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Abstract

In 2020, a landmark result by Ji, Natarajan, Vidick, Wright, and Yuen showed thatMIP∗, the class
of languages that can be decided by a classical verifier interacting with multiple computation-
ally unbounded provers sharing entanglement in the tensor product model, is equal to RE. We
show that the class MIPco, a complexity class defined similarly to MIP∗, except that the provers
share entanglement in the commuting operator model, is equal to the class coRE.1 This shows
that giving the provers two different models of entanglement leads to two completely different
computational powers for interactive proof systems. Our main result, in addition to provid-
ing another disproof of the Connes embedding problem, Kirchberg’s problem, and Tsirelson’s
problem, also yields several corollaries in continuous model theory and the theory of noncom-
mutative polynomials that do not follow immediately from the MIP∗ =RE theorem. Along the
way, we introduce several innovations to compatibility theory and the commuting operator
model of entanglement which we list below:

We introduce a new equivalence condition for RE/coRE-complete problems, which we call
the weakly compressible condition. In addition to non-local games, this new condition could
also potentially be applicable to other classes of promise problems.

Additionally, we prove that any two-party correlation in the commuting operator model can
be approximated using a tracially embeddable strategy, a class of strategies defined on a finite
tracial von Neumann algebra, which we define in this thesis. Using this characterization, we
show that many known theorems in the tensor product model, such as the so-called “rounding"
theorem by Vidick [JMP 2022], as well as the quantum soundness of the quantum tensor code
test from Ji et al. [FOCS 2022] extend naturally to the commuting operator model.

We also give the first information-theoretic parallel repetition proof for non-local games
in the commuting operator model of entanglement. This is done by combining the anchored
parallel repetition proof by Bavarian et al. [SIAM J. Comput. 2022] along with the relative en-
tropy framework given by Araki [PRIMS 1977]. We also define several analogues of information-
theoretic tools for the tracial von Neumann algebra setting, such as mutual information and
relative entropy, which may be of independent interest.

By using these innovations, we prove MIP∗ = RE and MIPco = coRE simultaneously by
showing that the compression theorem from the original MIP∗ = RE proof satisfies the same
completeness and soundness guarantees in the commuting operator model. This shows that
both MIP∗ and MIPco satisfy this condition through the compression theorem, and thereby
establish that the uncomputability of MIP∗ and MIPco can be proved under a unified frame-
work (despite these two complexity classes being different). Notably, this approach also gives
an alternative proof of the MIP∗ =RE theorem, which does not rely on the preservation of the
entanglement bound. By using this compression theorem, we show that deciding whether a
game has its tensor product value equal to its commuting operator value is equivalent to the
halting problem. This shows that there are infinitely many examples of “Bell test" which dis-
tinguish between the tensor product model and the commuting operator model (although this
also means that one cannot use a computer to perform a brute-force search for such a Bell
test.). We also give a more streamlined proof of the compression theorem for non-local games
by incorporating the synchronous framework used by Mousavi et al. [STOC 2022], as well as
the improved Pauli basis test introduced by de la Salle [ArXiv:2204.07084].

1We remark that the co modifiers on both sides of MIPco = coRE refer to different things!





Samenvatting

In 2020 toonden Ji, Natarajan, Vidick, Wright en Yuen in een baanbrekend resultaat aan dat
MIP∗, de klasse van talen die kan worden beslist door een klassieke verifier die communiceert
met meerdere computationeel onbegrensde provers die entanglement delen in het tensorpro-
ductmodel, gelijk is aan RE. Wij tonen aan dat de klasse MIPco, een complexiteitsklasse die op
vergelijkbare wijze is gedefinieerd als MIP∗, met als enige verschil dat de provers entanglement
delen in het model van commuterende operatoren, gelijk is aan de klasse coRE.2 Dit laat zien
dat het toestaan van twee verschillende modellen van entanglement voor de provers leidt tot
twee volledig verschillende computationele vermogens voor interactieve bewijssystemen. Ons
hoofdresultaat heeft, naast een nieuw tegenbewijs voor het Connes-inbeddingsprobleem, het
probleem van Kirchberg en het probleem van Tsirelson, ook verschillende gevolgen voor de
continue modeltheorie en de theorie van niet-commutatieve polynomen die niet onmiddellijk
volgen uit de stelling MIP∗ =RE. In dit proefschrift introduceren we verschillende vernieuwin-
gen in de compatibiliteitstheorie en in het model van entanglement met commuterende oper-
atoren, die we hieronder opsommen.

We introduceren een nieuwe equivalentievoorwaarde voorRE-/coRE-volledige problemen,
die we de zwak comprimeerbare voorwaarde noemen. Naast niet-lokale spellen zou deze nieuwe
voorwaarde mogelijk ook kunnen worden toegepast op andere klassen van belofteproblemen.

Daarnaast bewijzen we dat elke tweepartijencorrelatie in het model van commuterende
operatoren kan worden benaderd met behulp van een traciëel inbedbare strategie, een klasse
van strategieën die we in dit proefschrift definiëren op eindige traciële von Neumann-algebra’s.
Met behulp van deze karakterisering tonen we aan dat veel bekende stellingen uit het tensor-
productmodel, zoals de zogenoemde “afrondingsstelling” van Vidick [JMP 2022] en de quan-
tumcorrectheid van de quantumtensorcodetest van Ji et al. [FOCS 2022], op natuurlijke wijze
kunnen worden uitgebreid naar het model van commuterende operatoren.

We geven tevens het eerste informatietheoretische bewijs van parallelle herhaling voor niet-
lokale spellen in het model van entanglement met commuterende operatoren. Dit doen we
door het bewijs van verankerde parallelle herhaling van Bavarian et al. [SIAM J. Comput. 2022]
te combineren met het door Araki [PRIMS 1977] ontwikkelde raamwerk voor relatieve entropie.
Daarnaast definiëren we verschillende informatietheoretische begrippen voor de setting van
traciële von Neumann-algebra’s, waaronder wederzijdse informatie en relatieve entropie. Deze
definities kunnen ook op zichzelf van belang zijn.

Met behulp van deze vernieuwingen bewijzen we MIP∗ = RE en MIPco = coRE gelijktijdig
door aan te tonen dat de compressiestelling uit het oorspronkelijke bewijs vanMIP∗ =RE in het
model van commuterende operatoren dezelfde volledigheids- en correctheidsgaranties biedt.
Dit laat zien dat zowel MIP∗ als MIPco via de compressiestelling aan deze voorwaarde voldoen,
waardoor we de onberekenbaarheid van MIP∗ en MIPco binnen één uniform raamwerk kun-
nen bewijzen, ondanks het feit dat deze twee complexiteitsklassen verschillend zijn. Deze be-
nadering levert bovendien een alternatief bewijs van de stellingMIP∗ =RE op dat niet afhanke-
lijk is van het behoud van een bovengrens op de hoeveelheid entanglement. Met behulp van
deze compressiestelling bewijzen we bovendien dat het beslissen of de waarde van een spel in
het tensorproductmodel gelijk is aan zijn waarde in het model van commuterende operatoren,
equivalent is aan het stopprobleem. Hieruit volgt dat er oneindig veel voorbeelden van “Bell-
tests” bestaan die onderscheid maken tussen het tensorproductmodel en het model van com-
muterende operatoren. Dit betekent echter ook dat men niet met behulp van een computer via
brute force naar een dergelijke Bell-test kan zoeken. Ten slotte geven we een gestroomlijnder
bewijs van de compressiestelling voor niet-lokale spellen door gebruik te maken van het syn-
chrone raamwerk van Mousavi et al. [STOC 2022] en van de verbeterde Pauli-basistest die werd
geïntroduceerd door de la Salle [ArXiv:2204.07084].

2We merken op dat de aanduidingen co aan beide zijden van MIPco = coRE naar verschillende zaken verwijzen!
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CHAPTER 1

Introduction

This thesis proves a simply stated theorem, MIPco = coRE. Using slightly more techni-
cal jargon, this thesis shows that the complexity class defined by an interactive proof system
with the commuting operator model of entanglement is equivalent to the non-halting problem.
However, this weird title1 or the long, cryptic statement doesn’t give proper credit to the main
result of this thesis and the story behind it. This theorem makes an interesting connection be-
tween computational complexity theory and operator algebra through quantum information,
and also has various interesting implications for these communities. Before diving into this
theorem and the rigorous mathematics that proves this statement, it would be interesting to
first go into the history behind these connections.

1.1 Background information

The history behind the complexity classMIPco is also an interesting story in itself, as it has been
considered by three different research communities independently, with very different goals in
mind! Much like the proverb of “the blind men touching an elephant", different viewpoints
reveal different facets about the same problem, yet none alone captures the full story. One
might tell a similar story about a dragon: in Chinese culture, the dragon is not a single creature
but a composite being, assembled from the features of many animals. Seen from one angle, one
notices the horns; from another, the scales; from yet another, the claws. Only by bringing these
perspectives together does one see the complete dragon emerge from the sky. I want to start
this thesis by giving a (relatively) basic, intuitive summary of all three research communities
in this section, and hopefully give you all the different perspectives required to see the dragon
emerging from the night sky.

1.1.1 Modelling entanglement: the physics perspective

Our story begins with the study of quantum mechanics back in the 1920s, when the notion
of entanglement, where subatomic particles can be correlated over a long distances, was first
proposed. Of course, there was a lot of skepticism back then because of how counter-intuitive
this sounded in comparison to classical mechanics. The debate between Bohr and Einstein
on this topic marks an important page in the development of modern physics and quantum
mechanics. However, these debates naturally stayed in the theoretical landscape, and a very
natural question back then was whether one could come up with an experimental setup which
would give us concrete evidence for particles being correlated over distances in the real world.

This question was answered by John Bell in the 1960s with the introduction of the Bell
test [Bel64]. There are many formulations of the Bell test, but the most famous one given is

1which my office mate jokes that it sounds like a complexity theory paper title generated by ChatGPT



x y x ∧ y
0 0 0
1 0 0
0 1 0
1 1 1

a b a ⊕b
0 0 0
1 0 1
0 1 1
1 1 0

Figure 1.1: The logic table for x ∧ y and a ⊕b.

the formulation due to Clauser, Horne, Shimony and Holt back in the 1960s [CHS+69]. In this
formulation, the experiment can be described using two cooperating players, Alice and Bob,
and a referee whom I named Richard2. In this setting, Alice and Bob are trying to win against
Richard, and the experiment goes as follows: Richard will first pick two uniformly random bits
x, y ∈ {0,1}, and send x to Alice and y to Bob. Then Alice (resp. Bob), depending on x (resp. y),
will send a bit a ∈ {0,1} (resp. b ∈ {0,1}) back to Richard. Alice and Bob win this theoretical game
if

x ∧ y = a ⊕b,

where ∧ and ⊕ are described in Figure 1.1.
In this experiment, Alice and Bob can strategize before the game begins, but cannot com-

municate with each other once they have received their bit from Richard. Since Alice’s answer a
can only depend on x and Bob’s answer b can only depend on y , by looking at Figure 1.1 care-
fully, one can deduce that Alice and Bob can win this scenario with probability at most 0.75.
However, by the laws of quantum mechanics, if Alice and Bob prepare an entangled pair be-
tween them, then they could potentially sample from a richer set of probability distributions,
or “correlations", between them. Given this larger correlation set, it can be shown that Alice
and Bob can win with probability cos2(π8 ), which is around 0.85 (and in fact, under the mod-
els of quantum mechanics, they cannot perform better than cos2(π8 )). Hence, the experiment
goes as follows: The referee first asks Alice and Bob to prepare many different entangled pairs
ahead of time, then asks Alice and Bob (in this case, it could be two different experimental labs
thousands of kilometres apart) to repeatedly play the game. If their win rate on average hovers
around 0.75, then this is evidence against quantum entanglement, and consequently, if their
win rate hovers around 0.85, then this is evidence that particles indeed can be “correlated" over
long distances.

The scenario described above is known as the CHSH game in the literature, and this ex-
periment, along with subsequent work by Alain Aspect and Anton Zeilinger, forms the basis
of the Nobel Prize in Physics for 2022 [Nob22]. This experiment has been implemented many
times after its discovery (see, for example [AGR82]), and the fact that this thesis is funded and
published provides evidence that particles can be correlated over long distances.

Given the CHSH game, a natural follow-up question is whether there are more scenarios
which can distinguish between the “classical" model (or models where entanglement does
not exist) and the “quantum" models of entanglement. This is where the notion of non-local
games arises in the literature, where intuitively, a non-local game is a generalization of the
CHSH game. To be more precise, a non-local game G is specified by two finite sets, a ques-
tion set X , and an answer set A , a question distribution µ ∼ X 2 and a verification function
V : X 2 ×A 2 → {win, lose}. The game plays out similarly to the CHSH game, except Richard
samples the question distribution (x, y) ∼ µ (instead of (x, y) ∼ {0,1}2 in the CHSH game). Af-
ter receiving the answer pair (a,b) ∈ A 2 (instead of the answer pair (a,b) ∈ {0,1}2), the referee
decides whether Alice and Bob win the given game based on the outcome of V (x, y, a,b).

It turns out that there are many known examples of non-local games in which the players
can achieve a strictly higher success rate when given entanglement in comparison to players

2In honour of my master’s supervisor, Richard Cleve.



without entanglement, and one such example is the Mermin-Peres magic square game [Mer90;
Per90]. Non-local games will be one of the key objects studied in this thesis.

Tsirelson’s problem

In addition to finding a concrete experimental setup to verify quantum entanglement, an-
other natural question about entanglement was considered by the physics community: What is
the best mathematical framework for describing quantum entanglement? The “conventional"
physics axiom3 used to model entanglement is called the quantum tensor product model of
entanglement. In this model, a pair of entangled systems is described by a vector state |ψ〉 ∈
H A ⊗HB , where H A and HB are two (potentially infinite-dimensional) Hilbert spaces. Intu-
itively, H A and HB describe the space for each system, and any measurement operator made
on one system is defined locally in their respective Hilbert spaces (i.e. the measurement oper-
ator on system A is defined as Aa ⊗ IB ∈ B(H A)⊗ IB ). This model is commonly known as the
quantum tensor product model in the literature. For a non-local game G , the tensor product
value of the game is defined to be the optimal success rate for players sharing the tensor prod-
uct model of entanglement, and I use ω∗(G ) to denote this quantity in this thesis. As explained
in the next subsection, the tensor product is a more “analytic" way of defining entanglement.

The commuting operator model is another natural model used to model entanglement,
which is used in, e.g., the Haag-Kastler axioms of quantum mechanics [HK64]. In this model,
a pair of entangled systems is described by a vector state |ψ〉 ∈ H defined within a single
Hilbert space H , and the only restriction is that the measurement operators associated with
the two systems must pairwise commute. To be more precise, for any measurement operator
A ∈ B(H ) for the first system and B ∈ B(H ) for the second system, it must be the case that
[A,B ] = AB −B A = 0. Similarly, the commuting operator value of the game is defined to be the
optimal success rate for players sharing the commuting operator model of entanglement, and
I use ωco(G ) to denote this quantity in this thesis. In some sense, this is a more “algebraic" way
of defining entanglement.

If the measurement operator is defined in two separate tensor factors, then they automat-
ically commute (i.e. [A ⊗ IB , IA ⊗B ] = 0). This implies that the commuting operator model is a
more general notion of entanglement. In fact, these two models of entanglement are equivalent
to each other mathematically when the underlying Hilbert space is finite-dimensional. Boris
Tsirelson asked, in 1993, whether these two models of entanglement are equivalent [Tsi93]4.
This question was partially answered by William Slofstra in 2016, as he showed that the set of
probability distributions generated by the tensor product model, or the set of tensor product
correlations, is not closed [Slo19b], while the set of commuting operator correlations is closed.
However, a more interesting question is whether there exists a non-local game such that the
tensor product value of the game is strictly smaller than its commuting operator value. This is
one formulation of the famous Tsirelson’s problem in the literature, and a positive resolution of
this problem would imply that there are no non-local games which can be used to distinguish
these two models of entanglement (hence, roughly speaking, implying equivalence between
the two models).

1.1.2 Classifying von Neumann algebra: the operator algebra perspective

The story from the mathematics side comes from the classification of von Neumann algebra.
For readers without a background in von Neumann algebras, it is helpful to think of a von Neu-
mann algebra as a generalization of an algebra of infinite-dimensional matrices. This set of

3There are many debates about what is considered conventional, but we will not discuss this further in this thesis
since this is not the main focus.

4He technically did not ask this question, but rather assumed, without proof, that they are equivalent in this
work. This was later pointed out to be nontrivial.



algebras contains many nice theoretical properties which make them ideal for modelling quan-
tum mechanics, along with many other applications.

In 1976, Alain Connes showed that a von Neumann algebra can be classified by the different
type of traces that they admit. Roughly speaking, a trace function τ for a von Neumann algebra
is a linear functional which satisfies the cyclic property (i.e. τ(AB) = τ(B A) for all A and B in the
algebra). As the name suggests, a trace function is designed to mimic the structure of a trace
for finite dimensional matrix algebras. In the seminal work by Connes [Con76], he showed that
any von Neumann algebra can be decomposed as the direct product of the following 5 types of
von Neumann algebras, where a von Neumann algebra is ...

1. ... In if it admits a trace which maps projectors to {0, · · · ,n} for some integer n. This
intuitively corresponds to a matrix algebra Mn(C) in the finite dimension setting.

2. ... I∞ if it admits a trace which maps projectors to {0, · · · ,∞}. This intuitively corresponds
to a matrix algebra over an infinite-dimensional Hilbert space.

3. ... I I1 if it admits a trace which maps projectors to [0,1] (i.e. a continuous mass between
0 and 1).

4. ... I I∞ if it admits a trace which maps projectors to [0,∞].

5. ... I I I if it admits a trace which maps projectors to 0 or ∞.

In the same work, he proposed a question which relates type In von Neumann algebra with type
I I1 von Neumann algebras. To understand this question, we have to first define a hyperfinite I I1

factor. The definition of the hyperfinite I I1 factor starts with the matrix algebra R1 =M2(C), or
the algebra generated by the set of two by two matrices. R1 can be embedded into R2 =M22 (C)
by mapping

A → I2 ⊗ A =
[

A 0
0 A

]
,

and the (normalized) trace can be extended accordingly. One can further embed this into R3 =
M23 (C) using a similar embedding and define {Rn}n∈N accordingly. The hyperfinite I I1 factor
R is defined as the weak ∗-closure (a key topology used to define a von Neumann algebra) of
the infinite union of Rn . R naturally admits a trace τ, since by definition each Rn admits a
trace which extends to Rm for any n ≤ m. Since each projector P ∈ R originates from one of
the Rn (and hence τ(P ) = l

2n for some l between 0 and 2n − 1), this implies that τ maps any
projector to [0,1], thus showing that R is a type I I1 von Neumann algebra. In his seminal work,
Connes asked the following famous question:

Can every I I1 factor on a separable Hilbert space be embedded into the free ultrapower of R,
the hyperfinite I I1 factor?

This is known as the Connes embedding problem in the literature. In the statement above, a fac-
tor is any von Neumann algebra whose centre (i.e. the intersection between the von Neumann
algebra and its commutant) consists of scalar multiples of the identity5. A Hilbert space is sep-
arable if it contains a countable basis. For the sake of intuition, one should interpret a type
I I1 factor on a separable Hilbert space as a “natural" type I I1 von Neumann algebra. An ultra-
power, in essence, can be thought of as a generalization of a limit, and the free ultrapower of R
can be intuitively interpreted as “infinite copies" of R. Since by definition, the hyperfinite I I1

factor can be approximated by finite-dimensional matrices, or type In von Neumann algebras,
a less scary/hand-wavy way to think about the Connes embedding problem is the following:

5This class of von Neumann algebras is actually the class for which Connes proved the famous classification
theorem mentioned earlier in this subsection.



Can every type I I1 von Neumann algebra be embedded into another algebra defined by the
limits of finite-dimensional matrices?

This problem is a famous open problem in operator algebra, and it has also been shown to be
related to different problems in non-commutative probability and non-commutative real alge-
braic geometry. However, the most interesting connection6 is to the different tensor product
models of C∗-algebras, which I summarize below.

Roughly speaking, a C∗-algebra is an abstract algebra equipped with a norm ∥·∥ and an in-
volution operation ∗ that satisfies ∥a∗a∥ = ∥a∥2 for all a in the algebra (in this case, one should
intuitively think of the involution operation as an abstraction of the complex conjugation for
finite-dimensional matrices). A C∗-algebra is concrete if it is represented as a subalgebra of
some B(H ). The well-known GNS construction [Bla06, p. II.6.4] states that every C∗-algebra
can be represented on some B(H ).

Given two C∗-algebras A and B, one can define the tensor product between A and B in
one of two ways. The first way, known as the minimal tensor product in the literature (labelled
as ⊗min), is by first mapping A and B into the concrete representations which have underlying
Hilbert spaces B(H A) and B(HB ) respectively, using the GNS construction. Then one can
take advantage of the underlying concrete representation B(H A)⊗B(HB ) in order to define
A ⊗min B. This is the more analytic approach, and the resulting norm is the smallest possible
norm which can arise from any tensor product construction.

The second way, known as the maximal tensor product (labelled as ⊗max), instead considers
the algebra A ⊙B defined as follows: A ⊙B is defined in terms of linear combinations of
elements of the form a⊙b for a ∈A and b ∈B. Furthermore, the algebra satisfies the following
rules:

• (a1 ⊙b1) · (a2 ⊙b2) = (a1 ·a2)⊙ (b1 ·b2)

• (a ⊙b)∗ = (a∗⊙b∗)

Under these multiplication rules, A ⊙B forms an ∗-algebra, and in order to make it a C∗-
algebra, one takes the maximal norm ∥ ·∥max to be

∥(a ⊙b)∥max = sup
π

∥π ((a ⊙b))∥

where the supremum is taken over all concrete representations of A ⊙B. The resulting norm
constructed above is the largest possible norm arising from any tensor product construction.

An interesting question is: given a C∗-algebra A , in what scenario is the algebra A ⊗max A
equivalent to A ⊗minA . A C∗-algebra is called nuclear iff the norm defined by A ⊗maxA coin-
cides with A ⊗min A [Bla06, Definition II.9.4.1]. A is known to be nuclear if A is abelian (i.e.
the multiplicative structure is commutative) or represented within a finite-dimensional Hilbert
space. The interesting scenario is when A is taken to be C∗(F2) or the group C∗-algebra over
the free group over two generators. In this case, the free group F2 is generated by 2 genera-
tors and their inverses, or {s1, s−1

1 , s2, s−1
2 } where si s−1

i = I for all i ∈ {1,2} (with no commutation
relationships defined). One can transform F2 into a C∗-algebra by considering the unitary rep-
resentation over some B(H ). To this end, we have the following question:

Is the C∗-algebra C∗(F2) nuclear?

This is one of the formulations of the well-known Kirchberg’s problem in the literature [Kir93].
This problem is shown to be equivalent to the Connes embedding problem by Eberhard Kirch-
berg in the same paper. To be more precise, if C∗(F∞) is nuclear, then every I I1 factor on a
separable Hilbert space can be embedded into the free ultrapower of R.

6with some bias.



It turns out, Kirchberg’s problem is also quite relevant to quantum information. Let Fn
m

denote the free group with m generators and order n (i.e. sn
i = I for all i ∈ {1, . . . ,m}). Kirchberg’s

problem can be formulated as the following problem:

Is the C∗-algebra C∗(Fn
m) nuclear for all n,m ∈N?

To relate the problem back to quantum information, consider n sets of PVMs each with m
outcomes, i.e. {P x

a }a∈{1,...,n} for POVMs indexed by x ∈ {1, . . . ,m}. By considering the unitary
observable

U x =
n∑

k=1
e

2πi
n P x

k ,

for all x ∈ {1, · · · ,m}, U x is precisely a representation for C∗(Fn
m). In this case, the minimal ten-

sor product between two copies of C∗(Fn
m) corresponds precisely to the tensor product model

of entanglement between two quantum systems with n different measurements, each with m
measurement outcomes. Similarly, the maximal tensor product between two copies of C∗(Fn

m)
corresponds to the commuting operator model of entanglement. Hence, if Tsirelson’s problem,
introduced in the previous section, has a positive answer, this immediately implies that both
Kirchberg’s problem and Connes embedding problem are true!

Since the focus of this thesis is not on von Neumann algebra theory, I refer the reader to the
excellent survey paper by Isaac Goldbring [Gol21] and an excellent paper by Tobias Fritz [Fri12]
for more details on the implications of Connes embedding problem and how Tsirelson’s prob-
lem is related to it.

1.1.3 Interactive proof system: the computer science perspective

Finally, I will bring the story back to the theoretical computer science community, with one of
the (still open) Millennium Prize Problems, P vs NP. P and NP are perhaps the most famous
complexity classes in the literature, where P is the set of decision problems which are solvable
by a deterministic polynomial-time Turing machine, and NP is the set of decision problems
solvable by a nondeterministic polynomial-time Turing machine. There are many definitions
for these two complexity classes, but the definition that I use in this introduction will be in the
languages of proofs. There are many notions of proofs for mathematical statements7.

In complexity theory, a language L is a subset of {0,1}∗ and, from the proof perspective,
corresponds to the set of “correct" statements (or the binary encoding of correct statements).
From this point of view, a decision problem in complexity theory can be phrased as follows:
given a statement x ∈ {0,1}∗, decide whether x is “correct", i.e. whether x ∈ L or x ̸∈ L. In this
case, P corresponds to the set of languages in which one can deduce whether the statement
is correct given a polynomial-time algorithm, and NP corresponds to the set of languages for
which there exists a polynomial-time algorithm that can verify a statement when given a proof
string y . Clearly, if one can deduce the statement correctly, one can also verify (even without
using the proof) the statement correctly. So fundamentally, P vs NP is about whether all prob-
lems which can be verified efficiently can also be proven efficiently.

It turns out, proving whether P=NP is true is very hard. So people began to define a more
“relaxed" notion of NP in hopes of making progress on this problem. One such simplification
is the interactive proof system model, introduced by Shafi Goldwasser, Silvio Micali and Charles
Rackoff in 1985 [GMR85]. Roughly speaking, this model is defined in terms of two parties, a ver-
ifier known as Arthur and a prover known as Merlin. Given a language L⊆ {0,1}∗, Arthur, when
given an instance x ∈ {0,1}∗, wants to decide whether the instance corresponds to a correct
statement using a polynomial-time algorithm. However, Arthur can also query Merlin prob-
abilistically, and through multiple rounds of interaction (i.e. Arthur can make the next query

7As some statements which are 10 characters long would require a 50 page paper followed by a 167 page paper,
along with a few more previous results in order to show that the statement is correct.



based on the answer he gets in the previous round). Merlin is assumed to be computationally
unbounded, but he is always trying to convince Arthur that x ∈ L (even in the case where x ̸∈ L).
This becomes an interesting scenario, since Arthur needs to find an intelligent way to query
Merlin to make sure that Merlin is not deceiving him. A language L is in the complexity class IP
if there exists an interaction between Arthur and Merlin such that

• (Completeness) If x ∈ L, then Arthur always “accepts" the given instance (i.e. Arthur con-
cludes that x ∈ L).

• (Soundness) If x ̸∈ L, then no matter how Merlin responds during the interaction, Arthur
will accept the given instance with probability at most 0.5.

I just wanted to quickly remark that this is not the standard completeness/soundness gap used
in the literature describing IP8. Intuitively, one should interpret P, NP and IP in the following
manner:

• P intuitively corresponds to you, as the reader, trying to prove a statement is correct with-
out any assistance.

• NP intuitively corresponds to you, as the reader, trying to verify the statement when given
a paper that claims to prove the statement.

• IP intuitively corresponds to you, as the reader, trying to verify the statement in a refer-
eeing process for a paper. You can query the author freely, but the author of the paper is
determined to convince you that the paper is correct (even in the case where the paper
might contain an error).

Given the above intuition, it is unsurprising that IP is known to be more powerful than
NP. A seminal result due to Adi Shamir [Sha90] shows that IP is equal to PSPACE, where,
recall, PSPACE corresponds to the set of problems which are solvable by a polynomial space
algorithm.

In a follow-up work, László Babai, Lance Fortnow and Carsten Lund introduce the notion
of a multiprover interactive proof system [BFL91]. In this model, the verifier can additionally
interact with multiple non-interactive provers, or provers that cannot interact with each other
during the verification procedure. The provers can coordinate their answers beforehand, but
they do not know the question given to the other provers during the verification process. At
first glance, it might seem that the verifier cannot gain any additional advantage by interacting
with multiple provers. However, the additional provers give the verifier the power of “cross-
referencing", meaning that the verifier can ask two different provers the same question, and
expect the same answer back from both provers. In this case, the provers will look extremely
suspicious if they gave different answers to the same question. In the same paper, Babai et
al. show that MIP, the set of languages decidable by a multiplayer interactive proof system,
is NEXP-complete, where NEXP corresponds to NP but with exponential validation time and
proof size. Interestingly, it can be shown that the verifier only needs to make one round of com-
munication simultaneously with two provers in order to verify a NEXP instance. The proof of
MIP=NEXP has led to many foundational results in modern computer science. This includes
some of the early development of the probabilistic checkable proofs (PCP) [AS98; ALM+98], and
the unique games conjecture [Kho02] for the hardness of approximation of NP-hard problems.

Moving forward to the 2000s, a natural question is whether there is a quantum analogue of
IP or MIP. The first attempt was given by John Watrous by defining the notion of a quantum in-
teractive proof system (QIP), where the verifier is now given access to a polynomial-time quan-
tum computer and allowed to share a quantum proof between the provers [Wat99]. However,
it turns out this did not give a computational advantage to the verifier, as John Watrous, along

8The standard definition usually requires a (2/3, 1/3) completeness/soundness gap



with Rahul Jain, Zhengfeng Ji and Sarvagya Upadhyay showed that QIP = PSPACE [JJU+11].
Similarly, Hirotada Kobayashi and Keiji Matsumoto gave a notion of a quantum multiprover
interactive proof system (QMIP), and also showed that this did not offer any advantage in com-
parison to classical MIP [KM02].

The more interesting scenario, and the one which we focus on in this thesis, is the case
where the verifier is still classical, and is restricted to classical messages. The provers still can’t
communicate to each other, but they are allowed, in addition to coordinating answers, to pre-
pare a shared entangled state between them. For players sharing the tensor product of entan-
glement, this is known as a multiplayer interactive proof system with the tensor product model of
entanglement or MIP∗ in the literature. If we restrict MIP∗ to the scenario where the verifier is
only allowed to make one round communication with two (entangled) provers, we see that this
protocol, by definition, is extremely similar to the notion of a non-local game introduced back
in Section 1.1.1, as the players (Alice and Bob) in a non-local game correspond to the provers
in the interactive proof system model, and similarly, the referee (Richard) corresponds to the
verifier. This connection was noticed by Richard Cleve, Peter Høyer, Ben Toner and John Wa-
trous back in 2004 [CHT+04]. Due to this connection, we can describe the problems in MIP∗

by the (1, 1
2 )-tensor product value problem, which is a promise problem given as follows: given

a non-local game G , decide whether

• (Yes case): ω∗(G ) = 1,

• (No case): ω∗(G ) ≤ 1
2 .

We remark that although a two-prover one-roundMIP seems similar to a non-local game, there
are some minor differences between these two complexity classes on how the problem is rep-
resented. A non-local game is represented by a tuple (X ,A ,µ,V ), while an interactive proof
system only requires a description of two Turing machines which implement µ and V respec-
tively. Intuitively, µ, in the interactive proof system setting, is the function which implements
the sampling procedure for the verifier to sample a pair of questions to the provers, and V cor-
responds to the decision function of whether the verifier will accept the given instance or not.
We remark that although there are no question and answer sets in the interactive proof model,
since both µ and V are assumed to run in polynomial-time, and hence only be able to read a
polynomial number of bits as input, the question and answer size is effectively strings of size
poly(n).

At the time, it was not immediately clear what the complexity of MIP∗ should be, or even
whether it was more powerful than NEXP at all! On the one hand, giving the provers entangle-
ment could potentially let them “collude" more effectively in some instances, which weakens
the power of the verifier. However, this also allows the verifier to create a new and inventive
protocol which takes advantage of the entanglement they share, potentially giving the verifier
more power.

The only trivial upper bound for MIP∗ that we knew at the time was RE, the complexity
class which is complete with respect to the halting problem. More precisely, a decision problem
L⊆ {0,1}∗ is in RE if there exists an algorithm A such that

• if x ∈ L, then A, on input x, halts and returns 1.

• Otherwise A, on input x, might never halt.

It is not hard to see that if one can solve the halting problem, one can decide L. We know
that MIP∗ ⊆ RE due to the well-known search-from-above algorithm, a brute-search based
algorithm which allows one to compute a sequence xi such that x1 ≤ x2 ≤ ·· · ≤ ω∗(G ) and
limn→∞ xn = ω∗(G ) for all games G . Intuitively, each xi corresponds to the best-performing
strategy for the prover for G when restricted to finite-dimensional strategies defined within



Ci ⊗Ci (up to an error of 1
i ). Since both B(H A) and B(HB ) can be approximated by finite-

dimensional matrices, the limit of this sequence converges to the tensor-product value of the
game G . Hence, if ω∗(G ) = 1, then one can compute this sequence until xi > 1

2 , thus correctly
deciding the yes case for the (1, 1

2 )-tensor product value problem. However, if ω∗(G ) ≤ 1
2 , then

computing this sequence might never give a certificate which verifies ω∗(G ) ≤ 1
2 .

In 2008, Miguel Navascués, Stefano Pironio and Antonio Acín developed another algorithm
which gives a computable sequence y1 ≥ y2 ≥ ·· · ≥ ω∗(G ), but limn→∞ yn = ωco(G ) [NPA08].
This sequence, known as the NPA hierarchy in the literature, uses the commuting assumption
from the commuting operator model of entanglement to define a sequence of semidefinite pro-
grams (SDPs) where the optimal value of the i -th SDP is precisely yi . Assuming that the afore-
mentioned Tsirelson’s problem is true (i.e. ω∗(G ) = ωco(G )), one can continuously compute
|yi −xi | until the difference is less than 1

2 in order to estimate ω∗(G ) with error bound less than
1
2 , thus giving a halting algorithm for the (1, 1

2 )-tensor product value problem. In other words, if
there is no algorithm which solves the (1, 1

2 )-tensor product value problem (orMIP∗ =RE), then
Tsirelson’s problem, along with Kirchberg’s problem and Connes embedding problem, would
admit a negative answer!

MIP∗ was shown to be at least be as powerful as MIP in [IV12] by Thomas Vidick and
Tsuyoshi Ito in 2012, where the authors showed that NEXP ⊆MIP∗. However, it was unclear
at the time whether the two complexity classes were equal. Numerous papers were published
in this area, attempting to explore the complexity of MIP∗ (see, for example [NV18], [NV17],
[Gri20]). It was not until 2019 that Anand Natarajan and John Wright showed that NEEXP, the
analogue ofNPwith doubly exponential proof size and running time, is contained inMIP∗ [NW19],
thus showing that MIP∗ is strictly more powerful than MIP. Around the same time, Joseph
Fitzsimons, Zhengfeng Ji, Thomas Vidick and Henry Yuen showed that for any n ∈N, the (1,1−
O(exp(−C ·exp(· · ·exp(n)))))-tensor product value problem (where the expression 1−O(exp(−C ·
exp(· · ·exp(n)))) contains n −1 nested exponentials) is complete for the n-ary NE · · ·EXP com-
plexity class (with n “E " behind the N) [FJV+19], thus showing that the (1, 1

2 )-tensor product
value problem could potentially be uncomputable.

Finally, in 2020, Anand Natarajan, Zhengfeng Ji, Thomas Vidick, John Wright and Henry
Yuen, in a landmark result [JNV+22a], showed that MIP∗ = RE by combining the one-layer
compression from [NW19] with the recursive compression technique from [FJV+19]9, thus giv-
ing a negative resolution to Tsirelson’s problem, Kirchberg’s problem and Connes embedding
problem all at once.

Multiplayer interactive proof system with the commuting operator model of entanglement

From this story, there is an obvious missing complexity class, multiplayer interactive proof sys-
tem with the commuting operator model of entanglement, or the complexity class MIPco. There
are many similarities between the complexity class MIP∗ and MIPco. For one, determining
the complexity of both these classes started out as a master’s project [Vid20; Lin22]10. An-
other similarity is that the problems in MIPco are described by a similar problem known as the
(1, 1

2 )-commuting operator value problem, which is a promise problem given as follows: given
a non-local game G , decide whether

• (Yes case): ωco(G ) = 1,

• (No case): ωco(G ) ≤ 1
2 .

From the NPA hierarchy described earlier, we know that MIPco ⊆ coRE, where, a decision prob-
lem L⊆ {0,1}∗ is in coRE if there exists an algorithm A such that

9Technically, this result was resolved in [JNV+22b] by fixing a previous bug regarding the quantum soundness of
the low-degree test.

10Jokes aside, I think proving that MIP∗ =RE is a much more impressive masters project than my thesis, as a lot
of the techniques in this thesis are based on techniques used to prove MIP∗ =RE result.



• if x ̸∈ L, then A, on input x halts and returns 0.

• Otherwise, A, on input x, might never halt.

It is well known that RE ̸= coRE and RE∩coRE contains the set of “computable” problems, i.e.
the set of problems for which there exists a halting algorithm that decides them.

One of the main challenges in determining the complexity of MIPco is that the commut-
ing operator model is infinite-dimensional in nature, and hence it is unclear whether similar
properties in the tensor product setting would hold in this model. We remark that giving the
provers more correlation does not necessarily give the verifier more power. By a previous result,
if we give the provers a more general correlation model known as the non-signalling model, the
computational power of the verifier actually decreases to EXP, which is even weaker than the
classical model! In fact, if we allow the provers to communicate, the verifier naturally loses
the power to cross-reference the different provers and hence the computation power actually
drops down to PSPACE!

1.2 Main contribution of this doctoral thesis

Let’s repeat the sentence from the beginning of this chapter once again! This thesis proves
MIPco = coRE, or the complexity class defined by an interactive proof system with the com-
muting operator model of entanglement is equivalent to the non-halting problem. Along the
way, I introduced many tools for both the quantum information and the computational com-
plexity communities, which could be useful for other problems. I will start by first summarizing
some of the main contributions of this doctoral thesis in this section.

1.2.1 Tracially embeddable strategies

One of the main contributions in this thesis related to quantum information is introducing the
notion of tracially embeddable strategies into the literature. To be a bit more precise, for a non-
local game G , we use the term strategy to denote the entangled state and the measurement
operators for the players/provers used to play G . For a non-local game G = (µ,D,X ,A ), a ten-
sor product strategy consists of a state |ψ〉 ∈H A⊗HB on two (potentially infinite-dimensional)
Hilbert spaces H A and HB , and two sets of measurements {Ax

a}x∈X ⊆ B(H A) and {B x
a }x∈X ⊆

B(HB ) each with outcomes in a ∈ A . Intuitively, Ax
a is the measurement performed by Alice

and B x
a is the measurement performed by Bob. Similarly, a commuting operator strategy con-

sists of a state |ψ〉 ∈H , and the measurement operators are defined by {Ax
a}, {B x

a } ⊆B(H ) such
that Ax

a and B x
a pairwise commute.

Mathematically, a commuting operator strategy (H , |ψ〉 , {Ax
a}, {B y

b }) is tracially embeddable
if

• The underlying Hilbert space H arises from the standard form for some tracial von Neu-
mann algebra (A ,τ), where the standard form for a tracial von Neumann algebra is when
the algebra is represented under the GNS representation of the tracial state τ.

• The measurement state |ψ〉 is of the formσ |τ〉, where |τ〉 is the vector state representation
of the tracial function τ,

• {Ax
a} ⊆A . In other words, the observable of one of the players/provers is defined within

A under this representation.

• {B x
a } ⊆A ′. In other words, the observable of the other player/prover is defined within the

commutant of A under this representation.



Intuitively, one should think of the standard form as the “vectorization" notation used in
quantum information, and because of this, one can find many analogues of properties and
techniques from finite-dimensional strategies when working with this class of strategies. I re-
fer the readers to Example 4.1.2 for a more concrete example which illustrates the similarity
between tracially embeddable strategies and finite-dimensional strategies.

One of the key theorems that I show in this thesis is that any behaviour by the provers/players
in the commuting operator model of entanglement can be well approximated by provers/players
restricted to using tracially embeddable strategies. To be a bit more precise, the set of correla-
tions, or the set of probability distributions for outputting a certain answer pair given a ques-
tion pair when the provers are given access to tracially embeddable strategies is dense within
the set of correlations for provers with commuting operator strategies. One of the main ingredi-
ents needed for this result is Haagerup’s Lp reduction [HJX10], which allows one to approximate
any von Neumann algebra with a series of tracial von Neumann algebras.

Due to the structure of the tracially embeddable strategy, and the approximation theorem
above, many known results in the finite-dimensional tensor product setting can be easily trans-
lated to the commuting operator model setting by a change of notation. Some examples in this
thesis include the rigidity theorem for the Pauli Basis test given in [JNV+22a, Chapter 7], the
rounding theorem which allows one to approximate any approximately synchronous correla-
tions by exact synchronous correlations [Vid22; Pau22], as well as several soundness property
results used in the proof of MIP∗ = RE. In addition to the theorems listed above, I believe this
class of strategies could be useful in translating other theorems about entanglement from the
tensor product model to the commuting operator model.

1.2.2 The compression paradigm

Inspired by the proposed proof of MIPco = coRE given in [MNY22], one of the other main con-
tributions of this thesis is to introduce a new condition for a decision problem to be RE or
coRE-complete, which I named the compressible condition. This condition was considered
independently in an unpublished work11 by Andrew Marks, Seyed Sajjad Nezhadi, and Henry
Yuen [NMY25], and as far as I am aware, this condition is completely original in the literature.

Roughly speaking, a language L ⊆ {0,1}∗ is compressible if there exists a computable map
CompressL which takes as input a description of a function Seq : N → {0,1}∗ which runs in
O(poly(n)) time (with respect to the input size) and outputs a description of a “compressed"
version of the function SeqComp :N→ {0,1}∗ which satisfies the following:

• (Runtime) SeqComp runs in O(polylog(n)) time.

• (Completeness) For every n ∈N, Seq(n) ∈ L=⇒ SeqComp(n) ∈ L.

• (Soundness) For every n ∈N, Seq(n) ̸∈ L=⇒ SeqComp(n) ̸∈ L.

It’s worth pointing out that CompressL is language dependent, and should work for all maps
Seq. Furthermore, CompressL only gets the description of Seq as an input. Since SeqComp is
restricted to run in only O(polylog(n)) time, the output SeqComp actually cannot depend on
running Seq, and must rely on the properties of the language itself. Intuitively, one should
think of the compression condition as a compression of the complexity of generating the prob-
lem instance itself. By [NMY25], it is known that the halting problem is compressible ( Exam-
ple 2.2.2), and by using a similar trick using Kleene’s recursion theorem similarly to the original
MIP∗ =RE proof [JNV+22a, Chapter 12], I show that if L ∈RE (i.e. L is decidable if one can solve
the halting problem), then L being compressible is equivalent to L being RE-complete. If L is
compressible, the language {0,1}∗ \L is also compressible, and hence the same condition can
also be used to show coRE-completeness for languages and decision problems.

11unpublished at the time of writing this thesis.



Although we know that the halting problem is compressible, there are very few RE or coRE
problems that we currently know to admit a “natural" compression map (i.e. a compression
map that does not rely on the reduction back to the halting/non-halting problem). In prac-
tice, to use the compression paradigm, one often has to work with a succinct representation
of a problem, and has to show that the problem is NP-hard in a specific manner so that one
can actually simulate the succinct instance by a “smaller" instance of the same problem (in
the MIP∗/MIPco case, self-testing of quantum states in combination with the PCP theorem
gives the desired property). I personally believe that these techniques offer a new approach for
proving uncomputability, and it is a very interesting open problem to see if one can use these
techniques for problems outside of quantum information theory.

Compression and MIP∗/MIPco. By leveraging this condition, I give a proof for both MIP∗ =
RE and MIPco = coRE by showing the existence of a compression map for both the tensor
product/commuting operator value problems. To be a bit more precise, a uniform problem
instance for the tensor product/commuting operator value problem is defined as a Turing ma-
chine V :N→ G , where to abuse notation, G in this case is the set of all possible descriptions
for a non-local game. One could intuitively think of the uniform sequence as the “input Turing
machine Seq" for the above example.

I show that a specific subclass of game sequences, known as the “conditionally linear veri-
fier", admits a gap compression theorem described earlier in the introduction. The definition
of the conditionally linear verifier is very much tailored to the proof of the compression theo-
rem, and hence I will not go into detail here. Nevertheless, I give an informal version of the gap
compression theorem below.

Theorem 1.2.1 (Gap compression theorem, informal version of ). For every α ∈N, there exists a
polynomial time algorithm Gapcompress, that takes as input V :N→G , a conditionally linear
verifier such that V (n) runs in O(poly(n)) time, each game in the sequence can be sampled and
decided in O(poly(n)) time. The algorithm runs in poly(|〈Gapcompress〉|,α) time and outputs a
conditionally linear verifier V Comp : n →G such that, for t ∈ {∗,co}:

1. (Runtime) V Comp(n) runs in O(polylog(n)) time, and each game V Comp(n) can be sam-
pled in O(polylog(n)) time, and the decider function Dn runs in O(polylog(n)) time.

2. (Completeness) If ωt (V (n)) = 1, then ωt (V Comp(n)) = 1

3. (Soundness) If ωt (V (n)) ≤ 1
2 , then ωt (V Comp(n)) ≤ 1

2 .

Roughly speaking, by considering the Gapcompress guaranteed by the theorem, this shows
that MIP∗/MIPco, when restricted to games generated by a conditionally linear verifier, are
compressible. Interestingly, even though the compression map for both MIP∗ and MIPco is
the same, MIP∗ is RE-complete due to the search-from-below algorithm putting MIP∗ ⊆ RE,
and MIPco is coRE-complete due to the NPA Hierarchy [NPA08]. The proof of Theorem 1.2.1
is almost identical to the compression map given in the original MIP∗ = RE proof. The only
significant difference is that I also show the completeness/soundness condition for the com-
muting operator model by using tracially embeddable strategies described in the last subsec-
tion. In comparison to the original theorem, using the compression framework actually gives
a simpler proof for the MIP∗ = RE theorem, as one no longer has to keep track of the “entan-
glement dimension" property within the soundness clause in the compression theorem used
in the original MIP∗ =RE proof [JNV+22a, Theorem 12.1].

Explicit separation between the models of entanglement. As a corollary of the MIP∗ = RE
theorem, the tensor product model of entanglement is mathematically different from the com-
muting operator model of entanglement. A natural follow-up question is whether one can find



an experimental setup similar to the Bell test scenario to determine the correct way to model
entanglement in our universe? [JNV+22a, Theorem 12.10] shows the existence of a game G such
that ω∗(G ) ≤ 1

2 and ωco(G ) = 1, which, in theory, could serve as the experiment to test which
model better describes our universe. However, the question and answer sets for the given game
have a magnitude of 1020, making it impractical for experimental implementation.

I show that given a non-local game G , the promise problem of deciding whether ω∗(G ) =
ωco(G ) or |ω∗(G )−ωco(G )| ≥ c for any fixed constant c ∈ [0,1] is RE-complete. In other words,
there is no algorithm which can be used to find an explicit separation between the tensor prod-
uct model and the commuting operator model for general non-local games! The proof follows
from a simple observation that Theorem 1.2.1 also gives a compression map for the above de-
cision problem. Using the compression framework naturally gives a reduction for any non-
halting Turing machine to an instance of a game such that |ω∗(G )−ωco(G )| ≥ c, i.e. an experi-
mental setup which separates the tensor product model of entanglement from the commuting
operator model of entanglement; however, since the technique used is similar to the one given
in [JNV+22a, Theorem 12.10], I suspect that the question size and answer size would be as large
as those in [JNV+22a].

1.2.3 Relative entropy and Mutual information in the commuting operator model.

Tracially embeddable strategies are sufficient to generalize most theorems used in the proof
of MIP∗ = RE to the commuting operator model. However, one spot that it completely fails
is the anchored parallel repetition theorem from [BVY21]. One of the main gaps for proving a
quantum parallel repetition theorem for non-local games for the commuting operator model
is the lack of information-theoretic tools. These techniques are not known to generalize to
the commuting operator setting. Building up from the works by [Ara77], I gave an analogue
for a few information-theoretic tools, such as mutual information and Uhlmann’s theorem,
for states on a tracial von Neumann algebra. In addition to the anchored parallel repetition
theorem, I believe that these tools can be used to prove other variants of quantum parallel
repetition theorem for non-local games, and could potentially be independently interesting to
the quantum information community.

I wanted to remark that these tools on quantum information theory were done as a part
of my master’s work back in Waterloo, along with Henry Yuen, William Slofstra and Hamoon
Mousavi. I also want to remark that quantum information on von Neumann algebras has been
considered independently in other literature (see, for example, the Ph.D thesis for Lauritz van
Luijk [Lui25]).

1.3 Organization of this thesis

One of the main challenges that I had when reading the original MIP∗ = RE proof is the over-
whelming background required to understand the paper. Although the same problem is pre-
sented in this thesis, the goal is to minimize some of the dependency on background and to
give a clear picture about each individual piece for the MIP∗ = RE/MIPco = coRE proof. With
this goal in mind, I divided this thesis into four parts. I will describe the purpose of each of
the four parts in this section, and some of the background and content each part covers in this
thesis for the remainder of this section. Since the background notation is divided, I made an
index of all nomenclature which should hopefully make this thesis more accessible.

1.3.1 Part 1: The compression condition for uncomputable problems.

In this part, the main goal is to discuss the compressible framework described in the last sec-
tion. This part only consists of one chapter ( Chapter 2), and it consists of my main contribu-
tion to complexity as a whole. I choose to put this in a separate section because understanding



this part only requires basic complexity theory, which makes it easy to write a self-contained
section about it. This part introduces the compressible condition (Definition 2.2.1 and Def-
inition 2.2.3) along with a self-contained proof showing that if a language is in RE, then the
language being compressible also implies that the language is RE-complete (Theorem 2.2.5).
Along the way, I also give a formulation for the compressible condition on succinct represen-
tation of languages Definition 2.3.2, a formulation which, in my opinion, is a lot more usable
for showing RE or coRE-completeness for different decision problems.

1.3.2 Part 2: Tracially embeddable strategies for non-local games

In this part, the main goal is to discuss tracially embeddable strategies, and some general im-
plications for the commuting operator model of entanglement. In a similar vein to Part 1 being
focused on complexity theory, the theme of this part is on mathematical physics, and discusses
some results about non-local games which are more oriented toward mathematical physics.
In Chapter 3, I give some basic definitions and results on basic von Neumann algebra theory
and quantum mechanics which I use for Part II and Part III. Essentially, this chapter contains
the “basic math background" needed to understand the rest of the thesis. On the operator
algebra side, I give a basic introduction to tracial von Neumann algebras and also give a finite-
dimensional example for a tracial von Neumann algebra in standard form. On the quantum in-
formation side, I will give a formal definition of non-local games, as well as the different models
of quantum entanglement in this chapter.

In Chapter 4, I define tracially embeddable strategies more formally Definition 4.1.1, and
prove that the closure of the set of correlations generated by the tracially embeddable strate-
gies forms the set of commuting operator correlations Theorem 4.1.3. Since the proof of The-
orem 4.1.3 uses several advanced results in von Neumann algebra theory, we give a separate
preliminary on these tools in this chapter. Based on the structure of the tracially embeddable
strategies, I also define the commuting operator analogue for two classes of strategies, the sym-
metric and oracularizable strategies in this chapter.

Since tracially embeddable strategies are used quite extensively in this thesis, for readers
without any background in von Neumann algebra theory, we give a finite-dimensional example
in Example 4.1.2 for intuition. Alternatively, I also give a translation chart for notations from
tracially embeddable strategies to finite-dimensional strategies in Table 4.1. I want to remark
that, by using this translation chart in this thesis, one could obtain a proof based on finite-
dimensional strategies for showing MIP∗ =RE.

By using Chapter 4, I give a proof for the “rounding" theorem for the commuting operator
model in Chapter 5. In essence, the rounding theorem states that any “almost synchronous cor-
relation" can be approximated by exact synchronous correlations. This result was proven in the
tensor product model in [Vid22; Pau22]. Due to the result on tracially embeddable strategies,
one could mimic the proof from [Vid22] in order to obtain a similar result in the commuting
operator model.

1.3.3 Part 3: Interactive proof systems and the compression theorem

In this part, the main goal is to introduce and prove the compression theorem for the com-
plexity classes MIP∗ and MIPco, and combine this theorem with the compression paradigm
introduced in Part I to show the main result of this thesis. The theme for this part is to treat a
non-local game as a multiprover interactive proof system, and show some results about them.

In Chapter 6, I define the notion of an interactive proof system, and give a formal version
of the compression theorem for MIP∗/MIPco (Theorem 6.2.1). Furthermore, I give the algo-
rithms “search from below" and “search from above" (Pseudocode 7 and Pseudocode 5) which
put MIP∗ ∈ RE and MIPco ∈ coRE respectively, both of these algorithms are well known in the
literature. With these ingredients, I give a proof showing that MIP∗ = RE and MIPco = coRE



in this chapter. I also give a proof for showing that giving an explicit separation between the
models of entanglement is equivalent to the halting problem. In essence, this section is about
how the compression theorem for non-local games is being used.

In Chapter 7, I formally define the notion of a conditionally linear distribution (Defini-
tion 7.2.5) and conditionally linear verifier (Definition 7.3.1). The conditionally linear distri-
bution is originally introduced in [JNV+22a, Chapter 4], and the conditionally linear verifier is
a more streamlined version of the detyped verifier in [JNV+22a, Definition 6.17]. Although a
conditionally linear verifier is one of the key definitions used to define the compression the-
orem, the definition itself is not quite important for using the compression theorem. This is
the main reason why I choose to define it in a separate chapter. I also give a proof outline for
the compression theorem, which can be quickly summarized by a limerick I wrote back in my
master’s thesis [Lin22], presented below:

Non-local games are Ar Ee complete,
This means max tensors are not quite discrete,
Introspect the sampler,
P-C-P the player,
and an anchor to parallel repeat!

As suggested by the limerick, the compression theorem is proven using three different trans-
formations, the question reduction protocol known as Introspection, the answer reduction
protocol which is based on a PCP construction, and the parallel repetition theorem which uses
an anchor transformation. Defining each of the three transformations is very complicated, and
each of them, in my opinion, requires different tools. The rest of Part 3 will be divided up in the
following manner

• Chapter 8 and Chapter 9 will be focused on the question reduction transformation.

• Chapter 10 and Chapter 11 will be focused on the answer reduction transformation.

• Chapter 12 will be focused on the parallel repetition transformation.

Each of the three portions above is written in a way so that they can be read independently,
assuming one understands Chapter 7. Similarly to the rounding theorem, the main contribu-
tion of this thesis is to show that the main property for these three transformations in the ten-
sor product model also holds for the commuting operator model using tracially embeddable
strategies. I will describe the key idea behind each of the three transformations below.

Question Reduction. The goal of the question reduction protocol is to force the provers to
make an “ideal" measurement in order for them to sample a question pair following the con-
ditionally linear verifier. The question reduction protocol is a combination of two tests: the
Pauli Basis test and the Introspection protocol. The Pauli Basis test uses self-testing techniques
in order to force the dishonest provers to prepare enough EPR pairs required to sample the
input distribution, as well as perform an X or Z measurement on all the prepared EPR pairs.
The Introspection protocol utilizes the EPR pairs guaranteed by the Pauli Basis test and forces
the provers to make the correct Pauli Z measurement so that the provers can sample a ques-
tion pair from the given conditionally linear distribution. The Pauli Basis test has a question
sampling complexity of polylog(n), and the Introspection protocol has a sampling complex-
ity independent of n (where both tests have a decision complexity of poly(n)), thereby reduc-
ing the complexity of Q from poly(n) to polylog(n). In this thesis, I use the simplification due
to [dlS22b] for the Pauli Basis test, which circumvents the low-individual degree test subroutine
used in the original Pauli Basis test [JNV+22a, Section 7]. As a result, the increase in soundness
error in the question reduction theorem proven in this thesis is independent of the size of the
game, an improvement over the polynomial dependency in [JNV+22a].



In Chapter 8, I will introduce the Pauli Basis test (Figure 8.2), and prove the soundness
property needed for the question reduction protocol. In doing so, I also introduce several rep-
resentation theory tools, such as the state Gowers-Hatami theorem (Theorem 8.1.1) and the
Poincaré inequality (Theorem 8.1.2), which are used to prove the soundness of the Pauli Basis
test. Finally, I will introduce the introspection protocol in Chapter 9. I want to remark that
these two chapters are loosely based on [JNV+22a, Chapter 7, 8, Appendix A].

I want to remark that the idea of using self-testing to force an “honest sampling procedure"
has been used in many earlier works in quantum complexity, and I refer the reader to an elegant
paper by Alex Grilo [Gri20], which shows that QMA, the quantum analogue of NP, is in MIP∗

for more details.

Answer Reduction. The goal of the answer reduction protocol is to reduce the complexity of
the decider D from poly(n) time to polylog(n) time while retaining a polylog(n) runtime for the
sampler. Similarly to [JNV+22a; NW19], a classical probabilistically checkable proof (PCP) is
used on the verification Turing machine Dn . In particular, we use the same tailor-made PCP
procedure used within [JNV+22a]’s answer reduction protocol as a black box in this thesis. The
PCP procedure reduces checking computation steps of Dn returning accept given the corre-
sponding question/answer pair into checking whether the two provers share the same collec-
tion of low individual degree polynomials with specific properties, which can then be checked
using the “quantum low-individual degree test" introduced in [JNV+22b].

There is an immediate problem with this approach. Recall that for a classical PCP which
verifies an NP instance, the provers are intuitively trying to prove the following statement to
the verifier: “given x ∈ L and a polynomial size circuit C, there exists a proof string s such that
C (x, s) = 1". Whereas in the non-local game setting, the provers are trying to prove: “given a
validation function Dn for a non-local game, and a question pair (x, y), there exists an answer
pair (a,b), which is generated by two entangled provers, such that Dn(x, y, a,b) = 1". In or-
der to compute the second statement in a PCP instance, both provers need to somehow play
the game using a predetermined entangled strategy and output their answers without com-
municating with each other. Then, the provers need to pass their answers so that they can
encode the computation step of Dn(x, y, a,b) as a PCP instance. In order to get around this is-
sue, a transformation known as Oracularization is applied before computing the PCP instance
(see Section 11.2). To ensure completeness is preserved through the oracularization transfor-
mation, we need an additional property in the completeness statement in the gap compression
theorem: The perfect strategies in the original game must use a special kind of strategy known
as an oracularizable strategy, which we defined back in Chapter 4.

I will introduce the quantum low-individual degree test (Figure 10.1) in Chapter 10, and
prove several properties related to it. I will introduce both the Oracularization transformation
(Figure 11.1) and give a summary of the answer reduction protocol (Theorem 11.3.1) in Chap-
ter 11. Since the answer reduction protocol is exactly the same as the one used in the original
MIP∗ = RE paper, I will not write down the transformation (which itself is based on the proof
for MIP=NEXP [BFL91]) in detail in this thesis. Instead I will refer readers to [JNV+22a, Chap-
ter 10] for more details.

I want to remark that the PCP used in this thesis is vastly different from the more well-
known and more modern construction due to Irit Dinur [DV07]. While Dinur’s construction is
interesting in its own right, I personally would not recommend this to be the starting point for
learning the PCP construction for this thesis12. To get a basic understanding of this construc-
tion, a good starting point would be the excellent course notes by Prahladh Harsha [Har04]
(which covers a substantial part of the answer reduction protocol).

12In fact, it is an interesting open problem whether one can make this construction work for the MIP∗ model



Parallel repetition. Before introducing the parallel repetition theorem, I would like to briefly
acknowledge that this part of the thesis originated from an early collaboration with Hamoon
Mousavi, William Slofstra, and Henry Yuen.

By applying the above two subroutines to a conditionally linear verifier V : N→ G with
complexity O(poly(n)), the resulting conditionally linear verifier V ′ :N→G runs in O(polylog(n))
time, such that for t ∈ {∗,co}

1. (Completeness) If ωt (V (n)) = 1, then ωt (V ′(n)) = 1,

2. (Soundness) If ωt (V (n)) ≤ 1
2 , then ωt (V ′(n)) ≤ 1−polylog(n).

Thus, in order to show Theorem 1.2.1, one would need to apply a logarithmic-fold parallel
repetition transformation to the game in order to amplify the “soundness" condition for V ′ to
≤ 1

2 while retaining the “completeness" condition. Recall that a r -fold parallel repetition is a
transformation for the game G in which r question pairs are sampled independently and sent
to the provers, and the provers must treat each of the r question pairs as independent questions
and reply with r corresponding answer pairs. The provers only win the r -fold parallel repetition
game if they win on all r independent instances of the game. I want to remark that applying a
logarithmic-fold parallel repetition to V ′ only increases the runtime by a logarithmic factor.

Unfortunately, a strong parallel repetition theorem, i.e. a parallel repetition theorem that
shows an exponential decay in the optimal success rate for entangled provers is an open prob-
lem. However, [BVY21] shows that by applying a simple transformation, the anchored transfor-
mation, the resulting game would have a strong parallel repetition theorem, and this version of
parallel repetition has been used in [JNV+22a]. we use a slight modification for the anchoring
transformation13 in this thesis. I give a more detailed summary on the proof of the anchored
parallel repetition theorem in Section 12.2.1.

In Chapter 12, we introduce the new information-theoretic tools for the commuting op-
erator model mentioned in the previous section. Although defining the information-theoretic
tools uses some advanced theory in operator algebra (for example, the Tomita-Takesaki modu-
lar transformation [Tak70]), the tools are actually quite tame in comparison to Chapter 4. Using
these tools, we translate the proof from [BVY21] into the commuting operator model.

I want to remark that the anchored parallel repetition for anchored games is actually based
on the classical parallel repetition proof due to Thomas Holenstein [Hol09]. Furthermore, to
understand why information-theoretic tools are needed in the quantum parallel repetition the-
orem, and some of the challenges in obtaining a general quantum parallel repetition theorem, I
recommend reading the excellent paper by Rahul Jain, Attila Pereszényi and Penghui Yao which
shows a quantum parallel repetition theorem for games with product distribution as their sam-
pling procedure [JPY14].

1.3.4 Part 4: Implications and open problem.

In, we discuss some of the implications, and open problems which arise from this thesis. We
give a brief summary of some of these implications and open problems below.

In a similar way that MIP∗ = RE gives a negative resolution to Tsirelson’s problem, Kirch-
berg’s problem, and the Connes embedding problem all at once, showing MIPco = coRE also
gives a negative resolution to the same set of conjectures. However, there is a slight differ-
ence, from the operator algebraic standpoint, one should interpret MIPco = coRE as an un-
computable result about the type I I1 von Neumann algebra following its connection to the
Connes embedding problem, and as an uncomputable result for the maximum tensor prod-
uct norm following its connection to Kirchberg’s conjecture. Hence, proving MIPco = coRE
actually gives a few uncomputable results in continuous model theory and noncommutative

13The modification is designed to preserve synchronicity within the game.



polynomials that do not follow from MIP∗ = RE alone. We discuss some of these implications
in Section 13.1.

I list several open problems which I found interesting in Section 13.2. One interesting prob-
lem I want to highlight is whether the compression paradigm can be used for other problems in
operator algebra. To be more specific, the compression framework seems to be very good at an-
swering the question of whether an object which is infinite in nature can be approximated by
a finite object. One example is the Connes embedding problem, and another is the recently
disproved Aldous-Lyons problem by Lewis Bowen, Michael Chapman, Alexander Lubotzky,
Thomas Vidick [BCL+24; BCV24] which asks whether one can construct an infinite graph based
on a set of local neighbourhood statistics. One famous open problem of this nature is to show
the existence of a non-sofic group. This is a famous problem in operator algebra. Another inter-
esting problem is whether non-local games are really needed for these uncomputable results,
as both the disproof of the Connes embedding problem and the Aldous-Lyons problem require
a very specific set of games. While non-local games do offer a nice structure which can be used
to define a compression map, such as self-testing and PCPs, it does feel limiting when there are
no longer natural analogues of these structures (for example, in the case of LinMIP∗ when it
comes to the existence of a non-hyperlinear group). Thus, it would be natural to ask: Is there
another structure which falls nicely into the compression framework (as currently, the only two
known examples are non-local games and Wang tiling [NMY25; DRS08]), and can one define
a natural problem based on Dinur’s PCP construction which falls into the compression frame-
work, and thus be compressible? Can these new uncomputable problems potentially be useful
for operator algebra? Can one apply the compression paradigm directly to operator algebraic
objects?
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CHAPTER 2

The compression paradigm

We start the technical portion of this thesis by discussing the compression paradigm. The
compression paradigm is a new condition for uncomputability based on the proof approach for
MIPco = coRE given in [MNY22]. We remark that this condition is considered and formulated
independently in [NMY25]. As observed in [NMY25], there are already several known exam-
ples of the compression paradigm in previous literature (and we refer to their paper for more
details).

I choose to start my thesis on this technique not only because this is my favourite part of
my Ph.D., but I personally believe that this is an alternative way to show uncomputability for
problems even outside of quantum information. This part of the thesis has a higher emphasis
on computability theory.

2.1 Turing Machine Preliminaries

We start this chapter by introducing some notation related to finite fields and Turing machines
we use for the remainder of this thesis. We use N to denote the set of natural numbers. For
integers n, we use [n] to denote the set {0, . . . ,n − 1}, and for n ≤ m we use [n,m] to denote
the set {n,n + 1, . . . ,m − 1}. We assume all log are in base 2 in this thesis. For n ∈ N, we use
bin(n) ∈ {0,1}⌈log(n)⌉ to denote the binary representation for the number n, and for s ∈ {0,1}n ,
we use bininv(s) to denote the unique integer i such that bin(i ) = s. For a string s ∈ {0,1}∗, we
use |s|w to denote the length of the string s.

We use the Turing machine as the model of computation in this thesis. Let A(x1, . . . , xm)
denote an m-input Turing machine. We assume that A, in this case, consists of m input tapes,
a single work tape, and a single output tape. When specifying the output of an m-input Turing
machine, we might sometimes define it only for accepting fewer than m inputs; in this case,
we assume the Turing machine only reads the first n of the input tapes during the computation
step. We use 〈A〉∈ {0,1}∗ to denote the description of the Turing machine A. To abuse notation,
we use 〈A(x)〉 to denote the description of the Turing machine A being hardcoded to run x ∈
{0,1}∗ as input. For x ∈ {0,1}∗, we use A(x) to denote the output of A on input x, and likewise A()
to denote the output of A on the empty input. We note that A(x) might not be well defined as A
does not necessarily halt on the input x. We use |A| to denote the minimum description length
of A, and we note that the description of the Turing machine is a constant that is independent
of the input size. We use TIMEA(x1, · · · , xm) to denote the maximum of |A| and the runtime of
the Turing machine A running with input (x1, · · · , xm). TIMEA(x1, · · · , xm) could potentially be
∞ if the Turing machine A does not halt on input (x1, · · · , xm).

Let { fn}n∈N be a sequence of functions that map m finite sets {Sn
i }i∈[m] to {0,1}∗, i.e. fn :

Sn
0 ×·· ·×Sn

m−1 → {0,1}∗. We say the Turing machine A computes the sequence of functions fn

if A is an (m +1)-input Turing machine in which for all n ∈N
A(bin(n), x1, · · ·xm) = fn(x1, · · ·xm),
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where each element of Sn
i is encoded using a binary representation with xi ∈ Sn

i . If A is the
Turing machine which computes the functions { fn}, to abuse notation, we use An to denote the
function fn . For n ∈N, we use the notation TIMEA(n) to denote the maximum of the function
TIMEA(n, x1, · · · , xm) over all input x1 · · ·xm ∈ Sn

0 ×·· ·×Sn
m−1, and we use TIMEA(n, x1, · · · , xm) =

∞ if A does not halt on some input (x1, · · · , xm). In this thesis, if f takes an integer as input, the
integer will always be represented under the binary representation, and hence any integer n is
considered a log(n)-bit input under this formulation.

We define a languageL as a nonempty subset of {0,1}∗ and a decision problemD= (LDyes,LDno)

for two disjoint languages LDyes,LDno ⊆ {0,1}∗. We use coD to denote the complement of D (i.e.

LcoDyes = LDno and LcoDno = LDyes). To abuse notation, we write x ∈D as x ∈ LDyes ∪LDno and, for a set S,

we write f : S →D as f : S → LDyes∪LDno. For two decision problems D1 and D2, we write D1 ≤D2

if there exists a Karp reduction from D1 to D2 and D1 ≤p D2 if furthermore the reduction is
under polynomial time. For the standard definition of the Karp reduction, we refer the reader
to [Sip06, Chapter 5.3] for more details. We define a uniform problem instance for D as a Tur-
ing machine Seq :N→D. Intuitively, this is a way to package a countable number of decision
problems from D in a uniform manner.

We ended this section by introducing two complexity class which will be important for this
thesis. Recall from the literature, the complexity class recursively enumerable languages, RE,
corresponds to the class of decision problems in which there exists an algorithm that can de-
cide any instance in Lyes in finite time (but the same algorithm could potentially run forever
for instances in Lno). We say that a language L ⊆ {0,1}∗ is in RE (or L ∈ RE) if there exists an
algorithm that can correctly decide whether x ∈ L in a finite amount of time.

The halting problem is defined by Lyes = Lhalt and Lno = Lnothalt, with the definition of
Lhalt,Lnothalt given below:

• Lhalt: The set of Turing machines (represented under the binary description) that halt on
the empty input,

• Lnothalt: The set of Turing machines which does not halt on the empty input.

The halting problem is complete for RE, meaning that (Lhalt,Lnohalt) ∈RE and for any language
Ł ∈RE, we have Ł ≤RE.

Similarly, the complexity class coRE, or the complement of RE, corresponds to the class of
decision problems in which there exists an algorithm which can decide all instances in Lno in
finite time. We say that L ∈ coRE if there exists an algorithm that can correctly decide whether
x ̸∈ L in a finite amount of time (but could potentially run forever if x ∈ L). The non-halting
problem is complete for coRE, where recall the non-halting problem is defined similarly as
the halting problem but with the “yes" and “no" instances being swapped, or LcoREyes = Lnothalt,

LcoREno = Lhalt.
For a more comprehensive introduction on computability and complexity theory, we refer

the reader to [Sip06].

2.2 Compressible condition and the compression theorem

In this section, we introduce the compression condition for general promise problems, and
show the equivalence between a compressible language and the language being complete for
RE or coRE. We introduce the notion of a compressible promise problem below.

Definition 2.2.1 (Compressible problems). Let D = (LDyes,LDno) be a promise problem. We say

that the promise problem D is compressible if there exists an algorithm CompressD which takes
as input 〈SeqD〉, a description of a uniform instance of D. CompressD outputs a description of a

uniform instance of D, 〈SeqComp
D 〉, such that the following holds:
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• (Runtime): TIMECompressD =O(poly(|〈SeqD〉|)).

• (Consistency of the output) SeqComp
D (n) ∈ D for all n ∈ N, even if the initial input for

CompressD is not a valid uniform instance of D.

• (Complexity bound for the output) TIME
Seq

Comp
D

=O(polylog(n)).

Furthermore, if TIMESeqD =O(poly(n)), then for all n ∈N, the following holds:

• (Completeness) SeqD(n) ∈ LDyes =⇒ Seq
Comp
D (n) ∈ LDyes.

• (Soundness) SeqD(n) ∈ LDno =⇒ Seq
Comp
D (n) ∈ LDno.

Intuitively, one should interpret the algorithm CompressD given in the above as a property
associated with the promise problem rather than the uniform sequence itself. This means that
CompressD is a single algorithm which works for all uniform instances of SeqD. Intuitively,
the compressible property allows one to generate a problem instance more efficiently (even
though the new problem instance might be equally hard to decide). If D is compressible, then
coD is also compressible by definition. We use the following clever example given in [NMY25]
to show that the halting problem is compressible.

Example 2.2.2 (The Halting problem is compressible). For the Halting problem, consider the
compression algorithm CompressHALT for the halting problem defined by the following: given
the input 〈SeqHALT〉, CompressHALT returns a description of 〈SeqComp

HALT 〉, described by Pseudocode 1.

1 Input: Integer n

2 Compute and return 〈Prog〈SeqHALT〉n 〉, where the pseudocode for Prog
〈Seq

HALT
〉

n is given
in Pseudocode 2

Pseudocode 1: The description of SeqComp
HALT .

1 Halt and return ERROR if 〈SeqHALT〉 is not a valid description for a Turing machine.
2 Compute the description of 〈SeqHALT(n)〉 using 〈SeqHALT〉 and n.
3 Run the program 〈SeqHALT(n)〉 and return the corresponding output, halt and return

ERROR if 〈SeqHALT(n)〉 is not a valid description for a Turing machine.

Pseudocode 2: The description of the output for Prog
〈Seq

HALT
〉

n . We remark that the
above program depends on both SeqHALT and n.

In the above example, one should interpret the description of 〈Prog〈SeqHALT〉n 〉 given in Pseu-
docode 2 as an instance for the halting problem (and hence, the runtime of line 1 from Pseu-
docode 2 is irrelevant). The program Seq

Comp
HALT merely generates different instances of the halt-

ing problem by outputting the description of 〈Prog〈SeqHALT〉n 〉.
Since the Turing machine SeqComp

HALT (n) only returns the description for 〈Prog〈SeqHALT〉n 〉 which

depends on n, the description 〈SeqComp
HALT (n)〉 can be computed in O(poly(|〈Seq〉|)) time. Since

any integer input is represented under the binary representation, TIME
Seq

Comp
D

=O(polylog(n)).

Furthermore, for all integer n ∈N

• If SeqHALT(n) returns a description of a halting program, then Seq
comp
HALT (n) = 〈Prog〈SeqHALT〉n 〉

is a description of a halting program.

• Otherwise, if SeqHALT(n) returns a description of a non-halting program, then Seq
comp
HALT (n) =

〈Prog〈SeqHALT〉n 〉 is a description of a non-halting program.

This shows that the halting problem is an example of a compressible promise problem.
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The above example also shows that all RE or coRE-complete problems are also compress-
ible. Although the compressible property offers a new condition for an RE or coRE-complete
promise problem, it is often hard to construct the Compress algorithm and make this charac-
terization practical. To this end, we give a weaker notion of compressibility below.

Definition 2.2.3 (Weakly compressible problems). Let D= (LDyes,LDno) be a promise problem. We
say that the promise problem D is weakly compressible if for every α ∈ N, there exists an algo-
rithm CompressDα , which takes, as input, 〈SeqD〉, a description of a uniform instance of promise
problemsfor D. CompressDα outputs a description for a uniform instance of promise problems for

D, 〈SeqComp
D 〉, such that the following holds: There exists an integer γ=O(poly(α)) such that

1. (Runtime): TIMECompressDα =O(poly(|〈SeqD,α〉|,α)).

2. (Consistency of the output): Seq
Comp
D (n) ∈ D for all n ∈ N, even if the initial input for

CompressDα is not a valid uniform instance of D.

3. (Complexity bound for the output): TIME
Seq

Comp
D

=O(log(n)γ).

Furthermore, if there exists some constant n0 ∈N such that for all n ≥ n0

TIMESeqD ≤ nα. (2.1)

Then there exists some constant nComp
0 = poly(γ,n0) such that for all n ≥ nComp

0

• (Completeness): SeqD(n) ∈ LDyes =⇒ Seq
Comp
D (n) ∈ LDyes.

• (Soundness): SeqD(n) ∈ LDno =⇒ Seq
Comp
D (n) ∈ LDno.

Instead of requiring a single Compress algorithm which works for all uniform problem in-
stances, the weakly compressible condition instead just requires a Compressα algorithm that
compresses all uniform problem instances that run in O(nα) time for all α ∈ N (i.e. these al-
gorithms could be different depending on α). If D is compressible, then it is trivially weakly
compressible. We have the following two theorems relating the compressible condition to RE
or coRE-complete languages.

Theorem 2.2.4 (Compression criteria forRE-complete problems). LetD= (LDyes,LDno) be a promise

problem. If LDno ∈ coRE, then the following are equivalent:

1. D is RE-complete.

2. D is a compressible promise problem.

3. D is a weakly compressible promise problem.

Theorem 2.2.5 (Compression criteria for coRE-complete problems). Let D = (LDyes,LDno) be a

promise problem. If LDyes ∈ coRE, then the following are equivalent:

1. D is coRE-complete.

2. D is a compressible promise problem.

3. D is a weakly compressible promise problem.

Since whenever D is compressible/weakly compressible, coD is also compressible/weakly
compressible, this implies that Theorem 2.2.4 implies Theorem 2.2.5 being true. Hence, we
provide a proof for Theorem 2.2.4 below. We remark that this proof is inspired by the suggested
approach for showing MIPco = coRE in [MNY22, Conjecture 1.4].
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Proof of Theorem 2.2.4. Note that (2) trivially implies (3), and by Example 2.2.2 (1) implies (2).
Hence all that remains to show is (3) implies (1).

Fix aD= (LDyes,LDno) as per Theorem 2.2.4, and assume thatD is a weakly compressible prob-

lem. Since by assumption, LDno ∈ coRE, let coREalgoLno
denote the coRE algorithm that halts

whenever x ̸∈ LDno and runs forever if x ∈ LDno (this can be assumed by appending an infinite
loop whenever coREalgoLno

halts and correctly decides x ∈ LDno). The algorithm coREalgoLno

already implies that D ∈RE. Hence the only thing we need to show is that D can be reduced to
the halting problem.

Hence, fix a Turing machineF (F (pronounced “fish") is the only non-western character
used in this thesis, and we use it to emphasize the fact that it is an instance of the Halting
problem instead of a subroutine defined within this thesis1). We wish to find an instance xF
such that whenever Fhalts, then xF ∈ LDyes and xF ∈ LDno otherwise. For every β ∈ N, let

CompressD
β

be the compression algorithm guaranteed by the weakly compressible condition

given in Definition 2.2.3. Since we assume LDyes and LDno are non-empty in the preliminary, let

xyes ∈ LDyes and xno ∈ LDno be an arbitrary element in these two sets. Letα,C0 ∈Nbe two constants
to be specified later in the proof. We construct the following uniform game sequence SeqD,F
based onFin Pseudocode 3.

1 Input: Integer n.
2 RunFfor n steps. IfFhalts in the given steps, return xyes.
3 Compute the description of 〈SeqD,F〉.
4 Compute 〈SeqD,F(C0)〉, the Turing machine which is hardcoded into computing

SeqD,F(C0).
5 Simulate line 6-7 for max{0,n −C0} steps, if line 6-7 halts in the given steps, return

xno.
6 Run the Turing machine 〈SeqD,F(C0)〉 until SeqD,F(C0) is computed.
7 Run coREalgoLno

with SeqD,F(C0) as input.

8 Otherwise, apply CompressDα with the input 〈SeqD,F〉 to obtain the description for
〈Seqcomp

D,F〉.
9 Compute and return Seq

comp
D,F(n +1)

Pseudocode 3: The description for SeqD,F.

We point out that the length of the source code |〈SeqD,F〉| only depends on the Turing
machineF. In line 3, we use Kleene’s Recursion Theorem to allow 〈SeqD,F〉 to perform com-
putation on its own source code. This step can be performed in

O(poly(|〈SeqD,F〉|) =O(poly(|F|))

time. We also point out that SeqD,F is a valid uniform problem instance (i.e. its output range
is inD), since it can only terminate in line 2 and 5 (or else the output is xyes and xno respectively,
which are both in D), and in line 9 (which is in D by point 2 of Definition 2.2.3). We begin by
deriving the runtime for SeqD,F on input n ∈N by examining Pseudocode 3 line by line:

• For line 2, simulatingFfor n steps takes time

poly(|F|,n).

• For line 3, by Kleene’s Recursion theorem, computing the description of 〈SeqD,F〉 takes
time

poly(|F|, |〈SeqD,F〉|,n) = poly(|F|,n).

1The original choice for this symbol is the Chinese character for Turing machine, or图灵(pronounced Túlíng).
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• For line 4, the Turing machine 〈SeqD,F(C0)〉 is essentially 〈SeqD,F〉, but replacing ev-
ery instance of n occurring after line 1 with C0. Since C0 is a constant, this takes time

O(poly(|〈SeqD,F〉|,C0)).

• For line 5-7, simulating line 6-7 for max{0,n −C0} steps takes time

O(poly(|GC0 |,C0,n)) =O(poly(n,C0, |F|)).

• For line 8 and 9, applying CompressDα on the input 〈SeqD,F〉 and computing Seqcomp
D,F(n+

1) takes time
O(poly(α, log(n)poly(α), |〈SeqD,F〉|))

by condition 1 and 3 in Definition 2.2.3.

Although many parameters appear in the runtime analysis, the only variable which is not set to
a constant is n! By combining the runtime analysis above, we have

TIMESeq
D,F(n) =O(poly(n, log(n)poly(α),α, |F|,C0)).

Since C0 does not depend exponentially on α in the above equation, there exists a choice for
α,n0 ∈N such that by setting C0 = g (n0, f(α)), where g is the polynomial used to define γ and f
is the polynomial used to define nComp

0 in Definition 2.2.1, we have

TIMESeq
D,F(n) ≤ nα,

for all n ≥ n0. Fix α, C0 and n0 as the constant which satisfies the property above. By the
completeness/soundness condition of Definition 2.2.1, for all n ≥ n0

• SeqD,F ∈ LDyes =⇒ Seq
Comp
D,F(n) ∈ LDyes,

• SeqD,F(n) ∈ LDno =⇒ SeqD,F(n) ∈ LDno.

We argue that xF = SeqD,F(C0) ∈D is the instance needed for the proof (i.e. xF ∈ LDyes

ifFhalts, and xF ∈ LDno otherwise). We first show that 〈SeqD,F〉 can never terminate at line
5 of Pseudocode 3. Consider SeqD,F with input n < C0; since line 5 does not perform any
operation by definition, it also can never terminate in this spot. Similarly, ifFhalts in time T ,
for any input n > T , Pseudocode 3 terminates in line 2 before reaching line 5.

Hence, suppose for a contradiction that SeqD,F(n) terminates at line 5 for some input
n ≥C0, and suppose thatFdoes not halt on step n, and without loss of generality assume that
n is the smallest natural number such that SeqD,F(n) terminates at line 5. By definition, this
means SeqD,F(n) = xno ∈ LDno.

Since 〈SeqD,F(C0)〉 is a terminating program, this implies that for SeqD,F(n) to termi-
nate at line 5, coREalgoLno

(SeqD,F(C0)) also would terminate. By the definition of coREalgoLno
,

we have SeqD,F(C0) ̸∈ LDno. Since 〈SeqD,F〉 is a valid uniform sequence, we have SeqD,F(C0) ∈
LDyes.

Now consider SeqD,F(n−1), since n is the smallest natural number such that SeqD,F(n)
terminates at line 5, and the Turing machineFdoes not halt in n−1 steps. SeqD,F(n−1), by
default terminates on line 9 of Pseudocode 3. This means that SeqD,F(n−1) = SeqD,F(n)comp ∈
LDno by the weakly compressible condition. By an inductive argument, since n >C0, this implies
that SeqD,F(C0) ∈ LDno, contradicting the fact that SeqD,F(C0) ∈ LDyes. Thus, 〈SeqD,F〉 can-
not halt on line 5 of Pseudocode 3.

We first focus on the case whereFterminates in T steps. If T ≤ C0, then SeqD,F(T ) =
xyes ∈ LDyes by line 1 of Pseudocode 3. Hence, assume C0 < T . By line 2 of Pseudocode 3,
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SeqD,F(T ) = xyes ∈ LDyes. Now, consider SeqD,F(T −1), since it cannot terminate at line 2 and
5 of Pseudocode 3, this implies that the Turing machine 〈SeqD,F(T −1)〉 will terminate on line
9 of Pseudocode 3. Hence we have SeqD,F(T − 1) = Seq

comp
D,F(T ) ∈ LDyes by the weakly com-

pressible condition. Again, by an inductive argument, we have SeqD,F(T − 1) ∈ LDyes, which
completes the proof for the case whereFhalts in finite time.

Now, supposeFdoes not halt. By the above claim, coREalgoLno
also does not terminate

when given the input SeqD,F(C0) (or else SeqD,F terminates at line 5 of Pseudocode 3, de-
riving a contradiction). By the definition of coREalgoLno

, this implies that SeqD,F(C0) ∈ LDno.
Hence showing thatD is RE-complete. This shows (3) implies (1) in Theorem 2.2.4, which com-
pletes the proof for Theorem 2.2.4.

2.3 Compression on succinct representation of languages

The compressible condition is a powerful new technique for showing uncomputability for dif-
ferent sets of languages. However, since the compressible condition requires an efficient com-
pression map for all uniform problem instances, it is often hard to construct such mappings in
practice. To make this technique more usable, it is often more convenient to consider the com-
pressible condition using the succinct description for a given decision problem. To this end, we
introduce a notion of a uniform succinct problem instance below.

Definition 2.3.1 (Uniform succinct problem instance). For a Turing machine Seq : N×N →
{0,1,⊥}, we say that Seq is a uniform succinct problem for D if there exist a sequence {xn}n∈N ⊆D
such that for n, i ∈N, Seq terminates and

Seq(n, i ) =
{

(xn)i if |xn |w ≤ i

⊥ Otherwise.
(2.2)

Furthermore, we say that Seq runs in f (n) time if TIMESeq(n, i ) = f (n) (i.e. only depends on n)
and xn ≤ f (n).

For a uniform succinct problem instance Seq which runs in O( f (n)) time, since integers
are represented in binary in this thesis, generating each instance xn given the input n ∈N takes
O(2 f (n)) time. Similarly to Definition 2.2.1, we define a compressible condition for a uniform
succinct problem instance below. We remark that the definition is more similar to the one given
in [NMY25].

Definition 2.3.2 (Succinct compressible problems). Let D = (LDyes,LDno) be a promise problem.

We say that the promise problemD is succinct compressible if there exists an algorithm CompressSuccD,
which takes, as input, 〈SeqD〉, a description of a uniform succinct problem instance ofD. CompressD

outputs a description of a uniform succinct problem instance of D, 〈SeqComp
D 〉, such that the fol-

lowing holds:

• (Runtime): TIMECompressSuccD =O(poly(|〈SeqD〉|)).

• (Structure of the output) 〈SeqComp
D 〉 is a uniform succinct problem for D with runtime of

O(polylog(n)).

Furthermore, if 〈SeqComp
D 〉 is a uniform succinct problem for D with runtime of O(poly(n)), let

{xn} and {xcomp
n } be the two sequence decision problems given by 〈SeqD〉 and 〈SeqComp

D 〉 respec-
tively. For all n ∈N, the following holds:

• (Completeness) xn ∈ LDyes =⇒ xcomp
n ∈ LDyes.

• (Soundness) xn ∈ LDno =⇒ xcomp
n ∈ LDno.
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Similarly, one can define weakly succinctly compressible condition using a similar formu-
lation as Definition 2.2.3. By replacing Pseudocode 3 with Pseudocode 4, one can show the
following theorem:

Theorem 2.3.3 (Compression criteria forRE-complete problems). LetD= (LDyes,LDno) be a promise

problem. If LDno ∈ coRE, then the following are equivalent:

1. D is RE-complete.

2. D is a succinct compressible promise problem.

3. D is a succinct weakly compressible promise problem.

1 Input: Integer n and i
2 RunFfor n steps. IfFhalts in the given steps, return (xyes)i .
3 Compute the description of 〈SeqD,F〉.
4 Compute 〈SeqD,F(C0, ·)〉, the Turing machine which is hardcoded into computing

SeqD,F with the first input fixed to C0.
5 Simulate line 6-7 for max{0,n −C0} steps, if line 6-7 halts in the given steps, return

(xno) j .
6 Compute xC0 by enumerating through SeqD,F(C0, j ) from j = 1 until

SeqD,F(C0, j ) =⊥.
7 Run coREalgoLno

with x1 as input.

8 Otherwise, apply CompressDα with the input 〈SeqD,F〉 to obtain the description for
〈Seqcomp

D,F〉.
9 Compute and return Seq

comp
D,F(n +1, i )

Pseudocode 4: The description for SeqD,F for proving Theorem 2.3.3, note that for
all n ∈ N, xn will always be finite (and bounded) due to the “structure of the output"
clause from Definition 2.3.2.
In practice, the succinct description could vary depending on the language, or even a par-

ticular type of succinct description is sufficient to argue uncomputability. Intuitively, the uni-
form succinct problem instance allows one to extract a circuit which computes partial infor-
mation about the problem instance itself, which could potentially be useful in defining a more
concrete compression map. For example, as observed in [NMY25], the proof of the uncom-
putability for the Wang tiling proof by Durand, Romashchenko and Shen [DRS08] can be phrased
in this framework, but the succinct description used is actually a Turing machine which, given
four colours, decides whether the tile is in the tile set. As seen later in this thesis, the MIP∗ or
the MIPco compression relies on the specific succinct representation, whereby the sample dis-
tribution and the decision function are encoded as a Turing machine. This encoding allows one
to use a variant of the low-individual degree based PCP theorem to construct such a compres-
sion map. Interestingly, both of these proof approaches build upon the problem beingNP-hard
in a succinct manner.

We end this chapter by listing a few of the failed attempts in formulating the compression
paradigm for succinct problem. Let D = (LDyes,LDno) be a decision problem, and consider the

decision problem SuccpolyD= (SuccpolyLDyes,SuccpolyLDno) defined as the following

• SuccpolyLDyes = {〈Seq〉|〈Seq〉 runs in polynomial time,Seq() ∈ LDyes}

• SuccpolyLDno = {〈Seq〉|〈Seq〉 runs in polynomial time,Seq() ∈ LDno}

In other words, SuccpolyD consists of the set of Turing machines that run in poly(n) time,
and output an instance of the original decision problem. By using a similar compression map
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as Example 2.2.2, one can show that SuccpolyD is compressible, however, one can just decide
the problem instance by running Seq〉 until it halts.

It turns out, SuccpolyLDno is not in coRE. By Rice’s theorem, one can reduce the halting
problem into deciding whether 〈Seq〉 runs in polynomial time (and outputs something from
LDno)2. SuccpolyLDno ∈ coRE would imply that RE ∈ coRE which is a clear contradiction. For a
similar reason, SuccpolyLDyes as a language is also compressible, because SuccpolyLDyes is un-
computable.

2.4 Remarks about the generalized compression framework

In this section, we give some remarks about the compression framework. If we take a Turing
machineFwhich halts in time T ∈N and apply the argument from this chapter, the resulting
instance xF would be in L by definition. However, it would take the “RE-algorithm" AlgoL

at least T steps before concluding that x ∈ L . By constructing a series of halting Turing ma-
chine which takes an increasing amount of time to terminate, one can use the argument given
in this chapter to construct a sequence of problem from Lyes with increasingly number of run-
time to decide using the given RE-algorithm.

The instance xF, after the reduction given by the proof of Theorem 2.2.4, is not being rep-
resented as a string, but rather, the output for Seq(1), where Seq is the uniform sequence being
define in Pseudocode 3, which might be the reason why it takes at least time T for AlgoL to find
a certificate against the no case. So an interesting question is whether xF, when represented
as a string, would still take time T for the algorithm AlgoL to find that xF? Or AlgoL running
with at least T steps on the input xF simply a by-product of xF having a dependency on the
Turing machineF?

Interestingly, in the proof of Pseudocode 3, since C0 is a constant, computing SeqD,F(C0)
takes O

(
poly(|F|)) time. This shows that the reduction from the Halting problem to D is

a polynomial-time reduction. Interestingly, for the argument given above, independent of
whether Fhalts or not, we can never observe SeqD,F halting at line 5. Thus, one might
be tempted to remove line 5-7 from Pseudocode 3 on the proof above. However, without these
three lines, we cannot argue that xF ∈ LDno wheneverFdoes not halt. Interestingly, although
xno is never actually returned, it still plays a critical role in the above argument. We highlight
this as an open problem: can one remove line 5 to 7, or remove the “no instances" (and retain
line 5 to 7 of Pseudocode 3) and still repeat the same argument for the proof above.

As pointed out before, every compressible promise problem is also a weakly compressible
problem. We show the converse of the statement above assuming that D ∈ RE or D ∈ coRE.
However, it is an interesting problem if the converse is true in general. The issue is that given a
description of a uniform instance 〈SeqD〉, there is no algorithm which can determine the small-
est α ∈N such that TIMESeqD = O(nα) (or whether TIMESeqD = O(poly(n)) at all). Hence, there
is no clear way to construct a universal CompressD algorithm given the CompressDα algorithm.

2This is a well known classical result in computability theory.
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Operator algebra and Quantum
Information Preliminaries

Part two of the thesis focuses on tracially embeddable strategies, a class of quantum strate-
gies for non-local games. Intuitively, this class of strategies can be used to approximate any
quantum commuting correlation. We will establish this result, along with some of its implica-
tions for quantum correlation and quantum information in Chapter 4.

Before turning to our contributions in this area, it will be appropriate to first give general
preliminaries introducing some notation that will be used for the rest of this thesis.

3.1 Sets and strings

We begin this section by introducing some notation regarding finite sets and strings we use for
this thesis. For a finite set S, we use |S| to denote the number of elements in S, and for a,b ∈ S,
we use δa,b for the Kronecker delta between the two elements, i.e.

δa,b =
{

1 if a = b

0 otherwise
.

Given a (potentially infinite) set T and n ∈ N, we useMn(T ) to denote the set of n by n ma-
trices over the set T . Given a distribution µ, we use Ex∼µ to denote the expectation over the
distribution µ and for a set S, we use Ex∈S to denote the expectation over the set S.

For a bit string a, s, t ∈ {0,1}n , we use |s| to denote the Hamming weight of s and s · t to
denote the inner product between s and t , or

∑
si ti mod 2. We use s|a ∈ {0,1}n to denote the

string

(s|a)i =
{

si if ai = 1

0 otherwise
.

We use π> j (s) to denote the function which zeros out the first j entries of the string s and we
use π≤ j to denote the function which zeros out everything except for the first j entries of the
string. In other words

π> j (s0, · · · , sn−1) = (0, · · · ,0, s j , · · · , sn−1) (3.1)

π< j (s0, · · · , sn−1) = (s0, · · · , s j−1,0, · · · ,0),

and we take the convention that π> j =π≥ j+1.
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3.2 Von Neumann algebras

In this section, we give some basic notation of von Neumann algebras we use for this thesis.
Recall, a Hilbert space is an inner product space which is complete with respective to the norm
introduced by the inner product 1. Furthermore, we adopt the braket notation for this thesis,
i.e. for a Hilbert space H , we use |ψ〉 ∈ H to denote a vector within the Hilbert space and 〈ψ|
to denote the of |ψ〉.

Let H be a Hilbert space, and B(H ) denote the set of bounded operators on H . Given
|ψ〉 ∈ H , we use | |ψ〉 | to denote the vector norm. Recall, a (concrete, unital) C *-algebra A ⊆
B(H ) is a normed ∗-algebra with IH = IA and closed in the norm topology. We use A + to
denote the set of positive elements within A (i.e. elements of the form s∗s for s ∈A ).

A state on a C *-algebra is a linear functionψ : A →C, which is positive, meaning thatψ(a) ≥
0 for all a ∈A + and satisfies ψ(I) = 1. We use ∥ψ∥ to denote the operator norm of ψ, or

∥ψ∥ := sup{ψ(z)|z ∈A +,∥z∥op = 1},

and we write ∥ψ∥A in order to emphasize the underlying algebra that the norm is taken over.
A state ψ on A is said to be faithful if, for all a ∈ A +, we have ψ(a) = 0 if and only if a = 0.
Furthermore, we say that the state is a tracial state if ψ(st ) =ψ(t s) for all s, t ∈ A . The famed
GNS representation theorem states that every state ψ on a C *-algebra A induces a representa-
tion (a ∗-homomorphism to some B(H )) πψ onto B(Hψ), and a unit vector |ψ〉 ∈ Hψ such

that ψ(z) = 〈ψ|πψ(z)|ψ〉 for all z ∈ A , and A |ψ〉 = H (we refer to [KR97a, Theorem 4.5.2] for
more details about the GNS representation). This representation is specified with the triplet
(πψ,Hψ, |ψ〉).

An element P ∈ A is a projector if P 2 = P . An element V ∈ A is a partial isometry if and
only if V V ∗ and V ∗V are both a projector, and unitary if furthermore V V ∗ = V ∗V = IA . For
two projectors P and Q, P is said to be equivalent to Q if there exist an isometry V if V ∗V = P
and V V ∗ = Q. We use U (A ) to denote the set of unitary elements in A in this thesis. For
A ⊆ B(H ), the commutant A ′ of A is defined to be the set of all elements which commute
with A , or A ′ := {z ∈ B(H ) : zw = w z for all w ∈ A }. A C *-algebra A ⊆ B(H ) is said to be a
von Neumann algebra if A =A ′′. By the von Neumann bicommutant theorem, an equivalent
definition for von Neumann algebra A is for A to be closed in the weak ∗-topology, where
recall, given S ⊆B(H ), the weak-operator topology consist of neighbourhoods of the form

N(a, {|ψi 〉}i∈[n], · · · |φ1〉 , · · · |φn〉 ,ε) = {b : b ∈B(H ), | 〈ψi |(b −a)|φi 〉 | < ε for all i ∈ [n]}

for a ∈ S,n ∈ N, |ψi 〉 , |φi 〉 ∈ H and ε > 0. It is well known that the weak-operator topology is
a finer topology than the norm topology. Since the weak ∗-topology is more coarse than the
norm topology, not every C *-algebra is a von Neumann algebra. Unless stated otherwise, A is
assumed to be a concrete von Neumann algebra for the remainder of this thesis.

In this thesis, we work with separable von Neumann algebra, meaning the underlying Hilbert
space H is separable. By [Tak01, Proposition 3.19] and the remark after [KR97a, Proposition
13.1.4], a separable von Neumann algebras always admits a faithful normal state, where a state
ψ on A is said to be normal ψ is continuous with respect to the weak operator topology.

Finally, we recall the following lemma, which states that every positive element inside a von
Neumann algebra admits a left and right inverse. We remark that this statement is true even if
A is a C *-algebra, as the proof below only uses the norm closure property of C *-algebras.

Lemma 3.2.1 (Existence of a left and right inverse). Let A,B ∈A + such that B ≤ A, then there
exists some element R ∈ A with R∗R ≤ I and A

1
2 R = B. Furthermore, there exists some element

L ∈A with L∗L ≤ I and L A
1
2 = B.

1Just a good reminder for Stacey! Since she always forgets the definition of a Hilbert space in a thesis defence.
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Proof. Fix n ∈ N, we see that 0 < IA
n ≤ A + IA

n ≤ (∥A∥op + 1
n )IA , which implies that A + IA

n is

positive and invertible in A . Let Rn = (A+ IA
n )−

1
2 B

1
2 . We note that Ln forms a Cauchy sequence

in the operator norm, and since B ≤ A ≤ A + IA
n , we have 0 ≤ R∗

n Rn ≤ IA . Hence, since A is
closed in the operator norm, the sequence Rn converges to some positive element R ∈A + with
R∗R ≤ I, and by continuity, A

1
2 R = B

1
2 . The second part of the proof follows from considering

the sequence Ln = B
1
2 (A+ IA

n )−
1
2 .

3.2.1 Tracial von Neumann algebras

We refer to a von Neumann algebra to be tracial if it admits a faithful normal tracial state τ,
and we use (A ,τ) to emphasize the existence of τ. Whenever A is finite-dimensional, we use
Tr(·) to denote the trace function for clearly2. The faithful trace τ naturally gives the notion of a
“Hilbert-Schmidt” norm on A , defined to be

||A||2 :=
√
τ(A∗A).

Recall that the standard form for a tracial von Neumann algebra (A ,τ) is the GNS representa-
tion triplet (χτ,L 2(A ,τ), |τ〉) of A for the tracial state τ, where L 2(A ,τ) denotes the Hilbert
space for the representation. Note that the standard form for a tracial von Neumann alge-
bra is unique up to canonical isomorphism [AP10, Proposition 7.5.1]. For simplicity of no-
tation, if (A ,τ) is in standard form, for each a ∈ A , we use a to denote χτ(a) as the opera-
tor defined within B(L 2(A ,τ)). In this representation, the vector |τ〉 is cyclic, meaning that
χτ(A ) |τ〉 = L 2(A ,τ), and separating, meaning that for all z ∈A , we have z |τ〉 = 0 if and only
if z = 0. This means that each σ ∈A gives a unique vector σ |τ〉 ∈L 2(A ,τ), and we can specify
the action of a acting on the Hilbert space L 2(A ,τ) by its left regular representation:

a(σ |τ〉) = (aσ) |τ〉

for all σ ∈A .
Recall, given a von Neumann algebra A , the opposite algebra A op := {aop : a ∈A } is a von

Neumann algebra which has the same linearity as A , but has the opposite multiplication struc-
ture, or more precisely (ab)op = (b)op (a)op . The algebra A op can also be faithfully embeddable
onto B(L 2(A ,τ)) by

χ
op
τ (aop )(σ |τ〉) = (σa) |τ〉 . (3.2)

This is known as the right regular representation for A . Clearly, χop
τ (A ) ⊆ A ′, and in fact,

A
′ = A op [AP10, Theorem 7.1.1]. For simplicity of notation, we use aop to denote χop

τ (a) in
this thesis. The map op : a → aop forms a ∗-anti-isomorphism from A →A ′, meaning

(λa +b)op =λaop +bop , (ab)op = bop aop (a∗)op = ((a)op )∗

for all a,b ∈A , λ ∈C.

3.2.2 Finite dimension example

To make the definition above more concrete, let n ∈N and A =Mn(C), we define the maximally
entangled state |MEn〉 as the vector state on Cn ⊗Cn as

|MEn〉 := 1p
n

∑
i∈n

|i 〉⊗ |i 〉

2We remark that the notation for the trace function for a finite-dimensional matrix is the same as the trace func-
tion for a finite field. In the context of the Tr function in this thesis, we typically use lower case letter for finite field
element and upper case letter for a matrix element.



36 Chapter 3. Operator algebra and Quantum Information Preliminaries

We remark that this is precisely the vector state which arises from applying the GNS theorem on
the normalized matrix trace Trn(A) on the algebra Mn(C), the resulting vector representation
for Tr are |MEn〉. Under this representation, elements of Mn(C) gets mapped to Mn(C)⊗In , with
the commutant being In⊗Mn(C). For all vectors |ψ〉 ∈Cn⊗Cn , we can always find some positive
elementσ ∈Mn(C)⊗In such thatσ |MEn〉, mainly, the canonical square root (the unique square
root which is also positive) of the reduced density on the first register. The opposite algebra
map, in this case, is the map op : A ⊗ In → In ⊗A defined by op(A ⊗ In) = In ⊗ AT , where AT is
the transpose of A. As a further sanity check, for all A,B ∈Mn(C)

op(A⊗ In)(B ⊗ In) |MEn〉 = (B ⊗ AT ) |MEn〉 = (B A⊗ In) |MEn〉 , (3.3)

consistent with the definition given above. For a more comprehensive introduction on von
Neumann algebra, we refer the reader to [Bla06].

3.3 Quantum measurements

Let H be a (potentially infinite-dimensional) Hilbert space, and let B(H ) denote the set of
the bounded operators on H . If A is a finite set, then a positive operator-valued measure
(POVM) on H with outcome set A is a collection of positive operators {Aa}a∈A ⊆B(H ), such
that

∑
a∈A Aa = IH . A projection-valued measure (PVM), or projective measurement, is a POVM

where each of the operators Aa is a projection operator (i.e. A2
a = Aa).

Let f : S →A be a function mapping a finite set S to another finite set A , and let {At }t∈A

be a POVM with measurement outcome in T . For all s ∈S , we denote

A[ f |s] := ∑
a:f(a)=s

Aa , (3.4)

and A[ f |s] = 0 if s is not in the image for f . Intuitively, this corresponds to performing the
measurement which first samples an element from At , and apply the map f through the mea-
surement outcome. This is known as a “data processed measurement" in the literature. Before
ending this section, we recall the orthogonalization lemma, which is used to approximate a set
of POVMs on a von Neumann algebra by a PVM being defined on the same algebra.

Lemma 3.3.1 (Orthogonalization lemma, Theorem 1.2 of [dlS22a]). Let A ⊆ B(H ) be a von
Neumann algebra and let |ψ〉 ∈H be a unit vector. For any POVM {Aa} ⊆A such that

∑
a 〈ψ|A2

a |ψ〉 >
1−ϵ, there exists a PVM {Pa} ⊆A such that∑

a
〈ψ|(Aa −Pa)2|ψ〉 < 9ε.

If (A ,τ) is a tracial von Neumann algebra in standard form, we can replace |ψ〉 by σ |τ〉 for
some σ ∈A for the lemma above in order to obtain a Hilbert-Schmidt norm approximation of
the original POVM.

3.3.1 Distance between quantum measurements

In this subsection, we introduce some distance between measurements which will be useful for
the analysis of non-local games. Let X be a finite set, µ be a probability measurement, (A ,τ)
be a tracial von Neumann algebra represented under the standard form (χτ,L 2(A ,τ), |τ〉) and
|ψ〉 ∈ L 2(A ,τ). We say that the two sets of POVM, {Ax

a}x∈X ⊆ A and {B x
a }x∈X ⊆ A ′, are δ-

consistent with each other with respect to |ψ〉 and µ if

E
x∼µ

∑
a ̸=b

〈ψ|Ax
aB x

b |ψ〉 ≤O(δ), (3.5)
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and we write
Ax

a ≃δ B x
a

if {Ax
a} and {B x

a } are δ-consistent with each other and |ψ〉 and µ are clear from context.
For two sets of POVM {Ax

a}x∈X , {B x
a }x∈X ⊆B(H ), we say that {Ax

a} and {B x
a } are δ-close with

each other with respect to |ψ〉 and µ if

E
x∼µ

∑
a
∥(

Ax
a −B x

a

) |ψ〉∥2 ≤O(δ), (3.6)

and we write
Ax

a ≈δ B x
a

if {Ax
a} and {B x

a } are δ-close with each other and |ψ〉 and µ are clear from context. We also use
the same notation to denote distances between matrices if the superscript “x" are omitted when
describing ≃ or ≈ distances. By definition, Ax

a ≈ε B x
a is the same as writing

(
Ax

a −B x
a

) ≈ε 0. We
remark that both measurements distance defined above are analogous to [JNV+22a, Definition
5.15, 5.16].

For three sets of POVM indexed by x ∈ X , {Ax
a}a∈A , {B x

a }a∈A , {C x
a }a∈A ⊆ B(H ), if Ax

a ≈δ B x
a

and B x
a ≈ε C x

a over |ψ〉 ∈H and µ by the triangle inequality, this implies that Ax
a ≈δ+ε C x

a over µ
and |ψ〉. Since applying a function to the measurement output cannot decrease the probability
of two measurement outcome agree with each other, we get the following analogue of [NW19,
Fact 4.26].

Fact 3.3.2 (Data processing). Let X be a finite set, {Ax
a}a∈A and {B y

b }(a,b)∈A 2 be two sets of
POVMs, and f : A →B be a function. Then Ax

a ≃ε B x
a implies that Ax

[f|a] ≃ε B x
[f|a]

We remark that the above fact does not work for the ≈ε measurement outcome and we refer
to [NW19, Fact 4.26] for more details. We show the following trivial lemmas about distances of
POVM measurements. The first lemma converts between closeness and distance for a pair of
commuting measurement. We remark that this is an analogue of [NW19, Fact 4.13, 4.14]

Lemma 3.3.3 (Conversion between closeness and distance). Let X be a finite set, µ be a distri-
bution over X , |ψ〉 ∈H and {Ax

a}a∈A and {B y
b }(a,b)∈A 2 be two sets of POVMs in B(H ) such that

Ax
aB y

b = B y
b Ax

a for all (x, y, a,b) ∈X 2 ×A 2. Then the following holds:

• If Ax
a ≃δ B y

b over µ and |ψ〉, then Ax
a ≈δ B y

b over µ and |ψ〉.

• If Ax
a ≈δ B y

b over µ and |ψ〉 and additionally both {Ax
a}, {B y

b } are PVMs, then Ax
a ≃δ B y

b over
µ and |ψ〉.

• If Ax
a ≈δ B y

b over µ and |ψ〉 and additionally either {Ax
a} or {B y

b } are PVMs, then Ax
a ≃p

δ B y
b

over µ and |ψ〉.

Proof. By definition Ax
a ≃δ B y

b , we have

E
x∼µ

∑
a
〈ψ|Ax

aB x
a |ψ〉 ≥ 1−O(δ)

By expanding the definition of closeness, we have

E
x∼µ

∑
a
∥(

Ax
a −B x

a

) |ψ〉∥2 = E
x∼µ

∑
a
〈ψ|(Ax

a)2 + (B y
b )2 −2Ax

aB x
a |ψ〉

≤ E
x∼µ

∑
a
〈ψ|Ax

a +B y
b −2Ax

aB x
a |ψ〉

≤ 2−2 E
x∼µ

∑
a
〈ψ|Ax

aB x
a |ψ〉
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and item 1 follows accordingly. For item 2, if both {Ax
a}, {B y

b } are PVMs, then the above inequality
becomes an equality and the statement follows accordingly. For item 3, without lost of gener-
ality assume that {Ax

a} is projective, then

1− E
x∼µ

∑
a
〈ψ|Ax

aB x
a |ψ〉 = E

x∼µ
∑
a
〈ψ|(Ax

a)2|ψ〉− E
x∼µ

∑
a
〈ψ|Ax

aB x
a |ψ〉

= E
x∼µ

∑
a
〈ψ|Ax

a · (Ax
a −B x

a )|ψ〉

≤ E
x∼µ

∑
a
∥Ax

a |ψ〉∥ · ∥(Ax
a −B x

a ) |ψ〉∥

≤
√

E
x∼µ

∑
a
∥Ax

a |ψ〉∥2
√

E
x∼µ

∑
a
∥(Ax

a −B x
a ) |ψ〉∥2

where in line 2, we use the fact that {Ax
a} is projective and a PVM, and the third line follows from

Cauchy-Schwarz and the forth line follows from Jensen’s inequality. Bounding the first term in
line 4 by 1 completes the claim for the lemma.

The second lemma gives a way to combine measurements while preserving distances be-
tween the measurements, we remark that this is an analogue of [NW19, Fact 4.20].

Lemma 3.3.4 (Combination of measurement preserves distance). Let X ,A ,C be finite sets, µ
be a distribution over X 2 with marginal distribution µX ∼ X and µY ∼ X over the first and
second coordinates respectively. For each (x, y) ∈ X 2, let {Ax

a,b}(a,b)∈A 2 and {B x
a,b}(a,b)∈A 2 be two

sets of POVMs in B(H ), and let {C x,y
a,c }(a,c)∈A×C be a set of POVM in B(H ). If Ax

a,b ≈δ B x
a,b with

respect to |ψ〉 and either µX or µY , then

C x,y
a,c Ax

a,b ≈δ C x,y
a,c B x

a,b , and Ax
a,bC x,y

a,c ≈δ B x
a,bC x,y

a,c

where ≈δ is over the state |ψ〉 and the distribution (x, y) ∼µ.

Proof. Since both implication follows a similar proof, we only show the first one below. Fix
(x, y) ∈X 2 and (a,b) ∈A 2. By expanding the vector state, we see that∑

c
∥
(
C x,y

a,c Ax
a,b −C x,y

a,c B x
a,b

)
|ψ〉∥2 =∑

c
〈ψ|(Ax

a,b −B x
a,b)∗(C x,y

a,c )∗C x,y
a,c (Ax

a,b −B x
a,b)|ψ〉

≤ 〈ψ|(Ax
a,b −B x

a,b)∗(Ax
a,b −B x

a,b)|ψ〉
= ∥

(
Ax

a,b −B x
a,b

)
|ψ〉∥2

where the second inequality follows from C being a POVM. The lemma follows accordingly.

3.4 Quantum correlations

In this section, we introduce different notions of quantum information that will be used in this
thesis. Given two finite sets X and A , a (bipartite) correlation set with question set X and
answer set A is the set {Cx,y,a,b}(x,y)∈X 2,(a,b)∈A 2 ⊆ [0,1]X

2×A 2
such that∑

(a,b)∈A 2

Cx,y,a,b = 1

for all (x, y) ∈ X 2. For fixed question pair (x, y) ∈ X 2, µ(a,b) =Cx,y,a,b forms a probability dis-
tribution over A 2. We remark that a correlation set could be defined with two different ques-
tion set and two different answer set, but the formulation above is equivalent by setting some
of the Cx,y,a,b = 0. In this thesis, we are primarily concerned with two sets of correlations, the
quantum tensor correlations and the quantum commuting correlations, which we introduce
below:
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3.4.1 Quantum tensor correlations

A correlation set {Cx,y,a,b}(x,y)∈X 2,(a,b)∈A 2 is a quantum tensor correlation, if there exist two

collections of POVM, {Ax
a}a∈A ⊆ Mm(C) and {B y

b }b∈A ⊆ Mn(C), along with an entangled state
|ψ〉 ∈Cm ⊗Cn such that

Cx,y,a,b = 〈ψ|Ax
a ⊗B y

b |ψ〉
for all (x, y) ∈X 2 and (a,b) ∈A 2. In this case, we refer to the set

S = (Cm ⊗Cn , {Ax
a}a∈A , {B y

b }b∈A , |ψ〉)

as the tensor product strategy (or a ∗ strategy) which realizes the correlation Cx,y,a,b . We use
Cq (X ,A ) to denote the set of quantum tensor correlations with input set X and output set
A in this thesis or simply Cq if X and A is clear from context. To abuse notation, we write
Cq as C∗ so that it is consistent with the non-local games notation. For an integer n, we use
C n

q to denote the set of quantum correlations achievable by a tensor product strategies with
dimension n

C n
q := {

{〈ψ|Ax
a ⊗B y

b |ψ〉}(x,y,a,b)| |ψ〉 ∈Cn ⊗Cn , {Ax
a}, {B y

b } are POVMs in Mn(C)
}

.

For m < n, we have C m
q ⊆C n

q and furthermore

Cq =
∞⋃

n∈N+
C n

q .

3.4.2 Quantum commuting correlations

A correlation {Cx,y,a,b}(x,y)∈X 2,(a,b)∈A 2 is a quantum commuting correlation if there exist a (po-

tentially infinite-dimensional) Hilbert space H , two sets of POVM {Ax
a}a∈A , {B y

b }b∈A ⊆ B(H )

such that [Ax
a ,B y

b ] = Ax
a ·B y

b −B y
b · Ax

a = 0 for all (x, y) ∈ X 2 and (a,b) ∈ A 2, and a vector state
|ψ〉 ∈H such that

Cx,y,a,b = 〈ψ|Ax
aC B y

b |ψ〉
for all (x, y) ∈X 2 and (a,b) ∈A 2. In this case, we refer to the set

cS = (H , {Ax
a}a∈A , {B y

b }b∈A , |ψ〉)

as the commuting operator strategy (or a qc strategy) which realizes the correlation Cx,y,a,b . We
refer to a strategy (for both tensor product and commuting operator) to be a projective strategy
if both the measurement operator {Ax

a} and {B y
b } are PVMs.

We use Cqc (X ,A ) to denote the set of quantum commuting correlations with input set
X and output set A and Cqc if X and A are clear from context. Since any tensor product
strategy is a commuting operator strategy by definition (as [Ax

a ⊗In , Im ⊗B y
b ]), we have Cq ⊆Cqc .

As a consequence of the MIP∗ = RE theorem, we know that this inclusion is strict, or Cq ⊊
Cqc [JNV+22a].

3.4.3 Synchronous correlations

In this thesis, we work with a set of correlations known as synchronous correlations. For t ∈
{∗, qc} and finite set X and A , a correlation {Cx,y,a,b} ∈C t (X ,A ) is synchronous iff for all x ∈X

and (a,b) ∈A 2

Cx,x,a,b = δa,b ,

and we use C s
t to denote the set of synchronous correlations for models t . Intuitively, a syn-

chronous correlation corresponds to the behaviour where the experimenters will always give
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the same question when given the same question. Synchronous correlations were first studied
in [PSS+16], and have been used in [MNY22] to study the complexity of zero gap MIP∗. We
call a strategy that realizes a synchronous correlation to be a synchronous strategy. The set of
synchronous strategy for both the tensor product model and the community operator model
admits a nice structure, and we refer to Section 4.3 for more details.

In this thesis, we also consider near-synchronous correlations. One of the main contribu-
tion is the so called “rounding theorem" for the commuting operator models, which intuitively
states that any near synchronous correlation is “close" (in the l1 norm sense) to a synchronous
correlation. Since the notion of a near-synchronous correlations is closely tie to the “rounding
theorem", we refer to Chapter 5 for the definition when introducing the rounding theorem.

3.5 Non-local games

A two-prover one-round (non-local) game is described by a tuple G= (X 2,A 2,µ,D), where X

is a finite set denoting the list of potential questions, A is another finite set denoting the list of
potential answers, µ is a distribution over X 2 which corresponds to the question distribution,
and D : X 2 ×A 2 → {0,1} is the evaluation map3. The game is played between two cooperat-
ing provers, Alice and Bob, and a verifier4. In this game, the verifier first samples a question
pair (x, y) according to the distribution µ and sends x to Alice and y to Bob. Upon receiving
their questions, Alice (and resp. Bob) must, without communicating with the other prover, re-
spond with answers a (resp. b) in A back to the referee, and the provers win if and only if
D(x, y, a,b) = 1. Conventionally, non-local games are usually expressed with provers sharing
different question and answer sets. However, by forcing the probability distribution µ to be
zero on certain question pair, the formulations we give are equivalent to the conventional for-
mulation. In this thesis, we consider non-local games where the provers have access to the two
models of entanglement described in the previous subsection, which gives two different val-
ues, or the optimal success probability for the provers, for a given game G . We introduce these
notions in the remainder of this subsection:

3.5.1 Values of a game

Under the quantum tensor product model, the provers first prepare a joint entangled quantum
state |ψ〉 ∈ Cn ⊗Cm between them. After receiving the question from the verifier, the provers
then perform localized measurements on their respective register based on the question they
receive. The provers then respond to the verifier with the measurement output as their an-
swers. In this case, the behaviour of the provers precisely describes a tensor product strategy
defined in the previous subsection, and the probability of outputting the answer pair (a,b)
given the question pair (x, y) is Cx,y,a,b , where {Cx,y,a,b}x,y,a,b is the correlation generated by the
said strategy.

Given a quantum tensor correlation C = {Cx,y,a,b} ∈ Cq (X ,A ), we define the success rate
for the correlation, or the value of the correlation to be

ω(G ,C ) := ∑
(x,y)∈X 2

µ(x, y)
∑

(a,b)∈A

D(x, y, a,b)Cx,y,a,b . (3.7)

Similarly, for a tensor product strategy S , we use ω(G ,S ) to denote the value of the corre-
lation realized by the strategy S . The optimal success rate given quantum tensor model of

3We remark that this is slightly different from how we define the evaluation map in Chapter 1, in this case 0 maps
to “loses" and 1 maps to “win".

4We are adopting the notation from an interactive proof setting in this thesis. In other non-local games literature,
the provers might be referred to as “players" and the verifier might be referred to as the “referee"
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entanglement, or the tensor product value of a game G is

ω∗(G ) := sup
{Cx,y,a,b∈Cq }

ω(G ,C ). (3.8)

We remark that since Cq is not a closed set [Slo19b], the supremum in the above equation might
not be realizable by a tensor product correlation.

Similarly, if the provers are allowed to use the commuting model of entanglement. The set
up is similar as above, except the provers use commuting operator strategies instead. Given
a quantum commuting operator correlation C = {Cx,y,a,b} ∈ Cq (X ,A ), the value for the cor-
relation is the same as (3.7). The optimal success rate given quantum commuting model of
entanglement, or the commuting operator value of a game G is

ωco(G ) := sup
{Cx,y,a,b∈Cqc }

ω(G ,C ). (3.9)

For model t ∈ {∗,co}, we call a strategy S in model t a perfect strategy for game G if
ω(G ,S ) = 1. While the value of a game can be defined in terms of either quantum correla-
tions or quantum strategies, there is a distinction between correlations and strategies. From
the verifier’s point of view, he can only “detect" the correlation by sampling a pair of questions
and getting a pair of response from the provers. However, the provers can choose different
strategies (which the verifier cannot detect) in order to realize the same correlation.

3.5.2 Synchronous games

Given a game G , we call a game synchronous iff D(x, x, a,b) = δa,b . In other words, the provers
must provide the same answer pair when given the same question pair. For a synchronous
game G , we call a question pair (x, y) to be synchronous iff x = y . For model t ∈ {∗, qc} and a
synchronous game G , we define the synchronous value for G in model t to be

ωt
s(G ) := sup

{Cx,y,a,b∈C s
t }
ω(G ,C ).

Intuitively, a synchronous strategy corresponds to the set of strategies in which the provers
always give the same answer when given the same questions. Since C s

q ⊆Cq (resp. C s
qc ⊆Cqc ),

we have ω∗
s (G ) ≤ ω∗(G ) (resp. ωco

s (G ) ≤ ωco(G )). However, as seen by the following theorem,
these two values are equivalent whenever G admits a perfect strategy.

Theorem 3.5.1 (Perfect quantum value implies perfect synchronous value, Theorem 3.2 of [MNY22]).
Let G = (X ,A ,µ,D) be a synchronous game such that µ(x, x) > 0 for all x ∈ X . For model
t ∈ {0,1}, ωt (G ) = 1 →ωt

s(G ) = 1.

As seen in Section 5.3, for a specific class of synchronous games, the above theorem is true
even if the optimal value of a game is not perfect.





CHAPTER 4

Tracially embeddable, symmetric and
oracularizable strategies

In this chapter, we first introduce a special class of commuting operator strategies, tracially
embeddable strategies. Intuitively, one should interpret this as a class of strategies with many of
the properties of finite-dimensional strategies. One of the key observations that we made is that
the correlation set from these strategies can be used to approximate all commuting operator
correlations! Using this definition, we introduce two classes of strategies, symmetric strategies
and oracularizable strategies in Section 4.3 and Section 4.4 respectively, and prove some useful
lemmas about these strategies. Both classes of strategies play an important role in proving the
existence of a compression map for MIP∗/MIPco.

4.1 Tracially embeddable strategies

We start this chapter by introducing a special class of commuting operator strategies known
as tracially embeddable strategies, motivated by the standard form of a tracial von Neumann
algebra. We give the definition below.

Definition 4.1.1 (Tracially embeddable strategy). Let G = (X 2,A 2,µ,D) be a non-local game.
A quantum commuting strategy S = (H , |ψ〉 , {Ax

a}a∈A , {B y
b }b∈A ) for game G is called tracially

embeddable if there exists a tracial von Neumann algebra (A ,τ) with standard form
(πτ,L 2(A ,τ), |τ〉) andσ ∈A + such that H =L 2(A ,τ), |ψ〉 =σ |τ〉, {Ax

a}a∈A ⊆A and {B y
b }b∈A ⊆

A ′.

In this thesis, we use S = (L 2(A ,τ),σ |τ〉 , {Ax
a}, {(B y

b )op }) to denote a tracially embeddable
strategy on the tracial von Neumann algebra (A ,τ)1. Furthermore, we call the set of possible
correlations generated by a tracially embeddable strategy as tracially embeddable correlations.
Similarly, we use C Tr

qc (X ,A ) ⊆ Cqc (X ,A ) to denote the set of tracially embeddable correla-
tions with input set X and output set A . Intuitively, tracially embeddable strategies have a sim-
ilar structure as finite-dimensional tensor product strategies. Let S = (L 2(A ,τ),σ |τ〉 , {Ax

a},
{(B y

b )op }) be a tracially embeddable strategy on the tracial von Neumann algebra (A ,τ). We
can think of A (resp. A ′) to be Alice’s (resp. Bob’s) algebra, similar to the local Hilbert space
structure in the tensor product model. Since 1 = 〈τ|σ2|τ〉 = ∥σ∥2

2 and σ ∈ A +, we can intu-
itively think of σ2 as the reduced density matrix on Alice’s side. Furthermore, we can use the
opposite algebra map introduced in the previous section to perform “observable switching", or
to move Bob’s measurement operator to Alice’s algebra using the vector state |τ〉. To make the
discussion more concrete, we consider the following example:

1Note that the POVM {B
y
b } is defined in A ′ under this formulation.
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Example 4.1.2. Let A = Mn(C), recall, the GNS representation using the trace Tr(·) maps A
to A ⊗ In ∈ Mn2 (C), where the state Tr(·) is mapped to the maximally entangled state |τ〉 =

1p
n

∑n−1
i=0 |i i 〉. As a sanity check, we see that Tr(A) = 〈τ|(A⊗ In)|τ〉 for all A ∈ Mn(C). We note

that |τ〉 is a tracial state for Mn(C)⊗ In by definition, and for all |ψ〉 ∈ Cn2
, there exists some

σ ∈ Mn(C) such that (σ⊗ In) |τ〉 = |ψ〉, showing that |τ〉 is also cyclic. In this case, σ2 is also
the reduced density matrix for |ψ〉 on the first register. For all σ⊗ In ∈ Mn(C), the operator
In ⊗A T ∈A

′
maps

(In ⊗ AT ) ((σ⊗ In) |τ〉) = (σA⊗ In) |τ〉 .

Hence, we can define the opposite algebra in a similar fashion as Equation (3.2), where

(A⊗ In)op = In ⊗A T .

For a non-local game G = (X 2,A 2,µ,D) and a finite dimensional strategy ({Ax
a⊗In}, {In⊗B y

b }, |ψ〉)
defined on Cn ⊗Cn . The correlation generated by ({Ax

a ⊗ In}, {In ⊗B y
b }, |ψ〉) can be rewritten as

Cx,y,a,b = 〈τ|(σ⊗ In)(Ax
a ⊗ In)

(
(B y

b )T ⊗ In
)op

(σ⊗ In)|τ〉 ,

for some σ ∈ Mn(C). Although σ does not necessarily have to be positive, by the polar decom-
position of σ=σU for some unitary element U , by replacing Bob’s observable by (U T )∗B y

bU T ,
we can, without loss of generality, assume that σ is positive regardless.

Finally, for audiences with no prior background in operator algebra, the reference chart
given in Table 4.1 may be helpful when reading some of the proofs in this thesis.

TES FD strategy (over Cn ⊗Cn)
Algebra A Mn(C)⊗ In

Commutant A ′ In ⊗Mn(C)
Hilbert space (H ) L 2(A ,τ) Cn ⊗Cn

Tracial state |τ〉 |MEn〉 = 1p
n

∑n
i=0 |i i 〉

Reduced density matrices σ2 TrB (|ψ〉〈ψ|)
POVMs for prover 1 (Alice) Ax

a Ax
a ⊗ In

POVMs prover 2 (Bob) B y
b In ⊗B y

b
Observable switching trick A |τ〉 = Aop |τ〉 A⊗ In |MEn〉 = In ⊗ AT |MEn〉

Table 4.1: A diagram translating components of a tracially embeddable strategy to its finite-dimensional
counterpart. We assume the finite-dimensional strategy is defined over registers A and B .
Where TES above stands for Tracially embeddable strategies.

As one of the main results for this thesis, we see that every correlation set Cqc can be ap-
proximated by a sequence of tracially embeddable strategies through the following theorem.

Theorem 4.1.3. Let X and A be arbitrary finite sets. Then

C Tr
qc (X ,A ) =Cqc (X ,A ),

where the closure above is in the l1-norm sense.

We give a proof for Theorem 4.1.3 in the next section. We remark that this is a surprising re-
sult, as shown in our (well, my) masters thesis years ago, I personally would expect the above
theorem to be false (see [Lin22] for the embarrassing call I made back in the years).



4.2. Approximation of tracially embeddable strategies 45

4.2 Approximation of tracially embeddable strategies

In this section, we give a proof for Theorem 4.1.3. The proof relies on Haagerup’s reduction the-
orem [HJX10] which, roughly speaking, allows one to approximate any von Neumann algebra
by a sequence of tracial von Neumann algebras. Intuitively, since every commuting operator
strategy can be realized in a von Neumann algebra, one can use this approximation theorem to
define a series of tracially embeddable strategies which can be used to approximate the original
strategy.

We start by introducing additional tools required to prove the main theorem in this subsec-
tion. Since introducing Haagerup’s reduction theorem requires introducing deeper theories in
von Neumann algebra, we choose to include these theories below. We remark that understand-
ing the rest of the thesis, which is dedicated to potential applications of the main theorem, does
not depend on understanding the technical details from this subsection.

4.2.1 Additional theorems about von Neumann algebras

Recall, for a set S, the discrete topology is generated by open sets of the form {s} for s ∈ S. Let G
be a countable subgroup of (R,+) equipped with the discrete topology. Let α be a continuous
automorphic representation of G on A , or a continuous mapα :G→αg where each αg is a ∗-
automorphism acting on A indexed by g ∈G. Let ℓ2(G,C) denote the set of square integrable
functions from G to C. Since G is a subgroup of R, for any function ψ ∈ ℓ2(G,C), we have∑

g∈G ∥ψ(g )∥2 <∞. This means that any functions in ℓ2(G,C) can be represented as elements
in the Hilbert space ⊕g∈GCg by ψ→⊕g∈Gψ(g ).

We say a von Neumann algebra A ⊆ B(H ) is in standard form if it admits a cyclic and
separating vector in H for the algebra A (see [Ara74] for more details). We remark that in
the case where A is tracial, A being in standard form is equivalent to A represented under
the GNS representation of the trace function, which is consistent with the definition given in
Section 3.2.1.

In order to define the modular automorphism group, we need to define the well known
Tomita-Takesaki construction [Tak70]. The Tomita-Takesaki construction will be used more
extensively later on in this thesis in proving a parallel repetition theorem for the commuting
operator model (in particular, the modular operator will be an important component for defin-
ing a notion of relative entropy between two states in the commuting operator model). Hence,
we list some properties necessary for the proof of Theorem 4.1.3 in this section, and give a more
detailed explanation and a finite dimensional example in Section 12.1.1.

Recall from [Tak70] that any von Neumann algebra in standard form admits a modular op-
erator ∆ and a modular conjugation operator J acting on H such that

∆i tA ∆−i t =A , JA J=A ′, t ∈R.

The above relation can be used to define a modular automorphism group for any subgroup G
of R. More specifically, let Aut(A ) define the set of automorphisms on A . For each t ∈G, we
define the function σt ∈ Aut(A ) as σt (A) = ∆i t A∆−i t . The modular automorphism group is
defined to be the continuous map σ :G→ Aut(A ) given by

σ(t ) =σt ,

for all t ∈G. We remark that since G is assumed to be equipped with the discrete topology in
this thesis, σ is continuous by default.

Recall from the literature that the crossed product of A by G with respect to α, denoted
by R =A ⋊αG is a von Neumann algebra acting on ℓ2(G,H ) generated by {πα(A)}A∈A and
{λα(h)}h∈G, where

(πα(A)ζ)(g ) =σ−1
g (A)ζ(g ) (λα(h)ζ)(g ) = ζ(g −h), for ζ ∈ ℓ2(G,H ), g ∈G.



46 Chapter 4. Tracially embeddable, symmetric and oracularizable strategies

Since we assume G to be a countable subgroup of R in this thesis, if A is a separable von Neu-
mann algebra, then the von Neumann algebra A ⋊αG is also separable. Under this assump-
tion, the generator for A ⋊σG can be specified by the operator {πσ(A)}A∈A and {λσ(h)}h∈G,
where

πσ(A) = ∑
t∈G

∆i t A∆−i t ⊗|t〉〈t |, λσ(h) = IA ⊗ ∑
t∈G

|t −h〉〈t |,

for A ∈A and h ∈G. In this case, the map θ : A →A ⋊σG given by

θ(A) =πσ(A) (4.1)

gives a ∗-isomorphism from A to its crossed product construction with G. The following
proposition extends a normal state from A to A ⋊σG.

Proposition 4.2.1 (Proposition 13.1.4 of [KR97b]). Let G be a subgroup of R, A be a von Neu-
mann algebra and σ be the modular automorphism group over G. For every normal state ρ
acting on A , there is a normal state ω acting on A ⋊σG such that

ω(A) = ρ ((IA ⊗〈0G|)A(IA ⊗|0G〉)) (4.2)

for all A ∈A ⋊σG, where θ is the isomorphic map defined in (4.1), and 0G should be interpreted
as the identity of the group (G,+).

Since ∆i 0 A∆−i 0 = A for all A ∈ A , this implies that (IA ⊗ 〈0G|)θ(A)(IA ⊗ |0G〉) = A for all
A ∈A . This means that we can replace (4.2) with

ω(A) = ρ ((IA ⊗〈0G|)θ(A)(IA ⊗|0G〉)) .

In other words, the normal state given by Proposition 4.2.1 also preserves the action given by θ.
For a von Neumann subalgebra B ⊆ A , we say a completely positive contraction map Φ :

A →B is a conditional expectation from A to B if for all X ∈A , A,B ∈A , we have

Φ(AX B) = AΦ(X )B.

Furthermore, a conditional expectation is normal if it preserves the weak topology. We recall
the following reduction theorem below, which states that any separable von Neumann algebra
under the crossed product of G= ⋃

n≥1 2−n ·Z⊆ R with respect to the modular automorphism
group can be approximated by a sequence of tracial von Neumann algebras.

Theorem 4.2.2 (Haagerup’s reduction, Theorem 2.1 of [HJX10]). Let A be a separable von Neu-
mann algebra in standard form, let G=⋃

n≥1 2−n ·Z⊆R and letσ be the corresponding modular
automorphism group of G. There exists a sequence (Rn ,τn)n≥1 of subalgebras of R = A ⋊σG
such that

• Rn ⊆Rn+1 for all n ∈N.

• Each Rn is a tracial von Neumann algebra with the normal trace being τn .

• For each n, there exists a normal faithful conditional expectation Φn from R → Rn with
Φn(A)+Φn(B) =Φn(A+B);

•
⋃

n≥1 Rn is w∗ dense within R.

We remark that Theorem 4.2.2 actually holds for σ-finite von Neumann algebras according
to the original formulation. However, as seen in the remark after [KR97a, Definition 5.5.14], all
separable von Neumann algebra are also σ-finite. Finally, we recall two theorems from the lit-
erature about tracial von Neumann algebras in standard form which we use in the proof of The-
orem 4.1.3. The first is an approximation theorem about normal linear functionals for tracial
von Neumann algebra in standard form.
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Proposition 4.2.3 (Proposition 7.3.4 and Theorem 7.3.8 of [AP10]). For every positive normal
linear functional ψ on a tracial von Neumann algebra A ⊆ B(H ) in standard form, there ex-
ists some vector |ψ〉 ∈ H with ψ(A) = 〈ψ|A|ψ〉. Furthermore, there exists a sequence of positive
operators An ∈A + such that

lim
n→∞ || |ψ〉− An |τ〉 || = 0

Recall, given two linear functionals ψ1 and ψ2 acting on a C *-algebra A , we say ψ1 ≤ψ2 iff
ψ2 −ψ1 is positive. The second theorem is a variant of the Radon-Nikodým theorem.

Theorem 4.2.4 (Proposition 7.3.5. of [KR97a]). Let A ⊆B(H ) be a von Neumann algebra, and
letω be a positive linear functional acting on A . Furthermore, there exists a vector state |ψ〉 such
thatω≤ω|ψ〉, whereω|ψ〉 is the linear functional acting on A such thatω|ψ〉(A) = 〈ψ|A|ψ〉. Then

there is a positive operator H
′

in the unit ball (A
′
)1 of A

′
such that

ω(A) = 〈ψ|H ′
A|ψ〉

for all A ∈A .

4.2.2 The proof

We prove Theorem 4.1.3 below.

Proof. Let Cx,y,a,b ∈Cqc be an arbitrary commuting operator correlation, and let

S = ({Ãx
a}, {B̃ y

b }, |ψ̃〉 ,H )

be the commuting operator algebra strategy that realizes Cx,y,a,b . We first show that {Ãx
a} can be

realized by a separable algebra. By Fritz’s characterization [Fri12, Proposition 3.4] of commut-
ing operator correlation, since both X and A are finite sets, we can, without loss of generality,
assume H is separable. Let N be the von Neumann algebra generated by {Ãx

a}, since H is
separable, N is also separable by definition. N being separable implies that N admits a
faithful normal state, and this gives a σ-weakly continuous isomorphism which maps N to its
standard form.

We first apply the cross product construction to N in order to apply Theorem 4.2.2. LetG=
∪n≥12−n ·Z⊆R as stated in Theorem 4.2.2, letσ be the corresponding modular automorphism
group for N and let R =N ⋊σG. For each (y,b) ∈X ×A , let ψ̃y

b : N →C be the normal linear

functional given by ψ̃y
b(A) = 〈ψ̃|A · B̃ y

b |ψ̃〉 and let ψ̃ : N → C be the normal linear functional

defined by ψ̃(A) = 〈ψ̃|A|ψ̃〉. Since each {B̃ y
b }b∈A is a set of POVMs, we have

∑
b ψ̃

y
b = ψ̃ for all

y ∈A . By Proposition 4.2.1, each ψ̃y
b (resp. ψ̃) extends to a normal state ψ̃y

b (resp. ψ̃) on R such

that ψ̃y
b(A) = ψ̃y

b(θ(A)) for all A ∈N , where the map θ is the map defined in (4.1).
Let (Rn ,τn)n≥1 be the sequence of tracial von Neumann sub-algebras of R guaranteed

by Theorem 4.2.2. We wish to construct a sequence of strategies C n
x,y,a,b ∈ C Tr

qc (X ,A ) such
that

• For each n ≥ 1, each C n
x,y,a,b can be approximated by a series of tracially embeddable

strategies defined in the standard form of (Rn ,τn),

• The limit of C n
x,y,a,b approaches to Cx,y,a,b .

For each (y,b) ∈X ×A and n ∈N, define {Ĉ n
x,y,a,b}(a,x)∈X×A to be

Ĉ n
x,y,a,b = ψ̃y

b ◦Φn ◦θ(Ãx
a). (4.3)
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We see that ∑
a,b

Ĉ n
x,y,a,b = ∑

a,b
ψ̃

y
b ◦Φn ◦θ(Ãx

a)

=∑
b
ψ̃

y
b ◦Φn ◦θ(

∑
a

Ãx
a)

= ψ̃◦Φn(IR)

where the second line follows from the functional ψ̃y
b ,Φn and θ being linear. By property 1 and

4 of Theorem 4.2.2, the sequence {Φn ◦θ(X )}n∈N is an increasing sequence of operators within
R for all X ∈R with limn→∞Φn ◦θ(X ) = θ(X ). In particular, we have

lim
n
ψ̃◦Φn(IR) = ψ̃(IN ) = 1.

Let

C n
x,y,a,b = 1

ψ̃◦Φn(IR)
Ĉ n

x,y,a,b .

Since
∑

a,b C n
x,y,a,b = 1 for all (x, y) ∈ X 2 and n ∈N, this shows that {C n

x,y,a,b} is a correlation set
for each n ∈N.

We first show limn→∞C n
x,y,a,b =Cx,y,a,b . Since for each (x, y, a,b) ∈X 2×A 2, the linear func-

tional ψa
x is normal, we have

lim
n

C n
x,y,a,b = limn ψ̃

a
x ◦Φn ◦θ(Ãx

a)

limn ψ̃◦Φn(IR)
= ψ̃a

x ◦θ(Ãx
a) = 〈ψ̃|Ãx

a · B̃ y
b |ψ̃〉 =Cx,y,a,b ,

hence showing the sequence of correlations C n
x,y,a,b approximates Cx,y,a,b .

Now, we wish to show that each of the C n
x,y,a,b can be approximated by a sequence of tra-

cially embeddable strategies defined within (Rn ,τn) to complete the proof. Let (πτn ,L 2(Rn ,
τn), |τn〉) be the standard form for (Rn ,τn). Fix n ∈ N, since Φn is normal, 1

ψ̃◦Φn (IR) ψ̃ ◦Φn is a

normal state on R (and hence for Rn ⊆ R). By [Ara74, Theorem 6], there exists some vector
state |ψn〉 ∈L 2(Rn ,τn) such that for all X ∈Rn ,

ψ̃n ◦Φn(X )

ψ̃n ◦Φn(IR)
= 〈ψn |X |ψn〉 .

Let Ax,n
a =Φn ◦θ(Ãx

a) ∈Rn , sinceΦn is linear∑
a

Ax,n
a =Φn ◦θ(

∑
a

Ãx
a) = 1

and hence each {Ax,n
a }a∈A is a POVM defined within (Rn). For each (y,b) ∈ X ×A , the state

1
ψ̃◦Φn (IR) ψ̃

y
b ◦Φn(A) is a normal linear functional with 1

ψ̃◦Φn (IR) ψ̃
y
b ◦Φn ≤ 1

ψ̃◦Φn (IR) ψ̃◦Φn . Hence,

by Theorem 4.2.4, there exists a positive element B y,n
b ∈R ′

n such that for all X ∈R

ψ̃
y
b ◦Φn(X )

ψ̃◦Φn(IR)
= 〈ψn |B y,n

b X |ψn〉 .

Since for all y ∈X , X ∈N , we have

∑
b

ψ̃
y
b ◦Φn ◦θ(X )

ψ̃◦Φn(IR)
= ψ̃◦Φn ◦θ(X )

ψ̃◦Φn(IR)
,

this implies that ∑
b
〈ψn |B y,n

b X |ψn〉 = 〈ψn |X |ψn〉
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for all X ∈ R. This implies that
∑

b B y,n
b ≤ IRn with 〈ψn |

(
IRn −

∑
b B y,n

b

) |ψn〉 = 0. By adding

(IRn −
∑

b B y,n
b ) to one of the B y,n

b , we can further assume that each {B y,n
b }b∈A forms a set of

POVMs in (Rn)′. Finally, by Proposition 4.2.3, there exists a sequence of positive operators
σm ∈Rm such that

lim
m→∞∥|ψn〉−σm |τn〉∥ = 0. (4.4)

Since |ψ〉 is a vector state, without loss of generality, we can also assume that τn(σ2
m) = ∥σm |τn〉∥ =

1 by normalizing each of the σm . We see that for each m, (L 2(Rn ,τn),σm |τn〉 , {Ax,n
a }, {B y,n

b }) is
a tracially embeddable strategy, and by (4.4), we have

lim
m→∞

∑
x,y,a,b

|C n
x,y,a,b −〈ψn |σm Ax,n

a B y,n
b σm |ψn〉 |

= lim
m→∞

∑
x,y,a,b

| 1

ψ̃◦Φn(IR)
ψ̃

y
b ◦Φn ◦θ(Ãx,n

a )−〈ψn |σm Ax,n
a B y,n

b σm |ψn〉 |

= lim
m→∞

∑
x,y,a,b

| 〈ψn |Ax,n
a B y,n

b |ψn〉−〈ψn |σm Ax,n
a B y,n

b σm |ψn〉 | = 0,

showing that C n
x,y,a,b ∈C Tr

qc (X ,A ), thus concluding the proof of the main theorem.

4.3 Symmetric strategies

In this section, we introduce a natural generalization of symmetric strategy [Vid22, Definition
2.3] for the commuting operator model using the structure of tracially embeddable strategies.

Definition 4.3.1 (Symmetric strategies). Let G = (X 2,A 2,µ,D) be a synchronous game and let
(L 2(A ,τ),σ |τ〉 , {Ax

a}, {(B y
b )op }) be a tracially embeddable strategy. We call this strategy symmet-

ric if Ax
a = B x

a for all x ∈X and a ∈A .

Symmetric strategies will be written as (L 2(A ,τ),σ |τ〉 , {Ax
a}) in this thesis. If a symmetric

strategy is also projective (i.e. {Aa
x } are projective) with σ = I, then the given strategy is also

a synchronous strategy. By using [PSS+16, Theorem 5.5], and taking the double commutant
of the corresponding C *-algebra for Alice’s measurement operator, we can always write any
synchronous strategies as a projective, symmetric strategy of the form (L 2(A ,τ), |τ〉 , {Ax

a}).
The following theorem shows that all synchronous correlations can be realized by a projec-

tive, symmetric strategy for which the underlying state is the tracial state of the algebra (i.e. the
maximally entangled state in the finite dimensional setting).

Lemma 4.3.2 (Synchronous correlations can be realized using a symmetric strategy). Let Cx,y,a,b ∈
C s

qc , then there exists a projective, symmetric strategy S = (L 2(A ,τ), |τ〉 , {Ax
a}) which realizes

Cx,y,a,b . Furthermore, if Cx,y,a,b ∈C s
q , then S is finite-dimensional.

The above lemma can be proven by first taking the double commutant of {Ax
a} from [PSS+16,

Theorem 5.5], then applying point iii) of [PSS+16, Theorem 5.5] to get the desired result. Due to
this lemma, we can assume that all synchronous correlations are realized using synchronous
strategies guaranteed by Lemma 4.3.2. Hence we denote every synchronous strategy as a pro-
jective strategy S = (L 2(A ,τ), |τ〉 , {Ax

a}) in this thesis.
We prove some useful lemmas related to symmetric strategies for the remainder of this

section.

4.3.1 Lemma related to symmetric strategies

The first lemma regarding symmetric strategies is bounding the synchronicity of any tracially
embeddable strategy by the synchronicity of the two symmetric strategies defined by their re-
spective measurement operators.
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Lemma 4.3.3. Let G = (X 2,A 2,µ,D) be a synchronous game, S = (L 2(A ,τ),σ |τ〉 ,
{Ax

a}, {(B y
b )op }) be a tracially embeddable strategy for the game G , then

1−δsync (G ,S ) ≤
√

1−δsync(G ,S(Ax
a ,σ|τ〉))

√
1−δsync(G ,S(B y

b ,σ|τ〉),

where S(Ax
a ,σ|τ〉) is the symmetric strategy defined by (L 2(A ,τ),σ |τ〉 , {Ax

a}), and likewise with
S(Ax

a ,σ|τ〉).

Proof. By the Cauchy-Schwarz’s inequality and Jensen’s inequality,

1−δsync(G ,S ) = E
x∼µ

∑
a
〈τ|σAa

xσB a
xσ|τ〉 ≤

√
E

x∼µ
∑
a
〈τ|σAx

aσAx
a |τ〉

√
E

x∼µ
∑
a
〈τ|σB x

aσB x
a |τ〉

=
√

1−δsync(G ,S(Ax
a ,σ|τ〉))

√
1−δsync(G ,S(B y

b ,σ|τ〉).

The following lemma is an analogue of [Vid22, Lemma 2.10] with tracially embeddable
strategies, and the proof follows a similar structure.

Lemma 4.3.4. Let G = (X 2,A 2,µ,D) be a synchronous game, and let S = (L 2(A ,τ),σ |τ〉 ,
{Ax

a}, {(B y
b )op }) be a tracially embeddable strategies for the game G . Let {C a

x } ⊆ A be another set
of POVMs, with

γ= E
x∼µ

∑
a
〈τ|σ(Ax

a −C x
a )2σ|τ〉 ,

for some γ≥ 0. Then for the symmetric strategy S(Ax
a ,σ|τ〉) = (L 2(A ,τ),σ |τ〉 , {Ax

a}), we have

E
(x,y)∼µ

∑
a,b

| 〈τ|σAx
a(B b

y )opσ|τ〉−〈τ|σC x
a (B y

b )opσ|τ〉 | ≤ 6
(
δsync(G ,S(Ax

a ,σ|τ〉))+p
γ
)

.

Proof. For simplicity of notation, let δA = δsync(G ,S(Ax
a ,σ|τ〉)). We show this lemma using the

following three inequalities, followed by the triangle inequality:

E
x,y∼µ

∑
a,b

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σ(Ax
a)2(B y

b )opσ|τ〉 | ≤ 2δA , (4.5)

E
x,y∼µ

∑
a,b

| 〈τ|σ(Ax
a)2(B y

b )opσ|τ〉−〈τ|σ(C x
a )2(B y

b )opσ|τ〉 | ≤ 2
p
γ, (4.6)

E
x,y∼µ

∑
a,b

| 〈τ|σC x
a (B y

b )opσ|τ〉−〈τ|σ(C x
a )2(B y

b )opσ|τ〉 | ≤ 4
(
δA +p

γ
)

. (4.7)

For (4.5),

E
x,y∼µ

∑
a,b

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σ(Ax
a)2(B y

b )opσ|τ〉 | = E
(x,y)∼µ

∑
a,b

〈τ|σ(Ax
a − (Ax

a)2)(B y
b )opσ|τ〉

= 1− E
x∼µ

∑
a
〈τ|σ(Ax

a)2σ|τ〉 . (4.8)

By the Cauchy-Schwarz’s inequality and Jensen’s inequality,

1−δA = E
x∼µ

∑
a
〈τ|σAx

a(Ax
a)opσ|τ〉 ≤

√
E

x∼µ
∑
a
〈τ|σ(Ax

a)2σ|τ〉
√

E
x∼µ

∑
a
〈τ|σ((Ax

a)op )2σ|τ〉

≤
√

E
x∼µ

∑
a
〈τ|σ(Ax

a)2σ|τ〉.

Solving for Ex∼µ
∑

a 〈τ|σ(Ax
a)2σ|τ〉, we have

1−2δA ≤ 1−2δA +δ2
A ≤ E

x∼µ
∑
a
〈τ|σ(Ax

a)2σ|τ〉 , (4.9)
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and hence (4.5) follows accordingly. For (4.6), we bound the inequality through the following
two inequalities:

E
x,y∼µ

∑
a,b

〈τ|σ((Ax
a)2 − Ax

aC x
a )(B y

b )opσ|τ〉 ≤p
γ, (4.10)

E
x,y∼µ

∑
a,b

〈τ|σ((C x
a )2 − Ax

aC x
a )(B y

b )opσ|τ〉 ≤p
γ.

Since the inequalities are proven in a similar manner, we will only show the proof for (4.10): by
Cauchy-Schwarz’s inequality and Jensen’s inequality,

E
x,y∼µ

∑
a,b

〈τ|σ((Ax
a)2 − Ax

aC x
a )(B y

b )opσ|τ〉

≤
√

E
x,y∼µ

∑
a,b

〈τ|σ(Ax
a)2((B y

b )2)opσ|τ〉
√

E
x,y∼µ

∑
a,b

〈τ|σ(Ax
a −C x

a )2σ|τ〉

≤ 1 ·
√

E
x,y∼µ

∑
a
〈τ|σ(Ax

a −C x
a )2σ|τ〉 ≤p

γ.

For (4.7), this is analogous to (4.5), except we are estimating δC = δsync(G ,S(C x
a ,σ|τ〉)) instead,

where S(C x
a ,σ|τ〉) is the symmetric strategy (L 2(A ,τ),σ |τ〉 , {C x

a }). To bound δC , let η denote the
synchronicity for the tracially embeddable strategy (L 2(A ,τ),σ |τ〉 , {C x

a }, {(Ay
b)op }). By Cauchy-

Schwarz’s inequality and Jensen’s inequality,

η−δA ≤ E
x∼µ

∑
a
| 〈τ|σ(C x

a )(Ax
a)opσ|τ〉−〈τ|σ(Ax

a)(Ax
a)opσ|τ〉 |

= E
x∼µ

∑
a
| 〈τ|σ(C x

a − Ax
a)(Ax

a)opσ|τ〉 |

≤
√

E
x∼µ

∑
a
〈τ|σ(C x

a − Ax
a)2σ|τ〉

√
E

x∼µ
∑
a
〈τ|((Ax

a)2
)op

σ|τ〉 ≤p
γ.

By solving for η and by Lemma 4.3.3, δA ≤ 2η≤ 2
(
δA +p

γ
)
. Proceeding the same way as (4.5)

E
x,y∼µ

∑
a,b

| 〈τ|σC x
a (B y

b )opσ|τ〉−〈τ|σ(C x
a )2(B y

b )opσ|τ〉 | ≤ 1− E
x∼µ

∑
a
〈τ|σ(C x

a )2σ|τ〉

≤ 2δC ≤ 4
(
δA +p

γ
)

.

Combining Lemma 4.3.3 and Lemma 4.3.4, we have the following lemma.

Lemma 4.3.5. Let G = (X 2,A 2,µ,D) be a synchronous game, and let S = (L 2(A ,τ),σ |τ〉 , {Ax
a}, {B y

b })
be a δ-synchronous strategy for G . Then the symmetric strategy S ′ = (L 2(A ,τ),σ |τ〉 , {Ax

a}) is a
O(δ)-synchronous strategy with

E
(x,y)∼µ

∑
a,b

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σAx
a(Ay

b)opσ|τ〉 | ≤O(
p
δ),

Proof. Let δA be the synchronicity of the strategy S ′, by Lemma 4.3.3, δA ≤ 2δ=O(δ). For the
second part of the lemma, we see that by triangle inequality, we have

E
x∼µ

∑
a
〈τ|σ((Ax

a −B x
a )op )2σ|τ〉 ≤ E

x∼µ
∑
a

(||(Ax
a − (B x

a )op )σ |τ〉 ||2 +||(Ax
a − (Ax

a)op )σ |τ〉 ||2). (4.11)

For the first part of (4.11), since (Ax
a)2 ≤ Ax

a ≤ I,

E
x∼µ

∑
a
∥(Ax

a − (B x
a )op )σ |τ〉∥2 = E

x∼µ
∑
a

(〈τ|σ(Ax
a)2σ|τ〉+〈τ|σ((B x

a )2)opσ|τ〉−2〈τ|σAx
a(B x

a )opσ|τ〉)
≤ E

x∼µ
∑
a

(
2−2〈τ|σAx

a(B x
a )opσ|τ〉)= 2δ.
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For the second part of (4.11), by a similar calculation

E
x∼µ

∑
a
∥(Ax

a − (Ax
a)op )σ |τ〉∥2 ≤ E

x∼µ
∑
a

(2−2〈τ|σAa
x (Aa

x )opσ|τ〉) ≤ 2δA ≤O(δ). (4.12)

Hence, by combining the above two equations, we have

E
x∼µ

∑
a
〈τ|σ((Ax

a −B x
a )op )2σ|τ〉 ≤O(δ).

By Lemma 4.3.4 and as well as Lemma 4.3.3 apply on the symmetric strategy S B = (L 2(A ,τ),σ |τ〉 ,
{B y

b }b∈A ), we have

E
(x,y)∼µ

∑
a,b

| 〈τ|σ|Ax
a(B y

b )opσ|τ〉−〈τ|σAx
a(Ay

b)opσ|τ〉 | ≤O(
p
δ)+O(δB ) ≤O(

p
δ)

where δB denotes the synchronicity of S B this concludes the second claim of the lemma.

The following corollary shows that every δ-synchronous correlation can be approximated
by some correlations generated by a symmetric projective strategy defined on the standard
form of a tracial von Neumann algebra (A ,τ).

Corollary 4.3.6. Let G = (X 2,A 2,µ,D) be a synchronous game, and let (L 2(A ,τ),σ |τ〉 , {Ax
a}, {B y

b })

be a δ-synchronous strategy for G . There exists a symmetric, projective and δ
1
4 -synchronous

strategy (L 2(A ,τ),σ |τ〉 , {P x
a }) with

E
(x,y)∼µ

∥(
Ax

a −P x
a

)
σ |τ〉∥2 ≤O(δ),

such that
E

x∼µ
∑

a∈A
| 〈τ|σAx

a(B y
b )opσ|τ〉−〈τ|σP x

a (P y
b )opσ|τ〉 | ≤O(δ

1
4 ), (4.13)

Proof. Let S s ym = (L 2(A ,τ),σ |τ〉 , {Ax
a}a∈A ) be a symmetric strategy. By Lemma 4.3.5, δsync(G ,S s ym)

=O(δ) and
E

(x,y)∼µ
∑
a,b

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σAx
a(Ay

b)opσ|τ〉 | ≤O(
p
δ). (4.14)

By the Cauchy-Schwarz’s inequality,

1−O(δ) = E
x∼µ

∑
a
〈τ|σAx

a(Ax
a)opσ|τ〉 ≤

√
E

x∼µ
∑
a
〈τ|σ(Ax

a)2σ|τ〉,

or 1−O(δ) ≤ Ex∼µ
∑

a 〈ψ|(Ax
a)2|ψ〉. Hence, for all x ∈X , by applying Lemma 3.3.1 on {Ax

a}, there
exists a set of projective measurements {P x

a } such that

E
x∼µ∥

(
Ax

a −P x
a

)
σ |τ〉∥2 = E

x∼µ〈τ|σ(Ax
a −P x

a )2σ|τ〉 ≤O(δ). (4.15)

By applying Lemma 4.3.4 on {P x
a } for S s ym , we have

E
(x,y)∼µ

∑
a,b

| 〈τ|σAx
a(Ay

b)opσ|τ〉−〈τ|σP x
a (Ay

b)opσ|τ〉 | ≤O(
p
δ).

Let S 2 = (L 2(A ,τ),σ |τ〉 , {Ax
a}a∈A , {(P x

a )op }a∈A ). By Cauchy-Schwarz’s inequality, and |τ〉 be-
ing a tracial state, we have

δsync(G ,S 2)−δsync(G ,S s ym) ≤ E
x

∑
a
〈τ|σAx

a(P x
a )opσ|τ〉−〈τ|σAx

a(Ax
a)opσ|τ〉

≤
√
E
x

∑
a
〈τ|σ(Ax

a)2σ|τ〉
√
E
x

∑
a
〈τ|σ((Aa

x −P x
a )2)opσ|τ〉

≤ 1 ·
√

(E
x

∑
a
〈τ|(σ)2((Ax

a −P x
a )2)op |τ〉

=
√
E
x

∑
a
〈τ|σ(Ax

a −P x
a )2σ|τ〉 =O(

p
δ),

and hence δ2 ≤O(
p
δ). By repeating this argument again, on (Ax

a)op with S2 and together with
(4.14) and (4.15) gives (4.13).
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4.4 Oracularizable strategy

Before we introduce the rounding theorem, we introduce a special class of strategies known as
an oracularizable strategy for synchronous games below. We remark that this set of strategies
follows an analogue of the “commuting" property, a property for finite-dimensional strategies,
given in [JNV+22a, Definition 5.8].

Definition 4.4.1 (Oracularizable strategy). A tracially embeddable strategy S = (L 2(A ,τ),σ |τ〉 ,
{Ax

a}, {B y
b }) for a synchronous game G = (X ,A ,µ,D) is oracularizable if whenever µ(x, y) > 0,

then for all (a,b) ∈A 2

[Ax
a ,B y

b ] = Ax
aB y

b −B y
b Ax

a = 0.

We remark that in the above theorem, both {Ax
a} and {

(
B y

b

)op
} are defined in A . Hence the

above condition does not follow immediately from the definition for a commuting operator
strategy.

The notion of an oracularizable strategy itself is pretty interesting in the overall literature
aboutMIP∗/MIPco. In particular, it is an integral part of the “completeness clause" for the com-
pression theorem, and as will be seen in Part III, one has to carefully check that a perfect oracu-
larizable strategy must exist in each of the subroutine for the compression theorem. However,
the only purpose of maintaining such conditions is to prove the “completeness" clause within
the oracularization transformation within the answer reduction procedure (see Section 11.2 for
more details).

Given the above summary on how oracularizable strategies are used, one might be quickly
tempted to think that they are not important to the uncomputability of non-local games. This,
however, is not the case, when one tries to generalizes the unique games conjecture [Kho02]
for MIP∗/MIPco protocols. In an earlier work, Kempe, Regev and Toner shows that the unique
games [KRT09] in the entanglement setting is in P, hence showing that the unique games con-
jecture to be false under the MIP∗/MIPco model. However, by the recent work of Mousavi and
Spirig [MS24b], if one were to restrict to the classes of allowed strategy to be oracularizable, the
landscape all of the sudden changes, and the “quantum oracularizable unique games conjec-
ture" could all of a sudden be true (and the complexity of unique games with perfect oracu-
larizable strategies is uncomputable )! Since this is not the main focus of this thesis, we refer
interested readers to the reference given for more details.





CHAPTER 5

Rounding almost synchronous
correlations

In this chapter, we introduce and prove the “rounding" lemma in the commuting operator
setting. This theorem was proven for the tensor product model by both [Vid22] and [Pau22],
and it was proven independently in [dlSM23] for the commuting model. Interestingly, the
proof given in [dlSM23] uses advanced techniques from von Neumann algebra theory (namely
the Tamita-Takesaki theorem). In comparison, our proof only relies on Theorem 4.1.3 and
the structure of tracially embeddable strategies, which allows us to mimic the proof structure
of [Vid22].

5.1 The rounding lemma

Before introducing this lemma, we first introduce the notion of synchronicity given a corre-
lation. Given a distribution µ ∼ X 2, we denote the synchronicity of the correlation set with
respect to µ as

δsync(µ,C ) := max

{
E

x∼µx

∑
a ̸=b

Cx,x,a,b , E
y∼µy

∑
a ̸=b

Cy,y,a,b

}
, (5.1)

whereµx (resp. µy ) denotes the marginal distribution of x (resp. y) overµ. For a quantum strat-
egy S , we use δsync(µ,S ) to denote the synchronicity for the correlation generated by S with
respect toµ. For a tensor product/commuting operator strategy S =S = (H , {Ax

a}a∈A , {B y
b }b∈A , |ψ〉),

by definition we have
Ax

a ≃δsync(µ,S ) B x
a (5.2)

where ≃δsync(µ,S ) is over the state |ψ〉 and both the distribution µx and µy . We define a cor-
relation C to be δ-synchronous with respect to µ if δsync(µ,C ) ≤ δ and δ-synchronous if the
underlying distribution µ is clear from context.

We are now ready to introduce the “rounding theorem" below.

Theorem 5.1.1 (Rounding for synchronous correlations). There exist a universal polynomial
sRd : [0,1] → [0,1] such that sRounding(δ) = O(δ

1
8 ) such that the following holds: Let µ ∼ X 2

be a distribution and t ∈ {q, qc}, and let {Cx,y,a,b} ∈ Ct (X ,A ) be a δ-synchronous correlation.
Then there exist a collection of {Cλ

x,y,a,b}λ∈[0,∞] ⊆ C s
qc (X ,A ) and a probability distribution P

over [0,∞], such that

E
(x,y)∼µ

∑
a,b

∣∣∣∣Cx,y,a,b −
∫ ∞

0
P (λ) ·Cλ

x,y,a,bdλ

∣∣∣∣≤ sRounding(δ).

Furthermore, if Cx,y,a,b is realized by a tracially embeddable strategy (L 2(A ,τ),σ |τ〉 , {Ax
a}, {(B y

b )op }),

then each of the Cλ
x,y,a,b can be realized by a synchronous strategy defined on the standard form

of some subalgebra of A .
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Intuitively, since the convex combination of synchronous correlations is still synchronous,
the above theorem essentially states that the set of δ-synchronous can always be approximated
by the set of synchronous correlations.

5.2 Proof of Theorem 5.1.1

The proof of Theorem 5.1.1 relies on a lemma originating from the seminal paper of Connes
[Con76]. We remark that the finite dimensional variant of this lemma is an important tool used
in both [Vid22] and [Pau22], and [dlSM23] generalized this lemma to the type III von Neumann
algebra setting using the core of the algebra.

For λ ∈R, we define the characteristic function χ≥λ :R→R as

χ≥λ(x) :=
{

1 if x ≥λ
0 otherwise.

We extend, via functional calculus, the above function acting on A +. Since
∫ ∞

0 χ≥pλ(x)dλ= x2

for all x ∈R, by extension, for all σ ∈A +∫ ∞

0
χ≥pλ(σ)dλ=σ2. (5.3)

We recall the following lemma due to Connes [Con76, Lemma 1.2.6 ].

Lemma 5.2.1 (Connes’ joint distribution lemma). Let (A ,τ) be a tracial von Neumann algebra
and ρ,σ be two positive elements in A . Then∫ ∞

0
||χ≥pλ(ρ)−χ≥pλ(σ)||22dλ≤ ||ρ−σ||2 · ||ρ+σ||2.

To show Theorem 5.1.1, we first show the following proposition. This proposition is anal-
ogous to [Vid22, Theorem 3.1] in the infinite-dimensional case. It states that any projective,
symmetric, almost synchronous strategy defined on the standard form of some tracial von Neu-
mann algebra (A ,τ) can be approximated by a set of synchronous strategies, each on some
subalgebra of A .

Proposition 5.2.2. Let G = (X 2,A 2,µ,D) be a synchronous game and let (A ,τ) be a tracial
von Neumann algebra in standard form. Furthermore, let (L 2(A ,τ),σ |τ〉 , {Ax

a}) be a projective,
symmetric and δ-synchronous strategy. There exists a set of projectors {Pλ}[0,∞] ⊆A such that∫ ∞

0
Pλdλ=σ2,

and for each λ, there exists a set of PVMs {Aλ,x
a }λ∈[0,∞] ⊆ PλA Pλ such that∫ ∞

0
E

x∼µ
∑
a
||(Ax

a − Aλ,x
a )Pλ||22dλ≤O(δ

1
4 ).

Proof. Let Pλ :=χ≥pλ(σ), by (5.3)
∫ ∞

0 Pλ =σ2. We first show∫ ∞

0
E

x∼µ
∑
a
||(Ax

a −PλAx
aPλ)Pλ||22dλ≤ 2

p
δ. (5.4)

By Hölder’s inequality∫ ∞

0
E

x∼µ
∑
a
||(Ax

a −PλAx
aPλ)Pλ||22dλ≤ E

x∼µ

∫ ∞

0

∑
a
||(Ax

aPλ−PλAx
a)||22dλ.
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Let m = |A | and associate the answer set with Zm and define U x
b := ∑m

a e
2iπab

m Ax
a . Since Ax

a is a
PVM, U x

b defines a unitary in A for each a ∈A and b ∈Zm . By substituting Ax
a with U x

b

E
x∼µ

∫ ∞

0

∑
a∈Zm

||Ax
aPλ−PλAx

a ||22dλ= E
x∼µ

∫ ∞

0

( ∑
a∈Zm

2(〈τ|PλAx
a |τ〉−〈τ|PλAx

aPλAx
a |τ〉)

)
dλ (5.5)

= E
x∼µ

∫ ∞

0

(
2〈τ|Pλ|τ〉−2E

b
〈τ|Pλ(U x

b )∗PλU x
b |τ〉

)
dλ

= E
x∼µEb

∫ ∞

0
||U x

b Pλ−PλU x
b ||22dλ.

By Lemma 5.2.1, since χ≥pλ
(
(U x

b )∗σU x
b

)= (U x
b )∗

(
χ≥pλ(σ)

)
U x

b for all λ, it follows that

E
x∼µEb

∫ ∞

0
||U x

b Pλ−PλU x
b ||22dλ= E

x∼µEb

∫ ∞

0
||Pλ− (U x

b )∗PλU x
b ||22dλ

≤ E
x∼µEb

||σ− (U x
b )∗σU x

b ||2||σ+ (U x
b )∗σU x

b ||2.

≤
√

E
x∼µEb

||σ− (U x
b )∗σU x

b ||22 ·
√

E
x∼µEb

||σ+ (U x
b )∗σU x

b ||22

≤
p

2 ·
√

E
x∼µEb

||σ− (U x
b )∗σU x

b ||22.

By a similar calculation as (5.5)

p
2 ·

√
E

x∼µEb
||σ− (U x

b )∗σU x
b ||22 =

p
2 ·

√
2−2 E

x∼µ
∑
a
〈τ|σAx

aσAx
a |τ〉 =

p
2 ·

p
2δ= 2

p
δ,

showing (5.4). Now, for each λ, the algebra PλA Pλ is a tracial von Neumann algebra with the
corresponding tracial state being 1p

τ(Pλ)
Pλ |τ〉. Furthermore, {PλAx

aPλ} defines a set of POVMs

within the algebra PλA Pλ, and we can use Lemma 3.3.1 to construct a set of PVMs to approxi-
mate the above POVM. To this end, observe that

1−2δ≤ E
x∼µ

∑
a
〈τ|σ(Ax

a)2σ|τ〉 = E
x∼µ

∑
a

∫ ∞

0
〈τ|Pλ(Ax

a)2Pλ|τ〉dλ

= E
x∼µ

∑
a

∫ ∞

0

(〈τ|PλAx
aPλAx

a |τ〉+〈τ|PλAx
a(Ax

aPλ−PλAx
a)|τ〉)dλ. (5.6)

To bound the second term of (5.6), by Cauchy-Schwarz’s inequality, then by (5.5)

E
x∼µ

∑
a

∫ ∞

0
〈τ|PλAx

a(Ax
aPλ−PλAx

a)|τ〉dλ

≤
√

E
x∼µ

∑
a

∫ ∞

0
〈τ|Pλ(Ax

a)2Pλ|τ〉dλ ·
√

E
x∼µ

∑
a

∫ ∞

0
||Ax

aPλ−PλAx
a ||22dλ≤ 1 ·p2δ

1
4 . (5.7)

By rewriting the first term of (5.6) and bounding the second term using (5.7),

E
x∼µ

∑
a

∫ ∞

0
(〈τ|PλAx

aPλAx
a |τ〉+〈τ|PλAx

a(Ax
aPλ−PλAx

a)|τ〉)

≤ E
x∼µ

∑
a

∫ ∞

0
〈τ|Pλ(PλAx

aPλ)2Pλ|τ〉+
p

2δ
1
4 .

Solving for Ex∼µ
∑

a
∫ ∞

0 〈τ|Pλ(PλAx
aPλ)2Pλ|τ〉, we have

1−2δ−
p

2δ
1
4 ≤ E

x∼µ
∑
a

∫ ∞

0
〈τ|Pλ(PλAx

aPλ)2Pλ|τ〉 . (5.8)
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Hence, by Lemma 3.3.1, for each λ ∈ R and x ∈ X , there exists a set of PVMs {Aλ,x
a } ⊆ PλA Pλ

such that ∫ ∞

0
E

x∼µ
∑
a
〈τ|Pλ(PλAx

aPλ− Aλ,x
a )2Pλ|τ〉dλ≤ 2δ+

p
2δ

1
4 =O(δ

1
4 ). (5.9)

Combining (5.4) and (5.9) via the triangle inequality∫ ∞

0
E

x∼µ
∑
a
||(Ax

a − Aλ,x
a )Pλ||22dλ≤O(δ

1
4 ).

We are now ready to give the proof of Theorem 5.1.1.

Proof. Let {Cx,y,a,b} ∈ Cqc (X ,A ) be a δ-synchronous correlation for the game G . By Theo-
rem 4.1.3, we can, by perturbing Cx,y,a,b up to arbitrary ε > 0 accuracy, assume the existence
of some tracially embeddable strategy (L 2(A ,τ),σ |τ〉 , {Ax

a}a∈A , {B y
b }b∈A ) on a tracial von Neu-

mann algebra (A ,τ) such that

Cx,y,a,b = 〈τ|σAx
a(B y

b )opσ|τ〉 .

By Corollary 4.3.6, there exist a set of PVMs {Qx
a } and a O(δ

1
4 )-synchronous, symmetric and

projective strategy S
′ = (L 2(A ,τ),σ |τ〉 , {Qx

a }a∈A ) such that

E
(x,y)∼µ

∑
a,b

| 〈τ|σAx
a(B b

y )opσ|τ〉−〈τ|σQx
a (Q y

b )opσ|τ〉 | ≤O(δ
1
4 ), (5.10)

with
E

x∼µ∥
(

Ax
a −Qx

a

)
σ |τ〉∥2 ≤O(δ). (5.11)

Applying Proposition 5.2.2 to S
′
, we get a set of projectors {Pλ}[0,∞] ⊆A with

∫ ∞
0 Pλdλ= (σ+)2,

and a set of PVMs {Aλ,x
a }λ∈[0,∞],x∈X , with {Aλ,x

a } ⊆ PλA Pλ for all λ ∈R+, such that∫ ∞

0
E

x∼µ
∑
a
||(Qx

a − Aλ,x
a )Pλ||22dλ≤O(δ

1
4 ). (5.12)

For τ(Pλ) ̸= 0, the symmetric strategy S λ = (L 2(PλA Pλ,Pλ |τ〉), 1p
τ(Pλ)

Pλ |τ〉 , {Aλ,x
a }) is syn-

chronous since 1p
τ(Pλ)

Pλ |τ〉 is a tracial state for PλA Pλ (see the remark after Definition 4.3.1).

Let Bλ,x
a be the corresponding opposite algebra element for Aλ,x

a define on the tracial von Neu-
mann algebra (PλA Pλ, 1p

τPλ
Pλ). In other words, we have (Aλ,x

a )Pλ |τ〉 = (Bλ,x
a )Pλ |τ〉 for all

x ∈X and a ∈A . We claim that for all x ∈X and a ∈A

〈τ|PλAλ,x
a Bλ,x

a Pλ|τ〉 = 〈τ|Pλ(Aλ,x
a )(Aλ,x

a )op Pλ|τ〉

where the op map above corresponds to the opposite algebra map for (A , |τ〉). In other words,
we have the synchronous strategy S λ can be expressed as a symmetric strategy within the
tracial von Neumann algebra (A ,τ). Since Aλ,x

a ∈ PλA Pλ, we can express Aλ,x
a as PλAλ,x

a Pλ in
A , and hence

〈τ|Pλ(Aλ,x
a )(Aλ,x

a )op Pλ|τ〉 = 〈τ|Pλ(Aλ,x
a )Pλ(Bλ,x

a Pλ)|τ〉 = 〈τ|PλAλ,x
a Bλ,x

a Pλ|τ〉 ,

where the last equation follows from (PλA Pλ)′ = A ′Pλ for any von Neumann algebra A and
projector Pλ ∈A . Hence, showing the above claim.

Since
∫ ∞

0 τ(Pλ)dλ = τ
(∫ ∞

0 Pλdλ
) = τ(σ2) = 1, we can define the probability distribution P

over [0,∞) by P (λ) = τ(Pλ). Let Cλ
x,y,a,b denote the correlation set generated by the strategy S λ

for λ with τ(Pλ) ̸= 0 and any arbitrary synchronous correlation otherwise. We claim that

E
(x,y)∼µ

∑
a,b

| 〈τ|σQx
a (Q y

b )opσ|τ〉−
∫ ∞

0
P (λ) ·Cλ

x,y,a,bdλ| ≤O(δ
1
8 ). (5.13)
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To show this, we prove the following three inequalities,

E
(x,y)∼µ

∑
a,b

| 〈τ|σQx
a (Q y

b )opσ|τ〉−
∫ ∞

0
〈τ|(Qx

a )op (Q y
b )op Pλ|τ〉dλ| ≤O(δ

1
4 ), (5.14)

E
(x,y)∼µ

∑
a,b

|
∫ ∞

0
〈τ|PλQx

a (Q y
b )op Pλ|τ〉dλ−

∫ ∞

0
〈τ|(Qx

a )op (Q y
b )op Pλ|τ〉dλ| ≤O(δ

1
8 ), (5.15)

E
(x,y)∼µ

∑
a,b

|
∫ ∞

0
〈τ|PλQx

a (Q y
b )op Pλ|τ〉dλ−

∫ ∞

0
P (λ) ·Cλ

x,y,a,bdλ|dλ≤O(δ
1
8 ). (5.16)

For (5.14), since S
′

is O(δ
1
4 )-synchronous,

E
(x,y)∼µ

∑
a,b

| 〈τ|σQx
a (Q y

b )opσ|τ〉−
∫ ∞

0
〈τ|(Qx

a )op (Q y
b )op Pλ|τ〉 |dλ

= E
(x,y)∼µ

∑
a,b

| 〈τ|σQx
a (Q y

b )opσ|τ〉−〈τ|σ(Q y
b )op (Q y

b )opσ|τ〉 |dλ

≤
√

E
(x,y)∼µ

∑
a,b

| 〈τ|σ(Qx
a − (Qx

a )op )2σ|τ〉 ·
√

E
(x,y)∼µ

∑
a,b

| 〈τ|σ(Q y
b )op )2σ|τ〉 ≤O(δ

1
4 ).

For (5.15), by a similar calculation as above and Jensen’s inequality

E
(x,y)∼µ

∑
a,b

|
∫ ∞

0
〈τ|PλQx

a (Q y
b )op Pλ|τ〉dλ−

∫ ∞

0
〈τ|(Qx

a )op (Q y
b )op Pλ|τ〉dλ

≤
∫ ∞

0
E

(x,y)∼µ
∑
a,b

| 〈τ|Pλ(Qx
a − (Qx

a )op )(Q y
b )op Pλ|τ〉 |dλ

≤
√∫ ∞

0
E

(x,y)∼µ
∑
a,b

| 〈τ|Pλ(Qx
a − (Qx

a )op )2Pλ|τ〉 |dλ
√∫ ∞

0
E

(x,y)∼µ
∑
a,b

| 〈τ|Pλ((Q y
b )op )2Pλ|τ〉 |dλ

≤
√∫ ∞

0
E

(x,y)∼µ
∑
a,b

∥PλQx
a −Qx

a Pλ∥2
2dλ ·1 ≤O(δ

1
8 ),

where the last inequality follows from (5.5). For (5.16), by replacing Cλ
x,y,a,b with 〈τ|PλAλ

a(Aλ
a)op Pλ|τ〉

for P (λ) = 0,

E
(x,y)∼µ

∑
a,b

|
∫ ∞

0
〈τ|PλQx

a (Q y
b )op Pλ|τ〉dλ−

∫ ∞

0
P (λ) ·Cλ

x,y,a,bdλ|dλ

≤
∫ ∞

0
E

(x,y)∼µ
∑
a,b

| 〈τ|PλQx
a (Q y

b )op Pλ|τ〉dλ−〈τ|PλAλ
a(Aλ

a)op Pλ|τ〉 |dλ.

Hence, by (5.12) and |τ〉 being tracial,
∫ ∞

0 Ex∼µ
∑

a ||((Qx
a )op − (Aλ,x

a )op )Pλ||22dλ ≤ O(δ
1
4 ). By ap-

plying Lemma 4.3.4 for each λ (along with Lemma 4.3.3 to bound the synchronicity), (5.16)
follows. By applying triangle inequality on (5.14), (5.15) and (5.15), the inequality (5.13) fol-
lows. By combining (5.10) and (5.13), we have the equation below, which concludes the proof
for Theorem 5.1.1,

E
(x,y)∼µ

∑
a,b

| 〈τ|σAx
a(B b

y )opσ|τ〉−
∫ ∞

0
P (λ) · 〈τ|PλAλ,x

a (Aλ,y
b )op Pλ|τ〉dλ| ≤O(δ

1
8 ).
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For the “furthermore" part of the theorem, by combining (5.11) with the definition of Pλ∫ ∞

0
E

x∼µ
∑
a
||(Ax

a − Aλ,x
a )Pλ||22dλ

≤
∫ ∞

0
E

x∼µ
∑
a
||(Qx

a − Aλ,x
a )Pλ||22dλ+

∫ ∞

0
E

x∼µ
∑
a
〈τ|(Qx

a − Ax
a)2P 2

λ|τ〉dλ

≤O(δ
1
4 )+ E

x∼µ
∑
a
〈τ|(Qx

a − Ax
a)2

(∫ ∞

0
Pλdλ

)
|τ〉

=O(δ
1
4 )+ E

x∼µ
∑
a
||(Qx

a − Ax
a)σ |τ〉 ||22

=O(δ
1
4 +δ),

where the second line follows from triangle inequality, the third line follows from (5.12) and the
last line follows from (5.11).

Now we are ready to give a proof for Theorem 5.1.1. We remark that the proof follows a
similar structure as [Vid22, Corollary 4.1].

Proof. We first assume the strategy S = (L 2(A ,τ),σ |τ〉 , {Ax
a}) is symmetric, projective with

σ ∈ A +. Let {Pλ} and {Aλ,x
a } be the set of projectors and PVMs promised by Proposition 5.2.2.

Let S λ = (L 2(PλA Pλ,Pλτ), 1p
τ(Pλ)

Pλ |τ〉 , {Aλ,x
a }) be the synchronous strategy from {Aλ,x

a }. Given

λ ∈ [0,∞) with τ(Pλ) ̸= 0. By the “soundness property” from the assumption, for each λ ∈
[0,∞), since each S λ is synchronous, and (PλA Pλ)′ = A ′Pλ, there exists a family of POVM

{Gλ,y
b }(y,b)∈Y ×B ⊆ PλA Pλ such that

1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAx,λ
a (Gλ,y

gx y (a))
op Pλ|τ〉 ≥κ(ωco(G ,S λ)),

where op from above is defined on the tracial von Neumann algebra (A ,τ). For each (y,b) ∈
B ×Y , since

∫ ∞
0 PλGλ,y

b Pλdλ ≤ σ2, by Lemma 3.2.1, there exist H y
b ≤ I such that σH y

bσ =∫ ∞
0 PλGλ,y

b Pλdλ. We see that

∑
b

∫ ∞

0
PλGλ,y

b Pλdλ=
∫ ∞

0
Pλ

(∑
b

Gλ,y
b

)
Pλdλ=σ2,

and hence, by a similar continuity argument as in Lemma 3.2.1, {H y
b } forms a valid POVM in A .

We argue that {H y
b } is the desired family of measurements for the corollary. We see that

E
(x,y)∼ρ

∑
a∈A

〈τ|σAx
a(H y

gx y (a))
opσ|τ〉 = E

(x,y)∼ρ
∑

a∈A

〈τ|Ax
aσH y

gx y (a)σ|τ〉

=
∫ ∞

0
P (λ)

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAx
a(Gλ,y

gx y (a))
op Pλ|τ〉

)
dλ

(5.17)

where P = τ(Pλ). We claim that∫ ∞

0
P (λ)

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAx
a(Gλ,y

gx y (a))
op Pλ|τ〉

)
dλ≥O(κ(ε−poly(δ))−δ 1

8 ). (5.18)

To show the above inequality, we prove the following two inequalities:∫ ∞

0
P (λ) ·

∣∣∣∣∣ 1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|Pλ(Aλ,x
a − Ax

a)(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣∣∣dλ≤O(δ

1
8 ), (5.19)

∫ ∞

0
P (λ) ·

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAλ,x
a (Gλ,y

gx y (a))
op Pλ|τ〉

)
dλ≥κ(

ωco(G ,S )−poly(δ)
)

. (5.20)
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For (5.19)∫ ∞

0
P (λ) ·

∣∣∣∣∣ 1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|Pλ(Aλ,x
a − Ax

a)(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣∣∣dλ

≤
∫ ∞

0
E

(x,y)∼ρ
∑

a∈A

∣∣∣〈τ|Pλ(Aλ,x
a − Ax

a)(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣dλ

≤
√∫ ∞

0
E

(x,y)∼ρ
∑

a∈A

∣∣∣〈τ|Pλ(Aλ,x
a − Ax

a)2Pλ|τ〉
∣∣∣dλ ·

√∫ ∞

0
E

(x,y)∼ρ
∑

a∈A

∣∣∣〈τ|Pλ(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣dλ

≤
√∫ ∞

0
E

x∼µ
∑

a∈A

∥(Aλ,x
a − Ax

a)Pλ∥2
2dλ ·1 ≤O(δ

1
8 ).

For (5.20), by Theorem 5.1.1,
∫ ∞

0 P (λ) ·ωco(G ,S λ)d(λ) ≥ωco(G ,S )−poly(δ), since κ is convex∫ ∞

0
P (λ) ·

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAλ,x
a (H y

gx y (a))
op Pλ|τ〉

)
dλ≥κ

(∫ ∞

0
ωco(G ,S λ)

)
≥ κ(

ωco(G ,S )−poly(δ)
)

.

Hence, by the triangle inequality, (5.18) follows from (5.19) and (5.20). Combining (5.17) and
(5.18),

E
(x,y)∼ρ

∑
a∈A

〈τ|σAx
a(H y

gx y (a))
opσ|τ〉 ≥O

(
κ(ε−poly(δ))−δ 1

8

)
,

which concludes the corollary for the special case claimed above.
For the general case where S = (L 2(A ,τ),σ |τ〉 , {Ax

a}, {(B x
a )op }) is a tracially embeddable

strategy. By Lemma 4.3.3, the symmetric strategy S
′ = (L 2(A ,τ),σ |τ〉 , {Ax

a}) is an O(δ)-synchronous
strategy, with

E
(x,y)∼µ

∑
a,b

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σAx
a(Ay

b)opσ|τ〉 | ≤O(
p
δ),

which implies ωco(G ,S
′
) ≥ ωco(G ,S )−O(poly(δ)). By the special case proven above, there

exists a family of POVMs {Hg y
x y (a)} such that

E
(x,y)∼ρ

∑
a∈A

〈τ|σAx
a(H y

gx y (a))
opσ|τ〉 ≥O(κ(ωco(G ,S )−poly(δ))−δ 1

8 ), (5.21)

which concludes the proof for the general case.

5.3 Consequences of the rounding theorem on synchronous games

The rounding theorem leads to several important corollaries in this thesis. We discuss one
such corollary related to synchronous games in this section. A synchronous game G is called c-
balanced if there exists some constant c ∈ [0,1] such that c ·µx (x) ≤µ(x, x) and c ·µy (x) ≤µ(x, x)
for all x ∈ X . In other words, the synchronous question pair will always appear with at least
probability c on the marginal distribution. As seen later on in this thesis, this condition can
always be enforced when considering non-local games in the interactive proof setting.

We have the following lemma about any correlations which are near perfect for any bal-
anced game.

Lemma 5.3.1 (Almost perfect correlation implies almost synchronous correlation ). Let G =
(X ,A ,µ,D) be a c-balance synchronous game, and for model t ∈ {∗, qc}, let S = (L 2(A ,τ), |τ〉 ,
{Ax

a}, {(B y
b )op }) be a tracially embeddable strategy such that ω(G ,S ) ≥ 1−ε. Then δsync(µ,C ) ≤ ε

c
and there exists a symmetric and projective strategy S sym = (L 2(A ,τ),σ |τ〉 , {P x

a }) defined on
the same Hilbert space as S such that

ω(G ,S sym) ≥ 1−ε−
(ε

c

) 1
4

.
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Proof. For any correlation C , G being synchronous and ω(G ,S ) ≥ 1−ε implies∑
x∈X

µ(x, x)
∑

a ̸=b
〈τ|σAx

aB x
bσ|τ〉 ≤ ε.

By the c-balanced condition,

c ·
(
E

x∼µx

∑
a ̸=b

〈τ|σAx
aB x

bσ|τ〉
)
≤ ∑

x,a ̸=b
µ(x, x)〈τ|σAx

aB x
bσ|τ〉 ≤ ε

c ·
(
E

x∼µy

∑
a ̸=b

〈τ|σAx
aB x

bσ|τ〉
)
≤ ∑

x,a ̸=b
µ(x, x)〈τ|σAx

aB x
bσ|τ〉 ≤ ε.

This shows that δsync(µ,S ) ≤ ε
c . For the second part of the lemma, by Corollary 4.3.6, there

exist a symmetric strategy S sym = (L 2(A ,τ),σ |τ〉 , {P x
a }) such that

E
(x,y)∼µ

∑
a∈A

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σP x
a (P y

b )opσ|τ〉 | ≤O

((ε
c

) 1
4

)
. (5.22)

By the triangle inequality, |ω(G ,S sym)−ω(G ,S )| ≤O(
(
ε
c

) 1
4 ), and hence the lemma follows ac-

cordingly.

When combine with Theorem 5.1.1 applied to the correlations generated by S sym, we can
conclude the following corollary.

Corollary 5.3.2 (Almost perfect correlation implies almost synchronous correlation ). For any
c-balanced game G and for t ∈ {∗,co}

ωt (G )−ωt
s(G ) ≤ poly

(
ε,

1

c

)
.
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CHAPTER 6

Interactive proof system and the
uncompubility of MIP∗ and MIPco

We start this chapter by introducing the complexity classes MIP∗ and MIPco, or multiplayer
interactive proof systems with entanglement, the complexity class which is central to this the-
sis. We will also introduce the compression map for these interactive proof systems, and com-
bine it with the compression paradigm introduced in Chapter 2 to show the uncomputability
of both MIP∗ and MIPco.

6.1 Interactive proof systems

In this section, we define the complexity classesMIP∗ andMIPco more formally. Recall from the
introduction that MIP stands for multi-prover interactive proof system, the class of languages L
decidable by a probabilistic polynomial-time classical verifier when given (classical) interact-
ing with computationally unbounded and non-communicating provers (i.e. the provers cannot
talk to each other). In this model, the verifier can interact with multiple provers and may in-
teract with the provers through multiple rounds of interactions. The verifier might adapt his
questions based on the previous round of interactions and may leverage the lack of communi-
cation between the provers to “cross-interrogate" them. If z ∈ L, the verifier can formulate an
interaction such that the prover can provide enough evidence to convince the verifier to accept
with probability 1. On the other hand, if z ̸∈ L, the verifier can also formulate an interaction
which ensures that the provers can only convince the verifier with probability at most 1

2 to ac-
cept the given instance1). As shown in [BFL91], the computational power of MIP is equivalent
to non determinate exponential time (NEXP), the exponential variant of NP, and this can be
achieved with just a one-round interaction with two provers.

In this thesis, we consider two variants ofMIPwhere the provers are still non-communicating,
but are now given shared entanglement when communicating with provers. We denote the
variant where the provers share the tensor product model of entanglement as MIP∗ and the
commuting operator model of entanglement as MIPco. In this thesis, we focus on the variant
of MIP∗ and MIPco with two provers and one-round of interactions since this is sufficient for
proving lower bounds. The two provers one-round MIP∗ protocol (resp. MIPco) is denoted as
MIP∗(2,1) (resp. MIPco(2,1)) in the literature, and for simplicity of notation, unless otherwise
specified, we drop (2,1) when discussing MIP∗(2,1) (resp. MIPco(2,1)). In this thesis, we also
work with MIP with completeness 1 and soundness 1

2 , meaning that there exists a verifier be-
haviour such that if z ∈ L, then the verifier accepts with probability 1, and if z ̸∈ L, then the
verifier accepts with probability at most 1

2 . The completeness 1, soundness 1
2 MIP∗ protocol

1The original formulation is ≥ 2
3 if x ∈ L and ≤ 1

3 otherwise. However, we remark this is equivalent to the formu-
lation given due to sequential repetition.
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(resp. MIPco)) is denoted as MIP∗
1, 1

2
(resp. MIPco

1, 1
2

) in the literature, and similarly, we drop the

subscript for the simplicity of notation. For a more general definition on MIP∗, we refer the
readers to [VW16, Section 6.1]. We formally give the definitions for MIP∗ and MIPco used in
this thesis below.

Definition 6.1.1 (Multi-prover proof system with entanglement). Let t ∈ {∗,co}. A language L is
in MIPt if there exist a pair of probabilistic (potentially multi-input) Turing machines (Q,D) such
that TIMEQ(z) =TIMED(z) = O(poly(|z|)) for all z ∈ {0,1}∗. Furthermore, there exists an infinite
sequence of games Gz = (Xz ,Az ,µz ,Dz ) indexed by z ∈ {0,1}n and two increasing polynomial
functions x(n), a(n) :N→Nwith Xz = {0,1}x(|z|) and Az = {0,1}a(|z|), such that

• (Uniformity) Q(z,sample) outputs a sample from the distribution µz , and D(z, x, y, a,b) =
Dz (x, y, a,b) for all (x, y, a,b) ∈X 2

z ×A 2
z .

• (Completeness) If z ∈L , then ωt (Gz ) = 1.

• (Soundness) If z ̸∈L , then ωt (Gz ) ≤ 1
2 .

The above definition is similar to the one given in [JNV+22a, Definition 5.29]. Intuitively,
the pair of Turing machines (Q,D) completely specifies the behaviour for the verifier. We re-
mark that given the pair of Turing machines (Q,D), it is hard to extract the exact description of
Gz = (Xz ,Az ,µz ,Dz ) for a particular instance z ∈ {0,1}∗ by the definition above. However, as
seen in the next subsection, we can hardcode (Q,D) to run other computational procedures in a
way such that the description for Gz = (Xz ,Az ,µz ,Dz ) can be properly extracted. As observed
in [CHT+04], for t ∈ {∗,co}, the complexity class MIPt is complete with respect to the following
decision problem.

Definition 6.1.2 ((1, 1
2 ) non-local game value problem). For t ∈ {∗,co}, the (1, 1

2 ) t non-local
game value problem is a decision problem defined by the following two sets.

• LMIPt

yes = {〈G 〉|ωt (G ) = 1}.

• LMIPt

no = {〈G 〉|ωt (G ) ≤ 1
2 }.

For clarity, we refer to the (1, 1
2 ) ∗ non-local game value problem as the (1, 1

2 ) tensor prod-
uct value problem, and the (1, 1

2 ) co non-local game value problem as the (1, 1
2 ) commuting

operator value problem.
There is a fundamental difference between the complexity class MIP∗/MIPco to non-local

games. In essences, these complexity classes are a variant of succinct representation of non-
local games. Based on this, we give a notion of an “uniform succinct problem instance" for
interactive proof systems similarly to Definition 2.3.1.

Definition 6.1.3 (Uniform verifier sequence). Let t ∈ {∗,co}, and let Gn = (Xn ,An ,µn ,Dn) be a
sequence of games. A verifier sequence V = (Q,D) is a pair of Turing machines such thatQ(n,sample)
outputs a sample from the distribution µn , and D(z, x, y, a,b) = Dn(x, y, a,b) for all (x, y, a,b) ∈
X 2

n ×A 2
n . Furthermore, we say that V runs in O(f(n)) time if

TIMEQ =TIMED =O(f(n)).

In the above definition, although V is defined using two separate Turing machines, this is
equivalent to the single Turing machine succinct description given in Definition 2.3.1 by adding
one extra input. In comparison to Definition 2.3.1, the uniform verifier sequence allows the
verifier to extra information from both the sampling distribution and the verification function.
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6.2 Compression theorem for interactive proof system

We introduce the gap-compression theorem for non-local games in this chapter and show how
the theorem can be used to lower-bound the complexity of MIP∗ and MIPco in this section.
Before we continue, we point out that the succinct compression map used below is actually
not based on the uniform verifier sequence given in Definition 6.1.3, but rather a more restric-
tive uniform succinct description known as conditionally linear verifier. Intuitively, this is a
uniform sequence on a set of games with a specific input distribution (the kth level conditional
linear distribution), as well as extra input clauses on Q for the verifier to extract additional infor-
mation on said input distribution. Since defining this verifier requires additional background
information, and it is not required to understand the uncomputability result, we define condi-
tionally linear verifier in more detail in Chapter 7. For now, one should think of a synchronous
conditional verifier that takes an extra “level" parameter" k which dictates the structure of the
sampling distribution for the sequences of games, and in addition to it being a uniform verifier
sequence, it also has the following properties:

• The runtime of the sampling procedure and the decision procedure are O( f (n,poly(k)))
instead (i.e. the runtime has an extra dependency on poly(k)).

• For any k ′ ≤ k, any k ′-level conditional linear verifier is also a k-level conditional linear
verifier.

In this chapter, one can safely assume that the level parameter k is a constant (however,
as seen later in this thesis, the constant parameter becomes important when proving the com-
pression theorem). Furthermore, for t ∈ {∗,co}, we use k −CLMIPt to denote the complexity
class described by the (1, 1

2 ) non-local game value problem for any games with a constant-level
conditional linear distribution. As a reminder, the notion of an oracularizable strategy is de-
fined in Section 4.4.

Theorem 6.2.1 (Gap compression for non-local games). For all constants α,k ∈N, there exists
an algorithm Gapcompressα,k that takes the input a pair of Turing machines (Q,D). Gapcompressα,k
outputs a tuple of Turing machines V Comp = (QComp,DComp) such that the following holds:

There exists an integer γ=O(poly(α,k)) such that, for models t ∈ {∗,co}

1. (Runtime): TIMEGapcompressα,k
(Q,D) =O(poly(α), |Q|, |D|).

2. (Independence of the sampler): The Turing machine QComp only depends on the parameter
α and k and is a sampler for a synchronous 7-th level CL verifier. The Turing machine
DComp is a decider for a synchronous 7-th level CL verifier. V Comp is a synchronous 7-th
level CL verifier sequence for an infinite sequence of games G Comp = {G Comp

n }n∈N.

3. (Complexity bounds for the output) V Comp has sample complexity and verification com-
plexity of O(log(n)γ).

Furthermore, if the input V = (Q,D) is a synchronous k ′th level CL verifier for the infinite sequence
of synchronous games G = {Gn}n∈N for some constant k ′ < k, and there exists a constant n0 ∈N
such that for all n ≥ n0

max
{
TIMEQ,TIMED

}≤ nα. (6.1)

Then there exists a constant nComp
0 = poly(γ,n0) such that for all n ≥ nComp

0

• (Completeness) If there exists a perfect oracularizable strategy for Gn in model t , then there
exists a perfect oracularizable strategy for G

Comp
n in model t .

• (Soundness)

ωt (Gn) ≤ 1

2
=⇒ωt (G Comp

n ) ≤ 1

2
.
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By clause 2 of the above theorem, for anyα,k, the output for the algorithm Gapcompressα,k
will always be a synchronous 7-th level CL verifier (even if the input (Q,D) might not be a valid
uniform verifier sequences). Hence, as a corollary, Theorem 6.2.1 shows the following

Corollary 6.2.2. For t ∈ {∗,co} and constant k ∈N such that k ≥ 7, the complexity class k-CLMIPt

is a succinctly weakly compressible problem.

We remark that because of the parallel repetition theorem introduced later in this thesis
( Proposition 7.4.4), the soundness property from Theorem 6.2.1 can be controlled to any con-
stant c ∈ (0,1). Before we continue, we first give the definition for a trivial synchronous accept-
ing/rejecting game for both MIP∗ and MIPco below.

Definition 6.2.3 (Accepting/Rejecting game). We define the synchronous accepting game to be
the game G accept = (X ,A ,µ,Daccept), where X = {⋆} and A = {0,1}∗,

Daccept(⋆,⋆, a,b) = δa,0δb,0

for all a,b ∈ {0,1}∗ (i.e. the prover automatically wins if both provers return 0). We define the
synchronous rejecting game to be the game G reject = (X ,A ,µ,Dreject), where X = {0,1}, µ(1,0) =
µ(0,1) = 1

3 , µ(0,0) =µ(1,1) = 1
6 , and A = {0,1}∗,

Dreject(x, y,0,0) = δx,y ,

and Dreject(x, y,0,0) = 0 for all other a,b ∈ {0,1}∗.

For model t ∈ {∗,co}, we have ωt (Daccept) = 1 and ωt (Dreject) = 1
3 . Both games are trivially

samplable via a CL distribution for any level and always computable in constant time. Intu-
itively, this is the trivial synchronous game which is in the yes/no case for the (1,1/2) tensor
product/commuting operator value problem defined in Definition 6.1.2 for both t ∈ {∗,co}.
This shows that for t ∈ {∗,co}, both Lk-CLMIPt

yes and Lk-CLMIPt

no are non-empty. Based on Corol-
lary 6.2.2 we show the main theorem of this thesis.

6.2.1 MIPco = coRE

In order to show the main theorem of this thesis, we first show the following lemma.

Lemma 6.2.4. MIPco ⊆ coRE.

The above lemma also shows that Lk-CLMIPco

yes ⊆ LMIPco

yes ∈ coRE. To show this lemma, we
recall the well-known hierarchy algorithm due to Navascués, Pironion, and Acín [NPA08]. We
summarize the functionality of the NPA hierarchy below.

Theorem 6.2.5 (Output for the NPA hierarchy [NPA08]). For any integer n ∈N and G = (X ,A ,µ,D),
there exists a terminating algorithm NPAhierarchy such that NPAhierarchy(G ,n) = εn ∈ R
with

lim
n→∞εn =ωco(G )

For another reference about the NPA hierarchy, we refer to the excellent lecture notes by
John Watrous [Wat22]. Based on Theorem 6.2.5, for δ ∈ [0,1] we define the Searchfromaboveδ
algorithm below.
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1 Input: G = (X ,A ,µ,D)
2 If the input G is not a valid description of the game, terminate and return “Error";
3 Set n = 1
4 while True do
5 Compute εn = NPAhierarchy(G ,n)
6 if εn < δ then
7 Return False ;
8 n = n+1 ;

9 end

Pseudocode 5: The description for searchfromaboveδ.

Searchfromaboveδ gives a systematic way to generate a sequence of upper bounds for
ωco(G ) to check whether ωco(G ) ≤ δ. By definition, the algorithm runs forever if ωco(G ) ≥ δ.
Hence the algorithm Searchfromabove1 directly implies Lemma 6.2.4.

By combining Corollary 6.2.2, Theorem 2.2.5 and the fact that Lk-CLMIPco

yes ∈ coRE this shows
that k-CLMIPco = coRE and hence coRE ∈ MIPco. This, along with Lemma 6.2.4, shows the
main theorem of this thesis.

Corollary 6.2.6. MIPco = coRE

1 Input: Integer n.
2 RunFfor n steps. IfFhalts in the given steps, return G reject.
3 Compute the description of V .
4 Simulate the following program describe by step 5 and 6 for max{0,n −C0} steps:
5 Compute the description of GC0 of GC0 =V (C0), the C0th game of the CL verifier

V .
6 Run Searchfromabove1 specified in Pseudocode 5 with GC0 as the input.
7 If the above subroutine halts in max{0,n −C0} steps, return G accept.
8 Apply Gapcompressα,7 on the verifier V to obtain V comp.
9 Compute and return G

comp
n+1 =V comp(n +1).

Pseudocode 6: The description for V which can be used to show that coRE ⊆
k-CLMIPco .Fis the instance of the halting problem for the reduction.

We remark that if we specifically tailored Pseudocode 3 specifically for k-CLMIPco , we have
the following pseudocode, where in the pseudocode below, GC0 is represented as Pseudocode 6
with C0 being hard coded in. Pseudocode 6 is also a more refined version of [MNY22, Pseu-
docode 4].

6.2.2 MIP∗ =RE

Similarly to the previous section, we need to first show the following lemma.

Lemma 6.2.7. MIP∗ ⊆RE

By a similar reason as above, the above lemma shows that Lk-CLMIP∗
no ∈ coRE. We show the

above lemma by recalling a well-known fact about the quantum tensor correlations in the lit-
erature.

Fact 6.2.8 (Discretization of quantum tensor correlations). For any integer n ∈ N and ε > 0,
there exists a terminating algorithm to search over C n

q to generate a finite subset C n
ε ⊆ C n

q such
that for all correlations C ∈C n

q , there exists a correlation C ′ ∈C n
ε such that∑

x,y,a,b
|Cx,y,a,b −C ′

x,y,a,b | ≤ ε.



70 Chapter 6. Interactive proof system and the uncompubility of MIP∗ and MIPco

Based on Fact 6.2.8, for δ ∈ [0,1], we define the algorithm searchfrombelowδ below.

1 Input: G = (X ,A ,µ,D)
2 Set n = 1
3 while True do
4 Compute the finite subset C n

1/n defined by Fact 6.2.8.
5 for C ′ ∈C n

1
n

do

6 Compute εn = E(x,y)∼µ
∑

(a,b)∈A 2 C ′
x,y,a,bD(x, y, a,b)

7 if εn > δ then
8 Return True ;

9 end
10 n = n+1 ;

11 end

Pseudocode 7: The description for searchfrombelowε for ε ∈ [0,1).

Intuitively, searchfrombelowδ gives a systematic way to search through the correlation set
Cq to find a strategy which validates that ω∗(G ) > δ (which might be impossible depending on
G ).

We are now ready to show Lemma 6.2.7.

Proof. To show that MIP∗ ⊆ RE, we need to show that the algorithm above halts in the Yes
case for the non-local game value problem. Hence, let G be a game such that ω∗(G ) = 1 and
consider the algorithm searchfrombelow0.5 running on G . Combining the definition ω∗ and
Cq =⋃

n∈N+ C n
q , we see that there must exist some n ∈N and C ∈C n

q such that

E
(x,y)∼µ

∑
(a,b)∈A 2

Cx,y,a,bD(x, y, a,b) ≥ 0.75.

Hence by the definition, there exists a constant C ′ ∈C n
1
n

such that

E
(x,y)∼µ

∑
(a,b)∈A 2

(Cx,y,a,b −C ′
x,y,a,b)D(x, y, a,b) ≤ ∑

x,y,a,b
|Cx,y,a,b −C ′

x,y,a,b | ≤
1

n
,

where the inequality follows since µ(x, y),D(x, y, a,b) ≤ 1. Combining the two inequalities
yields

E
(x,y)∼µ

∑
(a,b)∈A 2

C ′
x,y,a,bD(x, y, a,b) > 0.5.

This completes the proof of the lemma.

By a similar proof as the above lemma, we see that searchfrombelowε(G ) terminates iff
ω∗(G ) > ε. We remark that searchfrombelowε does not work for the set of commuting operator
correlations, as there is no way to discretize the set of commuting operator strategies based on
the dimension of the Hilbert space.

The algorithm searchfrombelow0.5 is precisely the algorithm needed to show Lemma 6.2.4.
By combining Corollary 6.2.2, Theorem 2.2.4 and the fact that Lk-CLMIP∗

no ∈ coRE, this shows that
k-CLMIP∗ =RE and hence RE ∈MIP∗. This, along with Lemma 6.2.7, shows the main theorem
of this thesis.

Corollary 6.2.9. MIP∗ =RE.

In a similar vein as Corollary 6.2.6, we remark that Corollary 6.2.9 can be proven using Pseu-
docode 8 below.
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1 Input: Integer n.
2 RunFfor n steps. IfFhalts in the given steps, return G accept.
3 Compute the description of V .
4 Simulate the following program describe by step 5 and 6 for max{0,n −C0} steps:
5 Compute the description of GC0 of GC0 =V (C0), the C0th game of the CL verifier

V .
6 Run Searchfrombelow0.5 specified in Pseudocode 7 with GC0 as the input
7 If the above subroutine halts in max{0,n −C0} steps, return G reject

8 Apply Gapcompressα,7 on the verifier V to obtain V comp.
9 Compute and return G

comp
n+1 =V comp(n +1).

Pseudocode 8: The description for V which generates the game sequences {Gn}n∈N for
the proof of RE⊆MIP∗.Fis the instance of the halting problem for the reduction.

6.2.3 Finding an explicit separation between Cq and Cqc is RE-complete

Finally, we give the last application of Theorem 6.2.1, which is to show that finding a Bell test
between the tensor product model and commuting operator model is RE-complete. In order
to show this, we first give a formal definition of this problem using a decision problem.

Definition 6.2.10 (The δ-Bell test separation decision problem). Given a constant δ ∈ (0,1), the
δ-Bell test separation decision problem Dδ-bell is defined by the following two sets.

• LDδ-bell
yes = {〈G 〉|ω∗(G ) =ωco(G )}.

• LDδ-bell
no = {〈G 〉| |ω∗(G )−ωco(G )| ≥ δ}.

The above problem is already known to be RE-hard prior to this work using the algorithm
Searchsamevalueδ, which we give in Pseudocode 9 below for completeness. As shown in [JNV+22a,

Theorem 12.10] the set L
D 1

2 -bell

no is non-empty, as there exists a (synchronous 12-th level CL sam-
plable game) such that |ω∗(G )−ωco(G )| ≥ 1

2 . Given this, we have the following theorem for the
complexity of the 1

2 -Bell test separation problem.

Theorem 6.2.11. The 1
2 -Bell test separation problem is RE-complete.

The above theorem follows from realizing that Theorem 6.2.1 also shows that the 1
2 -Bell

test separation problem is weakly compressible for synchronous games which are 7-th level
CL samplable with the “yes" case consisting of games G such that ω∗(G ) = ωco(G ) = 1, and
the “no" case consisting of games G such that ωco(G ) = 1 and ω∗(G ) ≤ 1

2 (where the G in both
cases are synchronous 12-th level CL sample games). Since the argument follows similarly as
the one given in Section 6.2.2, we do not give the details here. We remark that the above proof
can be easily changed to any δ ∈ (0,1) since the soundness condition from Theorem 6.2.1 can
be changed to hold for any δ ∈ (0,1).

We remark that instead of using Theorem 2.2.4, Theorem 6.2.11 can also be proven by con-
sidering the following uniform verifier sequence defined in Pseudocode 9. By using a similar
argument as the proof of Theorem 2.2.4, one can infer thatω∗(GC0 ) < 0.5 by using line 5 of Pseu-
docode 10 and ω∗(GC0 ) = 1 by using line 6 of Pseudocode 10.
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1 Input: G = (X ,A ,µ,D)

2 Set n = 1,εlower
1 = 0

3 while True do
4 Compute the finite subset C n

1/n defined by Fact 6.2.8.
5 for C ′ ∈C n

1
n

do

6 Compute ε′ = E(x,y)∼µ
∑

(a,b)∈A 2 C ′
x,y,a,bD(x, y, a,b)

7 if ε′ > εlower
n then

8 εlower
n = ε′ ;

9 end
10 Compute εupper

n = NPAhierarchy(G ,n)

11 if |εupper
n −εlower

n | ≤ min(δ− 1
n ,0) then

12 Return True ;
13 n = n +1;

14 εlower
n = εlower

n−1 ;

15 end

Pseudocode 9: The description for Searchsamevalueδ.

1 Input: Integer n.
2 RunFfor n steps. IfFhalts in the given steps, return G accept.
3 Compute the description of V .
4 Simulate the following program describe by step 5 and 6 for max{0,n −C0} steps:
5 Compute the description of GC0 of GC0 =V (C0), the C0th game of the CL verifier V .
6 Run Searchfrombelow0.5 specified in Pseudocode 7 with GC0 as the input
7 If the above subroutine halts in max{0,n −C0} steps, return G reject

8 Simulate the following program describe by step 9 and 10 for max{0,n −C0} steps:
9 Compute the description of GC0 of GC0 =V (C0), the C0th game of the CL verifier V .

10 Run Searchfromabove1 specified in Pseudocode 5 with GC0 as the input.
11 If the above subroutine halts in max{0,n −C0} steps, return G accept.
12 Apply Gapcompressα,7 on the verifier V to obtain V comp.
13 Compute and return G

comp
n+1 =V comp(n +1).

Pseudocode 10: An alternative game sequence for the proof of Theorem 6.2.11.Fis the
instance of the halting problem for the reduction.

Theorem 6.2.11 implies that it is impossible for any computer program to systematically
find a Bell test to separate the quantum tensor product model from the quantum commut-
ing operator model (as it is equivalently to solving the halting problem)! However, if we have
prior knowledge about whether a Turing machine halts (for example, the Turing machine that
arises from Pseudocode which contains an infinite loop), we could construct a bell experiment
that realizes such a separation using Theorem 6.2.11, giving infinitely many bell experiments
to test the separation between the tensor product model and the commuting operator model.
Unfortunately, since these constructions rely on complexity techniques, this also implies that
any experimental setup generated by using Theorem 6.2.11 would be impractical for exper-
imental usage. For reference, the explicit separation proven by [JNV+22a] has an estimated
question size and answer size of about 1020. This is completely impractical experimentally,
as each question requires a different measurement configuration, and each answer requires a
precise measurement setting. We expect any separation generated by Theorem 6.2.11 to have
similar, if not higher, question size and answer size as techniques used are similar to the ones
used by [JNV+22a]. Thus, it would be an interesting open question whether we can show, us-
ing techniques from the operator algebra community, an example of a bell experiment which
separates between the two models of entanglement with a more reasonable size.



CHAPTER 7

Conditionally linear distributions

In this section, we introduce conditionally linear distributions and formally define the com-
pression introduced in the last section. Intuitively, these are precisely the distributions that the
provers can sample locally by measuring a polynomial number of EPR pair using generalized
Pauli measurements. As will be seen in Chapter 9, the low individual degree test used in the PCP
construction due to Babai, Fortnow and Lund also follows the same input distribution [BFL91]
which is one of the key reasons why the compression theorem can be proved. In order to define
the conditionally linear distribution, we first give some necessary facts about both F2 and F2q .

7.1 Preliminaries on finite fields

In this section, we recall some basic properties regarding finite fields of the form F2p . In this
thesis, we always assume that p is odd for finite fields of the form F2p . F2p can always be viewed
as a p-dimensional vector space over F2. Unless otherwise specified, we always assume that F2p

has its basis defined over F2 (although the basis specified might be different). Given an element
a ∈ F2p and a basis {êi }i∈[p] for F2p , there exists a bijection map from a to Fp

2 by

κ{êi } : a → (a0, · · · , ap−1). (7.1)

By using this map, any element of F2p can be represented as a bit string in {0,1}p as long as the
set of bases is specified. Recall from [MP13, Definition 2.1.80], every finite field F2p admits a
trace function over F2, or Tr(a) : F2p → F2 defined as

Tr(a) :=
p∑

i=0
a2i

.

The trace function has the properties that it is F2-linear, meaning Tr(a +b) = Tr(a)+Tr(b) and
Tr(cb) = c ·Tr(b) for a,b ∈ F2p and c ∈ F2. The field F2p is a linear space over F2 of dimension p.
We refer to a set of bases {êi }i∈[p] for F2p over F2 to be self-dual if for all i , j ∈ [p]

Tr(êi ê j ) = δi , j .

Self-dual bases are known to exist for all finite fields of the form F2q [BGM+93, Theorem 1.9]. We
refer to a set of bases {êi }i∈[p] as normal if there exists an element a ∈ F2p such that êi = a2i

. The
following lemma shows that, for p odd, there exists an efficient deterministic algorithm that
computes a self-dual normal basis {êi }i∈[p] for F2p given p. The deterministic algorithm also
outputs a description of an efficient algorithm for computing finite field multiplication when
elements of F2p are represented under the bijection specified by (7.1) using the basis {êi }i∈[p].

Lemma 7.1.1 (Computability of finite fields, Lemma 3.16 of [JNV+22a]). There exists a deter-
ministic algorithm that, given an odd integer p > 0, outputs a self-dual normal basis of F2p over
F2 and the multiplication tables for the basis in poly(n) time.
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In the lemma above, a multiplication table for the set of basis {êi }i∈[p] is the unique matrix
representation {Mêi }i∈[p] ⊆Mk (F2) such that

Mêiκ{êi }(a) = κ(êi a)

for all i ∈ [p] and a ∈ F2p . In this thesis, we refer to the set of self-dual basis generated by Lemma 7.1.1
as the canonical basis of F2p . We use κ(a) to denote the bijection given in (7.1) for the canon-
ical basis. We represent elements x ∈ F2p as κ(x) ∈ {0,1}p (where we identify elements of F2 as
{0,1}) in this thesis and we refer to this as the canonical representation for F2p . In this thesis,
we represent elements of any element x ∈ F2p as elements of F2p through the bijection map
κ. Due to Lemma 7.1.1, for elements represented under the canonical representation, addi-
tion, multiplication, inversion and computing the trace can all be computed in poly(p) time
(see [JNV+22a, Lemma 3.18] for more details).

Let m ∈ N, any elements in Fm
2p can be represented as elements of {0,1}mp through the

canonical representation of F2p , and we refer to this as the Canonical representation for Fm
2p .

For clarity, we use {êi }i∈[p·m] to denote the canonical basis for Fm
2p , and {ei }i∈[m] to denote the

element (00, · · · ,1i , · · · ,0m) in Fm
2p (where 1 is the identity element in F2p ). To abuse notation, we

also use κ to denote the map from Fm
2p → {0,1}p·m where for s = (s0, · · · , sm) ∈ Fm

2p

κ(s) := (κ(s0), · · · ,κ(sm)), (7.2)

where κ is the bijection given in (7.1) for the canonical basis {êi }i∈[p·m]. When describing ele-
ments of Fm

2p , we always assume that the element is represented under the canonical represen-
tation. We refer to a subspace as a canonical basis subspace if it is the span of some subsets
of the canonical basis. We remark that this is the same definition as the “register subspaces"
in [JNV+22a]. We use dim(V ) to denote the dimension of the subspace V ⊆ Fm

2p . For any sub-
space W ⊆V ⊆ Fm

2p , we define the orthogonal subspace of W over V as the space

W ⊥ := {u ∈V : u ·w = 0 for all v ∈W }.

Unless otherwise stated, W ⊥ defaults to the orthogonal subspace over Fm
2p .

For subspaces V1,V2 ⊆V ⊆ Fm
2p , we say that the two subspaces are disjoint if V1∩V2 = {0}. For

any k ≤ l , we refer to a set of pairwise disjoint partition of subspace {V j } j∈[k] of V as a disjoint
partition of V if ⊕ j∈[k]V j = V . For any disjoint partition of subspaces {Vi }i∈[k] of V ⊆ Fm

2p and
0 ≤ i < k we write

V<i := ⊕
j∈[i ]

V j , V>i := ⊕
i< j<k

V j

and we use the convention that V<i+1 =V≤i , V>i =V≥i+1 and V<0 = {0}. Given {V j } j∈[k], a disjoint
partition of V and v ∈V , there exists a unique decomposition s j ∈V j for each j ∈ [k] such that
s =∑

j∈[k] s j .
Given subspace U ,W ⊆ V ⊆ Fm

2p , we say (U ,W ) forms a pair of complementary subspaces
over V if U and W form a disjoint partition of V and U +W =V , and we say (U ,W ) forms a pair
of complementary subspace if it forms a complementary subspaces over Fm

2p . Give v ∈V and a
pair of complementary subspace over V , there exists a unique decomposition v = u +w such
that u ∈U and v ∈W . There could potentially be multiple subspace of V which can be used to
form a pair complementary subspaces with W . For example, for V = F2

2 and W = span(1,1), the
subspace span{(1,0)} and span{(0,1)} both forms a pair of complementary subspace of V with
W .

We wish to define a notion of a unique “canonical complement" in this thesis. For a canon-
ical basis subspace V and W ⊆ V , we define the canonical complement as the following: Let
{ê0, · · · , êdimV −1} be the canonical basis element used to define V , and let {w1, · · · , wdim(W )} be a
set of linearly independent vectors in W . Write each of the vector as wi =∑

j∈[dim(V )] ai , j ê j for
some ai , j ∈ Fm

2p and run the Gaussian elimination on the dim(V ) by dim(W ) matrix defined by
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(ai , j ). Let I be the set of dim(V ) column with leading 1 entries in the resulting matrix, we define
the canonical complement over V , or W C to be the subspace span{ê j | j ̸∈ I }. Unless otherwise
stated, W C defaults to the canonical complement of Fm

2p . The canonical complement is unique
and can be computed efficiently in poly time. We remark that this is the same definition for
canonical complement given in [JNV+22a, Definition 3.6].

We recall the following lemma regarding the subspaces of Fm
2p .

Lemma 7.1.2 (Lemma 3.14 of [JNV+22a]). Let {êi } be the canonical basis for F2p over F2 and let
V be a subspace of Fm

2p with linear independent basis {b1 · · · ,bt } ⊆ Fn
qk . Then the following holds:

• κ(V ) is a subspace of Fmp
2 .

• {κ(êi b j )}(i , j )∈[p]×[n] forms a set of linearly independent basis of κ(V ) over F2.

• Let V ,W be complementary subspaces of of Fm
2p . Then κ(V ) and κ(W ) are complementary

subspaces of Fpm
2 . Furthermore, for all a ∈ Fm

2p with a = aV +aW , aV ∈V and aW ∈W , we
have κ(aV ) ∈κ(V ) and κ(aW ) ∈κ(W ).

Given (v0, · · · , vn−1) ∈ Fm
2p and j ∈ [n], we use πm

> j to denote the function which zeros out the
first j entries of Fm

2p and we use πm
≤ j to denote the function which zeros out everything except

for the first j entries of Fm
2p . In other words

πm
> j (v0, · · · , vm−1) = (0, · · · ,0, v j , · · · , vm−1) (7.3)

πm
≤ j (v0, · · · , vm−1) = (v0, · · · , v j−1,0, · · · ,0).

We remark that this is a different map define in (3.1), as the entry specified here are over the
finite field elements F2p instead of the {0,1} string. We further remark that κ−1 ◦π≤ j ◦κ and Fm

2p

are different maps, where the first map are usually used for treating an element from Fm
2p as a

string and the second one are usually used for treating an element from Fm
2p as a vector space

over F2p .
In this thesis, we work with linear functions over canonical basis subspace. For a linear

function L mapping from V →V , we use ker(L) to denote the subspace of V such that L(a) = 0
for all a ∈ ker(L).

For a linear function L : V →V over a canonical basis subspace V ⊆ Fm
2p , we define the linear

function L⊥ : V → V as the projection into the subspace of
(
ker(L)⊥

)C
. To be more precise, for

v = v1+v2 ∈V with v1 ∈ ker(L)⊥ and v2 ∈
(
ker(L)⊥

)C
, L(v) = v2. We remark that this is the same

as the linear map defined in [JNV+22a, Definition 3.11]. By a simple calculation, we see that

ker(L)⊥ = ker
(
L⊥

)
.

7.1.1 A�ne lines and polynomials over a �nite �eld

In this subsection, we recall some properties related to affine lines and low-degree polynomials
over a finite field. In this thesis, we refer to an affine line l over Fm

2p as the set of the form

{u + t · v : t ∈ F2p }

for u, v ∈ Fm
2p . Given a line l, we wish to define a unique ul, vl ∈ Fm

2p which can be used to repre-
sent l. Given u ∈V , we define the linear function NullLN

v : Fm
2p → Fm

2p as

NullLN
v (u) := uv ,

where u = uv +uC
v is the unique decomposition such that uv ∈ span(v) and uvC ∈ span(v)C .

We remark that NullLN
v is the same as [JNV+22a, Definition 7.3]. We define the canonical repre-

sentation of an affine line as the following:
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Definition 7.1.3 (Canonical representation of an affine line). Let p ∈ N be an odd integer and
m ∈N, and let l = {u+ t v : t ∈ F2p } be an affine line passing through Fm

2p . The canonical represen-
tation of l is defined as

Can(l ) := (v,NullLN
v (u)) ∈ F2m

2p .

In the definition above, we see that NullLN
v (u) = NullLN

v (u′) for u,u′ ∈ l as u′ = u + t · v any
scalar t ∈ F2p . Hence, the canonical representation is independent of the initial point chosen.
We remark that this is the same definition given in [JNV+22a, Definition 7.3].

Given a function f : Fm
2p → F2p , we say f is an m−variant polynomial over F2p if f is of the form

f(x1, · · · , xm) = ∑
(i1,··· ,im )∈[2p ]m

αi1,··· ,im xi1
1 · · ·xim

m ,

where each of the αi1,··· ,im are some coefficients in F2p . Furthermore, we say that f has an indi-
vidual degree of d ∈N if the sum above is defined over [d ]m instead (in other words, αi1,··· ,im = 0
if there exists a j ∈ [m] such that i j > d). We use IdPoly(p,m,d) to denote the set of polynomials
g : Fm

2p → F2p with individual degree of at most d . We recall the following lemma regarding the
distance between two distinct low-individual degree polynomials.

Lemma 7.1.4 (Schwartz-Zippel [Sch80; Zip79]). Let f,g ∈ IdPoly(p,m,d) be two different m-
variant polynomials with individual degree of at most c, then

Pr
u∼Fm

2p

[f(u) = g(u)] ≤ md

2p .

For a more comprehensive introduction for finite fields, we refer the readers to [MP13].

7.2 Conditionally linear distributions

In order to introduce conditionally linear distributions, we need to first introduce the notion of
conditionally linear functions.

Definition 7.2.1 (Conditionally linear functions). Let p ∈N be an odd integer and m,k ∈N, and
let V be a canonical basis subspace of Fm

2p . We say that the function L : V → V is a k-th level
conditionally linear function over V if L can be defined using the following construction:

• There exists a disjoint partition of subspaces {Vh}h∈[k] of V , where each Vh is a canonical
basis subspace, which we refer to as “registers" for the function L.

• There exists a single linear function L0,0 : V0 → V0, this is referred to as the zeroth-level
linear function of L.

• For 0 < j < k, the function L j : V≤ j →V≤ j is defined recursively as follows:

– There exists a collection of linear functions {L j ,s : V j → V j }s∈V< j , which is referred to
as the j -th level linear functions.

– For every input s ∈V≤ j , write s as s = s j + s< j for s j ∈V j and s< j ∈V< j , then

L j := L j−1(s< j )+L j ,L j−1(s< j )(s j )

• Finally, we have L= Lk−1.

We refer to Figure 7.1 for more intuition about conditionally linear functions. In this thesis,
we abbreviate conditionally linear as CL. In this thesis, we also define CL functions L with p
being an even integer. When this occurs, we assume that the range of L, V , contains an ad-
ditional canonical basis (i.e. L : Fm

2p+1 → Fm
2p+1 ), and the additional canonical basis created are

merged into the register V0 and lies in the kernel space of L0,0. We give a simple example of a
CL function below.
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Example 7.2.2. Consider the finite field F3
2 with basis (e0,e1,e2), and the function

L(x0, x1, x2) = (x0, x0 · x1 + (1+x0) ·x2,0) = (x0, x0 · x1 +x1 · x2 +x2,0).

The functionL is a second level CL function with registers V0 = span((1,0,0)) and V1 = span((0,1,0),
(0,0,1)). L can be defined as the following: the zeroth level linear function for L can be taken as

L0,0(x0,0,0) = (x0,0,0),

and two first level linear functions for L can be specified by

L1,0(0, x1, x2) = (0, x1,0), and L1,1(0, x1, x2) = (0, x1,0).

Since {0} ⊆ V ⊆ Fm
2p , any k-th level CL function is also a k ′-th level CL function for k ′ ≥ k.

Since the definition for a CL function is recursive, for each j ∈ [k] and s ∈ V j , one can define
a k − j level CL function from V≥ j → L≥ j by setting the initial linear function to be L j ,s . Sim-
ilarly, we can combine a k1-th level CL function and a collection of k2-th level CL functions
with the same register into a (k1 + k2)-level CL function through the series composition. We
make this transformation more precise below. We remark that this is the composition defined
in [JNV+22a, Lemma 4.7].

Definition 7.2.3 (Series composition of CL functions). Let V ⊆ Fm
2p be a canonical basis subspace

and let V =V 1 ⊕V 2 be a disjoint partition where both V 1 and V 2 are canonical basis subspaces.
Let M : V 1 → V 1 be a k1-th level CL function with registers {V 1

j } j∈[k1], and let {Nx : V 2 → V 2}x∈V 1

be a collection of k2-th level CL functions which share the same registers {V 2
j } j∈[k2]. Define the

series composition between M and {Nx }x∈V 1 to be a (k1 +k2)-level CL function L : V →V , defined
as follows:

• The function has registers {V0, · · ·Vn+m}, where V j = V 1
j for 0 ≤ j < k1 and V j = V 2

j−k1
for

k1 ≤ j < k1 +k2.

• For 0 ≤ j < k1 and for each h ∈V< j , we have

L j ,h = M j ,h

• For k1 ≤ j < k1 +k2, we define
L j ,hv+hw = N

hv

j−m,hw
,

where hv ∈V and hw ∈W .

s0 ∈V0 s1 ∈V1 s2 ∈V2 s<2 ∈V<2

x0 = L0,0(s0)

x0 x1 = L1,x0 (s1)

L1,x0

L0,0

L2,x0+x1

· · · · · ·

x0 x1 x2 x<2

Figure 7.1: A diagram representation of the conditionally linear function L.
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In other words, for every input s ∈ V , write s = v1 + v2, where v1 ∈ V 1 and v2 ∈ V 2. L first
applies the k1-th level CL function M to v1, the V 1 component for V . Based on the output of
M(v1), L will then apply the k2-th level CL function NM(v1) to v2, the V 2 component within V . We
can also combine two CL functions in parallel as described below, we remark that this is the CL
function constructed in [JNV+22a, Lemma 4.9].

Definition 7.2.4 (Parallel composition of CL functions). Let V ⊆ Fm
2p be a canonical basis sub-

space and let V =V 1 ⊕V 2 be a disjoint partition where both V 1 and V 2 are canonical basis sub-
spaces. Let M : V 1 → V 1 and N : V 2 → V 2 be a k-th level CL function with registers {V 1

j } j∈[k] ⊆ V 1

and {V 2
j } j∈[k] ⊆ V 2 respectively. Define the parallel composition between M and N to be a level k

CL function L : V →V , defined as follows:

• The function has registers {V j =V 1
j ⊕V 2

j }.

• For every j ∈ [k] and h< j ∈ V< j , write h< j = h1
< j +h2

< j for h1
< j ∈ V 1

< j and h2
< j ∈ V 2

< j (resp.

h2
j ∈V 2

j ). Define L j ,h< j : V j →V j to be

L j ,h< j = M j ,h1
< j
+N j ,h2

< j

We introduce the notion of a CL distribution below. In this thesis, we consider mainly
games with a CL distribution as the question distribution.

Definition 7.2.5 (Conditionally linear distributions). A distribution µ is a (k,m, p) CL distri-
bution if there exist two k-th level CL function LP : Fm

2p → Fm
2p , P ∈ {A,B} with the same register

{V j } j∈[k] such that µ can be sampled in the following way.

1. Uniformly sample s ∈ Fm
2p .

2. Give LA(s) to Alice, and LB (s) to Bob.

Given a sample (x, y) ∼ µ, we refer to the s ∈ Fm
2p as the “seed" for the given sample if (x, y) =

(LA(s),LB (s)).

We refer to a non-local game G = (X ,A ,µ,D) as CL samplable if the sampling procedure is
a CL distribution, and as a k-th level CL samplable game if furthermore the question distribu-
tion is a k-th level CL distribution.

For any game G , if µ is a (k,m, p) CL distribution, then we can write X = Fm
2p = {0,1}p·k by

mapping elements of Fm
2p into its canonical representation. We remark that in [JNV+22a] each of

the L does not necessarily need to share the same register. However, we choose to present it this
way for simplicity of notation, and the introspection procedure in Chapter 9 would still work
even if LA and LB are defined using different registers. Finally, we have the following lemma
stating that any r -fold parallel repetition of a CL samplable game is still CL samplable, and the
proof follows trivially from applying the parallel composition given in Definition 7.2.4.

Lemma 7.2.6. Let r ∈ N, and let G = (X ,A ,µ,D) be a CL samplable game via a (k,m, p)-CL
distribution. Then, G⊗r = (X r ,A r ,µ⊗r ,D⊗r ) is samplable via a (k,r ·m, p) CL distribution.

7.2.1 Typed conditionally linear distributions

In this subsection, we introduce a more general notion of CL distributions, which we call the
typed CL distribution in this thesis. We also show that any game with a typed CL distribution
as its sampling distribution can be modified into a game which is CL samplable with only a
polynomial decay on the success rate. We remark that the typed CL distribution defined in
this subsection is essentially the same as [JNV+22a, Section 4, Section 6], but with some minor
tweaks to accommodate synchronicity condition in the context of non-local games.
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Let (T,E) be an undirected graph with at least one edge in E. We represent the elements
of T as elements of [|T|] and we represent the edges of the graph as (v0, v1) ∈ T2 with v0 = v1

representing a self-edge in the graph. We introduce the notion of a Typed CL distribution below.

Definition 7.2.7 (Typed conditionally linear distribution). Let (T,E) be a typed graph with T =
{0,1}l t

and let {Lv : V →V }v∈T be a collection of k-th level CL functions of size p over a canonical
basis subspace V ⊆ Fm

2p , where all of the Lv share the same registers {V j } j∈[k]. A distribution µ is a
(T,E, {Lv })-typed distribution if µ can be sampled in the following manner:

1. Uniformly sample (v0, v1) ∈ T2 and perform rejection sampling until (v0, v1) ∈ E.

2. Uniformly sample s ∈ F2p and b ∈ {0,1}.

3. Compute x0 = Lv0 (s) and x1 = Lv1 (s)

4. Return the pair ((vb , xb), (v1−b , x1−b)), as the sample outcome.

We remark in the above sampling procedure, the self-edges are sampled with twice the
weight in comparison to other edges. Let G = (µ,V ,X ,A ) be a synchronous game such that
µ is a (T,E, {Lv })-typed distribution. We refer to the set T as the “question label" and the set E
as the “question pair" for the game G . Since the question label is included as an output in the
sampling procedure, the synchronous question pair for G corresponds to the self-edges in the
graph (T,E). For the remainder of thesis, when discussing games with typed CL distribution
as the sampling distribution, we also assume that |T|

p is always an integer in this thesis by im-
plicitly padding T with extra vertices which only contains self-loops. Since we usually associate
|T| =O(p) in this thesis, this assumption does not change the complexity of T.

Intuitively, typed CL distributions are a generalization of CL distributions, where instead of
having two CL functions, there could potentially be |T|different CL functions used for sampling.
We give a method of taking a synchronous game with typed CL distribution and simulating it
with a synchronous game using a normal CL distribution. Given a graph (T,E) and a vertex
v ∈ T, we define the neighbour indicator for v to be the vector neighE(v) ∈ {0,1}|T| such that

neighE(v0)v1 :=
{

1 if {v0, v1} ∈ E
0 otherwise

.

The following transformation shows that games with a typed-CL distribution as the sam-
pling procedure can always be simulated with a (normal) CL samplable game. We remark that
this construction is similar to the one given in [JNV+22a, Section 6.2].

Definition 7.2.8 (Detyped conditionally linear distribution). Let p,m ∈ N with p an odd posi-
tive integer. Let (T,E) be a graph, {Lv : V →V }v∈T be a collection of k-th CL function with registers
{V j } j∈[k] for some canonical basis subspace V ⊆ Fm

2p and let µ be a (T,E, {Lv }v∈T)-typed distribu-

tion. Let b = |T|
p and l t =

⌈
log2(|T|)

p

⌉
.

We define the detyped transformation for µ, denoted as µD, to be a (k +2,m +4 ·b +2 · l t, p)
CL distribution. Where the second level CL function LA ,LB : F4·b+2·l t

2p ⊕V ⊆ F4·b+2·l t+m
2p .

• LA is defined as a series composition between LA,1 and {LA,2,s}s∈S1 as per Definition 7.2.3.
Where LA,1 is a second level CL samplable function acting on V 1 = F2·l t+4·b

2p , and {LA,2,s}s∈S1

is a collection of k-th level CL functions acting on V 2 = V . We represent elements of V 1

under the canonical representation (i.e. as elements of {0,1}2·p(l t+2·b)) in this definition
formulation. We give the details for each level of LA below:

– The first second level CL function LA,1 acts on two registers, V 1
0 = {0,1}2·p·(l t+b) =

{0,1}2b·p+4·|T| and V 1
1 = {0,1}2·p·b = {0,1}2·|T|.
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– We define the zeroth level linear function forLA,1
0.0 as follows: For all x ∈V 1

0 as (x0, x1, x2, x3),

where x0, x2 ∈ {0,1}p·l t
and x1, x3 ∈ {0,1}|T|, then LA,1

0,0

LA,1
0,0 (x0, x1, x2, x3) = (x0, x1,0,0) (7.4)

for all elements x ∈V 1.

– Fix s0 ∈ {0,1}p·l t
and s1 ∈ {0,1}|T|, and let v = bininv((π≤⌈log2(|T|)⌉(s0)) (i.e. extract the

first
⌈

log2(|T|)⌉ bits of s0 and treat it as an integer). For all x ∈V 1
1 , parse x as (x4, x5),

where x4, x5 ∈ {0,1}|T|. Whenever s0 ∈ [|T|] = T and s1 = neighE(v), we define the first
level linear function for LA,1 as

LA,1
1,(s0,s1,s2,s3)(x4, x5) = (x4, (x5)v ), (7.5)

where (x5)v zeros out all entries of x5 except for the vth entry. Otherwise

LA,1
1,(s0,s1,s2,s3)(x4, x5) = 0.

– The collection of k-th level CL functions {LA,2,s}s∈S1 is defined to be the following:
Parse s ∈V 1 as (s0, s1, s2, s3, s4, s5), and define v the same way as the above clause. We
define

LA,2,s(x) = Lv (7.6)

whenever v ∈ T, s1 = s4 = neighE(v) and (s5)v = 1. Otherwise we set LA,2,s(x) = 0

• LB is defined mostly similar to LA , except we replace the equation (7.4), (7.5) and (7.6) by

LB ,1
0,0 (x0, x1, x2, x3) = (x2, x3,0,0),

LB ,1
1,(s0,s1,s2,s3)(x4, x5) = (x5, (x4)v ),

LB ,2,s(x) = Lv

We also give the notion of a “non-trivial seed" for a detyped CL distribution below. Using
the same notation as Definition 7.2.8, for s = s1 ⊕ s2 ∈ V 1 ⊕V 2. Parse s1 = (s0, s1, s2, s3, s4, s5),
where s0, s2 ∈ {0,1}p·l t

and s1, s3, s4, s5 ∈ {0,1}|T|. Furthermore, parse s0 into an element v0 as per
described in the definition of LA,1, and parse s2 into v1 in the same way. We call s a non-trivial
seed for the CL distribution µD if the following holds

1. v0, v1 ∈ T and (v0, v1) ∈ E
2. s1 = s4 = neighE(v0) and s3 = s5 = neighE(v1)

otherwise, we refer to s as a trivial seed.
The detyping procedure might seem convoluted at first. Intuitively, (s0, s1, s4) in s1 as given

in the above definition dictates which vertices LA,1 samples and (s2, s3, s5) dictates which ver-
tices LB ,1 samples. If we perform a rejection sampling on the set of non-trivial seeds, we see
that this is equivalent to the original typed CL distribution since both s1 = s4 = neighE(v0) and
s3 = s5 = neighE(v1) occurs with the same probability given a fixed (v0, v1) ∈ E. For a detyped
sampler µD, in the event that a non-trivial seed is being chosen, the resulting output (x, y) has
the following form:

x = (v,neighE(v),0,0,neighE(v), (neighE(u))v ,Lv (s2))

y = (u,neighE(u),0,0,neighE(u), (neighE(v))u ,Lu(s2)) (7.7)

for some u, v ∈ T2. Since the seed is non-trivial, (u, v) ∈ E and hence (neighE(u))v and (neighE(v))u

will always be 1. By Definition 7.2.8, the output from µD can only be parsed in the above form
iff s is initially chosen to be a non-trivial seed. We have the following lemma lower bounding
the set of non-trivial seeds in a detyped transformation.
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Lemma 7.2.9 (Percentage of non-trivial seeds in a detyped CL distribution). Letµ be a (T,E, {Lv }v∈T)-
typed distribution with |T| = t and {Lv : V → V }v∈T for some subspace V = Fm

2p and let µD be the
corresponding (k+2,m+4 ·b+2 ·l t, p) detyped CL distribution as defined in Definition 7.2.8. For
every s sampled uniformly random from F4·b+2·l t

2p ⊕V , s is a non-trivial seed for µD with proba-
bility at least

1

4t 2 ·16t .

Proof. We use the same notation as the one given in Definition 7.2.8. We first point out that
for s = s1 ⊕ s2 ∈ V 1 ⊕V 2, only s1 dictates whether s is a non-trivial seed. Hence consider s1

uniformly sampled from V 1 and write s1 = (s0, s1, s2, s3, s4, s5) into the parsing as defined as
in Definition 7.2.8.

We first lower bound the probability that s1 satisfies the first clause of being a non-trivial
seed. If we take the first

⌈
log2(t )

⌉
bit s0 ∈ {0,1}l t·p and convert it back to integer through the map

bininv(·), then with probability at least 1
2 we obtain some v0 ∈ T. Similarly, with probability 1

2 ,
we can parse s2 into some v1 ∈ T. Since we assume there is at least one edge in E, the probability
that (v0, v1) ∈ E is at least 1

n2 given that (v0, v1) ∈ [|t |]× [|t |]. Hence s1 satisfies the first clause

with probability at least 1
4t 2 .

For the second clause, for any given v ∈ T, since there is only one unique string in {0,1}|T|
which is equal to neighE(v). Given v0 ∈ T, s1 and s3 will have probability

( 1
2t

)2
to be equal

to neighE(v0). Hence s1 satisfies the second clause with probability
( 1

2t

)4 = 1
16t given the first

clause. Hence s1 has a probability 1
4t 2 · 1

16t of being a non-trivial seed.

Given a synchronous game with a typed CL distribution as the input distribution, we define
the following transformation which replaces the typed CL distribution with its detyped coun-
terpart below.

Definition 7.2.10 (Detyped conditionally linear game). Let p,m ∈ N with p being an odd pos-
itive integer. Let (T,E) with T = {0,1}l t

and let {Lv : V → V }v∈T be a k-th level CL function for
some canonical basis subspace V ⊆ Fm

2p . Let G = (X ,A ,µ,V ) be a synchronous game with µ be-
ing a (T,E, {Lv }v∈T)-typed distribution as defined in Definition 7.2.7. We define the detyped and
synchronization transformation G D = (X D,A ,µD,V D) for G as follows:

• The distribution µD is the (k+2,m+4·b+2·l t, p) CL distribution given by Definition 7.2.8.

• For the question pair (x, y) ∈ Fm+4·b+2·l t

2p , the verification V D is given as follows:

– If s is a non-trivial seed, parse (x, y) as per Equation (7.7), then

V D (
x, y, a,b

)=V
(
(v0,Lv0

(s)), (v1,Lv1
(s)), a,b

)
in other words, the same as the original game.

– Otherwise, V D
(
x, y, a,b

)= δa,b .

We see that the above transformation also preserves synchronicity for a given game. One
might wonder the reason for such a roundabout way to defining the detyping procedure, since
instead, one can sample two arbitrary vertices from T and perform rejection sampling on the
case where these two vertices are connected in E. As seen in the lemma below, the main rea-
son for the roundabout way is that it allows the transformation to also preserves any perfect
oracularizable strategies after the transformation.

To be more precise, let G be a non-local game which uses some typed CL sampler µ. If we
were to replace µ with the “sampling two vertices, and perform rejection sampling" approach
for G , any oracularizable strategy might no longer be oracularizable because the measurement
operator used between “two non-connected vertices" might not commute. Using the detyp-
ing procedure listed above, at least one of the provers can deduce whether s is the trivial seed,
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and thus, can adjust their measurement operator accordingly. To this end, we have the fol-
lowing lemma which shows how much the completeness/soundness condition changes for a
detyped and synchronization transformation. We remark that the proof of this lemma is similar
to [JNV+22a, Lemma 6.18].

Lemma 7.2.11 (Preservation of completeness/soundness of the detyped and synchronization
game). Let G = (X ,A ,µ,V ) be a synchronous game with µ being a (T,E, {Lv }v∈T)-typed distribu-
tion. For model t ∈ {∗,co}, then

• (Completeness) If there exists a perfect oracularizable synchronous strategies for G in model
t , then there exist a perfect oracularizable synchronous strategies for G D in model t .

• (Soundness) If ωt (G ) ≥ 1−ε, then

ωt (G D) ≥ 1− ε(
4|T|2 ·16|T|) .

Proof. Fix t ∈ {∗,co}, and assume that the quantum strategy performed below is defined using
model t . In the proof below, for v ∈ T, we define

view(v) = (bin(v),neighE(v),0,0,neighE(v),ev ), (7.8)

where bin(v) above is only taken over the first
⌈

log2(|T|)⌉ bits. By definition, for (x, y) ∼ µD,
(x, y) = (

(view(v0),Lv0 (s2), (view(v1),Lv1 (s2))
)

for some (v0, v1) ∈ E and s2 ∈ Fm
2p iff µD is sampled

using a non-trivial seed in the sampling procedure.

Completeness. Let S = (A , {Ãx
a},H , |τ〉) be a perfect oracularizable synchronous strategy

for G . We define an oracularizable synchronous strategy for G D as follows: Given a question
label x ∈ X , if there exists some v ∈ T and s2 ∈ Fm

2p such that x = (view(v),Lv (s2)), then set

Ax
a = Ã(v,Lv (s2))

a . If x cannot be parsed in the above format, the prover always returns some pre-
determined fixed element ⋆ ∈A . This ensures that Ax

⋆ = I and Ax
a = 0 for all a ∈A \ {⋆}).

Restricted to the question set where (x, y) are parsed correctly, we see that Ax
a is the same as

Ã(v,Lv (s2))
a with the same decider function. This implies that Ax

a is a perfect oracularizable syn-
chronous strategy when restricted to this case. Otherwise, since Ax

a returns the same answer,
and the only non-trivial question pair in this scenario is the synchronicity question pair. This
strategy passes with perfect accuracy. This means that Ax

a remains a perfect oracularizable
synchronous strategy in the case where at least one of x, y cannot be parsed correctly, hence
showing that the strategy given above is a perfect oracularizable strategy for G D.

Soundness. Let S = (A , {Ax
a}, {(B y

b )op }, |τ〉) be a tracially embeddable strategy for G D with a

success rate of 1−ε. By Lemma 7.2.11, with probability 1
4|T|2·16|T| , the output from µD would be

from a non-trivial seed. Conditioning on this case, the distribution µD is exactly the same as
µ. We define the strategy for G with the same measurement state/algebra as S , but with the

measurement operator replaced by Â(v,Lv (s2))
a = A(view(v),Lv (s2)). This strategy will succeed at G

with probability at least 1−4|T|2 ·16|T| ·ε. This implies if ωt (G ) ≥ 1−ε, then

ωt (G D) ≥ 1− ε(
4|T|2 ·16|T|) ,

which completes the claim.

In this thesis, |T| is typically taken to be the complexity bound of O(log(n)) for some integer
n or some constant. Hence the increase in soundness shown in the above lemma can still be
“reset" using the parallel repetition presented in Chapter 12.
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7.3 Conditionally linear verifier

We are now ready to define a conditional linear verifier, for t ∈ {∗,co} and constant k ∈ N, we
define the complexity class synchronous k-th level CL samplable MIPt (k-CLMIPt ) as the com-
plexity class MIPt except restricted to synchronous games which are also k-th level CL sam-
plable. This complexity class is complete with respect to the following decision problem.

• Lk-CLMIPt

yes = {〈G 〉|ωt (G ) = 1, G is a synchronous k-th level CL samplable game},

• Lk-CLMIPt

no = {〈G 〉|ωt (G ) ≤ 1
2 , G is a synchronous k-th level CL samplable game}.

Showing that k-CLMIPco (resp. k-CLMIP∗) being coRE-complete (resp. RE-complete) implies
that coRE⊆MIPco (resp. RE⊆MIP∗ ).

We formally introduce the notion of a CL verifier below. As mentioned back in Section 6.2,
one should think of the CL verifier as a more structured version of a uniform verifier for syn-
chronous k-th level CL samplable games.

Definition 7.3.1 (Conditionally linear verifier). Let k(n),m(n),p(n) :N→N, where the range of
p(n) maps integers to odd integers. Let G = {Gn = (Xn ,An ,µn ,Dn)}n∈N be an infinite sequence
of games indexed by n ∈N. Each µn is a (k(n),m(n),p(n)) CL distribution defined over two k(n)-
level CL functions L0,n ,L1,n with registers {V n

j } j∈[k(n)] as defined in Definition 7.2.5, and An =
{0,1}∗ (in this case, Xn = Fm(n)

2p(n) = {0,1}p(n)·m(n) by definition).
A k(n) level CL verifier V is a tuple (QV ,DV ), where QV is a five-input Turing machine, and

DV is a six-input Turing machine, such that, for all n ∈N

• QV (n,Parameter) = (k(n),m(n),p(n)).

• QV (n,Divide, s) = (s0, · · · sk(n)−1), for all s ∈V n , where s j ∈V n
j and

∑
j∈[k(n)] s j = s.

• QV (n,Function, p, j , s, x) = L
p,n
j ,s (x), for all j ∈ [k(n)], s ∈ V n

< j , x ∈ V n
j , and p ∈ {0,1}. Where

recall {Lp,n
j ,s }s∈V n

< j
are the j th level linear function for Lp,n (where we associate L0,n = LA,n

and L1,n = LB ,n ).

• DV (n, x, y, a,b) = Dn(x, y, a,b) for all (x, y) ∈X 2
n and (a,b) ∈A 2

n

If k(n) = k for some constant k ∈N, then we simply call V a k-th level CL verifier. We say that V
has a sampling complexity of O(f(n)) if

k(n) ·m(n) ·p(n) =TIMEPV (n) =TIMEQV (n) =O(f(n)),

and we say that V has a verification complexity of O(g(n)) if TIMEDV =O(g(n)).

We use the term CL verifier as a shorthand for any k(n) verifier. We refer to a CL verifier
V as a k-th level synchronous Conditionally linear verifier if every game Gn = {Xn ,An ,µn ,Dn}
generated by V is a k-th level CL samplable synchronous game. To abuse notation, we write
QV (n,Parameter) ≤O(f(n)) as a shorthand for m(n)·p(n) ≤O(f(n)), where m(n) and p(n) are the
output for QV (n,Parameter). In the above definition, we refer to QV as a CL sampler and DV as a
CL decider, and we drop the subscript V if the underlying game sequence is clear from context.
We remark that although in the above definition, the answer set An = {0,1}∗ is technically an
infinite set. However, since the decider D is always assumed to be time-bounded, D can read at
most TIMED(n) bits; thus An is, in practice, always a finite set.

Although the above definition does not explicitly give the computational procedureQV (n, sample)
akin to Definition 6.1.3, the computation procedure can be implemented in the following man-
ner:
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1. The verifier first runs QV (n,Parameter) to obtain k(n) and m(n) ·p(n), then the verifier
samples a random seed s ∈ {0,1}m(n)·p(n).

2. The verifier then runs QV (n,Divide, s) = (s1 · · · , sk(n)) to partition s into linear components
within {V n

j } j∈[k(n)].

3. For p ∈ {0,1}, the verifier performs the following:

(a) The verifier first computes xp
0 = QL(n,Function, p,0,0, s0), the output for the 0-th

linear function for Lp,n .

(b) For 1 ≤ j < k(n), the verifier computes xp
j = QL(n,Function, p, j , xp

j−1, s j ), the output

for the j th linear function for Lp,n .

(c) Finally, the verifier computes xp =∑
j xi

j by adding up all the components together.

4. The verifier returns (x0, x1), as the question pair.

Step 1 takes O(log(p(n))+ log(m(n))) =O(f(n)) time, Step 2 and 3 take O(k(n) ·m(n) ·p(n)) =
O(f(n)) time by Lemma 7.1.1. This implies that QV (n, sample) runs in time O(f(n)), consistent
with the definition given in Definition 6.1.3. This shows that a Conditionally linear verifier is a
more “refine" version of a uniform verifier sequence given in Definition 6.1.3.

7.4 Proof outline for the compression theorem

Given the formal definition of the conditional linear verifier, we are ready to give a proof for The-
orem 6.2.1. For convenience, we restate the theorem below.

Theorem 7.4.1 (Gap compression for non-local games). For all constants α,k ∈N, there exists
an algorithm Gapcompressα,k that takes as input a pair of Turing machines (Q,D). Gapcompressα,k
outputs a tuple of Turing machines V Comp = (QComp,DComp) such that the following holds:

There exists an integer γ=O(poly(α,k)) such that, for models t ∈ {∗,co}

1. (Runtime): TIMEGapcompressα,k
(Q,D) =O(poly(α), |Q|, |D|).

2. (Independence of the sampler): The Turing machine QComp only depends on the parameter
α and k and is a sampler for a synchronous 7-th level CL verifier. The Turing machine
DComp is a decider for a synchronous 7-th level CL verifier. V Comp is a synchronous 7-th
level CL verifier sequence for an infinite sequence of games G Comp = {G Comp

n }n∈N.

3. (Complexity bounds for the output) V Comp has sample complexity and verification com-
plexity of O(log(n)γ).

Furthermore, if the input V = (Q,D) is a synchronous k ′th level CL verifier for the infinite sequence
of synchronous games G = {Gn}n∈N for some constant k ′ < k, and there exists a constant n0 ∈N
such that for all n ≥ n0

max
{
TIMEQ,TIMED

}≤ nα. (7.9)

Then there exists a constant nComp
0 = poly(γ,n0) such that for all n ≥ nComp

0

• (Completeness) If there exists a perfect oracularizable strategy for Gn in model t , then there
exists a perfect oracularizable strategy for G

Comp
n in model t .

• (Soundness)

ωt (Gn) ≤ 1

2
=⇒ωt (G Comp

n ) ≤ 1

2
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Similar to [JNV+22a, Theorem 12.1], the proof of Theorem 6.2.1 relies on three components:
Question Reduction, Answer reduction and Parallel repetition, which we state below. The first
proposition is question reduction. This proposition states the existence of an algorithm which
takes a kth CL verifier and outputs a fourth level CL verifier with O(polylog(n)) sample com-
plexity without drastically increasing the verification complexity and the soundness condition.

Proposition 7.4.2 (Question Reduction). For all constants α,k ∈ N, there exists a polynomial
time algorithm QuestionReductionα,k that takes, as input, a pair of Turing machines (Q,D)
and outputs a tuple of Turing machine machines (QQR,DQR) such that the following holds:

For models t ∈ {∗,co}, QuestionReductionα,k outputs a pair of Turing machine (QQR,DQR)

which is a fourth-level CL-verifier V QR for a infinite sequence of game G QR = {G QR
n }n∈N with the

following properties: There exist an integer γQR =O(poly(α)) such that

1. (Computation time): TIMEQuestionReductionα,k (poly(α), |Q|, |D|).

2. (Synchronicity) The game sequence V QR is a synchronous game sequences.

3. (Complexity bounds for the output):

• QQR(n,Parameter) ≤ max
{

logγ
QR

(n),C trivial
}

,

• TIMEQQR (n) ≤ max
{

logγ
QR

(n),C trivial
}

,

• TIMEDQR ≤ max
{

nγQR
,C trivial

}
,

for some universal constant C trivial.

4. (Independency) QQR is a 3-th level CL sampler which only depends on the parameterα and
k and does not depend on |D|, |DQR| =O(poly(α,k)).

Furthermore if the input V = (Q,D) is a k ′th CL verifier for the infinite sequence of synchronous
game G = {Gn}n∈N for some constant k ′ ∈N such that k ′ < k, and there exist some constant n0 ∈N
such that for all n ≥ n0

max
{
TIMEQ,TIMED

}≤ nα.

Then there exist some nQR
0 = poly(γQR,n0) with n0 ≤ nQR

0 such that for all n ≥ nQR
0

1. (Completeness) If there exists a perfect oracularizable synchronous strategy for Gn in model
t , then there exists a perfect oracularizable synchronous strategy for G

QR
n in model t .

2. (Soundness) There exist some universal function sQR
α which depends on k and εwith sQR

α =
O(exp(k),poly(ε)) such that, for any polynomial ε :N→ [0,1]

ωt (Gn) ≤ 1−ε(n) =⇒ωt (G QR
n ) ≤ 1−sQR

α (k,ε(n)).

Question Reduction relies on self-testing techniques used in [NV18; Gri20], which are unique
to non-local games with entangled provers. The question reduction procedure is a combina-
tion between two protocols, the Pauli basis test, which we introduce in Chapter 8 and the Intro-
spection protocol, which we introduce in Chapter 9. We give a proof to the above proposition
in Section 9.3. We remark that in comparison to the question procedure given in [JNV+22a],
there is no dependency on the parameter n and λ for soundness since the variant of Pauli basis
test used in this thesis does not require the low-degree test.

The second proposition is Answer reduction, which gives a algorithm which takes syn-
chronous CL verifier with O(poly(n)) verification complexity and outputs a balanced synchronous
CL verifier with O(polylog(n)) verification complexity which does not increase the sample com-
plexity and only increase soundness by another polylog(n).
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Proposition 7.4.3 (Answer Reduction). For all constant (α,k) ∈N there exists a polynomial time
algorithm AnswerReductionα,k that takes, as input, a pair of Turing machines (Q,D) and out-
puts a tuple of Turing machine machines (QAR,DAR) such that the following holds:

There exist a polynomial For models t ∈ {∗,co}, AnswerReductionα outputs a pair of Turing
machines (QAR,DAR), which defines a synchronous CL-verifier V AR for an infinite sequence of
game G AR = {G AR

n }n∈N with the following properties: There exists an integer γAR = O(poly(α))
such that

1. (Runtime): AnswerReductionα have runtime

TIMEAnswerReductionα(poly(α), |Q|, |D|).

2. (Dependency for QAR) The Turing machine QAR only depends on the input Q and α.

Furthermore, if the input V = (Q,D) is a max{4,k + 2} level synchronous CL verifier for the
infinite sequence of synchronous game G = {Gn}n∈N for some constant k ∈ N, and there exists
some constant n0 ∈N such that for all n ≥ n0, we have

• |DQR| =O(poly(α,k)).

• Q(n,Parameter) ≤ logα(n),

• TIMEQ(n) ≤ logα(n),

• TIMED ≤ nα.

Then there exists some integer nAR
0 = poly(γAR,n0) with n0 ≤ nAR

0 such that for all n ≥ nAR
0

1. (Complexity bounds for the output):

• TIMEQAR (n) ≤ max
{

logγ
AR

(n),C trivial
}

,

• TIMEDAR (n) ≤ max
{

logγ
AR

(n),C trivial
}

,

for some universal constant C trivial.

2. (Level for the CL sampler) The Turing machine QAR is a level max{k +2,5} CL sampler.

3. (Completeness) If there exists a perfect oracularizable strategy for Gn in model t , then there
exists a perfect oracularizable strategy for G AR

n in model t .

4. (Soundness) There exist a universal function sAR
α which depends on n and ε with O(sAR

α ) =
O(polylog(n),poly(ε)) such that, for any polynomial ε :N→ [0,1]

ωt (Gn) ≤ 1−ε(n) =⇒ωt (G QR
n ) ≤ 1−sAR

α (ε(n),n)

We remark that the universal constant C trivial comes from G reject. The answer reduction
procedure we use is identical to the one used in [JNV+22a, Chapter 10], which is a modification
of the PCP of proximity based on techniques from [BFL91]. We further remark that due to the
technique used, AnswerReductionα actually works for all MIP, MIP∗ and MIPco . We give a
more in depth description of the answer reduction protocol in Chapter 10 and Chapter 11. The
third step is the parallel repetition theorem for anchored games.
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Proposition 7.4.4 (Parallel repetition). For all constants α ∈ N, function s(n) : N→ [0,1] with
O(s(n)) = O(polylog(n)). Then there exists a function r(n) : N→ N with r(n) = O(α,s(n)) and a
polynomial time algorithm Parallelrepα,s(n) that takes, as input, a pair of Turing machines
(Q,D) and outputs a tuple of Turing machine machines (QPararep,DPararep) with

TIMEParallelrepα,s(n)
(|Q|, |D|) =O(polylog(n))

such that the following holds:

1. (Independency) QPararep only dependent on Q and the polynomial functions s(n).

2. (Complexity bounds for the output):

• TIMEQPararep (n) ≤O(poly(r(n), logα(n))),

• TIMEDPararep (n) ≤O(poly(r(n), logα(n))),

Furthermore, if the input V = (Q,D) is a k level synchronous CL verifier for the infinite sequence
of synchronous game G = {Gn}n∈N for some constant k ∈N, and there exists some constant n0 ∈N
such that for all n ≥ n0, we have

Q(n,Parameter),TIMEQ(n),TIMED ≤ logα(n).

Then for all n ≥ n0

1. (Parameter) QAR is a level k +1 CL sampler.

2. (Completeness) If there exists a perfect oracularizable strategy for Gn in model t , then there
exists a perfect oracularizable strategy for G

Pararep
n in model t .

3. (Soundness)

ωt (Gn) ≤ 1−s(n) =⇒ωt (G Pararep
n ) ≤ 1

2

The anchored parallel repetition theorem is proven for the tensor product model in [BVY21]
and we given a proof for the commuting operator model in Chapter 12. We remark that the the-
orem above actually works for all verifier as well. We show that the anchor transformation and
parallel repetition of a kth level synchronous CL verifier becomes a k +1th level synchronous
CL verifier in Chapter 12.

We are now ready to give a proof for Theorem 6.2.1 below, which is just applying the three
propositions above in sequence.

Proof. Given constant (α,k) ∈N, we specify the pseudocode for Gapcompressα,k as the follow-
ing

1 Input: Turing Machine (Q,D).
2 Compute V QR = (QQR,DQR) = QuestionReductionα,k (Q,D).
3 Compute αQR = sQR(α), where sQR is the function used to define γQR

in Proposition 7.4.2.
4 Compute V AR = (QAR,DAR) = AnswerReductionαQR (QQR,DQR).
5 Compute αAR = sAR(αQR), where sAR is the function used to define γAR

in Proposition 7.4.3.
6 Compute the description of the function s(n) = sAR

αAR (sQR
α ( 1

2 ,n),n). Where sAR
αAR (resp. sQR

α )
is the function used in the soundness condition in Proposition 7.4.3
(resp. Proposition 7.4.2).

7 Return V Comp = (QComp,DComp) = ParallelrepαAR,s(n)(Q
AR,DAR).

Pseudocode 11: The description for Gapcompressα,k .
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Time Complexity

Verifier Sampler Decider Level Soundness

V QR ≤ logO(poly(α))(n) ≤ nO(poly(α)) 3 ωt (Gn ) ≤ 1
2 →ωt (G QR

n ) ≤ 1−sQR
α ( 1

2 ,n)

V AR ≤ logO(poly(α))(n) ≤ logO(poly(α))(n) 5 →ωt (G AR
n ) ≤ 1−sAR

αAR (sQR
α ( 1

2 ,n),n)

V Comp ≤ logO(poly(α))(n) ≤ logO(poly(α))(n) 6 →ωt (G
Comp
n ) ≤ 1

2

Table 7.1: The time complexity for the 3 CL verifiers listed in Pseudocode 11 and the soundness state-
ment for the verifier sequences assuming the input (Q,D) is a synchronous k ′th-level CL veri-
fier for k ′ ≤ k. We remark that only the last column is dependent upon the input (Q,D) being a
synchronous CL verifier with the appropriate runtime condition.

For simplicity, we listed how the parameter changes throughout Pseudocode 11 in Table 7.1.
We verify each of the clause in Theorem 6.2.1 below:

• (Level of the CL verifier and the output being a synchronous game): Since the output
for AnswerReductionαQR is always a synchronous CL verifier, and ParallelrepαAR,s(n)
retains synchronicity for a CL verifier. The output for Gapcompressα,k will always be a
synchronous game sequence. The level for the output of Gapcompressα,k are tracked
in Table 7.1.

• (Computation time) We first see that both αAR and s(n) in Pseudocode 11 are polyno-
mial functions of α, independent from the input (Q,D). Hence, both steps 2 and 4 can be
computed in O(poly(α)) time (or hardcoded into the description of Gapcompressα,k ).
By the similar reasoning, we have TIMEQuestionReductionα,k = TIMEAnswerReductionαQR =
TIMEParallelrepαAR,s(n)

=O(poly(α), |Q|, |D|). Hence, TIMEGapcompressα,k
(poly(α), |Q|, |D|).

• (Independency of the sampler) By Proposition 7.4.4, QComp only depends on the poly-
nomial s(n) (which itself only depends on α) and QAR. QAR depends, in addition to the
parameter α, on both QQR, and only on |DQR| by definition. Since |DQR| = O(poly(α,k))
given any D as input for QuestionReductionα,k . QComp only depends on the parameters
α and k, as claimed.

• (Complexity bounds for the output) This follows from the complexity parameter, which
we kept track of in Table 7.1, and the complexity bound for the outputs of AnswerReductionαQR ,
which does not depend on the input.

Now, assume the input V = (Q,D) is a synchronous k ′th level CL verifier for the infinite
sequence of synchronous game G = {Gn}n∈N for some constant k ′ ∈ N with k ′ < k, and some
constant n0 ∈N which satisfies (6.1). Take nQR

0 be the constant guarantee by Proposition 7.4.2

and take nComp
0 to be the constant nAR

0 guarantee by Proposition 7.4.3 (where in this case, nAR
0 =

poly(nQR
0 ,αQR) ). Fix n > nComp

0 and model t ∈ {∗,co}.

• (Completeness) Since the game sequence V is synchronous. Hence, any perfect strategy
for Gn is also a synchronous strategy. Since QuestionReductionα,k , AnswerReductionαQR

and ParallelrepαAR,s(n) preserve the existence of a perfect oracularizable strategy for Gn

in model t , Gapcompressα,k also preserves the existence of a perfect oracularizable strat-
egy for Gn in model t .

• (Soundness) Assume thatωt (Gn) ≤ 1
2 ; By the soundness property of QuestionReductionα,k ,

the previous condition implies that ωt (G QR
n ) ≤ 1 − sQR

α ( 1
2 ,n), which, by the soundness

property of AnswerReductionαQR , implies thatωt (G QR
n ) ≤ 1−sAR

αAR (sQR
α ( 1

2 ,n),n). The com-
pleteness condition follows from the soundness condition of ParallelrepαAR,s(n).



CHAPTER 8

Question Reduction part 1: The
µ-dependent Pauli Basis test

In the next two chapters, we give a proof for Proposition 7.4.2 by showing an algorithm
that takes as input a synchronous CL verifier and transforms it into another synchronous CL
verifier with a lower sampling complexity. This chapter focuses on the n-qubit Pauli Basis test,
which we introduce in Section 8.3.2. The nα-qubit Pauli Basis test is a subroutine that forces the
provers to perform either all X or all Z Pauli measurements on nα EPR pairs. A key property
is that these tests are “rigid", meaning that if the provers perform this test with near-optimal
success rate, any strategy they perform must be “close" to the “measure all X or all Z on nα EPR
pairs strategy". One key observation is that forcing the provers to perform Pauli measurements
on EPR pairs allows them to sample nα independent random bits, which the verifier can take
advantage of during the introspection protocol.

There are several protocols which certify EPR pairs in the tensor product model (see, for ex-
ample, [NV17; JNV+22a]). These tests typically require the verifier to perform cross-verification
with some subset drawn uniformly from the EPR pairs. The protocol introduced in this chap-
ter is based on Mikael de la Salle’s elegant simplification of the “answer reduction" protocol
from [JNV+22a]. We expand on his idea and introduce the µ-dependent Pauli Basis test (Fig-
ure 8.3), whereby the referee can, instead, choose an arbitrary distribution µ over the subsets
of qubits to be used for cross-checking. Before we introduce the protocol, we first introduce
some additional preliminaries needed for this chapter.

8.1 Preliminaries on representation theory

Before introducing this protocol, we introduce two tools from trace norm representation the-
ory which will be important for the analysis of the µ-dependent Pauli Basis test, the state-
dependent Gowers-Hatami theorem and the spectral gap inequality based on the well known
well-known Poincaré inequality.

8.1.1 State-dependent Gowers-Hatami theorem

In this section, we introduce an important tool for proving rigidity theorem, the state depen-
dent variant of the Gowerss-Hatami theorem [GH17] by Vidick [Vid18, Theorem 4], and present
a generalization to the tracial von Neumann algebra setting. For σ ∈A + such that τ(σ) = 1, we
define the σ-seminorm on A as ||A||σ=

p
τ(A∗Aσ).

This can be seen as a tracial von Neumann algebra analogue of the state-dependent norm
defined within [Vid18, Section 1.3]. By a quick calculation, we see that ∥U A∥σ = ∥A∥σ for all U ∈
U (A ). For any finite group G and the mapφ : G →U (A ), we sayφ is a unitary representation if
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φ(g )φ(h) =φ(g h) for all g ,h ∈G . We say the mapφ is an (ε,σ)−representation for someσ ∈A +

with τ(σ) = 1 if φ(g−1) =φ(g )∗ and Eg ,h∈G ∥φ(g )φ(h)−φ(g h)∥σ ≤ ε.

Theorem 8.1.1 (Gowerss-Hatami for tracial von Neumann algebras). Let G be a finite group,
A ⊆ B(H ) a tracial von Neumann algebra in standard form, ε ≥ 0 and φ : G → U (A ) be an
(ε,ρ)-representation for some ρ ∈ A + such that τ(ρ) = 1. Then there exists some isometry V :
H → H ⊗C|G| such that for all B ∈A

′
, V B = (B ⊗ I|G |)V and a unitary representation φ

′
: G →

A ⊗B(C|G|) such that
E

g∈G
∥φ(g )−V ∗φ

′
(g )V ||2ρ ≤ ε.

Proof. Define the isometry V : H →H ⊗C|G| as V |ψ〉 = 1p|G|
⊕

g∈G
(
φ(g−1) |ψ〉), and note

V ∗
(

1p|G|
⊕
g∈G

|ψg 〉
)
= 1

|G|
∑

g∈G
φ(g−1)∗ |ψg 〉 .

We see that for all |ψ〉 ∈H

V ∗V |ψ〉 =V ∗
(

1p|G|
⊕
g∈G

φ(g−1) |ψ〉
)
= 1

|G|
∑
g
φ(g−1)∗φ(g−1) |ψ〉 = |ψ〉 ,

showing that V ∗V = IH and hence V is an isometry. Furthermore for all B ∈A
′

V B |ψ〉 = 1p|G|
⊕
g∈G

(
φ(g−1)B |ψ〉)= (B ⊗ I|G |)V |ψ〉 , (8.1)

implying V B = (B ⊗ I|G |)V . Define φ
′
(g ) = IH ⊗Lg , where Lg is the left regular representation

for the group G. Note for all a ∈G

V ∗φ
′
(a)V = 1p|G|V

∗(IH ⊗La)

(⊕
g∈G

φ(g−1)

)
= 1p|G|V

∗ ⊕
ag∈G

φ(g−1) = 1

|G|
∑
g
φ(ag )φ∗(g ).

Hence since φ is an (ε,ρ)−representation

E
g∈G

∥φ(g )−V ∗φ
′
(g )V ||2ρ = E

g∈G
∥φ(g )−∑

h
φ(g h)φ∗(h)||2ρ ≤ E

g ,h∈G
∥φ(g )φ(h)−φ(g h)||2ρ ≤ ε

completing the claim.

Note that since each irreducible representationφ for a finite group appears dim(φ) times in
the left regular representation, the proof above follows the same structure as [Vid18, Theorem
4]. We remark that the condition where V B = (I|G |⊗B)V for all B ∈A

′
intuitively corresponds

to V only acting on Alice’s algebra in the context of non-local games. Using the example given
in Section 4.1, the above theorem can be seen as [Vid18, Theorem 4] applied on the first register
of Cn ⊗Cn .

8.1.2 Spectral gap

In this section, we recall the definition of the spectral gap for a probability distribution over a
group and introduce a key lemma used to analyze the µ-dependent Pauli Basis test. Many of
these definitions and theorems are from [dlS22b] and we refer to the original reference for a
more comprehensive introduction to this topic. Let G be a finite group and µ be a probabil-
ity measure on G ; we use supp(µ) to denote the support of the distribution, or supp(µ) = {g ∈
G|µ(g ) > 0}. We say µ is symmetric if µ(g−1) = µ(g ) for all g ∈ G , and generating if supp(µ)
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generates the group G. We define κ(µ) as the smallest number such that for all unitary repre-
sentation π, we have

sp

(∑
g
µ(g )π(g )

)
⊆

[
−1,1− 1

κ(µ)

]
∪ {1},

and we note that κ(µ) =∞ in certain cases. We note that κ(µ) is the inverse of the spectral gap
in the literature and could potentially be infinite given the probability distribution. For con-
venience of notation, we let κ(µ) =∞ if the probability distribution is neither generating nor
symmetric, and justify this in Section 8.3 in the context of the protocol. We recall the follow-
ing theorem about κ(µ) and note that the below theorem is based on the well-known Poincaré
inequality.

Theorem 8.1.2 ([dlS22b], Corollary 2.5). Let q = pn for some prime power p, and letωp = e
2πi

p be
the root of unity of order p. Let µ and υ be two symmetric and generating probability measures
on Fq . Then, for any unitary representation π1 :Zq →A and π2 :Zq →A , we have

E
(g ,h)∈Z2

q

||π1(g )π2(h)−ωg h
p π2(h)π1(g )||22 ≤ κ(µ)κ(υ)

∑
(g ,h)∈F2

q

µ(g )υ(h)||π1(g )π2(h)−π2(h)π1(g )||22

Note that the above theorem only applies when π1 and π2 are both exact unitary represen-
tations for the group Fq . We also recall the following fact about the spectral gap of Fn

q .

Theorem 8.1.3 ([AR94], Proposition 4.6). For prime p and n ∈ N, there exists a subset S ⊆ Fn
p

with |S| =O(n) such that κ(µ) ≤ 2 for µ, the uniform distribution on S.

In this thesis, we only consider the above theorem for q = 2, and recall from preliminary
that we identify F2 with elements of {0,1}.

8.2 Generalized Pauli measurements

We first introduce the notion of a generalized Pauli measurement. Let p ∈N be an odd integer.

For W ∈ {X , Z }, the generalized Pauli measurement over F2p are the sets of PVM
{
ρ

W,p
a = |aW,p〉〈aW,p |

}
a∈F2p

where

|aX ,p〉 := 1p
2p

∑
b∈F2p

(−1)Tr(ab) |b〉 , |aZ ,p〉 := |a〉 ,

for all a ∈ F2p . In the case where p = 1, the generalized Pauli measurements corresponds to the
eigenspace of the Pauli X and Z matrices.

In this thesis, we often associate PVMs with binary observables to better analyze the com-
mutation properties of these measurements. A binary observable is a unitary matrix which
squares to the identity. For an odd integer p ∈N, W ∈ {X , Z } and a ∈ F2p , we define the general-
ized Pauli matrices ρW,p (a) as

ρX ,p (a) := ∑
b∈F2p

|b +a〉〈b|, ρZ ,p (a) := ∑
b∈F2p

(−1)Tr(a·b)|b〉〈b|

where the addition and multiplication above are over F2p . In the case where p = 1, we drop the
superscript and simply write ρW

i to denote the qubit Pauli W -measurement for i ∈ {0,1} and
ρW for the Pauli W -matrix. We see that for W ∈ {X , Z } the eigenspace for ρW,p (a) is precisely
the PVM measurement for the generalized Pauli measurement, and we can write

ρW,p (a) := ∑
b∈F2p

(−1)Tr(ab)ρ
W,p
a . (8.2)
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This also implies that ρW,p (a) commutes with ρW,p (b) for any a,b ∈ F2p . As shown in [JNV+22a,
equation 19], the generalized Pauli measurements can also be written as

ρ
W,p
a = E

b∈F2p
(−1)−Tr(ab)ρW,p (b). (8.3)

By a simple calculation, we see that for all W ∈ {X , Z } and a,b ∈ F2p , the generalized Pauli ob-
servables obey the following relationships

ρW,p (a) ·ρW,p (b) = ρW,p (a +b). (8.4)

The generalized Pauli observables also follow the “twisted commutation" relations, whereby

ρX ,p (a) ·ρZ ,p (b) = (−1)Tr(ab)ρZ ,p (b) ·ρX ,p (a). (8.5)

For W ∈ {X , Z } and s ∈ Fm
2p , we define

ρW,p (s) = ⊗
i∈[m]

ρW,p (si ) and ρ
W,p
s = ⊗

i∈[m]
ρ

W,p
si

(8.6)

where each si ∈ F2p . We recall the following lemma which shows the existence of a unitary
which converts between the generalized Pauli measurement to the one qubit Pauli measure-
ment.

Lemma 8.2.1 (Lemma 3.26 of [JNV+22a]). Let p,m ∈N where p is an odd integer, there exists a
unitary U2→p : (C2)⊗p·m → (C2p

)⊗m such that for all W ∈ {X , Z } and for all s ∈ F⊗n
2p , we have

ρ
p,W
s =U∗

2→p

(
m⊗

i=0

p⊗
j=0

ρW
κ(si ) j

)
U2→p(

U∗
2→p ⊗U∗

2→p

)
|ME2p 〉⊗m = |ME2〉⊗p·m .

To abuse notation, for register subspace V ⊆ Fm
2 and W ∈ {X , Z }, we use {ρX

s }s∈V to denote
the measurement

ρW
s := ∑

a|aV =s
ρW

s

where for a ∈ Fm
2 , a = aV +aC

V is the unique decomposition such that aV ∈V and aC
V ∈V C . For

register subspace V ⊆ Fm
2p , we use {ρW

s }s∈V to denote the measurement {ρV
s }s∈κ(W ). We recall

the following lemma from [JNV+22a].

Lemma 8.2.2 (Lemma 8.5 of [JNV+22a]). Let L1,L2 : Fm
2p → Fm

2p be two linear map. Then

ker(L2)⊥ ⊆ ker(L1),

implies that the measurement operators
{
ρ

Z ,p
[L1|s]

}
s∈Fm

2p

and
{
ρ

X ,p
[L2|s]

}
s∈Fm

2p

pairwise commute, as

well as the measurement operators
{
ρ

Z ,p
[L2|s]

}
s∈Fm

2p

and
{
ρ

X ,p
[L1|s]

}
s∈Fm

2p

pairwise commute

8.3 The Pauli Basis test

8.3.1 The magic square game

We first introduce a key subroutine for the Pauli Basis test, the Mermin-Peres magic square
game [Mer90; Per90], in this subsection. We use the BCS formulation of this game as presented
in [CM14], where the game is defined by six equations and nine variables over F2, where the
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x1 x2 x3

x4 x5 x6

x7 x8 x9

I2 ⊗ρZ ρZ ⊗ I2 ρZ ⊗ρZ

ρX ⊗ I2 I2 ⊗ρZ ρX ⊗ρX

ρX ⊗ρZ ρZ ⊗ρX −(
ρXρZ

)⊗ (
ρXρZ

)
Figure 8.1: Left: The description for the magic square game, where each row and column corresponds

to an equation. Right: A oracularizable perfect strategy for the magic square game.

variables are arranged on a three-by-three grid as presented in Figure 8.1. Every row and col-
umn in Figure 8.1 corresponds to a constraint that multiplies to 1, except for the last column,
where the constraint multiplies to −1 instead. In this game, the referee randomly samples a
constraint and a variable in the constraint and sends the constraint to one of the provers and
the variable to the other prover. The prover must then respond with an assignment for their
given constraint or variable. The provers win the game if their assignments are consistent with
each other. If one of the provers is given an equation as the question, their assignment must
also satisfy the constraint for the given equation. We also modify the magic square to be syn-
chronous, meaning the verifier additionally samples a constraint or a variable with constant
probability and sends it to both provers and expects the same answer in return.

The magic square game admits a perfect synchronous oracularizable strategy for both quan-
tum models by using the measurement operator defined in Figure 8.1. In this strategy, the
provers initially prepare two copies |ME2〉. In the event that the prover receives a variable, he
measures the observable as displayed in the grid and returns the resulting eigenvalue (which is
either 1 or−1) as the assignment to the variable. If the prover receives an equation, he measures
the observables for all three variables, returning the eigenvalue for each of the observables as
the corresponding assignment for each of the variables. Since each observable on the grid com-
mutes with all other observables that share a row or column with it, the order of measurement
does not matter for the constraint question, and their measurement commutes on all possible
question pairs, which implies that this perfect strategy is oracularizable.

Combining [MNY22], Theorem 3.1 part iii) (rigidity for the magic square game under syn-
chronous correlations) and Corollary 8.4.1, we recover the same anti-commutation result for
the commuting operator model.

Theorem 8.3.1 (Approximate anti-commutation test for the magic square game in the com-
muting operator model). Let S = (L 2(A ,τ),σ |τ〉 , {Ax

a}, {B x
a }) be a tracially embeddable strat-

egy for the magic square game such that ωco(Magic square,S ) ≥ 1−ε.
For i ∈ {1 · · ·9}, let {A(variable, i)

0 , A(variable, i)
1 } ⊆A be Alice’s measurement operator for variable

i, and likewise with {B variable, i
0 ,B variable, i

1 } ⊆A
′

with Bob’s measurement operator. For P ∈ {A,B}

P (variable, i) = P (variable, i)
0 −P (variable, i)

1 .

Then

||(P (variable, 1)P (variable, 5) +P (variable, 5)P (variable, 1))||2
σ2 ≤O(poly(δ)).

8.3.2 The Pauli Basis test

In this section, we give the formal definition for the µ-dependent Pauli Basis test. We describe
the sampling and decision procedure in Figure 8.3 and include a diagram for the sampling
procedure in Figure 8.2 for clarity. Intuitively, the goal of the Pauli Basis test is to force two
honest provers to prepare n copies of EPR pairs between them and measure either (ρX )⊗n or
(ρZ )⊗n on their half of the EPR pair.

First, we will give an informal overview of the test. As mentioned at the beginning of this
section, the goal of this test is to allow two players to certify that they share a state of the
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form |EPR〉⊗n . For W ∈ {X , Z }, once the players receive the question label (Pauli,W ), they
are expected to perform the measurement {ρ⊗n

W } on their half of their respective states. The
referee achieves this by first sampling some u from the distribution µ and sending the label
(Coordinates, W) along with the coordinates u, and expects the player receiving this label to
measure according to ρW (u). In other words, the referee expects the player to perform a W
measurement on the coordinate i ∈ [n] if ui = 1. The other player will receive (Pauli,W ). Since
the entangled state expected from the players is EPR pairs, the player returns the same mea-
surement output on the sub-coordinates where they both made the measurement.

The commutation/anti-commutation test is used to enforce consistency on the question
label (Coordinates, W). To be more precise, the referee first samples two coordinates (u, v) and
determines whether the observable ρX (u) and ρZ (v) commute or anti-commute based on the
value of u · v mod 2. In the scenario where they do commute, i.e. u · v mod 2 = 0, the “commu-
tation test" or one of the red edges of Figure 8.3 is performed. In this case, the referee asks one
of the players to simultaneously measure both the ρX (u) and ρZ (v) (which would be consis-
tent since they commute) and compare the measurement output to the other player perform-
ing one of the two measurements. In the case where u · v mod 2 = 1, the “anti-commutation
test", or one of the blue edges of Figure 8.3 is performed, where the referee forces both play-
ers to play the magic square game from Section 8.3 with the observables ρX (u) and ρZ (v) for
questions 1 and 5 of the magic square game respectively. In this case, Theorem 8.3.1 guaran-
tees that any perfect or near-perfect strategy ensures that the two aforementioned observables
anti-commute with each other.

In order to state the main rigidity theorem, let S = (L 2(A ,τ),σ |τ〉 , {Ax
a}, {B x

a }) be a pro-
jective, tracially embeddable strategy for the µ-dependent Pauli Basis test. For W ∈ {X , Z },
and P ∈ {A,B} let {P (Pauli,W )

a } be the measurement operator for the question label (Pauli,W )
for player P and define W P (u) as the following unitary observable:

W P (u) = ∑
q∈{0,1}n

(−1)q·uP (Pauli,W )
q , (8.7)

where, by definition, W A(u) ⊆A and W B ⊆A
′
. We state the following rigidity theorem about

the µ-dependent Pauli Basis test.

Constrant1

Constrant2

Constrant3

Constrant4

Constrant5

Constrant6

Variable1

Variable2

Variable3

Variable4

Variable5

Variable6

Variable7

Variable8

Variable9

(Coordinate, X )

(Coordinate, Z )

(Pauli, X )

(Pauli, Z )

Commutation

(Commutation, X )

(Commutation, Z )

Figure 8.2: The typed graph (TPB,EPB) for the µ-dependent Pauli Basis test, where each of the vertices
above also contains a self-loop (this is a black edge). Similar to the definition of the CL distri-
bution, each vertices in the graph represents a potential question label and each edge repre-
sents a potential question pair. Each of the edges are colour coded in order to better explain
the game procedure and we refer to Figure 8.3 for more details.
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Question label Question content Answer format

(Pauli,W ) tW ∈ {0,1}n

(Coordinate, W ) uW ∈µ t(Pauli, W) ∈ {0,1}n

(Commutation, W ) uW ∈µ tW ∈ {0,1}
Commutation (uX ,uZ ) ∈µ×µ (t ′X , t ′Z ) ∈ {0,1}
Variablei (uX ,uZ ) ∈µ×µ tvar ∈ {0,1}
Constrainti (uX ,uZ ) ∈µ×µ tcons ∈ {0,1}3

Figure: Q and A format for the n-qubit Pauli Basis test, where W ∈ {X , Z }.

Sampling procedure

1. Sample (uX ,uZ ) ∈µ×µ uniformly at random.

2. Uniformly samples (n0,n1) ∈ TPB × TPaulibasis, where (TPB,EPB) is the graph in Fig-
ure 8.2, and perform rejection sampling until (n0,n1) ∈ EPB.

3. Send the question label and question content corresponding to n0 to one of the
provers, and send the question content corresponding to the n1 to the other prover.

Verification procedure

• (Self-loop): The provers win iff they output the same answer.

• (Pauli, W ) – (Coordinate, W ): Alice and Bob win iff tW |uW = t(Pauli, W)|uW .

• If (n0,n1) are a red edge and ux · uz = 1, the provers win if for the question label
(Commutation, W ) and (Commutation), the prover answers 0, otherwise

– (Coordinate, W ) – (Commutation, W ): The provers win iff uW · t(Pauli,W ) = tW .

– (Commutation) – (Commutation, W ): The provers win iff tW = t ′W .

• If (n0,n1) are a blue edge and ux ·uz = 0, the provers wins if for the question label
(Constraint, i ) and (Variable, j ), the prover answers 0, otherwise:

– (Variable 1) – (Coordinate, X ): The provers iff uX · tX = tvar.

– (Variable 5) – (Coordinate, Z ): The provers iff uZ · tZ = tvar.

– (Constraint) – (Variable): The provers win iff tcos is consistent with the con-
straint in the magic square game, and tvar is consistent with the assignment of
vi within tcos.

Figure 8.3: The description for the n-qubit Pauli Basis test. Where W ∈ {X , Z } in the decision procedure.
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Theorem 8.3.2 (Robustness of the µ-dependent Pauli Basis test under the commuting operator
model). Let G (µ) be the µ-dependent Pauli Basis test and let S = (L 2(A ,τ),σ |τ〉 , {Ax

a}, {B x
a })

be a tracially embeddable strategy for G (µ) with ωco(G (µ),S ) ≥ 1−ε. There exist two isometries
VA : H →H ⊗C22n

and VB : H →H ⊗C22n
with (VB ⊗I22n )VA = (VA⊗I22n )VB , and a state |Aux〉 ∈

H ⊗ I22n such that ∥∥(
VB ⊗ I22n

)
VA |ψ〉− |Aux〉 |EPR〉⊗n

∥∥2 ≤O
(
poly(κ(µ),ε)

)
, (8.8)

and for all W ∈ {X , Z } and u ∈ {0,1}n∣∣(VAW A(u)V ∗
A ⊗ I22n − IH ⊗ I22n ⊗ρW (u)⊗ I2n

) |Aux〉 |EPR〉⊗n
∣∣2 ≤O

(
poly(κ(µ),ε)

)
, (8.9)∣∣(VB W B (u)V ∗

B ⊗ I22n − IH ⊗ I22n ⊗ I2n ⊗ρW (u)
) |Aux〉 |EPR〉⊗n

∣∣2 ≤O
(
poly(κ(µ),ε)

)
. (8.10)

We provide a proof of Theorem 8.3.2 in Section 8.4. Intuitively, if µ is a uniform distribution
on some subset S ⊆ {0,1}n , the larger S is, the harder it is for dishonest players to cheat, but this
also gives a larger question set (or sampling complexity) for the µ-dependent Pauli Basis test.
This naturally gives a trade-off between the sampling complexity and the accuracy of the test.
Hence, κ(µ) can intuitively be interpreted as “how good the distribution is" for the theorem
above. We also remark that, if µ is not generating, then this implies that there exists some
generator i ∈ [n] such that si = 0 for all s ∈ supp(µ). Translating this to the context of the µ-
dependent Pauli Basis test would imply that there exists an EPR pair which would not get cross-
checked in any of the subsets sampled under µ; hence, the robustness theorem should not
hold under this instance. Hence, this justifies the assumption we made for κ(µ) = ∞ with a
distribution that is neither symmetric nor generating earlier in Section 8.1.2. We further remark
that the condition (VB ⊗ I22n )VA = (VA ⊗ I22n )VB is akin to VA and VB acting on different Hilbert
spaces under the tensor product model, and the extra C2n

on the auxiliary space results from
using the left regular representation of the Weyl-Heisenberg group.

Finally, we remark that the µ-dependent Pauli Basis test given in this thesis is slightly differ-
ent from the one given in [Lin24, Section 6], namely there are two extra types (the commutation
questions in Figure 8.2). This is because in order to use this protocol as a part of the compres-
sion theorem, the perfect strategy that succeeds the game needs to have a perfect oraculariz-
able strategy, and the extra question test is a “hack" to get around that. This is the same reason
why the simplification given in [dlS23] cannot instead be used as part of the question reduction
protocol.

8.3.3 The n-qubit Pauli Basis test, a question e�cient EPR-tester

In order to proof Proposition 7.4.2, one needs to, in addition, make sure that the verifier can
sample the question distribution in O(logO(poly(α))(n)) time. To this end, recall that a linear
[n,c,d ]Fq code is a set C of functions g : [p] → Fq with size |C| = qc that is closed under linear
combination, such that for any two distinct g ̸= g ′, the number of coordinates i ∈ [n] such
that g (i ) ̸= g ′(i ) is at least d . In [dlS22b, Example 1.2], given any [k,n,d ] binary linear code
C , the code space SC ⊂ Fn

2 with |SC | = {0,1}k is a subset such that the uniform distribution of
SC has a spectral gap of 2k

d . Intuitively, any good binary linear code would lead to an efficient

EPR tester. For any n ∈ N, consider the Justesen code [Jus72] with R = log(n)
n , by definition

this is a code with dimension k = ⌊log(n)⌋, length n and distance d ≥ 0.11(n − log(n)). Let
SPB

n ⊆ {0,1}n = Fn
2 be the code space of this code. Since the encoding map for the Justesen

code can be implemented in O(poly(n)) time, there exists an encoding map πPB :N× {0,1}∗ →
{0,1}∗ such that πPB(n, s) is a bijection map that maps elements from {0,1}⌊log(n)⌋ to SPB

n , with
TIMEπPB (n) = poly(n). Furthermore, the uniform distribution on SPB

n has a spectral gap of 2k
d ≤

log(n)
0.11(n−log(n)) ≤ 30 for all n.

For n ∈ N, we define the n-qubit Pauli Basis test to be µ dependent-Pauli Basis test with
the distribution µ being the uniform distribution over SPB

n and we use G PB
n to denote this game.
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Combining the property for the Justesen code discussed above with Theorem 8.3.2, we prove
following properties about the n-qubit Pauli Basis test.

Theorem 8.3.3 (Properties of the n-qubit Pauli Basis test). Let G PB
n be the n-qubit Pauli Basis

test

1. (Computation time): G PB
n is samplable via a (TPB,EPB, {Lv }v∈TPB ) typed CL distribution,

where each TPB : F
2·sSB

n
2 → F

2·sSB
n

2 is a first level CL function, where sSB
n = ⌊log(n)⌋. G PB

n has a
decision complexity of poly(n).

2. (Completeness): There exists a perfect finite-dimensional symmetric oracularizable strat-
egy S PB = (C2n ⊗C2n

, |ME2〉⊗n ⊗|ME2〉 , {P x
a }) such that for all s ∈ {0,1}n and W ∈ {X , Z }

P (Pauli,W )
s = ρW

s ⊗ I2.

3. (Soundness): Let S = (L 2(A ,τ),σ |τ〉 , {P x
a }x∈X ) be a projective, tracially embeddable strat-

egy such thatω(G PB
n ,S ) ≥ 1−ε. Then there exist two isometries VA : L 2(A ,τ) →L 2(A ,τ)⊗

C22n
and VB : L 2(A ,τ) → L 2(A ,τ)⊗C22n

with (VB ⊗ I22n )VA = VA(VB ⊗ I22n ) and a state
|Aux〉 ∈L 2(A ,τ)⊗C22n

such that∥∥(
VB ⊗ I22n

)
VA (σ |τ〉)−|Aux〉 |ME2〉⊗n

∥∥2 ≤O
(
poly(ε)

)
,

and for all W ∈ {X , Z } and u ∈ F2n

|((VAP (Pauli,W )
s V ∗

A )A A1 A2 ⊗ (I22n )B1B2−
(IH )A ⊗ (ρW

s )A1 ⊗ (I2n )A2 ⊗ (I22n )B1B2 ) |Aux〉A A2B2
|ME2〉⊗n

A1B1
|2 ≤O

(
poly(ε)

)
.

|((VB (P (Pauli,W )
s )opV ∗

B )A B1B2 ⊗ (I22n )A1 A2−
(IH )A ⊗ (ρW

s )B1 ⊗ (I2n )B2 ⊗ (I22n )A1 A2 ) |Aux〉A A2B2
|ME2〉⊗n

A1B1
|2 ≤O

(
poly(ε)

)
.

where the subscript A , A1, B1, A2, B2 and A denotes the registers on which each operator
acts (listed for clarity).

Proof. For the remainder of this proof, let W ∈ {X , Z }. Fix an integer n ∈N. We first show that
the G PB

n is samplable via a typed CL distribution. By the definition given in Figure 8.2, one can
define the sampling procedure for G PB

n as the following:

1. Sample (uX ,uZ ) ∈ SPB
n ×SPB

n uniformly at random.

2. Uniformly samples (n0,n1) ∈ TPB ×TPaulibasis, where (TPB,EPB) is the graph in Figure 8.2,
and perform rejection sampling until (n0,n1) ∈ EPB.

3. Send the question label and question content corresponding to n0 to one of the provers,
and send the question content corresponding to the n1 to the other prover.

We wish to show that the above sampling procedure can be done via a typed CL sam-
plable function. Identify F2 with {0,1}, and define each Lv as follows: For every input (sX , sZ ) ∈
{0,1}sSB

n × {0,1}sSB
n , we define each of the linear function accordingly:

• For v ∈ {(Pauli,W ), (Coordinate,W ), (Commutation,W )},

L(Pauli,W )(sX , sZ ) = (0,0),

L(Coordinate,X )(sX , sZ ) = L(Commutation,X )(sX , sZ ) = (sX ,0),

L(Coordinate,Z )(sX , sZ ) = L(Commutation,Z )(sX , sZ ) = (0, sZ ).
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• Otherwise, Lv is the identity function, or

Lv (sX , sZ ) = (sX , sZ ).

For the decision process, given input (uX ,uZ ) ∈ SPB
n ×SPB

n and the output listed in the “An-
swer format" from Figure 8.3, the decision process for all the edges can be decided in O(poly(n))
time since it involves either computing an inner product between elements of {0,1}n or some
form of consistency test. Furthermore, since the mapπPB is computable uniformly in O(poly(n))
time, the decider can compute each of the (uX ,uZ ) from (sX , sZ ) sampled above. For the “com-
pleteness" condition, we define the synchronous strategy S PB over the Hilbert space C2n ⊗C2n

as follows: The joint state used between the two provers is n EPR pairs, or |ME2〉⊗n ⊗|ME2〉. For
(uX ,uZ ) ∈ SPB

n ×SPB
n , define

ρW (uW )0 =
∑

b·uW =0
ρW

b , ρW (uW )0 =
∑

b·uW =1
ρW

b ,

and we see that
ρW (uW ) = ρW (uW )0 −ρW (uW )1.

We define the measurement operator {P x
a } for the symmetric strategy S PB as

P (Pauli,W ) = ρW
tW

⊗ I2 for all tW ∈ {0,1}n ,

P (Coordinate,W ),uW
t(Pauli, W)

= ∑
t(Pauli, W)|uW =b

ρW
b ⊗ I2 for all t(Pauli, W) ∈ {0,1}n .

P (Commutation, W),(uW )
tW

= ρW (uW )tW ⊗ I2 for uX ·uZ = 0, tW ∈ {0,1}

P (Commutation),(uX ,uZ )
(t ′W ,t ′Z )

=
(
ρX (uX )t ′X

)(
ρZ (uZ )t ′Z

)
⊗ I2 for uX ·uZ = 0, t ′W ∈ {0,1}

P (Commutation),(uX ,uZ )
a =

{
I2n+1 if a = 0

0 otherwise
for uX ·uZ = 1.

P (Commutation, W),(uW )
a =

{
I2n+1 if a = 0

0 otherwise
for uX ·uZ = 1.

For the magic square game, given (uX ,uZ ) such that ux ·uz = 1, by (8.5), the observables ρX (uX )
and ρZ (uZ ) anti-commutes. By applying [JNV+22a, Theorem 7.11], there exists a symmetric
projective oracularizable strategy S MS = (C2n+1 ⊗C2n+1

, |ME2〉⊗n ⊗ |ME2〉 , {M x
a }) such that for

b ∈ {0,1},
M (Variable,1)

b = ρW (uW )n ⊗ I2, M (Variable,5)
b = ρW (uW )n ⊗ I2.

For i ∈ {2,3,4,6,7,8,9}, and j ∈ {1, · · · ,6},set

P (Variable,i ),(ux ,uz )
b = M (Variable,i )

b , P (Constraint, j ),(ux ,uz )
b = M (Constraint, j )

b .

In the event that ux ·uz = 0, set

P (Variable,i ),(ux ,uz )
b = P (Constraint, j ),(ux ,uz )

b =
{
I2n+1 if b = 0

0 otherwise
.

Since all measurement operators S PB are defined within
⊗n+1

i=0 M2(C), for all a ∈A

(Pa ⊗ IB) |ME2〉⊗n
AB ⊗|ME2〉AB = (

I⊗P T
a

) |ME2〉⊗n
AB ⊗|ME2〉AB

for all measurements within S PB. We now verify that S PB is indeed an oracularizable and
perfect strategy by considering all possible question pairs in G PB

n .
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• (Self-loop) Since all the measurements are projective, this is trivially true.

• (Pauli, W ) – (Coordinate, W ) This follows since both question labels require a measure-
ment in the W basis.

• If ux ·uz = 0

– The red-edge question pairs are trivially perfect/oracularizable, since one of the
measurement operators is always the identity.

– (Coordinate, W ) – (Commutation, W ): This follows since both question labels re-
quire a measurement in the W basis.

– (Commutation) – (Commutation, W ): By (8.5), ρX (uX ) commutes with ρZ (uZ ).
Hence, {ρX (uX )i }i∈{0,1} pairwise commute with {ρZ (uZ )i }i∈{0,1}, and the statement
follows accordingly.

• If ux ·uz = 1

– The blue edge question pairs are trivially perfect/oracularizable, since one of the
measurement operators is always the identity.

– (Variable 1) – (Coordinate, X ): This follows since both question labels require a
measurement in the X basis.

– (Variable 5) – (Coordinate, Z ): This follows since both question labels require a
measurement in the Z basis.

– (Constraint) – (Variable): This follows by [JNV+22a, Theorem 7.11].

This shows that S PB is a symmetric oracularizable strategy.

For soundness, let S = (L 2(A ,τ),σ |τ〉 , {P x
a }x∈X ) be a projective, tracially embeddable strategy

such that ω(G PB
n ,S ) ≥ 1−ε. By Theorem 8.3.3 and the spectral gap property for the Justesen

code, we have ∥∥(
VB ⊗ I22n

)
VA |ψ〉− |Aux〉 |EPR〉⊗n

∥∥2 ≤O
(
poly(ε)

)
,

and for all W ∈ {X , Z } and u ∈ {0,1}n∣∣(VAW A(u)V ∗
A ⊗ I22n − IH ⊗ I22n ⊗ρW (u)⊗ I2n

) |Aux〉 |EPR〉⊗n
∣∣2 ≤O

(
poly(ε)

)
, (8.11)∣∣(VB W B (u)V ∗

B ⊗ I22n − IH ⊗ I22n ⊗ I2n ⊗ρW (u)
) |Aux〉 |EPR〉⊗n

∣∣2 ≤O
(
poly(ε)

)
. (8.12)

By rewriting (8.11), we see that∣∣(VAW A(u)V ∗
A ⊗ I22n − IH ⊗ I22n ⊗ρW (u)⊗ I2n

) |Aux〉 |EPR〉⊗n
∣∣2

= 〈Aux| 〈EPR|⊗n

( ∑
a∈{0,1}

(−1)Tr(a)(P̃a ⊗ I22n )− ∑
b∈{0,1}

(−1)Tr(b)IH ⊗ I22n ⊗ρW
b ⊗ I2n

)2

|Aux〉 |EPR〉⊗n

= 2− ∑
a∈{0,1}

〈Aux| 〈EPR|⊗n (P̃a ⊗ I22n )(IH ⊗ I22n ⊗ρW
a ⊗ I2n ) |Aux〉 |EPR〉⊗n

− ∑
a∈{0,1}

∑
b∈{0,1}

(−1)Tr(a+b)(〈Aux| 〈EPR|⊗n (P̃a ⊗ I22n )(IH ⊗ I22n ⊗ρW
b ⊗ I2n )

− (IH ⊗ I22n ⊗ρW
b ⊗ I2n )(P̃a ⊗ I22n ) |Aux〉 |EPR〉⊗n)

= 2− ∑
a∈{0,1}

〈Aux| 〈EPR|⊗n (P̃a ⊗ I22n )(IH ⊗ I22n ⊗ρW
a ⊗ I2n ) |Aux〉 |EPR〉⊗n

− ∑
a∈{0,1}

∑
b∈{0,1}

(−1)Tr(a+b)(〈Aux| 〈EPR|⊗n (P̃a ⊗ I22n )(IH ⊗ I22n ⊗ρW
b ⊗ I2n )

− (P̃a ⊗ I22n )(IH ⊗ I22n ⊗ρW
b ⊗ I2n ) |Aux〉 |EPR〉⊗n)
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= 2− ∑
a∈{0,1}

〈Aux| 〈EPR|⊗n (P̃a ⊗ I22n )(IH ⊗ I22n ⊗ρW
a ⊗ I2n ) |Aux〉 |EPR〉⊗n

= ∑
a∈{0,1}n

|(VAP̃ A
a V ∗

A ⊗ I22n − IH ⊗ I22n ⊗ρW
a ⊗ I2n

) |Aux〉 |EPR〉⊗n |2,

where the second to last inequality follows from ρW
b ⊗ I |EPR〉 = I⊗ρW

b |EPR〉. (8.12) follows
from a similar calculation, this shows the “soundness clause" of Theorem 8.3.3.

8.4 Proof of Theorem 8.3.3

In this section, we show the rigidity for the µ-dependent Pauli Basis test. Before we begin, we
first show the following theorem which allows us to work with synchronous strategies through-
out the proof. We start by proving a corollary based on the rounding theorem ( Theorem 5.1.1),
which allows us to work using synchronous strategies when working with rigidity statements.

8.4.1 Rounding approximate algebraic relationships

In this subsection, we show an approximation related to almost synchronous correlations re-
lated to algebraic relationships. We remark that the below corollary is an analogue of [Vid22,
Corollary 4.4] for the commuting operator model.

Corollary 8.4.1. Let G = (X 2,A 2,µ,D) be a synchronous game with {X , Z } ⊆ X and Zq ⊆ A

for some q = pn for some prime power p. Furthermore, assume µ(X , X ) = O(1) and µ(Z , Z ) =
O(1). Let χ : Z2

q → C, χ(a,b) = ωab
p , where ωp = e

2πi
p . Suppose for every synchronous symmetric

projective strategy S sync = (L 2(B,τB), |τB〉 , {Ax
a}) follows the ”algebraic relations" property:

For X (b) = ∑
j∈Zq

ω
b j
p AX

j , and Z (b) = ∑
j∈Zq

ω
b j
p AZ

j , where ωp = e
2πi

p , there exist a convex,
monotone, non-decreasing function κ : [0,1] →R≥0 such that

E
(a,b)∈Zq×Zq

||X (a)Z (b)−ωab
p Z (b)X (a) |τB〉 ||2 ≤ κ(ωco(G ,S sync)). (8.13)

Then the “algebraic relations" property extends to any arbitrary δ-synchronous symmetric, pro-
jective strategy S = (L 2(A ,τ),σ |τ〉 , {Ax

a}, {B x
a }) on both measurement operator {Ax

a} and {B x
a },

with (8.13) replaced with

E
(a,b)∈Zq×Zq

||(X (a)Z (b)−ωab
p Z (b)X (a))σ |τ〉 ||2 ≤O(η(ωco(G ,S )+poly(δ))+O(δ1/8)). (8.14)

We remark that (8.14) is equivalent to an approximation in the state-dependent norm, and
could potentially used for other rigidity statements. We remark that the proof below follows a
similar structure as [Vid22, Corollary 4.4].

Proof. Define X (a) and Z (b) in the same way as the ”algebraic relations" property on the mea-
surement Ax

a . Let {Pλ} and {Aλ,x
a } be the set of projectors and PVMs promised by Proposi-

tion 5.2.2, and let S λ = (L 2(PλA Pλ,Pλτ), 1p
τ(Pλ)

Pλ |τ〉 , {Aλ,x
a }) be the synchronous strategy

constructed from {Aλ,x
a }. Let X λ(a) = ∑

j∈Zq
ω

b j
p Aλ,X

j and similarly Zλ(a) = ∑
j∈Zq

ω
b j
p Aλ,Z

j . For
each a ∈Zq∫ ∞

0
P (λ)||(X (a)−X λ(a))Pλ||22dλ≤

∫ ∞

0
P (λ)

∑
j∈Zq

||ωb j
p (AX

x − Aλ,X
x )Pλ||22dλ≤O(δ

1
4 ), (8.15)

where the last inequality follows from Proposition 5.2.2 and the assumption that µ(X , X ) =
O(1). Similarly, ∫ ∞

0
P (λ)||(Z (a)−Zλ(a))Pλ||22 ≤O(δ

1
4 ). (8.16)
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To show Equation (8.14), we first note that via the triangle inequality and because |τ〉 is a tracial
state

E
(a,b)

||(X (a)Z (b)−ωab
p Z (b)X (a))σ||22 = E

(a,b)
〈ψ|σ(X (a)Z (b)−ωab

p Z (b)X (a))σ |ψ〉

≤
∫ ∞

0
P (λ) E

(a,b)∈Zq×Zq

||(X (a)Z (b)−ωab
p Z (b)X (a))Pλ||22dλ.

Also, since η is convex,∫ ∞

0
P (λ) E

(a,b)
||(X λ(a)Z

λ

(b)−ωab
p Zλ(b)X λ(a))Pλ||22 ≤ η(

∫ ∞

0
ωco(G ,S λ) ≤ η(ωco(G ,S )+poly(δ)).

Hence, it is sufficient to show the following to conclude the lemma:∫ ∞

0
P (λ) E

(a,b)
||
(
(X (a)Z (b)−ωab

p Z (b)X (a))− (X λ(a)Z
λ

(b)−ωab
p Zλ(b)X λ(a))

)
Pλ||22dλ≤O(δ1/8).

(8.17)
Rearranging Equation (8.17) via the triangle inequality∫ ∞

0
P (λ) E

(a,b)
||
(
(X (a)Z (b)−ωab

p Z (b)X (a))− (X λ(a)Z
λ

(b)−ωab
p Zλ(b)X λ(a))

)
Pλ||22

≤
∫ ∞

0
P (λ) E

(a,b)

(
||X (a)Z (b)−X λ(a)Z

λ

(b)||22 +||ωab
p (Zλ(b)X λ(a))−Z (b)X (a))||22

)
dλ

=
∫ ∞

0
P (λ) E

(a,b)
||X (a)Z (b)−X (a)Z

λ

(b)||22 +||X (a)Z
λ

(b)−X λ(a)Z
λ

(b)||22
+||(Zλ(b)X λ(a))−Zλ(b)X (a)||22 +||(Zλ(b)X (a)−Z (b)X (a))||22dλ.

Since the proof for the above four components is similar, we will only include the proof for the
first term below:∫ ∞

0
P (λ) E

(a,b)
||X (a)Z (b)−X (a)Z

λ

(b)||22dλ≤ 1 ·
√∫ ∞

0
P (λ)E

b
||Z (b)−Z λ(b)||22dλ≤O(δ1/8),

where the last inequality follows from Equation (8.16), completing the proof of the corollary.

8.4.2 Commutation/anti-commutation property related to measurement observable

In order to show Theorem 8.3.2, we show the following proposition about the observables de-
fined within (8.7).

Proposition 8.4.2. Let G (µ) be theµ-dependent Pauli Basis test and let S = (L 2(A ,τ),σ |τ〉 , {Ax
a}, {B x

a })
be a projective, tracially embeddable strategy for G (µ) with ωco(G (µ),S ) ≥ 1−ε. Let W A be the
unitary observable define within (8.7), then

E
(u,v)∈(Z2n )2

||X A(u)Z A(v)− (−1)u·v Z A(v)X A(u)||2
σ2 ≤O

(
poly(κ(µ),ε)

)
,

E
(u,v)∈(Z2n )2

||X B (u)Z B (v)− (−1)u·v Z B (v)X B (u)||2
σ2 ≤O

(
poly(η(µ),ε)

)
.

Proof. We first assume that the strategy (L 2(A ,τ), |τ〉 , {Ax
a}) is synchronous (and use W (a) in-

stead to represent the observables defined on (8.7)). This implies that each Ax
a is a projective

measurements. We first wish to show that

E
(u,v)∼µ×µ

∥∥X (u)Z (v)− (−1)u·v Z (u)X (v)
∥∥2

2 ≤O(poly(ε)). (8.18)
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We remark that (8.18) is proven implicitly in [dlS22b, Proposition 3.8]. For u,r ∈ {0,1}n , we
define A(Pauli,W )

t |u=r =∑
t∈{0,1}n ,t |u=r A(Pauli,W )

t . Hence, we can rewrite (8.7) as

W (u) = ∑
r∈{0,1}n

|r | mod 2=0

A(Pauli,W )
t |u=r − ∑

r∈{0,1}n

|r | mod 2=1

A(Pauli,W )
t |u=r

Let {A(Coordinate, X),u
t(Pauli, X)

}((Pauli, X))∈{0,1}n and {A(Coordinate, Z),v
t(Pauli, Z)

}((Pauli, Z))∈{0,1}n be the measurement op-
erators for the question label (Coordinate, X ) and (Coordinate, Z ) respectively. Furthermore,
for i ∈ {0,1} and W = {X , Z }, define A(Coordinate, W),u

|tW |=i = ∑
tW ∈{0,1}n

|tW | mod 2=i
A(Coordinate, W),u

tW
, and define

the observable W (Coordinate),u = A(Coordinate, W),u
|tW |=0 − A(Coordinate, W),u

|tW |=1 . Since in G (µ), the question
pair on the black edge gets picked with a constant probability, the players can fail these ques-
tions with at most O(ε) probability over these two question pairs with strategy S . This implies
for W ∈ {X , Z }

E
u∼µ

∑
tW ∈{0,1}n

〈τ| A(Pauli,W )
t |u=tW

A(Coordinate, W),u
tW

|τ〉 ≤ 1−O(ε).

Rewriting the above equation

E
u∼µ

∑
tW ∈{0,1}n

||A(Pauli,W )
t |u=tW

− A(Coordinate, W),u
tW

||22

= 2−2

(
E

u∼µ
∑

tW ∈{0,1}n

〈τ| A(Pauli,W )
t |u=tW

A(Coordinate, W),u
tW

)
≤O(ε),

and hence, by the triangle inequality

E
u∼µ ||W (u)−W (Coordinate),u ||22 = E

u∼µ ||
∑

tX ∈{0,1}n

(−1)|tX |
(

A(Pauli,W )
t |u=tW

− A(Coordinate, W),u
tW

)
||22 ≤O(ε).

(8.19)
In order to show the lemma, we first show

E
(u,v)∼µ×µ

||X (Coordinate),u Z (Coordinate),v − (−1)u·v Z (Coordinate),v X (Coordinate),u ||22 ≤O(poly(ε)),

(8.20)
then use Equation (8.19) to conclude the lemma. We consider the case where u · v = 0 and
u · v = 1 for (8.20) separately. First, assume that u · v = 0 in step 1 of the sampling procedure
for the µ dependent Pauli Basis test. Let µ2

0 denote the distribution µ×µ conditioned on the

output u · v = 0, and let {A(Commutation),u,v
(tX ,tZ ) }(tX ,tZ )∈{0,1}n+n be the measurement operators corre-

sponds to the “commutation" question label with answer pair (tX , tZ ), and for W ∈ {X , Z }, let
{A(Commutation),u

(tW ) }(tW )∈{0,1}n be the measurement operators corresponds to the “(Commutation,
W)" question label with answer (tW ). Since S succeeds with probability 1−ε, the players can
fail the (Commutation) – (Commutation, W ) with probability at most O(ε), for W ∈ {X , Z }, this
implies

E
(u,v)∼µ2

0

∑
tX ∈{0,1}

〈τ| A(Commutation),u,v
(tX ,tZ ) A(Commutation),u

tW
|τ〉 ≤ 1−O(ε). (8.21)

Rewriting the above inequality the same way as (8.19), we have

E
(u,v)∼µ2

0

∑
(tW ,tZ )∈{0,1}2

||A(Commutation),u,v
(tX ,tZ ) − A(Commutation,W ),u

tW
||22 ≤O(ε).

By a similar argument using the (Coordinates, W ) – (Commutation, W ) test,

E
(u,v)∼µ2

0

∑
tW ∈{0,1}

|| ∑
t∈{0,1}n ,u·t=tW

A(Coordinates,W ),u
t − A(Commutation,W ),u

tW
||22 ≤O(ε),
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and hence by triangle inequality

E
(u,v)∼µ2

0

∑
(tW ,tZ )∈{0,1}2

|| ∑
t∈{0,1}n ,u·t=tW

A(Coordinates,W ),u
t − A(Commutation),u,v

(tX ,tZ ) ||22 ≤O(ε),

Hence, by the triangle inequality, Jensen’s inequality and Cauchy-Schwarz inequality,

E
(u,v)∼µ2

0

∑
tX ∈{0,1}n

tZ∈{0,1}n

||A(Coordinate,X),u
tX

A(Coordinate, Z),v
tZ

− A(Coordinate, Z),v
tZ

A(Coordinate,X),u
tX

||22

≤ E
(u,v)∼µ2

0

∑
tX ∈{0,1}n

tZ∈{0,1}n

||(A(Coordinate,X),u
tX

− A(Commutation),u,v
(tX ,tZ ) )A(Coordinate, Z)v

tZ

+ A(Commutation),u,v
(tX ,tZ ) (A(Coordinate, Z),v

tZ
− A(Commutation),u,v

(tX ,tZ ) )

+ A(Commutation),u,v
(tX ,tZ ) (A(Commutation),u,v

(tX ,tZ ) − A(Coordinate,X),u
tX

)

+ (A(Commutation),u,v
(tX ,tZ ) − A(Coordinate, Z),v

tZ
)A(Coordinate,X),u

tX
||22 ≤O(

p
ε). (8.22)

Returning to (8.20), for W ∈ {X , Z } and u ∈ {0,1}n , since W (Coordinate),u is a binary observable,
we can rewrite it as

W (Coordinate),u = I−2 · A(Coordinate, W),u
|tW |=1 .

Hence, we can rewrite (8.20) as

E
(u,v)∼µ0

||X (Coordinate),u Z (Coordinate),v −Z (Coordinate),v X (Coordinate),u ||22
= 2 E

(u,v)∼µ0

||A(Coordinate, X),u
|tX |=1 A(Coordinate, Z),v

|tZ |=1 − A(Coordinate, Z),v
|tZ |=1 A(Coordinate, X),u

|tX |=1 ||22
≤ 2 E

(u,v)∼µ0

∑
tX ∈{0,1}n

|tX | mod 2=1
tZ∈{0,1}n

|tZ | mod 2=1

||A(Coordinate,X),u
tX

A(Coordinate, Z),v
tZ

− A(Coordinate, Z),v
tZ

A(Coordinate,X),u
tX

||22

≤ 2 E
(u,v)∼µ0

∑
tX ∈{0,1}n

tZ∈{0,1}n

||A(Coordinate,X),u
tX

A(Coordinate, Z),v
tZ

− A(Coordinate, Z),v
tZ

A(Coordinate,X),u
tX

||22 ≤O(
p
ε),

(8.23)

where the third line follows from || · ||2 ≥ 0, and the last line follows from (8.22). This concludes
the case for u · v = 0. Now we consider the case where u · v = 1. Let µ2

1 denote the distribution
µ×µ conditioned on the output u · v = 1. Since S succeeds with probability 1−ε, the players
can fail the “anti-commutation test" with probability at most O(ε). Since the anti-commutation
test is a synchronous magic square game with the question labels “variable 1" and “variable 5"
are replaced by the question labels (Coordinate, X ),u and (Coordinate, X ), v respectively. By
Theorem 8.3.1

E
(u,v)∼µ2

1

||X (Coordinate),u Z (Coordinate),v +Z (Coordinate),v X (Coordinate),u ||22 ≤O(poly(ε)), (8.24)

which concludes the case for u ·v = 1. Combining (8.23) and (8.24) shows (8.20). By combining
(8.20) and (8.19) via the triangle inequality, we have

E
(u,v)∼µ×µ

||X (u)Z (v)− (−1)u·v Z (u)X (v)||22 ≤O(poly(ε)),

showing (8.7). Given that each {APauli,W
q } is a projective measurement for W ∈ {X , Z }, the ob-

servable {W (u)}u∈{0,1} is an (exact) unitary representation for the group Z2n . Hence, we ap-
ply Theorem 8.1.2 on (8.18) to obtain

E
(u,v)

∥∥X (u)Z (v)− (−1)u·v Z (u)X (v)
∥∥2

2 ≤ κ(µ)2 ·O(poly(ε)), (8.25)
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where the expectation is over the uniform distribution over {0,1}2n . This concludes the lemma
for the case where S is synchronous.

For the general case, note both the labels (Pauli, X ) and (Pauli, Z ) appear as a synchronic-
ity question pair with probability O(1) (i.e. independent of n) within G (µ). Thus, we can use
Corollary 8.4.1 to extend this result to the general case, concluding the proof for this proposi-
tion.

8.4.3 Proof of the rigidity statement

Using Proposition 8.4.2, we are ready to give a proof for Theorem 8.3.2. We remark that this
proof follows a similar structure as [JNV+22a, Lemma A.24].

Proof. By using Lemma 3.3.1, we can assume that the measurement operators for S are PVMs
with O(poly(ε)) overhead. With this assumption, for W ∈ {X , Z } and P ∈ {A,B}, {W P (u)} forms
an unitary representation for the group Z2n . This implies for all u, v ∈Z2n

W P (u)W P (v) =W P (u + v).

Combine the above equation with Proposition 8.4.2, we see that {X P (u)}∪ {Z P (u)} forms an
(O

(
poly(κ(µ),ε)

)
,σ2)-representation for the group H (n). Hence, by Theorem 8.1.1 (and the

structure of the left regular representation for the group H (n)), there exist two isometries VA :
H →H ⊗C22n

and VB : H →H ⊗C22n
such that for all (a,b) ∈Z2n

||X A(a)Z A(b)−V ∗
A (IH ⊗ρX (a)ρZ (b)⊗ I22n )VA||σ2 ≤O(poly(κ(µ),ε)), (8.26)

||X B (a)Z B (b)−V ∗
B (IH ⊗ρX (a)ρZ (b)⊗ I22n )VB ||σ2 ≤O(poly(κ(µ),ε)), (8.27)

We note that on the second item of the above equation, Theorem 8.1.1 is applied on the com-
mutant A

′
rather than A . We wish to first show (8.8) by using the synchronous condition to

connect the two exact representations. By the self-consistency test (self-loop), which appears
with O(1) probability, for all W ∈ {X , Z }, we have∑

t∈{0,1}
〈τ|σA(Pauli,W )

t B (Pauli,W )
t σ|τ〉 ≥ 1−O(ε).

Hence, via the triangle inequality, for all a ∈ {0,1}n

〈τ|σW A(a)W B (a)σ|τ〉 ≥ 1−O(ε), (8.28)

where we see that X B (a) ∈ A in this formulation. We will first consider (8.8), we wish to first
show

〈τ|σV ∗
A (V ∗

B ⊗ IA22n )(IH ⊗ (|EPR〉〈EPR|⊗n)A1B1 ⊗ IA2B2

22n )(VB ⊗ IA22n )VAσ|τ〉
≥ 1−O(poly(κ(µ),ε)). (8.29)

Where, H A =C22n
is the Hilbert space created by the isometry V A and H B =C22n

are the space
created by the isometry V B . For W ∈ {X , Z }, denote HW = Ea∼{0,1}n ρW (a)⊗ρW (a). We see that

1−〈τ|σV ∗
A (V ∗

B ⊗ IA22n )(IH ⊗H A1B1
W ⊗ IA2

2n ⊗ IB2
2n )(VB ⊗ IA22n )VAσ|τ〉

= 1− E
a∼{0,1}n

〈τ|σV ∗
A (V ∗

B ⊗ IA22n )IH ⊗ (
ρW (a)⊗ I2n

)A ⊗ (
ρW (a)⊗ I2n

)B
(VB ⊗ I22n )VAσ|τ〉

= 1− E
a∼{0,1}n

〈τ|σV ∗
A

(
IH ⊗ρW (a)⊗ I2n

)
VAV ∗

B

(
IH ⊗ρW (a)⊗ I2n

)
VBσ|τ〉

=
(
1− E

a∼{0,1}n
〈τ|σW A(a)W B (a)σ|τ〉

)
+ E

a∼{0,1}n
〈τ|σ(

W A(a)−V ∗
A

(
IH ⊗ρW (a)⊗ I2n

)
VA

)
V ∗

B

(
IH ⊗ρW (a)⊗ I2n

)
VBσ|τ〉

+ E
a∼{0,1}n

〈τ|σW A(a)
(
W B (a)−V ∗

B

(
IH ⊗ρW (a)⊗ I2n

)
VB

)
σ|τ〉

≤O(poly(κ(µ),ε)),
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where the last line follows from (8.27) and (8.28). We note that the braket around the tensor
product in the above equation helps keep track of the register of each space. Hence, we have

〈τ|σV ∗
A (V ∗

B ⊗ IA2n )(IH ⊗H A1B1
W ⊗ IA2

2n ⊗ IB2
2n )(VB ⊗ IA22n )VAσ|τ〉 ≥ 1−O(poly(κ(µ),ε)). (8.30)

Recall that
HX HZ = E

(a,b)∈Z2n
ρX (a)ρZ (b)⊗ρX (a)ρZ (b) = (|EPR〉〈EPR|)⊗n .

Hence to show (8.29), it is sufficient to show that

〈τ|σV ∗
A (V ∗

B ⊗ IA22n )(IH ⊗ (HX HZ )A1B1 ⊗ IA2B2

22n )(VB ⊗ IA22n )VAσ|τ〉 ≥ 1−O(poly(κ(µ),ε)).

or ∥∥∥(IH ⊗H A1B1
Z ⊗ IA2B2

22n )(VB ⊗ IA22n )VAσ |τ〉− (IH ⊗H A1B1
X ⊗ IA2B2

22n )(VB ⊗ IA22n )VAσ |τ〉
∥∥∥

≤O(poly(κ(µ),ε)). (8.31)

To show (8.31), by the triangle inequality, we have∥∥∥(
IH ⊗H A1B1

Z ⊗ IA2B2

22n

)
(VB ⊗ IA22n )VAσ |τ〉−

(
IH ⊗H A1B1

X ⊗ IA2B2

22n

)
(VB ⊗ IA22n )VAσ |τ〉

∥∥∥
≤

∥∥∥(IH ⊗H A1B1
Z ⊗ IA2B2

22n )(VB ⊗ IA22n )VAσ |τ〉− (VB ⊗ IA22n )VAσ |τ〉
∥∥∥

+
∥∥∥(VB ⊗ IA22n )VAσ |τ〉− (H A1B1

X ⊗ IA2B2

22n ⊗ IH )(VB ⊗ IA22n )VAσ |τ〉
∥∥∥

≤O(poly(κ(µ),ε)),

where the last line follows from (8.30). This shows (8.29). Let

|�aux〉 =
(
IH ⊗ (〈EPR|⊗n)A1B1 ⊗ IA2B2

22n

)
(VB ⊗ IA22n )VAσ |τ〉 ,

and by setting |aux〉 = 1
∥|�aux〉∥ |�aux〉, we conclude the argument for (8.8).

Now we wish to show (8.9), since the proof for P = A is the same as P = B , we show only the
case where P = A below. By labelling the space and rearranging the equation∥∥∥(

(VAW A(u)V ∗
A ⊗ (I22n )B1B2 )H A1 A2 − IH ⊗ (ρW (u))A1 ⊗ (I23n )A2B1B2

)
|Aux〉 (|EPR〉⊗n)A1B1

∥∥∥2

≤ 2−2〈Aux| 〈EPR|⊗n
(
(VAW A(u)V ∗

A )(IH ⊗ρW (u)⊗ I2n )H A1 A2

)
⊗ (I22n )B1B2 |Aux〉 |EPR〉⊗n

= 2−2〈Aux| 〈EPR|⊗n (
(VAW A(u)V ∗

A )
)⊗ (ρW (u)⊗ I2n )B1B2 |Aux〉 |EPR〉⊗n

≤ 2−2〈τ|σV ∗
A (V ∗

B ⊗ I22n )
(
(VAW A(u)V ∗

A )
)⊗ (ρW (u)⊗ I2n )B1B2 (VB ⊗ I22n )VAσ |τ〉

+O(poly(κ(µ),ε))

≤ 2−2〈τ|σW A(u)V ∗
B (IH ⊗ρX (a)ρZ (b)⊗ I22n )VBσ |τ〉+O(poly(κ(µ),ε))

≤ 2−2〈τ|σW A(u)W B (u)σ |τ〉+O(poly(κ(µ),ε))

≤O(poly(κ(µ),ε)), (8.32)

where the second line follows from ρW (u)⊗ I2n |EPR〉 = I2n ⊗ρW (u)I2n |EPR〉. The fourth line
of the above equation follows from Cauchy-Schwarz, (8.8) and for two arbitrary unit vectors
|ψ〉 , |φ〉 ∈H such that ∥|ψ〉− |φ〉∥2 ≤ ε for some ε> 0 and A ≤ I

〈ψ|A|ψ〉−〈φ|A|φ〉 = (〈ψ|−〈φ|)A |ψ〉+〈φ| A(|ψ〉− |φ〉)
≤ ∥|ψ〉− |φ〉∥ · (∥A |ψ〉∥+∥A |φ〉∥) ≤p

ε ·1.

The fifth line on (8.32) follows from the commutation of the isometry, the sixth line follows from
(8.27) and the Cauchy-Schwarz’s inequality, and the last line follows from (8.28). This concludes
the proof for Theorem 8.3.2.





CHAPTER 9

Question Reduction part 2: The
introspection protocol

We introduce the introspection protocol in this chapter, which is the protocol required for
the question reduction step for the compression theorem Proposition 7.4.2. Intuitively, the
introspection protocol asks both provers to sample their own question pairs for the nth game
instance, and play the game based on the question pair they sampled. This procedure might
first seem counter-intuitive, since the provers can always pre-select a question pair before the
game rather than sampling it honestly during the interaction. As seen later in this chapter, the
trick for the verifier is to use the nα-Pauli basis test introduced in the last chapter to “force" the
provers to generate fresh shared randomness between them, using Z measurements on their
shared EPR pairs. In fact, it was shown that if the provers are only allowed to measure using
noisy EPR in the MIP∗ model, the complexity ends up being correlated inversely with the noise
tolerance, and if given a constant amount of noise (in fidelity), the complexity automatically
drops down to NEXP, the same as classical MIP [DFN+23].

9.1 The Introspection protocol

In this subsection, we present the introspection protocol for a game that is CL samplable, which
provides the algorithm QuestionReductionα,k required in Proposition 7.4.2. For α,n ∈N, and
a CL samplable game G = (X ,A ,µ,D), where the question distribution µ is a (k,m, p) CL dis-
tribution with m ·p ≤ nα, we define the sampling procedure for the (G ,α,k)-introspection pro-
tocol in Figure 9.2, the verification procedure in Figure 9.3, and a typed graph for the input
distribution in Figure 9.1. We remark that the introspection protocol is almost the same as the
one presented in [JNV+22a, Figure 10], with minor adjustments for clarity.

We give a simple example to illustrate the introspection protocol. Suppose G = (X ,A ,µ,D)
is a synchronous game, where µ is a (1,m,3) CL distribution defined by the CL functions

LA(s0, s1, s2) = (s0 + s1,0,0) and LB (s0, s1, s2) = (s1 + s2,0,0), (9.1)

for all (s0, s1, s2) ∈ F3
2. The introspection protocol first forces the provers to prepare three copies

of the |ME2〉 by using the 3-qubit Pauli basis test as a subroutine. In the ideal scenario, the
verifier wants the prover (Alice) who receives the question arising from LA to perform a Pauli
Z measurement on the first 2 copies of |ME2〉⊗3 in order to sample two random bits (s A

0 , s A
1 ) ∼

{0,1}2, compute LA(s A
0 , s A

1 ,0) to obtain her question for G and play the game accordingly. Intu-
itively, this “samples" the first two bits, s0 and s1, which is the minimum amount of information
Alice needs to compute LA . The other prover, Bob, should perform a Pauli Z measurement on
the last two copies |ME2〉⊗3 in order to sample (sB

1 , sB
2 ) ∼ {0,1}2, and calculate LB (0, sB

1 , sB
2 ) to
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Constrant1

Constrant2

Constrant3

Constrant4

Constrant5

Constrant6

Variable1

Variable2

Variable3

Variable4

Variable5

Variable6

Variable7

Variable8

Variable9

(Coord, X )

(Coord, Z )

(Pauli, X )

(Pauli, Z )

Comm

(Comm, X )

(Comm, Z )

(Gen Pauli, X )

(Gen Pauli, Z )

(Hide0,LA ) (Hide1,LA ) · · ·
(Hidek−1,LA ) (Read,LA )

(Hide0,LB ) (Hide1,LB )

· · ·
(Hidek−1,LB )

(Read,LB )

(Intro,LB )
(Intro,LA )

(Sample,LA )

(Sample,LB )

Figure 9.1: The typed graph (TIntro
k ,EIntro

k ) for a (nα,k,G )-introspection protocol, where each of the ver-
tices above also contains a self-loop (which is a black edge). The purple edges are intuitively
the question pair in which the provers are asked to sample honestly from the question dis-
tribution, and play the original game. The orange and green edges are questions which are
designed to make sure that the provers perform the correct measurement such that LA(s)
and LB (s) can be sampled correctly. The blue edges correspond to question pairs from the
nα-Pauli basis test. We remark that the typed graph above only depends on the parameter k,
and functions LA ,LB within the question label are presented for clarity.

Question label Question content Answer format

nα-PB question labels See Figure 8.3
(Gen Pauli,W ) sW ∈ Fm

2p

(Hide0,LP ) (t⊥≤0,r>0) ∈V0 ×V>0

(Hidei ,LP ), i ∈ [k] \ 0 (t Line
<i , t⊥≤i ,r>i ) ∈V<i ×V≤i ×V>i

(Read,LP ) (t⊥Read,P , t Line
Read,P , aRead,P ) ∈ Fm

2p ×Fm
2p ×A

(Sample,LP ) (sSample, aSample,P ) ∈ Fm
2p ×A

(Intro,LP ) (xP , aP ) ∈ Fm
2p ×A

Figure: Q and A format for the (G ,nα,k)-introspection protocol, with W ∈ {X , Z } and P ∈ {A,B}.

Sampling procedure

1. Sample (uX ,uZ ) ∈ SPB
nα×SPB

nα , (n0,n1) ∈ TIntro
k ×TIntro

k , where (TIntro
k ,EIntro

k ) is defined in Figure 9.1, and

perform rejection sampling until (n0,n1) ∈ EIntro
k .

2. Send the question label and question content corresponding to n0 to one of the provers, and send the
question content corresponding to the n1 to the other prover.

Figure 9.2: The description for the sampling procedure for the (G ,nα,k)-introspection protocol. Where G =
(X ,A ,µ,D), such that the distribution µ is a (k,m, p) CL distribution with m · p ≤ nα. The CL dis-
tribution is defined by two CL functions LA and LB with registers {Vi }i∈[k] with Fm

2p =⋃
i∈[k] Vi .

obtain his half of the question pair and output his answer accordingly. By the properties of
entanglement, if Alice and Bob have performed the procedure properly, s A

1 = sV
1 , and hence

the question distribution sampled by the two provers is precisely the same as µ. In the intro-
spection game, the verifier wants the provers to perform this “ideal scenario" when given the
(Intro,LP ) question label in Figure 9.1.
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To enforce honesty from the provers, the verifier cross-references the measurements made
by the provers with those made in the (Pauli,W ) question pair for W ∈ {X , Z } (which, recall,
forces the provers to perform an all X or all Z measurement on all |ME2〉 states by the properties
of the nα Pauli basis test). In particular, the verifier wants to make sure the provers perform the
following task correctly:

1. The provers should only measure the register they need in order to compute the function
LP . On the example given in Equation (9.1), the prover receiving the question which
arises from LA should only perform the Pauli Z on the first 2 copies of |ME2〉⊗3, and not
measure the last copy (i.e. the kernel of LA).

2. After sampling the bits required to compute the function LP , the provers have to correctly
apply the function (instead of using some pre-prepared question pair).

To ensure the first task is performed correctly, the verifier cross-references the (Intro,LP ) ques-
tion with the question label (Read,LP ), in which the provers, in addition to performing the Pauli
Z measurement, must also make a Pauli X measurement on the kernel space of LA , and are ex-
pected to output the same answer as the (Intro,LP ) question. On the example above, since Al-
ice, given the (Intro,LA) question label can only perform an X or Z measurement on the third
qubit, her answer must not depend on the measurement outcome for the third qubit. The

Verification procedure
Synchronicity/EPR test.

• (Self-loop): The provers win iff they output the same answer.

• (nα-PB question labels): If (n0,n1) is a blue edge, refer to Figure 8.3.

• (Pauli, W ) – (Gen Pauli, W ): Let πp·m (tW ) be the first p ·m bits of tW , the provers win iff the canonical
representation of sW is equal to πp·m (tW ).

Hiding test. We identify t Line
<0 = 0 ∈ F2p .

• (Gen Pauli, X ) – (Hide0,LP ): Write sX = (sX )0 + (sX )C
0 + (sX )>0 ∈ kerLP

0,0 ⊕kerLP
0,0

C ⊕V>0 (where the

canonical complement is defined over V0), the prover wins iff (sX )C
0 = t⊥≤0 and (sX )>0 = r>0.

• (Hidei ,LP ) – (Hidei+1,LP ) for i ∈ [k]: Write

t⊥≤i+1 = t̃⊥≤i + t̃⊥i+1 ∈V≤i ⊕Vi+1, t Line
<i+1 = t̃ Line

<i + t̃ Line
i ∈V<i ⊕Vi ,

r>i = r̄i + r̄ C
i + r̄>i+1 ∈ ker

(
LP

i+1,t Line
<i+1

)
⊕ker

(
LP

i+1,t Line
<i+1

)C
⊕V>i+1,

In the notation above, the bar above the variable indicates that the element is decomposed from
(Hidei ) and the tilde above the variable refers to elements from (Hidei+1). The complement for

ker

(
LP

i+1,t Line
<i+1

)C
is over the subspace Vi .

The provers win iff
t̃⊥≤i = t⊥≤i , r̄ C

i = t̃⊥i+1, t̃ Line
<i = t Line

<i , r̄>i+1 = r>i+1.

• (Hidek−1,LP ) – (Read,LP ): The provers win iff tRead,P = tk−1, and t⊥Read,P = t⊥k−1.

• (Read,LP ) – (Intro,LP ): The provers win iff t Line
Read,P = xP , and aRead,P = aP .

Sampling test.

• (Gen Pauli, Z ) – (Sample,LP ): The provers win iff sZ = sSample.

• (Sample,LP ) – (Intro,LP ): The provers win iff LP (sSample) = xP and aSample,P = aP .

Introspection of G

• (Intro,LA) – (Intro,LB ): The provers win iff D(xA , xB , aA , aB ) = 1.

Figure 9.3: The description for the verification procedure for the (G ,nα,k)-introspection protocol.
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(Read,LP ) question label is then cross-referenced with the (Pauli, X ) question from the 3-qubit
Pauli basis test to ensure consistency for the X measurement on the third qubit. To ensure
the second task, the verifier cross-references the (Intro,LP ) question with the question label
(Sample,LP ), in which the provers are expected to sample the entirety of the seed s by perform-
ing Pauli Z measurements on all of their |ME2〉 bits, compute the corresponding question LP (s)
and generate the corresponding answer. The (Sample,LP ) question label is cross-referenced
with the (Pauli, Z ) question to ensure consistency.

In general, there are two additional problems. If the CL function LP is a level k CL function,
then the “Read" question cannot be cross-checked with the (Pauli, X ) question, since the kernel
space of the linear function for each level depends on the computation step from the previous
level. Intuitively, the behaviour of the prover for the “Read" question is enforced by a series of
“Hide" questions, each designed to enforce the “honest measurement" for the Read question
for one level. Since a CL distribution is defined using two CL functions which map subspaces
of Fm

2p rather than of Fm
2 , generalized Pauli measurements are needed for the introspection pro-

tocol. In combination with Lemma 8.2.1, we see that for any p ∈ N, the p ·n qubit Pauli basis
test can also serve as a rigidity test for generalized Pauli measurement over |MEp〉, and we use
the (Gen Pauli,W ) to convert between these two types of self-test.

We have the following theorem regarding the (G ,nα,k)-introspection protocol. We remark
that in comparison to [JNV+22a, Theorem 8.3], there is no longer dependency onα (the variable
R or nα in [JNV+22a]). This is due to our EPR tester (the n-qubit Pauli basis test) not using the
low-degree test as a part of the subroutine.

Theorem 9.1.1 (Properties of the (G ,nα,k)-introspection protocol). Let n,α ∈ N, and let G =
(X ,A ,µ,D) be a k-th CL samplable game where the question distribution µ is a (k,m, p) CL
distribution with m · p ≤ nα. Let G intro = (X intro,A intro,µintro,D intro) be the (typed) (G ,α,k)-
introspection protocol specified in Figure 9.2 and Figure 9.3. For t ∈ {∗,co}, the following holds:

• (Sample complexity): G intro is samplable via a (TIntro
k ,EIntro

k , {Lv }v∈TIntro ) typed CL distribu-

tion, where each TIntro : F2·α·⌊log(n)⌋
2 is a first level CL function. Furthermore, the question

distribution only depends on the parameter nα and k.

• (Completeness): If there exists a perfect oracularizable strategy for G in model t , then there
exists a perfect oracularizable strategy for G intro in model t .

• (Soundness): There exists a polynomial PIntro(ε,k,α) such that

ωt (G ) ≤ 1−ε=⇒ωt (G Intro) ≤ 1−PIntro(ε,exp(k)).

We prove the “sample complexity" and the “completeness" clauses below and the “sound-
ness" clause in Section 9.2.

Proof. Fix n,α,k ∈N, model t ∈ {∗,co}. Let G = (X ,A ,µ,D) be a game that satisfies the descrip-
tion for Theorem 9.1.1, and let G Intro = (X Intro,A Intro,µIntro,D Intro) be the (typed)-introspection
protocol. Let (TIntro

k ,EIntro
k ) be the typed graph as given in Figure 9.1. Since G is a k-th CL sam-

plable game with the input distribution µ being a (k,m, p) CL distribution, by Definition 7.2.5,
there exist two CL functions LA ,LB : Fm

2p → Fm
2p over registers {V j } j∈[k] which can be used to

sample from µ. Furthermore, recall from the preliminaries that U2→p is the unitary map given

in Lemma 8.2.1, and we write U m
2→p as a unitary acting on C2nα

defined by U⊗m
2→p ⊗ I2nα−m·p .

For the “sample complexity" clause in the theorem, since the “question content" specified
in Figure 9.2 are empty except for the question labels from the nα-Pauli basis game, in which
the corresponding CL functions are already specified in the proof of Theorem 8.3.3; the dis-
tribution µintro is samplable via a (TIntro

k ,EIntro
k , {Lv }v∈TIntro ) typed CL distribution as specified by

the theorem statement. The “furthermore" part follows from Figure 9.2 depends only on nα for
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the Pauli basis test and k for the number of “Hide" question labels. This concludes the proof
for the “Sample complexity" clause of the theorem.

For the “completeness" clause in the theorem, let S be a perfect oracularizable strategy in
model t for G . Since G is synchronous, S is synchronous and hence by Lemma 4.3.2, we can
write S = (L 2(A ,τ), |τ〉 , {Ax

a}) as a projective synchronous strategy.
Before defining the perfect strategy for G Intro, we first introduce some notations for some

data processed Pauli measurements which is used as a part of the perfect strategy. For P ∈
{A,B}, we define the data processing measurement for the CL function LP as

ρ
p,Z
[LP |x]

= ∑
a∈V |LP (a)=x

ρ
p,Z
a ,

for all x ∈ V . By the definition of a CL function given in Definition 7.3.1, the measurement
above is equivalent to the following: The prover first performs the data processing measure-
ment {ρp,Z

[LP
0,0|x0]

}x0∈V0 to sample some x0 ∈ V0. Then, for 1 ≤ i < k, the prover performs the mea-

surement {
ρ

p,Z

[LP
i ,x<i

|xi ]

}
xi∈Vi

(9.2)

to obtain measurement outcome xi and compute x<i+1 = xi + x<i . The final measurement
outcome is x = x<k . For j ∈ [k], we define the measurement operator{

ρ
p,Z

[LP
< j−1|x< j ]

}
x< j∈V≤ j

(9.3)

similarly to ρp,Z
[LP |x]

, except that only the first j measurements from (9.2) are performed.

Recall from Section 7.1 that, for a linear map L, we use L⊥ to denote the linear map that

projects onto
(
ker(L)⊥

)C
. By Lemma 8.2.2, for a fixed x< j ∈ V< j , the measurement operators{

ρ
p,Z

[LP
i ,x<i

|xi ]

}
xi∈Vi

pairwise commute with the measurement operator

{
ρ

p,X

[(LP )⊥i ,x<i
|x⊥

i ]

}
x⊥

i ∈Vi

.

We define a perfect symmetric oracularizable strategy S Intro = (C2nα+1⊗C2nα+1⊗H , |ME2〉⊗(nα+1)⊗
|τ〉 , {M x

a }) for G Intro as follows: For the question labels v ∈ TIntro
k which intersects a blue edge as

specified in Figure 9.1. We define the measurement operator M x
a

M v
a = P b

a ⊗ IA

where S PB = (C2nα+1 ⊗C2nα+1
, |ME2〉⊗(nα+1) , {P x

a }) is the perfect oracularizable strategy for the
nα-Pauli basis test guaranteed by Theorem 8.3.3. Notably, for tW ∈ {0,1}nα

M (Pauli,W )
tW

= ρW
tW

⊗ I2 ⊗ IA .

Let IR = I2nα−p·m+1 . We define the measurement for the rest of the question label as follows:

M (Gen Pauli,W )
tW

=U m
2→p (ρp,W

sW
)(U m

2→p )∗⊗ IR ⊗ IA for all sW ∈ Fm
2p ,

M (Sample,LP )
(s,a) =U m

2→p (ρp,Z
s )(U m

2→p )∗⊗ IR ⊗ ALP (s)
a for all s ∈ Fm

2p , a ∈A ,

M (Intro,LP )
(x,a) =U m

2→p (ρp,Z
[LP |x]

)(U m
2→p )∗⊗ IR ⊗ Ax

a for all s ∈ Fm
2p , a ∈A ,

We define the measurement operator for M (Read,LP )
t ,t⊥,a

as follows: The prover first performs

the measurement U m
2→p

(
ρ

p,W
[LP |t ]

)
(U m

2→p )∗⊗ IR ⊗ Ax
a (where the procedure for performing ρp,W

[LP |t ]
is defined in (9.2)) and samples (t , a) ∈X ×A . Then the prover performs the measurement{

U m
2→p

(
ρ

p,X

[(LP
x )|x⊥]

)
(U m

2→p )∗⊗ IR ⊗ IA
}

t⊥∈V
.
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Since these measurements commute, the measurement M (Read,LP )
t ,t⊥,a

, defined as the product of
the two measurements described, is a well-defined measurement.

For i ∈ [k], the measurement operator for M (Hidei ,LP )
t<i ,t⊥≤i ,r>i

is defined in a similar way. The prover

first performs the measurement{
U m

2→p

(
ρ

p,Z

[LP
< j−1|t<i ]

)
(U m

2→p )∗⊗ IR ⊗ IA
}

t<i∈V≤ j

to sample t<i ∈V< j . Then performs the measurement{
U m

2→p

(
ρ

p,X
r>i

)
(U m

2→p )∗⊗ IR ⊗ IA
}

r>i∈V> j

,

to sample r>i ∈ V> j . We remark that by the comment after Lemma 8.2.1, these two measure-
ments commute. Lastly, the prover performs the measurementU m

2→p

ρp,X[(
LP
≤i ,x< j

)⊥
|x⊥

≤i

]
 (U m

2→p )∗⊗ IR ⊗ IA


x⊥
≤i∈V≤i

(9.4)

to sample t⊥≤i ∈V≤ j . This measurement commutes with the first measurement as proven above
and commutes with the second measurement because both are generalized Pauli X measure-

ments. Hence M (Hidei ,LP )
t<i ,t⊥≤i ,r>i

defined as the product of the above three measurements is a well-

defined measurement. For clarity, we write all the measurement operator on the table below.

First, the measurement M v
a are projective, as given any v ∈ TIntro

k , the measurements M v
a

are define by products of projective measurements which all commute with each other. Since
M v

a ∈⊗
i∈[nα+1] M2(C)⊗A , we have(

M x
a ⊗ I2nα+1

) |ME2〉nα+1 |τ〉 = (
I2nα+1 ⊗ (M x

a )op) |ME2〉nα+1 |τ〉

where M x
a above is acting on one registers of the entangled state |ME2〉nα+1 and the state |τ〉.

Thus, the strategy TIntro
k succeeds with probability 1 on the consistency equations. By Theo-

rem 8.3.3, the strategy S Intro
k is perfect and oracularizable when restricted to the question pair

restricted to the blue edge (i.e. the nα-Pauli basis test) within Figure 9.1. By Lemma 8.2.1,
the strategy S Intro

k is perfect and oracularizable when restricted to the question pair (Pauli,W )
– (Gen Pauli,W ). When restricted to the question pair (Intro,LA) – (Intro,LB ), by construc-
tion, the question pair (tA , tB ) sampled by the measurement operator of S Intro precisely cor-
responds to the question distribution µ, as (tA , tB ) = (LA(s),LB (s)) for some s ∈V . Since S is a
perfect oracularizable strategy for the game G , S Intro is also a perfect oracularizable strategy
when restricted to the “Intro" question pair. It is straightforward to verify that S Intro remains
a perfect and oracularizable strategy for the remainder question pairs by the table above, con-
cluding the proof for “completeness" part of the theorem.

9.2 Soundness proof for the introspection protocol

The proof of the “soundness" clause for Proposition 7.4.2 follows a similar structure to [JNV+22a,
Section 8.4]. We first establish some notations which we use in the proof. Let (A ,τ) be a tracial
von Neumann algebra represented under the standard form (χτ,L 2(A ,τ), |τ〉). Mn(C)⊗A
is also a tracial von Neumann algebra with the trace Tr. In this case, the standard form for
Mn(C)⊗A are represented as Mn(C)⊗ In ⊗A with the tracial state |MEn〉⊗|τ〉. In this case the
opposite map op maps elements from (Mn(C))A ⊗ (In)B ⊗A to (In)A ⊗ (Mn(C))B ⊗A . Hence,
when discussing measurement operators P A1A from S ′′,

(
P A1A

)op are defined in B1A (where
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Label V0 V1 V2 · · · Vk−1 A

(Gen Pauli, X ) (sW )0 ∼σX (sW )1 ∼σX (sW )2 ∼σX (sW )k−1 ∼σX IA

(Hide0,LP ) t⊥0 ∼σX
(LP

0 )⊥
r1 ∼σX r2 ∼σX rk−1 ∼σX IA

(Hide1,LP )
t Line
0 ∼σZ

LP
0 t⊥1 ∼σX

(LP
1 )⊥ r2 ∼σX

· · ·
rk−1 ∼σX IA

t⊥0 ∼σX
(LP

0 )⊥
· · ·

(Hide2,LP )
t Line
0 ∼σZ

LP
0

t Line
1 ∼σZ

LP
1 t⊥2 ∼σX

(LP
2 )⊥

· · ·
rk−1 ∼σX IA

t⊥0 ∼σX
(LP

0 )⊥
t⊥1 ∼σX

(LP
1 )⊥

· · ·

· · ·

(Hidek−1,LP )
t Line
0 ∼σZ

LP
0

t Line
1 ∼σZ

LP
1

t Line
2 ∼σZ

LP
2

· · ·
t⊥k−1 ∼σX

(LP
k−1)⊥ IA

t⊥0 ∼σX
(LP

0 )⊥
t⊥1 ∼σX

(LP
1 )⊥

t⊥2 ∼σX
(LP

2 )⊥
· · ·

(Read,LP )
(t Line)0 ∼σZ

LP
0

(t Line)1 ∼σZ
LP

1
(t Line)2 ∼σZ

LP
2

· · · (t Line)k−1 ∼σZ
LP

k−1 a ∼ At Line

a

(t⊥)0 ∼σX
(LP

0 )⊥
(t⊥)1 ∼σX

(LP
1 )⊥

(t⊥)2 ∼σX
(LP

2 )⊥
· · · (t⊥)k−1 ∼σX

(LP
k−1)⊥

(Intro,LP ) t0 ∼σZ
LP

0
t1 ∼σZ

LP
1

t2 ∼σZ
LP

2
· · · tk−1 ∼σZ

LP
k−1

a ∼ At
a

(Sample,LP ) s0 ∼σZ s1 ∼σZ s2 ∼σZ · · · sk−1 ∼σZ a ∼ AL
P (s)

a

(Gen Pauli, Z ) (sZ )0 ∼σZ (sZ )1 ∼σZ (sZ )2 ∼σZ · · · (sZ )k−1 ∼σZ IA

Table 9.1: Summary of the measurement operator M v
a , and as well as the output being sampled from

each measurement operator. The notation x ∼ M are the variable x sampled from the mea-
surement operator. For i ∈ [k], the measurement σZ

LP
i

(resp.σX
(LP

i )⊥
) above are shorthand for

σZ
[LP

i ,t<i
|x]

(resp. σX
[(LP

i ,t<i
)⊥|x]

) (where the vi depends on the previous measurement outcome).

We also omit the conjugation by U m
2→p for clarity.

the A register is defined within the Hilbert space L 2(A ,τ) and contains measurements from
both A and A ′). We sometimes write P op

B1A
for a measurement operator P A1A to specified the

registers.
For a canonical register subspace V ⊆ Fm

2p , we define CV ⊆ (C2p
)⊗m as the subspace span

by the basis {|v〉}v∈V , and IV = ∑
v∈V |v0, · · ·vm−1〉〈v0, · · ·vm−1| ∈ M2p·m (C). Furthermore, for

A,B ∈B for some von Neumann algebra B, we write [A,B ] = A ·B −B · A. For a multi-outcome
measurement {Pa,b}a∈A ,b∈B , we denote Pa = ∑

b∈B Pa,b . For a function f : A → C , we also use
P[f(a)|b] to denote the data process measurement being applied on Pa . For two sets of POVM
{Pa1,b}a1∈A ,b∈B , {Qc,a2 }c∈B,a2∈A , we write Pa1 ≈Qa2=a1 to emphasize the outcome variables for
the measurement outcome which follows the ≈ relationship.

9.2.1 Preliminary lemmas

Before continuing with the proof, we begin by recalling the following important lemma from [JNV+22a].

Lemma 9.2.1 (Pauli twirl decomposition, Lemma 8.15 of [JNV+22a]). Let X ,A be two finite
sets, µ be a distribution over X , V be a canonical subspace of Fm

2p , and (A ,τ) be a tracial von
Neumann algebra represented in the standard form (χτ,L 2(A ,τ), |τ〉). For each x ∈ X , let Wx

and Vx be two canonical subspace of V such that Wx ⊆Vx ⊆V , and let Lx : Wx →Wx be a linear
map.
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Consider the state |ψ〉 = |ME2p 〉⊗m
A1 A2

⊗ |Aux〉A ∈ (
C2p ⊗C2p )⊗m

A1B1
⊗L 2(A ,τ) where |Aux〉A is

an arbitrary vector. For each x ∈X , let {M x
t ,a}t∈Wx ,a∈A be a set of PVM on B(CVx )⊗A . Suppose

that the following condition holds for some ε> 0

M x
t ⊗ IV C

x
≈ε ρp,Z

[Lx |t ] ⊗ IW C
x
⊗ IA[

(M x
t ,a ⊗ IV C

x
), (ρp,Z

z ⊗ IW C
x
⊗ IA )

]
≈ε 0[

(M x
t ,a ⊗ IV C

x
), (ρp,X

[L⊥x |t⊥]
⊗ IW C

x
⊗ IA )

]
≈ε 0,

where the ≈ is defined over the distribution µ and summing over t , t⊥ ∈ Wx and a ∈ A . In the
equation above, both ρp,X

[L⊥x |t⊥]
and ρp,Z

[Lx |t ] are in B(HVx \Wx )⊗A .

Then for each x ∈X and t ∈Wx , there exists a set of POVM {M x,t
a }a∈A acting on B(CVx \Ux )⊗

A such that on average over x ∼µ
(M x

t ,a ⊗ IV C
x

) ≈O(poly(ε)) ρ
p,Z
[Lx |r ] ⊗M x,t

a ⊗ IV C
x

.

We also recall several lemmas from [JNV+22a, Section 8.4.2], which are useful for decom-
posing PVM measurements between different Hilbert spaces, as well as showing commutation
relationships between measurements.

Lemma 9.2.2 (Decomposition of measurements over the≈distance, Lemma 8.16 of [JNV+22a]).
Let A and B be two finite sets, ε> 0, |ψQ〉 ∈HQ and |ψA〉 ∈H A . Furthermore, let {Qa} ⊆B(HQ )
be a set of PVM and for all a ∈A , and let {Aa

b }b∈B , {B a
b }b∈B ⊆B(H A) be two sets of POVMs. Then

the following are equivalent:

• (Qa ⊗ Aa
b ) ≈ε (Qa ⊗B a

b ) on the state |ψQ〉⊗ |ψA〉.
• Over the distribution P (a) = 〈ψQ |Qa |ψQ〉 and the state |ψA〉, we have Aa

b ≈ε B a
b .

Lemma 9.2.3 (Lemma 8.18 of [JNV+22a]). Let X , Y and Z be three finite sets, and (A ,τ) be a
tracial von Neumann algebra represented in the standard form (χτ,L 2(A ,τ), |τ〉). Furthermore,
for all x ∈ X , let y ∈ Y , let {Ay

x,z } ⊆ A be a set of POVM, {Bx,y,z } ⊆ A ′ be a set of PVM Suppose
that ∑

x,y,z
〈ψ|Ay

x,z Bx,y,z |ψ〉 ≥ 1−ε,

for some state |ψ〉 ∈L 2(A ,τ) and ε> 0. Then with respect to the state |ψ〉, Bx,y,z ≈ε Ay
x,z Bx,y .

Lemma 9.2.4 (Approximation relationship implies commutation, Lemma 5.25 of [JNV+22a]).
Let A be a von Neumann algebra, let X , A , B, and C be four finite sets. For every x ∈ X , let
{Ax

a,b}a∈A ,b∈B , {C x
a,c }a∈A ,c∈C ⊆A be two sets of POVM and let {B x

a,b,c }a∈A ,b∈B,c∈C ⊆A ′ be a set
of PVM. Suppose that for some δ> 0

Ax
a,b ≈δ B x

a,b C x
a,c ≈δ B x

a,c .

Then [Ax
a,b ,C x

a,c ] ≈δ 0.

Lemma 9.2.5 (Decomposition measurements preserves approximate commutation over the ≈
distance, Lemma 8.16 of [JNV+22a]). Let A , B, and C be three finite sets, ε> 0, |ψQ〉 ∈HQ and
|ψA〉 ∈ H A . Furthermore, let {Qa} ⊆ B(HQ ) be a set of PVM, let {Aa

b }b∈B , {B a
b }b∈B ⊆ B(H A) be

two sets of POVMs, and let Aa,b =Qa ⊗ Aa
b , Ba,c =Qa ⊗ Aa

c .
Suppose that [Aa,b ,Ba,c ] ≈ε 0 with respect to the state |ψQ〉⊗ |ψA〉. Then

[Aa
b ,B a

c ] ≃ε 0

where the ≈ and ≃ is defined over the distribution P (a) = 〈ψQ |Qa |ψQ〉, the state |ψA〉, and sum-
ming over (b,c) ∈B×C .

We remark that although the lemmas in this subsection are originally defined for finite-
dimensional matrices, the proof can be trivially modified for the infinite-dimensional setting.



9.2. Soundness proof for the introspection protocol 115

9.2.2 The proof

Recall, given the original game G , the input distribution µ is described by a (k,m, p) CL distri-
bution which is defined over two k-th level CL function LA ,LB : Fm

2p → Fm
2p over registers {V j } j∈[k],

Fm
2p = V = ⊕

j∈[k] V j . For the introspection transformation G Intro = (X Intro,A Intro,µIntro,D Intro)
of G , we call the question x ∈ X Intro as an introspection question if the question label for x
corresponds to a vertex which intersects with either a orange or green edge (i.e. all the vertices
on the right side of “(Pauli, X)" and “(Pauli, Z)").

For “soundness", suppose thatωt (G Intro) > 1−ε, we wish to show thatωt (G ) > 1−O(poly(exp(k),ε)).
Let S = (L 2(A ,τ),σ |τ〉 , {Ax

a}, {(B x
a )op }) be a tracially embeddable strategy in model t with

ω(G Intro,S ) > 1−ε. We start the proof by first showing the following claim, this is an analogue
of [JNV+22a, Lemma 8.19]

Lemma 9.2.6. There is a symmetric strategy

S ′ = (C2nα

A1
⊗C2nα

B1
⊗C2nα

A2
⊗C2nα

B2
⊗L 2(A ,τ), |ME2〉⊗nα

A1B1
⊗|Aux〉A2B2A , {P̂ x

a })

for some vector state |aux〉A2B2A ∈ C2nα

A2
⊗C2nα

B2
⊗L 2(A ,τ). Furthermore, ω(G Intro,S ′) > 1 −

poly(n,ε) , and for W ∈ {X , Z }
P (Pauli, W)

u = ρW
u . (9.5)

Proof. Consider S when restricted to the nα-Pauli basis test (the blue vertices in Figure 9.1).
Since by sampling a random question pair, there is a O(k) probability that a question from
the Pauli basis test is selected. This implies that S succeeds on the nα-Pauli basis test with
probability at least 1−O(k ·ε). By Theorem 8.3.3, there exist two isometries VA ,VB with (VB ⊗
I22·nα )VA =VA(VB ⊗ I22·nα ); a state |Aux〉A2B2A ∈C22nα ⊗L 2(A ,τ) such that∥∥∥(

VB ⊗ I22nα
)

VA(σ |τ〉)−|ME2〉⊗nα |Aux〉
∥∥∥2 ≤O

(
poly(k,ε)

)
, (9.6)

and for all W ∈ {X , Z } and u ∈ F2nα

∥((VA APauli, W
u V ∗

A )A1 A2A ⊗ (I22nα )B1B2−
(ρW

u )A1 ⊗ (I2nα )A2 ⊗ (I22nα )B1B2 ⊗ (IH )A ) |Aux〉A A2B2
|ME2〉⊗n

A1B1
∥2 ≤O

(
poly(ε)

)
, (9.7)

∥(
(
VB (B (Pauli, W)

u )opV ∗
B

)
A B1B2

⊗ (I22nα )A1 A2−
(ρW

u )B1 ⊗ (I2nα )B2 ⊗ (I22nα )A1 A2 ⊗ (IH )A ) |Aux〉A A2B2
|ME2〉⊗nα

A1B1
∥2 ≤O

(
poly(ε)

)
. (9.8)

For each (x, a) ∈X Intro×A Intro, we define Âx
a =VA Ax

aV ∗
A , and likewise B̂ x

a =VB B x
a V ∗

B . Define S1

as a strategy which uses the state |EPR〉⊗nα

A1B1
|Aux〉A2B2A and the measurement operator Âx

a and

B̂ x
a for all questions instead. By (9.6), S1 succeeds in G Intro with probability 1−O(poly(k,ε)).

By the description given in Table 9.1. Since G Intro is O(k)-balance, this implies that S1 is
O(poly(k,ε))-synchronous; hence by Corollary 4.3.6, there exists a projective, symmetric strat-
egy

S2 = (C2nα

A1
⊗C2nα

B1
⊗C2nα

A2
⊗C2nα

B2
⊗L 2(A ,τ), |EPR〉⊗nα

A1B1
|Aux〉A2B2A , {P̂ x

a })

such that Âx
a ≈O(δ) P̂ x

a with ω(S2,G Intro) > 1−O(poly(n)).
Define S ′ as the same measurement operator as S2, except for the question label (Pauli,

W) where instead the Pauli measurements (ρW
u )A1 (resp. (ρW

u )B1 ) are used instead. The lemma
then follows by combining Equation (9.7) and Âx

a ≈O(δ) P̂ a
x .

We wish to transform the underlying state of S ′ in a way that the underlying entangled
state is |ME2p 〉⊗m instead, consider the strategy S ′′, which is defined on the same Hilbert space
as S ′ except that the under lying state is(

(U m
2→p )A1 ⊗ (U m

2→p )B1 ⊗ IA2B2A

)
|ME2〉⊗nα

A1B1
⊗|Aux〉A2B2A
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and the measurement operator is defined as P x
a = (U m

2→p ⊗I2nα ⊗IA )∗P̂ x
a (U m

2→p ⊗I2nα ⊗IA ). Since

U m
2→p is a unitary, ω(S ′,G Intro) = ω(S ′′,G Intro). By Lemma 8.2.1, we can rewrite the state in

S ′′ as (
|ME2p 〉⊗m ⊗|ME2〉⊗nα−p·m

)
A1B1

⊗|Aux〉A2B2A

and P Pauli, W
a = (ρp,W

κ−1(π≤p·k (a))
)A1 ⊗(ρW

π>p·k (a)⊗I)A with (P Pauli, W
a )op = (ρp,W

κ−1(π≤p·k (a))
)B1 ⊗(ρW

π>p·k (a))A .

Since the question pair (Pauli, W) – (Gen Pauli, W) occurs with probability O( 1
k ),

(ρp,W
s ⊗ρW

π>p·k (a)) ≃O(poly(k,ε)) P (Gen Pauli, W)
s ,

and since ρW
π>p·k (a)) is a set of PVM, by summing over ρW and apply Lemma 3.3.3,

ρ
p,W
s ≈O(poly(k,ε)) P (Gen Pauli, W)

s .

For simplicity of notation, we rewrite S ′ as follows. We shrink the registers A1 and B1 to include
only the first |ME2p 〉⊗m pair, and combine the remaining parts of A1 and B1, as well as the
registers A2 and B2, into the “A " infinite-dimensional register. Hence, we can write

S ′′ =
(
C2p·m

A1
⊗C2p·m

B1
⊗L 2(A ,τ), |ψ〉 = |ME2p 〉⊗m

A1B1
⊗|Aux〉A , {P x

a }
)

, (9.9)

such that ω(G Intro,S ′′) > 1−O(poly(n)) = δ1, with

ρ
p,W
s ≈O(poly(k,ε)) P (Gen Pauli, W)

s (9.10)

for W ∈ {X , Z }. In this case, A also includes the extra finite-dimensional registers A2B2, and
the extra EPR pair guaranteed by the soundness clause of Theorem 8.3.3. Our goal is construct
a strategy for G which succeed with probability 1−O(poly(ε)) using the measurement P Intro,LA

and P Intro,LB
. Unless otherwise stated, the ≈ and ≃ relationship in this subsection are define

over the state |ψ〉 used to define the strategy S ′′

For every s ∈ Fm
2p , we partition s =∑

j∈[k] s j where each s j ∈V j , and we write

s< j =
∑

i∈[ j ]
si , s≥ j =

∑
j≤i<k

si . (9.11)

Furthermore, for W ∈ {X , Z } and s j ∈ V j , we use the notation ρ
p,W
s j

= ∑
t∈Fm

2p |t j=s j
ρ

p,W
s j

, and we

define ρp,W
s< j

(resp. ρ
p,W
s≥ j

) in a similar manner for s< j ∈ V< j (resp. s≥ j ∈ V≥ j ). Since ρp,W is

projective, we have ρp,W
s =Πi∈[k]ρ

p,W
si

by definition. Since V j is a canonical basis subspace,

ρ
p,W
s = ρp,W

s0,··· ,sk−1
= ⊗

i∈[k]
ρ

p,W
si

(9.12)

where each si ∈ Vi . When decomposing the generalized Pauli measurement in this manner,

we often times write it as
⊗

i∈[k]

(
ρ

p,W
si

)
Vi

∈ ⊗
i∈[k]CVi = C2p·m

to emphasize the underlying

Hilbert space. For a canonical basis subspace V ⊆ Fm
2p , we write as the (normalized) state(

|ME2p 〉⊗m
A1B1

)
V

:=∑
x∈V |x〉⊗ |x〉.

For j ∈ [k], s≤ j , t≤ j ∈V≤ j and r< j ∈V< j , and P ∈ {A,B}, define

(
ρ

p,Z

[LP
≤ j (s≤ j )|t≤ j ]

)
V≤ j

:=
(
ρ

p,Z

[LP
0,0(s≤ j )0|(t≤ j )0]

)
V0

⊗

 ⊗
1≤i≤ j

ρp,Z[
LP

i ,(t≤ j )<i−1
((s≤ j )i )|(t≤ j )i

]


V j

 ,

(
ρ

p,X

[(LP )⊥≤ j ,r< j
(s≤ j )|t≤ j ]

)
V≤ j

:=
ρp,X[(

LP
0,0

)⊥
(s≤ j )0|(t≤ j )0

]


V0

⊗

 ⊗
1≤i< j

ρp,X[(
LP

i ,(r< j )<i−1

)⊥
((s≤ j )i )|(t≤ j )i

]


V j

 ,
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where

s≤ j =
∑

i∈[ j ]

(
s≤ j

)
i ∈

⊕
i∈[ j ]

Vi , t≤ j =
∑

i∈[ j ]

(
t≤ j

)
i ∈

⊕
i∈[ j ]

Vi , and r< j =
∑

i∈[ j−1]

(
r< j

)
i ∈

⊕
i∈[ j−1]

Vi .

By definition, for s, t ∈ Fm
2p ,

(
ρ

p,Z

[LP
<k (s)|t ]

)
=

(
ρ

p,Z
[LP (s)|t ]

)
. Base on the synchronicity condition of Fig-

ure 9.3, we have the following claim.

Claim 9.2.7 (Consistency of measurement output). For all x ∈X Intro where x is an introspection
question, P x

a ≈O(poly(k,δ1)) (P x
a )op over the state |ME2p 〉⊗m

A1 A2
⊗|Aux〉A .

Proof. Fix an introspection question x, given a question pair sampled from µIntro, there is a
O( 1

k2 ) probability that the sampled question pair is (x, x). Since S ′′ is a strategy for G Intro which
succeed with probability 1−δ1, this implies that P x

a ≃O(poly(k,δ1)) (P x
a )op by the “synchronicity"

clause given by Figure 9.3. The claim then follows from Lemma 3.3.3 to convert between ≃
distance to ≈ distance.

Based on the verification procedure given in Figure 9.3, we have the following claim about
the approximation related to the Pauli X measurement

Claim 9.2.8 (Approximation of strategies related to the Pauli X measurement). Let P ∈ {A,B}
and 0 < j < k, then

P Hide0,LP

t⊥≤0,r>0
≈O(k,δ1)

(
ρ

p,X

[
(
LP

0,0

)⊥
(s0)|t⊥≤0]

)
V0

⊗
(
ρ

p,X
s>0=r>0

)
V>0

⊗ IA , (9.13)

where we partition the measurement outcome for ρp,X as
∑

i∈[k] si ∈ ⊕
i∈[k] Vi and s>0 ∈ V>0 in

the above equation.

Proof. Fix P ∈ {A,B}, since the question pair (Gen Pauli, X) – (Hide0, LP ) is sampled with prob-
ability O(k) from the distribution µIntro, and S ′′ is a strategy for G Intro which succeed with
probability 1−δ1, combining with (9.10)

P Hide0,L
(t⊥≤0,r>0)

≃O(k,δ1)

(
ρ

p,X

s0=t⊥≤0,s>0=r>0

)op

,

where s = s0+sC
0 +s>0 = kerLP

0,0⊕kerLP
0,0

C⊕V>0 according to the verification procedure from Fig-
ure 9.3. By applying Lemma 3.3.3, Claim 9.2.7 and the triangle inequality for ≈ distance,

P Hide0,L
(t⊥≤0,r>0)

≈O(k,δ1) ρ
p,X

s0=t⊥≤0,s>0=r>0
⊗ IA .

Finally, by the definition of
(
LP

0,0

)⊥
, and ρp,X is projective, we obtain (9.13).

Similarly, we have the following claim about the approximation about the Pauli Z measure-
ment.

Claim 9.2.9 (Approximation of strategies related to the Pauli Z measurement). For every P ∈
{A,B} and 1 ≤ j < k the following hold

P Sample,LP

ssample
≈O(poly(k,δ1)) ρ

p,Z
ssample

⊗ IA , (9.14)

P Intro,LP

xP ,aP
≈O(poly(k,δ1)) ρ

p,Z
[LP (s)|xP ]

⊗ IA , (9.15)

P Read,LP

t Line
Read

≈O(poly(k,δ1)) ρ
p,Z

[LP (s)|t Line
Read]

⊗ IA , (9.16)

P
Hide j ,LP

t Line
< j

≈O(poly(k,δ1))

(
ρ

p,Z

[LP
< j−1(s< j )|t Line

< j ]

)
V< j

⊗ IV≥ j ⊗ IA . (9.17)
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Proof. Since, the proof for each approximation follows a similar structure as (9.13) from Claim 9.2.8,
we only give a rough sketch for the proof for each of the equation below.

• Equation (9.14) follows from the verification procedure for (Gen Pauli, Z ) – (Sample,LP )
question pair from Figure 9.3.

• Equation (9.15) follows from the verification procedure for (Sample,LP ) – (Intro,LP ) ques-
tion pair, and applying the triangle inequality of ≈ distance to Equation (9.14).

• Equation (9.16) follows from the verification procedure for (Read,LP ) – (Intro,LP ) ques-
tion pair, and applying the triangle inequality of ≈ distance to Equation (9.15).

• For Equation (9.17) in the case where j = k−1. The equation follows from the verification
procedure for (Hidek−1,LP ) – (Read,LP ) question pair.

• For Equation (9.17) in the case where 0 < j < k −1. The equation follows from an induc-
tive proof using j = k-1 as the base case, and the inductive step follows from the verifica-
tion procedure for (Hidei ,LP ) – (Hidei+1,LP ) and Lemma 9.2.3.

Based on the commutation with the Pauli-X and Pauli-Z measurement, we conclude the
following approximation relationship related to the P Hide j ,LP

and P Read,LP
. The proof of the be-

low claim is almost identical to [JNV+22a, Lemma 8.22, Lemma 8.23], except we use Claim 9.2.7
to swap the measurement operator instead.

Claim 9.2.10. For P ∈ {A,B} and all j ∈ [k],

P
Hide j ,LP

t Line
< j ,t⊥≤ j ,r> j

≈O(poly(k,δ1))

(
ρ

p,X

[(LP )⊥< j ,tLine
< j

(s≤ j )|t⊥≤ j ]
·ρp,Z

[LP
< j−1(s< j )|t Line

< j ]

)
V≤ j

⊗
(
ρ

p,X
s> j=r> j

)
V> j

⊗ IA , (9.18)

P Read,LP

t⊥Read,P ,t Line
Read,P

≈O(poly(k,δ1))

ρp,X[
(LP )⊥≤k,tLine

Read,P
(s)|t⊥Read,P

] ·ρp,Z

[LP (s)|t Line
Read]


V

⊗ IA . (9.19)

Proof. We start by showing Equation (9.18) by an inductive argument. For the case where
j = 0, this precisely follows from Equation (9.13). For the inductive step, fix 1 ≤ i < k and as-
sume Equation (9.18) holds for all 0 ≤ j ≤ i , we wish to show Equation (9.18) for i + 1. Since
the question pair (Hidei , LP ) –(Hidei+1, LP ) in G Intro are selected with probability O( 1

k ), by the
“Hiding test" verification procedure given in Figure 9.3

∑
(
v≤i ,v⊥

≤i+1,u>i+1
)

∈V<i+1×V≤i+1×V>i+1

〈ψ|P Hidei ,LP
t line
<i =v<i ,

t⊥≤i=v⊥
≤i ,[

L⊥i+1,v≤i
(ri )|v⊥

i+1,
]

r>i+1=u>i+1

.


·
(
P Hidei+1 L

P

v≤i ,v⊥
≤i+1,u>i+1

)op

|ψ〉 ≥ 1−O(poly(k,δ1))

where we partition the variables according to the convention that v≤i = v<i + vi ∈V<i ⊕Vi and
likewise with the other variables in the sum. We wish to apply Lemma 9.2.3 where the “A"
measurement is P Hidei ,LP

, the “B" measurement is P Hidei+1,LP
, the “x" variable is v<i , the “y"

variable is vi and the “z" variable are (v⊥
≤i+1,u>i+1). By this formulation, for ui ∈ Vi , we can

rewrite the “A" measurement as

P Hidei ,LP ,ui

v<i ,v⊥
≤i ,

[
L⊥i+1,v≤i

(ui )|v⊥
i+1,

]
,u>i+1

(9.20)

using the summation for the measurement outcome above, where in this case, we divide up
the output r>i = ri + r>i+1 and write it as the third and fourth output of P Hidei ,LP ,vi+1 . By the
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inductive hypothesis,

P Hidei ,LP ,vi+1

v<i ,v⊥
≤i ,

[
L⊥i+1,v≤i

(ui )|v⊥
i+1,

]
,u>i+1

≈O(poly(k,δ1))

(
ρ

p,X

[(LP )⊥<i ,u<i
(s≤i )|u⊥

≤i ]
·ρp,Z

[LP
<i−1(s<i )|t<i ]

)
V≤i

⊗
(
ρ

p,X[
L⊥i+1,v≤i

(ui )|v⊥
i+1,

]
)

Vi+1

⊗
(
ρ

p,X
s>i+1=r>i+1

)
V>i+1

⊗ IA . (9.21)

Similarly, since P Hidei+1,LP
is projective, we can write the corresponding Bx,y as P Hidei+1,LP

v<i ,vi
=

P Hidei+1,LP

v<i+1
. Hence

P Hidei+1 L
P

t Line
<i+1,t⊥≤i+1,r>i+1

≈O(poly(k,δ1))

(
P Hidei+1 L

P

t Line
<i+1,t⊥≤i+1,r>i+1

)op

≈O(poly(k,δ1)) P Hidei ,LP ,ui

t Line
<i ,t⊥≤i ,

[
L⊥

i+1,tLine
<i+1

(ri )|t⊥i+1,

]
,r>i+1

·
(
P Hidei+1,LP

t Line
<i+1

)op

≈O(poly(k,δ1))

(
ρ

p,X

[(LP )⊥<i ,u<i
(s≤i )|u⊥

≤i ]
·ρp,Z

[LP
<i−1(s<i )|t<i ]

)
V≤i

⊗
(
ρ

p,X[
L⊥i+1,v≤i

(ui )|v⊥
i+1,

]
)

Vi+1

⊗
(
ρ

p,X
s>i+1=r>i+1

)
V>i+1

⊗ IA ·
(
P Hidei+1,LP

t Line
<i+1

)op

≈O(poly(k,δ1))

(
ρ

p,X

[(LP )⊥<i ,u<i
(s≤i )|u⊥

≤i ]
·ρp,Z

[LP
<i−1(s<i )|t<i ]

)
V≤i

·
(
ρ

p,Z

[LP
<i (s<i+1)|t Line

<i+1]

)
V≤i

⊗
(
ρ

p,X[
L⊥i+1,v≤i

(ui )|v⊥
i+1,

]
)

Vi+1

⊗
(
ρ

p,X
s>i+1=r>i+1

)
V>i+1

⊗ IA

=
(
ρ

p,X

[(LP )⊥<i+1,tLine
<i+1

(s≤i+1)|t⊥≤i+1]
·ρp,Z

[LP
<i (s<i+1)|t Line

<i+1]

)
V≤i

⊗
(
ρ

p,X
s>i=r>i+1

)
V>i

⊗ IA

where the first inequality follows from Claim 9.2.7 and Lemma 3.3.3, the second line follows
from Lemma 9.2.3 labelled above. Line 3 follows from applying Lemma 3.3.4 along with (9.21).
Line 4 follows from applying Lemma 3.3.4 along with (9.17) and Claim 9.2.7. The last line fol-

lows from the definition of LP and
(
LP

)⊥
. This shows the case for i +1, which show (9.18). (9.19)

follows from a similar argument using the question pair (Hidek−1, LP ) – (Read, LP ).

Finally, we show that the measurement P Intro,LP
can be decomposed as a tensor product

of a “question sampling" PVM using the Generalized Pauli Z measurement and a “game strat-
egy" PVM. We remark that this is an analogue for [JNV+22a, Lemma 8.24] for the commuting
operator model and the proof follows a similar structure.

Claim 9.2.11. Fix P ∈ {A,B}. For every j ∈ [k + 1] and
(
xp

)
< j ∈ V< j , there exist a set of POVM{(

P
Intro,LP ,(xp )< j
x≥ j ,aP

)
V≥ j A

}
x≥ j∈V≥ j ,aP∈A

∈B(CV≥ j )⊗A such that

(
P IntroLP

(xP )< j ,(xP )≥ j ,aP

)
V A

≈
O(poly(k,δ1)1/2 j

)

(
ρ

p,Z

[LP
< j (s< j )|(xP )< j ]

)
V< j

⊗
(
P

Intro,LP ,(xp )< j

(xP )≥ j ,aP

)
V≥ j A

,

where the summation are over ((xP )<i , (xP )≥i , aP ) ∈V<i ×V≥i ×A .

Proof. We show this claim via induction. For k = 0, the claim trivially follows by setting

P IntroLP ,0
(xP )<i ,(xP )≥i ,aP

= P Intro,LP

(xP )<i+(xP )≥i ,aP
.
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For the inductive step, fix 1 ≤ i < k +1 and assume Equation (9.18) holds for all 0 ≤ j ≤ i ,

we wish to show the claim for i +1. For (xP )<i , let
(
P IntroLP

(xP )< j ,(xP )≥ j ,aP

)
V A

be the PVM guaranteed

by the inductive hypothesis. Let x ∼ LP
<i denote the distribution where s is first sampled uni-

formly randomly from V<i , and the first i -th levels of LP are then applied to s. The goal is to
use Lemma 9.2.1 in order to construct the measurement require for the lemma. To do so, we
show that on average over (xP )<i ∼ LP

<i , the following set of equations hold:(
P

Intro,LP ,(xp )<i
(xP )i

)
V≥i A

≈
O(poly(k,δ1)1/2 j

)

(
ρ

p,Z[
LP

i ,(xp )<i
(si )|(xP )i

]
)

Vi

⊗ IV>i ⊗ IA (9.22)

=
[(

P
Intro,LP ,(xp )<i
(xP )≥i ,aP

)
V≥i A

,
(
ρ

p,Z
z

)
Vi

⊗ IV C
i
⊗ IA )

]
≈

O(poly(k,δ1)1/2 j
)

0 (9.23)(
P

Intro,LP ,(xp )<i
(xP )≥i ,aP

)
V≥i A

,

ρp,X[(
LP

i ,(xp )<i

)⊥
(si )|(xP )⊥

]


Vi

⊗ IV>i ⊗ IA )

≈
O(poly(k,δ1)1/2 j

)
0, (9.24)

where we partition the output (xP )≤i from P Intro,LP ,(xp )<i as (xP )<i +(xP )i ∈V<i ⊕Vi . In this case,
the “x" variable from Lemma 9.2.1 correspond to (xp )<i , the “t" variable corresponds to (xP )i

and the “a" variable corresponds to ((xP )>i , aP ).
For (9.22), by Equation (9.16) when restricted to the output to (xP )<i+1,(

P IntroLP

(xP )<i+1

)
V A

≈
O(poly(k,δ1)1/2 j

)

(
ρ

p,Z

[LP
<i+1|(xP )<i+1]

)
V<i+1

⊗ IV>i ⊗ IA ,

=
(
ρ

p,Z

[LP
<i |(xP )<i ]

)
V<i

⊗
(
ρ

p,Z[
LP

i ,(xp )<i
|(xP )i

]
)

Vi

⊗ IV>i ⊗ IA

where the second equality follows from the definition ofLP . (9.22) then follows from Lemma 9.2.4.
For (9.23). By using the fact that S ′′ succeed with probability 1−δ1, the fact that the ques-

tion pair (Gen Pauli, W) – (Sample, LP ) is sampled with probability O(k) from the distribution
µIntro, and Lemma 3.3.3, (9.10) and the triangle inequality of ≈ distance, we have(

P SampleLP

s<i+1

)
V A

≈
O(poly(k,δ1)1/2 j

)

(
ρ

p,Z
s<i+1

)
V<i+1

⊗ IV≥i+1 ⊗ IA . (9.25)

By applying the same argument with the (Sample, LP ) – (Intro, LP ) along with the inductive
hypothesis (

P SampleLP

aP

)
≈

O(poly(k,δ1)1/2 j
)

(
ρ

p,Z

[LP
<i (s<i )|(xP )<i ]

)
V<i

⊗
(
P

Intro,LP ,(xp )<i
aP

)
V≥i A

. (9.26)

Hence, by Lemma 9.2.4

[
(
ρ

p,Z
s<i+1

)
V<i+1

⊗ IV≥i+1 ⊗ IA ,

(
ρ

p,Z

[LP
<i (s<i )|(xP )<i ]

)
V<i

⊗
(
P

Intro,LP ,(xp )<i
aP

)
V≥i A

] ≈
O(poly(k,δ1)1/2 j

)
0.

Finally, since the underlying state are |ME2p 〉⊗m on the registers V , (9.23) follows from Lemma 9.2.5.
For (9.24), by restricting the output from Equation (9.19)

P Read,LP(
t⊥Read,P

)
i
,
(
t Line

Read,P

)
<i

≈
O(poly(k,δ1)1/2 j

)

(
ρ

p,Z[
LP
<i (s<i )|

(
t Line

Read,P

)
<i

]
)

V< j

⊗

ρp,X[(
LP

i ,
(
tLine
Read,P

)
<i

)⊥
(si )|

(
t⊥Read,P

)
i

]


Vi

.

Similarly, by considering the (Read, LP ) – (Intro, LP ) along with the inductive hypothesis(
P ReadLP

aP

)
≈

O(poly(k,δ1)1/2 j
)

(
ρ

p,Z

[LP
<i (s<i )|(xP )<i ]

)
V<i

⊗
(
P

Intro,LP ,(xp )<i
aP

)
V≥i A

. (9.27)
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(9.24) then follows from Lemma 9.2.4 to obtain the commutation relationship, followed by Lemma 9.2.5
on the register V<i .

By Lemma 9.2.1, by taking the “t" variable as (xP )i ∈Vi and the “a" variable as ((xP )>i+1, aP ) ∈
V>i+1 ×A , for every

(
xp

)
<i + (xP )i =

(
xp

)
<i+1 ∈ Vi+1, there exists a set of POVM measurementá(

P
Intro,LP ,(xp )<i+1
(xP )>i+1,aP

)
V>i A

such that, on expectation over
(
xp

)
<i ∼ LP

<i(
P

Intro,LP ,(xp )<i
(xP )≥i ,aP

)
V≥i A

≈O(poly(ε))

(
ρ

p,Z[
LP

i ,(xp )<i
|(xP )i

]
)

Vi

⊗ á(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V>i A

.

Since 〈ME2P |⊗m
Vi

((
ρ

p,Z

[LP
<i (s<i )|(xP )<i ]

)
V<i

⊗ IV
)

A1B1

|ME2P 〉⊗m
Vi

precisely describes the distribution
(
xp

)
<i ∼

LP
<i , by Lemma 9.2.2(

ρ
p,Z

[LP
<i (s<i )|(xP )<i ]

)
V<i

⊗
(
P

Intro,LP ,(xp )<i
(xP )≥i ,aP

)
V≥i A

≈O(poly(ε))

(
ρ

p,Z

[LP
<i (s<i )|(xP )<i ]

)
V<i

⊗
(
ρ

p,Z[
LP

i ,(xp )<i
(si )|(xP )i

]
)

Vi

⊗ á(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V>i A

=
(
ρ

p,Z

[LP
<i+1(s<i+1)|(xP )<i+1]

)
V<i+1

⊗ á(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V>i A

,

where the last line follows from the definition of LP . Thus, combining with the inductive hy-
pothesis,(

P IntroLP

(xP )<i+1,(xP )≥i+1,aP

)
V A

≈
O(poly(k,δ1)1/2 j

)

(
ρ

p,Z

[LP
<i+1(s<i+1)|(xP )<i+1]

)
V<i+1

⊗ á(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V≥i+1A

,

(9.28)

Finally, we wish to replace each of the
á(

P
Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V≥i+1A

with a set of PVM via Lemma 3.3.1.

To do so, we show the following lemma

Lemma 9.2.12 (Approximation of almost projective measurements). Let A be finite sets, and
A ⊆B(H ) be a von Neumann algebra. Let {Aa}a ⊆A be a set of PVM and {Ba}a ⊆A be a set of
POVM such that

Aa ≈ε Ba

for some state |ψ〉 ∈H and some ε> 0. Then 〈ψ|B 2
a |ψ〉 ≥ 1−O(

p
ε).

Proof. Since {Ax
a} is a set of PVM, by Lemma 3.3.3, Aa ≈p

ε Ba over |ψ〉 and ε> 0. By definition,
we have

∑
a 〈ψ|AaBa |ψ〉 ≥ 1−p

ε, or

p
ε≥ 1−∑

a
〈ψ|AaBa |ψ〉 ≥ 1−

√∑
a
〈ψ|A2

a |ψ〉 ·
√∑

a
〈ψ|B 2

a |ψ〉 = 1−
√∑

a
〈ψ|B 2

a |ψ〉

where the last equality follows from {Aa}a∈A being a set of PVM. This implies that
∑

a 〈ψ|B 2
a |ψ〉 ≥

(1−p
ε)2 = 1−O(

p
ε), as desired.

Applying the above lemma to (9.28) along with Lemma 9.2.2, this implies that on expecta-

tion over (xP )<i+1 ∼ LP
<i+1, we have

á(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)2

V≥i+1A
≈

O(poly(k,δ1))1/2 j+1 0. Hence, by Lemma 3.3.1,

there exist sets of PVM

{(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V≥i+1A

}
(xP )≥i+1∈V≥i+1, aP∈A

indexed by
(
xp

)
<i+1 ∈ V<i+1

such that, on expectation over (xP )<i+1 ∼ LP
<i+1,(

P IntroLP

(xP )<i+1,(xP )≥i+1,aP

)
V A

≈
O(poly(k,δ1))1/2 j+1

(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V≥i+1A

.
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By applying Lemma 9.2.2 again, and the triangle inequality of ≈ distance applied to (9.28),(
P IntroLP

(xP )<i+1,(xP )≥i+1,aP

)
V A

≈
O(poly(k,δ1))1/2 j+1

(
ρ

p,Z

[LP
<i+1(s<i+1)|(xP )<i+1]

)
V<i+1

⊗
(
P

Intro,LP ,(xp )<i+1
(xP )≥i+1,aP

)
V≥i+1A

.

This shows the claim for i +1, thus concluding the proof.

We remark that the dependency of 1
1/2 j in the above lemma arises from using Lemma 3.3.1

in order to force the POVM guaranteed by Lemma 9.2.1 to be PVMs. Since k is assumed to be a
constant in this thesis and j ∈ [k +1], this power dependency does not change the result of this
thesis.

By Claim 9.2.11 for the case where j = k and P = A, for every xP ∈ Fm
2p , there exist a set of

PVM
{(

P Intro,LP ,xA
aA

)
A

}
aA∈A

⊆A such that(
P IntroLA

xA ,aA

)
A1A

≈
O(poly(k,δ1)1/2k )

(
ρ

p,Z
[LA |(xA)]

)
A1

⊗
(
P Intro,LP ,xA

aA

)
A

(9.29)

and by the same argument as Claim 9.2.11 applied to
(
P IntroLP

xP ,aP

)op

B1A
⊆B(CV )⊗A ′ and take

the case where j = k and P = B , for every xP ∈ Fm
2p , there exist a set of PVM

{(
QIntro,LP ,xB

aB

)
A

}
aB∈A

⊆
A such that (

P IntroLB

xB ,aB

)op

B1A
≈

O(poly(k,δ1)1/2k )

(
ρ

p,Z
[LB |(xB )]

)
B1

⊗
(
QIntro,LP ,xB

aB

)op

A
. (9.30)

Since the question pair (Intro, LA) – (Intro, LB ) is sampled with probability O(k) from the
distribution µIntro. This means that whenever the question/answer pair (xA , xB , aA , aB ) are

sampled by the measurement 〈ψ|
(
P IntroLA

xA ,aA

)
A1A

(
P IntroLB

xB ,aB

)op

B1A
|ψ〉, by the “Introspection of G"

question clause, from Figure 9.3, the question/answer pair succeed in G (i.e. D(xA , xB , aA ,bB ) =
1) with probability at least 1−O(poly(k,δ1)). Combining with (9.29), (9.30) and the definition
of |ψ〉 from Equation (9.9), this shows that the question/answer pair sampled by(

〈ME2p |⊗m
(
ρ

p,Z
[LA |(xA)]

)
A1

⊗
(
ρ

p,Z
[LB |(xB )]

)
B1

|ME2p 〉⊗m
)

A1B1

⊗
(
〈Aux|

(
P Intro,LP ,xA

aA

)
·
(
QIntro,LP ,xB

aB

)op
Aux〉

)
A

succeed on G with probability at least 1−O(poly(k,δ1))−O(poly(k,δ1)1/2k
) = 1−O(poly(k,δ1)1/2k

).
To conclude the proof, we see that (xA , xB ) sampled from the measurement(

〈ME2p |⊗m
(
ρ

p,Z
[LA |(xA)]

)
A1

⊗
(
ρ

p,Z
[LB |(xB )]

)
B1

|ME2p 〉⊗m
)

A1B1

are equal to (xA , xB ) ∼µ. This shows that the strategy

S G =
(
L 2(A ,τ), |Aux〉A , {P Intro,LP ,xA

aA
}, {QIntro,LP ,xB

aB
}
)

, (9.31)

satisfies ω(G ,S G ) > 1−O(poly(k,δ1)1/2k
) = 1−O(poly(expk,ε)) by the initial definition of δ1.

This shows the “soundness" clause for Theorem 9.1.1.
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9.3 Proof of Proposition 7.4.2

In this section, we give a proof for Proposition 7.4.2. We restate the theorem below for conve-
nience.

Proposition 9.3.1 (Question Reduction). For all constants α,k ∈ N, there exists a polynomial
time algorithm QuestionReductionα,k that takes, as input, a pair of Turing machines (Q,D)
and outputs a tuple of Turing machine machines (QQR,DQR) such that the following holds:

For models t ∈ {∗,co}, QuestionReductionα,k outputs a pair of Turing machine (QQR,DQR)

which is a fourth-level CL-verifier V QR for a infinite sequence of game G QR = {G QR
n }n∈N with the

following properties: There exist an integer γQR =O(poly(α)) such that

1. (Computation time): TIMEQuestionReductionα,k (poly(α), |Q|, |D|).

2. (Synchronicity) The game sequence V QR is a synchronous game sequences.

3. (Complexity bounds for the output):

• QQR(n,Parameter) ≤ max
{

logγ
QR

(n),C trivial
}

,

• TIMEQQR (n) ≤ max
{

logγ
QR

(n),C trivial
}

,

• TIMEDQR ≤ max
{

nγQR
,C trivial

}
,

for some universal constant C trivial.

4. (Independency) QQR is a 3-th level CL sampler which only depends on the parameterα and
k and does not depend on |D|, |DQR| =O(poly(α,k)).

Furthermore if the input V = (Q,D) is a k ′th CL verifier for the infinite sequence of synchronous
game G = {Gn}n∈N for some constant k ′ ∈N such that k ′ < k, and there exist some constant n0 ∈N
such that for all n ≥ n0

max
{
TIMEQ,TIMED

}≤ nα.

Then there exist some nQR
0 = poly(γQR,n0) with n0 ≤ nQR

0 such that for all n ≥ nQR
0

1. (Completeness) If there exists a perfect oracularizable synchronous strategy for Gn in model
t , then there exists a perfect oracularizable synchronous strategy for G

QR
n in model t .

2. (Soundness) There exist some universal function sQR
α which depends on k and εwith sQR

α =
O(exp(k),poly(ε)) such that, for any polynomial ε :N→ [0,1]

ωt (Gn) ≤ 1−ε(n) =⇒ωt (G QR
n ) ≤ 1−sQR

α (k,ε(n)).

Proof. Fix the constant α,k ∈ N. We define the algorithm QuestionReductionα,k as follows.
Given a pair of Turing machine (Q,D), we first describe a sequence of typed samplable games
G Intro

n , then we use Lemma 7.2.11 to convert G Intro
n into a CL samplable game as desired. Hence,

fix some input (Q,D) and integer n, we define G Intro
n as the following:

The game G Intro
n has the sampling procedure for the (G ,nα,k)-introspection game as pre

given Figure 9.1 for any arbitrary game G . By Theorem 9.1.1, the input distribution is indepen-
dent of the game G . For the decision process, given (v0, v1) ∈ EIntro

k , ux ,uz ∈ {0,1}α⌈log(n)⌉, the
question label that the verifier sends to the two provers. Let a,b ∈ {0,1}∗ be the answer that the
verifier receives the answers based on the question label. The verifier computes the following:
If at any point in the computation process, |a|, |b| ≥ 3 ·nα (since each input have at most 3 item
of length at most nα), or the computation step for running Q, D either returns an invalid out-
put or runs for time more than nα steps, the verifier terminates and returns 0 (i.e. the verifier
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rejects). The verifier first computes (kn ,mn , pn) = Q(n,parameter), and rejects if kn > k and
mn ·pn > nα.

Based on the vertices (v0, v1) ∈ EIntro
k , the verifier first divides the answer associate with each

question label into the format given in Figure 9.2. Then the verifier does the following based on
(v0, v1):

• (nα-Pauli Basis): The verifier accepts according to the rules described in Figure 8.3, this
can be done uniformly in time O(poly(n)) by Theorem 8.3.3.

• (Self-loop): The verifier accepts iff a = b; otherwise reject. This can be done in O(nα)
time by the terminating assumption above.

• (Pauli, W ) – (Gen Pauli, W ): The verifier accepts iff |b| = pn ·mn and the first pn ·mn bits
of a are equal to b (where recall, the elements b ∈ Fn

2p is represented using the canonical
representation in this thesis).

• (Gen Pauli, X ) – (Hide0,LP ): The verifier first uses Q(n,Function,⃗1) to compute the canon-
ical basis which spans V n

0 (where 1⃗ ∈ {0,1}m(n)·pn is the all 1 vector). For each ê j , the
canonical basis which spans V0, compute Q(n,Function,P,0,0, êi ), and run the standard

Gaussian elimination to find the description of the subspace kerLP,n
0,0 and kerLP,n

0,0
⊥

. Fi-

nally, parse sX = (sX )0 + (sX )⊥0 + (sX )n
>0 ∈ kerLP,n

0,0 ⊕ kerLP,n
0,0

⊥ ⊕V>0. The verifier accepts
iff the answers from the provers are in the correct subspace according to Figure 9.3 (i.e.
t⊥≤0 ∈V n

0 ) and (sX )⊥0 = t⊥≤0 and (sX )>0 = r>0.

• (Hidei ,LP ) – (Hidei+1,LP ) for i ∈ [k]: If i ≥ kn , treat this as a consistency check. Otherwise
using the same technique as above, compute the description for V n

<i , V n
i and V>i+1. Parse

t⊥≤i+1 = t̃⊥≤i + t̃⊥i+1 ∈V n
≤i ⊕V n

i+1, t Line
<i+1 = t̃ Line

<i + t̃ Line
i ∈V n

<i ⊕V n
i ,

and use a similar computation step to compute the description for ker

(
LP,n

i+1,t Line
<i+1

)
and

ker

(
LP,n

i+1,t Line
<i+1

)⊥
. Then the verifier parse

r>i = r̄i + r̄⊥
i + r̄>i+1 ∈ ker

(
LP,n

i+1,t Line
<i+1

)
⊕ker

(
LP,n

i+1,t Line
<i+1

)⊥
⊕V n

>i+1,

The verifier accepts iff the answers from the provers are in the correct subspace

t̃⊥≤i = t⊥≤i , r̄⊥
i = t̃⊥i+1, t̃ Line

<i = t̃ Line
<i , r̄>i+1 = r>i+1.

• (Hidek−1,LP ) – (Read,LP ): The verifier accepts iff the answers from the provers are in the
correct subspace, tRead,P = tk−1, and t⊥Read,P = t⊥k−1.

• (Read,LP ) – (Intro,LP ): The verifier accepts iff t Line
Read,P = xP , and aRead,P = aP .

• (Gen Pauli, Z ) – (Sample,LP ): The verifier accepts iff sZ = sSample.

• (Sample,LP ) – (Intro,LP ): The verifier computes LP,n(sSample) by using the algorithm pro-
vided in Section 7.3 with Q. The verifier accepts iff the output provided by LP (sSample) is
equal to xP and aSample,P = aP .

• (Intro,LA) – (Intro,LB ): The verifier accepts iff D(n, xA , xB , aA , aB ) = 1.
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The above procedure uniformly defines a (Gn ,k, p)-introspection game for n ≥ n0 assuming
(Q,D) are valid Turing machines as given in the second part of Proposition 7.4.2. By Lemma 7.1.1
and the hardcoded computation bound on Q and D, the above procedure can be computed in
O(poly(n,k)) time.

Since G Intro
n is typed samplable and |EIntro

k | = 30+ 2k, by applying Lemma 10.2.1 to each

G Intro
n , we obtain a sequence of (3,α⌈log(n)⌉ +C detype,2) CL samplable games G

QR
n , where C

is some constant that depends linearly on k. Since the detyping procedure given in Defi-
nition 7.2.8 only adds extra string parsing and synchronization checks to the sampling and
decision procedure. Each G

QR
n can still be sampled in O(poly(log(n),k)) time and verified in

O(poly(n)) time. PickγQR ∈N to be sufficiently large so that G
QR
n can be sampled in O(logγ

QR
(n))

time, k ·α · ⌈log(n)⌉+C detype =O(logγ
QR

(n)) and G
QR
n can be decided in O(poly(n)) time.

Define (QQR,DQR) in the following way: let nRun
0 be the constant such that for all n > nRun

0 ,

G
QR
n can be sampled in fewer than logγ

QR
(n) steps (no big-O notation here!) and decided in time

fewer than nγQR
(n) steps, and furthermore k ·α · ⌈log(n)⌉+C detype ≤ logγ

QR
(n). For all n < nRun

0 ,
(QQR(n),DQR(n)) returns an encoding of the rejecting game G reject defined in Definition 6.2.3,
otherwise return an encoding for G

QR
n .

We now verify all the properties listed in Proposition 7.4.2.

1. (Computation time): This follows since the description of (QQR,DQR) only depends on the
description of (Q,D) and some fixed constant.

2. (Synchronicity): This follows from the fact that G Intro
n is always synchronous.

3. (Complexity bounds for the output): Let C trivial be the constant such that G reject can be
both sampled and decided in time C trivial. This follows from the definition of (QQR,DQR).

4. (Independency) This follows since both G Intro
n and the detyping procedure can be defined

uniformly for all verifier sequences (Q,D), and the sampling procedure for G Intro
n does not

depend on D

Let V = (Q,D) and n0 ∈ N be as pre described in the theorem. Let nQR
0 = max{nRun

0 ,n0}, which

both depend on nλ, and nRun
0 depends on the constant k. For all n ≥ nQR

0 :

1. (Completeness): This follows from Theorem 9.1.1 and Lemma 7.2.11.

2. (Soundness): By Theorem 9.1.1: There exists a polynomial sIntro
α such that

ω∗(Gn) ≤ 1−ε(n) =⇒ωt
s(G Intro

n ) ≤ 1−sIntro
α (k,ε(n))

Let sQR
α (k,ε(n)) = sIntro

α (k,ε(n))
4(30+2k)2·16(30+2k) . By Lemma 7.2.11

ω∗(Gn) ≤ 1−sIntro
α (k) =⇒ωt

s(G Intro
n ) ≤ 1−sQR

α (exp(k),ε(n)).

This concludes the proof for Proposition 7.4.2.





CHAPTER 10

Answer Reduction part 1: The
low-individual degree test

The next two chapters will be focused on the answer reduction procedure. We start by intro-
ducing an important subroutine for the answer reduction protocol, the quantum simultaneous
low-individual degree test. The simultaneous low-individual degree test is an important part in
showing NEXP⊆MIP in [BFL91], and the quantum variant, intuitively, will be used in a similar
manner in the answer reduction protocol when proving Proposition 7.4.3.

Before introducing the quantum simultaneous low-degree test, we start by introducing
some additional preliminaries in coding theory in Section 10.1. We then introduce the quan-
tum low-individual degree test in Section 10.2. The simultaneous variant can be thought of as
the “parallel repetition" variant of the quantum low-degree test, and it was already known to be
“quantum sound" for synchronous strategies (for both the tensor product and the commuting
operator model) in [JNV+22b]. In Section 10.3, we show how one can use the rounding theo-
rem (Theorem 5.1.1) to extend the quantum soundness result from synchronous strategies to
general tracially embeddable strategies. Finally, we introduce the simultaneous low-individual
degree test in Section 10.4 and prove the quantum soundness of this protocol.

10.1 Preliminaries in Coding theory

We use the notation from [JNV+22b]. Recall from Section 8.3.2 that a linear [n,c,d ]Fq code is a
set C of functions g : [p] → Fq with size |C| = qc that is closed under linear combination, such
that for any two distinct g ̸= g ′, the number of coordinates i ∈ [n] such that g (i ) ̸= g ′(i ) is at least
d . Given C, a linear [n,c,d ]Fq code, the tensor code C⊗m is the set of all functions f : [n]m → Fq

such that the restriction f |l j to any axis-parallel line l j is a codeword in C, where for j ∈ m, an
axis parallel line l j is defined as

l j = {(s0, · · · , s j−1, x, s j+1, · · · , sm−1) : x ∈ Fq }

Given constants p,c ∈N, the setC consists of all degree c polynomials f : F2p → F2p is a [2p ,c,c]F2p

code by the Schwartz-Zippel lemma. We further see that the set of low-individual degree poly-
nomials f : Fm

2p → F2p with individual degree at most c is a tensor code C⊗ (since f|l j always gives
a 1-variant polynomial of degree at most c).

Low-individual degree polynomials can also be used to define an error correction code with
good distance properties in the context of the generalized Reed-Muller code. Given a string s ∈
{0,1}m , we define the indicator polynomial for m over the field F2p as the m-variate polynomial
with i ndm,a : Fm

2p → F2p as
i ndm,a(x) := ∏

i :ai=1
xi ·

∏
i :ai=0

(1−xi ).
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where we identify {0,1}m as elements of Fm
2p . The indicator polynomial has individual degree of

1 and has the properties that for all s ∈ {0,1}m ⊆ Fm
2p , i nda(s) = 0 except when a = s.

Let M = 2m , for any elements b ∈ {0,1}M , we define the generalized Reed-Muller encoding
of a to be the polynomial

RMb(x) := ∑
y∈{0,1}m

bbininv(y)i ndm,y (x), (10.1)

where recall, bininv(·) is the map which maps the corresponding binary representation back
to an integer. Since each i ndm,y (x) has an individual degree of 1, RMb also has an individual
degree of 1. For any y ∈ {0,1}m ⊆ Fm

q , evaluating RMb with y returns the bininv(y)th coordinate
of the string b.

10.2 The quantum low-individual degree test

We start this section by giving some high-level intuition about the quantum low-individual
degree test. The quantum low-individual degree test is first introduced in [JNV+22b], and it is
based on the classical low-degree test given in [BFL91]. The classical low-individual degree test
was used in the first proof of PCP theorem [AS98; ALM+98], and the quantum low-individual
degree is used in a similar way in the answer reduction protocol in this thesis.

The quantum low-individual degree test is parameterized by (p,m,d) ∈ N3, where m = 2c

for some constant c. Intuitively, the goal of the quantum low-individual degree test is to force
two entangled provers to prove to the verifier that they both share the same global m-variant
polynomial over 2p with individual degree of at most d . To give a better intuition on how the
quantum low-individual degree test works, we first give a brief description of its classical coun-
terpart.

Suppose the two provers agree on a global m-variant low-individual degree polynomial g :
Fm

2p → F2p with individual degree of at most d . To demonstrate to the verifier that they both
share the same polynomial, both provers can simply send g to the verifier. However, since g
can have at most (d + 1)m monomials, this means that the prover needs to send a messages
with potential length O((d +1)m ·p)-bits which is inefficient if m is large. Instead, the verifier
can send one of the prover u ∈ Fm

2p and ask him to evaluate the polynomial g on u and return
the outcome g(u) ∈ F2p . The verifier then gives the other prover a random “parallel axis line"
l : F2p → F2p that pass through u, where for i ∈ [m], an axis parallel line passing through u is
defined as

l = {u +x ·ei |x ∈ F2p }. (10.2)

The prover receiving the axis parallel line is expected to return the polynomial gl : F2p → F2p ,
where gl is the m ·d-th degree polynomial corresponding to g restricted to the range of l, or

gl(x) = g(u +x ·ei ).

Intuitively, this is asking the prover to evaluate g on all of l. If the two provers share the same
low-individual degree polynomial in the beginning of the protocol, then gl(0) would be consis-
tent with g(u). If, on the other hand, the two provers do not share the same low-individual
degree polynomial, then by Lemma 7.1.4, for two different m-variant low-individual degree
polynomials g and g′ and u ∈ l, g(u) = g′(u) occurs with probability at most d

q . This means that
the restricted polynomial gl generated by the axis parallel line prover is unlikely to agree with
the prover with who is expected to evaluate g somewhere on l. This protocol allows the ver-
ifier to check the consistency of a global low-individual degree polynomial with message size
O(d ·k), significantly more efficient than the previous protocol.

In order to make sure the above protocol remains quantum sound (i.e. the provers will have
a low success rate if they do not share the same low-individual degree test polynomial) [JNV+22b]
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The quantum low-individual degree test is parametrized by (p,m,d) ∈ N3 where p,m are
both an odd integer. Perform the following test with probability 1

8 each:

• Axis parallel line test. The verifier uniformly samples s = (s0, · · · , sm−1) ∈ Fm
2p and

j ∈ [m]. Let l j be the j th axis-parallel line given in (10.2). Recall from Definition 7.1.3
that Can(l j ) is the canonical representation of a line.

– The verifier sends (Point, s) to one of the provers, and receive a ∈ Fm as a re-
sponse.

– The verifier sends (Aline,Can(l j )) to the other prover, and receive a degree d
polynomial f : F2p → F2p as a response.

The verifier accepts if f(s) = a.

• Diagonal line test. The verifier uniformly samples s = (s0, · · · , sm−1) ∈ Fm
2p , j ∈ [m]

and v ∼ F j
2p . Extend v as an element of Fm

2p by appending 0 on the last m − j coordi-
nates. Define the line d j ,v = {s + x · v : x ∈ F2p } to be the line passing through s in the
direction of v .

– The verifier sends (Point, s) to one of the provers, and receive a ∈ Fm as a re-
sponse.

– The verifier sends (Dline,Can(d j ,v )) to the other prover, and receive a degree
d ·m polynomial g : F2p → F2p as a response.

The verifier accepts if g(s) = a.

Perform the following test with probability 1
4 each:

• Point consistency test. The verifier uniformly samples s ∈ Fm
2p . The verifier sends

(Point, s) to both provers, and receive (a,b) ∈ F2
2p . The verifier accepts if f (s) = a.

• Axis parallel line consistency test. The verifier uniformly samples s ∈ Fm
2p and j ∈

[m]. Let l j be the axis parallel line define in the “Axis parallel line test". The verifier
sends Can(l j ) to both provers, and receive two degree c polynomial fA , fB : F2p → F2p .
The verifier accepts if fA = fB .

• Diagonal line line consistency test. The verifier uniformly samples s ∈ Fm
2p , j ∈ [m]

and v ∼ F j
2p . Let d j ,v be the line define in the “Diagonal line test". The verifier sends

Can(d j ,v ) to both provers, and receive two degree d ·m polynomial gA ,gB : F2p → F2p .
The verifier accepts if gA = gB .

Figure 10.1: The sampling/decision procedure for the (p,m,d)-quantum low-individual degree test, the
only change in comparison to the original test as presented in [JNV+22a] is the distribution
of the synchronicity test, which only changes the constant in Theorem 10.3.1 (see [JNV+22b,
Section 4.1] for more details).
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(Aline)

(Point)

(Dline)

Figure 10.2: The typed graph for the quantum low-individual degree test

added two additional questions types. The first is the “diagonal line test", where, one of the
provers still receives a random point u ∈ Fm

2p and similarly is expected to return g(u) in the ideal
case. The other prover is given a random “diagonal line" intersecting with u, where we define
the notion of a diagonal line below, and is expected to return an m ·d-th degree polynomial
similarly as to above. This addition is mostly used to enforce a commutation relationship for
the proof of soundness for the quantum low-degree test. Secondly, to ensure synchronicity, a
“consistency test" is added, where the two provers are given the same question (which can be a
line, a point, or a diagonal line) and they are expected to output the same answer. We formally
give the definition for a quantum low-individual degree test on Figure 10.1, and we state the
soundness result in the next section.

We remark that in our description, the verifier sends the canonical representation of the
line. This is equivalent to the original formulation where the verifier sends a set containing
all points in the line to the prover. Both formulations are designed to hide the point u (for
the “point" player) when sending the line. As seen in the description from the classical low-
degree test, if both provers share an m-variate polynomial h over F2p with individual degree
of at most d . The provers can simply plug their respective input into h to obtain a perfect
(classical) strategy.

For the remainder of this subsection, we show that the quantum low-individual degree test
can be sampled via a typed CL distribution, and hence can be converted to a game with a CL
distribution as the input distribution via Lemma 7.2.11.

Lemma 10.2.1 (The quantum low-individual degree test can be sample via a CL distribution).
Let G = (X ,A ,µ,V ) be a (p,m,d)-quantum low-individual degree test, then there exists a game

G ′ = (X ′,A ,µ′,V ′) which is (5,9+m′+2 ·m, p) CL samplable where m′ =
⌈

log(m)
p

⌉
, and X ⊆X ′

such that the following holds: For any t ∈ {∗,co} and ε > 0. Any synchronous, oracularizable
strategy S in model t such that ω(G ′,S ) ≥ 1−ε. S , when restricted on the question pair from
G , ω(G ,S ) ≥ 1− cε for some constant c.

Proof. We first show that the quantum low-individual degree test can be sampled via a typed
CL distribution. Let (p,m,d) be the parameter specified and let q = 2p . For simplification, we

first assume log(m)
p ∈N (and hence m′ ∈N). The typed graph associated with the quantum low-

individual degree test can be specified by the types stated in Figure 10.2. The CL function maps
Fm′+2·m

2p → Fm′+2·m
2p , where we write Fm′+2·m

2p = Fm′
2p ⊕Fm

2p ⊕Fm
2p =V0⊕V1⊕V2. The CL functions is a

level 3-CL function with register {V0,V1,V2}. For the description below, we assume the function
have the input s = (s0, s1, s2) ∈V0 ⊕V1 ⊕V2. We define the collection of CL functions {Lv } as the
following:

• Define LPoint to be the third level CL function

LPoint(s0, s1, s2) = (0,0, s2).

In other words, LPoint projects the input s onto V2, and s2 corresponds to the point in the
“point question" for the quantum low-individual degree test. LPoint can be realized as a
third level CL function with registers {Vi }i∈[3] in the following way: We define

LPoint
0,0 (s0,0,0) = (0,0,0), LPoint

1,x0
(0, s1,0) = (0,0,0), LPoint

2,x0+x1
(0,0, s2) = (0,0, s2),

for all x0 ∈V0 and x1 ∈V1.
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• Define LDline to be the third level CL function. For any input (s0, s1, s2) ∈ Fm′+2·m
2p , let ĵ =

κ(s0). The function LDline is defined as

LDline(s0, s1, s2) = (s0,0,NullLN
ebininv( ĵ )

(s2)),

where NullLN is the function used in Definition 7.1.3 to defined the canonical represen-
tation of a line. In the example above, (ebininv( ĵ ),NullLN

ebininv( ĵ )
(s2) defines an axis parallel

line thought the bininv( ĵ ) = j th axis through the point s2. LDine can be realized as a third
level CL function with registers {Vi }i∈[3] in the following way: We define

LDline
0,0 (s0,0,0) = (s0,0,0), LDline

1,s0
(0, s1,0) = (0,0,0)

for all x0 ∈ V0. For the second level, for all x0 ∈ V0 , x1 ∈ V1, we define the second level
linear function for LDline as

LDline
2,x0+x1

(0,0, s2) = (0,0,NullLN
ebininv(x0)

(s2)).

• Let ĵ be the same as the definition above. Recall that πm
≤ j refers to the zero-out map for

the basis element e1 · · ·em in Fm
2p and let v = πm

≤bininv( ĵ )
(s0). Define LAline to be the third

level CL function
LAline(s0, s1, s2) = (s0, v,NullLN

v (s2)).

In this case, (v,NullLN
v (s2)) corresponds to the diagonal line Dbininv(s0),v which passes

through s2, and with the last m −bininv( ĵ ) coordinates being zero. LAline can be real-
ized as a third level CL function with registers {Vi }i∈[3] in the following way: We define

LAline
0,0 (s0,0,0) = (s0,0,0),

to be the 0th level linear function for LAline. Since each πm
≤ j is a linear function, we define

the first level linear function as

LAline
1,x0

(0, s1,0) = (0,πbininv(x0)(s1),0),

for all x0 ∈V0. We define the second level linear function for L as

LAline
2,x0+x1

(0,0, s2) = (0,0,NullLN
x1

(s2))

for all x0 ∈V0 and x1 ∈V1.

This shows that G is typed CL samplable. In the case where log(m)
p ̸∈ N, we can simply treat

the space Fm′
2p as a {0,1}p·m′

bit string using the canonical representation, and only use the
first log(m) bits to define the CL function. Finally, we use the detyped transformation and ap-
ply Lemma 7.2.11 to complete the proof of this lemma.

When discussing the quantum low-individual degree test in this thesis, we refers to the
version which is CL samplable given by the above lemma. This version of the quantum low-
individual degree test still retains the soundness property from Theorem 10.3.1 (by changing
the a in the aforementioned theorem to the constant (4∗42 +164)b ·a = (65600)b ·a).

We remark that the only time we take advantage of the structure of Fm
2p (instead of treating

it as a bit string of {0,1}pm) when using the CL distribution is to sample a diagonal line inter-
secting the point s in the quantum low-individual degree test. As mentioned previously, the
diagonal line test was not used in the classical low-degree test, and the only purpose concep-
tually is to enforce a single commutation relationship within the proof of quantum soundness
(see [JNV+22b, Lemma 6.1] for more details). It would be interesting to see if the quantum
soundness of the quantum low-individual degree test still holds without the diagonal line test,
as this would allow us to show the compression theorem for a simpler class of question distri-
bution. This also shows that only Pauli X and Z measurements on fixed EPR pairs are sufficient
for the gap compression theorem.
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10.3 Quantum soundness of the quantum low-individual degree test

We recall the following soundness result related to the quantum low-individual degree test:

Theorem 10.3.1 (Quantum soundness for the quantum low-individual degree test under syn-
chronous strategies, Theorem 4.1 of [JNV+22a]). There exist universal constants cLD,1 ≤ 1 and
0 < cLD,2 ≤ 1 and a function

ηLD(p,m,d ,ε) = cLD,1(dm)cLD,1 (εcLD,2 +2−cLD,2p +2−cLD,2md )

such that the following holds. Let G LD be the (p,m,d)-low-individual degree test with q = 2p ,
and let S = (L 2(A ,τ), |τ〉 , {Ax

a}) be a synchronous strategy for G LD which succeed with proba-
bility 1−ε. There exist a set of PVM {Gg} ⊆A ′ with outcome labelled by m-variant polynomials
g ∈ IdPoly(p,m,d), such that

E
s∼Fm

2p

∑
g∈IdPoly(p,m,d)

〈τ|A(point,s)
g(s) ·Gg|τ〉 ≥ 1−ηLD(p,m,d ,ε).

In other words, if the provers succeed on the (p,m,c)-low-individual degree test with high
probability, then the provers, in essence, are secretly sampling a low-individual degree polyno-
mial which are then used as a part of the strategy. Although [JNV+22b, Theorem 4.1] is origi-
nally proven for tensor codes, as shown in Section 7.1, the set of m-variant polynomials over
Fm

2p with low-individual degree of at most c is a tensor code C⊗m for a [2p ,c,c]F2p linear code C,
and hence the same statement can be directly applied to the quantum low-individual degree
test. We remark that the proof of the above theorem follows a similar structure as [BFL91, The-
orem 5.4], as a quantum variant of the two key lemmas, the self-improvement lemma and the
pasting lemma, is also a key lemma in [JNV+22b].

By using the rounding theorem Theorem 5.1.1, one could extend Theorem 10.3.1 to the case
where the provers have access to tracially embeddable strategies. We remark that the proof of
the theorem below follows a similar structure as [Vid22, Corollary 4.1].

Theorem 10.3.2 (Quantum soundness for the quantum low-individual degree test under tra-
cially embeddable strategy). There exist universal constants 1 ≥ cLD,1 and 0 < cLD,2 ≤ 1 and a
function

ηLD(p,m,d ,ε) = cLD,1(dm)cLD,1 (εcLD,2 +2−cLD,2p +2−cLD,2md )

such that the following holds. Let G LD be the (p,m,d)-low-individual degree test with q = 2p ,
and let S = (L 2(A ,τ), |τ〉 , {Ax

a}) be a synchronous strategy for G LD which succeed with proba-
bility 1−ε. There exist a set of PVM {Gg} ⊆A ′ with outcome labelled by m-variant polynomials
g ∈ IdPoly(p,m,d), such that

E
s∼Fm

2p

∑
g∈IdPoly(p,m,d)

〈τ|A(point,s)
g(s) ·Gg|τ〉 ≥ 1−ηLD(p,m,d ,ε).

Proof. We first assume the strategy S = (L 2(A ,τ),σ |τ〉 , {Ax
a}) is symmetric, projective with

σ ∈ A +. Let {Pλ} and {Aλ,x
a } be the set of projectors and PVMs promised by Proposition 5.2.2.

Let S λ = (L 2(PλA Pλ,Pλτ), 1p
τ(Pλ)

Pλ |τ〉 , {Aλ,x
a }) be the synchronous strategy from {Aλ,x

a }. Given

λ ∈ [0,∞) with τ(Pλ) ̸= 0. By the “soundness property” from the assumption, for each λ ∈
[0,∞), since each S λ is synchronous, and (PλA Pλ)′ = A ′Pλ, there exists a family of POVM

{Gλ,y
b }(y,b)∈Y ×B ⊆ PλA Pλ such that

1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAx,λ
a (Gλ,y

gx y (a))
op Pλ|τ〉 ≥κ(ωco(G ,S λ)),
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where op from above is defined on the tracial von Neumann algebra (A ,τ). For each (y,b) ∈
B ×Y , since

∫ ∞
0 PλGλ,y

b Pλdλ ≤ σ2, by Lemma 3.2.1, there exist H y
b ≤ I such that σH y

bσ =∫ ∞
0 PλGλ,y

b Pλdλ. We see that

∑
b

∫ ∞

0
PλGλ,y

b Pλdλ=
∫ ∞

0
Pλ

(∑
b

Gλ,y
b

)
Pλdλ=σ2,

and hence, by a similar continuity argument as in Lemma 3.2.1, {H y
b } forms a valid POVM in A .

We argue that {H y
b } is the desired family of measurements for the corollary. We see that

E
(x,y)∼ρ

∑
a∈A

〈τ|σAx
a(H y

gx y (a))
opσ|τ〉 = E

(x,y)∼ρ
∑

a∈A

〈τ|Ax
aσH y

gx y (a)σ|τ〉

=
∫ ∞

0
P (λ)

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAx
a(Gλ,y

gx y (a))
op Pλ|τ〉

)
dλ

(10.3)

where P = τ(Pλ). We claim that∫ ∞

0
P (λ)

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAx
a(Gλ,y

gx y (a))
op Pλ|τ〉

)
dλ≥O(κ(ε−poly(δ))−δ 1

8 ). (10.4)

To show the above inequality, we prove the following two inequalities:∫ ∞

0
P (λ) ·

∣∣∣∣∣ 1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|Pλ(Aλ,x
a − Ax

a)(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣∣∣dλ≤O(δ

1
8 ), (10.5)

∫ ∞

0
P (λ) ·

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAλ,x
a (Gλ,y

gx y (a))
op Pλ|τ〉

)
dλ≥κ(

ωco(G ,S )−poly(δ)
)

. (10.6)

For (10.5)∫ ∞

0
P (λ) ·

∣∣∣∣∣ 1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|Pλ(Aλ,x
a − Ax

a)(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣∣∣dλ

≤
∫ ∞

0
E

(x,y)∼ρ
∑

a∈A

∣∣∣〈τ|Pλ(Aλ,x
a − Ax

a)(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣dλ

≤
√∫ ∞

0
E

(x,y)∼ρ
∑

a∈A

∣∣∣〈τ|Pλ(Aλ,x
a − Ax

a)2Pλ|τ〉
∣∣∣dλ ·

√∫ ∞

0
E

(x,y)∼ρ
∑

a∈A

∣∣∣〈τ|Pλ(Gλ,y
gx y (a))

op Pλ|τ〉
∣∣∣dλ

≤
√∫ ∞

0
E

x∼µ
∑

a∈A

∥(Aλ,x
a − Ax

a)Pλ∥2
2dλ ·1 ≤O(δ

1
8 ).

For (10.6), by Theorem 5.1.1,
∫ ∞

0 P (λ) ·ωco(G ,S λ)d(λ) ≥ωco(G ,S )−poly(δ), since κ is convex

∫ ∞

0
P (λ) ·

(
1

τ(Pλ)
E

(x,y)∼ρ
∑

a∈A

〈τ|PλAλ,x
a (H y

gx y (a))
op Pλ|τ〉

)
dλ≥κ

(∫ ∞

0
ωco(G ,S λ)

)
≥ κ(

ωco(G ,S )−poly(δ)
)

.

Hence, by the triangle inequality, (10.4) follows from (10.5) and (10.6). Combining (10.3) and
(10.4),

E
(x,y)∼ρ

∑
a∈A

〈τ|σAx
a(H y

gx y (a))
opσ|τ〉 ≥O

(
κ(ε−poly(δ))−δ 1

8

)
,

which concludes the corollary for the special case claimed above.
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For the general case where S = (L 2(A ,τ),σ |τ〉 , {Ax
a}, {(B x

a )op }) is a tracially embeddable
strategy. By Lemma 4.3.3, the symmetric strategy S

′ = (L 2(A ,τ),σ |τ〉 , {Ax
a}) is an O(δ)-synchronous

strategy, with
E

(x,y)∼µ
∑
a,b

| 〈τ|σAx
a(B y

b )opσ|τ〉−〈τ|σAx
a(Ay

b)opσ|τ〉 | ≤O(
p
δ),

which implies ωco(G ,S
′
) ≥ ωco(G ,S )−O(poly(δ)). By the special case proven above, there

exists a family of POVMs {Hg y
x y (a)} such that

E
(x,y)∼ρ

∑
a∈A

〈τ|σAx
a(H y

gx y (a))
opσ|τ〉 ≥O(κ(ωco(G ,S )−poly(δ))−δ 1

8 ). (10.7)

which concludes the proof for the general case.

10.4 The simultaneous quantum low-individual degree test

We describe the simultaneous quantum low-individual degree test in this section. Intuitively,
the (p,m,d ,k)-simultaneous quantum low-individual degree test is a generalization of the (p,m,d)
quantum low-individual degree test defined in Section 10.2, where the goal is to test whether
the two provers agree on k global m-variant low-individual degree polynomial g : Fm

q → Fq

with individual degree of at most d . We define the (p,m,d ,k)-simultaneous quantum low-
individual degree test in Figure 10.3. We have the following lemma regarding the (p,m,d ,k)-
simultaneous quantum low-individual degree test.

Lemma 10.4.1 (Properties of the (p,m,d ,k)-simultaneous quantum low-individual degree test).
Let p,m,d ,k ∈N, and let G SLD = (X SLD,A SLD,µSLD,DSLD) be the (p,m,d ,k)-simultaneous quan-
tum low-individual degree test specified in Figure 10.3, then the following holds:

Question label Question content Answer format

(Point) s ∈ Fm
2p (a0, · · · , ak−1) ∈ Fk

2p

(Dline) ( j , sDline) ∈ [m]×Fm
2p k degree d polynomial, fi : F2p → F2p , i ∈ [k], where

each fi is encoded as Fd
2p

(Aline) ( j , v, sAline) ∈ [m]×F2m
2p k degree dm polynomial, gi : F2p → F2p , i ∈ [k], where

each gi is encoded as Fdm
2p

Figure: Q and A format for the (p,m,d ,k)-simultaneous quantum low-individual degree test.

Sampling procedure

The sampling procedure for the (p,m,d ,k)-simultaneous quantum low-individual degree
test is the same as the sampling procedure for the(p,m,d) quantum low-individual degree
test given in the proof for Lemma 10.2.1

Verification procedure

1. (Same question label): The provers win iff they output the same answer.

2. (Point) – (DLine): The provers win iff fi (s) = ai for all i ∈ [k].

3. (Point) – (ALine): The provers win iff gi (s) = ai for all i ∈ [k].

On any other input, the prover wins automatically.

Figure 10.3: The description for the (p,m,d ,k)-simultaneous quantum low-degree test.
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• (Sample complexity): G SLD is samplable via a (5,9+m′+2 ·m, p) typed CL distribution,

where m′ =
⌈

log(m)
p

⌉
.

• (Verification complexity): There exists a polynomial time Turing machine DSLD which im-
plements DSLD and runs in O(poly(p,m,d ,k)) time.

• (Soundness): There exists a universal constant 1 ≥ cSLD,1 and 0 < cSLD,2 ≤ 1 and a function

ηSLD(p,m,d ,k,ε) = cSLD,1(kdm)cSLD,1 (εcSLD,2 +2−cSLD,2p +2−cSLD,2md )

such that the following holds. Let S = (L 2(A ,τ),σ |τ〉 , {Ax
a}) be a synchronous strategy

for G SLD which succeed with probability 1−ε. There exist a set of PVM {G(g0,···gk−1)} ⊆ A ′

with outcome labelled by k (potentially the same) gi ∈ IdPoly(p,m,d) such that

E
s∼Fm

q

∑
g0,···gk−1∈IdPoly(p,m,d)

〈τ|A(point,s)
(g0(s),··· ,gk−1(s))G(g0,···gk−1)|τ〉 ≥ 1−ηSLD(p,m,d ,k,ε).

Although the simultaneous quantum low-degree test is a more sophisticated version of the
quantum low-individual degree test. Its sampling procedure is exactly the same as the quan-
tum low-individual degree test, and its verification procedure is essentially repeating the verifi-
cation procedure for the quantum low-individual degree test k times. Hence, the “sample com-
plexity" and the “decision complexity" follows trivially from Lemma 10.2.1 and Lemma 7.1.1
respectively. To show the “soundness" clause for the above lemma, we recall the following con-
dition from [NW19].

Definition 10.4.2 (Exactly linear functions, Definition 3.17 of [NW19]). Let m, p ≥ 0. A function
f : Fm

2p ×Ft
2p → F2p is exactly linear in y if it can be written as

f(x, y) = y1 · f1(x)+ y2 · f2(x) · · · yk−1 · fk−1(x),

for a set of functions {fi }i∈[k], and we call a function g : Fk
2p → F2p to be exactly linear if

g(x) = ∑
i∈[k]

ci · xi ,

for some ci ∈ F2p , i ∈ [k].

We recall the following proposition about almost exactly linear individual degree d polyno-
mials.

Proposition 10.4.3 (Almost exactly linear individual degree polynomials, Proposition 3.18 of [NW19]).
Suppose that f (x, y) : Fm

2p ×Fk
2p → F2p is a polynomial with individual degree of at most d which

is not exactly linear in y. Then the probability that, given a uniformly random z ∼ Fm
2p , the prob-

ability that the polynomial fz (y) : Fk
2p → F2p , fz (y) = f(z, y), being exactly linear is at most md

2p .

We are now ready to give a proof for the “soundness clause" for Lemma 10.4.1, we remark
that the proof below is a slightly modified version of [NW19, Theorem 4.43] to account for the
difference between the quantum low-degree test and the quantum low-individual degree test.

Proof. Fix constant p,m,d ,k ∈ N. Let G SLD be the (p,m,d ,k)-simultaneous quantum low-
individual degree test, and let S = (L 2(A ,τ), |τ〉 , {Ax

a}) be a tracially embeddable strategy for
G SLD with ω(G SLD,S ) ≥ 1−ε. We wish to show that S can be used as a part of a strategy for
the (p,m + k,d) quantum low-individual degree test. For simplicity of notation, for a set of
functions {fi : Fm

2p → F2p }i∈[k], we define combinef(x, y) : Fm
2p ×Fk

2p → F2p as the function

combinef(x, y) = x0f0(y)+·· ·xk−1fk−1(y). (10.8)
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In the definition above fi could be potentially set as a constant (i.e. fi (x) = ci for some ci ∈ F2p ),

and for a ∈ Fk
2p , we write combinea(y) : Fk

2p → F2p as the function combinea(y) = ∑
i∈[k] ai · yi .

For o ∈ [k] define 1⃗0 ∈ Fo
2p to be the vector with all coordinates being 1 ∈ F2p . We define a strategy

for an instance of (p,m+k,d)-quantum low-individual degree test depending on S as follows:
We specify the provers’ behaviour based on the question label below

1. (Point) Given the question content (s1, s2) ∈ Fm
2p ×Fk

2p , the prover first performs the strat-
egy S using the question label “(Point)" and the question content s1 and obtain points
a = (a0, · · · , ak−1). The prover then returns combinea(s2) as the answer.

2. (DLine) Given the question content ( j , sDline), write j = ( j 1, j 2) ∈ Fm
2p ×Fk

2p , and let l be the
axis on which the axis-parallel line is defined. The prover does the following depending
on l

• If l ∈ [m], then the prover performs the strategy S using the question label “(DLine)"
and the question content ( j 1, sDline) and obtain k degree-d polynomials (f0, · · · , (fk−1).
The prover then returns the degree d polynomial combinef( j 2) as the answer.

• Otherwise, the prover first performs the strategy S using the question label “(Point)"
and the question content j 1 and obtain points a = (a0, · · · , ak−1). The prover then
returns the degree 1 polynomial combinea( j 2

0 , · · · j 2
l−m−1, x, j 2

l−m+1, j 2
m+k−1) as their

answer.

3. (ALine) Given the question content ( j , sAline), write j = ( j 1, j 2) ∈ Fm
2p ×Fk

2p , and let l be the
coordinates in which the diagonal line is defined. The prover does the following depend-
ing on j

• If l ∈ [m], then the prover performs the strategy S using the question label “(ALine)"
and the question content ( j 1, sAline) and obtain k degree d ·m polynomials (g0, · · · , (gk−1).
The prover then returns the degree d ·m+1 polynomial combineg(x ·⃗1k )) as the an-
swer.

• Otherwise, the prover performs the strategy S using the question label “(Point)"
and the question content j 1 and obtain points a = (a0, · · · , ak−1). The prover then
returns the degree 1 polynomial combinea( j 2

0 , · · · , j 2
l−m−1, x ·⃗1m+k−l ) as their answer.

Since S succeeds in G SLD with probability at least 1−poly(ε), given the same question label
and content, the probability that the provers give the same answer is at least 1−poly(ε), as well
as given the label pair “(point)" and “(DLine)" (resp. “(ALine)"), the answer pair satisfies fi = ai

(resp. gi = ai ). Using this, one can see that the above strategy for the (p,m+k,d)-quantum low-
individual degree test succeeds with probability at least 1−poly(ε). For (s1, s2) ∈ Fm

2p ×Fk
2p and

ν ∈ F2p , we define the measurement A(point,s1)
[combinea (s2)|ν]

to be the data processing measurement

in which the prover applies the function f(a0, · · · , ak−1) = combinea(s2) to the measurement

outcome of P (point,s1)
a0,··· ,ak−1

. By Theorem 10.3.1, there exists a measurement {Hf} ⊆A ′ with outcomes
f being m +k-variate polynomial with individual degree of at most d such that

E
(s1,s2)∼Fm

2p ×Fk
2p

∑
f∈IdPoly(p,m+1,d)

〈τ|A(point,s1)
[combinea (s2)|f(s1,s2)]

·Hf |τ〉 ≥ 1−ηLD(p,m +k,d ,ε). (10.9)

Now we wish to show that the measurement outcome f(x, y) from {Hf} is exactly linear in y with
high probability. Fix a g such that the measurement outcome from f is not exactly linear. For

a fixed s1 ∈ Fm
2p and a fixed measurement outcome a = (a0, · · · , ak−1) from P (point,s1)

(a0,··· ,ak−1), by con-

struction, the function combinea(y) : Fk
2p → F2p is exactly linear. However, by Proposition 10.4.3

the probability that fs1 (y) = f(s1, y) is exactly linear is at most md
2p . As a result, for a uniformly

chosen s1 ∼ F2p , the probability that combinea = fs1 is at most md
2p . Hence by Lemma 7.1.4, for
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(s1, s2) ∼ Fm
2p ×Fk

2p , the probability that combinea(s2) = f(s1, s2) is at most md
2p · kd

2p regardless of
the measurement outcome for a. Combining the above fact with Equation (10.9), we see that

the output of {Hf} is exactly linear with probability at least 1−ηLD(p,m+k,d ,ε)−
(

md
2p

)2− m·kd
22p .

Define the measurement {Gg0,··· ,gk−1
} ⊆A ′ with the outcome set the same as {H } as follows:

The prover first measures according to {H } to receive a polynomial f(x, y). If f(x, y) is exactly
linear in y , it can be written as f(x, y) =∑

k yi gi (x), such that each gi is an m-variant polynomial
with individual degree at most d . In this case, G outputs the polynomials {gi }i∈[k] as the output.
If the measurement output from {H } is not exactly linear, G simply outputs k random m-variate
polynomials with individual degree d , {gi }i∈[k]. Since combineg is equal to g whenever g is
exactly linear by definition, by replacing H with G on Equation (10.9), we see that

A(point,s1)
[combinea (s2)|f(s1,s2)]

≃ηLD(p,m+k,d ,ε)+m·kd
22p

Gcombineg=f, (10.10)

where ≃ is with respect to the distribution E(s1,s2)∼Fm
2p ×Fk

2p
and the state |τ〉. Now, for any fixed s1

and a = (ai )i∈[k], if gi (s1) ̸= ai for any i , then the polynomial combineg(s1, y) and combinea(y)
are not equal and hence again by Lemma 7.1.4, the probability is at most 1

2p (since both combineg(s1, y)
and combinea(y) are a multi-linear function). This implies that

A(point,s1)
a0,··· ,ak−1

≃ηLD(p,m+k,d ,ε)+m·kd
22p + 1

2p
Gcombineg=f.

Hence, the “soundness" condition follows by setting

ηSLD(p,m,d ,k,ε) = ηLD(p,m +k,d ,ε)+ m ·kd

22p + 1

2p .

We remark that since the above proof does not rely on the strategy S being synchronous,
and thus the “commuting operator soundness" condition in Lemma 10.4.1 also holds for gen-
eral tracially embeddable strategies strategy (by replacing Theorem 10.3.1 above with Theo-
rem 10.3.2). However, for simplicity of analysis, working with synchronous strategies is suffi-
cient for the remainder of this thesis.





CHAPTER 11

Answer reduction part 2:
Oracularization and time-bounded

probabilistically checkable proofs by
proximity (PCPP)

In this section, we give a proof for Proposition 7.4.3. The goal of the answer reduction proto-
col is to transform a synchronous CL verifier into another synchronous CL verifier with a more
efficient verification complexity. We remark that the transformation used in this section is the
same as the one given in [JNV+22a, Section 10]. We first give some intuition for the answer
reduction transformation in the first section of this chapter.

11.1 Overview of the Answer reduction protocol

On a high level, the goal of the answer reduction protocol is to let the verifier delegate the task of
computing D(n, x, y, a,b) to the provers. Of course, since the provers are by definition dishonest,
the verifier cannot simply give this task to the provers. One important observation about an
interactive protocol which makes the answer reduction protocol possible is that the verifier
actually does not care how the computation step is being performed, he only cares whether
D(n, x, y, a,b) outputs 1 at the end of the computation step! Hence, the goal for the verifier is to
design a protocol in which the provers can somehow output “sufficient evidence" to show that
they have, indeed, run the computation step of D(n, x, y, a,b) honestly.

Fortunately, the verifier can already use a probabilistically checkable proof (PCP), a com-
mon tool in the computer science literature [ALM+98]. Roughly speaking, let TM be a two-input
Turing machine which runs in O(exp(n)) time and x ∈ {0,1}∗ be a string with |x| =O(polylog(n)).
Existing PCP in the computer science literature allows a polylogarithmic-time verifier, with the
help of two (computationally unbounded) provers, to verify that there exists a string a ∈ {0,1}∗

with |a| = O(poly(n)) such that TM(x, a) = 1. This construction can be easily modified to hold
for a pair of strings (x, y), which is polylogarithmic-sized as the initial input, and a pair of
polynomial-size strings (a,b), which is polynomial-sized as the initial input. We remark in this
case, since |a| is exponential in size, a polynomial-time verifier cannot process the entire string
a even if he receives it from the prover! However, there are several challenges with directly using
a PCP construction within the answer reduction-procedure, which we list below:

1. For a prover to compute the given PCP instance, it needs both question labels (x, y). This
is a problem in the non-local game setting, since each prover is expected to receive only
its own question label.
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2. The PCP construction only checks whether there exists an answer pair (a,b) which causes
the verifier to accept. In this case, the verifier also needs to check that each answer within
the answer pair (a,b) depends only on its corresponding question label (x or y); i.e. the
prover cannot generate the answer a based on both the question labels (x, y). This is
a bigger problem for the verifier than it might at first appear, since, as previously men-
tioned, the verifier does not have the runtime to even process the answer labels a and
b.

3. Lastly, the PCP construction must also be a CL sampleable game in order to be used as a
part of the proof for the gap compression theorem.

In order to address the first problem, before applying the PCP procedure, a transformation
known as oracularization is first applied. This transformation was first introduced in [JNV+22a,
Section 9], and is also part of the answer reduction procedure in the “gapless compression" in-
troduced in [MNY22]. The goal of this transformation is to give both provers the two question
labels (x, y) and force them to generate the same answer pair (a,b) in such a way that the an-
swer label a (resp. b) only depends on the question label x (resp. y). To ensure consistency, the
provers will sometimes give one prover only one of the two question labels in order to perform
a consistency check with the other prover who receives both question labels.

Unfortunately, as pointed out by point two above, since the verifier cannot process the en-
tire question label a and b, the consistency check mentioned is also not as straightforward as it
might have initially seemed. To keep the verification complexity low, the provers are expected
to encode the answers a and b as a low-individual degree polynomial using the generalized
Reed-Muller code introduced in Section 10.1. In this case, the consistency test for the veri-
fier becomes verifying that the two provers share the same low-individual degree polynomial,
which can be done through the quantum low-individual degree test given in Section 10.2.

To tackle the third problem, [NW19] uses a special type of PCP known as a probabilistically
checkable proof of proximity (PCPP), which allows one to check whether a specific string a sat-
isfies TM(x, a) = 1 (rather than merely asserting the existence of such a string using a standard
PCP). In this thesis, we use the tailor-made PCPP protocol constructed in [JNV+22a, Section
10], which reduces the proof checking task to an instance of the simultaneous quantum indi-
vidual low-degree test, where the simultaneous quantum individual low-degree test (SLDT), in
essence, is a parallel repeated version of the quantum individual low-degree test, which is de-
signed to test if the provers share multiple low-individual degree polynomials. As shown later in
this section, since the SLDT has the same sampling procedure as a regular quantum individual
low-degree test, this solves the last problem listed above by Lemma 10.2.1.

We organize the remainder of this chapter as follows. In Section 11.2, we first go over the
oracularization transformation mentioned above from [JNV+22a, Section 9] and show that the
completeness/soundness properties from the tensor product model also hold for the com-
muting operator model. In Section 11.4, we give a summary of result of the PCPP construc-
tion from [JNV+22a, Section 10] which will be the bases of the answer reduction protocol that
shows Proposition 7.4.3.

11.2 Oracularization

In this subsection, we recall the oracularization transformation used in [JNV+22a, Section 9],
and show that the appropriate completeness/soundness conditions also hold for the commut-
ing operator model. Given a non-local game G = (X ,A ,µ,D), we define the corresponding
oracularization transformation in Figure 11.1.

We have the following lemma regarding the oracularization transformation for the game
G . We remark that the “soundness" condition for the below lemma also preserves the normal
(non-synchronous) value of the game.



11.2. Oracularization 141

Lemma 11.2.1 (Properties related to the oracularization transformation). Let G = (X ,A ,µ,D)
be a non-local game, and let G Ora be the oracularization transformation for the game G , then
for t ∈ {∗,co}, the following holds

• (Completeness): If there exists a perfect oracularizable strategy for G in model t , then there
exists a perfect oracularizable strategy for G Ora in model t .

• (Soundness): There exists a polynomial POra(ε) such that

ωt (G Ora) ≥ 1−ε=⇒ωt (G ) ≥ 1−POra(ε).

• (Sample complexity) If G is samplable via a (k,m, p) CL distribution, then G Ora is sam-
plable via a (k +1,m +4, p) CL distribution.

Proof. Let G and G Ora be the non-local game as specified in the lemma and fix t ∈ {∗,co}. We
also shorten the question label “(Oracularization)" to “(Ora)" in this proof for convenience.

For the “completeness" property in the lemma statement, let S be a perfect oracularizable
strategy for the game G . By Theorem 3.5.1, S is synchronous and hence by Lemma 4.3.2 can
also be assumed to be a projective strategy defined by S = (L 2(A ,τ), |τ〉 , {P x

a }).
We construct a perfect (synchronous) oracularizable strategy on the Hilbert space L 2(A ,τ)

as follows: for all (x, y, a,b) ∈X 2×A 2, define the synchronous strategy S Ora = (L 2(A ,τ), |τ〉 , {M x
a })

for the game G Ora as follows:

M (Prover, A),x
aA

= P x
aA

, M (Prover, B),y
bB

= P y
bB

, M (Ora),(x,y)
(a,b) = P x

a P y
b .

We first show that S Ora is projective. Since S is a projective strategy, both M (Prover, A),x
aA

and M (Prover, B),y
bB

are projective. By the definition of an oracularizable strategy Definition 4.4.1,

Question label Question content Answer format

(Prover, A) x ∈X aA ∈A

(Prover, B) y ∈X bB ∈A

(Oracularization) (x, y) ∈X 2 (a,b) ∈A

Figure: Q and A format for the oracularization transformation for G = (X ,A ,µ,D)

Sampling procedure

1. Sample (x, y) ∼µ, and (n0,n1) ∈ {(Prover, A), (Prover, B), (Oracularization)}2.

2. Send the question label and question content corresponding to n0 to one of the provers, and
send the question content corresponding to the n1 to the other prover.

Verification procedure

1. (Oracularization) – (Oracularization): The provers win iff they output the same answer and
D(x, y, a,b) = 1.

2. (Prover, P) – (Prover, P) for P ∈ {A,B}: The provers win iff they output the same answer.

3. (Prover, A) – (Oracularization): The provers win iff D(x, y, a,b) = 1 and a = aA .

4. (Prover, B) – (Oracularization): The provers win iff D(x, y, a,b) = 1 and a = bA .

5. (Prover, A) – (Prover, B): The provers win automatically.

On any other input, the prover win automatically.

Figure 11.1: The description for the oracularization transformation G⊥ for the game G = (X ,A ,µ,D).
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for (x, y) with µ(x, y) > 0, [P y
b ,P x

a ] = 0. Since the question label (Oracularization), (x, y) only

occurs whenever µ(x, y) > 0, this shows that the measurement operator M (Oracularization),(x,y)
(a,b) is

projective; hence S Ora is a projective strategy.
The fact that [P y

b ,P x
a ] = 0 whenever µ(x, y) > 0 also implies that the set of measurement op-

erators {M (Prover, A),x
a }a∈A ∪{M (Prover, B),y

b }b∈A ∪{M (Oracularization),(x,y)
(a,b) }(a,b)∈A 2 ⊆A pairwise com-

mute with each other whenever µ(x, y) > 0. This shows that S Ora is oracularizable.
To show that S Ora is perfect, we verify each of the possible question pairs below:

• (Same label): This follows because the strategy S Ora is projective and uses the tracial
state |τ〉 as a part of the strategy.

• (Prover, A) – (Ora): Given (x, y) ∈ X with µ(x, y) > 0, and a, aA ,b ∈ A , the probability of
outputting ((a,b), aA) given the question pair (((Prover, A), x)) is

〈τ|M (Ora),(x,y)
(a,b) (M (Prover, A),x

aA
)op |τ〉 = 〈τ|(P x

a P y
b )(P x

aA
)op |τ〉 = 〈τ|(P y

b P x
a )P x

aA
|τ〉

where the third equality follows from A |τ〉 = Aop |τ〉. Since S is a projective, perfect
strategy, the resulting answer ((a,b), aA) must satisfy D(x, y, a,b) = 1 and a = aA .

• (Prover, B) – (Ora): This follows from the same argument as above.

This shows the completeness clause in the lemma.
For the “soundness" property in the lemma statement, suppose that ωt (G Ora) ≥ 1−ε. Let

S ′ = (L 2(A ,τ),σ |τ〉 , {Av,x
a }, {

(
BV ,y

a

)
}) be a tracially embeddable strategy for G Ora in model

t such that ω(G Ora,S ) ≥ 1 − ε. By the sampling procedure as specified in Figure 11.1, the
game G Ora is 1

3 -balanced. Hence, by Lemma 5.3.1, there exist a symmetric strategy S sym =
(L 2(A ,τ),σ |τ〉 , {PV ,y

a }) such that

ω(G Ora,S sym) ≥ 1−ε− (3ε)
1
4 = 1−O(poly(ε)). (11.1)

We wish to argue that the strategy S = (L 2(A ,τ),σ |τ〉 , {P (Prover, A),x
a }, {P (Prover, B),y

b }) for the game

G satisfies ω(G ,S ) ≥ 1−O(poly(ε)). For simplicity of notation, we write P (Prover, Q),x
a as P Q,x

a for
Q ∈ {A,B}. Since the question label pair (Ora) – (Prover A) and (Ora) – (Prover B) are selected
with probability 1/9, we have

P (Ora),(x,y)
a,b ≃O(poly(ε)) (P A,x

a )op , P (Ora),(x,y)
a,b ≃O(poly(ε)) (P B,y

b )op ,

over the distribution (x, y) ∼µ. Since P is projective, by Lemma 3.3.3

P (Ora),(x,y)
a,b ≈O(poly(ε)) (P A,x

a )op , P (Ora),(x,y)
a,b ≈O(poly(ε)) (P B,y

b )op . (11.2)

Since the question label pair (Prover A) – (Prover A) is also selected with probability 1/9,

P A,x
a ≈O(poly(ε)) (P A,x

a )op . (11.3)

Since {P } is a projective strategy, P ≤ I. Hence

P (Ora),(x,y)
a,b = (P (Ora),(x,y)

a,b )2 ≈O(poly(ε)) P (Ora),(x,y)
a,b (P B,y

b )op

≈O(poly(ε)) (P A,x
a )op (P B,y

b )op ,

≈O(poly(ε)) P A,x
a (P B,y

b )op , (11.4)

where the first approximation follows from Lemma 3.3.4 with C being {P (Ora),(x,y)
a,b }, and treating

the set C as the singleton set, and the second and third approximation follows from Lemma 3.3.4
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with C being {(P B,y
b )op } in conjunction with (11.2) and (11.3) respectively. Since P is projective

and P A,x
a commutes with (P B,y

b )op , we have

P A,x
a (P B,y

b )op =
(
P A,x

a (P B,y
b

)op
)2.

Hence

E
(x,y)∼µ

∑
a,b

| 〈τ|σP (Ora),(x,y)
a,b σ|τ〉−〈τ|σ

(
P A,x

a (P B,y
b )op

)
σ|τ〉 |

≤ E
(x,y)∼µ

∑
a,b

| 〈τ|σP (Ora),(x,y)
a,b

(
P (Ora),(x,y)

a,b −P A,x
a (P B,y

b )op
)
σ|τ〉 |+

E
(x,y)∼µ

∑
a,b

| 〈τ|σ
(
P (Ora),(x,y)

a,b −P A,x
a (P B,y

b )op
)

P A,x
a (P B,y

b )opσ|τ〉 |

≤
√

E
(x,y)∼µ

∑
a,b

〈τ|σP (Ora),(x,y)
a,b σ|τ〉

√
E

(x,y)∼µ
∑
a,b

| 〈τ|σ
(
P (Ora),(x,y)

a,b −P A,x
a (P B,y

b )op
)2
σ|τ〉 |+

√
E

(x,y)∼µ
∑
a,b

| 〈τ|σ
(
P (Ora),(x,y)

a,b −P A,x
a (P B,y

b )op
)2
σ|τ〉 | ·

√
E

(x,y)∼µ
∑
a,b

〈τ|σP A,x
a (P B,y

b )opσ|τ〉

= 2

√
E

(x,y)∼µ
∑
a,b

|
(
P (Ora),(x,y)

a,b −P A,x
a (P B,y

b )op
)
σ |τ〉 |2 =O(poly(ε)), (11.5)

where the second line follows from the triangle inequality and the third line follows from

Cauchy-Schwarz. The last line follows from {P (Ora),(x,y)
a,b }, {P A,x

a } and {(P B,y
b )op } being three sets

of POVMs and (11.4).
Finally, since the question label (Ora) is selected with probability 1/3 by the first prover,

by (11.1), with expectation over the distribution µ, the measurement 〈τ|σP (Ora),(x,y)
a,b σ|τ〉 will

produce an answer (a,b) such that D(x, y, a,b) with probability at least 1−O(poly(ε)) (or else
the players will lose G Ora). This, in conjunction with (11.5), shows the “soundness" clause in
the lemma.

For the “sample complexity" property in the lemma statement, assume µ, the input distri-
bution for G , is samplable via a (k,m, p) CL distribution. Let LA and LB be the two (k,m, p)
conditional linear functions used to define µ. We show that G Ora is (k + 1,m + 4, p) CL sam-
plable by using the series composition of two sets of CL functions (given in Definition 7.2.3).
Let V0 = F4

2p and write V , and V>0 = Fm
2p , we define the two (k + 1,m + 4, p) conditional linear

functions LA,Ora and LA,Ora as follows:
For simplicity of notation, we assume elements in V0 are represented under the canonical

representation (i.e. as elements of {0,1}4·p ). Write every elements s ∈ V0 as s = (s0, s1, s2, s3, s4),
where si ∈ {0,1} for i ∈ [4] and s4 ∈ {0,1}4·(p−1). Define

LA,Ora
0,0 (s0, s1, s2, s3, s4) = (s0, s1 ,⃗ 0), LB ,Ora

0,0 (s0, s1, s2, s3, s4) = (s2, s3 ,⃗ 0),

where 0⃗ is the all 0 string in {0,1}4·p−2, we define

LA,Ora
>0,(0,0,⃗0)

= LB ,Ora
>0,(0,0,⃗0)

= LA LA,Ora
>0,(0,1,⃗0)

= LB ,Ora
>0,(0,1,⃗0)

= LB LA,Ora
>0,(1,0,⃗0)

= LB ,Ora
>0,(1,0,⃗0)

= I,

where I is the identity function on V>0. Intuitively, (0,0) label corresponds to the question la-
bel “Prover A"; the (0,1) label corresponds to “Prover B"; and the (1,0) label corresponds to
“Oracularization". If the prover receives the label “Oracularization", we give the entire seed
to that prover in order for them to compute the question label (x, y) themselves. We remark
that we can treat the label (1,1) as a free win for the provers, which occurs only with a constant
probability; this raises the soundness condition by only a constant factor. This completes the
argument for the “sample complexity" claim.
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Throughout the thesis, the “completeness" condition for almost all transformations of games
always has a requirement that preserves perfect oracularizable strategies. As remarked in Sec-
tion 4.4, the only use for this requirement in this thesis is to show the “completeness" condition
for the oracularization transformation to hold.

11.3 Time-bounded classical PCPP

We recall the following PCPP protocol given in [JNV+22a, Section 10] (which is a modification
of the work by [Har04]). Since we do not modify the construction from [JNV+22a], we do not go
through the details of this construction in this thesis, and instead refer to the original reference
for more details. Recall from the preliminaries that given a string a ∈ {0,1}n , one can encode a
into a low-individual-degree log(n)-variate polynomial with a low-individual degree of 2 using
the generalize Reed-Muller encoding given in (10.1). The following theorem is the main result
of [JNV+22a, section 10.1-10.5].

Theorem 11.3.1 (Time bounded decider PCPP). Let D be a decider for a CL verifier V , andα ∈N.
There exist two Turing machines (PCPParameterα,ComputePCPα). PCPParameterα takes, as
input n ∈N and outputs a tuple of parameters (mans,mPCPP, g , p) such that the following holds:

• TIMEPCPParameterα =O(poly(α, log(n)))

• mans, g =O(poly(α, log(n)))

• mPCPP = 5·mans+5+g , where g is padded such that mPCPP is of the form 2i for some integer
i .

• Let 1 ≥ cSLD,1 and 0 < cSLD,2 ≤ 1 be the universal constant defined within Lemma 10.4.1.
The field size p is chosen to be the smallest integer which satisfies the following:

1. p ≥ αcSLD,2+3cSLD,1)·log(g )
cSLD,2

,

2. (2+5p)·mans

2p < 1
2 ,

3. pmPCPP

2p ≤ s−cSLD,2α,

4. 2p is divisible by mPCPP.

By the choice of parameters, one can check that p =O(polylog(α, log(n)))

The Turing machine ComputePCPPα takes, as input, another Turing machine 〈D〉, a natural
number n ∈ N and a pair of strings (x, y) such that |x|, |y | ≤ logα(n), and outputs a descrip-
tion of a mPCPP-variate polynomial gD ∈ IdPoly(p,mPCPP, p). ComputePCPPα has the following
properties:

• (Time complexity): ComputePCPPα takes time O(poly(α, logα(n), |〈D〉|)).

• (The complexity of the PCPP formula): The description of gD can be represented using
O(poly(α, log(n)) bits, and evaluating gD at a single point takes time O(poly(α, log(n)).

Furthermore, if |D| = poly(α) and there exist two strings (a,b) ∈ {0,1}nα

such that D(n, x, y, a,b) =
1 with

TIMED(n, x, y, a,b) ≤ nα.

Then there exist five polynomials ga ,gb ,gw0
,gw1

,gw2
∈ IdPoly(p,mans, p) such that the following

holds:
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• ga is the Reed-Muller encoding of encΓ(a), where encΓ is the encoding map for the “padded
version" of a which maps any string with length at most nα to a string with 2mans

. The
padded encoding map is given in [JNV+22a, Proposition 10.19]. The Reed-Muller encoding
is defined over FmPCPP

2p .

• gb is the Reed-Muller encoding of encΓ(b), defined similarly as ga .

• For every s ∈ FmPCPP

2p , partition s = (s0, · · · , s4,b0, · · · ,b4, z), where for i ∈ [5], si ∈ Fmans

2p , bi ∈
F2p and z ∈ Fs

2p . Define the polynomial gFull
D ∈ IdPoly(p,mPCPP,d) as the polynomial with

individual degrees at most 32 as

gFull
D (s) = gD(s)·(ga(s0)−b0)·(gb(s1)−b1)·(gw0

(s2)−b2)·(gw1
(s3)−b3)(gw2

(s4)−b4). (11.6)

Moreover, for every s ∈ {0,1}mPCPP ⊆ FmPCPP

2p , gFull
D (s) = 0.

We remark that the parameter requirement for (mans, g , p) given in the above theorem fol-
lows according to [JNV+22a, Definition 10.22], and indeed the individual degree for each poly-
nomials in the above definition is at most d . Intuitively, ga and gb in the above theorem en-
codes the answers given by the provers for the game G , and gw0

, gw1
, gw2

is an encoding for
the 3-SAT instances from the computation steps of D via the well known Cook-Levin encod-
ing. In the theorem above, a polylog time bounded verifier can only compute a description
of the polynomial gD given D and the question pair (x, y), and can only evaluate O(polylog(n))
points from gD. The verifier must somehow query the potentially dishonest provers for the
existence of ga ,gb ,gw0

,gw1
,gw2

to confirm the existence of such answer pair (a,b) such that
D(n, x, y, a,b) = 1.

On a high level, in the PCPP protocol, the verifier can compute the low-individual degree
polynomial gD since he has access to the description of the decider D. Then, the verifier can,
with the help of the prover, verify the existence of the five low-individual degree polynomials
guaranteed by the above theorem, and as well as the resulting gFull

D is 0 on all the points within
the “0/1 subcube". Verifying the existence of the five low-individual degree is easy via the si-
multaneous quantum low-individual degree test given on the last subsection. The verifier can
use the following lemma to check that gFull

D is zero on the subcube {0,1}mPCPP
.

Lemma 11.3.2 (Polynomial basis of zero functions, Proposition 10.21 of [JNV+22a]). Let m, p ∈
N and let f ∈ IdPoly(p,m,d). Suppose f(s) = 0 for all s ∈ {0,1}m ⊆ Fm

2p . Then there exist m polyno-
mials {ci }i∈[m], each ci ∈ IdPoly(p,m,d), and for all (x0, · · · , xm) ∈ Fm

2p

f(x0, · · · , xm) = ∑
i∈[m]

ci (x0, · · · , xm) ·zero(xi )

where zero : F2p → F2p is the polynomial x · (1−x).

Hence, instead of checking gFull
D directly, the verifier can ask the provers to compute each ci

guaranteed by the above theorem, and check their existence again via the simultaneous quan-
tum low-individual degree test.

We now give a summary for the verification procedure for a verifier given a decider D and
the integer n assuming the provers are honest. We first define ga ,gb ,gw0

,gw1
,gw2

: FmPCPP

2p → F2p

as follows: For every s ∈ FmPCPP

2p , partition s = (s0, · · · , s4,b0, · · · ,b4, z), where for i ∈ [5], si ∈ Fmans

2p ,
bi ∈ F2p and z ∈ Fs

2p .

ga(s0, · · · , s4,b, w) = ga(s0), gb(s0, · · · , s4,b, w) = gb(s1), gw0
(s0, · · · , s4,b, w) = gw0

(s2)

gw1
(s0, · · · , s4,b, w) = gw1

(s3), gw2
(s0, · · · , s4,b, w) = gw2

(s4), (11.7)
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Note for v ∈ {a,b, w0, w1, w2}, gv and gv are almost identical, except that gv is a low-degree
polynomial over mans and gv is a low-degree polynomial over mPCPP. We can also rewrite (11.6)
without the need to partition the input s, as follows:

gFull
D (s) = gD(s) · (ga(s)−b0) · (gb(s)−b1) · (gw0

(s)−b2) · (gw1
(s)−b3)(gw2

(s)−b4). (11.8)

The answer reduction is a combination between the oracularization transformation, however,
instead of computing the decision procedure given in Figure 11.1, the encoding from Theo-
rem 11.3.1 are used instead to verify that the provers indeed generate the correct answers for
the given question pair. To be more precise, assuming that both provers are honest, the verifier
performs the following on the answer reduction protocol with the provers.

1. The verifier first samples the question pair (x, y) and (nA ,nB ) according to the sampling
procedure given in Theorem 11.3.1, and send the question pair normally to the two provers.

2. Upon receiving the question label and the question pair, the prover computes the follow-
ing:

• If the question label is (Prover, A), the prover generate the answer a for the question
x for G , and then generate the polynomial ga by using the encoding map encΓ The-
orem 11.3.1.

• Similarly, if the question label is (Prover, B), the prover generates the answer b for
the question y for G , and then generate the polynomial gb .

• If the question label is (Oracularization), the prover generates the answer pair (a,b)
for the question pair (x, y) for G (from which a only depends on x and b only de-
pends on y). Then, the prover computes the following

– The polynomial ga , gb similarly as above.

– gD(x) base on D, and the question pair (x, y) given by the verifier.

– The mans-variate polynomial gw0
,gw1

,gw2
and the mPCPP-variate polynomial

gFull
D (x) guarantee by Theorem 11.3.1.

3. Then, the verifier computes (mans,mPCPP, g , p) = PCPParameterα(n). The verifier also
computes the description of gD, by running ComputePCPPα(D,n, x, y).

4. If the question pair is (Prover, A) – (Oracularization) or (Prover, A) – (Prover, A), the verifier
uses the (p,mans, p)-quantum low-individual degree test to verify that the prover shares
the same low degree polynomial ga .

5. If the question pair is (Prover, B) – (Oracularization) or (Prover, B) – (Prover, B), the verifier
uses the (p,mans, p)-quantum low-individual degree test to verify that the prover shares
the same low degree polynomial gb .

6. If the question pair for both provers is (Oracularization), the verifier performs the follow-
ing with some constant probability.

(a) (Low-individual degree test on assignments) The verifier arbitrarily picks w ∈ {w0, w1, w2},
and uses the (p,mans, p)-quantum low-individual degree test to verify that the prover
shares the same low degree polynomial gw .

(b) (Simultaneous low-individual degree test) The verifier performs the (p,mans, p,6+
mPCPP)-simultaneous low-individual degree test on the polynomials

ga ,gb ,gw0
,gw1

,gw2
,gFull

D ,c0, · · · ,cmPC PP−1

where c0 · · ·cmPC PP−1 are the polynomials guaranteed by Lemma 11.3.2 when applied
to gFull

D (x) to verify that the prover actually shares these polynomials.
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(c) (Evaluation test) The verifier samples s ∈ FmPC PP

2p , and ask both provers to compute

(u0, · · · ,u4) = (ga(s),gb(s),gw0
(s),gw1

(s),gw2
(s)), γ= gFull

D (s),

(β0, · · · ,βmPC PP−1) = (c0(s), · · · ,cmPC PP−1(s)).

The verifier rejects under the following conditions.

• (Consistency check) If the two provers output different values.

• (Formula check) Parse s = (s0, · · · , s4,b0, · · · ,b4, z), where for i ∈ [5], si ∈ {0,1}mans
,

bi ∈ {0,1} and z ∈ {0,1}s . The verifier rejects if

γ ̸= gD(s) · (u1 −b0) · · · (u4 −b4).

• (Zero on subcube test check) Parse s = (s0, · · · , smPC PP−1), where each si ∈ F2p for
i ∈ [mPC PP ]. The verifier rejects if

γ ̸= ∑
i∈[mPC PP ]

βi ·zero(si ).

where zero is the polynomial defined in Lemma 11.3.2.

Since the input/output for the (evaluation test) on the prover side is the same as a “point"
question on the (simultaneous low-individual degree test), the evaluation test is attached as
part of the consistency test when running the simultaneous low-individual degree test in the
answer reduction protocol below. As mentioned in the beginning of the section, the “oracu-
larization" question pair can also be combined with the “simultaneous low-individual degree
test" question to make the above procedure a one round interaction.

To analyze the “soundness" condition of the protocol, we have to ensure that if there is no
valid answer pair (a,b) with the appropriate length such that D(n, x, y, a,b) = 1, then the provers
cannot generate valid polynomials gv for v ∈ {a,b, w0, w1, w2} which can be used to trick the
verifier in the above procedure. In order to state this more precisely, we need to first define the
notion of a low-degree PCPP proof below.

Definition 11.3.3 (Low-degree PCPP proof, definition 10.23 of [JNV+22a]). Given mans, g , p ∈N,
let mPCPP be as of the requirement given in Theorem 11.3.1. A low-degree PCPP proof is a tuple
Πmans,g ,p of evaluation tables over polynomials

(ga ,gb ,gw0
,gw1

,gw2
,gFull

D ,c0, · · · ,cmPC PP−1), (11.9)

where ga ,gb ,gw0
,gw1

,gw2
∈ IdPoly(p,mans, p), and gFull

D ,c0, · · · ,cmPC PP−1 ∈ IdPoly(p,mPCPP, p).

The evaluation ofΠmans,g ,p at s ∈ {FmPC PP

2p } is given by

evals(Πmans,g ,p ) = (ga(s0),gb(s1),gw0
(s2),gw1

(s3),gw2
(s4),gFull

D (s),c0(s), · · · ,cmPC PP−1(s)).

where s is parsed as s = (s0, · · · , s4,b0, · · · ,b4, z).

Intuitively, a low-degree PCPP proof is a classical proof in which the provers can generate
a proof for the above verification procedure. We now state the (classical) soundness result for
the PCPP procedure given in Theorem 11.3.1.

Theorem 11.3.4 (Classical soundness of the time bounded decider PCPP, theorem 10.25 of [JNV+22a]).
Let n,α ∈ N, let (ComputePCPPα,PCPParameterα) be the two Turing machines given in Theo-
rem 11.3.1, and let

• D be a decider for a CL verifier V ,
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• x, y be two strings of length at most logα(n),

• (mans,mPCPP, g , p) be the outputs of PCPParameterα(n),

• gD be the outputs from ComputePCPPα(D,n, x, y).

Then the following holds:

• (Completeness): If there exist two strings a,b ∈ {0,1}nα

such that D(n, x, y, a,b) = 1 with
TIMED(n, x, y, a,b) ≤ nα, then there exists a low-degree PCPP proof Πmans,g ,p such that for

all s ∈ {FmPC PP

2p }

ValidatePCPP(gD,mans, g , p, s,evals(Πmans,g ,p )) = 1

where the function ValidatePCPP is as specified in Pseudocode 12.

• (Soundness): If there exists a low-degree PCPP proofΠmans,g ,p such that

Pr
s∼{FmPC PP

2p }
[ValidatePCPP(gD,mans, g , p, s,evals(Πmans,g ,p )) = 1] > 1

2
, (11.10)

then there exist two strings a,b ∈ {0,1}nα

such that ga = encΓ(a) and gb = encΓ(b), where
ga ,gb are two low-individual degree polynomials used to defineΠmans,g ,p and D(n, x, y, a,b) =
1 with

TIMED(n, x, y, a,b) ≤ nα.

1 Input: Polynomial (gD), parameter mans, g , p, PCPP view s,Ξ
2 Compute mPCPP = 5 ·mans +5+ g .

3 Parse Ξ= (u0, · · · ,un ,γ,β0, · · · ,βmPCPP−1) where each variable is in {0,1}mPCPP
, return 0 if

this cannot be done.
4 Parse s = (s0, · · · , s4,b0, · · · ,b4, z), where for i ∈ [5], si ∈ {0,1}mans

, bi ∈ {0,1} and z ∈ {0,1}s ,
return 0 if this cannot be done.

5 If γ ̸= gD(s) · (u1 −b0) · · · (u4 −b4), return 0.
6 If γ ̸=∑

i∈[mPC PP ]βi ·zero(s), return 0
7 Return 1 if all the clause above fails.

Pseudocode 12: ValidatePCPP(gD,mans, g , p, s,Ξ), the validation algorithm for the
PCPP procedure.

In the above theorem, the completeness clause follows directly from Theorem 11.3.1. How-
ever, the soundness clause is stated differently from the quantum soundness used in this thesis
because the definition of the PCP differs from that of the classical MIP (see [ALM+98]). The
soundness theorem essentially states the following: Imagine that the verifier can give a point
s to one of the provers, Alice, and ask her to evaluate s on all the polynomials given in (11.9)
and output the answer. Alice has to evaluate the polynomials honestly, but she does not nec-
essarily have to generate the given polynomials according to the procedure given by the PCPP.
She can instead fix any low-individual degree polynomials and evaluate the point s on them.
What the above theorem essentially states is that, unless TIMED can be satisfied (by some a, b),
Alice cannot construct any sets of polynomials that can cause the verifier to accept using the
procedure given in Pseudocode 12 with high probability.

11.4 The answer reduction transformation

Using the PCPP procedure given in the last subsection, we give a proof of Proposition 7.4.3
below. For convenience, we restate the proposition below.
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Orac Q SLDT Q Question content Answer format

(Prover, A)
(Point) x ∈X , s A ∈ Fmans

2p uA = Fq

(Dline) x ∈X , ( j , s A
D ) ∈ [mans]×Fmans

2p fD
A : F2p → F2p

(Aline) x ∈X , ( j , v, s A
A ) ∈ [mans]×F2mans

2p fA
A : F2p → F2p

(Prover, B)
(Point) y ∈X , sB ∈ Fmans

2p uB = Fq

(Dline) y ∈X , ( j , sB
D ) ∈ [mans]×Fmans

2p fD
B : F2p → F2p

(Aline) y ∈X , ( j , v, sB
A ) ∈ [mans]×F2mans

2p fD
B : F2p → F2p

(Point) (x, y) ∈X 2, swo ∈ Fmans

2p uwo ∈ F2p

(Orao ) (Dline) (x, y) ∈X 2, ( j , swo
D ) ∈ [mans]×Fm

2p fD
wo : F2p → F2p

o ∈ [3] (Aline) (x, y) ∈X 2, ( j , v, swo
A ) ∈ [mans]×F2m

2p fD
wo : F2p → F2p

(Ora)

(Point) (x, y) ∈X 2, s ∈ Fm
2p (u0, · · · ,u4,γ,β0 · · · ,βm−1) ∈ F2p

(Dline) (x, y) ∈X 2, ( j , sD) ∈ [m]×Fm
2p (fD

U0
, · · · , fD

U4
, fD
Γ

, fD
B0

· · · , fD
Bm−1

)

fD
v : F2p → F2p

(Aline) (x, y) ∈X 2, ( j , v, sA) ∈ [m]×F2m
2p (fA

U0
, · · · , fA

U4
, fA
Γ

, fA
B0

· · · , fA
Bm−1

)

fD
v : F2p → F2p

Figure: Q and A format for the answer reduction protocol AnswerReductionα applied to a CL verifer (Q,D).

Sampling procedure

If at any point during the sampling procedure given below, the following happens:

• There is an error in running the subroutine Q or PCPParameterα(n).

• Or if the runtime exceed logγ
AR

(n) (for some γAR picked later in the proof of Proposition 7.4.3).

Then halt the sampling procedure and instead sample a question pair from Greject, the rejecting game
from Definition 6.2.3.

1. Given the input n, sample a question pair (x, y) ∼ µn by using Q(n, ·). Then compute the parameter
(mans,mPCPP, g , p) = PCPParameterα(n) and set m = mPCPP.

2. Uniformly (nO,0),nO,1 ∈ {(Prover, A), (Prover, B), (Ora)}2, if (Ora) is sampled for nO,i for i ∈ {0,1}, uni-
formly sample another element {(Ora)0, (Ora)1, (Ora)2, (Ora)} and set nO,i to be that element. Sample
nL,0,nL,1 ∼ {(Point,DLine,ALine)} and sample s ∼ {0,1}m .

3. Parse s = (s0, · · · , s4,b0, · · · ,b4, z), where for i ∈ [5], si ∈ {0,1}mans
, bi ∈ {0,1} and z ∈ {0,1}s .

4. For i ∈ {0,1} corresponds to the two provers

(a) If nO,i = (Prover, A), sample a question for the (p,mans, p)-quantum low-individual degree test
according to the label of nL,i , where the point question uses sA = s0. Send ((Prover, A), x), as well
as the question label for the quantum low-individual degree test to prover i .

(b) If nO,i = (Prover, B), sample a question for the (p,mans, p)-quantum low-individual degree test
according to the label of nL,i , where the point question uses sB = s1. Send ((Prover, B), y), as well
as the question label for the quantum low-individual degree test to prover i .

(c) If nO,i = (Ora)o for o ∈ [3], sample a question for the (p,mans, p)-quantum low-individual degree
test according to the label of nL,i , where the point question uses swo = so+2. Send ((Ora), (x, y)),
as well as the question label for the quantum low-individual degree test to prover i .

(d) Otherwise, sample a question for the (p,m, p,6+m)-simultaneous quantum low-individual de-
gree test according to the label of nL,i , where the point question uses s. Send ((Ora), (x, y)), as
well as the question label for the simultaneous quantum low-individual degree test to prover i .

Figure 11.2: The description for QAR for the answer reduction protocol AnswerReductionα applied to a CL verifer
(Q,D).
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Verification procedure
If at any point during the sampling procedure given below, the following happens:

• There is an error in running the subroutine D, PCPParameterα or ComputePCPPα.

• Or if the runtime exceed logγ
AR

(n) (for some γAR picked later in the proof of Proposi-
tion 7.4.3).

Halt the decision procedure and immediately outputs 0.
Preprocessing steps.

1. Compute the description of the polynomial gD = ComputePCPPα(D,n, x, y) from Theo-
rem 11.3.1.

2. Compute the parameter (mans,mPCPP, g , p) = PCPParameterα(n) and set m = mPCPP.

The verifier then perform the following series of check in sequences:
Low-individual degree check.

1. If nO,0 = nO,1 = (Prover, P) for P ∈ {A,B} or nO,0 = nO,1 = (Orao) for o ∈ [3], return 0 if they loses
on the (p,mans, p)-quantum low-individual degree test.

2. If nO,0 = nO,1 = (Ora), return 0 if they loses on the (p,m, p,6+m)-simultaneous quantum
low-individual degree test instances.

Prover consistency check. For i ∈ {0,1}

1. If (nO,i ,nL,i ) = (nO,1−i ,nL,1−i ), return 0 if the answer given by both provers are inconsistent
with each other.

2. If (nO,i ,nL,i ) = ((Prover, A), (Point)) and (nO,1−i ,nL,1−i ) = ((Ora), (Point)), return 0 if uA ̸= u0.

3. If (nO,i ,nL,i ) = ((Prover, B), (Point)) and (nO,1−i ,nL,1−i ) = ((Ora), (Point)), return 0 if uB ̸= u1.

4. If (nO,i ,nL,i ) = (Orao , (Point)) for o ∈ [3] and (nO,1−i ,nL,1−i ) = ((Ora), (Point)), return 0 if uwo ̸=
uo+2.

PCPP proof check. For i ∈ {0,1}

1. If (nO,i ,nL,i ) = ((Ora), (Point)), write s = (s0, · · · , s4,b0, · · · ,b4, z). Return 0 if either

(a) γ ̸= gD(s) · (u1 −b0) · · · (u4 −b4).

(b) γ ̸=∑
i∈[mPC PP ]βi ·zero(si )

Return 1 if none of the test above fails.

Figure 11.3: The description for DAR for the answer reduction protocol AnswerReductionα applied to a
CL verifer (Q,D).
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Proposition 11.4.1 (Answer Reduction). For all constants (α,k) ∈ N there exists a polynomial
time algorithm AnswerReductionα,k that takes, as input, a pair of Turing machines (Q,D) and
outputs a tuple of Turing machine machines (QAR,DAR) such that the following holds:

There exist a polynomial For models t ∈ {∗,co}, AnswerReductionα outputs a pair of Turing
machines (QAR,DAR), which defines a synchronous CL-verifier V AR for an infinite sequence of
game G AR = {G AR

n }n∈N with the following properties: There exists an integer γAR = O(poly(α))
such that

1. (Runtime): AnswerReductionα have runtime

TIMEAnswerReductionα(poly(α), |Q|, |D|).

2. (Dependency for QAR) The Turing machine QAR only depends on the input Q and α.

Furthermore, if the input V = (Q,D) is a max{4,k + 2} level synchronous CL verifier for the
infinite sequence of synchronous game G = {Gn}n∈N for some constant k ∈ N, and there exists
some constant n0 ∈N such that for all n ≥ n0, we have

• |DQR| =O(poly(α,k)).

• Q(n,Parameter) ≤ logα(n),

• TIMEQ(n) ≤ logα(n),

• TIMED ≤ nα.

Then there exists some integer nAR
0 = poly(γAR,n0) with n0 ≤ nAR

0 such that for all n ≥ nAR
0

1. (Complexity bounds for the output):

• TIMEQAR (n) ≤ max
{

logγ
AR

(n),C trivial
}

,

• TIMEDAR (n) ≤ max
{

logγ
AR

(n),C trivial
}

,

for some universal constant C trivial.

2. (Level for the CL sampler) The Turing machine QAR is a level max{k +2,5} CL sampler.

3. (Completeness) If there exists a perfect oracularizable strategy for Gn in model t , then there
exists a perfect oracularizable strategy for G AR

n in model t .

4. (Soundness) There exist a universal function sAR
α which depends on n and ε with O(sAR

α ) =
O(polylog(n),poly(ε)) such that, for any polynomial ε :N→ [0,1]

ωt (Gn) ≤ 1−ε(n) =⇒ωt (G QR
n ) ≤ 1−sAR

α (ε(n),n)

Proof. Fix the constants α,k ∈ N. We define the algorithm AnswerReductionα,k as follows:
Given a pair of Turing machine (Q,D), we specify the sampling procedure QAR in Figure 11.2 and
the decision procedure DAR by Figure 11.3. We denote Gn to be the n-th game generated by
the original game sequence (from the input (Q,D)) and G AR

n = (X AR
n ,A AR

n ,µAR
n ,DAR

n ) be the n-th
game from the answer reduction transformation.

The “Runtime" clause of Proposition 7.4.3 follows from the description of Figure 11.2 and Fig-
ure 11.3, where computing the description of 〈QAR〉 and 〈DAR〉 does not involve computing spe-
cific instances of (Q,D) (and hence have no dependency on n). The “Dependency for QAR" fol-
lows from the description of Figure 11.2 (i.e. it only depends on Q and the constant α).
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Now, assume the input for AnswerReductionα,k is a game sequence V = (Q,D) with the
property given in the “furthermore" part of Proposition 7.4.3. To show the “complexity bound
for the output" part, we analyze the complexity of QAR and DAR without the “runtime exceeding

logγ
AR

(n) clause from Figure 11.2 and Figure 11.3. We start with QAR where, by analyzing each
step of the description given in Figure 11.2, we incur the following:

1. Sampling the question pair (x, y) from the Turing machine Q takes time logα(n) by defi-
nition. By Theorem 11.3.1 computing PCPParameterα(n) takes time O(poly(α, log(n))).
This implies that step 1 takes step O(poly(α, logα(n))).

2. Sampling the “oracularization" label takes constant time. By the parameter choice guar-
anteed by mans and g, m =O(poly(α, log(n))) which means sampling s takes time O(poly(α, log(n))),
giving step 2 of a runtime of O(poly(α, logα(n))) steps.

3. Step 3 takes time O(poly(α, logα(n))) time due to the size of m.

4. Sampling the question label for the quantum low-individual degree test/simultaneous
quantum low-individual degree test takes time O(m) =O(poly(α, logα(n))) time.

Hence, since α is chosen to be a constant in the beginning, the runtime for QAR, assuming it
does not stop by the termination clause, takes time O(polylog(n)) time. Now we analyze the
runtime for DAR. By studying each line of the description given in Figure 11.3, we incur the
following:

• Preprocessing steps. Computing ComputePCPPα(D,n, x, y) takes time O(poly(α, log(n)))
and computingPCPParameterα(n) takes time O(poly(α, log(n), |〈D〉|)) =O(poly(α, log(n),k)).

• Low-individual degree check. Verifying the quantum low-individual degree test/simultaneous
quantum low-individual degree test in this instance takes time O(poly(α, log(n))) by the
choices of parameters and Lemma 7.1.1.

• Prover consistency check. Comparing equality of outputs takes time O(poly(α, log(n)))
again by the choices of parameters.

• PCPP proof check. Evaluating the low-individual degree polynomial and comparing the
corresponding output takes time O(poly(α, log(n))) again by the choices of parameters.

Again, since α and k are chosen to be constants, the runtime for DAR, assuming it does not stop
by the termination clause, takes time O(polylog(n)). Hence, pick γAR ∈ N to be the minimum
constant such that the following holds:

TIMEQAR (n) ≤O(logγ
AR

(n)), TIMEDAR (n) ≤O(logγ
AR

(n)). (11.11)

and let C trivial be the constant such that G reject can be both sampled and decided in time C trivial.
Pick nAR

0 ∈N be the smallest integer such that

TIMEQAR (nAR
0 ) ≤ logγ

AR
(nAR

0 ), TIMEDAR (nAR
0 ) ≤O(logγ

AR
(nAR

0 )), (11.12)

and the “complexity bound" clause follows from the definition of the big O notation.
For the “level clause", we see that the input distribution µAR

n is essentially an instance of the
oracularization transformation of Gn and an instance of the quantum low-individual degree
test/simultaneous quantum low-individual degree test depending on the oracularization label.
By combining the “sample complexity" clause on both Lemma 11.2.1 and Lemma 10.4.1, and
using the series composition of CL functions given by Definition 7.2.3 (in this case, only the first
label for oracularization is being used to control which of the low-individual degree/simultaneous
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quantum low-individual degree test is being performed), we obtain a max{k +2,5+1}-CL dis-
tribution that samples µAR

n . This shows the ‘level clause" of the proposition.
For the “completeness clause", we describe the perfect oracularizable strategy for G AR as

follows:

1. Upon receiving the questions, the provers first perform the perfect strategy for G Ora
n , the

oracularized version of Gn , guaranteed by Lemma 11.2.1 using the oracularization label
and the question pair for the original game as the question label for G Ora

n .

2. For P ∈ {A,B}, if the oracularization label is “(Label P)", the prover computes the follow-
ing:

(a) Generate the corresponding low-individual degree polynomial gp according to The-
orem 11.3.1.

(b) Perform the quantum low-individual degree test using the SLDT Q label and the
low-degree test question content as the question label, and using gp as the “shared
polynomial" between the two provers. We remark that this step is classical accord-
ing to the procedure described in Section 10.2.

3. For o ∈ [3], if the oracularization label is “Orao", the prover computes the following:

(a) Compute the polynomials described in Theorem 11.3.1 using the question labels
(x, y), and the answer obtained (a,b).

(b) Perform the quantum low-individual degree test using the SLDT Q label and the
low-degree test question content as the question label, and using gwo

as the “shared
polynomial" between the provers.

4. If the oracularization label is “Ora", the prover computes the following:

(a) Compute the polynomials described in Theorem 11.3.1 using the question labels
(x, y), and the answer obtained (a,b), also computes the polynomials described
in Theorem 11.3.1, as well as the “zero polynomials" ci , i ∈ [m] generated by Lemma 11.3.2
applied to the polynomial gFull

D .

(b) Perform the simultaneous quantum low-individual degree test using the SLDT Q la-
bel and the low-degree test question content as the question label, and using all the
polynomials computed in the previous step as the “shared polynomials" between
the provers.

From a measurement perspective, this is essentially just an instance of G Ora
n for the provers.

Hence, the completeness clause follows from the completeness clause of Lemma 11.2.1.
The “soundness" clause proceeds similarly to [JNV+22a, Section 10.7], except we use the

notation from Table 4.1 to translate the proof from the finite-dimensional setting to the tracially
embeddable strategies setting. Since the “soundness" proof is extremely technical, we choose
to present it in the next section for clarity.

11.5 Proof of the “soundness" clause for the AR transformation

Fixα,n ∈N, let Gn = (Xn ,An ,µn ,Dn) be the nth game of V , and let G AR
n = (X AR

n ,A AR
n ,µAR

n ,DAR
n )

and G Ora
n = (X Ora

n ,A Ora
n ,µOra

n ,DOra
n ) denote the answer reduction transformation given in Sec-

tion 11.4 and Section 11.2. Given a question label x ∈X AR
n , we write x = (xOra, xLDL, (xgame, xLDC))

where each elements corresponds to the “oracularizable question label", “SLDT question la-
bel", question content for the original game Gn , and question content for SLDT from Fig-
ure 11.2 respectively. When we fix certain question labels, we might omit that portion of the
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question label for simplicity notation. Furthermore, let (PCPParameterα,ComputePCPα) be the
two Turing machine guaranteed by Theorem 11.3.1, and let (mans,m, g , p) = PCPParameterα(n).

Before we start giving a proof of the “soundness clause", we first give an overview on how
the proof goes. To show the “soundness" clause, it is equivalent to show that there exist a poly-
nomial function tAR

α with tAR
α =O(polylog(n),poly(ε)) such that for model t ∈ {∗,co}

ωt (G AR
n ) > 1−ε=⇒ωt (G ) > 1− tAR

α (ε,n).

Hence, assume that ωt (G AR
n ) > 1− ε, and fix strategy in model t such that S succeed at G AR

n

with probability at most ε. We show the soundness clause by proving the following:

1. By using Theorem 10.3.1, we first show that there exist a strategy S poly for G AR
n which

consists of the provers first performing hidden measurements and sampled 6+m low-
individual degree polynomials, and then using these polynomials to pass all the low-
individual degree polynomial/simultaneous low-individual degree polynomial test for
G AR

n .

2. Then we use Theorem 11.3.4 on the polynomial generated by S poly to construct a strat-
egy S Ora for G Ora

n which succeed with probability at least 1−O(polylog(n),poly(ε)).

3. Finally, we conclude the proof by applying Lemma 11.2.1 to show that there exists a strat-
egy for Gn which succeed with probability at least 1−O(polylog(n),poly(ε)), thus showing
the lemma.

For simplicity of notations, we work with synchronous strategies in order to show point 1 and
2. For a question pair (x, y) = (

(xOra, xLDL, (xgame, xLDC)), (yOra, yLDL, (ygame, yLDC))
)

for G AR
n , we

observe that the synchronous question pair for G AR
n corresponds to the case where xOra = yOra

and xLDL = yLDL which occur with constant probability. This implies that the game G AR
n is 1

cb
-

balanced for some constant 1
cb

, and hence any strategy S for G AR
n which succeed with proba-

bility 1−ε must be cb ·ε-synchronous. By Lemma 5.3.1

ωt (G AR
n ) > 1−ε=⇒ωt

s(G AR
n ) > 1−ε−sRounding(cbε) = 1−δ1. (11.13)

Hence, fix a synchronous strategy S = (L 2(A ,τ), |τ〉 , {Ax
a}) such that ω(G AR

n ,S ) > 1− c1 ·δ1,
where c1 is a sufficiently small constant chosen later in the proof.

Define the function evaln
s : IdPoly(p,mans, p)×n → F×n

2p as evaln
s (g0, · · · ,gn−1) = (g0(s), · · · ,gn−1(s)).

We wish to first show the following claim:

Claim 11.5.1. For all (xgame, ygame) ∈X 2, there exist six sets of PVM in A ′,

{G (Prover, A),xgame

g
}g∈IdPoly(p,mans,p), {G (Prover, B),ygame

g
}g∈IdPoly(p,mans,p)

{G (Ora)o ,(xgame,ygame)
g

}g∈IdPoly(p,mans,p) for o ∈ {0,1,2}

{G (Ora),(xgame,ygame)
gU0

,··· ,gU4
,gΓ,gB0

··· ,gBm−1
}gv∈IdPoly(p,m,p)

such that the following hold: For s ∈ Fmans

2p and n ∈N,

A(Prover, A),(Point),xgame,s
u ≃O(poly(ε,log(n),α)) G (Prover, A),xgame

[eval1
s |u]

, (11.14)

A(Prover, B),(Point),ygame,s
u ≃O(poly(ε,log(n),α)) G (Prover, B),ygame

[eval1
s |u]

, (11.15)

A(Ora)o ,(Point),((xgame,ygame),s)
u ≃O(poly(ε,log(n),α)) G (Ora)o ,(xgame,ygame)

[eval1
s |u]

, o ∈ {0,1,2}, (11.16)

A(Ora),(Point),((xgame,ygame),s)
u0,··· ,u4,γ,β0,··· ,βm−1

≃O(poly(ε,log(n),α)) GOra,(xgame,ygame)

[eval6+m
s |(u0,··· ,u4,γ,β0,··· ,βm−1)]

, (11.17)

where ≃ for the above four equations is defined over the distribution (xgame, ygame) ∼ µn and
s ∼ Fmans

2p for the first 3 equation, and s ∼ Fm
2p for the last equation and over the state |τ〉.
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Proof. G AR, when the question set is restricted to the case where the oracularization question
label is restricted to “(Prover A)", and the question content for Gn is fixed to some xgame ∈
X , is precisely an instance of the (p,m, p)-low-individual degree test. Since S succeed with
probability 1−c1 ·δ1, and the probability that both oracularization question label in a question
pair to be both “(Prover A)" being 1

9 . This implies that, on average over (µn)X , the strategy S ,
when restricted to the case where (xOra, yOra) being both “(Prover A)", succeed with probability
at least 1−9 ·δ1. Hence, by Theorem 10.3.1

A(Prover, A),(Point),xgame,s
u ≃ηLD(p,m,p,9·δ1) G (Prover, A),xgame

[eval1
s |u]

,

where ≃ for the above equations is defined over the distribution (xgame) ∼ µn and s ∼ Fmans

2p

By the choice of the parameter p,mans = O(poly(α, log(n))), this immediately shows (11.14).
(11.15) and (11.16) follows from a similar argument (except with the oracularization question
label replaced with “(Prover B)" and “(Ora)o", i = {0,1,2} respectively). (11.17) follows a similar
argument with the label “(Ora)" and using Lemma 10.4.1. This completes the proof.

We wish to modify the output for the PVM associated with the “(Prover, A)", “(Prover, B)"
and “(Ora)o", i ∈ {0,1,2} as PVM which outputs g ∈ IdPoly(p,m, p). For s ∈ Fm

2p , partition s =
(s0, · · · , s4, w) where si ∈ Fmans

2p , i ∈ [5] and w ∈ F5+g
2p , we make the following post measurement

processing to PVMs given in the last lemma as follows

• Treat the outputs g from {G (Prover, A),xgame

g
} as g ∈ IdPoly(p,m, p) as g(s) = g(s0).

• Treat the outputs g from {G (Prover, B),ygame

g
} as g ∈ IdPoly(p,m, p) as g(s) = g(s1).

• For o ∈ {0,1,2}, treat the outputs g from {G (Ora)o ,(xgame,ygame)
g

} as g ∈ IdPoly(p,m, p) with

g(s) = g(so+2).

To distinguish the two measurement outputs, we write the output polynomial as g if the result-
ing polynomial output are from IdPoly(p,mans, p) and g if the output are from IdPoly(p,m, p).
For i ∈ [5], define the PVM measurement

G (Ora),(xgame,ygame),Ui
gUi

= ∑
gU0

,··· ,gUi−1
,gUi+1

,··· ,gU4
gΓ,gB0

,··· ,gBm−1
∈IdPoly(p,m,p)

G (Ora),(xgame,ygame)
gU0

,··· ,gU4
,gΓ,gB0

,··· ,gBm−1
(11.18)

G (Ora),(xgame,ygame),Full
gΓ,gB0

··· ,gBm−1
= ∑

gU0
,··· ,gU4

∈IdPoly(p,m,p)
G (Ora),(xgame,ygame)

gU0
,··· ,gU4

,gΓ,gB0
,··· ,gBm−1

. (11.19)

Since G (Ora),(xgame,ygame) is projective, for all (x, y) ∈X 2
n and outputs gv , v ∈ {U0, · · · ,U4,Γ,B0, · · · ,Bm−1}

G (Ora),(x,y =G (Ora),(x,y),U0 · · ·G (Ora),(x,y),U4G (Ora),(x,y),FullG (Ora),(x,y),U4 · · ·G (Ora),(x,y),U0 . (11.20)

Base on the decision procedure for G AR, we show the following claim

Claim 11.5.2. On average over (x, y) ∼µ, s ∈ Fm
2p and over the state |τ〉

G (Prover, A),xgame

[eval1
s |u0]

≃O(poly(ε,log(n),α)) (G (Ora),(xgame,ygame),U0

[eval1
s |u0]

)op (11.21)

G (Prover, B),ygame

[eval1
s |u1]

≃O(poly(ε,log(n),α)) (G (Ora),(xgame,ygame),U1

[eval1
s |u1]

)op (11.22)

G (Ora)o ,(xgame,ygame)

[evalo+2
s |uo+2]

≃O(poly(ε,log(n),α)) (G (Ora),(xgame,ygame),Uo+2

[evalo+2
s |uo+2]

)op , o ∈ {0,1,2}. (11.23)

Proof. We show the proof for (11.21) below, the proof for (11.22) and (11.23) follows a similar
proof. Consider the question pair (x, y) for G AR where (xOra, yOra) = ((Prover A), (Ora)) and
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xLDL = yLDL = (Point), this occur with constant probability. Since S succeed with probability
at least 1− c1 ·δ1, by point 2 of the “Prover consistency check" from Figure 11.3,

A((Prover, A),(Point),(xgame,s))
u0

≃O(poly(ε,log(n),α)) A(Ora),(Point),((xgame,ygame),s)
u0,··· ,u4,γ,β0,··· ,βm−1

(11.24)

over (x, y) ∼ µ and s ∼ Fm
2p and over the state |τ〉. (11.21) then follows from Lemma 3.3.3 point

1 and 2 which translates between ≃ distance to ≈ distance, and the triangle inequality for ≈
distance applied to (11.14), (11.24), and (11.17).

For (xgame, ygame) ∈ Xn , define the POVM measurement M (xgame,ygame)
gU0

,··· ,gU4
,gΓ,gB0

··· ,gBm−1
with out-

comes gv ∈ IdPoly(p,m, p) as

M (x,y)
gU0

,··· ,gU4
,gΓ,gB0

··· ,gBm−1
=G (A),x

gU0
G (B),y

gU1
G (Orc)0,(x,y)

gU2
G (Orc)1,(x,y)

gU3
G (Orc)2,(x,y)

gU4
G (Ora),(x,y),Full

gΓ,gB0
··· ,gBm−1

·
G (Orc)2,(x,y)

gU4
G (Orc)1,(x,y)

gU3
G (Orc)0,(x,y)

gU2
G (B),y

gU1
G (A),x

gU0
,

where for P ∈ {A,B}, we shorten the label (Prover, P) to (P), and remove the superscript “game"
in the above equation. We remark that in contrast to G (Ora),(xgame,ygame), the output gUi

, i ∈ [5]
from M (x,y) are secretly polynomials in IdPoly(p,mans,m) which is consistent with the defini-
tion for the 5 polynomials given in Theorem 11.3.1.

Furthermore, we define M (xgame,ygame),Ui for i ∈ [5], and M (xgame,ygame),Full in a similar manner
as (11.18) and (11.19). By definition

M (xgame,ygame),U0 =G (Prover, A),xgame

M (xgame,ygame),U1 =G (Prover, B),ygame

M (xgame,ygame),Uo+2 =G (Ora)o ,(xgame,ygame)
g

,o ∈ {0,1,2}.

For (xgame, ygame) ∈ X 2 and output tuple (gU0
, · · · ,gU4

,gΓ,gB0
· · · ,gBm−1

) from M (xgame,ygame). We
refer to the output as “good" if for a uniformly random s = (s0, · · · , s4,b0, · · · ,b4, z) ∼ Fm

2p , the
following occurs with probability greater than 1

2 :

• gΓ(s) = gD(s)(gU0
(s)−b0)(gU1

(s)−b1)(gU2
(s)−b2)(gU3

(s)−b3)(gU4
(s)−b4)

• gΓ(s) =∑
i∈[m] gBi

(s)zero(s),

where gD = ComputePCPα(〈D〉,n, xgame, ygame). By Theorem 11.3.4, if the output for M (xgame,ygame)

is a “good" output, then there exist a,b ∈ {0,1}∗ with |a|, |b| ≤ logα(n) such that gU0
= encΓ(a)

and gU1
= encΓ(b) and D(xgame, ygame, a,b) = 1

We now proof the following claim regarding the measurement M (xgame,ygame)

Claim 11.5.3. On average over (xgame, ygame) ∼µn and the state |τ〉
M (xgame,ygame) ≃O(poly(ε,log(n),α)) (M (xgame,ygame))op . (11.25)

Furthermore, on average over (xgame, ygame), the measurement output for 〈τ|M (xgame,ygame)|τ〉 is
“good" with probability at least 1−O(poly(ε, log(n),α))

Proof. We first show that, on average over (xgame, ygame) ∼µn and the state |τ〉
M (xgame,ygame) ≃O(poly(ε,log(n),α)) G (Ora),(xgame,ygame) (11.26)

Since G (Ora),(xgame,ygame) is projective, by the definition of M (xgame,ygame), the last 1+m measure-
ment outcome for G (Ora),(xgame,ygame) (gΓ,gB0

, · · · ,gBm−1
) will always be the same as the measure-

ment M (xgame,ygame) when the two measurements are made simultaneously (on any state). For
i ∈ [5], by Claim 11.5.2 and the Schwartz-Zippel lemma (Lemma 7.1.4)

M (xgame,ygame),Ui
gUi

≃δ2 (G (Ora),(xgame,ygame),Ui
gUi

)op



11.5. Proof of the “soundness" clause for the AR transformation 157

for δ2 = O(poly(ε, log(n),α))+ m·d
2p . Hence, by repeatedly applying Lemma 3.3.4, the underly-

ing vector state is a tracial state, and using Lemma 3.3.3 to convert between ≃ distance to ≈
distance,

G (Ora),(x,y) =G (x,y),U0 · · ·G (x,y),U4G (x,y),FullG (x,y),U4 · · ·G (x,y),U0

≈δ2 (M (x,y),U0 )opG (x,y),U0 · · ·G (x,y),U4G (x,y),FullG (x,y),U4 · · ·G (x,y),U1

· · ·
≈δ2 (M (x,y),U4 · · ·M (x,y),U0 )opG (x,y),U0 · · ·G (x,y),U4G (x,y),U4G (x,y),Full

= (M (x,y),FullM (x,y),U4 · · ·M (x,y),U0 )opG (x,y),U0 · · ·G (x,y),U4

≈δ2 (M (x,y),U4 M (x,y),FullM (x,y),U4 · · ·M (x,y),U0 )opG (x,y),U0 · · ·G (x,y),U3

· · ·
≈δ2 (M (x,y),U0 · · ·M (x,y),U4 M (x,y),FullM (x,y),U4 · · ·M (x,y),U0 )op = (M (x,y))op

where we remove the superscript “game" and (Ora) in the above derivation for clarity. Hence,
by using the triangle inequality for ≈ distance and Lemma 3.3.3, this implies that

G (Ora),(xgame,ygame) ≃10δ2 (M (xgame,ygame))op

and since the underlying state is a tracial state and δ2 =O(poly(ε, log(n),α)), this shows (11.26).
Since the underlying state for (11.26) is the tracial state |τ〉, we also have

(M (xgame,ygame))op ≃O(poly(ε,log(n),α)) (G (Ora),(xgame,ygame))op (11.27)

For (11.25), since G (Ora),(xgame,ygame) are all projective measurements,

G (Ora),(xgame,ygame) ≃0 (G (Ora),(xgame,ygame))op (11.28)

over (xgame, ygame) ∼µn and the tracial state |τ〉. Equation (11.25) then follows from Lemma 3.3.3
and the triangle inequality of ≈ distance being applied to (11.26), (11.27) and (11.28).

For the second part of Claim 11.5.3, by applying the data processing inequality to (11.26),

M (xgame,ygame)

[eval6+m
s |(u0,··· ,u4,γ,β0,··· ,βm−1)]

≃O(poly(ε,log(n),α)) A(Ora),(Point),((xgame,ygame),s)

[eval6+m
s |(u0,··· ,u4,γ,β0,··· ,βm−1)]

. (11.29)

Hence by applying the triangle inequality for≈distance and Lemma 3.3.3 to (11.29) and (11.17),
we obtain

M (xgame,ygame)

[eval6+m
s |(u0,··· ,u4,γ,β0,··· ,βm−1)]

≃O(poly(ε,log(n),α)) A(Ora),(Point),((xgame,ygame),s)
u0,··· ,u4,γ,β0,··· ,βm−1

. (11.30)

Recall that S is a synchronous strategy which succeed at G AR with probability at least 1−c1 ·δ1.
Since the oracularization question label is pick with constant probability, by the “PCPP proof
check" clause of Figure 11.3, on expectation over (xgame, ygame) ∼µ and s = (s0, · · · , s4,b0, · · · ,b4, z) ∈
Fm

2p , the measurement

〈τ|A(Orc),(Point),((xgame,ygame),s)
(u0,··· ,u4,γ,β0,··· ,βm−1) |τ〉

outputs the answer which satisfies the properties below with probability 1− c2c1 ·δ1

1. γ= gD(s) · (u1 −b0) · · · (u4 −b4),

2. γ=∑
i∈[m]βi ·zero(si ),

where gD = ComputePCPα− (〈D〉,n, xgame, ygame). Pick c1 ∈ (0,1) used to define S such that 1−
c2c1·δ1 ≥ 1

2 . Combine this with Equation (11.30), this shows that on average over (xgame, ygame) ∼
µn , the probability that M (xgame,ygame) gives an output which is “good" with probability at least
1−=O(poly(ε, log(n),α)), thus completing the claim for the lemma.
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Base on the POVM M (xgame,ygame), we define a symmetric strategy S Ora = (L 2(A ,τ), |τ〉 , {B x
a })

for G Ora as follows: Fixed (xgame, ygame) ∈ Xn , the measurement operator {B (Prover, A),xgame

a } as a
data processing measurement as follows:

• Perform the measurement M xgame,U0
gU0

and obtain a polynomial gU0
.

• If there exist an a ∈An such that |a| ≤ logα(n) and gU0
= enc, output a. Otherwise, output

0.

The measurement operator {B (Prover, B),ygame
} is defined in a similar manner as {B (Prover, A),xgame

}
with the measurement M xgame,U1

gU1
. The measurement operator {B (Orac),(xgame,ygame)} similarly de-

fine as a data processing measurement as follows:

• Perform the measurement M (xgame,ygame) and obtain the tuple of polynomials (gv ).

• If the given measurement outcome is a “good" output, by Theorem 11.3.4, there exist
(a,b) ∈A 2

n such that gU0
= encΓ(a), gU1

= encΓ(b), output the corresponding (a,b) ∈A 2
n .

Otherwise, output (0,0).

We remark that the above strategy is not necessarily synchronous strategy, since {M (xgame,ygame)}
does not necessarily have to be a PVM. We make the following claim about S Ora.

Claim 11.5.4. ω(G Orac,S Ora) ≥ 1−O(poly(ε, log(n),α)).

Proof. We consider the performance of S Ora for different question pairs given in Figure 11.1
below:

• (Prover, P) - (Prover, P), P ∈ {A,B}: Since both M xgame,UA =G (Prover, A),xgame
and M ygame,UB =

G (Prover, B),ygame
are both projective and S Ora uses the tracial state as the underlying state.

This implies that S Ora always succeed on this question pair.

• (Oracularization) – (Oracularization): For the “consistency" part of this question pair,
B (Orac),(xgame,ygame) is a data processed measurement of M (xgame,ygame), which by (11.25), are
consistent with probability at least 1 −O(poly(ε, log(n),α)). For the “proof checking"
part of this question pair„ whenever M (xgame,ygame) returns a “good" output when per-
forming the measurement B (Orac),(xgame,ygame), the corresponding output (a,b) ∈ A 2

n al-
ways satisfies Dn(x, y, a,b) = 1 by Theorem 11.3.4. By Claim 11.5.3, this occurs with
1−O(poly(ε, log(n),α)). Combining these two facts, this implies that S Ora succeed on
this question pair with probability at least 1−O(poly(ε, log(n),α)).

• (Oracularization) – (Prover, P), P ∈ {A,B}: Restricted to the case when the provers re-
ceiving the question label “ (Oracularization)" and obtain a “good" outcome from the
measurement of M (xgame,ygame), by the definition of M , the “ (Prover, P)" prover would re-
ceive the same polynomial from his/her measurement output, and hence output a con-
sistent answer label as the “ (Oracularization)" prover. Since a “good" outcome occurs
with probability 1−O(poly(ε, log(n),α)), this implies that S Ora succeed with probability
on this question pair with probability at least 1−O(poly(ε, log(n),α)).

By averaging out the probability given above, we see thatω(G Orac,S Ora) > 1−O(poly(ε, log(n),α)),
completing the proof of the claim.

This shows that for model t ∈ {∗,co},ωt (G ) > 1−ε implies thatωt (G Ora) > 1−O(poly(ε, log(n),α)).
The proof of Proposition 7.4.3 then follows from the “soundness" clause of Lemma 11.2.1.



CHAPTER 12

Parallel repetition

The result from this chapter is based on joint work with William Slofstra and Henry Yuen.
The goal is to prove Theorem 12.2.3. The anchored parallel repetition was originally shown
in [BVY21] in the tensor product model. In this chapter, we define some quantum information-
theoretic tools for tracially embeddable strategies, and show how this can be used to show a
parallel repetition for the commuting operator model. In addition to the parallel repetition
theorem, we also introduce several generalizations of commonly used identities in quantum
information theory, such as Uhlmann’s theorem and mutual information, in the commuting
operator model. We believe these generalizations could be of independent interest.

This chapter is organized as follows: in Section 12.1, we first establish the quantum in-
formation tools needed for this chapter. We define the anchored parallel repetition theorem
in Section 12.2, and prove it in Section 12.3.

12.1 Quantum information theory for tracial von Neumann algebras

We start this section by recalling some additional theorems about von Neumann algebras nec-
essary for establishing the quantum information tools. Let A1 ⊆ B(H1) and A2 ⊆ B(H2) be
two von Neumann algebras. The von Neumann algebra tensor product A1 ⊗A2 is the weak
operator closure of the span of {a ⊗b : a ∈A1,b ∈A2} in B(H1 ⊗H2). For two tracial von Neu-
mann algebras (A1,τ1) and (A2,τ2), the von Neumann algebra A1 ⊗A2 remains a tracial von
Neumann algebra with the (unique) trace being τ1 ⊗τ2. For a state ψA1A2 on A1 ⊗A2, we let
ψA1 denote the restriction of ψA1A2 to A1 = A1 ⊗ I, so ψA1 (a) =ψA1A2 (a ⊗ I) for all a ∈ A1. We
recall the following theorem about projectors in a tracial von Neumann algebra.

Proposition 12.1.1 (Corollary 2.8 of [Tak01]). Let (A ,τ) be a tracial von Neumann algebra and
P,Q ∈A be two projectors, then the following two conditions are equivalent:

• τ(P ) = τ(Q).

• P is equivalent to Q.

12.1.1 Tomita-Takesaki construction and the positive cone

In order to discuss the relative entropy construction, we need to first give a brief summary
to the well known Tomita-Takesaki construction [Tak70] in operator algebra. Intuitively, the
Tomita-Takesaki construction is a way to define the commutant of a von Neumann algebra
algebraically. We remark that although there is a rich theory behind the Tomita-Takesaki con-
struction for general von Neumann algebras, we only need to focus on the tracial case for this
section since we are only working with tracially embeddable strategies in this thesis.
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Let (A , |τ〉) be a tracial von Neumann algebra in standard form, and let S|τ〉 : H → H be
the antilinear (and potentially unbounded) map defined by

S|τ〉 : a |τ〉→ a∗ |τ〉 , a ∈A . (12.1)

Since |τ〉 is cyclic, the above map is well-defined on the dense subset A |τ〉 of H . By taking the
polar decomposition, we can write S|τ〉 as

S|τ〉 = J|τ〉∆
1
2
|τ〉, (12.2)

for some antilinear isometry J|τ〉, known as the modular conjugation, and some positive op-
erator ∆|τ〉, known as the modular operator. Remarkably the modular operator can be used to
construct the commutant of A algebraically, as JA J=A ′. Using the modular operator, define
the canonical positive cone associated with (A , |τ〉) as

H +
|τ〉 = {∆

1
4
|τ〉A |τ〉 , A ∈A +}, (12.3)

where the closure is in the weak topology [Ara74]. This is a pointed closed self-dual convex
cone [Ara74, Theorem 4 part 1]. The following proposition gives a bijection between states on
the von Neumann algebra A and vectors on the canonical positive cone.

Proposition 12.1.2 (Theorem 6 of [Ara74]). For every positive normal linear functional ψ on a
von Neumann algebra A ⊆B(H ), there exists a unique |ψ〉 ∈H +

|τ〉 such that ψ(a) = 〈ψ|a|ψ〉.
For a state ψ, we will use |ψ〉 to denote the unique vector in the positive cone above. For a

stateψ acting on A , we use suppA ψ to denote the complement of the minimal projector P ∈A
such that ψ(P ) = 0. For any vector ψ, we have supp(ψ) |ψ〉 = |ψ〉. Intuitively, we can think of
the corresponding vector in the positive cone as the “purification" of the linear functional on
A . Indeed, in the finite-dimensional case this vector is the familiar purification from quantum
information theory:

Example 12.1.3. Let A = Mn(C)⊗ In ⊆ Mn2 (C), and let |i 〉 , i = 0, . . . ,n −1 denote the standard
basis vectors forCn . Recall, the GNS representation using the trace Tr(·) maps Mn(C) to Mn(C)⊗
In ∈ Mn2 (C), with the linear functional Tr(·) gets mapped to the maximally entangled state |τ〉 =

1p
n

∑n
i=0 |i i 〉. In this case, we see that the vector state |τ〉 is a cyclic and separating vector for A .

As per Equation (12.1),

S|τ〉 |i 〉 | j 〉 = S|τ〉(|i 〉〈 j |⊗ I) |τ〉 = (| j 〉〈i |⊗ I) |τ〉 = | j 〉 |i 〉 ,

and hence S|τ〉 =C ◦∑
i
∑

j
λi
λ j

| j , i 〉〈i , j |, where C is conjugation in the standard basis. Taking the

polar decomposition, the modular operator is

∆|τ〉 = (S|τ〉)∗S|τ〉 =
∑

i

∑
j
|i , j 〉〈i , j | = I4,

and the positive cone associated with |τ〉 is

H +
|τ〉 =

{
(A⊗ I) |τ〉 , A ∈ Mn(C)+

}
.

If φ is a linear functional on Mn(C), then there is a unique positive matrix σ such that φ(A) =
Tr(Aσ) = Tr(σ1/2 Aσ1/2), and hence

φ(A) = 〈τ|σ 1
2 Aσ

1
2 ⊗ I|τ〉 . (12.4)

Thus the vector in H +
|τ〉 associated with φ is (σ

1
2 ⊗ I) |τ〉, which is commonly used in quantum

information as a purification of the density matrix σ.
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We end this subsection by reviewing some properties related to the positive cone H +
|τ〉. The

following proposition shows that changing the cyclic and separating vector |τ〉 only changes
the positive cone by a unitary in the commutant:

Proposition 12.1.4 (Theorem 7 part 6 of [Ara74]). Let A ⊆ B(H ) be a tracial von Neumann
algebra in standard form and let |τ1〉 and |τ2〉 be two cyclic and separating vectors for A . Then
there is a unitary U ∈A ′ such that for all normal states ψ on A , if |ψ1〉 and |ψ2〉 are the vectors
associated to ψ in the positive cones of |τ1〉 and |τ2〉 respectively, then |ψ1〉 =U |ψ2〉.

The following proposition shows that every vector on H can be related to some vector
within H +

|τ〉 via a partial isometry.

Proposition 12.1.5. Let (A , |τ〉) ⊆ B(H ) be a tracial von Neumann algebra in standard form.
For any |ψ〉 ∈H , there exist a unitary U ∈A ′ and a unique |ψ+〉 ∈H +

|τ〉 such that |ψ〉 =U |ψ+〉.
Proof. By [Ara74, Theorem 7 part 5], there exist a partial isometry V ∈A ′ and a unique |ψ+〉 ∈
H +

|τ〉 such that |ψ〉 =V |ψ+〉, and

V V ∗ = suppA ′
(ψ), V ∗V = suppA ′

(ψ+).

We wish to extend V into a Unitary. We first see that τ(V V ∗) = τ(V ∗V ), and hence τ(I−V V ∗) =
τ(I −V ∗V ). By Proposition 12.1.1, there exist a partial isometry W such that

W W ∗ = I− suppA ′
(ψ), W ∗W = I− suppA ′

(ψ+).

Take U =V +W , we see that

U∗U = (V ∗+W ∗)(V +W ) = I+W ∗V +V ∗W

= I+W ∗
(
I− suppA ′

(ψ)
)

suppA ′
(ψ)V +V ∗suppA ′

(ψ+)
(
I− suppA ′

(ψ+)
)

W

= I,
and by a similar calculation, we have UU∗ = I showing that U is indeed a unitary. Furthermore

U |ψ+〉 =V |ψ+〉+W |ψ+〉 = |ψ〉+W
(
I− I− suppA ′

(ψ+)
)
|ψ+〉 = |ψ〉 ,

and hence the proposition follows.

The Araki-Powers-Stormer inequality relates the norm distance between states to the dis-
tance between vectors in the positive cone:

Proposition 12.1.6 (Araki-Powers-Stormer inequality, Theorem 4 part 8 of [Ara74]). Let A ⊆
B(H ) be a tracial von Neumann algebra in standard form, and let |ψ1〉 , |ψ2〉 ∈H +

|τ〉. Then

∥ψ1 −ψ2∥A ≥ ∥|ψ1〉− |ψ2〉∥2.

We’ll use the Araki-Powers-Stormer inequality in the following form:

Proposition 12.1.7. Let (A , |τ〉) ⊆B(H ) be a von Neumann algebra in the standard form. For
any unit vectors |ψ1〉 , |ψ2〉 ∈H , there is a unitary operator U ∈A ′ such that

〈ψ1|U |ψ2〉 ≥ 1− 1

2
∥ψ1 −ψ2∥A . (12.5)

Proof. By Proposition 12.1.5, there are vectors |ψ+
1 〉 , |ψ+

2 〉 ∈ H +
|τ〉 and unitaries Uψ2 ,Uψ1 ∈ A ′

such that Uψi |ψ+
i 〉 = |ψi 〉, i = 1,2. Since H +

|τ〉 is self-dual, 〈ψ+
1 |ψ+

2 〉 ≥ 0, so

∥|ψ+
1 〉− |ψ+

2 〉∥ = 2−2〈ψ+
1 |ψ+

2 〉 = 2−2〈ψ1|U∗
ψ1

Uψ2 |ψ2〉 ,

and hence the proposition follows from Proposition 12.1.6 with U =U∗
ψ1

Uψ2 .
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In the finite-dimensional case, we can take V to be unitary in Proposition 12.1.7. Indeed,
let A = Mn(C)⊗ I⊆ Mn2 (C), and let |ψ1〉AB and |ψ2〉AB be two unit vectors in Cn2

with reduced
density matrices ψi = TrB (|ψi 〉〈ψi |), i = 1,2. By Uhlmann’s theorem (see, e.g. [Wil13, Theorem
9.2.1]) there exist a unitary U ∈ Mn(C) such that

〈ψ1|I⊗U |ψ2〉 = ∥√ψ1
√
ψ2∥1, (12.6)

where ∥·∥1 is the matrix 1-norm. We remark that ∥pψ1
p
ψ2∥1 is precisely the formula for quan-

tum fidelity between two quantum states. By the Fuchs-van de Graaf inequality (see, e.g. [Wil13,
Theorem 9.3.1]),

1−∥√ψ1
√
ψ2∥1 ≤ 1

2
||ψ1 −ψ2||1, (12.7)

and since
∥ψ∥1 = sup{|Tr(A∗ψ)∥ : A ∈ Mn(C), ||A|| ≤ 1} = ∥ψ∥Mn (C),

Equation (12.5) follows from Equations (12.6) and (12.7), with V = I⊗U ∈A ′.

12.1.2 Relative entropy

In this subsection, we review the relative entropy between two positive normal linear func-
tionals ψ1 and ψ2 on a tracial von Neumann algebra (A , |τ〉) in standard form. We follow the
construction in [Ara77, Section 2]. Let |ψ1〉 and |ψ2〉 be the vectors corresponding to ψ1 and
ψ2 in the positive cone H +

|τ〉 of A . Similarly to Equation (12.1), we define an anti-linear map

S|τ〉
ψ1,ψ2

: A |ψ2〉→ supp(ψ1)H as

S|τ〉
ψ1,ψ2

(a |ψ2〉) = supp(ψ2)a∗ |ψ1〉 for all a ∈A . (12.8)

Extend the above (potentially unbounded) map to A |ψ2〉⊕(A |ψ2〉)⊥ by mapping (A |ψ1〉)⊥ to
zero. The extension is a well-defined antilinear operator whose domain of definition is dense
in H . Hence, S|τ〉

ψ1,ψ2
has a polar decomposition

S|τ〉
ψ1,ψ2

=S|τ〉
ψ1,ψ2

(∆|τ〉
ψ1,ψ2

)
1
2 (12.9)

where J|τ〉ψ1,ψ2
is an antilinear isometry and ∆|τ〉

ψ1,ψ2
∈ A is a positive operator. The relative en-

tropy between ψ1 and ψ2 is defined to be

D|τ〉(ψ1∥ψ2) =
{∫ ∞

0 log2λd 〈ψ1|Eλ|ψ1〉 if supp(ψ1) ≤ supp(ψ2)

+∞ otherwise
, (12.10)

where∆|τ〉
ψ1,ψ2

= ∫ ∞
0 λdE |τ〉

λ
is the spectral decomposition of∆|τ〉

ψ1,ψ2
. By Proposition 12.1.4, D|τ〉(ψ1∥ψ2)

is independent of |τ〉, and thus we refer to this relative entropy as D(ψ1∥ψ2). To match the stan-
dard convention in quantum information, the order of arguments for D is flipped from [Ara77,
Definition 3.1]. We also use log = log2 rather than log = ln, which changes our relative entropy
by a factor of ln(2). Most propositions below are unchanged, but we do get a factor of ln(2)
in Proposition 12.1.12 below.

Example 12.1.8. Let ψ1(A) = Tr(Aρ1) and ψ2(A) = Tr(Aρ2) be two normal linear functionals
on A = Mn(C) such that supp(ψ1) ≤ supp(ψ2). Recall from Example 12.1.3 from that A has
standard form Mn(C)⊗ I ⊆ Mn2 (C), and that |τ〉 = 1p

n

∑n
i=1 |i i 〉 is a cyclic and separating vector

for A . The vector corresponding to ψi in the positive cone for |τ〉 is |ψi 〉 = ρ
1
2
i ⊗ I |τ〉, i = 1,2.

Hence

S|τ〉
ψ1,ψ2

(aρ
1
2
2 ⊗ I ) |τ〉 = ((supp(ψ2)a∗ρ

1
2
1 )⊗ I) |τ〉 for all a ∈A ,
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and this implies that

S|τ〉
ψ1,ψ2

(a ⊗ I ) |τ〉 = (ρ
− 1

2
2 a∗ρ

1
2
1 ⊗ I) |τ〉 = S|τ〉ρ1/2

1 aρ−1/2
2 ⊗ I |τ〉 = S|τ〉(ρ1/2

1 ⊗ (ρ−1/2
2 )T )(a ⊗ I) |τ〉

for all a ∈ A , where S|τ〉 is the modular operator for the vector |τ〉, and ρ−1/2
2 is the pseudoin-

verse of ρ1/2
2 . Since S∗

|τ〉S|τ〉 = I, the relative modular operator between ψ1 and ψ2 is

∆|τ〉
ψ1,ψ2

= ρ1 ⊗ (ρ−1
2 )T .

Since both ρ2 and ρ1 are finite-dimensional matrices, the relative entropy is

D|τ〉(ψ1∥ψ2) = 〈ψ1| log∆|τ〉
ψ1,ψ2

|ψ1〉 = 〈τ|(ρ
1
2
1 ⊗ I) log(ρ1 ⊗ (ρ−1

2 )T )(ρ
1
2
1 ⊗ I)|τ〉 = Tr(ρ1 log(ρ1)−ρ1 log(ρ2)),

which is the standard definition of von Neumann entropy.

We remark that the definition of relative entropy holds for general von Neumann algebras
in standard form. However, we will only focus on the case where A is tracial, as we primarily
work with tracially embeddable strategies in this thesis. We refer to [Ara77; OP04] for more
details. We use the following properties of relative entropy:

Proposition 12.1.9 (Theorem 3.6 of [Ara77]). If ψ1,ψ2, and ψ3 are positive normal linear func-
tionals on a von Neumann algebra A , then:

1. If ψ1(I) =ψ2(I), then D(ψ1∥ψ2) ≥ 0, and D(ψ1∥ψ2) = 0 if and only if ψ1 =ψ2,

2. D(αψ1∥βψ2) =αD(ψ1∥ψ2)−α ·ψ1(I) · log(βα ) for all α,β> 0, and

3. if ψ2 ≤ψ3 (meaning that ψ2(a) ≤ψ3(a) for all a ∈A +), then D(ψ1∥ψ3) ≤ D(ψ1∥ψ2).

A linear map α : A1 →A2 between C∗-algebras is said to satisfy the Schwarz inequality if

α(a∗a) ≥α(a)∗α(a)

for all a ∈A1.

Proposition 12.1.10 (Uhlmann monotonicity theorem, Theorem 5.3 of [OP04]). Let α : A1 →
A2 be a unital map (meaningα(IA1 ) = IA2 ) which satisfies the Schwarz inequality, and letψAi

1 ,ψAi
2

be positive normal linear functionals on Ai , i = 1,2, such that ψA2
1 ◦α≤ψA1

1 and ψA2
2 ◦α≤ψA1

2 .
Then

D(ψA1
1 ∥ψA1

2 ) ≤ D(ψA2
1 ∥ψA2

2 ).

Proposition 12.1.11 (Additivity under direct sums). Let A1 ⊆ B(H1) and A2 ⊆ B(H2) be two
von Neumann algebras in standard form. Let ψAi

1 ,ψAi
2 be positive normal linear functionals on

Ai , i = 1,2. Then

D(ψA1
1 ⊕ψA2

1 ∥ψA1
2 ⊕ψA2

2 ) = D(ψA1
1 ∥ψA2

1 )+D(ψA1
2 ∥ψA2

2 )

on A1 ⊕A2 ⊆ B(H1 ⊕H2).

Proof. See [Hia21, Proposition 2.3] with f (t ) = t log(t ).

The following proposition is an analogue of Pinsker’s inequality:

Proposition 12.1.12 (Theorem 5.5 of [OP04]). Ifψ1 andψ2 are normal states on a von Neumann
algebra A , then

∥ψ1 −ψ2∥2
A ≤ 2ln(2)D(ψ1∥ψ2).

Proposition 12.1.13. Let φ,ψ and υ be normal positive linear functionals on a von Neumann
algebra A , such that D(φ∥ψ) ≤ λ1 and ψ ≤ 2λ2υ for two scalars λ1,λ2 ≥ 0. Then D(φ∥υ) ≤ λ1 +
φ(I)λ2.

Proof. By Proposition 12.1.9, D(φ∥υ) ≤ D(φ∥2−λ2ψ) = D(φ∥ψ)−φ(I) log2−λ2 ≤λ1 +φ(I)λ2.
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12.1.3 Mutual information

Let A1 and A2 be two von Neumann algebras in standard form. If ψi is a normal state on Ai ,
i = 1,2, then there is a unique state ψ1 ⊗ψ2 on A1 ⊗A2 such that ψ1 ⊗ψ2(a ⊗b) =ψ1(a)ψ2(b)
for all a ∈ A1, b ∈ A2 (indeed, if |ψi 〉 is the vector in the positive cone corresponding to ψi ,
then ψ1 ⊗ψ2 is the state corresponding to |ψ1〉 |ψ2〉). This leads to a definition of the mutual
information between two algebras:

Definition 12.1.14 (Mutual information). Suppose ψA1A2 is a normal state on A1 ⊗A2. The
mutual information between A1 and A2 for the state ψA1A2 is

I(A1 : A2)ψ := D(ψA1A2∥ψA1 ⊗ψA2 ).

If ψA1A2A3 is a normal state on A1 ⊗A2 ⊗A3, then we use the convention that I (A1 : A2)ψ
denotes the relative entropy between A1 and A2 for the state ψA1A2 .

Example 12.1.15. Let A1 = A2 = Mn(C) and let ψA1A2 (a) = Tr(σA1A2 a) be a state on A1 ⊗A2,
where σA1A2 is a density matrix in Mn2 (C). For all a ∈A1,

ψA1 (a) = Tr(σA1A2 (a ⊗ I)) = Tr(σ1a),

where σA1 := TrA2 (σA1A2 ) is the partial trace. Similarly, ψA1 (b) = Tr((σA2 b) for all b ∈A2, where
σA2 := TrA1 (σA1A2 ). If a,b ∈ Mn(C), then

ψ1 ⊗ψ2(a ⊗b) =ψ1(a)ψ2(b) = Tr(σA1 a)Tr(σA2 b) = Tr((σA1 ⊗σA2 )(a ⊗b)).

Hence I(A1 : A2)ψ is the relative entropy between the state with density matrix σA1A2 , and the
state with density matrix σA1 ⊗σA2 . By Example 12.1.8, this is the usual mutual information
between Alice and Bob’s registers with state σA1A2 .

Many of the properties of mutual information in finite dimensions extend to mutual infor-
mation between von Neumann algebras.

Proposition 12.1.16 (Corollary 5.20 of [OP04]). Let A1 and A2 be two von Neumann algebras
and let φA1A2 and ψA1 ⊗ψA2 be two normal states on A1 ⊗A2. Then

D(φA1A2∥ψA1 ⊗ψA2 ) = D(φA1∥ψA1 )+D(φA1A2∥φA1 ⊗ψA2 ).

Proposition 12.1.17 (Monotonicity). If φA1A2 and ψA1A2 are two positive normal linear func-
tionals on the von Neumann algebra A1 ⊗A2, then D(φA1∥ψA1 ) ≤ D(φA1A2∥ψA1A2 ). As a result,
if ψ is a state on A1 ⊗A2 ⊗A3 then I(A1 ⊗A2 : A3)ψ ≥ I(A2 : A3)ψ.

Proof. The map α : A1 →A1 ⊗A2 : a 7→ a ⊗ IA2 is a unital homomorphism, and hence satisfies
Schwarz’s inequality. Thus

D(φA1∥ψA1 ) = D(φA1A2 ◦α∥ψA1A2 ◦α) ≤ D(φA1A2∥ψA1A2 )

by Proposition 12.1.10.

Proposition 12.1.18 (Quantum Gibbs inequality). Let φA1A2 be a normal state on the von Neu-
mann algebra A1 ⊗A2, and ψA1 , ψA2 be two normal state on A1 and A2 respectively. Then

I(A1 : A2)φ ≤ D(φA1A2∥ψA1 ⊗ψA2 ).

Proof. Using Proposition 12.1.16 first on A1 and then on A2, we see that

D(φA1A2∥ψA1 ⊗ψA2 )− I(A1 : A2)φ

= D(φA1∥ψA1 )+D(φA1A2∥φA1 ⊗ψA2 )−D(φA1A2∥φA1 ⊗φA2 )

= D(φA1∥ψA1 )+D(φA2∥ψA2 ),

which is non-negative by Proposition 12.1.9, part (1).
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In this thesis, we only use mutual information in the very restricted context of classical-
quantum states discussed below. However, we have not seen Definition 12.1.14 in the literature
previously, and it’s interesting to discuss other possible definitions. For instance, the double
dual A ∗∗ of a C∗-algebra A is a von Neumann algebra containing A , such that any stateψ on
A extends to a normal state ψ̂ on A ∗∗. Thus we can define the relative entropy between two
statesφ andψ on a C∗-algebra as the relative entropy D(φ̂,ψ̂) between the normal states φ̂ and
ψ̂ on A ∗∗. If A happens to be a von Neumann algebra and φ and ψ are normal states, then
D(φ̂,ψ̂) = D(φ,ψ), so this does not lead to a new notion of relative entropy.

If ψ1 and ψ2 are two states on C∗-algebras A1 and A2 respectively, then there is a unique
state ψ1 ⊗mi n ψ2 on the min-tensor product A1 ⊗mi n A2 such that ψ1 ⊗ψ2(a⊗b) =ψ1(a)ψ2(b)
for all a ∈A1, b ∈A2, and this pulls back to a unique state ψ1 ⊗max ψ2 on A1 ⊗max A2 with the
same property (the definition for the min/max tensor product are the standard definition used
for C∗ algebra theory, and can be found in, e.g. [Gol21, Section 3.8]). Hence ifψ is a state on the
max tensor product A1 ⊗max A2, then we can define the mutual information between A1 and
A2 for the state ψ to be

I(A1 : A2)max
ψ := D(ψ,ψA1 ⊗max ψ

A2 ),

where ψAi is the restriction of ψ to Ai inside of A1 ⊗max A2. If ψ is a state on A1 ⊗mi n A2, then
we can define I(A1 : A2)mi n

ψ := D(ψ,ψA1 ⊗mi n ψ
A2 ) similarly. Any state ψ on A1 ⊗mi n A2 pulls

back to a state ψ̃ on A1 ⊗max A2, so there are seemingly two different choices for the mutual
information between A1 and A2 in this case, I(A1 : A2)mi n

ψ and I(A1 : A2)max
ψ̃

. However, there

is a surjective homomorphism from A1 ⊗max A2 to A1 ⊗mi n A2, so the following lemma shows
that I(A1 : A2)mi n

ψ = I(A1 : A2)max
ψ̃

.

Lemma 12.1.19. If α : A → B is a surjective ∗-homomorphism between C∗-algebras, and φ

and ψ are states on B, then D(φ◦α,ψ◦α) = D(φ,ψ).

The proof of Lemma 12.1.19 follows from [Hia21, Theorem 6.19]; since we do not make
further use of this lemma, we leave the complete proof as an exercise for the reader. Similarly,
if ψ is a normal state on the tensor product A1 ⊗A2 of two von Neumann algebras, then I(A1 :
A2)ψ = I(A1 : A2)mi n

ψ = I(A1 : A2)max
ψ̃

.

12.1.4 Classical-quantum states

For a discrete finite set X , let CX denote the von Neumann algebra of functions from X to
C. To match the standard notation from quantum information, let 〈x| denote the indicator
function for x ∈ X . These functions span CX , and give an isomorphism between CX and the
algebra of |X |× |X | diagonal matrices. If A is another von Neumann algebra, then CX ⊗A =⊕

x∈X 〈x|⊗A is the von Neumann algebra of |X |×|X | diagonal matrices with coefficients from
A , and every normal state on CX ⊗A is of the form

φX A = ∑
x∈X

P(x)〈x|⊗φx

for some collection of normal states {φx }x∈X on A and probability measure P(x) on X . Hence
such states are called classical-quantum states on A with classical part X . When dealing with
multiple classical subsystems, we denote φx by φX A

X=x . Also, note that if φX A is a classical-

quantum state, then φX is the classical distribution P on X . We use the following example to
connect our definition with the standard definition for classical-quantum state used in quan-
tum information.

Example 12.1.20. Let X be a discrete finite set, P(x) be a probability distribution over X and
let (A ,τ) be a tracial von Neumann algebra. Define the collection of normal state {φx }x∈X
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acting on A as φx (A) = τ(σx A) for some positive element σx ∈ A + with τ(σx ) = 1. We define
the classical-quantum state φX A =∑

x∈X P(x)〈x|⊗φx , and we see that for all A ∈M|X |(C)⊗ A

φX A (A) = Tr⊗τ
(

A ·
( ∑

x∈X

P(x)|x〉〈x|⊗σx

))

where Tr in the above equation is defined over M|X |(C). In this case, one can intuitively think of∑
x∈X P(x)|x〉〈x|⊗σx as the “density matrix" for the stateφX A , and we see that this is consistent

with the standard definition for classical-quantum state in quantum information literatures
(e.g. [Wil13, Definition 4.3.5]).

We now prove some properties of classical-quantum states used in [BVY21, Section 5.1].

Proposition 12.1.21 (Chain rule for relative entropy). Let φX A =∑
x P(x)〈x|⊗φA

x and ψX A =∑
x Q(x)〈x|⊗ψA be two classical-quantum states on A with classical part X . Then

D(φX A ∥ψX A ) = D(P∥Q)+ E
x∼P

D(φA
x ∥ψA

x ),

where D(P∥Q) =∑
x P(x) log P(x)

Q(x) denotes the relative entropy between two classical distributions

P and Q. As a result, D(φ∥ψ) ≥ Ex∼P D(φA
x ∥ψA

x ).

Proof. Using Proposition 12.1.11 and part (3) of Proposition 12.1.9,

D(φX A ∥ψX A ) =∑
x

D(P(x)φA
x ∥Q(x)ψA

x )

=∑
x
P(x)D(φA

x ∥ψA
x )+P(x) log(

P(x)

Q(x)
)

= E
x∼P

D(φA
x ∥ψA

x )+D(P∥Q).

Since relative entropy between classical distributions is non-negative, D(φ∥ψ) ≥ Ex∼P D(φA
x ∥ψA

x ).

Proposition 12.1.22 (Conditional mutual information). Let φX A1A2 = ∑
x P (x) |x〉 ⊗φx be a

classical-quantum state on A1 ⊗A2 with classical part X . Then

I(X A1 : A2)φ− I(X : A2)φ = E
x∼P

I(A1 : A2)φx .

Proof. The restriction of φX A to CX is φX =∑
x P(x)〈x|. Since D(P,P ) = 0, Proposition 12.1.21

implies that

I(X : A2)φ = D

(∑
x
P(x) |x〉⊗φA2

x ∥∑
x
P(x) |x〉⊗∑

y
P(y)φA2

y

)
= E

x∼P
D(φA2

x ∥φA2 ) ,

where φA2 =∑
y P (y)φA2

y . Similarly,

I(X A1 : A2)φ = D(φX A1A2∥φX A1 ⊗φA2 ) = E
x∼P

D(φx∥φA1
x ⊗φA2 ).

Applying Proposition 12.1.16 to A2, we see that

I(X A1 : A2)φ− I(X : A2)φ = E
x∼P

D(φA1A2
x ∥φA1

x ⊗φA2 )−D(φA2
x ∥φA2 )

= E
x∼P

D(φA1A2
x ∥φA1

x ⊗φA2
x ) = E

x∼P
I(A1 : A2)φx .
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We can now prove a von Neumann algebraic version of quantum Raz’s Lemma, which is a
central tool in [BVY21]. This is a quantum analogue of Raz’s lemma, which is a key part of many
proofs of the classical parallel repetition theorem [Raz95; Hol09; BRR+09].

Lemma 12.1.23 (Quantum Raz’s Lemma). LetφX A =φX1X2...XnA andψX A =ψX1⊗ψX2⊗. . .⊗
ψXn ⊗ψA be two classical-quantum states with classical component X =X1×X2×. . .Xn . Then

n∑
i=1

I(Xi : A )φ ≤ D(φX A ∥ψX A ) . (12.11)

Proof. Let X≤i :=X1X2 · · ·Xi and X≥i :=Xi Xi+1 · · ·Xn . For each 2 ≤ i ≤ n, Proposition 12.1.22
implies that

I(X≤i−1A : Xi )φX A − I(X≤i−1 : Xi )φX A = E
x<i∼φX≤i−1

I(Xi : A )
φ

X≤i A
x<i

= I(X≤i : A )φX A − I(X≤i−1 : A )φX A . (12.12)

Repeatedly applying Proposition 12.1.16, we get that

D(φX A ∥ψX A ) = D(φX1 |ψX1 )+D(φX A |φX1 ⊗ψX≥2A )

= D(φX1 |ψX1 )+D(φX1X2 |φX1 ⊗ψX2 )+D(φX A |φX≤2 ⊗ψX≥2A )

=
n∑

i=1
D(φX≤i |φX≤i−1 ⊗ψXi )+D(φX A |φX ⊗ψA ).

Hence by the quantum Gibb’s inequality in Proposition 12.1.18,

D(φX A ∥ψX A ) ≥
n∑

i=2
I(X≤i−1 : Xi )φX A + I(X : A )φX A .

Solving for I(X≤i−1 : Xi )φX A in Equation (12.12), we get the telescoping sum

n∑
i=2

I(X≤i−1 : Xi )φX A =
n∑

i=2

(
I(X≤i−1A : Xi )φX A − I(X≤i : A )φX A + I(X≤i−1 : A )φX A

)
=

n∑
i=2

I(X≤i−1A : Xi )φX A + I(X1 : A )φX A − I(X : A )φX A .

By Proposition 12.1.17, I(X≤i−1A : Xi )φX A ≥ I(A : Xi ), so

D(φX A ∥ψX A ) ≥
n∑

i=2
I(X≤i−1 : Xi )φX A + I(X : A )φX A =

n∑
i=2

I(X≤i−1A : Xi )φX A + I(X1 : A )

≥
n∑

i=1
I(Xi : A )φX A .

12.2 The anchored parallel repetition theorem

We introduce the anchored parallel repetition theorem in this section. Given a non-local game
G = (X ,A ,µ,D) and r ∈ N, we define the r -fold parallel repetition to be the game G⊗r =
(X r ,A r ,µr ,Dr ) as the game with the following question distribution and validation function:

• µn((x0, · · · , xr−1), (y0, · · · yr−1)) =∏r
i=0µ(xi , yi ).

• Dr
(
(x0, · · · , xr−1), (y0, · · · yr−1), (a0, · · · , ar−1), (b0, · · · ,br−1)

)=∏r
i=0 D(xi , .yi , ai ,bi )
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Intuitively, the above transformation corresponds to the verifier sampling r pairs of questions
(xi , yi ), i ∈ [r ] from the distributionµ, and sends them to the provers. The provers must respond
with answers (ai ,bi ) ∈A 2 for i ∈ [r ], and the provers win iff D(xi , yi , ai ,bi ) = 1 for all i ∈ [r ]. If a
game G is synchronous, then its r -fold parallel repetition G⊗r is also synchronous. For clarity
of notation, we use (⃗x, y⃗) (resp. (a⃗, b⃗)) to emphasize that the question/answer pairs (resp. (a⃗, b⃗))
come from the parallel-repeated game.

For a non-local game G , we define the anchoring transformation for a game as follows:

Definition 12.2.1 (Anchoring transformation). Given a game G = (X ,A ,µ,D), we define an-
chored transformation G⊥ = (X⊥ = X ∪ {⊥},A⊥ = A ∪ {⊥},µ⊥,D⊥) for the game G , where the
question distribution µ⊥ is defined as

µ⊥(x, y) =


1
4µ(x, y) if (x, y) ∈X 2

1
4µx (x) if y =⊥
1
4µy (y) if x =⊥
1
4 if x =⊥, y =⊥

,

where recall µx and µy are the marginal distribution for µ on both provers’ sides respectively. The
evaluation D⊥ is defined as

D⊥(x, y, a,b) =


8D(x, y, a,b) if (x, y) ∈X 2

1 if (x = a =⊥, y ∈X )∨ (y = b =⊥, x ∈X )∨ (x = y = a = b =⊥)

0 otherwise

.

We remark that the above definition is a modification of the anchoring transformation
from [BVY21] with α taken to be 1

2 , and instead of giving the provers a free win, we now expect
that the provers both need to output an anchoring symbol in order to win the game. This en-
sures that every synchronous game remains synchronous after the transformation. As shown
in [JNV+22a], this does not change the strong parallel repetition guarantee by [BVY21]. We
see that the anchoring transformation only changes the value of a game by a constant factor
through the following lemma.

Lemma 12.2.2 (Preservation of value of the anchoring transformation). Let t ∈ {∗,co}, and let
G be a non-local game. If ωt (G ) ≥ 1−ϵ for some ε ∈ [0,1], then ωt (G⊥) ≥ 1− 1−ϵ

4 .

The above lemma follows trivially by formulating a strategy that answers the anchoring
symbol ⊥ when ⊥ is given as the question. It is not hard to see that, for t ∈ {∗,co}, if there
exists a perfect oracularizable synchronous strategy for G in model t , then there exists a perfect
oracularizable synchronous strategy for G⊥ in model t by adding the measurement operator
A⊥

0 = IA to the existing perfect strategy for G . Furthermore, if ωt (G ) = ε, then ωt (G⊥) = 3
4 + ε

4 .

We are now ready to state the parallel repetition theorem below.

Theorem 12.2.3 (Anchored Parallel repetition theorem). There exists a universal constant cpara

such that, for any model t ∈ {∗,co}, non-local games G = (X ,A ,µ,D) with ωt ≤ 1−ε, and r ∈N.
Then

ωt (G⊗r
⊥ ) ≤ 16

ε
·exp

( −cparaε17r

log(|A |+1)

)
. (12.13)

We remark that the theorem above for the tensor product model (i.e. t =∗) is already proven
in [BVY21]. We give a proof of the above theorem for the commuting operator model in the next
section. Before we begin, we first give a overview of the proof below.
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12.2.1 Overview of the proof of the quantum parallel repetition theorem

We give a brief overview of the proof of the anchored parallel repetition theorem Theorem 12.2.3
in this subsection. This proof follows a similar structure as [BVY21], which itself follows a simi-
lar structure as the proof for parallel repetition theorem for classical values for non-local games
(see, e.g. [Raz95]). These approaches argue that if a “too good to be true" strategy exists for the
parallel repeated game, then, using information theoretical tools, a strategy which violates the
optimal success probability for the original game can be constructed.

To be more precise, suppose for a r -fold parallel repeated game G⊗r ; there exists some

strategy S ⊗r = {H , |ψ〉 , {Aa⃗
x⃗ }, {B b⃗

y⃗ }} which has a success rate higher than the value indicated

in Theorem 12.2.3. Then, the strategy S must be performed in some correlated manner (i.e.
the answer for the question pair (a⃗i , b⃗i ) must rely on some other question pairs which are not
(⃗xi , y⃗i )). More precisely, since the strategies are correlated between the different folds of the
parallel repeated game, there must exist some critical subset C ⊆ [r ] such that conditioning on
the provers winning on the subset C using this strategy, the provers can win the overall parallel
repeated game with high probability. If the provers were to somehow obtain an entangled state
which mimics a “post-measurement state" in which they had already won on those C coordi-
nates, then this gives them an advantage with the remaining [r ] \ C coordinates. Notably, this
also gives a comparable advantage for a single instance of the game G by running the strategy
above and embedding the coordinate (⃗x j , y⃗ j ) onto one of the {(⃗xi , y⃗i )}i∈[r ]\C .

Unfortunately, it is not clear how to sample such a post-measurement state locally. Since
conditioning on the provers winning on coordinate C might change the input distribution on
coordinate j (as an example, this could occur when the answer given to coordinate j is entirely
dependent on the question on some coordinates on C ), and in some cases, winning on coordi-
nate C might depend on one of the provers getting a certain input on the j th coordinate ! This
means that creating such a “post-measurement state" would often require the full question pair
{(⃗xi , y⃗i )}i∈[r ] (which includes coordinates j ). This is one of the main challenges for showing the
parallel repetition theorem using this approach.

One notable example in which the above approach works is the case where the classical in-
put distribution to the non-local game is a product distribution between both provers [JMS20];
in this case, it can be shown that this “post-measurement state" is, on average, relatively un-
correlated to the provers’ question pair on coordinates outside of C , and hence this state can
be created locally by the provers. The anchored transformation used in [BVY21] and this thesis
intuitively destroys the correlations between the provers, and by using certain conditioning (on
dependency breaking variables), the prover’s distribution can be made uncorrelated, and hence
a similar argument can be made.

12.3 Proof of the anchored parallel repetition theorem

Having presented the von Neumann algebra framework for nonlocal games and some quantum
information theory tools within it, we prove Theorem 12.2.3 in this subsection. Before we begin,
we first give some additional background about classical probability which we need for the
proof.

12.3.1 Preliminaries on classical probability theory

In this thesis, we use P, Q, S and R to denote probability distributions. Given a probability dis-
tribution P on a discrete finite set X and a random variable f on X , we let Ex∼P f (x) denote
the expected value of f with distribution P . We use PX to denote the distribution of random
variable X and PX (x) to denote the probability that X = x for some value x. For multiple ran-
dom variables, e.g. X ,Y , Z , PX Y Z (x, y, z) denotes their joint distribution. All random variables
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are assumed to operate on the same probability space, which is usually implicit and clear from
context.

We use PY |X=x (y) to denote the conditional distribution PY X (y, x)/PX (x), which is defined
when PX (x) > 0. We use the shorthand PX |y,z to denote the distribution PX |Y =y,Z=z . For ex-
ample, we may write PV |ω−i ,⃗xi ,y⃗i

to denote PV |Ω−i=ω−i ,⃗xi=x⃗i ,y⃗i=y⃗i
. For an event W we let PX Y |W

denote the distribution conditioned on W . We use the notation EX f (x) and EPX f (x) to denote
the expectation

∑
x PX (x) f (x). Let PX Y be a joint distribution on X ×Y and let W denote an

event. Then we define the distribution PX |W PY |X over X ×Y as

(PX |W PY |X )(x, y) =PX |W (x) ·PY |X=x (y) .

For distributions PX and PY over the same set X we use ∥PX0 −PX1∥ to denote their total
variation distance,

∥PX0 −PX1∥ = 1

2

∑
x∈X

|PX0 (x)−PX1 (x)| . (12.14)

We recall the following lemmas from [BVY21, Section 3.2], and we refer to Section 3.2 of the
aforementioned paper for the proof.

Lemma 12.3.1. Let QF and SF be two probability distributions for random variable F and let
RG|F be a conditional probability distribution for random variable G⊥, conditioned on F . Then

∥QFRG|F −SFRG|F∥ = ∥QF −SF∥ .

Similarly, for two conditional probability distributions QG|F ,SG|F and a distribution RF ,

∥RFQG|F −RFSG|F∥ = E
F
∥QG|F= f −SG|F= f ∥ ,

where EF denotes the expectation over sampling f from RF .

Lemma 12.3.2 (Data processing inequality). Let QFG and SFG denote two probability distribu-
tions for random variables F,G. Then

∥QF −SF∥ ≤ ∥QFG −SFG∥ .

12.3.2 Existences of a critical subset C and dependency breaking variable

Recall from the beginning of this chapter that G = (X ,A,µ,D) denotes an anchoring game
which arises from Definition 12.2.1. Let G⊗r denote the r -fold parallel repetition game and

let S ⊗r = {L 2(A ,τ), |ψ〉 = σ |τ〉 , {Aa⃗
x⃗ }, {B b⃗

y⃗ }} be a tracially embeddable strategy which violates

the bound given in Theorem 12.2.3. We start with the following proposition which introduce
the notion of the critical subset, since the proof is the same as in [BVY21], we refer to the afore-
mentioned thesis for the proof.

Proposition 12.3.3 (Proposition 6.5 of [BVY21]). Let t ∈ {∗,co} and let G be the game indicated
by Theorem 12.2.3 with ωt (G ) < 1− ϵ. Let W denote the indicator for winning all r coordinates
for the parallel repeated game G⊗r . Suppose that n ≥ 16

ε log 4
ε·P(W ) . Then there exists a set C ⊆ [r ]

of size at most t = 8
ε log 4

ε·P(W ) such that

E
I
P(Wi |WC ) ≥ 1−ε/2 ,

where EI denotes the expectation over a uniformly random i chosen from [r ] \ C and P(Wi |WC )
denotes the probability, using the strategy S ⊗r , of winning the i -th instance of G conditioned
on winning all instances indexed by C .
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We fix a subset C promised by Proposition 12.3.3, which we call the critical subset for the
parallel repeated game G⊗r . We further assume without loss of generality that C = {r−|C |, . . . ,n−
1}.

For the remainder of this section, we reintroduce dependency-breaking variables from [BVY21].
These are crucial tools for controlling the correlations between the input distributions between
the provers. Since most of the propositions in this section are classical in nature and are proven
in [BVY21], we refer to Section 4 of the original paper for the proofs.

Recall from Section 3.4, the distributions µX and µY denote the marginals of the game
distribution µ for the anchored game G on the first and second coordinates respectively. We
first define a “single copy” distribution P̂ as the law of random variables (Mplayer, Mvalue, X ,Y ),
where each random variable may depend on previously defined ones. Following the same set
up as [BVY21, Section 4.1], we fix a “noise” parameter

ηAnchor =
1

4
, (12.15)

We define the random variable Mplayer to be a uniform distribution over the finite set {A,B},
and we define Mvalue to have the following distribution over X : for all (x, y) ∈X 2:

PMvalue|Mplayer=A(x) =


µx (x)

1−ηAnchor
if x ̸= ⊥

1
2−ηAnchor

1−ηAnchor
if x = ⊥

and PMvalue|Mplayer=B (y) =


µy (y)

1−ηAnchor
if y ̸= ⊥

1
2−ηAnchor

1−ηAnchor
if y = ⊥

.

In other words, conditioned on Mplayer = A (resp. Mplayer = B), the variable Mvalue takes on
a value in X from a rescaled version of the distribution µX (resp. µY ) where less weight is given
to the dummy question ⊥. Finally, define the random variables (X ,Y ) as follows.

• If Mplayer = A then X is chosen to be an “ηAnchor-noisy” copy of Mvalue. Precisely, X =
Mvalue with probability 1−ηAnchor and X = ⊥ with probability ηAnchor. Define Y to equal
y with probability µY |X (y |m), where m is the value of Mvalue.

• If Mplayer = B then Y is chosen to be an “ηAnchor-noisy” copy of Mvalue and X equals x
with probability µX |Y (x|m), where m is the value of Mvalue.

This specifies the distribution P̂ . We recall the following properties about P̂ from [BVY21],
which will be important for the parallel repetition theorem.

Claim 12.3.4 (Claim 4.1 of [BVY21]). Conditioned on (Mplayer, Mvalue) the random variables X
and Y are independent.

Claim 12.3.5 (Claim 4.2 of [BVY21]). P̂X Y |Mplayer=A(x, y) = P̂X Y |Mplayer=B (x, y) = µX Y (x, y) for all

(x, y) ∈X 2. In particular, the marginal distribution P̂X Y is identical to the game distribution µ.

We remark that Claim 12.3.4 and Claim 12.3.5 states that, if (x, y) is sampled according
to P̂, then depending on whether Mplayer and Mvalue are conditioned, the distribution X and
Y either follows the original distribution for the game, or becomes uncorrelated. We define
the distribution P = (Mplayer,Mvalue,X,Y,A,B) for the entirety of the input set as follows. Let
Mplayer = ((Mplayer)0, . . . , (Mplayer)r−1), Mvalue = ((Mvalue)0, . . . , (Mvalue)r−1), X = (X0, . . . ,Xr−1), and
Y = (Y0, . . . ,Yr−1) be vectors of random variables, define

PMplayerMvalueXY =
r∏

i=0
P̂(Mplayer)i (Mvalue)i Xi Yi .

Finally, we define random variables A = (Ai )i∈[r ] and B = (Bi )i∈[r ] as follows. When conditioned
on X and Y, the random variables A,B are independent of D and M, and for all realizations x⃗, y⃗
of x⃗ and y⃗ , define

PAB|X=x⃗,Y=y⃗ (a⃗, b⃗) = 〈ψ| Aa⃗
x⃗ B b⃗

y⃗ |ψ〉
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for all a⃗ = (a⃗1, . . . , a⃗n) ∈ A n and b⃗ = (⃗b1, . . . , b⃗n) ∈ Bn . The following claim connects the distri-
bution P to the correlation set for the strategy.

Claim 12.3.6 (Claim 4.3 of [BVY21]). The marginal distribution of XYAB is identical to the cor-
relation set obtained in the repeated game G⊗r when the provers use the strategy S ⊗r .

We use the probabilityP as the distribution which models the behavior of S ⊗r for the proof
of Theorem 12.2.3. Having define the tuple of distributionP, we are ready to define dependency
breaking variables. These are crucial for controlling the correlations that arise when condition-
ing the distribution P on different events. Furthermore, we use QC = (XC ,YC ) and SC = (AC ,BC )
to denote random variables associated with the provers’ questions and answers in the coordi-
nates indexed by the critical set C , and we use RC = (QC ,SC ) to denote the correlation for S ⊗r

over the subset of coordinate C . We remark that the event SC could potentially depend on the
question pair from the coordinates outside of C . For i ∈ [r ] let Wi denote the indicator vari-
able for the event that the provers win round i of the game for probability distribution P. Let
WC =∏

i∈C Wi , we define the dependency breaking variable as:

Definition 12.3.7 (Dependency breaking variable). Let C ⊆ [n]. For all i ∈ [r ] \C define the i -th
dependency-breaking variableΩi as

Ωi = ((Mplayer)i , (Mvalue)i ) .

Furthermore we define

Ω = (Ωi )i∈[r ]\C and Ω−i = (Ω j ) j∈[r ]\(C∪{i }) , ∀i ∈ [r ] \C . (12.16)

We remark that when ηAnchor = 0 the definition of the production distributionΩi QC coin-
cides with the one used by Holenstein [Hol09]; in that case, the variable (Mplayer)i is coupled to
either Xi or Yi exactly. Here we set ηAnchor to be a nonzero value that is related to the anchoring
probability, as in (12.15). This “noisy coupling” betweenΩi and the inputs (⃗xi , y⃗i ) is important
for our analysis. Base on the above definition, we have the following claim.

Claim 12.3.8 (Claim 4.5 of [BVY21]). The following properties hold for the distribution P.

1. The joint distribution (X,Y,Ω) is product across its r triples of coordinates. Furthermore,
for any i , Xi and Yi are independent conditioned onΩi . In particular,PΩi Xi Yi =PΩiPXi |ΩiPYi |Ωi .

2. PSC |XY =PSC |ΩXY.

Intuitively, this claim shows that the distribution of the answer is independent of the choices
of Ω. By pre-sampling on Ω, the provers can sample the question indexed on [r ] \ C indepen-
dently. This is the crucial property which allows to estimate the post measurement state of
the provers conditioning on winning coordinates WC , where recall WC is the event where the
provers win on all the coordinates C .

The following lemma shows that if the event WC occurs with significant probability then
conditioning on WC only has a moderate effect on the distribution of (Xi ,Yi ), on average over
a uniformly random choice of i ∈ [r ] \C . Furthermore, the distribution ofΩ−i QC SC is close to
being independent from (Xi ,Yi ).

Lemma 12.3.9 (Lemma 4.6 of [BVY21]). Let C ⊆ [n] be the critical subset which arises from
Proposition 12.3.3, we define the constant

ηPR = 1

r −|C |
(
log

1

P(WC )
+|C | log |A |2

)
. (12.17)

Then following inequalities hold:
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1. 1
r−|C |

∑m
i=1 ∥PΩi Xi Yi |WC −PΩi Xi Yi ∥ ≤

p
ηPR.

2. 1
r−|C |

∑m
i=1 ∥PΩQC Xi Yi |WC −PΩQC |WCPXi Yi |Ωi ∥ ≤

p
ηPR.

3. 1
r−|C |

∑m
i=1 ∥PΩi |WCPΩ−i QC |Xi=⊥,Yi=⊥,WC −PΩi |WCPΩ−i QC |Ωi WC ∥ =O(

p
ηPR).

4. 1
r−|C |

∑m
i=1 ∥PXi YiPΩ−i QC |Xi=⊥,Yi=⊥,WC −PXi YiPΩ−i QC |Xi ,Yi ,WC ∥ =O(

p
ηPR).

We use ηPR to denote the constant given in (12.17) for the critical set C for the remainder of
this chapter.

12.3.3 Notation for the proof of Theorem 12.2.3

In this subsection, we set up notation used for the proof of Theorem 12.2.3. We note much of
this notation is similar to notation from [BVY21, Section 4.4]. Recall from the previous subsec-

tion that S ⊗r = {L 2(A ,τ), |ψ〉 , {Aa⃗
x⃗ }, {B b⃗

y⃗ }} is a tracially embeddable strategy for G⊗r for some

anchoring game G which violates the bound given by Theorem 12.2.3. Let C be the subset
promise by Proposition 12.3.3. For each (a⃗C , b⃗C ) ∈ (A 2C ), (⃗x, y⃗) ∈X 2n , define

A x⃗
a⃗C

= ∑
a⃗|a⃗C

A x⃗
a⃗ and B y⃗

b⃗C
= ∑

b⃗ |⃗bC

B y⃗

b⃗
, (12.18)

where a⃗|a⃗C (resp. b⃗ |⃗bC ) indicates summing over all tuples a⃗ consistent with a⃗C (resp. b⃗ consis-

tent with b⃗C ). We see that the set {A x⃗
a⃗C

} (resp. {B y⃗

b⃗C
}) denotes a POVM with outcomes in the set

A C (resp. BC ), for all x⃗ (resp. y⃗). For all i ∈ [r −|C |], ω−i ∈Ω−i , (⃗xC , y⃗C ) ∈ QC , and (x, y) ∈ X 2,
define

A(ω−i ,⃗xC ),x
a⃗C

= E
x⃗|ω−i ,⃗xC ,x

A x⃗
a⃗C

and B (ω−i ,y⃗C ),y

b⃗C
= E

y⃗ |ω−i ,y⃗C ,y
B y⃗

b⃗C
, (12.19)

where Ex⃗|ω−i ,⃗xC ,x is shorthand for Ex⃗|Ω−i=ω−i ,⃗xC=x⃗C ,⃗xi=x and similarly for Ey⃗ |ω−i ,y⃗C ,y . Let X/⊥ =
{⊥/x : x ∈ X } be a disjoint copy of X . Here, for each x ∈ X , “⊥/x” is a new symbol that is used
to distinguish elements in X from elements in X/⊥. For all ⊥/x ∈X/⊥ define

A(ω−i ,⃗xC ),⊥/x
a⃗C

= ηAnchor A(ω−i ,⃗xC ),⊥
a⃗C

+ (1−ηAnchor) A(ω−i ,⃗xC ),x
a⃗C

. (12.20)

We remark that A(ω−i ,⃗xC ),⊥/x
a⃗C

can be equivalently defined as Ex⃗|Ω−i=ω−i ,⃗xC=x⃗C ,((Mplayer)i ,(Mvalue)i )=(A,x),
and further remark that

A(ω−i ,⃗xC ),⊥/⊥
a⃗C

= A(ω−i ,⃗xC ),⊥
a⃗C

. (12.21)

Using that all operators are positive semidefinite, we observe for later use that

A(ω−i ,⃗xC ),⊥
a⃗C

≤ 1

ηAnchor
A(ω−i ,⃗xC ),⊥/x

a⃗C
, (12.22)

A(ω−i ,⃗xC ),x
a⃗C

≤ 1

1−ηAnchor
A(ω−i ,⃗xC ),⊥/x

a⃗C
. (12.23)

For all i ∈ [n] \ C , ω−i ∈ Ω−i , r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C ) ∈ RC , x ∈ X , for all s ∈ {x,⊥/x}, and y ∈ X ,
define the (unnormalized) state

|Φ(ω−i ,⃗rC ),s,y 〉 =
(

A(ω−i ,⃗rC ),s
a⃗C

)1/2 (
B (ω−i ,⃗rC ),y

b⃗C

)1/2 |ψ〉 (12.24)

and the normalization factor

γ(ω−i ,⃗rC ),s,y = ∥ |Φ(ω−i ,⃗rC ),s,y 〉 ∥ . (12.25)
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Finally for γ(ω−i ,⃗rC ),s,y ̸= 0, we let

|Φ̃(ω−i ,⃗rC ),s,y 〉 = γ−1
(ω−i ,⃗rC ),s,y |Φ(ω−i ,⃗rC ),s,y 〉 , (12.26)

and |Φ̃(ω−i ,⃗rC ),s,y 〉 = 0 otherwise, this denotes the normalized version of the state |Φ(ω−i ,⃗rC ),s,y 〉.
Intuitively, for s ∈X , the state |Φ̃(ω−i ,⃗rC ),s,y 〉 corresponds to Alice and Bob first perform the fol-
lowing pre-sampling procedure for the strategy S ⊗r :

• For the coordinates in [n] \C , Alice and Bob have pre-sampledΩ−i =ω−i .

• For the coordinates in C ∪ {i }, the questions are sample normally.

In this case, γ(ω−i ,⃗rC ),s,y corresponds to the expected probability in which Alice and Bob obtain

the answer pair (a⃗C , b⃗C ) given the pre-sampling procedure above using the strategy S ⊗r . The
state |Φ̃(ω−i ,⃗rC ),s,y 〉 correspond to the average post-measurement state for obtaining the answer

pair (a⃗C , b⃗C ).
Similarly, for s ∈X⊥, the scenario is similar as above, except for the coordinate i , Alice and

Bob have pre-sampledΩi = (A, s) as the outcome instead of sampling normally. By (12.21)

|Φ̃(ω−i ,⃗rC ),⊥/⊥,y 〉 = |Φ̃(ω−i ,⃗rC ),⊥,y 〉 (12.27)

for all y ∈X .
For notation convenience, since many of the operator will be used in the context in which

is over an expectation over the variable i ,ω−i and r⃗C . For the clarity of notation, we often
omit these subscripts if it is clear from context. For example, for some fix i and the operator
Aω−i ,⊥/x⃗i

(a⃗C ) expected over (ω−i , r⃗C ) ∼ (Ω−i ×RC ), we will instead write E(ω−i ,⃗rC ) A⊥/x . As another
example, for the state |Φ̃x,y 〉 expected over (ω−i , r⃗C ) ∼Ω−i ×RC , this is use to represent the state
|Φ̃(ω−i ,⃗rC ),⊥,x〉. To make the above intuition more concrete, we have the following proposition.

Proposition 12.3.10. For all s ∈X ,

γ(ω−i ,⃗rC ),x,y =
(
PAC BC |Ω−i=ω−i ,Xi=x,Yi=y (a⃗C , b⃗C )

)1/2
,

and for all s = ⊥/x ∈X/⊥,

γ(ω−i ,⃗rC ),s,y =
(
ηAnchorPAC BC |Ω−i=ω−i ,Xi=⊥,Yi=y (a⃗C , b⃗C )+ (1−ηAnchor)PAC BC |Ω−i=ω−i ,Xi=x,Yi=y (a⃗C , b⃗C )

)1/2

=PAC BC |Ω−i=ω−i ,Ωi=(A,x),Yi=y (a⃗C , b⃗C )1/2 . (12.28)

The proof of this proposition is similar to [BVY21, Proposition 4.9] by expanding the defini-

tion of A(ω−i ,⃗rC ),x
a⃗C

and B (ω−i ,⃗rC ),y

b⃗C
.

12.3.4 Proof of Theorem 12.2.3

The proof for Theorem 12.2.3 requires the following proposition:

Proposition 12.3.11. For every C ⊆ [r ], i ∈ [r ]\C , (ω−i , r⃗C ), x, y ∈ X , there exist two unitary
operator U(ω−i ,⃗rC ),x ∈A and V(ω−i ,⃗rC ),y ∈A ′ such that

E
I

E
(ω−i ,⃗rC )|WC

E
X Y

∥U(ω−i ,⃗rC ),x V(ω−i ,⃗rC ),y |Φ̃(ω−i ,⃗rC ),⊥,⊥〉− |Φ̃(ω−i ,⃗rC ),x,y 〉∥ = O
(
η1/16

PR

)
,

where EI denotes the expectation over a uniformly random i ∈ [r ] \ C , E(ω−i ,⃗rC )|WC
denotes the

expectation over (ω−i , r⃗C ) sampled from P(ω−i ,⃗rC )|WC
, and EX Y denotes the expectation over (x, y)

sampled from µ.
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We remark that this is an analogue of [BVY21, Proposition 5.1] for tracially embeddable
strategies, and we give the proof in Section 12.3.5. Based on the above proposition, we give a
proof for Theorem 12.2.3 below.

Proof. Let G be an anchored game, and supposed that there exist a tracially embeddable strat-

egy S ⊗r = {L 2(A ,τ), |ψ〉 , {A x⃗
a⃗}, {B y⃗

b⃗
}} which violates (12.13). Let C be the critical subset C as

promised by Proposition 12.3.3, and recall, without the lost of generality, we assume C is the
first |C | coordinates of [r ]. Fix i ∈ [r ] \C , (ω−i , r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C )) ∈ (Ω−i ,RC ) and (x, y) ∈X 2.
For each a⃗ such that π≤|C |(a⃗) = a⃗C , by (12.19), we have A(ω−i ,⃗xC ),x

a⃗ ≤ A(ω−i ,⃗xC ),x
a⃗C

, and hence by

Lemma 3.2.1, there exist a positive element Â(ω−i ,⃗xC ),x
a⃗ such that

A(ω−i ,⃗xC ),x
a⃗ =

(
A(ω−i ,⃗xC ),x

a⃗C

)1/2 · Â(ω−i ,⃗xC ),x
a⃗ ·

(
A(ω−i ,⃗xC ),x

a⃗C

)1/2
.

Likewise, for each b⃗ such that π≤|C |(⃗b) = b⃗C , there exist a positive element B̂ (ω−i ,y⃗C ),y

b⃗
such that

B (ω−i ,y⃗C ),y

b⃗
=

(
B (ω−i ,y⃗C ),y

b⃗C

)1/2 · B̂ (ω−i ,y⃗C ),y

b⃗
·
(
B (ω−i ,y⃗C ),y

b⃗C

)1/2
.

For fixed (a⃗C , b⃗C ), both {Âa⃗
(ω−i ,⃗xC ),x }a⃗|a⃗C

and {B̂ b⃗
(ω−i ,y⃗C ),y }⃗b |⃗bC

forms a POVM, where a⃗|a⃗C (resp.

b⃗ |⃗bC ) denotes summing over a⃗ such that π≤|C |(a⃗) = a⃗C (resp. π≤|C |(⃗b) = b⃗C ). For each i ∈
[r ] \ C and (ω−i , r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C )) ∈ (Ω−i ,RC ), we define a tracially embeddable strategy

S(ω−i ,⃗rC ) = {L 2(A ,τ), |Φ̃(ω−i ,⃗rC ),⊥,⊥〉 , {Ã(ω−i ,⃗rC ),x
a }(x,a)∈X×A , B̃ (ω−i ,⃗rC ),y

b }(y,b)∈X×A } for the game G

as the following: The joint entanglement between the prover is |Φ̃(ω−i ,⃗rC ),⊥,⊥〉 given in (12.26).

The measurement operators {Ã(ω−i ,⃗rC ),x
a }, {B̃ (ω−i ,⃗rC ),y

b } for the strategy S(ω−i ,⃗rC ) is defined as

Ã(ω−i ,⃗rC ),x
a =U †

(ω−i ,⃗rC ),x

( ∑
a⃗|a⃗i=a,a⃗C

Â(ω−i ,⃗xC ),x
a⃗

)
U(ω−i ,⃗rC ),x

B̃ (ω−i ,⃗rC ),y
b =V †

(ω−i ,⃗rC ),y

 ∑
b⃗ |⃗bi=b,⃗bC

B̂ (ω−i ,y⃗C ),y

b⃗

V(ω−i ,⃗rC ),y ,

where a⃗|a⃗i = a, a⃗C (resp. b⃗ |⃗bi = b, b⃗C ) denotes summing over tuples a⃗ that are consistent with
a⃗C and the ith coordinate is equal to a (resp. b⃗ that are consistent with b⃗C and the ith coordinate
is equal to b), and U(ω−i ,⃗rC ),x , V(ω−i ,⃗rC ),y are the unitary operators from Proposition 12.3.11. We

remark that we choose to represent the measurement as {Ã(ω−i ,⃗rC ),x
a }(x,a)∈X×A to emphasize

that S(ω−i ,⃗rC ) is a strategy for a single copy of G (i.e. given the question x ∈ X , the first prover

will measure using {Ã(ω−i ,⃗rC ),x
a }a∈A on her half of the state |Φ̃(ω−i ,⃗rC ),⊥,⊥〉).

We wish to show that on average over (ω−i , r⃗C ) there exist a coordinate i such that the strat-
egy S(ω−i ,⃗rC ) violates the optimal success for the original game. Let QAB |(ω−i ,⃗rC ),x,y denotes the
correlation Cx,y,a,b given the strategy S(ω−i ,⃗rC ), or

QAB |(ω−i ,⃗rC ),x,y (a,b) = 〈Φ̃⊥,⊥|Ã(ω−i ,⃗rC ),x
a · B̃ (ω−i ,⃗rC ),y

b |Φ̃⊥,⊥〉
= ∑

a⃗|a⃗i=a,a⃗C

∑
b⃗ |⃗bi=b,⃗bC

(
〈Φ̃⊥,⊥|U †

x V †
y

(
Â(ω−i ,⃗xC ),x

a⃗ · B̂ (ω−i ,⃗xC ),y

b⃗

)
UxVy |Φ̃⊥,⊥〉

)
.

(12.29)

The following lemma shows that conditioning on r⃗C selected base on the question/answer
pairs which wins on the critical set C , the strategy on coordinate i is closed to being indepen-
dent from the other coordinates.
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Lemma 12.3.12. There exists a universal constant βPR ≥ 1 such that,

E
I
∥P(Ω−i ,RC )|WC ·PX Y ·QAB |(ω−i ,⃗rC ),x,y −P(Ω−i ,RC )Xi Yi Ai Bi |WC ∥ ≤ βPR η

1/16
PR ,

where ηPR is defined in (12.17) and we identify (x, y, a,b) with (⃗xi , y⃗i , a⃗i , b⃗i ).

Proof. We remark that this is essentially the same as [BVY21, Lemma 6.2]. We start with two
claims, from which the proof of the lemma follows.

Claim 12.3.13. For all (ω−i , r⃗C ), x, y and a,b,∑
a⃗|a⃗i=a,a⃗C

∑
b⃗ |⃗bi=b,⃗bC

(
〈Φ̃(ω−i ,⃗rC ),x,y |

(
Â(ω−i ,⃗rC ),x

a⃗ · B̂ (ω−i ,⃗rC ),y

b⃗

)|Φ̃(ω−i ,⃗rC ),x,y 〉
)
= Pa⃗i b⃗i |(ω−i ,⃗rC ),x,y (a,b) .

The proof of this proposition is similar to [BVY21, Claim 6.3] by expanding the definition of

Â(ω−i ,⃗rC ),x
a⃗ and B̂ (ω−i ,⃗rC ),y

b⃗
.

Claim 12.3.14. The following holds:

E
I
∥P(ω−i ,⃗rC )|WC

·Px⃗i y⃗i
·Qa⃗i b⃗i |(ω−i ,⃗rC )⃗xi y⃗i

−P(ω−i ,⃗rC )|WC
·Px⃗i y⃗i

·Pa⃗i b⃗i |(ω−i ,⃗rC )⃗xi y⃗i
∥ = O(η1/16

PR ) .

Proof. Fix (ω−i , r⃗C ), x, y . We bound the total variation distance between the distribution Q and
P below. For the ease of notation, we define

Âx
a = ∑

a⃗|a⃗i=a,a⃗C

Â(ω−i ,⃗rC ),x
a⃗ B̂ y

b = ∑
b⃗ |⃗bi=b,⃗bC

Â(ω−i ,⃗rC ),y

b⃗
,

for this proof. We see that {Âx
a}a∈A and {B̂ y

b }b∈A forms two sets of POVM. By Equation (12.29)
and Claim 12.3.13

∥Qa⃗i b⃗i |(ω−i ,⃗rC ),x,y −Pa⃗i b⃗i |(ω−i ,⃗rC ),x,y∥

= 1

2

∑
a,b

| 〈Φ̃⊥,⊥|U †
x V †

y

(
Âx

a · B̂ y
b

)
UxVy |Φ̃⊥,⊥〉−〈Φ̃x,y |

(
Âx

a · B̂ y
b

)|Φ̃x,y 〉 |

= 1

2

∑
a,b

| 〈Φ̃⊥,⊥|U †
x V †

y

(
Âx

a · B̂ y
b

)
UxVy |Φ̃⊥,⊥〉−〈Φ̃⊥,⊥|U †

x V †
y

(
Âx

a · B̂ y
b

)|Φ̃x,y 〉

+〈Φ̃⊥,⊥|U †
x V †

y

(
Âx

a · B̂ y
b

)|Φ̃x,y 〉−〈Φ̃x,y |
(

Âx
a · B̂ y

b

)|Φ̃x,y 〉 |

≤ 1

2

∑
a,b

(∥(Âx
a · B̂ y

b

)
UxVy |Φ̃⊥,⊥〉∥+∥(Âx

a · B̂ y
b

) |Φ̃x,y 〉∥
) · ∥UxVy |Φ̃⊥,⊥〉− |Φ̃x,y 〉∥

= 1

2

(∑
a,b

∥(Âx
a · B̂ y

b

)
UxVy |Φ̃⊥,⊥〉∥+

∑
a,b

∥(Âx
a · B̂ y

b

) |Φ̃x,y 〉∥
)
· ∥UxVy |Φ̃⊥,⊥〉− |Φ̃x,y 〉∥

≤ ∥UxVy |Φ̃⊥,⊥〉− |Φ̃x,y 〉∥ . (12.30)

Where the last line follows from Jensen’s inequality and {Âx
a}a∈A and {B̂ y

b }b∈A being both POVM.
Thus, returning to (12.3.14)

E
I
∥P(ω−i ,⃗rC )|WC

·Px⃗i y⃗i
·Qa⃗i b⃗i |(ω−i ,⃗rC )⃗xi y⃗i

−P(ω−i ,⃗rC )|WC
·Px⃗i y⃗i

·Pa⃗i b⃗i |(ω−i ,⃗rC )⃗xi y⃗i
∥

= E
I

E
(ω−i ,⃗rC )|WC

E
x⃗i y⃗i

∥Qa⃗i b⃗i |(ω−i ,⃗rC )⃗xi y⃗i
−Pa⃗i b⃗i |(ω−i ,⃗rC )⃗xi y⃗i

∥

≤p
2 E

I
E

(ω−i ,⃗rC )|WC

E
X Y

∥U(ω−i ,⃗rC ),x ⊗V(ω−i ,⃗rC ),y |Φ̃(ω−i ,⃗rC ),⊥,⊥〉− |Φ̃(ω−i ,⃗rC ),x,y 〉∥

≤O(η1/16
PR ) ,

where the first inequality is by (12.30) and the last inequality follows from Proposition 12.3.11.
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Based on Lemma 12.3.12, we are ready to construct a strategy for the single instance of the
non-local game G which creates the contradiction. We remark that the remainder of this proof
follows similarly as [BVY21, Section 6.2]. Recall by the definition of the critical set C in Proposi-
tion 12.3.3, we have

E
I
P(Wi |WC ) ≥ 1−ε/2 ,

and recall from Claim 12.3.8, since sampling eachΩi are independent from each coordinates,
and the answers are independent from the distributionΩi for i ∈ [r ] \ (C ∪ {i }). This implies by
sampling a uniformly random i ∈ [r ]\C and then sampling from the distributionPx⃗i y⃗i (ω−i ,⃗rC )a⃗i b⃗i |WC

yields a tuple (i , x⃗i , y⃗i , (ω−i , r⃗C ), a⃗i , b⃗i ) such that V (⃗xi , y⃗i , a⃗i , b⃗i ) = 1 (i.e Wi = 1) with probability
at least 1−ε/2. By Lemma 12.3.12, the distribution PXi Yi (ω−i ,⃗rC )Ai Bi |WC

, is βPR η
1/16
PR close to Alice

and Bob performing the following strategy for the non-local game G

1. Post-select the question and answer pair rC ∼ RC for the critical set C in which they win
on all C coordinates for the strategy S n , uniformly a coordinates i ∈ [r ] \ c and (ω−i ) ∼
Ω−i .

2. Up on receiving (x, y), perform the strategy S(ω−i ,⃗rC ).

By convexity, there exists some coordinate i in which we can fix on step 1 of the above pro-
cedure which succeed with probability at least 1− ε/2−βPRη

1/16
PR , where βPR is the universal

constant from Lemma 12.3.12. Let the strategy define above be S contra. Set

c = 1

32 log(e) (4βPR )16 .

By the initial contradiction assumption, we have

ω(G⊗r ,S ⊗r ) ≥ 4

ϵ
exp

(
− c ε17 r

log(|A |+1)

)
,

and by rearranging the equation for r , we have

log(|A |+1)

c ·ε17 ln

(
4

ε ·ω(G⊗r ,S ⊗r )

)
≤ n.

Hence, we have

r ≥ r

log(|A |+1)
≥ 1

c · ε17 ln

(
4

ε ·ω(G⊗r ,S ⊗r )

)
≥ 16

ε
log

(
4

ε ·ω(G⊗r ,S ⊗r )

)
,

where we use that 0 < ε≤ 1, and 0 < c ≤ ε16

16·log(e) . Hence, if we consider ηPR, using the fact that

|C | ≤ 8
ε log 4

ε·P(W ) ≤ r /2 from Proposition 12.3.3,

ηPR = 1

r −|C |
(
log

1

P(WC )
+|C | log |A |2

)
≤ 2

n

(16 · log |A |2
ε

log
4

ε ·P(W )

)
≤ 2

n
· 16 · s

ε
· c log(e)ε17 n

s
= 32c log(e)ε16 .

This implies that

ω(G ,S contra) ≥ 1−ε/2−βPR ·η1/16
PR ≥ 1−ε/2−βPRηPR > 1−ε, (12.31)

giving a strategy which wins G is strictly greater than 1−ε, a contradiction. This concludes the
proof for Theorem 12.2.3.
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12.3.5 Existence of the local unitary

In this section, we give a proof for Proposition 12.3.11. Similar to the proof of [BVY21, Propo-
sition 5.1], the proof relies on two main lemmas. The first lemma, given below, guarantees the
existence of a local unitary operator which allows the provers to make the local adjustment as
per described in Section 12.2.1. We remark that this is a commuting operator model variant
of [BVY21, Proposition 5.1], and the proof follows a similar structure.

Lemma 12.3.15. For all i , (ω−i , r⃗C ), x and y there exists two unitary operator U(ω−i ,⃗rC ),x ∈ A
and V(ω−i ,⃗rC ),y ∈A ′ such that with probability at least 1−O(η1/16

PR ) over the choice of a uniformly
random i ∈ [n] \C ,

E
Ω−i RC |WC

E
X
∥U(ω−i ,⃗rC ),x |Φ̃(ω−i ,⃗rC ),⊥,⊥〉− |Φ̃(ω−i ,⃗rC ),x,⊥〉∥ =O(η1/16

PR ) , (12.32)

E
Ω−i RC |WC

E
Y

∥V(ω−i ,⃗rC ),y |Φ̃(ω−i ,⃗rC ),⊥,⊥〉− |Φ̃(ω−i ,⃗rC ),⊥,y 〉∥ =O(η1/16
PR ) , (12.33)

E
Ω−i RC |WC

E
XY

∥V(ω−i ,⃗rC ),x,y |Φ̃(ω−i ,⃗rC ),⊥/x,y 〉− |Φ̃(ω−i ,⃗rC ),⊥/x,⊥〉∥ =O(η1/16
PR ) . (12.34)

where EX, EY, and EXY denote expectations under µX (x), µY (y), and µ(x, y) respectively.

The second lemma, given below, relates the normalization factors γx,y and γ⊥/x,y defined
in (12.25). Since the second lemma is identical to [BVY21, Lemma 5.17], we instead refer the
reader to the original reference for the proof.

Lemma 12.3.16. With probability at least 1−O(η1/4
PR ) over the choice of i ∈ [n] \C ,

E
XY

E
Ω−iRC |Xi=⊥,Yi=⊥,WC

∣∣∣1− γ(ω−i ,⃗rC ),x,y

γ(ω−i ,⃗rC ),⊥,⊥

∣∣∣2 ≤O(η1/4
PR ) , (12.35)

and

E
XY

E
Ω−iRC |Xi=⊥,Yi=⊥,WC

∣∣∣1− γ(ω−i ,⃗rC ),⊥/x,y

γ(ω−i ,⃗rC ),⊥,⊥

∣∣∣2 ≤O(η1/4
PR ) . (12.36)

Local operator lemma

In this subsection, we give a proof for Lemma 12.3.15. Recall from the previous section that

the strategy S ⊗r = {L 2(A ,τ), |ψ〉 = σ |τ〉 , {Aa⃗
x⃗ }, {B b⃗

y⃗ }} is a tracially embeddable strategy which

realizes a contradiction for Theorem 12.2.3. For all ω, (⃗xC , y⃗C ), a⃗C , and BC , we define the mea-
surement operator

Aω,(⃗xC ,y⃗C )
a⃗C

= E
X|Ω=ω,QC=(⃗xC ,y⃗C )

A x⃗
a⃗C

and Bω,(⃗xC ,y⃗C )

b⃗C
= E

Y|Ω=ω,QC=(⃗xC ,y⃗C )
B y⃗

b⃗C
(12.37)

where A x⃗
a⃗C

,B y⃗

b⃗C
are defined in (12.18). For all ω, x⃗, y⃗ , a⃗C , b⃗C , we define the vector state

|Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

〉 =
(

Aω,(⃗xC ,y⃗C )
a⃗C

)1/2 (
B y⃗

b⃗C

)1/2 |ψ〉 (12.38)

|Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

〉 =
(

Aω,(⃗xC ,y⃗C )
a⃗C

)1/2 (
B y⃗

b⃗C

)1/2 |ψ〉 , (12.39)

where |Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

〉 , |Λ
ω,⃗x,y⃗C ,a⃗C ,⃗bC

〉 ∈L 2(A ,τ). We remark that in the above definition, Aω,(⃗xC ,y⃗C )
a⃗C

and B y⃗

b⃗C
uses the same value of y⃗ . Let Ξ

ω,⃗xC ,y⃗ ,a⃗C ,⃗bC
and Λ

ω,⃗x,y⃗C ,a⃗C ,⃗bC
denote the abstract normal

states acting on L 2(A ,τ) specified by the vector |Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

〉 and |Λ
ω,⃗x,y⃗C ,a⃗C ,⃗bC

〉, respectively,
i.e.

Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

(A) = 〈Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

|A|Ξ
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

〉
Λ
ω,⃗x,y⃗C ,a⃗C ,⃗bC

(A) = 〈Λ
ω,⃗x,y⃗C ,a⃗C ,⃗bC

|A|Λ
ω,⃗x,y⃗C ,a⃗C ,⃗bC

〉
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Now define the classical-quantum states

ΞΩXC YQC A = ∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

PΩXC Y(ω, x⃗C , y⃗) 〈ω, x⃗C , y⃗ , a⃗C , b⃗C |⊗Ξω,⃗xC ,y⃗ ,a⃗C ,⃗bC
, (12.40)

ΛΩXYC QC A = ∑
ω,⃗x,y⃗C ,a⃗C ,⃗bC

PΩXYC (ω, x⃗, y⃗C ) 〈ω, x⃗, y⃗C , a⃗C , b⃗C |⊗Λω,⃗x,y⃗C ,a⃗C ,⃗bC
, (12.41)

Both states are classical on the spaceΩ, X, XC , Y, YC and QC and quantum on the space A .We
remark that all classical register listed above are multiple classical registers, as each of them
are probability distribution over multiple coordinates (i.e. X = (X0, · · · ,Xr−1)). Observe that
this state looks very similar – but not quite – to the one that occurs in an actual execution of
the strategy S ⊗r . There are several important differences: one is that the measurements only
produce answers for the coordinates indexed by C . Another difference is that the measurement

operators Aω,(⃗xC ,y⃗C )
a⃗C

are not part of the strategy but instead are derived from the measurements
operator. Also, note that there is no explicit register for question vector X (except for the XC

questions, which are included in the registerΩ); instead these questions are implicitly averaged
over within the Aω,(⃗xC ,y⃗C ) measurement for a fix value of (ω, x⃗C , y⃗C ).

The state ΞΩXC YQC A is defined such that when restricted to the classical register ΞΩXC YQC ,
the resulting state representing the probability distributionPΩXC YAC BC . To see this, observe that
for any (ω, x⃗C , y⃗ , a⃗C , b⃗C ), we have

ΞΩXC YQC = ∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

PΩXC Y(ω, x⃗C , y⃗) · 〈ω, x⃗C , y⃗ , a⃗C , b⃗C |⊗Ξω,⃗xC ,y⃗ ,a⃗C ,⃗bC
(IA ) ,

= ∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

(
PΩXC Y(ω, x⃗C , y⃗)〈ψ|Aω,(⃗xC ,y⃗C )

a⃗C
B y⃗

b⃗C
|ψ〉

)
· 〈ω, x⃗C , y⃗ , a⃗C , b⃗C | ,

= ∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

PΩXC Y(ω, x⃗C , y⃗)

(
E

X|Ω=ω,XC=x⃗C ,Y=y⃗
〈ψ|A x⃗

a⃗C
B y⃗

b⃗C
|ψ〉

)
· 〈ω, x⃗C , y⃗ , a⃗C , b⃗C | ,

= ∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

PΩXC Y(ω, x⃗C , y⃗)

(
E

X|XC=x⃗C ,Y=y⃗
PAB|X=x⃗,Y=y⃗ (a⃗, b⃗)

)
· 〈ω, x⃗C , y⃗ , a⃗C , b⃗C | ,

= ∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

(
PΩXC YAC BC (ω, x⃗C , y⃗ , a⃗C , b⃗C )

)
· 〈ω, x⃗C , y⃗ , a⃗C , b⃗C | ,

where in the third line we used Item 1 from Claim 12.3.8 and in the fourth line we used Item
2 from Claim 12.3.8 and each Yi being independent of each other. By a similar calculation,
the stateΛΩXAC BC represents the probability distribution PΩXYC AC BC . Since both PΩXC YAC BC and
PΩXYC AC BC are probability distributions, the state ΞΩXC YQC and ΛΩXYC QC are indeed classical
quantum states.

Recall, the event WC corresponds to the event where the provers produces an winning an-
swer given a winning question pair on all coordinates on the critical set C . Since the event WC is
determined by the random variables (Ω,RC ) we can condition the statesΞΩXC YQC A ,ΛΩXYC QC A

on the event WC to obtain states

ξΩXC YQC A = 1

P(WC )

∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC :

(⃗xC ,y⃗C ,a⃗C ,⃗bC )∈WC

PΩXC Y(ω, x⃗C , y⃗) · 〈ω, x⃗C , y⃗ , a⃗C , b⃗C |⊗Ξω,⃗xC ,y⃗ ,a⃗C ,⃗bC
,

λΩXYC QC A = 1

P(WC )

∑
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC :

(⃗xC ,y⃗C ,a⃗C ,⃗bC )∈WC

PΩXYC (ω, x⃗, y⃗C ) · 〈ω, x⃗, y⃗C , a⃗C , b⃗C |⊗Λω,⃗x,y⃗C ,a⃗C ,⃗bC
,

Since the event WC is a subset of all possible coordinates in X 2|C | ×A 2|C |, by definition, we
have

P(WC ) ·ξΩXC YQC A ≤ΞΩXC YQC A P(WC ) ·λΩXYC QC A ≤ΛΩXYC QC A . (12.42)
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For a fix ω and r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C ) ∈X 2|C |A 2|C |
, we write ξΩXC YQC A

(ω,⃗rC ) as the (normalize) state

Ξ
ΩXC YQC A
(ω,⃗rC ) = ∑

y⃗ :y⃗ |C=y⃗C

PΩXC Y(ω, x⃗, y⃗C ) · 〈ω, x⃗C , y⃗ , a⃗C , b⃗C |⊗Ξω,⃗x,y⃗C ,a⃗C ,⃗bC
,

In other words, the state ΞΩXC YQC A
(ω,⃗rC ) is equivalent to the quantum-classical ξΩXC YQC A restricted

to the component where Ω = ω and RC = r⃗C for all coordinates in C . We define the state
Ξ
ΩXC YQC A
ω,⃗xC ,y⃗C

as the same conditioning above, but only for fixed x⃗C , y⃗C value, and we define the

stateΛΩXC YQC A
(ω,⃗rC ) andΛΩXC YQC A

ω,⃗xC ,y⃗C
in a similar manner as above.

Likewise, for r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C ) ∈WC , we define the (normalized) state ξΩXC YQC A
(ω,⃗rC )

ξ
ΩXC YQC A
(ω,⃗rC ) = 1

P(WC )

∑
y⃗ :y⃗ |C=y⃗C

PΩXC Y(ω, x⃗, y⃗C ) · 〈ω, x⃗, y⃗C , a⃗C , b⃗C |⊗Ξω,⃗xC ,y⃗ ,a⃗C ,⃗bC
,

and ξ
ΩXC YQC A
(ω,⃗rC ) = 0 if r⃗C ̸∈ WC . We define the state λΩXC YQC A

(ω,⃗rC ) in a similar manner as above. By

definition, for a fixed ω and r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C ) ∈ WC , we have ξΩXC YQC A
(ω,⃗rC ) = ΞΩXC YQC A

(ω,⃗rC ) . Sim-
ilarly to the proof of [BVY21, Lemma 5.12], the main step of proving Lemma 12.3.15 is given
by two claims which build on top of each other. The following claim is an analogue of [BVY21,
Claim 5.13] for the commuting operator model. We remark that the proof is rewritten for clarity.

Claim 12.3.17.

E
i∼[r ]\C

E
ΩRC |WC

I
(
Yi ;A

)
ξ
ΩXC YQC A

(ω,⃗rC )

= O(ηPR) , (12.43)

E
i∼[r ]\C

E
ΩRC |WC

I
(
Xi ;B

)
λ
ΩXYC QC A

(ω,⃗rC )

= O(ηPR) . (12.44)

Proof. We present the proof for (12.43); the proof for (12.44) follows from a similar calculation.
First, for a fixed ω and r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C ) ∈ WC , ξΩXC YQC A

(ω,⃗rC ) = ΞΩXC YQC A
(ω,⃗rC ) . Hence, by rearrang-

ing (12.43),

E
i∼[r ]\C

E
ΩRC |WC

I
(
Yi ;A

)
ξ
ΩXC YQC A

(ω,⃗rC )

= E
i∼[r ]\C

E
ΩRC |WC

D
(
ξ

Yi A
(ω,⃗rC )

∥ΞYi

(ω,⃗rC ) ⊗ΞA
(ω,⃗rC )

)
≤ E

i∼[r ]\C
E

ΩRC |WC

D
(
ξYA

(ω,⃗rC )∥ΞY
(ω,⃗rC ) ⊗ΞA

(ω,⃗rC )

)
≤ E

i∼[r ]\C
E

ΩQC |WC

D
(
ξYA
ω,⃗xC ,y⃗C

∥ΞY
(ω,⃗rC ) ⊗ΞA

ω,⃗xC ,y⃗C

)
(12.45)

Where the second line follows from Proposition 12.1.17 and the third line follows from Proposi-
tion 12.1.21 on the distribution SC . We wish to use Proposition 12.1.13 to bound the inequality.
For all ω and (⃗xC , y⃗C ) ∈X |C |2

Ξ
YQC A
ω,⃗xC ,y⃗C

= ∑
y⃗ ,a⃗C ,⃗bC

PY|ω,(⃗xC ,y⃗C )(y⃗) 〈y⃗ |⊗〈a⃗C b⃗C |⊗ΞA
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

≤∑
y⃗

PY|ω(y⃗) 〈y⃗ |⊗Tr|A |2|C | ⊗
 ∑

a⃗C ,⃗bC

ΞA
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC


=ΞY

ω,⃗xC ,y⃗C
⊗Tr|A |2|C | ⊗ΞA

ω,⃗xC ,y⃗C
, (12.46)

where the second line follows since the state 〈y⃗ | ≤ Tr|A |2|C | , and the third line follows because∑
a⃗C ,⃗bC

ΞA
ω,⃗xC ,y⃗ ,a⃗C ,⃗bC

(IA ) = 1 (by (12.38) where both of the measurement operator A and B are

POVMs). By considering the above state on the restriction of M|Y |r ⊗ I|A |2|C | ⊗A ,

ΞYA
ω,⃗xC ,y⃗C

≤ (|A |)2|C | ·
(
ΞY
ω,⃗xC ,y⃗C

⊗ΞA
ω,⃗xC ,y⃗C

)
.
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Hence, by combining Proposition 12.1.13 and (12.45)

E
i∼[r ]\C

E
ΩRC |WC

I
(
Yi ;A

)
ξ
ΩXC YQC A

(ω,⃗rC )

≤ 1

r −|C |
(

E
ΩQC |WC

D
(
ξYA
ω,⃗xC ,y⃗C

∥ΞYA
ω,⃗xC ,y⃗C

)+|C | · log |A |2
)

.

≤ 1

r −|C |
(

E
ΩQC |WC

D
(
ξ
ΩXC YQC A
ω,⃗xC ,y⃗C

∥ΞΩXC YQC A
ω,⃗xC ,y⃗C

)+|C | · log |A |2
)

,

≤ 1

r −|C |
(
E
ΩQC

D
(
ξ
ΩXC YQC A
ω,⃗xC ,y⃗C

∥ΞΩXC YQC A
ω,⃗xC ,y⃗C

)+|C | · log |A |2
)

,

≤ 1

r −|C |
(
D

(
ξΩXC YQC A ∥ΞΩXC YQC A )+|C | · log |A |2

)
,

≤ 1

r −|C |
(
log

(
1

P (WC )

)
+|C | · log |A |2

)
= ηPR,

where the first line follows from Proposition 12.1.17, the second line follows from Proposi-
tion 12.1.21 and ξ

ΩXC YQC A
ω,⃗xC ,y⃗C

= 0 whenever (⃗xC , y⃗C , a⃗C , b⃗C ) ̸∈ WC . The third line follows from

conditioning a probability distribution will never increase the relative entropy (i.e. Proposi-
tion 12.1.13). The fifth line follows by combining Proposition 12.1.13 and (12.42). Thus show-
ing (12.43).

Given a fix ω−i sampled fromΩ−i , r⃗C ∈ WC and (x, y) ∈ X 2, let ωA
−i ,x = (ω−i ,ωi = (A, x)) in

Ω. We define the (normalize) state

ξ
ΩXC YQC A
(ω−i ,⃗rC ),x,y =

∑
y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXC Y(ωA
−i ,x , x⃗, y⃗C ) · 〈ωA

−i ,x , x⃗C , y⃗ , a⃗C , b⃗C |⊗ΞωA
−i ,x ,⃗xC ,y⃗ ,a⃗C ,⃗bC

. (12.47)

Similarly, let ωB
−i ,y = (ω−i ,ωi = (B , y)) and we define the (normalize) state

λ
ΩXYC QC A
(ω−i ,⃗rC ),x,y =

∑
x⃗ :⃗x|C=x⃗C ,⃗xi=x

PΩXC Y(ωB
−i ,y , x⃗C , y⃗) · 〈ωB

−i ,y , x⃗, y⃗C , a⃗C , b⃗C |⊗λωB
−i ,y ,⃗x,y⃗C ,a⃗C ,⃗bC

.

The second claim relates the states ξ and λ associated with different choices of i , (ω−i , r⃗C ), x, y .

Claim 12.3.18. The following hold:

E
i∼[r ]\C

E
Ω−i RC |WC

E
XY

∥ξA
(ω−i ,⃗rC ),x,y −ξA

(ω−i ,⃗rC ),x,⊥∥2
A = O

(p
ηPR

)
, (12.48)

E
i∼[r ]\C

E
Ω−i RC |WC

E
XY

∥λA
(ω−i ,⃗rC ),x,y −λA

(ω−i ,⃗rC ),⊥,y∥2
A = O

(p
ηPR

)
, (12.49)

where the expectation over X Y is with respect to the distribution µX Y .

Proof. We show (12.48); the proof of (12.49) is similar. Fix i ∈ [r ] \C and r⃗C ∈WC , the state

ξ
Yi A
(ω,⃗rC ) = E

Yi |RC=r⃗C ,WC

〈y⃗i |Yi ⊗ξA
(ω,⃗rC ),y⃗i

= ξYi

(ω,⃗rC ) ⊗ξA
(ω,⃗rC )

where the state ξA
(ω,⃗rC ),y⃗i

is ξΩXC YQC A
(ω,⃗rC ) conditioning on the ith coordinates of y⃗ being y⃗I . By

applying Proposition 12.1.12

E
i∼[r ]\C

E
Ω−i RC |WC

∥ξA
(ω,⃗rC ),y⃗i

−ξA
(ω,⃗rC )∥2

A ≤ 2ln2 E
i∼[r ]\C

E
Ω−i RC |WC

D
(
ξA

(ω,⃗rC ),y⃗i
∥ξA

(ω,⃗rC )

)
= 2ln2 E

I
E

R|WC

I (Yi ;A )
ξ
ΩXC YQC A

(ω,⃗rC )

=O(ηPR) , (12.50)

where the last line follows from Claim 12.3.17. The rest of the proof follows in an identical
manner to that of [BVY21, Claim 5.14].
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We are now ready to give the proof of Lemma 12.3.15.

Proof of Lemma 12.3.15. We start by showing the existence of operators V(ω−i ,⃗rC ),y that satisfy (12.33).
Let i ∈ [r ] \C , (ω−i ) ∈Ω−i , r⃗C ∈WC and (x, y) ∈X 2. We start the proof by showing the following
claim.

Claim 12.3.19. For all A ∈A , we have

Φ̃(ω−i ,⃗rC ),⊥/x,y (A) = ξA
(ω−i ,⃗rC ),x,y (A)

Φ̃(ω−i ,⃗rC ),⊥,y (A) = ξA
(ω−i ,⃗rC ),⊥,y (A)

where Φ̃(ω−i ,⃗rC ),⊥/x,y is the state defined by

Φ̃(ω−i ,⃗rC ),⊥/x,y (A) = 〈Φ̃(ω−i ,⃗rC ),⊥/x,y |A|Φ̃(ω−i ,⃗rC ),⊥/x,y 〉

with |Φ̃(ω−i ,⃗rC ),⊥/x,y 〉 being defined on (12.26).

Proof. Recall from (12.47), we can write the state ξΩXC YQC A
(ω−i ,⃗rC ),x,y explicitly as

ξ
ΩXC YQC A
(ω−i ,⃗rC ),x,y =

∑
y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXC Y(ωA
−i ,x , x⃗, y⃗C )

PΩRC Yi (ωA
−i ,x , r⃗C , y)

· 〈ωA
−i ,x , x⃗C , y⃗ , a⃗C , b⃗C |⊗ΞωA

−i ,x ,⃗xC ,y⃗ ,a⃗C ,⃗bC
. (12.51)

To see that the normalization is correct, we evaluate this state on the identity IA on the state
ξA

(ω−i ,⃗rC ),x,y to get

ξA
(ω−i ,⃗rC ),x,y (IA ) = ∑

y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXC Y(ωA
−i ,x , x⃗, y⃗C )

PΩRC Yi (ωA
−i ,x , r⃗C , y)

Ξ
ωA

−i ,x ,⃗xC ,y⃗ ,a⃗C ,⃗bC
(IA ) .

= ∑
y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXC Y(ωA
−i ,x , x⃗, y⃗C )

PΩRC Yi (ωA
−i ,x , r⃗C , y)

· 〈ψ| A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C
B y⃗

b⃗C
|ψ〉

= 1

PΩRC Yi (ωA
−i ,x , r⃗C , y)

∑
x⃗ :⃗x|C=x⃗C

y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXYAC BC (ωA
−i ,x , x⃗, y⃗ , a⃗C , b⃗C )

= 1 .

Now we compute the restriction of ξA
(ω−i ,⃗rC ),x,y to the subalgebra A . For all M ∈A

ξA
(ω−i ,⃗rC ),x,y (M) = ∑

y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXC Y(ωA
−i ,x , x⃗, y⃗C )

PΩRC Yi (ωA
−i ,x , r⃗C , y)

Ξ
ωA

−i ,x ,⃗xC ,y⃗ ,a⃗C ,⃗bC
(M) .

= ∑
y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PΩXC Y(ωA
−i ,x , x⃗, y⃗C )

PΩRC Yi (ωA
−i ,x , r⃗C , y)

· 〈ψ|
(

A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

M

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

B y⃗

b⃗C
|ψ〉

=
PΩXC YC ,Yi (ωA

−i ,x , x⃗C , y⃗C , y)

PΩRC Yi (ωA
−i ,x , r⃗C , y)

·

〈ψ|
(

A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

M

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2
( ∑

y⃗ :y⃗ |C=y⃗C ,y⃗i=y

PY|Ω=ω−i (y⃗) ·B y⃗

b⃗C

)
|ψ〉

=
〈ψ|

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

M

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

·B (ω−i ,y⃗C ),y
a⃗C

| |ψ〉

PAC BC |Ω=ωA
−i ,x ,XC=x⃗C ,YC=y⃗C ,Yi=y (a⃗C , b⃗C )

= γ−2
(ω−i ,⃗rC ),⊥/x,y 〈ψ|

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

M

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

B (ω−i ,y⃗C ),y
a⃗C

|ψ〉
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= γ−2
(ω−i ,⃗rC ),⊥/x,y · 〈ψ|

(
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2 (
B (ω−i ,y⃗C ),y

a⃗C

)1/2
M

((
A
ωA

−i ,x ,(⃗xC ,y⃗C )

a⃗C

)1/2

B (ω−i ,y⃗C ),y
a⃗C

)1/2

|ψ〉 ,

(12.52)

where line 3 follows from Yi being independent from all other Y j andΩ j for j ̸= i and Claim 12.3.8,
line 4 follows from the definition of B (ω−i ,y⃗C ),y from (12.19), line 5 follows from Proposition 12.3.10,

and the last line follows from B (ω−i ,y⃗C ),y
a⃗C

∈A ′. We see that the quantity given in (12.52) are pre-

cisely the definition to Φ̃(ω−i ,⃗rC ),⊥/x,y (M) given in (12.26).

For the second part of the claim, whenever x = ⊥, A
ωA

−i ,x

a⃗C
are the same as A(ω−i ,⃗xC ),x

a⃗C
given

in (12.19). Hence the second part of the claim holds by (12.27). This concludes the proof
of Claim 12.3.19.

By combining Claim 12.3.19 and Claim 12.3.18, we have

E
i∼[r ]\C

E
Ω−i RC |WC

E
XY

∥Φ̃(ω−i ,⃗rC ),x,y − Φ̃(ω−i ,⃗rC ),x,⊥∥2
A = O

(p
ηPR

)
E

i∼[r ]\C
E

Ω−i RC |WC

E
XY

∥ξA
(ω−i ,⃗rC ),x,y −ξA

(ω−i ,⃗rC ),x,⊥∥2
A = O

(p
ηPR

)
.

By conditioning X =⊥ on the third expectation (which occurs with probability ηAnchor = 1
2 ),

E
i∼[r ]\C

E
Ω−i RC |WC

E
Y
∥Φ̃(ω−i ,⃗rC ),⊥,y − Φ̃(ω−i ,⃗rC ),⊥,⊥∥2

A = O
(p
ηPR

)
.

Now, by applying Proposition 12.1.7, there exists a collection of Unitary operator {V(ω−i ,⃗rC ),y }y∈Y

in A ′ such that

E
i∼[r ]\C

E
Ω−i RC |WC

E
Y

〈
Φ̃(ω−i ,⃗rC ),⊥,y

∣∣V(ω−i ,⃗rC ),y
∣∣Φ̃(ω−i ,⃗rC ),⊥,⊥

〉
≥ 1− 1

2
E

i∼[r ]\C
E

Ω−i RC |WC

E
Y
E
Y
∥Φ̃(ω−i ,⃗rC ),⊥,y − Φ̃(ω−i ,⃗rC ),⊥,⊥∥A

≥ 1−O(η1/4
PR ) ,

where the second line follows from Jensen’s inequality. By translating the above equation to
Euclidean distance, and then apply Jensen’s inequality, we have

E
i∼[r ]\C

E
Ω−i RC |WC

E
Y
∥|Φ̃(ω−i ,⃗rC ),⊥,y 〉−V(ω−i ,⃗rC ),y |Φ̃(ω−i ,⃗rC ),⊥,⊥〉∥

≤
√

E
i∼[r ]\C

E
Ω−i RC |WC

E
Y
∥|Φ̃(ω−i ,⃗rC ),⊥,y 〉−V(ω−i ,⃗rC ),y |Φ̃(ω−i ,⃗rC ),⊥,⊥〉∥2 =O

(
η1/8

PR

)
.

Applying Markov’s inequality over the index i establishes (12.33). The argument for (12.34) pro-
ceeds similarly. We start by using Claim 12.3.19, which establish that the states |Φ̃(ω−i ,⃗rC ),⊥/x,y 〉
and |Φ̃(ω−i ,⃗rC ),⊥/x,⊥〉 are purifications of the states ξA

(ω−i ,⃗rC ),⊥/x,y and ξA
(ω−i ,⃗rC ),⊥/x,⊥ respectively. Us-

ing Uhlmann’s Theorem and Claim 12.3.18 in a similar way to how we derived (12.33) we deduce
the existence of operators V(ω−i ,⃗rC ),x,y satisfying (12.34). To prove (12.32) we use the following
claim whose proof is analogous to that of Claim 12.3.19.

Claim 12.3.20. For all A ∈A ′, we have

Φ̃(ω−i ,⃗rC ),x,⊥(A) =λ(ω−i ,⃗rC ),x,⊥(A)

where |Φ̃(ω−i ,⃗rC ),x,y 〉 is the vector state defined in (12.26).

Using the above claim, we can use Uhlmann’s Theorem in a similar manner as above to
deduce the existence of operators U(ω−i ,⃗rC ),x in A which satisfy (12.32). This concludes the
proof for Lemma 12.3.15.
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12.3.6 Proof of Proposition 12.3.11

We end the section with the proof of Proposition 12.3.11. We remark that this subsection follows
the structure of [BVY21, Section 5.4].

Proof. For every i , (ω−i , r⃗C ), x and y let U(ω−i ,⃗rC ),x , V(ω−i ,⃗rC ),y and V(ω−i ,⃗rC ),x,y denote the uni-
tary guarantee by Lemma 12.3.15. For notational convenience we suppress the dependence on
(i , (ω−i , r⃗C )); thus the operators Ux ,Vy ,Vx,y , the states |Φx,y 〉, and their normalizations γx,y all

implicitly depend on i and (ω−i , r⃗C = (⃗xC , y⃗C , a⃗C , b⃗C )). We also write EΩ−i RC |⊥,⊥,WC as shorthand
for EΩ−i RC |Xi=⊥,Yi=⊥,WC

For a fixed index i ∈ [r ] \ C , we call the index to be good if it satisfies (i) the conclusions of
Lemma 12.3.15, (ii) the conclusions of Lemma 12.3.16, and (iii) it holds that∥∥PΩ−i ,RC |Xi=⊥,Yi=⊥,WC −PΩ−i RC |WC

∥∥ ≤ O(η1/4
PR ) . (12.53)

By applying the data processing inequality (Lemma 12.3.2) to Item 3 of Lemma 12.3.9 to marginal-
ize over the random variableΩi , and then applying Markov’s inequality over the index i , we get
that (12.53) holds with probability at least 1−O(η1/4

PR ) over a uniformly random choice of i . This
combined with Lemma 12.3.15 and Lemma 12.3.16 implies that an index i is good with prob-
ability at least 1−O(η1/16

PR ). For a good index i , by combining the bound from Lemma 12.3.15
and (12.53),

E
Ω−i RC |⊥,⊥,WC

E
X

∥|Φ̃x,⊥〉−Ux |Φ̃⊥,⊥〉∥ =O(η1/16
PR ) , (12.54)

E
Ω−i RC |⊥,⊥,WC

E
Y

∥Vy |Φ̃⊥,⊥〉− |Φ̃⊥,y 〉∥ =O(η1/16
PR ) , (12.55)

E
Ω−i RC |⊥,⊥,WC

E
XY

∥Vx,y |Φ̃⊥/x,y 〉− |Φ̃⊥/x,⊥〉∥ =O(η1/16
PR ) (12.56)

where we bound O(η1/16
PR )+O(η1/4

PR ) =O(η1/16
PR ). he main step of the proof of Proposition 12.3.11

is to combine Ux and Vy together by showing the following claim. We remark that the following
claim is an commuting operator value variant of [BVY21, Claim 5.19].

Claim 12.3.21.

E
Ω−i RC |⊥,⊥,WC

E
XY

∥Ux Vy |Φ̃⊥,⊥〉− |Φ̃x,y 〉∥ ≤ E
Ω−i RC |⊥,⊥,WC

E
XY
γ−1

⊥,⊥
∥∥Vy |Φ⊥,⊥〉− |Φ⊥,y 〉

∥∥ (12.57)

+2η−1/2
Anchorγ

−1
⊥,⊥ ∥Vx,y |Φ⊥/x,y 〉− |Φ⊥/x,⊥〉∥ (12.58)

+γ−1
⊥,⊥

∥∥Ux |Φ⊥,⊥〉− |Φx,⊥〉
∥∥+O(η1/8

PR ) , (12.59)

where γ⊥,⊥ is defined in (12.25).

Before proving the claim, it would be useful to work out the following two bounds. Using
the definition

E
Ω−i RC |⊥,⊥,WC

E
XY

∥|Φ̃x,y 〉−γ−1
⊥,⊥ |Φx,y 〉∥ = E
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E
XY

∣∣∣1− γx,y

γ⊥,⊥

∣∣∣=O(η1/8
PR ) , (12.60)

where the second line is by Jensen’s inequality and (12.35) in Lemma 12.3.16. Similarly,

E
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E
XY

∥|Φ̃⊥/x,y 〉−γ−1
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E
XY

∣∣∣1− γ⊥/x,y

γ⊥,⊥

∣∣∣=O
(
η1/8

PR

)
, (12.61)

by (12.36). We note that in the above division by γ⊥,⊥ is well-defined because (ω−i , r⃗C ) is sam-
pled with positive probability from the distributionP(ω−i ,⃗rC )|⊥,⊥,WC

. We are now ready to prove Claim 12.3.21.
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Proof. We start by writing
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PR ) , (12.62)

where the third line follows from (12.60), and the last line follows from Ux ∈ U (A ). For all
⊥/x ∈X⊥, by Lemma 3.2.1 and (12.22) and (12.23). There exist an operator (C⊥/x )

1
2 and (D⊥/x )

1
2

such that
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1
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1
2 .

By (12.24), we have
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1
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+ (1−ηAnchor)−
1
2 ∥(D⊥/x,x )

1
2 |Φ⊥/x,⊥〉− (D⊥/x,x )

1
2 Vx,y |Φ⊥/x,y 〉∥ , (12.65)

where the second line follows from Vx,y ∈ U (A ′), and the third line follows from the triangle
inequality. We bound each of these three terms as follows. For (12.63)

η
− 1

2
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Similarly, for (12.65), since (1−ηAnchor)−
1
2 ≤ η−

1
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Anchor whenever ηAnchor ≤ 1
2 ( ηAnchor = 1
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Putting the three bounds together, from (12.63)–(12.65) we get∥∥Ux |Φ⊥,y 〉− |Φx,y 〉
∥∥≤ 2η−1/2

anchor∥Vx,y |Φ〉⊥/x,y −|Φ⊥/x,⊥〉∥+
∥∥Ux |Φ⊥,⊥〉− |Φx,⊥〉

∥∥ , (12.66)

from which inserting it into (12.62) proves the claim.
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To conclude the proof Proposition 12.3.11 it remains to bound each of the three terms on
the right-hand side of Claim 12.3.21 by O(η1/16

PR ), and then use (12.53) to exchange the expec-
tation EΩ−i RC |⊥,⊥,WC with E(Ω−i ,RC )|WC by introducing an additive O(η1/4

PR ) error. We start with
bounding (12.57):
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where the third line uses (12.54) to bound the first term and the last line follows from (12.60)
and conditioning on X = ⊥ (which occurs with ηAnchor = 1

2 probability), which occurs with
probability 1

2 . We bound (12.59) in an analogous fashion. Finally, we bound (12.58) as follows:
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The last line follows from ηanchor = 1
4 , (12.61) to bound the first term, (12.56) to bound the sec-

ond term, and (12.61) along with conditioning on Y = ⊥ to bound the last term.

12.4 Proof of Proposition 7.4.4

After proving the anchored parallel repetition theorem above, we are now ready to give a proof
for Proposition 7.4.4. For convenience, we restate the proposition here.

Proposition 12.4.1 (Parallel repetition). For all constants α ∈N, function s(n) : N→ [0,1] with
O(s(n)) = O(polylog(n)). Then there exists a function r(n) : N→ N with r(n) = O(α,s(n)) and a
polynomial time algorithm Parallelrepα,s(n) that takes, as input, a pair of Turing machines
(Q,D) and outputs a tuple of Turing machine machines (QPararep,DPararep) with

TIMEParallelrepα,s(n)
(|Q|, |D|) =O(polylog(n))

such that the following holds:

1. (Independency) QPararep only dependent on Q and the polynomial functions s(n).

2. (Complexity bounds for the output):

• TIMEQPararep (n) ≤O(poly(r(n), logα(n))),

• TIMEDPararep (n) ≤O(poly(r(n), logα(n))),
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Furthermore, if the input V = (Q,D) is a k level synchronous CL verifier for the infinite sequence
of synchronous game G = {Gn}n∈N for some constant k ∈N, and there exists some constant n0 ∈N
such that for all n ≥ n0, we have

Q(n,Parameter),TIMEQ(n),TIMED ≤ logα(n).

Then for all n ≥ n0

1. (Parameter) QAR is a level k +1 CL sampler.

2. (Completeness) If there exists a perfect oracularizable strategy for Gn in model t , then there
exists a perfect oracularizable strategy for G

Pararep
n in model t .

3. (Soundness)

ωt (Gn) ≤ 1−s(n) =⇒ωt (G Pararep
n ) ≤ 1

2

Before giving a proof for Proposition 7.4.4, we first show the following lemma.

Lemma 12.4.2 (Properties related to the parallel repeated anchoring transformation ). Let r ∈
N, and let G = (X ,A ,µ,D) be a CL-samplable game where the question distribution µ is a
(k,m, p). Then, G⊗r

⊥ , the r-fold parallel repetition of the anchor transformation of G , is sam-
plable via a (k +1,r · (m +2), p) CL distribution.

Proof. Let LA and LB be the CL functions acting on V ⊆ Fm
2p , which define the distributionµ. We

first show that G⊥ is samplable via a (k+1,m+2, p) distribution. Define LA
⊥, LB

⊥ as the following:
LA
⊥ is defined as a series composition (Definition 7.2.3) of two CL functions, where V 1 = F2

2p ,
and V2 =V . For (s0, s1) ∈ F2

2p , define the zeroth level CL function for LA
⊥ is defined as

(LA
⊥)0,0(s0, s1) = (s0,0)

and the collection of level k CL function to be {(LA
⊥)(s0,s1)}(s0,s1)∈F2

2p
to be

(LA
⊥)(s0,s1) = LA

if the first bit of κ(s0) is 0, where recall κ(s0) ∈ {0,1}p is the canonical representation of s0 and
(LA

⊥)(s0,s1) = 0, i.e. the linear function which maps all elements in Fm
2p to 0, otherwise. Intuitively,

the first bit of κ(s0) being 1 indicates that the anchoring question is sampled as Alice’s question.
LB
⊥ is defined similarly to LA

⊥ except the zeroth level CL function is defined as

(LB
⊥)0,0(s0, s1) = (s1,0).

We see that the CL distribution defined by LA
⊥ and LB

⊥ precisely samples µ⊥. The proof of the
lemma then follows from applying Lemma 7.2.6 on G⊥.

We are now ready to show Proposition 7.4.4.

Proof. Fix the constant α and a function s(n) :N→ [0,1], with O(s(n)) =O(polylog(n)). Let r(n)
be a function such that

16

s(n)
·exp

(−cparas(n)17r(n)

α log(n)

)
≤ 1

2
(12.67)

for all n ∈N. Since O(s(n)) =O(polylog(n)), r(n) can be taken to be O(polylog(n)).
Fix an input (Q,D) and integer n. We describe the corresponding output (QPararep,DPararep)

for Parallelrepα,s(n) below: If at any point in the computation process, the computation step
for running Q and D either returns an invalid output or runs for time more than nα, return 0 (i.e.
an invalid input). The Turing machine QPararep is defined as the following: QPararep reads the first
input n and computes (k(n),m(n),p(n)) = Q(n,parameter).
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• QPararep(n,parameter) = (k(n),r(n) · (m(n)+2),p(n)).

• On input (n,Divide, s), QPararep does the following:

1. Parses s = (s0, · · · , sr(n)−1), where each si ∈ {0,1}(m(n)+2)·p(n) (automatically returns 0
if the input does not match).

2. For each i ∈ [r(n)], parse si = (si ,0, si ,>0), where si ,0 ∈ {0,1}2·p(n) and si ,>0 ∈ {0,1}p(n)·m(n).
Furthermore, parse

(si ,1, · · · , si ,k(n)) = Q(n,Divide, si ,>0).

3. For j ∈ [k(n)+1], let t j = (s0, j , · · · , sr(n)−1, j ), and return (t0, · · · , tk(n)) as the output.

• On input (n,Function, p, j , s, x), QPararep does the following:

1. Parses s = (s0, · · · sr(n)−1), and x = (x0, · · ·xr(n)−1)., where each si (resp. xi ) have the
same number of bits with each other (automatically returns 0 if the input does not
match).

2. If j = 0, apply the zeroth level linear function as specified in the proof of Lemma 12.4.2
to each of the xi to each i ∈ [r(n)] and return the concatenated output.

3. Otherwise, for each i ∈ [r(n)], parse si = (si ,0, si ,>0) where si ,0 ∈ {0,1}2·p(n)

– If the first bit of si ,0 is 0 (i.e. the normal question), compute ti = Q(n,Function, p, j−
1, si ,>0, xi ).

– Otherwise (i.e. anchoring question), let ti = 0 be the zero string that has the
same length as xi .

Return the concatenated output of all the ti .

The Turing machine DPararep is defined as the following: DPararep reads the first input n, and
computes (k(n),m(n),p(n)) = Q(n,parameter).

1. On input (n, x, y, a,b), parse

x = (x0, · · · , xr(n)−1), y = (y0, · · · , yr(n)−1), a = (a0, · · · , ar(n)−1) b = (b0, · · · ,br(n)−1),

where xi , yi ∈ {0,1}(m(n)+2),p(n) for all i ∈ [r(n)] and each of the ai , bi have the same num-
ber of bits. Output 0 (i.e. automatically reject) if this cannot be done.

2. For each i ∈ [r(n)], parse xi = (xi ,0, xi ,>0), yi = (yi ,0, yi ,>0) where xi ,0, yi ,0 ∈ F2
2p .

• If the first bit of xi ,0 and yi ,0 are both 0 (i.e. the normal question), compute ti =
D(n, xi ,>0, yi ,>0, ai ,bi ).

• Otherwise, ti = 1 iff whenever xi (resp. yi ) is the anchoring question (i.e. the first
bit of xi ,0 (resp. yi ) is zero), then ai (resp. bi ) is the zero string. ti = 0 if the above
condition is not met.

3. Return
∧

i∈[r(n)] ti .

As seen from the description above, both (QPararep,DPararep) can be described by using (Q,D) as a
black box, and QPararep depends only on Q and

• TIMEQPararep (n) ≤O(poly(r(n), logα(n))),

• TIMEDPararep (n) ≤O(poly(r(n), logα(n))).
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If (Q,D) is a synchronous k-th level CL sampler for an infinite sequence of synchronous games
{Gn = (Xn ,An ,µn ,Dn)}n∈N for some constant k ∈N,with some constant n0 ∈N such that for all
n ≥ n0,

Q(n,Parameter),TIMEQ(n),TIMED ≤ logα(n).

Then (QPararep,DPararep) is a (k +1)-th level CL sampler for an infinite sequence of synchronous
games {G⊗r(n)

n,⊥ }n∈N, where G⊗r(n)
n,⊥ is the r(n)-fold parallel repetition of the anchoring transfor-

mation for Gn .
For completeness, note if G admits a perfect (synchronous) oracularizable strategy S =

(L 2(A ,τ),
|τ〉 , {Ax

a}). Then the r -fold parallel repetition game G⊗r admits a perfect oracularizable strategy
defined on L 2(A ,τ)⊗r because the provers can simply performing r independent instances of
S for each question labels on the parallel repeated game. Hence, combining with the remark
after Definition 12.2.1, if there exists a perfect oracularizable strategy for Gn , then there exists a
perfect oracularizable strategy for G⊗r(n)

n,⊥ .
For soundness, since TIMED ≤ logα(n) for n > n0, this implies that |A | = logα(n), and hence

combining (12.67) and Theorem 12.2.3 shows the soundness condition. This completes the
proof of Proposition 7.4.4.
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CHAPTER 13

Implications and open problems

We end this thesis with a few implications from the MIPco = coRE theorem and results from
this thesis, as well as a few open problems which could be interesting.

13.1 Implications

We start this chapter by discussing some corollaries arising from the MIPco = coRE theorem.

13.1.1 Corollaries for non-local games and MIPco protocols

Computability of the commuting operator value

Recall from Chapter 6, that the NPA hierarchy is an algorithm which generates a series of up-
per bounds that estimates the commuting operator value of a game. As shown in [JNV+22a,
Theorem 12.10], there exists a game G such that ωco(G ) = 1 and ω∗(G ) ≤ 1

2 . The best algorithm
used in practice for estimating the tensor product value of the game is still the NPA hierarchy
due to the inefficiency of the Searchfrombelow algorithm. Estimating the commuting oper-
ator value of a game is also important in the recently introduced compiled non-local game
setting [KLV+22], where the optimal bound of the game is known to be bounded by the com-
muting operator value of the game due to a recent result by [KMP+25].

An obvious consequence of the MIPco = coRE theorem is that there is no algorithm which
can estimate the commuting operator value of a game up to any constant c ∈ (0,1), or else
one can use this algorithm to construct a halting algorithm for the co non-local game value
problem. Our result also implies that one cannot compute the convergence rate of the NPA
hierarchy in general.

A variant of MIPco called the zero-gap MIPco (MIPco
0 ) is introduced in [MNY20]. MIPco

0 is
the complexity class which is complete with respect to the gapless commuting operator value
problem, which is defined by the following two sets of non-local games

Lco
yes =

{
G :ωco(G ) = 1

}
and Lco

no = {
G :ωco(G ) < 1

}
.

This class is also shown to be coRE complete by a result of [Slo19a], which implies that MIPco =
MIPco

0 . Combining this with our result, this shows that MIPco
0 =MIPco, or in other words, it is

computationally equivalent to compute the exact commuting operator value of a game and to
estimate it up to 1

2 error. Interestingly, the equivalency between the gap and zero-gap versions
of MIPco does not extend to MIP∗, as the complexity of the zero-gap MIP∗ (MIP∗

0 ) is shown to
beΠ2-complete in [MNY22], whereΠ2 is defined as coRE with access to an RE oracle.

In [MS24a], it was shown that every MIP∗ protocol has a perfect zero-knowledge proof sys-
tem in the MIP∗ model. In the same work, it was conjectured that the same would hold for the
complexity class MIPco provided MIPco = coRE, and a parallel repetition theorem was proved
for the commuting operator model. In conjunction with the result from this thesis, one could
similarly convert any MIPco protocol into a zero-knowledge MIPco protocol.
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MIPco protocol with short questions and answer size.

An interesting open question left open by MIP∗ = RE is the following: what happens if we
restrict the question size and answer size of a MIPco protocol while still allowing the verifier
polynomial-time verification. To discuss this, we defineMIP∗(q(n), a(n)) (resp. MIPco(q(n), a(n)))
to be the complexity class described by a MIP∗ (resp. MIPco) protocol with question size q(n)
and answer size a(n).

In the case where the answer size is restricted, it was shown in [DFN+23] that if the answer
size of an MIP∗ protocol is restricted to a constant, then the resulting complexity class remains
RE-complete. Since the technique used to prove this theorem is essentially the same as the
tools used for MIP∗ =RE, we have the following corollary.

Corollary 13.1.1. MIPco(O(poly(n)),O(1)) = coRE

The proof of the above corollary follows much of a similar intuition as the proof from Part III
of this thesis: by using tracially embeddable strategies to generalize the argument holding for
MIP∗ to the MIPco model.

Proof. The proof follows similarly to the proof of [DFN+23, Theorem 6.10], which applies two
iterations of the transformation from [NZ23b, Theorem 52] followed by a single iteration of the
Hadamard test, given in [DFN+23, Figure 4]. [NZ23b] follows by applying a “scale-up" vari-
ant of the answer reduction protocol, and then the parallel repetition theorem for projective
games from [DSV15]. Since the scale-up variant of the answer reduction protocol still de-
pends on the simultaneous quantum low-individual degree test, by Lemma 10.4.1 the com-
pleteness/soundness condition for the commuting operator model follows accordingly. Inter-
estingly, the proof of [DSV15] does not use information-theoretic tools like most other proofs
of the parallel repetition theorems. However, the proof can still be extended to the commuting
operator setting by working with tracially embeddable strategies (along with the translation
chart from Table 4.1). The completeness/soundness condition of the Hadamard test can be
extended similarly by working with tracially embeddable strategies.

On the other hand, if we consider the case where the question size is restricted, [NZ23a]
has shown that MIP∗(O(1),O(polylog(n))) = RE. We can again conclude a similar corollary
using similar proof techniques.

Corollary 13.1.2. MIPco(O(1),O(polylog(n))) = coRE

Proof. The proof also follows a similar structure as the proof of [NZ23b, Theorem 54], where
the authors use a different configuration of the three propositions used in the proof of the com-
pression theorem for MIP∗ in order to show the existence of a “hypercompression" scheme for
MIP∗ =RE. Hence, the corollary follows from applying Proposition 7.4.2, Proposition 7.4.3, Propo-
sition 7.4.4 in the same order as the proof given in [NZ23b, Theorem 54] in order to show a
hypercompression scheme for MIPco.

Finally, if both the question size and the answer size of the protocol are restricted to con-
stant size O(1), the complexity of MIP∗(O(1),O(1)) is an open problem in itself. I personally
don’t have a good intuition of whether this class should be computable or not, butMIPco(O(1),O(1))
should have a similar computability property as MIP∗(O(1),O(1)).

13.1.2 Implication for operator algebras

Results related to continuous model theory.

As mentioned in the introduction, proving MIPco = coRE gives many implication for continu-
ous model theory. Since continuous model theory is not the focus of this thesis, we refer the
reader to [Har23] for more in-depth introduction on this subject.
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An interesting result by Jananan Arulseelan and Aareyan Manzoor establishes a stronger
variant of the Connes embedding theorem [AM25]. To introduce this theorem, we need to first
define the notion of a locally universal tracial von Neumann algebra.

Definition 13.1.3 (Locally universal tracial von Neumann algebra, Definition 4.1 of [AM25]).
A tracial von Neumann algebra S is locally universal if every separable tracial von Neumann
algebra embeds in an ultrapower of S .

To rephrase Connes embedding theorem introduced in Section 1.1.2 using this language,
the negative answer of Connes implies that the hyperfinite I I1 factor R is not locally universal.
Arulseelan and Manzoor show that, in fact, there is no locally universal tracial von Neumann
algebra which admits a computable presentation. Intuitively, one should view a separable tra-
cial von Neumann as inherently an uncomputable object by the MIPco = coRE theorem proven
in this thesis. In particular, there is no computable presentation that allows one to algorith-
mically approximate all evaluations arising from such an algebra (in the sense that there does
not exist an algorithm, when given a state ψ and an element a from the algebra, the algorithm
will approximate ψ(a)). In the same paper, this result is also shown to extend to the I I∞ case,
meaning that even separable semifinite von Neumann algebras are, by nature, inapproximable
by any computational algorithm.

At the same time, by a result of Isaac Goldbring and Thomas Sinclair, it was shown the
maximal tensor norm between two C∗-algebras is not explicitly definable in the framework of
continuous model theory assuming MIPco = coRE. Interestingly, the minimal tensor product is
also shown not to be explicitly definable by using the MIP∗ =RE theorem. The C∗-algebra con-
sidered in Goldbring and Sinclair’s result is specifically focus on the case where the C∗-algebra
in question as the group C∗-algebra with n generators with n ≥ 2, this also gives a negative
answer to an open problem proposed by Tobias Fritz, Tim Netzer, and Andreas Thom [FNT14,
Problem 4.2]1.

I believe that these two results illustrate the nature of the MIPco = coRE theorem in com-
parison to MIP∗ = RE in the context of operator algebras. In some sense, the MIPco = coRE
theorem is a general uncomputability result about tracial von Neumann algebras. In contrast,
the MIP∗ =RE theorem is an uncomputability result about what is approximatable by a “limit"
of infinite-dimensional matrices.

Connection to noncommutative polynomials.

Let F m
n be the free group consisting of m elements of order n, and let Q(F m

n ) be the finitely-
generated ∗-algebra over Q. [MSZ23, Theorem 1.1] showed that the Q(F m

n ) tensor product
positivity problem is coRE-hard in the case where n,m ≥ 2, (n,m) ̸= (2,2), where the Q(F m

n )
tensor product positivity problem is defined as follows: Given an element g ∈Q(F m

n )⊗Q(F m
n ),

deciding whether the element g is positive in (Q(F m
n )⊗C)⊗ (Q(F m

n )⊗C)? Since one can also
view elements of (Q(F m

n )⊗C) as an m-variate noncommutative polynomial over elements of
order n, the above problem can also be formulated as determining the positivity for two non-
commutative polynomials tensored together. The Q(F m

n ) tensor product positivity problem is
conjectured to beΠ2

0-complete.
By considering the game polynomial introduced in [WHK23] and its connection to the

commuting operator strategies, the complexity class MIPco is related to the “gap" version of
the Q(F m

n ) tensor product positivity problem, where the gap Q(F m
n ) tensor product positiv-

ity problem is defined as the following decision problem: given g ∈ Q(F m
n )⊗Q(F m

n ), decide
either g − I is positive or g is not positive, where I is the identity element in Q(F m

n )⊗Q(F m
n ).

[MSZ23] shows that our main theorem,MIPco = coRE, implies that the gapQ(F m
n ) tensor prod-

uct positivity problem is also RE-complete. This, in turn, also implies that the Q(F m
n ) tensor

1Thus showing that “no, you cannot compute the operator norm"! Thereby answering the question proposed by
the title of this paper “Can you compute the operator norm?"
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product positivity problem is at least RE-hard, giving stronger evidence that this problem is
Π2

0-complete.

13.2 Open problems

I will end this thesis with several open problems. These problem are not necessarily mine, but
these are the problems that I encountered during my Ph.D. which I found to be interesting.
Hopefully putting these problems in Chapter 13 of this thesis won’t bring it bad luck for solving
them in the future.

13.2.1 Open problems about the compression paradigm

In Chapter 2, we introduced the generalized compression paradigm for showingRE-completeness
or coRE-completeness of a given decision problem, and we showed that the gap compression
theorem for non-local games gives a way to use the generalized compression framework for
showing that the tensor product/commuting operator value problem is RE/coRE-complete.
As mentioned in Chapter 2, the compression paradigm requires one to first show that one can
simulate the uniform succinct problem instance efficiently, and both examples of RE/coRE-
completeness are based on the underlying problem being NP-hard in a specific manner. It
would be interesting to see what other uncomputable problems satisfy the compression paradigm
“naturally" (i.e. a compression map can be defined on a succinct instance of said problem with-
out going through a reduction to another problem) can one use these techniques to show other
problems to be uncomputable. Alternatively, can one build another uncomputable problem
based on another PCP construction (for example, Dinur’s graph expansion based PCP [DV07]).

Another natural follow-up question is whether one can simplify other proofs of RE/coRE-
completeness using the compression paradigm. For example, one such problem is the spec-
tral gap problem for many-body systems [CPW15], whose proof is based on a reduction to the
Wang tiling problem. Perhaps one can apply the compression directly in order to show uncom-
putability.

In the compression paradigm proof, there is an assumption that Lno for the decision prob-
lem needs to be in coRE for this argument to go through, and we point out some of the potential
pitfalls if this assumption is not satisfied. An interesting open problem is whether one can for-
mulate a notion of the compression technique for higher levels of the arithmetic hierarchy? In
particular, [MNY22] defines a notion of super compression which is used to show that MIP∗

0 is
Π2-complete. Is there a way to formulate this forΠ2-completeness in general? Can this general
formulation be made to hold for higher levels of the arithmetic hierarchy?

13.2.2 Open problems about non-local correlations and non-local games.

Open problems related to MIPco

As mentioned earlier in Section 13.1, MIPco = MIPco
0 , where MIPco

0 is the zero-gap variant of
MIPco. This implies that there must exist a direct reduction from the commuting operator value
problem to the gapless commuting operator value problem. Thus, an interesting open problem
is whether there exists a natural reduction between these two problems without going through
the Non-Halting problem?

Another open problem is whether there exists a more reasonable experimental realization
between the tensor product model and the commuting operator model of entanglement. Al-
though we show that no algorithm can find such a separation, this does not eliminate other
mathematical techniques which can be used to find a game that realizes said separation. An-
other interesting question is whether one can find the smallest question/answer size for which
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a separation can be found. This game would also provide a more reasonable way to construct
a counterexample to Connes’ embedding problem.

Does there exist a more general uniform sequence of games that admits a gap compres-
sion theorem, or are conditionally linear verifiers the most general class of uniform games that
can be compressed? As discussed in the technical overview, conditionally linear verifiers are
tailor-made to take advantage of self-testing from non-local games literature and PCP con-
structions from the interactive proof systems literature, so we suspect any general uniform
game sequence that admits a gap compression theorem must also be defined in a way that
enables both techniques.

In this thesis, we show that the commuting operator value problem with parameters (1,1−
ε) for conditional linear sampler games is coRE-complete for all constant ε > 0. One nat-
ural question is whether this result holds for other classes of games. [MSS+25] shows that
there exists a constant cInde > 0 such that the tensor product value problem for independent
set games with parameters (1,1− cInde) is RE-complete, and assuming the main result of our
work, the commuting operator value problem for independent set games with parameters
(1,1−cInde) would be coRE-complete. Similar results have been derived for the constraint satis-
faction problem (CSP) games and 3-colouring games by [CM25]. An interesting open problem
is whether these types of results hold for other classes of games for both the tensor product
value and the commuting operator value problems.

At the other extreme, are there parameters in which the commuting operator value problem
is “easy" (i.e. computable)? In [CMS24], it was shown that there exists a parameter dcol such
that for all d ′ < dcol, the tensor product value problem with parameters (1,1−d ′) for 3-colouring
games is decidable in polynomial time! Does the same phenomenon hold for commuting op-
erator values? Does there exist a class of games such that the tensor product value problem
with parameters (1,1− c) is computable, but uncomputable for the commuting operator value
problem with the same parameter (or vice versa)? Does there exist a variant of the “unique
games conjecture" analogous to classical MIP [Kho02] or MIP∗ [KRT09; MS24b] for MIPco?

Lastly, another interesting question is what it means to have noisy entanglement in the
MIPco model. It was shown that if the provers’ measurements were restricted to noisy EPR
pairs, the complexity corresponds inversely with the presence of noise [DFN+23]. However,
since there is no notion of a tensor factor within the commuting operator model, there could
be MIPco protocols with more exotic noise models than in MIP∗. Is there a more interesting
noise model for the commuting operator model that one could consider? Does noise reduce
the computational power of MIPco?

13.2.3 Open problems related to tracially embeddable strategies and correlations

Exact tracially embeddable strategies. In Theorem 4.1.3, we only show that the closure of
the set of correlations generated by a tracially embeddable strategy C Tr

qc is equal to the set of
commuting operator correlations. Thus, a natural question would be whether the correlation
set C Tr

qc is closed, in the ℓ1 sense, at all. We suspect the answer is no since to get the positive
σ in the proof of Theorem 4.1.3, an approximation theorem must be applied to the states in
L 1(A ,τ) (Proposition 4.2.3). Since the set of commuting operator correlations is closed, a
negative answer to the above question would imply that there exist some quantum commuting
operator correlations which a tracially embeddable strategy cannot realize.

Another interesting question is whether the same question posed in the last paragraph is
true when we relax the definition of tracially embeddable strategy and allow the state to be any
vector state |ψ〉 ∈ H instead, where H is the Hilbert space where the standard form of A is
represented in. Intuitively, the formulation above is a tracially embeddable strategy variant of
“Cq " in the tensor product model while the variant given can be intuitively thought of as Cqa .
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Implementation of a tracial state within the NPA hierarchy. As mentioned in Chapter 6, in
[NPA08], a hierarchy of semidefinite programs is used in order to determine the optimal suc-
cess probability (i.e. the commuting operator value) of a non-local game. Roughly speaking,
level n of the hierarchy optimizes over the Gram matrix {S |ψ〉} where S consists of products of
observables of length n from Alice or Bob. By using Theorem 4.1.3, it is possible to define a vari-
ant of the NPA hierarchy where σ is considered to be an additional variable that can be added
to each level n, as well as an additional constraint to be added using the cyclicity property of
the trace. Does this variant of the hierarchy require fewer levels for convergence, or can it be
potentially more efficient when the hierarchy does converge?

Operator algebraic formulation of self-testing. Roughly speaking, a self-test refers to the
uniqueness of quantum strategies given a specific correlation set, or correlation sets close to
it in the approximate case. It was recently shown in [PSZ+24] that having an exact self-test is
equivalent to having a unique abstract state acting on the game algebra. However, it is unclear
what the definition of robust self-testing should be in the operator algebraic framework.

In this thesis, we take advantage of the structure of tracially embeddable strategies and de-
fine a notion of robust self-testing of any approximate correlation for the commuting operator
model in Theorem 8.3.2. Informally, in our definition, a game has the rigidity property if, for all
tracially embeddable strategies, there exists a pair of partial isometries which commute with
each other (this corresponds to Alice and Bob applying the partial isometries locally), and map
the state used in the approximate strategy to a vector state that is close to the state arising from
the ideal tracially embeddable strategy. We remark that this notion of self-testing is similar to
the notion of self-testing defined in [NV17; CS19].

The proof of the main theorem could also give some potential insight into defining robust
self-testing in the operator algebraic framework. The proof mainly relies on Haagerup’s reduc-
tion [HJX10, Theorem 2.1], which, roughly speaking, approximates the crossed product of the
game algebra by a sequence of increasing tracial von Neumann algebras. A potential definition
for robust self-testing could be: for any other correlation close to the given correlation, the ap-
proximate correlation must be realized by a state on a tracial von Neumann algebra, and this
state must also be close to the “unique state" from the definition of exact self-testing. Since this
is beyond the scope of this thesis, we will instead leave it as an open problem about the proper
definition of robust self-testing in the algebraic framework and whether it is equivalent to the
definition we have given in Theorem 8.3.2.

13.2.4 Open problems related to operator algebras

Additional insight into the Connes embedding problem. Our proof techniques for MIP∗ =
RE and MIPco = coRE can potentially give an alternative perspective into the counter-example
for the Connes embedding problem. If we view a non-local game as a functional which maps
correlations into (0,1), a norm on this set of functionals would correspond to their optimal suc-
cess rate on a given correlation set. Theorem 1.2.1 can intuitively be seen as a map that maps
functionals acting on a correlation to one that acts on a smaller correlation set (in terms of
input/output), while maintaining the norm to some degree. The fact that Theorem 1.2.1 pre-
serves both tensor product and commuting operator values means that the difference between
the tensor product value and the commuting operator value only lies in how the compression
is being used. This intuition might be useful in constructing a counterexample for the Connes
embedding problem using operator algebraic techniques.

Due to the characterization by [Fri12], the tensor product model corresponds to the “max"
tensor product between two free algebras, whereas the commuting operator model corresponds
to the “min" tensor product between two free algebras. Thus, MIPco = coRE allows one to work
with the “max" tensor product when considering operator algebraic results which rely on the
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Connes embedding problem being false. Can this additional insight be helpful for the operator
algebra community?

Lastly, does the undefinability result for locally universal von Neumann algebras discussed
in Section 13.1.2 extend to type I I I von Neumann algebras? This is an open question asked
by [AM25], which I found to be interesting. The reason why this result can be extended easily
from the I I1 setting to the I I∞ setting is due to the following fact: If A is a type I I1 von Neu-
mann algebra, the algebra A ⊗B(H ) for some infinite-dimensional, separable Hilbert space
H is type I I∞. As mentioned in [AM25], extending this to the type I I I setting will likely require
some heavy lifting from the Tomita-Takesaki construction [Tak01].

Application to other operator algebra problems. The complexity of approximating the val-
ues of non-local games has a natural connection to the study of operator algebra. As mentioned
above, the MIP∗ = RE theorem gives a negative answer to the Connes embedding problem in
the study of tracial von Neumann algebras. [BCL+24; BCV24] gives a negative answer to the
Aldous-Lyons problem [AL18] in probability theory by showing that TailoredMIP∗, MIP∗ with a
more restricted class of strategies, isRE-complete. An important open problem in group theory
is whether a non-hyperlinear group exists. It is shown in [PS25] that LinMIP∗, or MIP∗ proto-
cols being restricted to Linear Constraint System games [CM14; KPS18], being computable is
equivalent to the existence of a non-hyperlinear group. The class of Linear Constraint System
games does not fall into the conditionally linear verifier framework, and it would be interesting
to see if a similar compression technique can be used to resolve this problem. Interestingly,
resolving this problem would also imply the existence of a non-sofic group, which is one of the
biggest open problems in modern group theory.

Another interesting set of strategies is the set of invariant random subgroup (IRS) strate-
gies introduced in [Man25b]. Intuitively, this can be seen as the “commuting operator vari-
ant" of the “Z -aligned permutation strategies" introduced in [BCL+24], used to disprove the
Aldous-Lyons problem. It is conjectured thatMIPIRS,MIPwith access to IRS strategies, is coRE-
complete. Showing this complexity-theoretical result would also give a similar “undefinability"
statement for invariant random subgroups. Showing this conjecture would also have interest-
ing implications for the Ergodic theory community, and we refer to [Man25a] for more details.

A more general question, proposed by Andrew Marks at the UT Austin Graduate Mini-
School on Sofic Groups and the Connes Embedding Problem, is whether one can phrase the
Connes embedding problem and other types of “approximation" type problem in terms of a
decision problem, and potentially apply the compression paradigm onto these problems? To
me, the advantage of non-local games seems to be that one can use both self-testing techniques
and the quantum low-individual degree test in order to define a compression map. For the
aforementioned LinMIP∗ problem, the bottleneck seems to be the lack of a perfect complete-
ness linear PCP, for which there is not even a natural classical analogue! For solving operator-
algebraic inspired problems, if one were to try to use the techniques from this thesis, perhaps
the right approach is to move away from non-local games, and explore other ways to use the
compression paradigm.

13.3 Outro

I personally do not want to end the technical portion of this thesis on a negative note about the
role of non-local games on operator algebraic problems for the future. Since the majority of this
thesis is about the complexity of non-local games, my heart still wishes that these techniques
can be pushed further. This is why I am adding an outro section.

To be fair, I don’t have a good intuition about whether continuously exploring the connec-
tion between operator algebra and quantum complexity would lead to more groundbreaking
research in operator algebra. However, at the time of writing this thesis, I am optimistic that
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the compression paradigm will bring many more interesting results for both the complexity
theory, computability theory and operator algebra communities, and I hope to realize this in
my academic career. Hopefully in 10 years, when I look back on this thesis, I will have a better
understanding of the potential and limitations of using non-local games for operator algebraic
problems!
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Nomenclature

Sets, strings and probability distribution.

|S| : Cardinality of a set. 33
|s|w : Length of the string s. 21
Ex∼µ : Expectation over the distribution µ. 33
Mn(T ) : n by n matrix of elements of T . 33
κ(µ) : The inverse of the spectral gap for the distribution µ over a group. 91
supp(µ) : The support for the distribution µ. 90
PY |X=x (y) : Probability of Y conditioning on X . 170
∥PX0 −PX1∥ : The variation distance between probability distribution PX0 and PX1 , given

in (12.14). 170
δa,b : The delta kronecker product. 33
s · t : Dot product between s and t for string s and t . 33
|s| : Hamming weight for the string s. 33
s|a : Coordinate of s index by a. 33
π> j (s) : The map which zeros out the first j entries of the string s. 33
[n,m] : The set {n,n +1 · · · ,m −1}. 21
[n] : The set {0,1 · · · ,n −1}. 21
bin(n) : Binary representation for the integer n. 21
bininv(s) : The inverse binary function, i.e. bininv(s) = m where m is the unique integer such

that bin(m) = s for s ∈ {0,1}n . 21

Turing machines, complexity classes and algorithms.

〈A(x)〉 : The description of the Turing machine A which is hardcoded to run x ∈ {0,1}∗ as
input (in this case 〈A(x)〉 takes the empty tape as input, and will return A(x)) after the
computation step.. 21

〈A〉 : The minimial description lenght of a Turing machine |A|. 21
|A| : The minimial description lenght of a Turing machine |A|. 21
TIMEA(n) : The maximum of the runtime and decription size for the Turing machine A. 22
coRE : The complement of RE, complete with respect to the non-halting problem.. 22
coD : The complement of the decision problem D.. 22
RE : The set of recursively enumerable languages, complete with respect to the halting prob-

lem.. 22
D1 ≤p D2 : D1 is polynomial-time reducible to D2 using the standard Karp reduction.. 22
D1 ≤D2 : D1 is reducible to D2 using the standard Karp reduction.. 22
MIP∗ : Multiprover interactive proof system with tensor product model of entanglement (two

round, one prover with completness 1 and soundness 1
2 ). 66

MIPco : Multiprover interactive proof system with commuting opereator model of entangle-
ment (two round, one prover with completness 1 and soundness 1

2 ). 66



210 Nomenclature

searchfrombelowε : The search from below algorithm for ε ∈ [0,1], Teminates whenever
ω∗(G ) > ε (Runs forever otherwise). 70

searchfromaboveδ : The search from above algorithm for δ ∈ [0,1], Terminates whenever
ωco(G ) < δ (Runs forever otherwise). 69

F : The input for the Turing machine for the proof of RE/coRE completeness. This is the
only non-western character used in this thesis. 25

Finite fields.

F2p : Finite fields over 2p , p is always assume to be odd in this thesis. 73
êi : Canoical basis for for the field F2p . 73
Tr(a) : Finite field trace for the element a ∈ F2p . 73
κ(a) : The bijection map between F2p to {0,1}p whenever a ∈ F2p . The bijection map between

Fm
2p to {0,1}pm whenever a ∈ Fm

2p . 74
dim(V ) : Dimension of the subspace V ⊆ Fm

2p . 74
W ⊥ : The orthogonal subspace of W for W ⊆ V ⊆ Fm

2p . W ⊥ is the orthogonal subspace over
Fm

2p if unspecified. 74
W C : The canonical complement of W for W ⊆W ⊆ Fm

2p for a canoical basis subspace V . W C

is the canoical complement over Fm
2p if unspecified. 75

V<i : The union of the first i subspace in a disjoint partition of V . 74
πm
> j : The map which zeros out the first j entries for elements of Fm

2p . 75

Functions on finite fields.

ker(L) : Kernel subspace for a linear function L. 75

L⊥ : The Linear map which projects onto
(
ker(L)⊥

)C
where L : V →V is a linear function over

a canoical basis subspace V . 75
Can(l ) : Canonical representation of an affine line, define as Can(l ) := (v,NullLN

v (u)) ∈ F2m
2p .

76
IdPoly(p,m,d) : The set of polynomails g : Fm

2p → F2p with individual degree of at most d . 76
RMb : Reed-Muller encoding for the string b. 128
ηLD(p,m,d ,ε) : The soundness parameter function for the quantum low-individual degree

test, given in Theorem 10.3.1. 132
ηSLD(p,m,d ,k,ε) : The soundness parameter function for the (p,m,d ,k)-simultaneous quan-

tum low-individual degree test, given in Lemma 10.4.1. 135

von Neumann algebras.

H : Hilbert space. 34
A : von Neumann algebras. 34
B(H ) : Bounded operator acting on H . 34
| |ψ〉 | : Vector norm. 34
A ′ : Commutant of A . 34
A + : Set of positive elements within A . 34
Tr(·) : Normalized trace for finite dimensional matrix. 35
τ : Trace function (often assocated with a von Neumann algebra A ). 35
||A||2 : Hilbert schmidt norm for A ∈A , where A is a tracial von Neumann algebra. 35
||A||σ : The state dependent norm for a density matrixσ (i.e. σ ∈A ∗ and τ(σ) = 1) and A ∈A ,

where (A ,τ) is a tracial von Neumann algebra. 89
∥ψ∥ : State norm for the state ψ. 34
L 2(A ,τ) : Hilbert space for the standard form of A , where (A ,τ) is a tracial von Neumann

algebra. 35
|τ〉 : Vector state associated to the trace τ for the standard form of A , where (A ,τ) is a tracial

von Neumann algebra. 35
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aop : The bijection map between A in standard form to A ′ through the opposite algebra
map. 35

A op : The opposite algebra of A . 35
A ⋊αG : The crossed product of A with the continous automorphismα :G→ Aut(A ). 45
H +

|τ〉 : The canonical positive cone for the von Neumann algebra A in standard form. 160

Quantum measurements.

A[ f |s] : Data processing measurement. 36

ρ
W,p
a : The PVM with outcome a associated with Generalized Pauli meausrement over F2q for

W ∈ {X , Z }. 91
ρW,p (a) : The observable associated with Generalized Pauli meausrement over F2p for W ∈

{X , Z } over a ∈ F2p , also can be define using s ∈ Fm
2p , given by (8.6). 91

{ρX
s }s∈V : Generalized Pauli measurement with outcome over a register subspace V ⊆ Fm

2p . 92
U2→p : The Unitary which converts between the generalized (qubit) Pauli measurement over

2p to the one qubit Pauli measurement given in Lemma 8.2.1. 92
≈δ : δ-close when the underlying state and distribution is clear. δ-close is given by (3.6). 37
≃δ : δ-consistant when the underlying state and distribution is clear. δ-consistant is given

by (3.5). 37

Quantum correlations and strategies.

Cx,y,a,b : Correlations, the subscipt x, y, a,b are often omitted. 38
Cq : The set of all quantum tensor product correlations. Cq (X ,A ) if the questionset and the

asnwer set are specifed, sometime written as C∗. 39
C n

q : The set of all quantum tensor correlations realizable in Mn(C )⊗Mn(C ). 39
Cqc : The set of all quantum commuting operator correlations. Cqc (X ,A ) if the questionset

and the asnwer set are specifed. 39
C s

t : The set of all quantum syncronous correlations under model t ∈ {∗,co}. 39
δsync(µ,C ) : The synchronicity for the correlation C under the discribution µ, sometimes

written as δsync(µ,S ) for quantum strategy instead. 55

Non-local games.

G : Non-local games, often denoted with G = (X ,A ,µ,D) where X is the question set, an-
swer set A , question distribution µ and validation function D . 40

G accept : The accepting syncronous game, with ω∗(G accept) =ωco(G accept) = 1. 68
G reject : The rejecting syncronous game, with ω∗(G reject) =ωco(G reject) = 1

3 . 68
G⊥ : Oracularization transformation for the game G . 141
G⊥ : Anchoring transformation for the game G . 168
G⊗r : r -fold parallel repetition of a game G . 167
(⃗x, y⃗) : Question pair for r -fold parallel repetition. 168
(a⃗, b⃗) : Answer pair for r -fold parallel repetition. 168
ω(G ,C ) : The value of the game under correlation C or strategy S . 40
ω∗(G ) : Tensor product value of G . 41
ωco(G ) : Commuting operator value of G . 41
ωt

s(G ) : Syncronous value. 41

Conditional Linear functions and Conditional linear verifier.

L : Conditionally linear function. 76
L j ,s : The j th level CL function used to define L when the previous function returns s.. 76
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LP : The CL function which is used to define a CL distribution (Definition 7.2.5) for P ∈ {A,B} .
Same notation (LV ) is used to define a typed CL distribution (Definition 7.2.7) for v ∈ T.
78

neighE(v) : Indicator vector for v ∈ T, where (T,E) is a graph. 79
V : A CL Verifier sequence for a MIP∗/MIPco protocol, as specified in Definition 7.3.1. 83
QV : The sampler for V , as specified in Definition 7.3.1. 83
DV : The decider for V , as specified in Definition 7.3.1. 83
k(n) : The level function for a CL verifier. 83
m(n) : The cardinality function for a CL verfier. 83
p(n) : The field size function for a CL verfier. 83

Notations for the paralllel repetition theorem.

ψA1A2 : A state define within A1 ⊗A2, also notation for the restriction of A1 ⊗A2 if the state
is defined in a bigger Hilbert space. 159

φX A : Classical quantum state with the classical component being X . 165
D(ψ1∥ψ2) : Relative entropy betweenm the state ψ1 and ψ2. 162
I(A1 : A2)ψ : Mutual information between algebra A1 and A2 for the state ψ. 164
ηAnchor : The noise parameter. 171
C : The critical set given by Proposition 12.3.3. 171
ηPR : The constant given in Lemma 12.3.9. 172
RC : The question/answer correlation for coordinates in the critical set C , consist of question

distribution QC = (XC ,YC ) and answer distribution SC = (AC ,BC ). 172
Ω : The dependence breaking probability distribution define for coordinates outside of the

critical set, given in Definition 12.3.7. We further use Ω−i to denote the distribution
without the coordiate i . 172

|Φ(ω−i ,⃗rC ),s,y 〉 : The (unnormalized) post measurement state |ψ〉with measurements condition
on Ω−i = ω−i , RC = r⃗C , s and y are either the normal measurement, or the slanted
measuremnt given in (12.21) if s or y are ⊥/x. 173

γ(ω−i ,⃗rC ),s,y : The normalized factor for the state |Φ(ω−i ,⃗rC ),s,y 〉. 173
|Φ̃(ω−i ,⃗rC ),s,y 〉 : Normalized version of |Φ(ω−i ,⃗rC ),s,y 〉. 174
ΞΩXC YQC A : The classical quantum state which packages all of the post-measurement state

from the strategy S ⊗r , with outcome being restricted to (aC ,bC ) ∈ SC . For each index,
Alice’s measurement is being condition onΩ=ω and QC = (⃗xC , y⃗C ), Bob’s mesurement
only depends on y⃗ . 179

ξΩXC YQC A : ΞΩXC YQC A being additionally conditioning on (⃗xC , y⃗C , a⃗C , b⃗C ) giving a winning
question/answer on all coordinates in the critical set C . 179

ΛΩXYC QC A : The classical quantum state which packages all of the post-measurement state
from the strategy S ⊗r , with outcome being restricted to (aC ,bC ) ∈ SC . For each index,
Bob’s measurement is being condition onΩ=ω and QC = (⃗xC , y⃗C ), Alice’s mesurement
only depends on x⃗. 179

λΩXYC QC A : λΩXC YQC A being additionally conditioning on (⃗xC , y⃗C , a⃗C , b⃗C ) giving a winning
question/answer on all coordinates in the critical set C . 179
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