mean Gaussians, then calculating the
distribution of 7jorg becomes feasible. The whole distribution of an estimator is more
informative than merely having a point estimate, and knowing it often represents the
first step in the process of designing a statistical test.

Assuming Gaussian errors is, thus, mathematically very convenient. A common real-
world justification is that, whenever the error term can be represented as a sum of
smaller independent influences, by the Central Limit Theorem the error distribution
tends to a Gaussian. In general, this assumption can lead to completely inadequate
models and catastrophic mistakes. A well known example is the 2008 financial crisis.
Gaussians were used to model the correlation structure between mortgage defaults, and
lead to a great underestimation of simultaneous default probability, contributing to a
global disaster. On the other hand, many common statistical tests which assume Gaus-
sian errors, such as the ANOVA, proved to be robust in settings with misspecified error
distributions [Glass et al., 1972].

We now move from estimation to testing, where we keep the Gaussian error assumption.
The goal of LR testing is to assess whether 5 = 0 holds in the linear model

Y =B8TX + 477 +¢,6 ~ N(0,0?%).

If 5 = 0, it simply means that X is not a useful linear predictor of Y on top of the
predictor Z. The statistician usually has n i.i.d. data points at her disposal, so the
model takes the form

Y™ = X"B+ Z"y 4", " ~ N(0,0%1,).

We give an exact formulation of the random-design null and alternative LR hypotheses
in Chapter 3 (3.1). But for now, let us go back to fixed design, and see what the classical
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theory has to offer.

The hypotheses in a (fixed-design) linear regression test are collections of probability
distributions of the random vector Y. They are given by

Hojon = {N(2"y,0°L,) 1 v € R, o2 > 0}, (2.13)
Hijgn on = {N (2" B + 2", 0’L,) : B e R% v e R% o2 > 0}, (2.14)

with w™ = (2", 2") a predefined design matrix with full column rank. The full rank
assumption is important because it ensures that every distribution is uniquely identified
by the parameters (3,7, 0?).

We call 8 the parameter of interest, v, o? nuisance parameters, and § := g the effect
size vector. Sometimes we use 1 := [37,+T]" for the concatenation of 5 and ~. Finally,
[{a™}] will represent the linear subspace of R™ spanned by the columns of the n x d,
matrix a”.

The null hypothesis is a restriction of the alternative, where § = 0 holds. The testing
problem at hand is merely the question of whether the mean-value parameter of a mul-
tivariate Gaussian lies in [{2"}] or in the larger space [{(z",2")}].

This may seem like a very restricted setting, but many widely used statistical tests, such
as various versions of the analysis of variance, analysis of covariance, and correlation
tests can be formulated as linear regression tests of this kind, for specific choices of the
design matrix.

Proposition 2.5.2. (Estimator distributions)
Assume the data Y™ is generated by the distribution from HMR . with full rank

1|n,z™,z
(2™, 2™), and parameters (3,7, 0?). Then:

~ T _
foLs ~ N (n, o (w™ w™)™1),

Bors ~ N (B,02(a"" (I, — Pon)a™™h),

o= P2 o

_ 20, _
ooLs = n—d, n—d, X (n — dw),

where P,n is the orthogonal projection matrix onto [{a™}], and Bors simply represents
the coordinates of fors which belong to 5.

The proof amounts to carefully applying linear transformations to Gaussians, and us-
ing block-matrix inversion results. It can be found in Agresti [2015]. The previous
proposition is the workhorse of the classical linear regression test (the F-test):

Corollary 2.5.3. (F-test for linear regression)
Let F(a,b,c) denote the non-central F-distribution with degrees of freedom (a,b) and
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non-centrality parameter c.
Under the same assumptions as the previous proposition:

|(Zn = Pr)z"Bovs|®
d2601s

F = F(dx,nfdw,(STx"T(In — P.n)2"0).
If F,4f is the cumulative distribution function of the (central) F-distribution F(d,,n —
dy,0), then:

~

ULr = Feae(F)
is a p-variable for Hg).n.

There are other, conceptually distinct paths which also lead to the classical linear re-
gression test described in Corollary 2.5.3. For instance, the resulting test coincides with
the likelihood ratio test for this problem [Agresti, 2015], and it can also be derived from
a group-theoretic perspective, by seeking tests that satisfy suitable invariance properties
[Lehmann and Romano, 2005].

It is not hard to see that Upg is an exact p-variable, i.e. it has a uniform distribution on
[0,1] under all data-distributions in the null hypothesis. The inverse U ]}z is clearly not
an e-variable for the null, meaning that p-hacking of the forms described in Chapter 1
leads to a loss of safety guarantees. In the following chapter, we describe and compare
two e-variables for LR testing.
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3 Simple alternatives

In this chapter, we focus on LR testing of composite nulls against simple (point) alterna-
tives {Q}. We call these oracle tests, because having a simple alternative is like gaining
information from an oracle that tells you: “If the true data-generating distribution is
not in the null, then it must be exactly QQ.” This setting is artificial and in itself not
very useful in practice. But as we have seen in Section 2.2, with e-variables extending
oracle tests (for composite nulls) to composite vs composite tests is usually much easier
than designing the oracle test in the first place. It can simply be done by mixing over
e-variables for each point alternative or using the prequential plug-in method. We now
address the real difficulty!

Outline:

In Sections 3.1 and 3.2 we introduce S-LR and MX e-variables for LR testing and discuss
the practical importance of testing the intersection of their null hypotheses, illustrated
with examples in Section 3.3. In Section 3.4 we further describe the difficulty of finding
the GRO e-variable for testing this intersection. Our main theoretical contributions are
Theorems 3.5.6 and 3.5.8 in Section 3.5, which compare the performance of S-LR and
MX e-variables in terms of asymptotic relative power and clarify their relationship in a
special setting that is particularly relevant for randomized controlled trials.

Conventions:
Throughout the chapter, H1 will never formally represent the simple alternative hypoth-
esis for which we optimize e-variables. Instead, it will be a set of probability distributions
from which we choose the point alternatives {@Q}. #H; will often be an extension of the
null hypothesis, allowing additional parameters or dropping restrictions, so we call it the
extended model.
Nevertheless, we do occasionally address Hog and H; together as “the hypotheses”, but
only in contexts where this may not lead to confusion.
In order to distinguish the many different collections of probability distributions that we
talk about, we introduce the following notation:

name

i|ln,K*
Index i € {0,1} tells us whether the collection represents the null hypothesis or the
extended model, respectively. n is the number of data points, K may be specified or
not, and it represents either a propensity kernel K(X|Z) or a joint distribution K (X, Z)
over the covariates. The “name” will be one of “LR”, “MX”,“SPLR” or “FSLR” and
the exact meaning of each will be explained in due time.
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As a further addition to this rule, when working in fixed design with a given design matrix
w" = (z", 2") we use the notation from the previous chapter: Ho,» and Hyjzn on.

3.1 Simple LR test

The focus of this section is on designing an e-variable-based oracle test for linear regres-
sion specifically.

The Simple Linear Regression (S-LR) test derives its name from the fact that the fixed-
design version of the testing problem falls within the simple case (see Definition 2.2.6).
As we have seen with the t-test, this makes the optimization problem for finding the GRO
e-variable very simple and analytically solvable. GRO e-variables rarely have this form,
but sufficient conditions have been established for exponential family nulls [Griinwald
et al., 2025].

3.1.1 Fixed design

We start this section by assuming a fixed design. For the time being, we will treat the
sample size n and covariate matrices (™, z™) as fixed objects. Our hypotheses of interest
are as in Chapter 2 (2.13).

We will, as we did in the classical setting, assume that w" := (2", z") has full column
rank while presenting initial results. The full rank assumption is useful as it allows us
to encode the hypotheses as parametric families without ambiguity, but as we will see is
not necessary for finding the GRO e-variable.

Definition 3.1.1. (The S-LR e-variable)
For a given alternative distribution Q € Hy|yn .» with density g(-|z", 2"), we define

SS-LR(yn) — Q(Yn|xnvzn)
" pr(Y"zn)

where p* is the reverse information projection of g(-|z", 2") onto Hg|.n.

SSILR s by construction the GRO e-variable for testing Ho|.» against {Q}. Griinwald

et al. [2025] show that fixed-design linear regression testing belongs to the simple case.
In other words, p*(-[2") is the density function of an element of the null Hg.» itself.
Knowing this allows us to explicitly find the RIPr, GRO e-variable, and to calculate the
e-power (see Section 2.2).

Proposition 3.1.2. (S-LR - finding RIPr, GRO e-var and e-power)
Assume (z",z") has full column rank. Let the density ¢(-|z",z") be given by pa-
rameters (81,71,07). Then, the RIPr is an element of the null, and its density is
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*

p* = N(y"|2"0,021,) with parameters:

Yo =71 + (27 2") L 2By,
(I, — Pon)a™ B |

n

2 2
Uozal+

The GRO e-variable is given by:

GSLR _ NY ™" By + 2"y, 07 1,)
" N (Y720, 021,) ’

with e-power:

In — Pzn x™
( B
n

TLT
Eq[ln S$LR] = g In(1 + 672

Proof. The design matrix is of full rank, so the RIPr is an element of the null, as shown
by Griinwald et al. [2025]. To find the KL minimizer among the distributions in the null
we use the KL divergence formula for general Gaussians (Chapter 2, (2.1)), which yields

9 o2 U% + ||z" B1+2"y1—2"0] |2
DLW (" B2, 08 1) [N (290, 081)) = In <03 > T -t
1 0

Minimizing the KL can be done in two simple steps. First minimizing over vy using
ordinary least squares and then minimizing the remaining convex function in o3. The
expressions for the minimizers and e-power follow immediately.

O]

In general, the GRO e-variable for testing a null H( against an alternative {@Q} depends
only on the distributions contained in the hypotheses, not on the choice of parameter-
ization (if there is one). This allows us to easily generalize the previous proposition to
design matrices which do not have a full column rank. We now outline how to do this.
Suppose then (2", 2™) has linearly dependent columns. We need to perform a backward
basis selection procedure. This amounts to removing every column from w™ which can be
represented as a linear combination of columns on its right-hand side. The elimination
also includes the rightmost column in case it is a zero vector. We get a new design
matrix @™ = (2", 2") which has full rank, and the property that [{z"}] = [{Z"}] and
[{w"}] = [{w™}]. This specifically means that:

Hijgn on = Hijzn zn; Hopon = Hojzn-

Thus, we have merely simplified the parameterization of the hypotheses by removing
unnecessary parameters, but did not change the hypotheses themselves.

We can find the GRO e-variable for testing Ho|,» against any {Q} C H;jzn .» simply by
using Proposition 3.1.2 on the newly parameterized hypotheses.

It is in fact possible to avoid this procedure and find the GRO e-variable in a single step
using the following corollary.
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Corollary 3.1.3. (S-LR without full rank requirement)
The statement of Proposition 3.1.2 holds for arbitrary design matrices with the adapted
formulas:

Y =+ (2" FTa"B,
Pzn — Zn(Zn)+,

||(In - Pzn)xnﬁlHQ
n )

op =

where (2")7 is the Moore-Penrose inverse of 2.

Proof. Note that 2™(z")" is the projection matrix onto the column space of 2™ by defini-
tion of the Moore-Penrose inverse. This choice of g ensures that 2"yg = 2™y1 + Pyna™
even when 2™ is not of full column rank. Therefore, (70,0(2)) is a possibly non-unique
minimizer of the KL optimization objective from the proof of Proposition 3.1.2. If we
reparameterize the hypotheses using the backward basis selection procedure, the KL
minimization objective remains the same, so we know from Proposition 3.1.2 that the
minimizer actually must be unique, and that it must be the RIPr. This means that
N (2", 031,) is (a representation of) the RIPr. O

Assuming a fixed design greatly simplifies the analysis; the distribution of covariates can
be disregarded completely, and restrictions such as “w™ must have full rank” can easily
be imposed. However, not all LR tests admit a fixed design version. As we will see in the
following section, conditional independence testing with Model-X can be directly repur-
posed for LR testing. This test relies heavily on the random nature of the covariates and
would become completely useless if we were to assume the covariates fixed. Comparing
the performance of S-LR and MX will be one of our main tasks, and thus we have to

work in the random design framework, where both testing principles can be analysed.

3.1.2 Random design

This subsection is devoted to explaining how we can take our findings in fixed design
and transfer them to the random design setting. We consider our covariates random,
and we have to adapt our hypotheses accordingly.

Using the notation D; = (Y;, X;, Z;), they take the following form:

Hojw = {P(D") : P(D") = N(Z",0°L;) ® P(X",Z2"),y € R%,0® > 0}, (3.1)

My ={P(D"): P(D") = N(X"B + Z"v,0°I,) @ P(X", Z"),
(8,7) € R™ x R% o? > 0}.

Any marginal distribution of (X", Z™) is allowed in our hypotheses. The covariates need
not be independent over time or identically distributed. But the conditional distribution
of Y| X™, Z™ must satisfy the linear model with probability 1 over the covariates. Some
questions we need to address at this point are:
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e Can we use an analog of the Simple Linear Regression test in this setting?
e Will we get an e-variable for the new null, and if we do, is it the GRO?

e Can we test the null this way against any element of the extended model, or do
we have to impose additional restrictions?

As we will see, the S-LR test will carry most of its properties into random design. Before

stating the following proposition, let us extend the definition of the S3R e-variable.

Definition 3.1.4. (S-LR e-variable for random design)

For a given alternative Q = V(X" + Z"y1,0%) ® Q(X™, Z™) the random design S-LR
e-variable is:

NY™X"By + Z"y1,031,,)

SYMR(Y" X", Z) = :
( N(Z”’yo,agfn)

where:

Yo =1+ (Z™)T X"y,
(I, — Pzn) X" 1|2

oSzo%—FH "

The parameters 70,0(2) are random variables now, and we will occasionally stress this
fact with notation vo(X", Z"),08(X"™, Z").

Proposition 3.1.5. (S-LR test for random design)
SS-LR js the GRO e-variable for testing 7—[8‘% against any {Q} C H%‘%.
The RIPr of Q) onto H%ﬂ: is the distribution:

P* = N (Z"v(X™, Z"),08(X", ZM)1,) @ Q(X", Z™).
And the e-power is:

(o X L)X
n

n
EqIn(Sy™)] = Eq(xn,zm) |5 In 01)

Proof. The first thing we need to check is that SR is a non-negative measurable
function of the data. If this is not satisfied, it can not possibly be an e-variable. Non-
negativity clearly holds. The Borel measurability of the function A — AT follows since
the Moore-Penrose inverse admits a representation via the singular value decomposi-
tion, whose components are measurable. This immediately implies that vo(X"™, Z™) and
02(X™, Z") are Borel measurable and thus, so is S3FR.

Secondly, for any fixed value (2™, 2") and any P € H(Iﬂl: we get;:

by the e-variable property of SS® in fixed-design. Therefore, S3® is a strong (X", Z")-
conditional e-variable for 7—[&% (Chapter 2, (2.4.1)). In fact, every e-variable for 7—[&%
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must be a strong (X", Z™)-conditional e-variable, because it has to satisfy the e-variable
property for distributions P with Dirac §(,n ,n) distributed covariates.

It is easy to see that () < H(I;‘i holds, simply by picking any distribution in the null
with the same covariate distribution as (). Thus, Theorem 2.2.5 implies the GRO e-
variable is the unique e-variable which can be represented as a likelihood ratio between
the alternative and an equivalent element in the effective null. We will use this fact to
show that S5MR is (a version of) the GRO e-variable. Define:

and the o-finite measure
v=\"@QX", 7"

Both @) and P* are absolutely continuous w.r.t v, and

Q _ i NN+ Z0th) g

If we can show that P* is an element of H%lffﬁ, then SS‘LR must be the GRO e-variable,
and P* the RIPr.

By definition P* is an element of the effective null, if all e-variables for Hloﬁ have
expectation at most 1 under P*, i.e. are also e-variables for {P*}. So, let us take some
e-variable S € £ (HI(;'%).

We know S is a strong (X", Z")-conditional e-variable for H5®, i.e. satisfies (3.2) for
any P in the null and any fixed (2", 2"). Therefore, for any choice of (2™, 2", ~, d?), the
following must hold:

f(xnu va 7> 02) = S(yna l‘nv Zn)N(yn|Zn’77 U2In)d)‘n(yn) S 1
Rn
Specifically, the inequality also holds when we set v = yo(z", 2") and 02 = ag(a:", 2").
But then

Eps(yn|xn—gn zn—m)[S] = @™ 2", oz, 2"), 02 (2™, 2™)) < 1,Vz™, 2",

meaning that S is a strong (X", Z™)-conditional e-variable for {P*}.
The e-power formula follows immediately from the e-power in fixed design.

O]

It is very important to notice that unlike in fixed design, now the RIPr is not an element
of the null, i.e. this is not the simple case. This is not hard to see - in the null, the
coefficients o and o3 are not allowed to be functions of (X™, Z™), they must be constant
values. Since we are not in the simple case, we would generally not expect to be able
to find analytic expressions for the RIPr and GRO e-variable. In this example it was
possible, because we were able to solve the simpler, fixed-design version of the problem
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first, and then transfer the conclusions back to random design.

The same procedure could be followed in a more general regression setting to show that
a set of fixed design GRO e-variables (one for each design matrix) naturally yields a
random design GRO e-variable for the null hypothesis with unrestricted covariate dis-
tributions. We leave this for future work.

Another important observation is that SE‘LR does not have a product form like the
sequential GRO e-variable (see Definition 2.2.8). The process (S5 %), cx in fact does
not form a test supermartingale, and does not provide type-1 error guarantees when
used sequentially. In other words, the stopping time 7 := min{n € N : S,SL'LR > é} is
not a level-a sequential test for 7—[&%. This fact might seem very disappointing at first,
as sequential testing is one the main advantages of e-variable theory. However, quite
incredibly, the composite alternative version of the test (see Section 4.2) will yield a
test supermartingale (under a coarser filtration), and allow sequential testing with the

greedy stopping time.

Before we end this section, we want to mention a different, but also very natural way of
defining the random design hypotheses for LR testing. Instead of allowing all distribu-
tions over the covariates (X™, Z™), we could have required the rows of the design matrix
to be i.i.d. Then for all P in the hypotheses, we would have P(X", Z") = P(X,Z)",
but P(X,Z) could still be any distribution. The null hypothesis defined this way is a
subset of 7-[31:;, which means that S5 would still be an e-variable, but it is not clear
whether it would be the GRO for that null.

The proof that we used in the previous proposition does not work anymore. We are
not free to choose Dirac marginal distributions d(,n ,ny for elements in the null, except
for the special case when all rows of (2", 2™) are exactly the same - because of the i.i.d.
assumption.

As a consequence, it can be shown that in the i.i.d. setting, all e-variables for the null
are necessarily (X", Z™)-conditional e-variables, but not necessarily strong conditional!
This distinction makes it impossible to use the same arguments to show that P* is an
element of the effective null. Thus, it is possible that a more e-powerful e-variable than
SSLR exists when i.i.d. covariates are assumed.

3.2 Model-X test for LR

In this section our goal will be the same as in the previous one, namely to describe an
e-variable which can effectively be used for LR testing with point alternatives.
However, this time the approach will be very different. Instead of describing how to
design an e-variable for our exact problem at hand, we will try to recycle the existing,
MX e-variable (see Section 2.4). Thus, the focus of the section is not on the construction
of a new e-variable, but instead on arguing why it makes sense to use the MX e-variable
in this setting, and what benefits and detriments it might bring.
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Recall that the MX e-variable is used for testing conditional independence Y 1 X|Z.
The null hypothesis and extended model are as given in Chapter 2, (2.10) and (2.11).
Our motivation for using the MX e-variable in LR testing is two-fold.

First, whenever the covariates are sampled i.i.d. and the true propensity kernel K(X|Z2)
is known, we get a new LR test “for free”. This allows us to pick the more convenient
test (S-LR or MX based), either based on power, safety guarantees against model mis-
specification or other relevant properties.

Secondly, in clinical trials the propensity kernel is in fact known, the data are i.i.d.,
and the most commonly used statistical analyses are linear regression tests (often in dis-
guise). This is true for the t-test, (multiple-factor) ANOVA, ANCOVA, and even some
repeated measurements ANOVA variants (which are outside of the scope of this thesis).
Therefore, simultaneously satisfying the MX assumption, and additionally imposing a
linear model on the target happens often in practice.

We start by explaining how testing the conditional independence (CI) Y L X|Z can be
viewed as a test of the general regression question: “Is (X, Z) a better predictor of Y
than Z alone?”. Then, we explore some assumptions under which it makes sense to use
CI testing for linear regression testing, and give examples of situations when this is not
the case. We proceed with a careful formalization of our new testing setting, and end the
section with Proposition 3.2.4, which gives an upper bound on the e-power of the MX
e-variable in the context of LR testing. This finding, together with Proposition 3.1.5
plays a crucial role in comparing the e-powers of S-LR and MX e-variables in Section 3.5.

For the moment, let us forget about the MX test specifically and assume we have a
conditonal independence test which works without any assumptions on the distributions
of (Y, X, Z). Also, we drop the linearity requirement completely and assume the general
regression model:

Y = f(X,2) +¢,

where f can be any measurable function, and ¢ is a 0-mean error term, independent of
(X,2).

From the assumptions on the error, we know f(X, Z) is a version of the conditional expec-
tation E[Y'| X, Z] under the data-generating distribution. If Y L X|Z, then E[Y|X, Z] =
E[Y'|Z], is a.s. equal to some measurable function of Z. On the other hand, if we start by
assuming E[Y'| X, Z] = E[Y|Z] a.s., then Y | X|Z immediately holds since we assumed
e 1 (X,Z). Therefore, under the general regression model with an independent error
we have:

Y L X|Z < E[Y|X,Z] =E[Y|Z] as.
< E[Y|X, Z] has a ¢(Z) measurable version.

Furthermore, we can decompose the minimal mean squared approximation error as fol-

39



lows:

E[(Y - E[Y|2))?] = E[(Y — E[Y|X, Z] + E[Y|X, Z] - E[Y|2])?]
— E[(Y ~ E[Y|X, Z))’] + E[E[Y]X, Z] - E[Y|2])’).

This implies, (X, Z) and Z are equally good predictors of Y if and only if E[Y|X, Z] =
E[Y|Z]-a.s., or equivalently if and only if Y | X|Z.
Now, assume the conditional expectation is in fact linear in (X, Z). How does the second

formulation of independence now relate to the value of 37
We have:

EY|X,Z] =R[Y|Z] < B X ++7Z =p"E[X|Z] +~"Z
— (X -E[X|Z]) =0,

where all equalities should be interpreted almost surely under the data-generating dis-
tribution. We have proved the following proposition:

Proposition 3.2.1. Assuming the model
Y =8TX +~477 + ¢,
with O-mean independent error term e:
e f=0=Y 1 X|Z,
e YV | X|Z and X — E[X|Z] is linearly independent = 5 = 0.

The first implication is very important, as it tells us that testing conditional indepen-
dence instead of 5 = 0 is safe, i.e. does not lead to a loss of type-1 error guarantees.
The implication Y 1 X|Z = = 0 does not hold (in general). For example, imagine a
setting in which X is a deteriministic function of Z. The conditional independence then
clearly holds for any choice of 3. Equivalently,

BA0AY [ X|Z

When formulated this way, it is clear that there can be testing scenarios in which £ # 0,
but conditional independence holds. Whenever this is the case, the rejection probability
of any level-a conditional independence test will be at most .
Thus, using a hypothetical conditional independence test, which works without any addi-
tional assumptions, would never break safety guarantees, but could lead to a substantial
loss of power when used for testing 5 = 0 in our linear model.

Now, we want to completely formalize the previous conclusion for LR testing with the
MX e-variable, in settings where on top of linearity, the propensity kernel K(X|Z) is
known, and the covariates are i.i.d. We do so by defining a new null hypothesis and
extended model, both of which will depend on the specified propensity kernel.
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Definition 3.2.2. (The specified propensity LR hypotheses)
We define a new null hypothesis and extended model as the intersection of their MX
and S-LR counterparts:

SPLR /LR ~ 9/MX
Hon, k' (x12) = Hojn N Hojn,x (x12)

SPLR /LR ~ 4 MX
Hijn k(x)12) = Hijn O Hijnk(x)2)-

The null contains all distributions P(D™) over the data under which the linear model
Y| X", Z" ~ N (Z™y,0%1,) holds P(X™, Z")-a.s., the covariates (X;, Z;) are i.i.d., and
have a fixed propensity kernel P(X|7) = K(X|Z), P(Z)-a.s.

Note that there is no need to specifically impose that P(X|Y,Z) = K(X|Z) holds
P(Y, Z)-a.s. anymore, since Y Lp X|Z is implied by the linearity requirement under
the null.

Any distribution Py in the SPLR null is specified by the two values (y0,03) and the
marginal distribution Py(Z). We can think of the new null as a reduction of the original
LR null hypothesis after incorporating additional information; that the covariates are
i.i.d. and that the true propensity kernel is K(X|Z2).

It is important to realize that reducing a null hypothesis by removing distributions which
are certainly not the data-generators (i.e. including true knowledge) does not lead to a
loss of safety guarantees, but can lead to a stronger GRO e-variable.

To clearly explain what we mean by not losing safety guarantees, we have to slightly
rephrase our current definition of safety, i.e. level-ar tests (Chapter 1, (1.1.1)). Let us
redefine a level-a fixed-sample test ¢ for Hg as one which makes the following implica-
tion true:

“If the data-generating distribution P is in Hg, then the rejection probability of ¢ under
P is at most o”.

This definition might seem equivalent to the original, but a small difference does exist.
Assume there exists a set of distributions Z C Hy which are certainly not the data-
generators. Any level-ar test for Hg \ Z is also a level-a test for Hg according to the new
definition. Because, if the data generating distribution is in the null, by definition of I,
it is necessarily in Ho \ Z.

Another way to make the argument for decreasing the null is by simply noticing that
there is no practical advantage from providing safety guarantees under distributions
which are certainly not the data generators. Therefore, we may take all such distribu-
tions out of the null hypothesis.

Furthermore, the GRO e-variable for Hy is still an e-variable for Ho \ Z, but is not
necessarily the GRO for the reduced null. Thus, reducing the null by incorporating true
knowledge can only lead to better GRO e-variables and tests.

Analogously, we are not interested in optimizing e-power under distributions which can

not possibly be the data generators, so we reduce the extended model as well.
For any @ in the extended model - which is uniquely specified by (81,71,0%,Q(Z2)),
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following the results in Section 2.4, the MX e-variable (for testing H2'
{@}) takes the following form:

0|n K(X|2) against

n

SMX(pm) H N8 Xi +~{ Zi, 0})
E yWXIBT X+ Ziy0f)]
K(X|Z;) ilP1 V1 4is 07

Whenever linearity, i.i.d. covariates and a propensity kernel are specified, one can use
either the S-LR or the MX e-variable for testing, as they are both e-variables for the
intersection of their nulls, but importantly, neither is necessarily the GRO e- variable
for the intersection. Unfortunately, finding the GRO e-variable for testing 7—[0|n K(X|2)
against relevant point alternatives is very often impossible, as the optimization problem
described in Theorem 2.2.5 is not tractable. The MX and S-LR settings represent rare
exceptions to this rule.

As a consequence, comparing the e-power and safety guarantees (under model misspec-
ification) of the MX and S-LR e-variables becomes important. It can provide valuable
information for choosing the better e-variable for specific use-cases. As a first step in
this direction, we provide an upper bound on the e-power of the MX e-variable in the
context of LR testing.

The derivation makes use of another important information theoretic quantity:

Definition 3.2.3. (Differential entropy)
The (differential) entropy of a random variable A with Lebesgue density p(a) is given
by:

- [ mpapa)da,

where the integral is taken over the support of p.

The following proposition is proved using a classical result, which states that Gaussians
N (i, X) uniquely maximize the differential entropy among all (Lebesgue) absolutely
continuous random variables on R™ with fixed covariance matrix ¥ [Cover and Thomas,
1991].

Proposition 3.2.4. (MX LR e-power upper bound and maximizer)

Let {Q(Y,X,Z)} C Hlln K(x|z) With parameters (B1,71,02). Assume B X has a finite
second moment under (). Then, the conditional mutual information, and thus the e-
power of Siv[X is upper bounded by:

1
I(Y; X|Z) < 5 In(1+ 6T Cov(X — E[X|Z])01).

The bound is achieved if and only if 57 X|Z = z ~ N (u(z), 0?) with Q(Z)-a.s. constant

variance 2.
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Proof. The mutual information can be represented as a difference of two conditional
entropies [Cover and Thomas, 1991]:

I(Y;X|Z)=hY|Z)—-h(Y|X, Z).
The second is always equal to the Gaussian entropy % In(2emro?) under any Q € H?ﬁh%( X|2)
because the model on Y is specified. The first can be bounded using the fact that Gaus-
sians maximize entropy and Jensen’s inequality as follows:

hY|Z) =K, qu»lh(Y]|Z =2)] <E %ln(%w(a% + 81 Cov(X|Z = 2)p1))
< —In(2em(0? + BIE[Cov(X|Z = 2)]51))

In(2em (0} + B Cov(X — E[X|Z])B1)).

NN

All expectations are taken over z ~ Q(Z), but we omit this for notational simplicity.
Also, note that after conditioning on {Z = z}, the distribution of Y is absolutely con-
tinuous w.r.t. the Lebesgue measure, allowing us to use the Gaussian bounds.

To get a perfect equality, first, on a set of Q(Z)-probability-1 h(Y|Z = z) has to be
maximized among all distributions with variance Var(5{ X|Z = z) + 0?. This maximum
is achieved iff Y|Z = z is Gaussian with the same variance, which is equivalent to saying
that 8f X|Z = z is Gaussian. Jensen’s inequality is an equality iff the integrated variable
is a.s. constant, thus the requirement that Var(8{ X|Z = z) is Q(Z)-a.s. constant. [

3.3 Examples - AN(C)OVA testing

The MX and S-LR tests are based on very different assumptions, and it is not hard to find
settings in which one test can be used, and performs very well, while the other performs
very poorly, i.e. either does not even provide type-1 error guarantees, or has trivially
low power. The easiest examples would be situations in which a linear dependence of
Y on (X, Z) holds, but no information about the propensity kernel is available, or vice
versa. In this section we show that there exist more subtle, yet practically relevant
experimental designs in which, both linearity and the propensity kernel are known, but
nevertheless, only one of the tests can be used effectively.

To warm up, we start with a simple setting where either method can be used.

3.3.1 ANOVA testing with MX and S-LR

The analysis of variance test - ANOVA (also known as one-way or one-factor ANOVA)
can be used in the following experimental setting.

A total of n data points {(Y1, X1), ..., (Yn, Xn)}, each corresponding to a participant in
an RCT are available. The participants were selected independently from a population
of interest, and divided into k experimental groups by sampling the group index from a
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uniform distribution on {1,...,k}. Each group is given a different treatment, and the
variable Y represents the difference in a target quantity (e.g., blood pressure), before
and after receiving the treatment. The goal is to test whether the expected value of Y
varies across the groups.

This question can be completely encoded into a linear regression testing problem in
the following way: the covariate of interest X is the group-indicator vector of length

k — 1, taking values in {el’C ! eg o ,ellz %760 11, ie. in the canonical basis of R¥~1
or the zero-vector which we denoted as elg ! Bach vector X; uniquely determines the

experimental group assigned to participant ¢. The group corresponding to the zero-
vector is called the reference group, and for simplicity we assume it is the final group,
with index k. The remaining covariates Z contain only an intercept. The measurement
errors are as usual, assumed to be Gaussian, yielding the linear model:

=8TX +y+e,X Le~N(0,0?)

for a single outcome. This encoding scheme is called reference coding [Agresti, 2015],
and it is used in most practical implementations of the classical ANOVA test.

In an actual RCT, the reference group is usually the control group, i.e. the group that
is given no treatment or a placebo, and the ANOVA test verifies whether at least one of
the treatments has an actual effect - different than that of the placebo.

Now, it is easy to check that:
E[Y|X] = const <= BTX =const <= TX =0 < =0,

where the first three equalities should be interpreted almost surely.
7 represents the mean value of the reference group, while 3; represents the difference
in expected value between the group with vector effl and the reference. For any fixed

alternative distribution @) with parameters (51, v1, a%), we can use the S-LR e-variable:

gsir_  NOX"B1 + Loy, otly)
N Lyyo(X", 1n), 05(X™, 1n)1p)’

where vy and 0(2) are as in Definition 3.1.4, and 1,, is an n-dimensional vector of ones.
Finally,

Po = 1[é,m](S§_LR)
gives us the Simple-LR version of the ANOVA test.

On the other hand, since the data are i.i.d. and the propensity kernel K(X|Z) = K(X)
is exactly known, we can also use the MX e-variable, which now instead takes form

SMX H Y|61X +7170-1)
i= 1]}; N(Y‘BT]C 1+r}/170%)

44



to perform the ANOVA test.

As always, the MX e-variable has a product form, yielding a test supermartingale and
allowing sequential testing. The S-LR e-variable, generally does not produce a test
supermartingale and does not provide type-1 error guarantees when used sequentially.
In this specific setting however, that issue can be resolved.

Assume that instead of randomly assigning participants to experimental groups, we
divide them into clusters of size k, making sure that no two participants within the same
cluster end up in the same experimental group. This can be done, e.g. by randomly
permuting the participants inside the clusters and then assigning them to experimental
groups 1,2,...,k in this order. If we follow this procedure, using the final group as
reference, the design matrix after measuring the results of n = mk participants is a
block matrix consisting of m repetitions of the matrix:

Ty 1p—
(¥, 2F) = [ .
of | 1

Using sg, := 1{_151, we get parameters:

S
ol ) =+ 22,
2
o3, = ot + WOIE (2

which depend exclusively on (B1,71,0%7) and the number of experimental groups k.
Therefore, in this case, the S-LR e-variable can be rewritten as:

m

e | NS+ i, 0 1)
" NV 1k, 05 1x)

=1

where sz represents the k outcomes of the i-th cluster of participants, and 3; = [ﬁf, 0]7.
Thus, as long as the data points arrive in clusters of size k, we can think of Y as a single
k-dimensional data point, and the S-LR e-variable yields a test supermartingale under
this new data filtration.

The same trick can not be used for general LR testing, as it relies on the block structure
of the design matrix, which appears only in highly structured settings, such as this one.
Now, let us explore two settings of great practical importance in which S-LR and MX
behave very differently.

3.3.2 Two-factor ANOVA with S-LR

A natural extension of the analysis of variance test is the two-factor (two-way) ANOVA.
This time, the experimental design contains two categorical variables of interest (factors)
instead of one. Abstractly, we could say the group indices are given by the product set:
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{1,...,k1} x {1,...,ka}. In general, researchers are interested in testing three distinct
statistical questions: the existence of two main effects - one for each of the factors, and
the existence of an interaction effect. To explain the meaning of these effects we will use
the following notation:

e /i; j - expected value of Y in group (i, j),

o 1Nk
b ,LL’L,- T ko Z]:l /'LZV.]’
1Nk
® Hej = gy 2ui=1 Migo

— _1 .
o Mo = Takg i M-

Testing the first main effect means testing the hypothesis

HO P = 2 = ey Ry

and it is completely equivalent to the one-way ANOVA testing problem which we would
get by merging all groups along the second factor. Testing the second main effect is
analogous. The novel and interesting part of this test is the interaction effect. We say
that there is no interaction between the two factors if for all (4, j)

Hij = Py + e — Mo
= (Wi = po) + (g — ) + pe,oe

It helps to think of p;; — .. as the effect that being placed in group (4, j) has on the
target variable Y. The previous equation says that there is no interaction if the effect of
being in group (4, j), is equal to the sum of the marginal effects of being in group i along
the first factor and j along the second, for all (7, 7). This is precisely what we want to
test now.

To formalize the interaction question completely, we can again write it as a linear re-
gression testing problem. The procedure is similar to that of the one-way ANOVA, but
notationally much more cumbersome, so we leave the details out ; more information can
be found in the book by Casella and Berger [2024]. We are left with the linear model:

V=810 X + 47X+ 48 X2 4 9o 4+, X L e ~ N(0,07) (3.3)

for a single outcome. Here X! := (X1, X2 XT). X' and X? are group-indicator vectors
for each factor separately, they encode the main effects and are designed the same way
as in the one-way ANOVA, with reference groups k1 and k2. For notational convenience,
X1 is the (k1 — 1) x (k2 — 1) matrix defined as:

x! — x1x2?"

instead of a vector. It is used to represent the interaction effect, which is present if and
only if the matrix of parameters 87, which has the same shape as X', has a non-zero
entry. © denotes a pointwise product of matrices. This way, testing the interaction
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effect simplifies into performing a linear regression test with the variable of interest X/,
and remaining covariates (X!, X2, 1).

Therefore, it is possible to test the existence of an interaction effect in a two-way ANOVA
using the S-LR e-variable. However, testing the interaction effect with the MX e-variable
would be futile even though the propensity kernel K (X’|X!, X?) is known. The reason
is that X7 is a deterministic function of (X7, X3), making the conditional independence
Y L X7|X"', X2 always true. Thus, the MX based test would reject with at most «
probability for any value of S;.

3.3.3 Robust ANCOVA with MX

Our final example is a twist on the classical analysis of covariance (ANCOVA). The
ANCOVA test is another generalization of the one-way ANOVA.

The setting is exactly the same as before, except that the covariates Z now consist of
an intercept term and other measured variables, which are assumed to be related to the
target Y. In this framework, unlike the one-way ANOVA, researchers take into account
possible differences in the baseline value of Y for different participants, based on the
values of their covariates Z. The usual linear model with an additive error:

Y= X"B+ 7"y + " (3.4)

is used for n outcomes. The propensity kernel K (X|Z) = K(X) is again the uniform
distribution over the group indicator vectors (X), and describes the usual RCT setting,
where participants are assigned into experimental groups in a random-uniform way, in-
dependent of their properties such as medical histories, which are encoded in Z.

The standard assumption in practice, and which we made in the previous two examples
is that the errors are i.i.d. Gaussians, independent of all the covariates. In practice, this
assumption can break in many different ways. The error terms could be dependent of
each other ¢; [ €;, e.g. if the same researcher, who tends to overestimate, made the
measurements for participants ¢ and j. They could depend on the covariates Z, e.g. it
is known that a portable glucometer has a larger measurement error when the patient’s
skin temperature is low. Specifically, this dependence can lead to non-linear relations
between Y and Z. Further, the error could also depend on the group allocation X in
some way, e.g. it could be heteroscedastic, meaning that the variance of the error differs
across experimental groups. Finally, even if all other assumptions hold, the errors could
generally follow non-Gaussian distributions.

The S-LR based test does not provide theoretical type-1 error guarantees in any of the
mentioned settings (in general), i.e. even when 3 = 0 holds in (3.4), the test

Ga =111 g (SPHH)

o

might reject with more than a probability. On the other hand, the MX based test does
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provide theoretical safety guarantees in some of these cases.

To make the claim precise, we need to take a step back and reconsider the fundamental
assumptions of MX-based testing. Assume that a (possibly non-i.i.d.) distribution
P(D™) satisfies a generalized MX condition:

for all i <n, and a fixed kernel K(X|Z). Then:

dQ(X|Y, Z)

Ep[Sy™ Y, Zn, D"} = SYZEP | <

(Yo, X0, Zo) Yoy Zyp, D71
= SM.

The second equality follows immediately from (3.5). Thus, the MX e-variable SMX yields
a test supermartingale under all distributions of the data which satisfy the generalized
MX condition, even if the data are not i.i.d. under them. The i.i.d. data assumption,
which is a part of the “ordinary” MX setting described in Section 2.4 can, therefore, be
relaxed.

Getting back to our example, we need to find conditions under which the requirement
(3.5) holds in the ANCOVA model. The group allocation of participant ¢ in most RCT
designs is determined by external randomization, such as a coin or dice toss or ran-
dom number generation, and thus is clearly independent of all previous data D! and
covariates Z;. So X; L Z;, D"~! is satisfied. If on top of that

X; Lei|Z;, D! (3.6)
holds, then using standard Markov kernel rules [Forré and Mooij, 2024] we get:
X; Le;, Zi, DL (3.7)

It is not hard to see that whenever 5 = 0, (3.7) implies that the generalized MX re-
quirement X; 1 Y;, Z;, D'~! indeed holds in the model (3.4). Therefore, as long as (3.6)
is true, the MX e-variable can safely be used for ANCOVA testing. This specifically
means that any joint distribution of (Z", &™) may be allowed, as long as X™ L (Z",&"),
and the MX based ANCOVA test will not lose safety guarantees.

Thus, except under heteroscedasticity, the MX e-variable provides theoretical safety
guarantees under the model misspecification examples we gave earlier. This example

shows that MX might generally serve as a good alternative to the S-LR e-variable in
settings where robustness and safety guarantees are of primary importance.

3.4 The fully specified null

The main goal of this section is to describe the problems related to finding the GRO
e-variable for testing the newly defined Fully Specified Linear Regression (FSLR) null
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hypothesis against relevant point alternatives. At the end of the section we mark out a
special setting in which the MX e-variable coincides with the sequential GRO e-variable
for the (FSLR) null.

As we have argued in Section 3.2, if i.i.d. data, the true kernel K(X|Z) and linearity are
known or assumed to be true, then using either MX or S-LR is a waste of (informational)
resources. We should instead strive to test the intersection of the two nulls: H(S)‘IZLR. The
issue with this approach is that, in almost all practical settings we are not be able to
analytically express the GRO e-variable. To illustrate this fact, we will consider an even
simpler testing scenario - Fully Specified Linear Regression (FSLR), where i.i.d. covari-
ates, linear dependency of Y on (X, Z) and knowledge of the full distribution K (X, Z)

of the covariates are assumed.

Definition 3.4.1. (FSLR null and extended model)
Mook x.z)={P(D") : D; are iid., D ~ N(y'Z,0%) @ K(X, Z),y € R%, 0 > 0},

i kx.z) = {P(D") : D are iid., D ~ N(B"X +472,0%) @ K(X, 2),
(8,7) € Rt 52 > (),

Let us describe the problem of finding the RIPr for the fully specified null in more detail.
We work in the n = 1 case, as then we can say a bit more.

All distributions in the null and the extended model are absolutely continuous w.r.t.
the o-finite measure v := A ® K (X, Z), where X is the Lebesgue measure on B(R). The
alternative distribution ) can be represented by its density wrt v

dq

E(ya-xa Z) = Q(y|xa Z) = ./\/’(y|,3?l' + 71TZ7 J%)a

and similarly, the distributions in the null with:

Pyo2(ylz) = Nyl z,02),

for varying parameters v and o2.

Thus, the null and extended model are parametric families of probability distributions
which are all absolutely continuous w.r.t. the same measure v. This simplifies the
problem of finding the RIPr. According to Griinwald et al. [2024], if

q(Y|X, Z) )]:E [ln( oYX, 2)
[ 0y.02(Y[Z)dr (7, 02) N 9y (Y[ Z)dr* (7, 02)

where the infimum is taken over all probability distributions (priors) m on B(R% x (0, c0)),
then [p, ,2(y|lz)dr*(v,0?) is the v-density of the RIPr of Q onto the null. The RIPr

)| < oo, (3.8)

inf Eg |In(
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can, therefore, be identified with the minimizing distribution 7* over (7, 0%).

When 7* happens to be a Dirac measure, we are in the simple case (see Definition 2.2.6),
and finding it reduces to a finite-dimensional convex optimization task, which can easily
be solved analytically.

In Proposition 3.4.4, we present a slightly more complicated, semi-simple setting, in
which we are also able to pinpoint 7*, although it is not necessarily Dirac.

In full generality however, * is the solution to the described infinite-dimensional convex
optimization problem (3.8), and it depends on (K (X, Z), 51,71,0%) in ways that we are
often unable to describe.

Let us now remember our most important tool in the search for optimal e-variables - the
fact that the GRO is the only e-variable which can be represented as a likelihood-ratio
% of the alternative and an element of the effective null, and additionally, that if P and
@ are equivalent, P must be the RIPr (Theorem 2.2.5).

Note that, although we use conditional notation, ¢(y|z,z) and p(y|z) are the actual
density functions of ) and some P € ’H&Sﬂf({( X,2) w.r.t. v. Thus, if we ever find an

e-variable of the form
qY|X, Z)

fp'y,zf? (Y’Z)dﬂ-(/yv 0-2)’

we immediately know it has to be the GRO, and [ p, ,2(Y|Z)dr(vy,0?) the density of
the RIPr. The e-variable requirement states

J(Y|X, 2)
fpsz\Z)dw(v,aQJ =1

for all P € Hgﬁ{}?( X,2)" Under the null hypothesis Y L X|Z always holds, and the

previous inequality decomposes into

£ Exx12)a(Y]X, Z)] <
PO Tp, 02 (Y| Z)dn(y,02) ] =

e |

Now, let us define a new density

q’(y\z) = IEK(X\Z:z) [Q(y|Xa Z)]
A trivial consequence is that

L avixz) /(¥]2) -,
[ 1702 (V| 2} (7, 0%) 002 (V[ Z)in(7,0%) | =

The random variable on the left is an e-variable for HE‘SIL}}( X,2) if and only if the r.v.

on the right is, which implies that the RIPrs of the original alternative () and the new

distribution @', defined by ¢’ := %, onto HOF|SIPIP({( X.,2) coincide.

Now, notice that Q' is exactly the RIPr of Q onto the MX null hypothesis %181[1)(1(( X|2)"

We have proved the following proposition:

E

}§1<:>IEP,[
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Proposition 3.4.2. (The double projection)
Finding the RIPr of Q) € Hﬂsl{}?( x,7) onto ’H&Sl{}?( x,z) can be done in two steps:

e Project @) onto the larger Hg/\IIXK(X|Z) to obtain the RIPr ',

e Project Q' onto H&SIL}?(X 7

If Q' turns out to be an element of Hale;({e; ), the second projection is not needed,
and the RIPr and GRO e-variable for testing the FSLR and MX nulls coincide. The

following proposition gives a sufficient condition for this, “semi-simple” case.

Definition 3.4.3. (The intercept condition)
We say that distribution K (A) satisfies the intercept condition if there exists a vector
¢ € R% such that

cFA=1

holds K(A)-a.s.

Proposition 3.4.4. (MX and FSLR: the semi-simple case)
Assume Q € Hfﬁ?}({(X’Z) with A ® K (X, Z)-density N (y|8{ x +~{ z,0%) . Furthermore,
K(X,Z)=K(X)® K(Z), and the intercept condition holds for K(Z). Then,

Ex(x|z=2) INWIBTX + 71 z,07)] = Ex(x) INWIBTX + 7] z,07)] (3.9)

is the A ® K (X, Z)-density of the RIPr of @) onto %mem) and onto HgﬁL}({(X 7)"

Proof. (3.9) is clearly the density of the RIPr of @ onto the corresponding MX null. To
show the second statement, it is enough to express (3.9) as a mixture of densities from
the FSLR null, because any such mixture is certainly an element of the effective null

HEELI?;; 7)" The statement then follows by the double-projection idea from Proposition

3.4.2, and the fact that projecting an element of the effective null onto the null always
yields the same distribution.
Let ¢ be a vector such that ¢’ Z = 1 holds K(Z)-a.s. Then,

BIX 47 Z = ((BIX) - c+m)'Z = 10(X)"Z
We can define 7(vy) as the push-forward distribution of v (X):
#(y € A) i= K(30(X) € A)

for all A € B(R%). Then, 7* := 7 ® 0,2 satisfies

Emmwwﬂk+ﬁ%ﬁH=/Nmf%¥Mﬁmﬁl
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A concise example of the semi-simple case is given when X ~ B(0.5) has a Bernoulli
distribution, and Z = 1 only contains an intercept, i.e. K(X,Z) = B(0.5) ® 1. Then,
Proposition 3.4.4 implies that

1
“N(yln, o) + §N(y|51 + 1, 07)

is the \@ B(0.5)®1 density of the RIPr of distribution Q(Y, X, Z) = N($1 X +1,0?)®
B(0.5) ® 1, onto Ho\l B0.5)01"

This is not the simple case, as the prior 7*(y, 0?) is not a Dirac measure, but instead a

uniform mixture of two Diracs, one centered at (y1,07) and the other at (v, + 81, 07).

But nevertheless, we are able to express 7* exactly, because it is the semi-simple case,

and finding the RIPr onto the FSLR null hypothesis reduces to finding the RIPr onto

the MX null — which we know how to do.

The X L Z assumption in Proposition 3.4.4 is necessary because the mixing distribution
7* could otherwise depend on z. It is also important to notice that the statement works
for n = 1 data points, and it can not be directly generalized to n > 1.

Nevertheless, we get an interesting corollary.

Corollary 3.4.5. (MX as sequential GRO for FSLR)
Under the assumptions of the previous proposition, the MX e-variable

n

SMX(pm) H NY\/BlX +{ Z;, 0})
ExyW(YilBT X +1] Zi, 0%)]

=1

is the sequential-GRO (see Definition 2.2.8) e-variable for testing HOF&LI%( X,2) against
{Q"}.

This is a direct consequence of the fact that for n = 1, the GRO e-variables for MX and
FSLR coincide, as shown in Proposition 3.4.4.

Corollary 3.4.5 is particularly useful, as it provides a meaningful interpretation of the,
otherwise unexpected, statement of Theorem 3.5.8.

3.5 E-power comparison

Our goal in this section is to describe how S-LR and MX e-variables compare in terms
of e-power when a linear dependence of Y on (X, Z), i.i.d. covariates and a known true
propensity kernel K(X|Z) are all assumed, i.e. when both e-variables can be applied.
As we have mentioned in Sections 3.2 and 3.4, one should ideally construct an e-variable
which takes into account all available information. A way to do so would be to base
our tests on the GRO e-variable for testing the SPLR null hypothesis against relevant
alternatives (see Section 3.2). The SPLR null explicitly uses all our assumptions, but we
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are generally unable to find the corresponding GRO e-variable. Comparing the e-powers
of the available e-variables thus gains practical importance, as it provides relevant in-
formation which can be used, along with safety guarantees and other useful properties,
to select the better e-variable in a specific testing setting.

Theorems 3.5.6 and 3.5.8, and Proposition 3.5.7 represent the most important theoreti-
cal contributions of this thesis. Theorem 3.5.6 states that asymptotically, as the sample
size tends to infinity, the S-LR e-variable always has at least as much e-power as the
MX e-variable. In fact, the asymptotic e-power difference is generally positive, except
in a special setting which we describe in detail, where it is zero. Proposition 3.5.7 serves
as a counter-example for the statement of Theorem 3.5.6 on finite samples, describing a
setting of practical importance in which MX outperforms S-LR. Finally, Theorem 3.5.8
describes the behavior of the asymptotic e-power difference in a special setting which is
relevant for randomized controlled trials.

We start by establishing a benchmark for the e-powers of both e-variables. Then we
proceed to compare a measure of their asymptotic e-powers directly.

Definition 3.5.1. (The benchmark)
Let K(X,Z) be any distribution over the covariates with finite second moments, and

Q< Hlf\le}l?( X.2)" We define our e-power benchmark as:
BK(X Z) = min DKL(QHP)
PGHOF\%}?(X,z)

Definition 3.5.2. (The best linear predictor)
Let (X, Z) be a random vector with a finite second moment. We use

Ly iz =E[XZ"E[ZZ"]"
to denote the matrix representation of the best linear predictor of X with Z. Here, as
in Section 3.1, AT denotes the Moore-Penrose inverse of matrix A.

A short proof showing that E[(X — Ly 27)?] is the minimal L? approximation error
achievable with linear functions of Z can be found in Agresti [2015].

Proposition 3.5.3. (Value of the benchmark)
The e-power benchmark By (x z) is well defined, and the minimum is attained at
Py(Y,X,Z) = N2, 02) ® K(X, Z) with parameters:

% =7 +E[ZZ]YE[ZXT)81 = 11 + Lk 261,
og = ot + E[(B] (X — Lx|22))?],

where the expectations are taken w.r.t. K (X, Z).
The minimal value is:

Brcx,z) = D (QIIRy) = 5 (1 + E[(6T (X — L 22))7).

93



Further, nBg (x, z) is an upper bound on the e-powers of the GRO e-variables for all
nulls MX, LR, SPLR and FSLR (with corresponding propensity kernel and covariate
distribution) against {Q"}, for any number of data points n.

Proof. Using equation (2.1) from Chapter 2, we get

DxrL(Q[IP) = Eq(x,z) DgL(N (y|B] = +’Y?Z oIV (yly"z,0%))
2

1 o (,le+’ylz—7 z)?
- o 1 of E(X,Z)(BlT“f +91 2 —7"2)°
= 5 H(?) — 1+ ﬁ + 0_2 .

As we have seen before, we can minimize over v first by solving a simple least squares
problem, we get the minimizer in ~:

v =mn+E[ZZT]'E[ZXT]p1.
Then, minimizing over o? yields
op = of +E[(B] (X - Lx122))?].
For the final statement we simply need to notice that

nDk1(Q||Po) = DkL(Q"||Fy)-

SPLR FSLR
Since Fj is an element of all: H0|n,Q(X|Z)’ 7-[0|n, Ho‘n 0(x|2) and Ho\n Q(X z) the uper
bound holds for all their GRO e-variables by the duality from Theorem 2.2.5. O

Definition 3.5.4. (Asymptotic relative power)
Let (Sp)nen be a sequence of e-variables each defined on n ii.d. data points. The
asymptotic relative power (ARP) of (.S,), under distribution @ is defined as

ln(Sn)] |

n

ARP(S,, Q) := limEqn [

whenever the limit exists.

Sometimes we will simplify the notation further by putting the name of a null hypothesis
in the first argument. This should be understood as the ARP of the GRO e-variable for
the specified null and alternative.

It is important to keep in mind that the ARP is a very crude measure of performance of
an e-variable. Firstly, it only depends on the asymptotic behavior, and thus might favor
e-variables whose performance dominates in settings with unrealistically large sample
sizes, but are suboptimal on small samples. The second, and possibly more important
reason, is that all differences in growth of order o(n) become invisible. Hao and Griinwald
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[2024] compare e-powers of several e-variables, including the GRO and sequential GRO,
but also others such as the conditional e-variable and universal inference (which are
outside of the scope of this thesis). In their setting, all e-variables were designed for
testing the same null against the same alternative, and they showed that the differences
in e-power are indeed very often of the order o(n).

For example, the GRO e-variable S¢RO (which is the most e-powerful by definition)
could be logarithmically more e-powerful than another e-variable S,,:

Egn[In SSRO] ~ Egn[In S,] + In(n).

With ARP alone as the measure of performance, we could not distinguish the superiority
of the GRO in this case.

Luckily for us, we are comparing very different e-variables. S5T® and SMX were orig-
inally designed with different null hypotheses in mind, and an analysis of ARP will in
fact be enough to distinguish the more powerful among them in a wide range of situations.

In the following theorem, we show that in terms of asymptotic relative power, SS'LR
reaches the benchmark, and thus performs as well as the GRO e-variable for the Fully
Specified Linear Regression null (3.4.1). As we have seen in Section 3.4, in general we
do not know how this e-variable looks, but we do know that it exists, and is a.s. unique
under the alternative (Theorem 2.2.4). On the other hand, the MX e-variable does not
reach the benchmark, except for a very narrow collection of alternatives.

Before showing the results, we need a few definitions.

Definition 3.5.5. (e-power analysis conditions)
A distribution Q(Y, X, Z) = N(BI X +~1'Z,0%?) ® Q(X, Z) is said to satisfy:

1. “The second moment condition” if the vector (X, Z) has a finite second moment
under Q(X, 2).

2. “The conditional Gaussian condition” if Q(BI X|Z = z) ~ N(u(z),0?) Q(2)-a.s.
for some measurable function ; and constant 2.

3. “The linear conditional Gaussian condition” if it satisfies (2) with a linear mean
function p(z) = Lz.

Theorem 3.5.6. (S-LR, MX and FSLR ARPs)

Let Q(Y,X,Z) = N(BEX +~+¥Z,0}) ® Q(X, Z) be the fixed alternative, and assume
it satisfies the second moment condition. Then, the asymptotic relative powers of S-LR
and MX e-variables are:

In(S )

n

ARP(S-LR, Q) = limEqn [ ] = %ln(l—i—E[(élT(X—LX‘ZZ))?D = Box.2),

ARP(MX, Q) = I(Y; X|Z) < = In(1 + E[(6T (X — E[X|Z]))2).

N | =
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Furthermore,
ARP(S-LR, Q) = ARP(FSLR, Q) > ARP(MX, Q)

holds for any such distribution Q.
The ARPs of all three e-variables are exactly equal if and only if () satisfies the linear
conditional Gaussian condition.

Proof. The MX ARP statement follows from Proposition 3.2.4. Now, we show that the
ARP of S-LR is at least as big as the benchmark. The statement follows from Proposition
3.1.5 and Fatou’s lemma, which we use to take the limit inside the expectation:

1 S-LR 1 nT - n n

1 xnT I, — Pp)X"
2 Eqx.2) liTILn 5 In (1 + 6T ( 7n) 51)]

n

n

1 X (1, — Z2v(Z"" ZrytznT ) X
= EQ(XZ) hrILn B In <1 + (5? ( ( ) ) 51)]

~Boues |3 In(1 + 0 (ELXXT) - BX 2T JELZ2" | B[ZX"])61)|

= %111(1 + 6 (EXXT) - EXZT|E[ZZ" ] E[ZXT))é)
_ %mu +E[(6T(X — Lx22))?)
= Box.z):

To calculate the almost sure limit, we used the law of large numbers, finite second
moments of (X, Z) and a result by Rakocevié [1997], which states that A,, — A implies
(A,)"T — AT in Frobenius norm, whenever the sequence (A;,),en has a constant rank,
equal to that of A from some ng € N onwards. This assumption is almost surely true in
our case, as with Q(Z°°)-probability 1, the matrix Z™ must eventually have rank equal
to the number of linearly independent components of the random vector Z [Van der
Vaart, 2000, Chapter 5]. From that point onwards, the rank of 27" 7" coincides with
that of E[ZZ7].

Furthermore,

ARP(S-LR, Q) < ARP(FSLR, Q) < Bg(x,z).

The first inequality holds because the fully specified null is a subset of the linear regres-
sion null, implying that the GRO e-variable of the latter is at least as e-powerful as that
of the former. The second holds by Proposition 3.5.3.

Thus, the GRO e-variable for the FSLR null also reaches the benchmark asymptotically.
To get equal e-power with MX, we need first E[X|Z] = Lx|zZ Q(Z)-a.s. And second,
the mutual information I(Y; X|Z) needs to be exactly equal to the upper bound, which,
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as we have seen in Proposition 3.2.4, only happens if BlTX |Z = z is Gaussian with fixed
variance Q(Z)-a.s. O

The theorem shows an interesting fact. In terms of asymptotic relative power, S-LR
reaches the highest possible benchmark - same performance as the GRO e-variable for
the FSLR null. In other words, when it comes to asymptotic relative power, knowing
the true distribution of the covariates does not help us to create better e-variables.
Furthermore, it shows that the ARP of the MX e-variable is always lower or equal to
that of the S-LR e-variable, and that the gap can appear for exactly two reasons:

1. The value E[(6] (X —E[X]|Z]))?] is smaller than E[(6{ (X —Lx2Z))?], i.e. E[6] X|Z]
is a non-linear function of Z.

2. The actual conditional mutual information I(Y; X|Z) is small compared to the
maximal value it could achieve under fixed Cov(X — E[X|Z]); which is 3 In(1 +
E[(61 (X — E[X|Z]))?)).

If neither of these two conditions hold then there is no gap. In fact, with finite samples
there even exists a class of alternative distributions under which MX has strictly larger
non-asymptotic e-power than S-LR.

Proposition 3.5.7. (sufficient condition for MX dominance)

Let Q(Y, X, Z) = N(BE X+ Z,0?)®Q(X, Z). Assume Q satisfies the second moment,
and linear conditional Gaussian conditions, and that Z is not Q(Z)-a.s. equal to 0.

Let {Q"} be the fixed alternative against which we test. Then, SM* is strictly more

e-powerful than S5R,

Proof. The finite sample e-powers of S-LR and MX e-variables are given by (Propositions
3.1.5 and 3.2.4):

n X" (I, — Pyn) X"
Eq[In(S5HR)] = Eg(xn, zn) [2 In <1+5}F ( - z) 61>] ,

Eq[In(SY™)] = nI(Y; X|2).

On top of that, finite second moments of (X,Z) and Jensen’s inequality ensure the
following upper bounds

Eqxn 20 X" (In — Py X" >
1],
n

Eo[ln(S3TR)] < gln <1 44729
Eq[In(SMX)] = nI(YV; X|Z) < gln(l +6TCov(X — E[X|2))51).

For MX, the upper bound is actually reached because of the linear conditional Gaussian
assumption.
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For S-LR, the upper bound becomes
El[r(Z™
gln (1 + (1 - wﬂ”) 6T Cov(X — IE[X|Z])51> <nl(Y;X|Z),

where r(Z") is the rank of Z". The expected value of the rank is larger than 0 because
Z is not a.s. 0. Thus, the MX e-variable is more e-powerful.
The bound is proved as follows:

(X™80)" (I — Pza)(X"61) = Y (6] Xi) (6] X;)(In — Pzn)iy

.3
= (61 Xi)’(In = Pzn)ii + Y (01 Xi) (61 Xj)(In = Pzn )i
i=1 i#j

Applying the conditional expectation E[-|Z"] to the RHS, and using X; 1 X;|Z" when-
ever i # j, we get

Z(Var(&lTXﬂZi) + R[0T X1 Z)*) (I, — Pgn)ii + Z E[67 Xi|Zi|E[6T X;|Z;](I, — Pzn)ij
i=1 i#j

= Z(In — Pzn)iiVar(61 Xi|Zi) + E[X"61|Z™" (I, — Pza)E[X"61|2"].
=1

Now, using that the conditional variance is assumed to be independent of Z, and that
the conditional expectation is linear in Z, the final expression becomes

S (L — Pzn)sVar(6T X — E[STX|Z)) = (n — r(2™) Var(sT X — E[sT X 2)).
=1

O]

Importantly, all assumptions of the previous proposition are satisfied if Z contains an
intercept term, and the remaining covariates in (X, Z) form a non-degenerate multi-
variate Gaussian. This example shows that MX dominance is not tied to trivial corner
cases. Instead, the MX e-variable can be more e-powerful than S-LR on finite samples
in practically relevant settings.

Now, we move to the special case where Z contains an intercept as above, and the
covariates X and Z are independent, but not necessarily Gaussian. This setting is
practically important as it often appears in clinical trials. On top of that, in Corollary
3.4.5 we have seen that the MX e-variable has a very specific interpretation in this case
- it is the sequential GRO e-variable for testing the Fully Specified LR null hypothesis.
Therefore, we would expect it to perform relatively well compared to the GRO e-variable
for the FSLR null, and consequently also compared to the (weaker) S-LR e-variable.
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Theorem 3.5.8. (e-power analysis of MX as sequential GRO for FSLR)

Let QIY,X,Z) = N(BIX + v Z,0?) ® Q(X) ® Q(Z). Assume that Q satisfies the
finite second moment condition. Furthermore, Q(Z) satisfies the intercept condition
(3.4.3), and Eg[(67 X)5] < co. Then, the difference in ARP between the S-LR and MX
e-variables scales as O(||61]|%) when the effect size vector &; tends to 0.

Proof. Due to the assumed independence and linearity of Y in (X, Z), conditioning on
Z = z only translates the expected value of Y and has no effect on X, implying that
IV, X|2)=1(Y; X|Z =0).

Furthermore, using the invariance property of the mutual information w.r.t. bijective
transformations, we get

I(Y;X|Z=0)=I(B] X +& ] X) = I(6T X + ;6] X),

where &’ ~ N(0,1).

Let us define the function g(v) := I(\/76{ X + €';6{ X) on [0,00). The parameter y
is called the signal-to-noise ratio. As described by Guo et al. [2011], g is differentiable
infinitely many times at all points v > 0, and the first six derivatives can be continuously
extended to v = 0 as a consequence of our assumption E[0] X|® < co. To simplify
notation, we further define the i-th conditional central moment

Mi(y) == E[(6TX — E[6TX| 767 X + )| y767 X + ¢

for 7 < 6.
The first three derivatives of g are then given by

_1n+1 . _1n+1
—E[MJ(7)] = —

9" () = E[Var(s" X|y/76" X +¢)"]

forn=1,2, and
1
g"(7) = E[M;3(y) = 5 M5 (7))

Thus, by a Taylor series expansion we have

g"(0)  ¢"()

I(Y;X]Z = 0) = g(1) = g(0) + ¢'(0) + == + =
1 5 Cov(X)81)* | g"”
_ 55{COV(X)61 (9 oi )01) 49 6(5)’

99



for some £ € (0,1). All that is left is to bound the error term:

6" () < EM()] + SEIMs ()] < SEIMo()]
3
“3
< SPEIOTX)° + (BI5T X |37 X + <)
< 48E[(61 X)® + E[(6] X)°|\/70] X + €]
= 96E[(57 X)°) = O(1a1]1°).

E[(67 X — E[o] X|y/70] X +¢€')°]

Finally, the difference between the S-LR and MX ARPs is then also O(||61]|%).
The ARP of the S-LR e-variable in this setting is given by

% In(1 + 67 Cov(X)s, ).

This is a direct consequence of Theorem 3.5.6, and the fact that Ly ;Z = E[X]. The
latter holds simply because of the independence X 1 Z and the intercept condition.

The first two terms in I(Y, X|Z = 0) and in the Taylor series expansion of In(1 +
67 Cov(X)d1) coincide, while the remaining part of both expressions converges to 0 at

the rate O(||1](%). O

The most important representative of the setting of Theorem 3.5.8 is ANCOVA testing
(see Section 3.3). Our findings suggest that for small effect size vectors ¢; and large
samples, the MX and S-LR e-variables should have a similar performance on this task.
In Chapter 4, after introducing methods for composite alternatives, we empirically assess
this conjecture.
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3.6 Cheat sheet

The Model-X and Simple Linear Regression e-variables (SMX and S$R) are the growth-
rate-optimal (GRO) e-variables for testing their nulls Hg/‘g{ K(x|z) and HI(;'% against point
alternatives from their extended models 7—[11\/‘[31( K(X|2) and H%‘%.

They are both suboptimal e-variables for testing the intersection of their nulls, denoted
by Hg%}?( X|2)" The Specified Propensity Linear Regression null is used to represent a
testing scenario in which all: linearity of Y in (X, Z), i.i.d. covariates, and a known
propensity kernel are assumed. This is a practically important setting because it repre-
sents the information which is usually available (or assumed) in clinical trials.

When testing against a point alternative {Q"} C H?ﬁg}( x|z ©of the form

QY,X,Z)=N(B[ X+ Z 0})® K(X|Z2)®Q(Z),

the MX and S-LR e-variables are given by:

n

GMX _ H NYilB Xi +~] Zi, 0}) ,
Ex(x1z)WN (Yl BT X +~1 Zi, 0)]
NYX"By + Z7y, 021,)
N(Yn|Zn70(Xna Zn)70(2)(Xn,Zn)In)’

=1

S-LR _
Syt =

with

0(X", Z") =+ (Z2") X" B,
(I, — Pzn) X"B1]|2
n

o3zt =i 4 |

In general, we can not find the GRO e-variable for testing the SPLR null against relevant
alternatives directly, and have no better option (to the best of our knowledge) than using
MX or S-LR.

Even if we assume complete knowledge of the distribution of covariates K (X, Z), which
is encoded in the Fully Specified Linear Regression null - H(I;%I}}( X,z)» We are still unable
to find the GRO e-variable. Nevertheless, analyzing the FSLR null gives us a way to
compare the asymptotic relative power (ARP) of the two currently available e-variables.
The S-LR e-variable has the same ARP as the GRO e-variable for the FSLR null,
meaning that in terms of ARP, knowledge of the true distribution of covariates can not
help us to get a more (e-)powerful e-variable. The MX e-variable has a strictly lower
ARP in almost all testing scenarios. On finite samples however, there do exists settings
in which MX dominates S-LR.

Whenever X 1 Z and Z contains an intercept - such as in the ANCOVA test, the MX e-
variable coincides with the sequential GRO e-variable for testing the FSLR null, and the
difference in ARP between the S-LR and MX e-variables is of the order O(||61]|%). This

means that for small effect sizes and large samples, the e-power difference is negligible.



4 Composite alternatives

In this chapter, we show how one can adapt the S-LR and MX e-variables from Chapter
3, and make them useful for LR testing in practice, where the alternative hypothesis is
composite.

Outline:

We start with a detailed description of the construction of GROW and REGROW (see
Definition 4.1.1) e-variables for fixed-design LR testing, based on Pérez-Ortiz et al.
[2024], and show that their optimality properties are directly transferred to random de-
sign. We go on to describe a method for extending the MX e-variable to composite
alternatives, and finish the chapter with a simulation study, which empirically assesses
the e-powers of the constructed test supermartingales in an ANCOVA setting.

4.1 Introduction: Point vs. Composite Alternatives

Before diving into the details, let us shortly discuss the relation and main differences
between testing point and composite alternative hypotheses with e-variables.

The e-variable property depends exclusively on the null hypothesis, meaning that the
set of e-variables is invariant w.r.t. the choice and cardinality of the alternative. Under
a point alternative {Q}, the (Q-a.s.) unique “best” e-variable for our purposes is the
GRO e-variable (see Section 2.2). Finding closed-form expressions for the RIPr and
GRO e-variable is impossible in general, but nevertheless, we have a clear definition of
what it means for an e-variable to be “the best” for testing Ho against {Q}. The same
definition no longer makes sense if the alternative hypothesis is composite, as the GRO
e-variables for different choices of @) generally differ. Although we do not necessarily
have a precise optimality definition, it is clear that we would like to find e-variables
which have a similar e-power to the (oracle) GRO e-variable for @, under all @ € H;.
There are multiple ways to pursue this goal.

Approach 1: Estimating or Mixing The first idea is to completely avoid making
a new optimality definition for composite alternatives, and instead use a combination of
optimal e-variables for relevant point alternatives.

For example, we can use the data to pinpoint a single distribution Q from the alternative
hypothesis which is most likely to be the true generator of the data. Then, simply use
the Q—GRO e-variable for testing. This approach can be dangerous, as using the same
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data twice, once for estimating Q and again for testing, can lead to a loss of type-1
error guarantees. The issue can be remedied, e.g. by separating the dataset into a part
for estimating the point alternative and a part for testing. A similar, but often more
practical approach, is to use the prequential plug-in method (Chapter 2, (2.5)), which
allows a sequential estimation of Q and testing as new data points arrive.

Another way to go about this problem is to mix the collection of optimal e-variables for
all distributions in the alternative hypothesis using the method of mixtures (Chapter 2,

(2.7)).

The process of finding a good e-variable for testing a composite null against a composite
alternative can thus often be divided into two steps. First, solve the oracle testing version
of the problem, i.e. find the GRO e-variable for testing Ho against point alternatives
{@} from H;. Then, combine those e-variables either by estimating the true alternative
over time, or by taking mixtures.

Approach 2: Redefine best The second option is to come up with a new definition
of “best” e-variable for testing composite alternative hypotheses. Two game-theoretic
definitions were given by Griinwald et al. [2024]:

Definition 4.1.1. (GROW and REGROW optimality criteria)
A growth rate optimal in the worst case (GROW) e-variable for testing H( against H;

is defined as any e-variable S* € £(H() which satisfies
Eg[lnS*] = max inf Eg[lnS].
Q[ ] SEE(?)-EQ)QGHl Q[ ]
Similarly, the relative growth rate optimal in the worst case (REGROW) e-variable is
one that satisfies

Eq[ln %] = inf (Eg[lnS] — Eg[ln SG7°
Q[In 57 ngfl'z(%'f}{(o)QlélHl( @[InS] —Eq[ln S5™]),

where SSRO is the GRO e-variable for testing H, against {Q}.

A GROW e-variable maximizes the worst-case e-power over the alternative, while the
REGROW e-variable minimizes the worst-case gap between its own e-power and that
of an oracle.

The “mixture/estimating” vs “redefine best” approaches are not necessarily incompati-
ble: Griinwald et al. [2024] show that the GROW and REGROW e-variables can often be
re-interpreted in terms of putting a prior on the alternative hypothesis and then taking
the GRO e-variable relative to the Bayesian marginal distribution corresponding to that
prior. If one allows improper priors, the e-variables shown in Section 4.2 can be arrived
at in such a way as well. The details of this approach are discussed by Pérez-Ortiz et al.
[2024].
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In practice it is not always clear which optimization criterion GROW or REGROW one
should settle for. Luckily, whereas in general the two criteria can lead to very different
e-variables [Griinwald et al., 2024] in the setting in which we will apply this criterion, it
turns out that both approaches are equivalent: in Section 4.2 we design the counterparts
to the Simple LR e-variable for composite alternatives using the GROW and REGROW
criteria, and we will see that the resulting e-variables coincide.

On the other hand, the composite alternative version of the MX e-variable described in
Section 4.3 is formed by combining optimal e-variables for point alternatives, using a
method that, in a sense, combines the prequential plug-in method and the method of
mixtures.

4.2 Group LR test

The results of this section heavily rely on group theory. We refer to Section 2.3 for the
necessary background.

4.2.1 Fixed design

The Group LR test (G-LR) can be thought of as an extension of the Simple LR test
for composite alternatives. The name “Group” comes from the importance of several
theorems connecting group theory and statistics [Pérez-Ortiz et al., 2024, Lindon et al.,
2024] in the design of the e-variable. As usual, we start by giving fixed-design results,
so let us fix a full column rank design matrix (z", z™) right away.

Definition 4.2.1. (The location-scale group and the actions)
The group G.» = (R; x R%.) with operation

(s1,91) - (52, 92) = (s152,5192 + 91)

is called the location-scale (LS) group. We further endow G.» with group actions over
observed data, and over distributions of the data

(5,9)-y" :=sy" + 2"g,

(s,9) - Q(Y") :=Q(sY" + z"g).
Specifically, for distributions from the linear model H;j;» .» (Chapter 2, (2.13)) we get

(5,9) - N(x"B + 2"y, 0%L,) = N(z"sp + 2"(sy + g), s°0*L,).

The described actions are two different ways of thinking about the same transformation
- on the level of the observed data, or on the level of the underlying distributions.
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By Definition 2.3.3, the data and distribution orbits of the location-scale group are given
by

O(y")
0(Q)

Specifically, the distribution orbit of N'(z"31 + 2"y1,0%1,) is given by

={(s,9)-y" : (s,9) € G},

={Q(sY" +2"g) : (s,9) € G}.

Hipon on g, = {(5,9) - N(@"8101 + 2"y1,011,) : (s,9) € G}
= {N(z"610 + 2", 0%1,) : 02 > 0,7 € R%}.

It is easy to see that the distribution orbit of any element of H;|,» .» depends exclu-
sively on the effect size vector 1, so we may also refer to it as the distribution orbit of 6;.

A maximally invariant statistic (see Definition 2.3.4) w.r.t. the G,» group is given by
[Pérez-Ortiz et al., 2024]

(In — Pon)y"
(In — Pen)ym||”

where P,» is the projection matrix onto the column space of z™.

mn(y") = T (4.1)

The following proposition shows the deep connection between the location-scale group
and optimal e-variables for LR testing in the GROW and REGROW sense.

Proposition 4.2.2. (Testing one Gaussian orbit against another)
Suppose that P, and @, are non-degenerate multivariate Gaussian distributions of the
data Y. Let p™» and ¢ be the corresponding density functions of some maximally

invariant statistic of the data, e.g. (4.1). Then both the GROW and REGROW e-
variables for testing G,» orbits:

O(Py) vs O(Qn)

are given by the likelihood ratio:

¢ (ma(Y"))

Sn(Y”> = o (mn(Yn)) .

Furthermore, if 2% is fixed, and Py, Qo are distributions of the whole Gaussian process
(Y,)92 ; with non-degenerate finite-dimensional distributions, then (S, (Y™))22, is a test
supermartingale under the filtration Fy; := (o(m;(Y?) : i < n)), generated by the
maximally invariant statistic.

The proposition was proved for a far more general setting than Gaussian orbit testing
by Pérez-Ortiz et al. [2024].

Choosing P, = N(0,1,) and Q,, = N (2"d1, I;) in Proposition 4.2.2 immediately gives
us the GROW and REGROW e-variable for testing the linear null Hg.» against a spec-
ified orbit Hyjyn .n s, in the alternative. The density function of the maximally invariant
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statistic (4.1) under Gaussian data is very hard to work with [Pérez-Ortiz et al., 2024,
Lindon et al., 2024], but it nevertheless brings us one step closer to being able to (effec-
tively) test the linear null against the entire composite alternative.

Quite incredibly, and unlike the stochastic process generated by the S-LR e-variable
(S5LR), | the sequence of e-variables

q(ma(Y™))
p(ma(Y™))

from the previous proposition, does form a test supermartingale. The supermartingale
property holds only under a coarser filtration, generated by the maximally invariant
statistic, as opposed to the whole data, but nevertheless, this allows safe sequential
testing with the usual, greedy stopping time

glma(Y™) | 1,

p(mn(Y")) ~ «
This is possible because the stopping rule only uses the data through the maximally

invariant statistic, or more precisely, because 7 is a stopping time under F;; as well
[Pérez-Ortiz et al., 2024, Appendix C].

( )n

7 =min{n € N:

To implement a composite alternative LR test in practice, there are two questions that
still need to be answered:

e Can we find a different maximally invariant statistic with a possibly simpler prob-
ability density function?

e How to extend the findings of the previous proposition to get a useful e-variable for
testing the null against the full linear alternative, instead of the orbit corresponding
to one particular 67

To simplify the first problem, Pérez-Ortiz et al. [2024] show that under mild assumptions
- which are satisfied in our setting, the statements of their theorems, and thus also of
Proposition 4.2.2 still hold if instead of working with the original data, one summarizes
it using a sufficient statistic (see Section 2.1). Thus, instead of working with the raw
data Y, we may find a convenient sufficient statistic 7"(Y™) which induces a simpler
maximally invariant statistic. In case of linear regression testing, it is not very hard to
do so. We can use the sufficient statistic based on the ordinary least squares estimators
[Casella and Berger, 2024]:

(Y™ := (Bors(Y™), 5ors(Y™), ||(I — Pyn)Y™|?),

where w™ = (2", 2™). The estimator of the effect size vector used in classical LR testing
is

Sy = BoLs _ Bors(Y™)
o ||<In—Pw;)Yn||2 ’
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and a short proof of the fact that § is a maximally invariant statistic of 7" (Y™) is given
by Lindon et al. [2024].

Furthermore, if Y ~ N(2"31 + 2"y1,0%1,), then

Bors ~ N (81,03 (2" (I — Pon)a™) ) = 01N (81, (2" (I — Pon)a™)7h),
2
~2 01 2/,
%~ — de (n —dw),

and importantly, the estimators are independent [Casella and Berger, 2024]. Thus,
the maximally invariant estimator is a ratio of a Gaussian and the square-root of an
independent (and properly scaled) x2-distributed variable. This by definition means it
has a non-central t-distribution:

SOY™) ~ 12y (81, (2" (I — P )a™ V).
Therefore, the simple likelihood ratio

00 ,_ B B0 (I~ Pae) )

t?Lidw (5(Y")|507 (an (In — Pzn).’Bn)_l)

(4.2)

is the GROW and REGROW e-variable for testing Gaussian orbits H;j,n .n s, against
Hijgn 2n5,- The non-central t-density cannot be evaluated via a closed formula, but it
can be numerically approximated with high accuracy. Thus, the described e-variable
can easily be computed and used for (sequential) testing in practice.

To test the LR null against the full alternative, Pérez-Ortiz et al. [2024] propose to first
mix over the unknown effect size vector ¢. So, let us fix a prior distribution p(d§) =
N (8]0, A1), and marginalize the parameter out

/N(y"!x”alé + 2", of[n)p@)dé = N(y"2"7, a%([n + x"Aflx”T)).

This leads to a new alternative hypothesis

Hijgn on a1 := {N (2", (I, + ac”A_lx"T) :02 > 0,7 € R%Y
={(s,9) - N(0,I, + 2"A" 2" ) : (s,9) € G}.

The benefit of choosing a Gaussian prior is now clear; Hyjzn .n p-1 IS again a distribution
orbit of a Gaussian, and allows us to reuse Proposition 4.2.2. The same statistic 7" (Y™)
is still sufficient for the alternative. §(Y™) is maximally invariant as a function of 7™,
but now has a central multivariate t-distribution [Lindon et al., 2024]

S(Y™) ~ ty_a, (0, A" + (2™ (I, — Pon)a™)™b).
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Finally, the likelihood ratio

tn—a, (0(Y™)|0, AL + (@ (I, — Pon)a™) ™)
t_a, (6(Y™)]0, (27" (I, — Pon)az™)~1)

is the GROW and REGROW e-variable for testing Ho|.» against Hijzn .n a1, and we
call it the Group LR e-variable. Just like in the first case of Gaussian orbit testing,
the sequence (SSTR)> . is a test supermartingale under the filtration induced by the
maximally invariant statistic 6(Y™), and allows safe sequential testing.

SR (Y™) =

(4.3)

4.2.2 Random design

In the previous subsection, either a single full column rank covariance matrix (z", z™) or
a whole sequence (2", 2"),>q, Were given upfront. This subsection is devoted to showing
that both safety and GROW/REGROW optimality conclusions still hold for SSO once
we switch to random design.

To show this, we must first generalize the current results to unrestricted design matrices.
Without full rank assumptions, the location-scale group does not necessarily act freely
on the data y" or on the sufficient statistics S™(y™). This is a fundamental assumption
in Theorem 2 by Pérez-Ortiz et al. [2024], on which Proposition 4.2.2 relies.

The degenerate rank issue can easily be solved using the same trick as in Section 3.1.
The e-variable property and GROW/ REGROW properties do not depend on how the
hypotheses are parameterized, but only on the distributions they contain. If a degenerate
design matrix (z", z") is given, simply perform a backward basis selection procedure on
the columns to get the full rank matrix (", 2"). Then, the following holds:

Hllr’%z”,é = H1|5cn,2n,57

where § is the unique vector such that 2"§ = "6 + Z"4 holds for some 4. We can reuse
the results of this section to conclude that the GROW/REGROW e-variable for testing
two specified Gaussian orbits:

%1‘.%”,2",60 VS H1|zn7zn751
with arbitrary design matrix (z™, z") is given by the likelihood ratio

n i OY™)I01, (@ (In = Pen)i™) )

n—dg

8 o (5™ B0, @ (I, — Pen)er) 1)’

The transformation (z",2",8;) — (01, ("' (I, — P:»)@")) is measurable since the basis
selection procedure can be represented with a series of matrix multiplications, and the
remaining functions are continuous. This allows a simple extension of the results to
random design.
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Definition 4.2.3. (e-variable for random design Gaussian orbit testing)

e (§5(Y™)[81, (X" (I, — Py ) X)L
SSO(YTL,X”,Z”) — n—du-,( ( )’ 1 ( ( VA ) ) )

0 (G50, (X7 (I — Py) X))

This ratio is considered equal to 1 whenever all columns of X" lie in the space spanned
by Z™, i.e. when X" is an empty matrix.

The natural extension of LR distribution orbits to random design is:

HER = (P(D"): P(Y", X", Z") = N(X"08 + Z"y,0°1,) ® P(X", Z"),
o> 0,7 € R%}.

SSO s clearly a strong (X", Z™)-conditional e-variable (see Definition 2.4.1) for H%\%,éo'
The statement follows directly from the e-variable property in fixed design.
Furthermore, fixed design GROW and REGROW properties immediately imply the same
in random design

sup inf Eg[lnS]= sup inf  Egxn zm[Eqyn|xn zn[In S
Seg(’;{g‘ﬁ{i) QEH%SL,(SI 565(7'[(1)“11’) QEHIIJIIZ,% ( ) (Y™ )

= inf inf E n 7ny|E nixn zny|[INn S
SESE%)%&)'& Q()I(Ir},zn) Q™2 )[ Q. o2(Y"X",Z )[n ]]

= sup inf inf E nign o [0S
SEE(’H%&)%UQ(xn’Zn) Q. ,2(Y™ ™, )[ ]

= su inf inf E im i [In S
SEE(’}E%& (z™,2") v,02 Q—YJQ(Y |z, 2 )[ ]

S inf inf EQ’Y o2 (Y7|zn,zn) [ln SSO]

(zn’zn) 7702

= inf EpllnSSO].
actl QIn S

The third equality holds because an infimum over averages can always be achieved by
putting all weight on a single point. The inequality is a consequence of the fixed design
GROW property of SS’O. The same argument works for the REGROW objective.

Finally, if 7(D°°) denotes the usual greedy stopping time (2.4) with security level «, and
based on SO, then

for any P € H%‘Eo’ 5o’ directly from the fixed-design guarantees.
Although unconditional optimality may be theoretically appealing, these extensions are

of limited practical relevance. The number of available data points in classical LR set-
tings is much larger than the number of covariates, and the probability of observing a
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full rank design matrix is generally close to one. Whenever this is the case, researchers
may be satisfied having an e-variable which is GROW/REGROW optimal conditionally
on the event that the design matrix has full rank, while ignoring its behavior in the
highly unprobable alternative setting.

It is not as easy to generalize the G-LR e-variable (4.3) to random design in a way
which would secure the unconditional GROW/REGROW property, but as we have just
argued, this is not really necessary for practical purposes. Furthermore, safe sequential
testing in random design can be secured by simply setting the value of the e-variable to
one whenever the design matrix is not of full rank.

4.3 Adaptive MX

In Chapter 2 (equations (2.5) and (2.7)), we introduced the prequential plug-in method
and the method of mixtures as general tools for extending e-variables designed for point
alternatives to composite alternatives. Both approaches can be applied directly to the
MX e-variable, yielding test supermartingales suitable for (sequential) testing of the full
linear alternative hypothesis.

Each method, however, has practical limitations. The prequential plug-in approach of-
ten performs poorly on small samples due to inaccurate parameter estimation, while the
method of mixtures typically requires numerical integration, which can be computation-
ally expensive.

To address these issues, we adopt a third approach, referred to as Adaptive MX, which
combines key ideas from both the prequential plug-in method and the method of mix-
tures. This technique has previously been used in settings without covariates by Turner
et al. [2024] and discussed in the MX framework by Griinwald et al. [2023].

The hybrid approach resolves the small-sample instability of the prequential plug-in
method by introducing a prior distribution p(3, 7, o?) over the model parameters, in the
spirit of the method of mixtures. Rather than mixing e-variables at each step, the prior
is used to define a posterior parameter distribution

Ty N (il 872 + 47 25, 02)]p(8, 7, 02)
Ty Nyl BTz + 4Tz, 02)]p(B, 7, 02)d(B, 7, 02)

and a Bayesian predictive distribution

o?|d") :=
p(B,v,0°|d") T

fn(yn|33nazmdn_1) = /N(yn|BTxn + 'YTZm0'2)]9(6,'7702’dn_1)d(677’02)7 (4'4)

where d" := (y", 2", 2") is the observed data. The predictive distribution f,(-|-,-,d"™!)
yields a data-dependent Markov kernel F,,(Y'|X, Z), which is interpreted as an estimate
of the data-generating conditional distribution:

QnY|X,Z):=F,(Y|X, Z).
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The GRO e-variable (Chapter 2, (2.12)) for testing Hg/hXK( X|2) against the point alter-
native

{Fo(Y]X, Z2) ® K(X[Z) @ Q(2)}
for any marginal distribution Q(Z2) is given by

f(Y|X, Z,d* 1)

Ex (x| fn(YIX', Z d"= )] (4.5)

Following the prequential plug-in approach, (4.5) is used as a multiplicative increment
to form a test supermartingale, and the full process is given by

fo(Ya| X, Zn, D" 1)
B (x12) fn(Yal X, Zn, Dn=1)]

S (D) = SR (D) -

SPMX .= 1.

For simple choices of the prior, predictive distributions f,, admit a closed-form expres-
sion. As a consequence, the approach stabilizes inference in small samples, while avoiding
the additional numerical integration over parameters (3, v, 0?) typically required by the
method of mixtures.

It is easy to check that (SAMX),, is in fact a test supermartingale w.r.t. the data filtration.
Indeed, for any P € Hg/l?fK(XIZ):

EP[SSMX‘D"_l] =Ep [EP[S:?MX|YT“ Zn,D"_l]‘Dn—l]
fn(Yn’Xn, ananl)
Ex(x12,) [fn(YalX, Zy, D]

_ gMMX o]

n—1
_ QAMX
- Sn—l .

= SAMX mp [Ep [ |Yn,Zn,D”—1} \D"‘l]

The third equality follows simply because X,, L Y;, D"~!|Z,, holds under the null. The
exact same reasoning was used in the robust ANCOVA example, where we introduced
the generalized MX condition (Chapter 3, (3.5)).

4.4 E-power analysis and simulations

In this section, we compare the e-powers of Adaptive MX and G-LR e-variables to each
other, and to their corresponding point-alternative versions on both a theoretical and
empirical level.

We start with a theoretical comparison of the asymptotic relative power (ARP) of the
original S-LR and MX e-variables, to their composite alternative adaptations G-LR and
AMX.
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Proposition 4.4.1. (No ARP loss compared to oracles)
Under the assumptions of Theorem 3.5.6, the ARP of the G-LR. e-variable for any choice
of A™1 is the same as that of S-LR and equals

%111(1 +E[(67T(X - Lx122))%).

Under any @ € Hll\/gi K(X|2)’ the ARP of Adaptive MX with prior p and Bayesian

predictive distribution f,, as in (4.4) is the same as that of the oracle MX e-variable, i.e.
equals I(Y; X|Z) whenever:

1 — _
- ZE@DM)[DKLW(@/IB&% + 91 2, 0D falylz, 2, D" )] = 0, (4.6)
=1

and N (y|8fx + Iz, 02) is the true Lebesgue-density of the kernel Q(Y|X, Z).

The statement for the G-LR e-variable is proved by Lindon et al. [2024], and for AMX
by Griinwald et al. [2023].

The convergence requirement (4.6) is in fact satisfied when p is the Gaussian-inverse-
gamma prior, which is commonly used in Bayesian linear regression [Bernardo et al.,
1994].

As we have discussed in Section 3.5, the ARP is a fairly imprecise measure of the practical
usefulness of an e-variable. To solidify our theoretical findings, we conduct an e-power
simulation study in a simple ANCOVA setting. X is a binary random variable indicating
one of two experimental groups, the covariates Z consist of an intercept term and an
additional normally distributed variable Z; ~ N(0,1). The target variable Y satisfies
the linear model:

Y =0X +~47Z + 6,6 ~ N(0,67), (4.7)

where v7' = [1,1], 02 = 1, and X, Z, ¢ are all independent. We use the G-LR and AMX
e-variables to test the usual linear null hypothesis § = 0, against the composite linear
alternative. For each of the six settings (2 methods and 3 effect sizes), a total of 200
independent datasets, each containing 400 samples were generated and used for testing.
Figure 4.1 shows the results of the simulations. The oracle power (black line) repre-
sents the e-power of the point-alternative (oracle) MX e-variable, which “knows” the
true parameters. The theoretical e-powers of the oracle MX are S-LR, e-variables are
practically identical in this setting and under the considered effect sizes, so the black
line can be interpreted as the optimal growth rate that both AMX and G-LR can only
hope to achieve. The average sample paths (thick curves) represent estimates of G-LR
and AMX e-powers over time.

The plots on the LHS of Figure 4.1 show that e-power curves of AMX and G-LR quickly
become parallel with that of the oracle, supporting the results of Proposition 4.4.1 in
this setting. Furthermore, AMX and G-LR exhibit a very similar empirical growth-
rate, which aligns with the results of Theorem 3.5.6. The similarity of the two methods
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can additionally be observed by a more practically relevant measure - the empirical
distribution of the greedy stopping time (Chapter 2, 2.4), depicted on the RHS of Figure
4.1. Given the strong similarity between the empirical stopping time distributions, we
conclude that, in practice, a comparable number of samples is required to reject the
null hypothesis under either method. This is particularly evident from the closeness of
the 80% quantiles of the two distributions. In classical hypothesis testing, this quantile
typically corresponds to the power level used by practitioners when determining the
required sample size. In our setting, the near equality of the 80% stopping time quantiles
can therefore be interpreted as indicating that both methods require approximately the
same sample size to reject the null hypothesis under the greedy stopping rule.
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Figure 4.1: Comparison of G-LR and AMX e-variables across different effect sizes. Each
panel shows on the left the theoretical e-power of the oracle (black line), in-
dividual sample paths (thin curves), the average sample path (thick curves),
and the rejection threshold In(g%z) (dashed line). The plots on the right
show the empirical distribution of the greedy stopping time and the 80%
quantile (dashed line). Rows correspond to effect sizes 6 = 0.4,0.6,0.8.
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Given that it is hard to prefer one or the other e-variable in this setting based on (e-)
power alone, we turn our attention to safety guarantees under model misspecification.
As demonstrated in Section 3.3, the (oracle) MX e-variable yields a robust ANCOVA
test with explicit theoretical guarantees: it remains valid even when the error terms
exhibit arbitrary dependence on the covariates Z over time and across observations. By
construction, the AMX e-variable inherits this robustness.

For S-LR and G-LR however, such guarantees are not immediate. Under the linear
null 7—[0L|% the errors are specifically assumed to be independent Gaussians conditional
on (X™, Z™). It remains an open problem to verify how much bigger the effective null
H%ﬁfﬂ is, i.e. under which kinds of model violations the type-1 error guarantees continue
to hold for all corresponding e-variables, and in particular for S-LR and G-LR.

Finally, we conclude that based on our theoretical findings concerning asymptotic e-
power (Theorem 3.5.8) and safety guarantees (Chapter 3, (3.5)), and our empirical
examination of finite-sample behavior, the AMX e-variable is the preferable choice over
G-LR in the ANCOVA and similar testing scenarios, while it is likely that in many
general settings, with arbitrary dependencies between the covariates X and Z, G-LR
has a significant e-power advantage (Theorem 3.5.6).
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5 Conclusion

Our main goal in this thesis was to provide a careful description and comparison of the
S-LR and MX e-variables for linear regression testing, as well as their counterparts for
testing composite alternatives. To enable a meaningful comparison, we first extended
the existing fixed-design S-LR e-variable to a random-design setting. We showed that,
for an appropriate choice of the random-design null hypothesis ’H&% —mnamely, one that
imposes no restrictions on the covariate distributions, the S-LR e-variable inherits the
GRO property from its fixed-design counterpart. An analogous phenomenon was ob-
served for the GROW/REGROW e-variables for Gaussian orbit testing; fixed-design
GROW/REGROW optimality carries over directly to the random-design setting. This
transferability follows from the fact that the relevant optimality criteria are defined in
terms of expectations, and similar conclusions are likely to hold for more general regres-
sion models beyond linear regression.

We identified experimental settings in which both e-variables are applicable, yet one
performs well while the other is essentially useless. For instance, the MX e-variable
has trivial power for interaction testing in a two-factor ANOVA model, whereas the
S-LR e-variable loses its theoretical safety guarantees under certain misspecifications of
the ANCOVA model. In contrast, the MX e-variable provides theoretical type-1 error
guarantees under a wide range of model misspecifications (robust ANCOVA example in
Section 3.3).

We further discussed that, in randomized controlled trials, researchers often possess
structural knowledge such as linearity, i.i.d. covariates, and the true propensity ker-
nel. Ideally, one would use the GRO e-variable corresponding to a null hypothesis that
fully incorporates this information. However, such a construction is generally infeasible,
which motivates our comparison of the e-power of the S-LR and MX e-variables. To
the best of our knowledge, these represent the only practical options, requiring a choice
between two suboptimal procedures. We also briefly considered linear regression testing
under a fully specified covariate distribution. In this setting, the GRO e-variable is
strictly more e-powerful than either S-LR or MX. Remarkably, we showed that the S-
LR e-variable, despite making no assumptions about the covariate distribution, achieves
the same asymptotic relative power (ARP) as the GRO e-variable for the FSLR null.
Consequently, the cost of not knowing or not being able to incorporate partial or full in-
formation about the true covariate distribution is at most of order o(n), where n denotes
the sample size. This result also implies that S-LR is never inferior to MX in terms of
ARP.

In finite samples, however, the comparison is more subtle. We demonstrated the exis-
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tence of practically relevant scenarios in which the MX e-variable is strictly superior. In
the context of randomized controlled trials, we showed that, within a generalized AN-
COVA framework, the ARP difference between the two e-variables is of order O(]|4]|%),
where § denotes the effect size vector. A possible explanation for the remarkably strong
performance by MX is that in the generalized ANCOVA setting, the MX e-variable coin-
cides with the sequential GRO e-variable for the FSLR null hypothesis. This fact comes
as a consequence of an, unusual, double-projection property — for n = 1, finding the
RIPr of a relevant alternative distribution onto the FSLR null hypothesis can be done in
two steps, by first projecting onto the larger, MX null hypothesis, and then projecting
the MX-RIPr onto the FSLR null.

The small ARP gap suggests that in practically relevant settings, the two e-variables
may have a very similar performance. We empirically supported this conclusion through
simulation studies on the AMX and G-LR e-variables. Taken together, these results
indicate that, for randomized controlled trials with ANCOVA designs, the MX approach
may be preferable: the power difference relative to S-LR is small, and the stronger safety
guarantees of MX can be highly advantageous.

As a direction for future research, a rigorous theoretical analysis of the safety guaran-
tees of S-LR and G-LR e-variables under model misspecification—such as non-Gaussian
errors or nonlinear dependence structures—would be of substantial practical value. Fur-
thermore, it would be natural to move beyond strict linear regression to more flexible
settings such as linear mized models. These models are widely used in clinical trials and
allow for dependent data arising from, for example, repeated measurements, thereby
offering greater flexibility and practical relevance than the framework considered here.
Another potential extension involves generalized linear models, such as the practically
highly important logistic regression. It is known that it is exceedingly difficult to im-
plement the corresponding generalization of the S-LR e-variable for logistic-regression,
as the reverse information projection (Theorem 2.2.5) takes on a very complicated form
Lardy [2021]. However, the construction of the MX e-variable is no more difficult than
for the standard linear case treated in this thesis [Grinwald et al., 2023]. This sug-
gests that it is worth extending our investigation to generalized linear regression and
see whether we can identify situations in which, there too, both e-variables behave very
similarly, and it is therefore intrinsically harmless to use the simpler MX e-variable.
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6 Popular summary

Consider a scientist who wants to test the null hypothesis
Ho : the treatment has no effect,
against the alternative hypothesis
Hy : the treatment is effective.

Classical statistical tests for answering this question were developed in the 1920s, and
many of them are still used today in their original forms. Classical tests crucially rely on
conditions such as prespecifying the number of participants in the study, and performing
the test only after all the data has been collected. If these conditions are not satisfied,
the safety properties of the tests are often lost. This means that a test which usually
makes a false positive decision (rejecting the null when it is in fact true) 5% of the time,
could actually be making it much more often. In practice such a false positive finding
might result in an ineffective drug entering the market, or the development of a scientific
theory based on inexistent effects. In the long-run it leads to reduced reproducibility of
scientific research and generally, a waste of resources. The conditions on which classical
tests are based were not deemed too stringent at the time of their first development, but
that is no longer the case. Today, sequential tests - which accumulate evidence against
the null hypothesis while the data is being collected, and allow the researcher to stop
acquiring data once sufficient evidence has been observed, are more practically useful.
The theory of e-variables, which has been rapidly developing since 2019, provides a the-
oretical framework for creating such sequential tests.

In this thesis we give a detailed mathematical description of two e-variables called: Sim-
ple Linear Regression (S-LR) and Model-X (MX) that have been proposed for linear
regression testing - one of the most widely used statistical tests in practice. We first
describe what e-variables are and how they can be used for hypothesis testing, and
then compare the performance of the induced S-LR and MX tests in different settings.
We show that S-LR tends to have a larger e-power, meaning that it can detect exist-
ing treatment effects quicker, while MX is more robust, and provides a wider range of
practically important safety guarantees against false-positive findings. We specifically
examine the analysis of covariance setting - which is often used to model clinical trials,
and mathematically prove that in this configuration S-LR and MX have very similar
asymptotic (as the sample size tends to infinity) e-power. In fact, we precisely quantify
the discrepancy in asymptotic e-power as being of order O(|6]%) , when the magnitude
of the treatment effect é converges to 0. In practice, the treatment effects are small, and
our result suggests that, in this setting, S-LR and MX have a very similar performance.
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This outcome is very optimistic for the future development of sequential tests, because
versions of the MX e-variable can be used for testing in more complicated, generalized
linear regression settings, and our findings suggest that maybe there too, it will be useful.
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