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ABSTRACT. While filtered back-projection (FBP) is still the method of choice
for fast tomographic reconstruction, its performance degrades noticeably in the
presence of noise, incomplete sampling, or non-standard scan geometries. We
propose a data-driven approach for learning FBP filters and projection weights
directly from training data, with the goal of improving robustness without sac-
rificing computational efficiency. The resulting reconstructions adapt naturally
to the noise level and acquisition geometry, while retaining the speed and sim-
plicity of classical back-projection. The proposed method can be formulated
as a regularized optimization problem for a linear inverse operator, which al-
lows us to establish existence, uniqueness, and stability of the learned solution.
From a spectral viewpoint, the learned filters act as data-adaptive gain func-
tions that explicitly balance noise amplification and bias, in close analogy to
a regularized pseudo-inverse. Experiments in both 2D and 3D show consis-
tent improvements over conventional FBP and Feldkamp—Davis—Kress (FDK)
in different case studies. Finally, we show that filters trained on synthetic
laminography data generalize well to real-world measurements, delivering im-
age quality comparable to advanced iterative methods without the high com-
putational cost.

1. Introduction. X-ray computed tomography (CT) is widely used in industrial
applications for non-destructive evaluation of objects. The goal is to reconstruct
two- or three-dimensional images from X-ray measurements acquired at multiple
viewing angles [14, 10, 12]. Well-known examples include medical CT and cone-
beam CT. Another important example is X-ray laminography, a technique particu-
larly well suited for imaging flat or layered specimens such as electronic components,
where full rotation is often infeasible due to size or mechanical constraints.

Image reconstruction methods for CT generally fall into two categories: algebraic
approaches, which iteratively solve a system of linear equations, and analytical ap-
proaches, which provide a direct solution through filtering and backprojection.
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In the algebraic approach, X-ray measurements are represented through a sys-
tem of linear equations. Various iterative methods have been developed to solve
the linear system [14]. A key advantage of these techniques is their flexibility in
incorporating prior information or regularization terms to suppress artifacts caused
by noise, incomplete data, or other acquisition imperfections [16, 2]. However, they
are often computationally intensive, requiring significant time and memory resources
for high-resolution reconstructions [7]. Commonly employed iterative algorithms in
algebraic approaches include the Algebraic Reconstruction Technique (ART) [9],
the Simultaneous Iterative Reconstruction Technique (SIRT) [8], Nesterov acceler-
ated gradient descent (NAG) [19] and more advanced regularized iterative methods
such as Total Variation (TV)-regularized reconstruction [16], which aim to improve
image quality and robustness at the expense of additional computation.

In contrast, analytical approaches are attractive due to their simplicity and com-
putational efficiency [24]. They provide a fast, non-iterative solution to the recon-
struction problem [10]. A widely used example is the Feldkamp-Davis—Kress (FDK)
algorithm [6], which is highly effective in conventional cone-beam CT configurations,
particularly when the measurements are of high quality. However, its performance
can degrade significantly in the presence of noise [31]. In FDK, standard filters such
as Shepp—Logan, Hann, and Hamming use fixed window functions to attenuate high
frequencies and suppress artifacts, however they are not tailored to the specific noise
characteristics of the measured data [4]. Furthermore, the classical FDK algorithm
is derived under the assumption of a circular source trajectory, which limits its direct
applicability to more general scanning geometries. Although analytical derivations
for laminography and related geometries have been presented [17, 18, 36], they are
mathematically involved, highly dependent on specific acquisition setups, and often
lead to strong artifacts due to the missing-cone issue.

These significant challenges with fixed, pre-defined filters have motivated a dif-
ferent line of research: optimizing the filter itself. This approach seeks to combine
the computational efficiency of the filtered back-projection (FBP) framework with
the superior image quality of iterative methods. The core idea is to move beyond
fixed filters (like Shepp-Logan) and instead design filters that are better adapted to
the specific geometry and noise statistics.

This concept of an optimized FBP is well-supported in the literature. A theoret-
ical bridge between algebraic and analytical methods was presented in [22], and it
was shown that any linear shift-invariant algorithm can be represented as an FBP
method with some associated filter [5]. This led to methods that explicitly derive
an FBP filter from an iterative algorithm, allowing FBP to approximate the results
of iterative reconstruction [37, 1, 25]. Others have designed geometry-specific filters
for each frequency component in tomosynthesis [20] or proposed data-dependent
filtering strategies [26] to reconstruct the image in limited data or noisy scenar-
ios better than classical FBP method. Finally, some works [3] proposed to apply
a convolution kernel derived from a specific geometry to deblur the reconstructed
image.

We propose a data-driven framework to optimize the filter and (when needed)
projection weights in FBP, with a particular focus on 3D cone-beam circular laminog-
raphy, where limited-angle sampling makes reconstruction especially challenging.
The learning problem is posed as a regularized optimization of a linear inverse op-
erator, which enables existence, uniqueness, and stability guarantees for the learned
solution and yields an interpretable spectral-gain view analogous to a regularized
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pseudo-inverse. We instantiate the framework with geometry-specific parameteri-
zations (parallel-beam, fan-beam, elliptical trajectories, and 3D circular laminogra-
phy) and demonstrate consistent improvements over classical FBP/FDK, including
validation on experimental laminography measurements (LEGO dataset) showing
generalization beyond the synthetic training setting.

The outline of the paper is as follows. In Section 2, we introduce the notation and
briefly review the inverse problem formulation and fast approximate inversion via
FBP. In Section 3, we present our learning framework for a regularized linear inverse
operator, discuss its theoretical properties (existence, uniqueness, and stability),
provide a spectral interpretation of the learned operator, and introduce geometry-
informed parameterizations together with implementation aspects. In Section 4, we
evaluate the proposed approach across different case studies, including 2D parallel-
beam and fan-beam CT, a 2D elliptical trajectory, and 3D circular laminography
on both synthetic and experimental data. In Section 5, we conclude the paper and
summarize key findings.

2. Notation and preliminaries.

2.1. Notation. Throughout, scalars and vector elements are denoted by lower-case
italic letters, vectors by lower-case boldface letters, and matrices by upper-case
boldface letters. The notation - stands for the transpose of either a vector or
matrix. By |lz|| = /> ., 27 we denote the fs-norm of a vector. The Frobenius

norm of a matrix A € R™*™ is denoted by [|Allr = />2i2, >0, A7 diag(a)

represents a diagonal matrix with elements of a on the main diagonal. E[-] denotes
the expectation. Tr(A) denotes the trace of a square matrix A, defined as the
sum of its diagonal elements. The symbol ® represents the Kronecker product, and
vec(A) is the vectorization operator that stacks the columns of a matrix A into a
single column vector.

2.2. The inverse problem and regularization. The X-ray tomographic acqui-
sition process can be modeled as,

Ax =1y, (1)

where A € RM*N ig the forward operator, x € RY represents the object, and
y € RM is the measured data. The structure of A reflects the geometry and ordering
of the data acquisition. In a scan comprising m projection angles, each projection
is measured by a detector with d pixels, yielding a total of M = m - d rows in A.
Each row corresponds to a single X-ray path, modeled as a line integral through
the object x from the source to a specific detector pixel. Rows can be grouped into
blocks of d consecutive rows, each block associated with a fixed projection angle.

The goal is to find an x that best solves this system. This inverse problem is
typically ill-posed, as A is ill-conditioned and often there are fewer measurements
than unknowns (i.e., M < N). A basic approach to stabilize the problem is through
Tikhonov regularization, which approximates the solution through a regularized
pseudo-inverse

X = Aiy.
The operator A; can be expressed in terms of the singular value decomposition
(SVD) of A. Writing
A=UxV',
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the regularized pseudo-inverse is given by
Al =V, 3, (224217 UT,

where r = rank(A), U, € RM®*" contains the first r left singular vectors of A, 3,. €
R"™*7" is a diagonal matrix containing the r largest singular values of A, and V, €
RN X" contains the corresponding right singular vectors of A. Furthermore A > 0
is the regularization parameter. In practice, it is not feasible to explicitly compute
the regularized pseudo-inverse and instead the regularized solution is approximated
by iteratively solving a regularized least-squares problem [29].

2.3. Fast approximate inversion. For tomographic imaging, FBP offers a fast
alternative to the above-mentioned reconstruction methods. They are based on the
fact that for many geometries the inverse (on a continuous level) can be expressed
as a back projection of filtered data [23]. Applying the filter through a fast Fourier
transform then yields an efficient approximate inverse:

A~ ATF'DF,

where F € CM*M yepresents a discrete Fourier transform (which can be efficiently
applied to vectors using the FFT) and D € RM*M i5 a diagonal matrix containing
the filter weights. Note that in case M < N and A has full rank we have At =
AT(AAT)™!. Regularization is achieved in these methods by designing a filter
that cuts off high-frequency contributions. Aside from hand-crafted filters, learned
filters have also been considered in the literature [32, 33].

3. A learned inverse operator for tomographic reconstruction.

3.1. Learning a regularized pseudo-inverse. In this section, we formalize the
process of learning a filter. In contrast to existing learned filter approaches such as
[32, 33], we cast this task as the learning of a regularized linear inverse mapping.
Moreover, by allowing the parametrization of the learned operator to depend on the
acquisition geometry, the framework naturally extends to non-standard settings. We
therefore start from the following more general problem. Given A € RM*N with
M < N, the aim is to learn the linear inverse mapping parametrized by B € RM*M

L i E|ATBy - x|+ An(B) (2)
where we take the expectation over training pairs (x,y),A > 0, and p : RM*M 5 R
is a regularization function. The training pairs typically consist of ground truth
objects x and corresponding noisy measurements y ~ Ax.

3.1.1. General assumptions. To ensure the well-posedness of the problem above, we

make the following standing assumptions throughout the analysis.

(A1) We assume that the underlying distribution of the training data has finite
second moments, i.e., E||x[|3 < oo, E||ly||3 < oo, and the second-order moment
matrices Xyx = Exx ' and Xy, = Eyy " are positive definite.

(A2) The matrix A has full row rank, implying AAT > 0.

(A3) The function p is p-strongly convex.

With these assumptions in place, we can address the well-posedness of (2).
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3.1.2. Euistence, uniqueness, and stability. Under Assumptions (A1)-(A3), the ob-
jective function in (2) is strongly convex with respect to B and hence has a unique
solution. Moreover, the optimal solution B* satisfies the following matrix equation:

AATBE,, + \Vp(B) = AX,,. (3)

with 2y, = Exy'.

Having established existence and uniqueness of the learned operator, we now
analyze the stability of the solution with respect to perturbations in the data dis-
tribution. Let BY and B, be the minimizers of (2) under distributions (x,y) ~ 7
and (x,y) ~ 7', respectively. Given Assumptions (A1)-(A3), there exists a constant
C > 0 such that: o

B =B llr < e Wa(m, '),
where Wy denotes the 2-Wasserstein distance. A proof is given in Appendix A.
3.1.3. Interpretation as a regularized pseudo-inverse. A more detailed interpreta-
tion of the learned operator can be obtained by considering a concrete example. In
addition to assumptions (A1)-(A3), we let

e Additive Gaussian noise: y = Ax + n with n ~ N(0, 02I),

e Tikhonov regularization: p(B) = ||B||%.

We then have
S,y = ANGAT 4+ 07T, Sy = ZuxAlL (4)

Combining (3) and (4) we then find that B* satisfies the following matrix equa-

tion

AATBAS AT +02AATB+ A B =A% A, (5)
Introducing the auxiliary matrices
M=AAT N=AX_ AT, (6)

we can re-write this as
(N®M + 0?T® M + M) vec(B) = vec(N), (7)

We can immediately see that when ¢ = 0, A = 0 we learn the regular pseudo-
inverse: B* = (AAT)~ L.

To further interpret the learned operator and its relation to classical analytical
filters, we analyze the structure of (7) in the spectral domain. Substituting the SVD
of A into (7) and premultiplying and postmultiplying by UT and U, respectively,
yields

AHN + (A + A)H =N, (8)
where
A = diag(c?,...,03;), H=U'BU, N=U'(ASA)U.

To simplify the spectral analysis, we make the additional assumption that the object
distribution is isotropic, i.e., 3., = I. For concreteness, one may think of x ~
N(0,I). Under this assumption N is diagonal and the optimal H is diagonal as
well. In this case, the spectral components decouple, and (8) reduces entry-wise to

U?Hii + (0207;2 +MNH; = Jz‘zv 9)

leading to the closed-form solution
o2
Hj;y=———"7"—5—. 10
) (62 +02)o? + A\ (10)
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Each H;; thus acts as a spectral gain that modulates the contribution of the i-th
mode according to its singular value, and noise variance. It provides an inter-
pretable, data-adaptive filtering mechanism. Modes with small o; are damped by
the regularization term A, effectively suppressing noise amplification. This inter-
pretation highlights that the learned operator B behaves as a regqularized pseudo
inverse in the spectral domain, adapting its frequency response based on the data
and noise statistics. This expression closely resembles classical frequency-domain fil-
ters, such as the ramp filter in FBP but with an additional data-adaptive weighting
that depends on the signal and noise variances.

3.1.4. Reconstruction error. Given a solution B* to (2), and under the same as-
sumptions as in Section 3.1.3, we can decompose the resulting reconstruction error
as (see Appendix B)

E|ATB*y — x[3 <E[|A"B*n|3 (11)
+E|[(ATB* — AT Ax||?
+E|[(ATA - T)x|3.

In the upper bound, the first term is interpreted as the variance (the influence of
noise on the reconstruction) while the second term is interpreted as the bias (the
influence of regularization on the learned inverse operator). The last term indicates
a null-space error that we cannot get rid of, as the learned inverse operator is
restricted to act within the column space of A. In the following, we investigate the
first two error terms in the spectral domain.

We begin from the first term of the upper bound in (11). Using decompositions
introduced for A and B in Section 3.1.3, we can write AT B as,

3
ATB=VISHU' = Vdiag (——— | UT 12
e (o) U 12
where, we define the spectral variance factor as,
3
(o
Gi= 7555 (13)

(07 +0%)o7 + X
then, it can be written as,

E|ATBn|3 =0} ¢} (14)

M
i=1
Above derivation shows that the variance has a direct relation with the noise vari-
ance. Moreover, it goes to zero as the regularization parameter A becomes very
large.

The bias term of the upper bound in (11) can be investigated in the spectral
domain as well. To do so, we start with:

(ATB - ADA = (V::HUT Y ETUT)UEVT

4

o
=V di (—l—l)VT. 15
18 (0?2 +02)02 + A (15)
Then, we define the spectral bias factor as
4
Bi=1- %

(07 +02)a7 + A
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oo+ A (16)
ol 4 o020l + A
To further analyze the bias term in the spectral domain, we continue under the
additional simplifying assumption that 3., = I (for example, when x ~ N(0,1)).
Then:

M
E[(ATB - AhAx|[, =Y 52 (17)
=1

It indicates that the bias term vanishes for very large singular values. Furthermore,
for very small o;’s, it goes to 1 and introduces bias error.

Finally, we have an error-component that we cannot get rid of as the learned
inverse operator is fundamentally restricted to producing solutions in the range of
AT and thus cannot fill in components in the null-space.

3.2. Parameterizing the filter for tomographic reconstruction. For compu-
tational efficiency we want to learn B as a composition of filtering and weighting
steps, parametrized by a set of parameters p. The form of B(p) can be informed
by the acquisition geometry, as we will see below. The choice for p will be discussed
in more detail as well.

The well-posedness results in the previous section are proved for the uncon-
strained problem over the full matrix space, i.e., B € RM*M with A > 0. When
introducing a parametrization B = B(p), we restrict the admissible operators to

S={B(p):peP},
and consequently solve a constrained problem over S rather than over all of RM*M

Exzxistence. Existence of a minimizer typically carries over under mild assumptions,
e.g., if p — B(p) is continuous and P is compact (or the objective is coercive in p),
then the continuous objective function attains its minimum on a compact set [28].

Uniqueness and stability. Uniqueness and stability do not automatically carry over
in parameter space. Even if the minimizer is unique in operator space (i.e., the best
B within S is unique), the corresponding parameter p may be non-unique unless
the parametrization is identifiable [27]. Moreover, if B(p) depends nonlinearly on p
(e.g., through bilinear compositions such as weights x filtering), then the objective
is generally nonconvex in p, so global uniqueness is typically lost and only local
guarantees can be expected.

Independently of well-posedness, restricting to S introduces an approximation as-
pect: the parametrized solution is the best admissible operator in S, which coincides
with the unconstrained optimizer B* only if B* € S (or can be well-approximated
by elements of S).

In summary, the well-posedness results of Section 3.1.2 remain a useful reference
at the operator level B. In the parametrized setting, existence is typically preserved
under mild conditions, whereas uniqueness and stability in the parameters depend
on structural properties of the map p — B(p), for instance whether it preserves
convexity (e.g., affine dependence on p) and whether it is identifiable.

Below, we specify geometry-informed parameterizations of B(p) for the acquisi-
tion settings considered in this work.
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3.2.1. 2D parallel beam. For the parallel-beam geometry with m angles and a de-
tector with d pixels (so M = m-d), B is expressed as the 1D convolution along the
detector-pixel dimension with a specified filter. Specifically, we can present it as

B(p) =1, ® (F, ' diag(p)Fa), (18)

where 1,, represents the m X m identity matrix, F; the d—dimensional DFT and
p € R? represent the filter coefficients. As analytically derived in the literature [10],
in the ideal continuous and noise-free scenario, p corresponds to a high-pass ramp
filter.

3.2.2. 2D circular fan-beam. In a circular fan-beam geometry with m angles and
a detector with d pixels (so M = m - d), an additional weighting factor is needed
to compensate for the non-uniform ray coverage [14]. We associate the learnable
parameter p with a filter pgier € R? and weight Pweight € R?¢. We then have

B(p) =1, ® (Fgl diag(pﬁlter)Fd diag(pweight)) (19)

3.2.3. 2D elliptical fan-beam. This acquisition scheme, where the source and de-
tector rotate around the object along an elliptical trajectory, is commonly used to
accommodate objects with large aspect ratios. As the geometry changes per pro-
jection angle, the kernel B requires a parametrization for the filter and weighting
vector that is slightly different from the circular fan beam case. Namely, we consider
angle-dependent filters and weights and represent B as below,

B(p) = (I, ® F,; ') diag(pitter) (Inn ® Fa) diag(Pweight ), (20)

where pgiger € RM, Pweight € RM represent an angle-dependent filter and weight.

3.2.4. 38D circular laminographic trajectory. Laminography is an imaging technique
tailored for flat, layered objects. Several acquisition trajectories are used in practice
depending on sample size and hardware constraints [21]. Here we focus on the
circular laminography trajectory, which is well suited for large, flat samples: a
point source and a flat detector rotate on opposite sides of the sample with a
fixed laminography tilt angle ¢ (the central ray is tilted by ¢ with respect to the
sample plane); see Fig. 1. Throughout the rotation, the central ray is aligned to
pass through a fixed point in the sample (typically the center of the middle layer),
ensuring a consistent geometry.

In this setup, the detector data per projection angle are two-dimensional, hence
we parametrize the kernel B using angle-dependent 2D filters and 2D weights. Let
F4, and Fg4, denote the 1D Fourier transforms acting along the two detector di-
mensions. Exploiting the separability of the 2D Fourier transform,

Fdl'd2 = Fdl & Fd27

the 2D Fourier transform acting independently on each view can be written as a
Kronecker product of 1D Fourier operators.
Therefore, we parametrize B as

B(p) = (Im ® Fgll oY F(;l) diag(pﬁlter) (Im ® Fd1 0 Fdz) diag(pweight)7 (21)

where paiter € RM and Pweight € RM are vectors of concatenated 2D filter and 2D
weight coefficients, with M = m - d; - ds.
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FIGURE 1. Sketch of acquisition geometry in a circular laminogra-
phy setup.

3.3. Implementation. For given training set {(x;,y:)}X; we now need to solve

K
min K037 [ATB(p)y: — xill3 + Ao(p) (22)
i=1
where p = (Pfiter, Pweight) contains the parameters for the filter and weight. In
contrast to (2), the parametrized formulation is, in general, no longer strictly convex.
While the objective is strictly convex in the operator B, substituting B = B(p)
changes the geometry of the problem: if B(p) depends non-affinely on p, i.e., B
is formed by composition or products of parameters, then the resulting objective
becomes nonconvex in p. Consequently, global uniqueness in parameter space is
not guaranteed and optimization typically converges to a first-order critical point
of the objective. The resulting learned operator therefore corresponds to a (possibly
local) solution within the admissible family S = {B(p)}.

3.3.1. Regularization. We generally want to enforce smoothness on both the filter
and spatial weights, which we achieve by setting

P(P) = HLfreqpﬁlter”% + ||Lspacepweight‘|§7

with Lreq; Lspace Tepresenting a finite-difference approximation of the derivative or
gradient along the frequency and spatial axes. In addition, we enforce symmetry of
the filter, which guarantees that its Fourier transform is real-valued.

3.3.2. Implementation details. The forward operator A is implemented using To-
mosipo [11], which provides a PyTorch-compatible interface to the ASTRA toolbox
[34]. During training, we use PyTorch’s automatic differentiation to backpropagate
through the operator B(p). The entire pipeline, from the frequency-domain param-
eters to the final reconstruction error, is differentiable and is optimized with Adam
to update the filter coefficients and spatial weights simultaneously [15].

4. Case studies. In this section, we investigate the data-driven filter design
method in several practical scenarios. We begin with noisy measurements in 2D
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parallel-beam and fan-beam geometries. We then learn filters and weights for a 2D
elliptical trajectory and for 3D circular laminography.

4.1. 2D parallel-beam geometry. We focus on learning a filter for noisy mea-
surements in parallel-beam geometry. Specifically, we investigate how the filter in
(18) can be adapted to noisy scenarios by making use of training data. To this
end, we generate synthetic 2D phantoms of size 400 x 400 consisting of circles with
random sizes and positions with binary values. The simulated acquisition consists
of 360 uniformly spaced projections with a resolution of 512 pixels. The pixel size
is set to 0.002 for both the phantom and the detector. To ensure stability during
training, we include a small smoothness regularization with the coefficient of 0.001
to suppress abrupt variations in the filter.

Figure 2 shows the filters learned from datasets corrupted with different levels of
additive Gaussian noise, along with the standard Ram-Lak filter, which is typically
used in FBP. While the Ram-Lak filter exhibits a linear increase in amplitude
with frequency, the learned filters follow a similar trend at low frequencies but
begin to deviate and attenuate at higher frequencies across all noise scenarios, with
the inflection point shifting toward lower frequencies for higher noise levels. This
behavior suggests that the learned filters adapt to the noise characteristics of the
training data, effectively acting as modified high-pass filters that suppress noise-
induced artifacts while the unmodified Ram-Lak filter might otherwise amplify.
Notably, the same behavior with respect to noise is commonly observed or enforced
in other adaptive and fixed filter types [26, 30].

We evaluate the performance of the learned filters on separate validation datasets
with the same noise levels. Table 1 presents the MSE and SSIM results across vari-
ous noise conditions. From these results, we observe that the standard FBP method
becomes less effective at higher noise levels, while at lower noise levels its perfor-
mance becomes comparable with the learned method. Moreover, the MSE results in
Table 1 are the best when the validation noise level matches the training noise level,
although this trend does not hold consistently for SSIM. In particular, SSIM may
favor reconstructions that are smoother and contain fewer high-frequency fluctua-
tions, whereas MSE penalizes bias and oversmoothing more directly. Consequently,
a model trained at a different noise level can achieve higher SSIM on a given test
set if it suppresses high-frequency artifacts even when its MSE is not optimal.

TABLE 1. Learned reconstruction performance for different train-
ing/validation SNR levels in parallel-beam geometry (T/V: train
SNR / validation SNR). Entries are reported as MSE (mean +
std) x107% and SSIM (mean =+ std).

T/V 20 25 30

20 53+0.6 /0.305+0.034 4.3+0.4 /0.499 +0.035 4.0+0.3 / 0.646 + 0.031
25 6.2+1.0/0.197+0.023 3.9+0.4 /0.369+0.037 3.2+0.3 / 0.564 £ 0.039
30 10.1+2.1 / 0.132 £0.0098 4.6 +0.7 / 0.247 £0.026 2.9+ 0.3 / 0.444 £ 0.043

FBP 39+9 /0.080 £ 0.001 124+ 2 / 0.120 £ 0.005 441 /0.220 £0.022
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FIGURE 2. Learned filters for different noisy datasets in a parallel
beam geometry versus Ram-Lak filter shown in the frequency do-
main.

4.2. 2D fan-beam geometry. This section extends the learning of parameters
(filter and weights) for the FBP approach to fan-beam geometry under noisy con-
ditions. To learn the required FBP parameters using clean training data, it is
sufficient to incorporate equation (19) into the optimization problem of (22). The
training and validation datasets consist of synthetic 2D phantoms of size 400 x 400
containing circles with random sizes and positions with pixel size of 0.005. The sim-
ulated acquisition includes 360 projections with a resolution of 1024 pixels and a
pixel size of 0.01, while the source-to-object distance (SOD) and source-to-detector
distance (SDD) are set to 2.5 and 5, respectively. To ensure stable training, a
small smoothness regularization term with a coefficient of 0.0001 is added to inde-
pendently suppress abrupt variations in both the filter and the weight vector.

Figure 3 illustrates the learned filter and fan-beam weighting for different noise
levels, together with the standard choices used in conventional FBP. As in the
parallel-beam case, the learned filters deviate from the Ram-Lak at higher fre-
quencies, with stronger attenuation at lower SNR, reflecting noise-adaptive spec-
tral shaping. Moreover, the learned weights mimic the standard weighting method
with noise-dependent deviations that are largest at low SNR. Since the fan-beam
parametrization is factored into a filter and weights, the representation is subject to
a global scale ambiguity (a rescaling of the filter can be compensated by an inverse
rescaling of the weights). Following common practice in bilinear/factored models,
we fix this gauge by normalizing the learned weights to the standard weighting
profile and rescaling the learned filter accordingly [13].

Quantitative results for the fan-beam case, presented in Table 2, further confirm
the advantage of the learned filters over FBP method. While FBP performs poorly
across all noise levels, the learned models consistently achieve lower MSE and higher
SSIM values. As in the parallel-beam experiments, the best MSE results occur when
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FIGURE 3. Learned fan-beam (A) filter and (B) weights for dif-
ferent noise levels (SNR 20/25/30 dB), compared to the Ram-Lak
filter and the standard fan-beam weighting used in conventional
FBP. The weights are normalized to the standard profile to remove
the filter—weight scaling ambiguity; the filter is rescaled accord-

ingly.

the training and validation noise levels are matched. However, this pattern is not
always reflected in SSIM, similarly to the parallel beam case.

TABLE 2. Learned reconstruction performance for different train-
ing/validation SNR levels in fan-beam geometry (T/V: train SNR
/ validation SNR). Entries are reported as MSE (mean =+ std)
%1072 and SSIM (mean =+ std).

T/V 20 25 30

20 50£0.5/0.319+0.028 4.1+£0.4 /0.504+0.041 3.8+0.3 /0.629 £+ 0.027
25 6.1+0.8/0.217+£0.019 4.0+0.5/0.381+£0.040 3.4+0.3 /0.525+0.030
30 9.9+1.7/0.147+0.009 4.94+0.8/0.262+0.031 3.4+0.4 /0.401 +0.031

FBP 385477 /0.090+0.001 13.84+3.2/0.133+0.008 6.3+1.1/0.205+0.016

4.3. 2D elliptical trajectory with fan beam. In this case, we learn filter and
weights for FBP in a 2D elliptical trajectory. It requires incorporating (20) into (22)
and minimizing over the filter and weights. The training dataset includes synthetic
2D phantoms of size 400 x 400 with random circles in terms of size and position. The
measurements are acquired from 360 projections over a full rotation, each consisting
of 512 pixels with a pixel size of 0.015. The source and detector rotate around the
object along an elliptical trajectory, where the source-to-object distance (SOD) and
source-to-detector distance (SDD) are 4.5 and 9, respectively, along the semi-minor
axis, and 12 and 24 along the semi-major axis.

Table 3 compares the performance of the learned reconstruction method with
the FBP algorithm, which is not inherently designed for elliptical trajectories. The
quantitative metrics show that the learned reconstruction method significantly out-
performs FBP in both MSE and SSIM, as the standard algorithm struggles to
handle the non-static acquisition geometry. The qualitative results in figure 4 fur-
ther highlight this improvement: while the standard FBP reconstruction (middle)
exhibits significant artifacts, the learned approach (right) effectively compensates
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TABLE 3. Reconstruction quality of the learned method against
standard FBP for elliptical trajectory on the test set (mean + std).

Method MSE SSIM
Learned reconstruction 0.0032 £ 0.0002 0.404 4+ 0.0127
FBP 0.0535 & 0.0073 0.122 £ 0.0098

for the trajectory’s geometry to produce a result nearly identical to the ground
truth (left).

Ground Truth Conventional FBP Learned Method

FIGURE 4. Qualitative comparison showing reconstructions of a
2D phantom for the ground truth, FBP, and the learned method,
respectively.

4.4. 3D circular laminography: synthetic data. In the following, we optimize
the filter and weights for FBP in a 3D circular laminography setup, illustrated in fig-
ure 1. This is achieved using the parameterization introduced in (21), incorporated
into the optimization problem defined in (22). The training data consist of synthetic
3D flat phantoms of size 40 x 400 x 400 with three distinct layers. Each layer con-
tains circles with randomly sampled positions and sizes. The acquisition comprises
100 projections over a full 360° rotation, each with a resolution of 512 x 512 pixels
and the pixel size is set to 0.02. The laminography angle is ¢ = 45°, with a SOD
of 5 and a SDD of 20.

Table 4 evaluates the reconstruction performance of the learned method com-
pared to the conventional FDK algorithm quantitatively. It shows that the learned
approach consistently outperforms FDK across the validation dataset, achieving
significantly better MSE and SSIM distributions. These results are confirmed by
the visual comparisons of a test phantom in figure 5. While the conventional FDK
reconstructions (middle column) exhibit severe artifacts in both lateral and coronal
views, the learned reconstructions (right column) demonstrate substantial improve-
ments in structural clarity, closely matching the ground truth (left column).

Figure 6 evaluates the generalizability and robustness of the learned reconstruc-
tion parameters, which were trained at a 45° laminography angle (¢) and subse-
quently applied to measurements from different angles. The quantitative plots (top
row) show that while the SSIM slightly declines as the acquisition angle deviates
from the training setup, the MSE improves (decreases) at higher angles due to the
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TABLE 4. Evaluation of the learned method for cone-beam circular
laminography against FDK results. It shows mean £ standard

deviation.
Method/Metric | MSE | SSIM
Learned reconstruction | 0.094 + 0.002 | 0.246 4 0.004
FDK 0.160 4= 0.004 | 0.059 4 0.003

enhanced depth information. The qualitative results (middle and bottom rows)
visualize these effects through central slices in the lateral and coronal planes for
40°,45°, and 50°, demonstrating stable performance across the tested range.

FIVAL S Ty =N

Ground truth Conventional FDK Learned Method

FIGURE 5. Qualitative comparison of lateral and coronal slices in
learned reconstruction (right column), respectively, against Ground
Truth (left column) and conventional FDK (middle column).

4.5. 3D circular laminography: real data. To further validate the proposed
method, we test it on an experimental cone-beam laminographic scan of a LEGO
brick acquired by Waygate Technologies. The detector has a pixel size of 100um
and a native resolution of 3000 x 3000 pixels, downscaled by a factor of three to
reduce computational cost. The acquisition comprises 72 projections with imaging
geometry defined by SOD = 360, SDD = 1300, and ¢ = 17.1°.

The model was first trained on the previously described synthetic dataset con-
taining circle phantoms of size 125 x 1000 x 1000 voxels while using experimental
geometry. Then, learned filters and weights were applied to the LEGO brick dataset
to evaluate generalization. For qualitative comparison, we present representative
slices of the reconstructed volume alongside results obtained with conventional FDK
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FIGURE 6. Generalizability of the learned parameters across vary-
ing laminography angles. Top row: Quantitative assessment via
MSE and SSIM boxplots for variations up to £5°. Middle and
bottom rows: Qualitative lateral and coronal cross-sections, re-
spectively, showing reconstructions at 40°,45°, and 50°.

and Nesterov-accelerated gradient descent (NAG), which is an iterative reconstruc-
tion method [19].

Figure 7 shows axial views of the top layer reconstructed with the three methods.
Treating the NAG results as a reference, it can be observed that conventional FDK
fails to recover several structures, whereas the learned reconstruction preserves those
features, closely matching the NAG solution. A similar observation is made for the
bottom layer, shown in figure 8. Coronal views of the central slice are presented
in figure 9, where FDK performs poorly compared to both the learned and itera-
tive reconstructions. Finally, the sagittal view in figure 10 indicates that although
FDK appears more comparable in this orientation, the learned reconstruction still
demonstrates clear suppression of streak artifacts and achieves image quality on par
with NAG.

Importantly, this result is obtained without iterative refinement at the recon-
struction step, resulting in a comparable computational cost to the conventional
FDK. The learned reconstruction not only outperforms analytical FDK on simu-
lated phantoms but also generalizes effectively to experimental data, producing re-
constructions comparable to iterative algorithms while retaining the computational
efficiency of a direct method.



16

HAMID FATHI, ALEXANDER SKORIKOV AND TRISTAN VAN LEEUWEN

T—).’If

Learned Iterative

OO0 m[/

GOQOOOO

—~
—
—~
N
7~
e
7~
7/
7~
\—
7\
2
7\
=/

FiGURE 7. Comparison of the top axial slice through the recon-
structions of experimental LEGO brick dataset. The coordinate
system (top) applies to all images, with x (red), y (green), and z
(blue) axes. Each method shows the same ROI zoomed above the

image.

5. Conclusion. This paper introduces a data-driven framework to optimize filters
and weighting factors for the FBP method, specifically targeting the limitations
of traditional analytical techniques in challenging imaging conditions, such as with
non-conventional geometries, significant noise and undersampling. By formulating a
regularized optimization problem, the approach learns noise and geometry-adapted
parameters directly from training data to address the ill-posedness of the recon-
struction. Unlike the fixed filters used in conventional FBP and FDK, the learned
filters act as spectral gains that adaptively attenuate high frequencies to suppress
noise-induced artifacts while preserving structural details. The proposed method
demonstrates significant performance gains in both 2D and 3D scenarios, including
parallel-beam, fan-beam, and complex non-circular trajectories like elliptical paths
and circular laminography. Quantitative results show that these learned angle-
dependent filters and weights consistently lead to lower reconstruction errors and
higher structural similarity compared to classical FBP and FDK methods. The
framework enables the effective handling of incomplete sampling and acquisition
geometries that deviate from standard CT configurations, which typically lead to
strong artifacts in analytical reconstructions. Furthermore, the approach proves its
practical utility by successfully generalizing from synthetic training data to real-
world experimental measurements, such as the LEGO brick dataset. Ultimately,
this framework offers a flexible and robust alternative that retains the real-time
efficiency of direct back-projection while achieving the superior image quality asso-

ciated with advanced iterative methods.
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FicUure 8. Comparison of the bottom axial slice through the re-
constructions of experimental LEGO brick dataset. Each method
(FDK, learned, iterative) shows the same ROI zoomed above the

image.

FDK Learned Iterative

FiGUrRE 9. Comparison of the central coronal slice through the
reconstructions of experimental LEGO brick dataset. Each method
(FDK, learned, iterative) shows the same ROI zoomed above the

image.
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Appendix A. Stability.

Proof. Let m and #’ be two joint distributions of (x,y) satisfying Assumptions
(A1)—(A3), and set

2yy(ﬂ-) =E; [ny]v Exy(w) =E, [XYT]7
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L,
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FicUre 10. Comparison of the central sagittal slice through the
reconstructions of experimental LEGO brick dataset. Each method
(FDK, learned, iterative) shows the same ROI zoomed above the
image.

with analogous definitions for 7’. Denote the objective in (2) by F(B). Its gradient
reads

VE,(B)=2AATBX, (1) - 2A X, (7) + A\Vp(B). (23)
Let B and B%, be minimizers of F; and Fy/, hence VF,(B%) = VF.(B%,) = 0.
Step 1 (strong convexity). Under (A1)-(A2) the data term is strongly convex in
B, and since p is p-strongly convex, Fy is (7 4+ Au)-strongly convex for some vy > 0
[19]. Therefore, for any B, B’,

(y+Au) |B —B'|% < (VF(B) — VF:(B'), B—B').

With B = Bf and B’ = B, and using VF,(B%) = 0, we obtain

(v+ ) By = B[l < —(VFx(B}), By - BL). (24)
Step 2 (difference of gradients). Using (23) and VF/(BX,) = 0 gives
VE(BL) = 2AATB;'(2yy(7") — By (7)) = 2A(Zxy () — By (7)) -
Hence,

IVE-(B2)llr < 2| AAT (|7 Byl F [ Zyy (1) = Byy ()| 7
+ 20 Al 7 By (7) = By (7)) - (25)

Step 3 (moment bounds via W;). Using the coupling characterization of Wy
[35] together with the uniform moment bounds in (A1), there exists L > 0 such
that

[Byy (7) = Byy (7')llr < LWa(m,7"), || By () = Ty (7) | < LWa(m, 7).

Moreover, by strong convexity and the uniform moment bounds, |B% ||z is uni-
formly bounded by some Cjy > 0. Substituting these bounds into (25) yields

IVEL (B2 lr < 2L(IAAT 5 Co + | Allr) Walr, =) = C1 Wa(r, o).
Step 4 (conclusion). From (24) and Cauchy—Schwarz,
(v+Au) By = BL % < [VF(BL)|F 1BS - B lr,

and therefore

IVF(B;)lr G

B —Bl|r <
||7r 7r||F_ 'Y"’)\,Uf _7_}_)\“

Wo(m,').
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Since v > 0 is fixed (for given A and the moment bounds), we may absorb it into
the constant and write
C
IBr =B lr < e Wa(m, '),
for some C > 0 independent of . O

Appendix B. Reconstruction error bound.

Proof. Let y = Ax + n, where the noise satisfies E[n | x] = 0. Assume that A has
full row rank (A2), so that the Moore-Penrose pseudoinverse AT = AT(AAT)™!
is well defined and that ATA is the orthogonal projector onto the range of AT.
The reconstruction error reads
A'By —x=(A"BA -I)x+ A'Bn.
Adding and subtracting ATAx yields
A'By —x=A"Bn+(A'B-ANHAx+ (ATA —TI)x.

Since both ATBn and (ATB— Af)Ax belong to the range of AT, while (ATA —
I)x = —(I — ATA)x belongs to the null-space of A, the third term is orthogonal to
the sum of first two and the Pythagorean theorem gives

|ATBy — x| = |[A"Bn + (A'B - AN Ax|3 + [(ATA - I)x|3.
Expanding the first term and taking expectation,
E|ABy - x||3 = E|A"Bn|3 + E||(A"B — AT)Ax]|3
+2E[(A"Bn,(ATB — A")Ax)] + E[(ATA — I)x|[3.
Using conditional expectation and E[n | x] = 0, the cross term vanishes:
E[(A"Bn,(ATB — A")Ax)] = Ex[(A"BE[n | x],(A'B — AT)Ax)| = 0.
Consequently, under these assumptions one obtains the identity
E|ATBy —x|3 =E|ATB(y — Ax)|; +E|[(ATB - AT Ax|[; + E[(ATA - I)x|}3.
If the noise is not assumed to be centered or independent of x, the mixed term
above cannot be guaranteed to vanish; in that case the same derivation yields the
inequality
£(B) < E|ATB(y — Ax)|3 +E[(ATB — AN Ax| +E||(ATA —)x|]3,
which is the stated bound. 0
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