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Abstract
A set-system 𝑆 ⊆ {0, 1}𝑛 is cube-ideal if its convex
hull can be described by capacity and generalized set
covering inequalities. In this paper, we use combina-
torics, convex geometry, and polyhedral theory to give
exponential lower bounds on the size of cube-ideal
set-systems, and linear lower bounds on their Vapnik–
Chervonenkis dimension. We then provide applications
to graph theory and combinatorial optimization, specif-
ically to strong orientations, perfect matchings, dijoins,
and ideal clutters, including the Lovász–Plummer con-
jecture.
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1 INTRODUCTION

Aset-system 𝑆 ⊆ {0, 1}𝑛 is cube-ideal if its convex hull can be described by capacity inequalities𝟎 ⩽

𝑥 ⩽ 𝟏 and generalized set covering (GSC) inequalities, which are of the form
∑

𝑖∈𝐼 𝑥𝑖 +
∑

𝑗∈𝐽(1 −
𝑥𝑗) ⩾ 1 for disjoint subsets 𝐼, 𝐽 ⊆ [𝑛].
Cube-ideal set-systems form a rich class with examples coming from different corners of math-

ematics such as integer programming and graph theory. For example, if the Hamming graph of
{0, 1}𝑛 ⧵ 𝑆 has degree at most 2, then 𝑆 is cube-ideal [9]. A second example is the cycle space of any
graph [5], while strongly connected re-orientations of any digraph give a third class of examples
[14]. More recent examples have also been found, see [3] for instance.
In propositional logic, a cube-ideal set-system corresponds to the solutions of a Boolean for-

mula in clausal normal form whose linearization intersected with the unit hypercube forms an
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integral polytope [23, 24]. In combinatorial optimization, cube-idealness plays a key role in the
study of a basic class of objects known as ideal clutters [8, 10]. More specifically, several impor-
tant conjectures about ideal clutters can be reduced to or equivalently reformulated in terms of
cube-ideal set-systems [1, 2].
In this paper, we give exponential lower bounds on the size of cube-ideal set-systems, and

linear lower bounds on their Vapnik–Chervonenkis (VC) dimension. We then provide applica-
tions to strong orientations, perfect matchings, dijoins, and ideal clutters. To elaborate, we need
two definitions.
Let 𝑆 ⊆ {0, 1}𝑛 be a set-system. The connectivity of 𝑆, denoted by 𝜆(𝑆), is the minimum num-

ber of variables used in a GSC inequality valid for the convex hull of 𝑆, denoted by conv(𝑆); if
𝑆 = {0, 1}𝑛 then 𝜆(𝑆) ∶= +∞.† If 𝜆(𝑆) = 1, then by coordinate-fixing we can move to a lower-
dimensional cube-ideal set-system of the same size; by doing this repeatedly, we may assume that
𝜆(𝑆) ⩾ 2.
Denote by𝐻 ∶ [0, 1

2
] → [0, 1] the binary entropy function, defined as𝐻(𝜀) ∶= −𝜀 log2(𝜀) − (1 −

𝜀) log2(1 − 𝜀) for 𝜀 > 0, and 𝐻(0) ∶= 0. Note that 𝐻 is a strictly increasing continuous function,
𝐻(1∕3) ≈ 0.9183, and𝐻(1∕2) = 1. The binary entropy function is useful for estimating the num-
ber of subsets of a given size. For example,

( 𝑛
𝛼𝑛

)
is between 2𝐻(𝛼)𝑛∕(𝑛 + 1) and 2𝐻(𝛼)𝑛 ([31], Lemma

10.2), though a more refined asymptotic estimate can be found by using Stirling’s approximation,
where the dependence on 𝑛 in the denominator is proportional to

√
𝑛 (see [20], §3.1).

We prove the following lower bound.

Theorem 1.1 (proved in §2). Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, where
𝜆 ⩾ 3. Then, |𝑆| ⩾ 2(1−𝐻(1∕𝜆))𝑛.

Observe that 1 − 𝐻(1∕𝜆) ⩾ 1 − 𝐻(1∕3) ⩾ 0.0817, so the theorem gives a lower bound of 20.0817𝑛
on the size of every cube-ideal set-system 𝑆 ⊆ {0, 1}𝑛 with connectivity at least 3. We shall see that
not only does conv(𝑆) have exponentially many 0,1 points, but so do certain high-dimensional
faces of it.

Theorem 1.2 (Proved in §3). For every integer 𝜆 ⩾ 3 and constant 𝛽 ∈ (0, 1], there is a constant
𝜃 ∶= 𝜃1.2(𝜆, 𝛽) > 0 such that the following statement holds.
Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, and let 𝐹 be a minimal face of

conv(𝑆) containing some 𝑥 ∈ ℝ𝑛, where 𝑥𝑖 ∈
{

1
𝜆
, 1 − 1

𝜆

}
for each 𝑖 ∈ [𝑛]. If 𝐹 has dimension at

least 𝛽𝑛, then |𝑆 ∩ 𝐹| ⩾ 𝑒𝜃𝑛.

What about cube-ideal set-systems 𝑆 ⊆ {0, 1}𝑛 with connectivity 2? Note that neither Theo-
rem 1.1 nor Theorem 1.2 include the 𝜆 = 2 case. One explanation for this disparity is that, in
contrast to the 𝜆 ⩾ 3 case, a cube-ideal set-system with connectivity 2 can have size linear in 𝑛
even if conv(𝑆) is full-dimensional, as we shall see in Example 5.1 in §5. Nonetheless, for cube-
ideal set-systems of connectivity 2, we can still provide a lower bound on the size of 𝑆 that is
exponential not in 𝑛 but in the dimension of the minimal face of conv(𝑆) containing 1

2
𝟏. To

elaborate, for an integer 𝑘 ⩾ 2, a 𝑘-GSC inequality is a GSC inequality that involves exactly 𝑘
variables.

† This notion is closely related to the recently defined notion of notch—more precisely, when connectivity is finite, it is
equal to the notch minus 1 [7].
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Definition 1.3. Let 𝑆 ⊆ {0, 1}𝑛 be a set-system with connectivity at least 2. The 2-cover graph of
𝑆, denoted as 𝐺(𝑆), is the graph on vertex set [𝑛] with an edge {𝑖, 𝑗} for every pair 𝑖, 𝑗 of indices
such that at least one of the 2-GSC inequalities

𝑥𝑖 + (1 − 𝑥𝑗) ⩾ 1

(1 − 𝑥𝑖) + 𝑥𝑗 ⩾ 1

𝑥𝑖 + 𝑥𝑗 ⩾ 1

(1 − 𝑥𝑖) + (1 − 𝑥𝑗) ⩾ 1

is valid for conv(𝑆). The core of 𝑆, denoted as core(𝑆), is the set of points in 𝑆 that satisfy every
2-GSC inequality valid for conv(𝑆) at equality. A GSC inequality

∑
𝑖∈𝐼 𝑥𝑖 +

∑
𝑗∈𝐽(1 − 𝑥𝑗) ⩾ 1

valid for conv(𝑆) is rainbow if 𝐼 ∪ 𝐽 intersects every connected component of 𝐺(𝑆) at most
once.

Observe that every rainbow inequality involves at least three variables.
When 𝑆 is a cube-ideal set-system, we shall prove in Section 4 that 𝐺(𝑆) is the comparability

graph of a preorder, and core(𝑆) is also a cube-ideal set-system. We shall also prove the following
lower bound on |𝑆|.
Theorem 1.4 (Proved in §4). Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity at
least 2, and fix an inequality description of conv(𝑆) comprised of capacity and GSC inequal-
ities. Let 𝑑 be the number of connected components of 𝐺(𝑆), and let 𝜅 be the minimum
number of variables used in a rainbow inequality in the fixed description for conv(𝑆). Then,|core(𝑆)| ⩾ 2(1−𝐻(1∕𝜅))𝑑.

Note that 𝜅 ∶= +∞ if there is no rainbow inequality in the fixed description. Note further that
if 𝑆 has connectivity at least 3, then every valid GSC inequality is rainbow, so 𝜅 is simply the
connectivity 𝜆 of 𝑆. Consequently, Theorem 1.4 extends Theorem 1.1.
In Theorem 1.4, 𝑑 is the dimension of the minimal face 𝐹 of conv(𝑆) containing 1

2
𝟏, and

core(𝑆) = 𝑆 ∩ 𝐹. The latter follows from the fact that 𝐹 is the face of conv(𝑆) obtained by set-
ting all 2-GSC inequalities at equality. To see the former, note that for 𝑥 ∈ 𝐹, fixing 𝑥𝑖 determines
the value of 𝑥𝑗 for all other vertices 𝑗 in the same connected component as 𝑖, so there is at most
one degree of freedom within each connected component of 𝐺(𝑆). On the other hand, there is at
least one degree of freedomwithin each connected component of𝐺(𝑆), since otherwise 𝐹 satisfies
𝑥𝑖 = 𝑓 for some coordinate 𝑖 ∈ [𝑛] and 𝑓 ∈ [0, 1], which is a contradiction as 𝑆 is cube-ideal and
1
2
𝟏 ∈ 𝐹. Consequently, 𝐹 has dimension 𝑑.
In light of the above, we conjecture the following extension of Theorem 1.2, in which the con-

dition lower bounding the dimension of the face has been dropped, though the lower bound on
the number of 0,1 points in the face depends instead on this dimension.

Conjecture 1.5. For every integer 𝜆 ⩾ 3, there is a constant 𝜃 ∶= 𝜃1.5(𝜆) > 0 such that the following
statement holds.
Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-systemwith connectivity 𝜆. Let𝑑 be the dimension of theminimal

face 𝐹 of conv(𝑆) containing 1
𝜆
𝟏. Then, |𝑆 ∩ 𝐹| ⩾ 𝑒𝜃𝑑.
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4 of 23 ABDI et al.

F IGURE 1 Graphs of 𝑓, g , ℎ (from bottom to top) over the domain [3,20].

1.1 Lower bounding the Vapnik–Chervonenkis dimension of
cube-ideal set-systems

Theorem 1.1 may be used to lower bound the ‘VC dimension’ of cube-ideal set-systems with con-
nectivity at least 3. To this end, let 𝑆 ⊆ {0, 1}𝑛 be a set-system, and let 𝐼 ⊆ [𝑛]. The projection of 𝑆
onto 𝐼 is the set-system {𝑝𝐼 ∶ 𝑝 ∈ 𝑆}, where 𝑝𝐼 ∈ {0, 1}𝐼 denotes the restriction of 𝑝 to the index set
𝐼. The VC dimension of 𝑆 is the largest integer 𝑑 such that 𝑆 has {0, 1}𝑑 as a projection onto some
index set 𝐼; we set 𝑑 ∶= 0 if 𝑆 = ∅ [37]. We shall use Theorem 1.1 to prove the following lower
bound, where𝐻−1 ∶ [0, 1] → [0, 1

2
] denotes the inverse of the binary entropy function.

Theorem 1.6 (Proved in §2). Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, where
𝜆 ⩾ 3. Then, 𝑆 has VC dimension at least 𝑓(𝜆) ⋅ 𝑛 where 𝑓(𝜆) = 𝐻−1(1 − 𝐻(1∕𝜆)).

The function 𝑓 ∶ (2,∞) → [0, 1] is increasing (see Figure 1) and 𝑓(3) ⩾ 0.01013. In particu-
lar, every cube-ideal set-system 𝑆 ⊆ {0, 1}𝑛 with connectivity at least 3 has VC dimension at least
0.01013𝑛. Based on observations in two special cases of cube-ideal set-systems, we conjecture that
Theorem 1.6 can be strengthened as follows.

Conjecture 1.7. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, where 𝜆 ⩾ 3. Then, 𝑆
has VC dimension at least ℎ(𝜆) ⋅ 𝑛 + 1 where ℎ(𝜆) = 1 − 2∕𝜆.

An intermediate result would be to prove the above for the function g ∶ (2,∞) → [0, 1] defined
as g(𝜆) ∶= 1 − 𝐻(1∕𝜆). Given that every set-system of VC dimension 𝑑 has size at least 2𝑑, this
result would imply Theorem 1.1.
Theorem 1.7 holds for an important class of examples from graphs. Let 𝜆 ⩾ 3 be an integer,

let 𝐺 = (𝑉, 𝐸) be a 𝜆-edge-connected graph, and let 𝑆 ⊆ {0, 1}𝐸 be the cycle space of 𝐺, that is, 𝑆
consists of the incidence vector of every edge-subset of 𝐺 where every vertex has even degree.
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 5 of 23

It is known that 𝑆 is cube-ideal with connectivity 𝜆 [5, (3.5)]. Observe that 𝑆 is a 𝐺𝐹(2)-vector
space of 𝐺𝐹(2)-rank |𝐸| − |𝑉| + 1. This implies that 𝑆 has VC dimension |𝐸| − |𝑉| + 1, and |𝑆| =
2|𝐸|−|𝑉|+1. As 𝐺 has minimum degree at least 𝜆, it follows that |𝐸| − |𝑉| + 1 ⩾ (1 − 2∕𝜆)|𝐸| + 1,
where the inequality holds at equality if, and only if, 𝐺 is 𝜆-regular. Thus, Conjecture 1.7 holds for
this example, and the lower bound can be tight. In the next subsection, we see that this conjecture
also holds for another class of examples from graphs.
In Section 5, we shall use the famous width-length inequality for ideal clutters to prove Conjec-

ture 1.7 for up-monotone set-systems, in fact, we will show that they have VC dimension at least
(1 − 1∕𝜆)𝑛.

1.2 Applications to graph theory and combinatorial optimization

Our results, in particular Theorem 1.1 and Theorem 1.2, have a number of applications to counting
objects that are of importance in graph theory and combinatorial optimization, including perfect
matchings, strong orientations, dijoins, and ideal clutters. We shall briefly explain two of these
here, and postpone the remaining two to Sections 5 and 6.More specifically, in Section 6, we prove
part of the Lovász–Plummer conjecture for a basic class of regular ‘matching-covered’ graphs.
Let 𝐺 = (𝑉,𝐴, 𝐸) be a mixed graph with arcs 𝐴, which are directed, and edges 𝐸, which are

not yet directed. A 𝐺-strong orientation is an orientation 𝐸 of the edges such that the digraph
(𝑉,𝐴 ∪ 𝐸) is strongly connected. A blocking notion is that of a pseudo dicut, which is a cut of
the form 𝛿𝐺(𝑈) ⊆ 𝐴 ∪ 𝐸, where 𝑈 ⊂ 𝑉, 𝑈 ≠ ∅, and 𝛿−

𝐴
(𝑈) = ∅. Observe that an orientation 𝐸 is

𝐺-strong if, and only if, in every pseudo dicut 𝛿𝐺(𝑈) at least one edge of 𝐸 is oriented to enter 𝑈.
Let 𝐸 be an arbitrary reference orientation of 𝐸, and denote by SCR(𝐺; 𝐸) the set of vectors

𝑥 ∈ {0, 1}𝐸 such that the re-orientation of 𝐸 obtained after flipping the arcs in {𝑎 ∈ 𝐸 ∶ 𝑥𝑎 = 1} is
𝐺-strong.We shall see that SCR(𝐺; 𝐸) is a cube-ideal set-system, and thus use our results to obtain
the following consequence.

Theorem 1.8 (proved in §6). Let 𝐺 = (𝑉,𝐴, 𝐸) be a mixed graph where every pseudo dicut con-
tains at least 𝜆 edges from 𝐸, where 𝜆 ⩾ 3. Then, the number of 𝐺-strong orientations is at least
2(1−𝐻(1∕𝜆))|𝐸|.
This is the first exponential lower bound on the number of 𝐺-strong orientations of such a

mixed graph, as far as we know, and sheds some light on a poorly understood parameter.
In contrast, when 𝐴 = ∅, counting the number of 𝐺-strong orientations has been extensively

studied. While computing this number is #𝑃-hard [26], it is precisely the valuation of the Tutte
polynomial at (0,2) (see [16]), and plays a key role in the well-known Merino–Welsh conjecture
[30]. In this case, the lower bound in Theorem 1.8 is easy to obtain and can in fact be improved
to 2(1−

2
𝜆
)|𝐸|+1 by using the theory of ear decompositions as follows. Given a graph 𝐻, an 𝐻-path

is a path that is edge-disjoint from 𝐻, and shares only its end-vertices with 𝐻. Every 2-vertex-
connected block of 𝐺 can be constructed from a cycle by successively adding𝐻-paths to graphs𝐻
already constructed; the cycle and the paths are referred to as ears. It can be readily checked that
the number of ears is exactly |𝐸| − |𝑉| + 1, as𝐺 is connected [38, Theorem 18, see also [11], Propo-
sition 3.1.3]. Note that by orienting each ear so that it becomes a directed cycle or path, one obtains
a strong orientation of𝐺. The number of such orientations is 2|𝐸|−|𝑉|+1. As𝐺 is 𝜆-edge-connected,
every vertex has degree at least 𝜆, so |𝐸| − |𝑉| + 1 ⩾ (1 − 2

𝜆
)|𝐸| + 1, implying in turn that the
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6 of 23 ABDI et al.

number of strong orientations of 𝐺 is at least 2(1−
2
𝜆
)|𝐸|+1. In fact, we just proved a lower bound of|𝐸| − |𝑉| + 1 ⩾ (1 − 2

𝜆
)|𝐸| + 1 on the VC dimension of SCR(𝐺; 𝐸), thus confirming Conjecture 1.7

for SCR(𝐺; 𝐸) when 𝐴 = ∅.
Let us exhibit another application. A bipartite digraph is a digraph 𝐷 = (𝑉,𝐴), where every

vertex is a source or a sink. A dicut is a cut of the form 𝛿+(𝑈) ⊆ 𝐴, where 𝛿−(𝑈) = ∅, 𝑈 ⊂ 𝑉,
𝑈 ≠ ∅. A blocking notion is that of a dijoin, which is a subset of𝐴 that intersects every dicut at least
once. An important open problem in combinatorial optimization is Woodall’s conjecture, which
states that the minimum size of a dicut, say 𝜏, is equal to the maximum number of arc-disjoint
dijoins [39]. It suffices to prove this conjecture for bipartite digraphswhere every sink has degree 𝜏
[4]. Observe that in such a digraph, and in any assumed collection of 𝜏 arc-disjoint dijoins, every
dijoin is (inclusion-wise) minimal and intersects every minimum dicut exactly once. Motivated
by Woodall’s conjecture and this observation, we shall prove an exponential lower bound on the
number of such dijoins.

Theorem 1.9 (Proved in §6). For every integer 𝜏 ⩾ 3, there is a constant 𝜃 ∶= 𝜃1.2(𝜏,
1
3
) > 0 such

that the following statement holds.
Let 𝐷 = (𝑉,𝐴) be a bipartite digraph where every sink has degree 𝜏, and every dicut has size at

least 𝜏. Then, the number of minimal dijoins of 𝐷 intersecting every minimum dicut exactly once is
at least 𝑒𝜃|𝐴|.

2 3-CONNECTED CUBE-IDEAL SET-SYSTEMS

In this section,we prove Theorem 1.1, which states that if 𝑆 ⊆ {0, 1}𝑛 is a cube-ideal set-systemwith
connectivity 𝜆 ⩾ 3, then |𝑆| ⩾ 2(1−𝐻(1∕𝜆))𝑛. We will then use this result to prove a lower bound on
the VC dimension of such set-systems, namely Theorem 1.6. The following observation is crucial.

Lemma 2.1. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, where 𝜆 ⩾ 3. Then,
conv(𝑆) ⊇

[ 1
𝜆
, 1 − 1

𝜆

]𝑛
.

Proof. As 𝑆 is cube-ideal, conv(𝑆) is described by capacity and GSC inequalities. As 𝑆 has connec-
tivity 𝜆, everyGSC inequality in the descriptionmust involve at least 𝜆 variables. Thus, any point in[ 1
𝜆
, 1 − 1

𝜆

]𝑛
satisfies the inequality description of conv(𝑆), implying the desired containment. □

We will show that the containment above is the culprit for |𝑆| being exponentially large. We
need the following well-known inequality.

Lemma 2.2 (See [20], Theorem 3.1, also [31], §10.2). For every integer 𝑛 ⩾ 1 and any real number
𝜆 ⩾ 2, the number of subsets of [𝑛] of size at most 𝑛∕𝜆 is at most 2𝐻(1∕𝜆)𝑛.

Given 𝑆 ⊆ {0, 1}𝑛 and 𝑞 ∈ {0, 1}𝑛, to twist 𝑆 by 𝑞 is to replace 𝑆 by 𝑆△ 𝑞 ∶= {𝑝△ 𝑞 ∶ 𝑝 ∈ 𝑆},
where the second △ denotes coordinate-wise addition modulo 2. Take a coordinate 𝑖 ∈ [𝑛].
Denote by 𝑒𝑖 the 𝑖th unit vector of appropriate dimension. To twist coordinate 𝑖 of 𝑆 is to replace 𝑆
by 𝑆△ 𝑒𝑖 .
We are now ready to prove the following.
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 7 of 23

Theorem2.3. Take an integer𝜆 ⩾ 3. Let𝑆 ⊆ {0, 1}𝑛 be a set-system such that conv(𝑆) ⊇
[ 1
𝜆
, 1 − 1

𝜆

]𝑛
.

Then, |𝑆| ⩾ 2(1−𝐻(1∕𝜆))𝑛.

Proof. For each 𝑤 ∈ {−1,+1}𝑛, let 𝑥[𝑤] be a point in 𝑆 which maximizes 𝑤⊤𝑥. As conv(𝑆) ⊇[ 1
𝜆
, 1 − 1

𝜆

]𝑛
, we have the inequality below,

𝑤⊤𝑥[𝑤] = max
{
𝑤⊤𝑥 ∶ 𝑥 ∈ conv(𝑆)

}
⩾
𝜆 − 1
𝜆

|support+(𝑤)| − 1
𝜆
|support−(𝑤)|,

where support+(𝑤) = {𝑖 ∈ [𝑛] ∶ 𝑤𝑖 = +1} and support−(𝑤) = {𝑖 ∈ [𝑛] ∶ 𝑤𝑖 = −1}. There exists
an 𝑥⋆ ∈ 𝑆 such that

|||{𝑤 ∈ {−1,+1}𝑛 ∶ 𝑤⊤𝑥⋆ = 𝑤⊤𝑥[𝑤]
}||| ⩾ 2𝑛|𝑆| .

Let 𝑇 ∶=
{
𝑤 ∈ {−1,+1}𝑛 ∶ 𝑤⊤𝑥⋆ = 𝑤⊤𝑥[𝑤]

}
. Note that for any 𝑤 ∈ 𝑇, we have

𝑤⊤𝑥⋆ ⩾
𝜆 − 1
𝜆

|support+(𝑤)| − 1
𝜆
|support−(𝑤)|.

After twisting the coordinates, if necessary, we may assume that 𝑥⋆ = 𝟎; observe that twisting
coordinate 𝑖 maps 𝑥𝑖 ↦ 1 − 𝑥𝑖 and 𝑤𝑖 ↦ −𝑤𝑖 . This means that for any 𝑤 ∈ 𝑇, we have

0 ⩾
𝜆 − 1
𝜆

|support+(𝑤)| − 1
𝜆
|support−(𝑤)|,

or equivalently, |support+(𝑤)| ⩽ 𝑛∕𝜆. This implies in turn that

𝑇 ⊆ {𝑤 ∈ {−1, 1}𝑛 ∶ |support+(𝑤)| ⩽ 𝑛∕𝜆}.

Subsequently,

|𝑇| ⩽ |||{𝑦 ∈ {0, 1}𝑛 ∶ 𝟏⊤𝑦 ⩽ 𝑛∕𝜆
}||| ⩽ 2𝐻(1∕𝜆)𝑛

where the rightmost inequality follows from Lemma 2.2. Putting the inequalities together, we get

2𝐻(1∕𝜆)𝑛 ⩾ |𝑇| ⩾ 2𝑛|𝑆|
implying in turn that |𝑆| ⩾ 2(1−𝐻(1∕𝜆))𝑛, as desired. □

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, where 𝜆 ⩾ 3.
By Lemma 2.1, conv(𝑆) ⊇

[ 1
𝜆
, 1 − 1

𝜆

]𝑛
, so |𝑆| ⩾ 2(1−𝐻(1∕𝜆))𝑛 by Theorem 2.3, as required. □

Next, we use the above to give a lower bound on the VC dimension of cube-ideal set-systems
with connectivity at least 3. We shall need the following well-known lemma.
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8 of 23 ABDI et al.

Lemma 2.4 (Sauer–Shelah [32, 36]). Let 𝑛 ⩾ 𝑘 ⩾ 1 be integers, and let 𝑆 ⊆ {0, 1}𝑛 be a set-system of
VC dimension at most 𝑘. Then, |𝑆| is at most the number of subsets of [𝑛] of size at most 𝑘.
We need the following convenient consequence of the lemma.

Corollary 2.5. Let 𝜆 ⩾ 2 be an integer, and let 𝑆 ⊆ {0, 1}𝑛 be a set-system such that |𝑆| ⩾ 2𝐻(1∕𝜆)𝑛.
Then, 𝑆 has VC dimension at least 𝑛

𝜆
.

Proof. Let 𝑘◦ ∶= 𝑛
𝜆
and 𝑘 ∶= ⌊𝑘◦⌋.We have that |𝑆| ⩾ 2𝐻(1∕𝜆)𝑛 ⩾ 2𝐻(𝑘∕𝑛)𝑛 as𝐻 is a strictly increas-

ing function. Furthermore, by Lemma 2.2, 2𝐻(𝑘∕𝑛)𝑛 is greater than or equal to the number of
subsets of [𝑛] of size at most 𝑘.
If 𝑘◦ = 𝑘, that is, 𝑘◦ is an integer, then |𝑆| is strictly larger than the number of subsets of [𝑛]

of size at most 𝑘 − 1. It therefore follows from (the contrapositive of) Lemma 2.4 that 𝑆 has VC
dimension strictly larger than 𝑘 − 1, so 𝑆 has VC dimension at least 𝑘◦.
Otherwise, 𝑘◦ > 𝑘, so |𝑆| ⩾ 2𝐻(1∕𝜆)𝑛 > 2𝐻(𝑘∕𝑛)𝑛. Subsequently, by Lemma 2.2, |𝑆| is strictly

larger than the number of subsets of [𝑛] of size at most 𝑘. It therefore follows from (the con-
trapositive of) Lemma 2.4 that 𝑆 has VC dimension strictly larger than 𝑘, so 𝑆 has VC dimension
at least 𝑘 + 1 > 𝑘◦. □

We are ready to prove Theorem 1.6.

Proof of Theorem 1.6. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity 𝜆, where 𝜆 ⩾ 3.
We know from Theorem 1.1 that |𝑆| ⩾ 2(1−𝐻(1∕𝜆))𝑛. It therefore follows from Corollary 2.5 that 𝑆
has VC dimension at least𝐻−1(1 − 𝐻(1∕𝜆)) ⋅ 𝑛, as desired. □

3 FACES OF CUBE-IDEAL SET-SYSTEMSWITH CONNECTIVITY AT
LEAST 3

In this section, we prove Theorem 1.2 giving exponential lower bounds for certain high-
dimensional faces of the convex hull of a cube-ideal set-system 𝑆 ⊆ {0, 1}𝑛 with connectivity at
least 𝜆 ⩾ 3. Let us give a summary of the key ideas of the proof. To this end, let 𝐹 be the minimal
face of conv(𝑆) containing 1

𝜆
𝟏, say, of dimension 𝑑 ⩾ 𝛽𝑛. To give an exponential lower bound on|𝑆 ∩ 𝐹|, the proof proceeds by showing that the face 𝐹 contains a ‘hypercube-like’ polytope that

is centrally symmetric around 1
𝜆
𝟏, and has ‘large radius’ and ‘few’ facets. More specifically, 𝐹 will

contain an affine slice of a hypercube with constant positive 𝓁∞-radius and 𝑂(𝑑) facets, namely,
for 𝜀 ∶= 1

𝜆
− 1

𝜆+1
> 0,

𝐹 ⊇
[1
𝜆
− 𝜀,

1
𝜆
+ 𝜀

]𝑛
∩ af f (𝐹) =∶ 𝑄,

where af f (𝐹) refers to the affine hull of𝐹, and𝑄 is a 𝑑-dimensional polytopewith atmost 2𝑛 ⩽ 2
𝛽
𝑑

facets. At this point, by resorting to a convex geometric tool by Barvinok [6], we can conclude that
𝐹 has exponentially many vertices, thus proving Theorem 1.2.
We start by proving the inclusion above.
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 9 of 23

Lemma 3.1. Let 𝜆 ⩾ 3 be an integer, and let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity
𝜆. Let 𝐹 be the minimal face of conv(𝑆) containing 1

𝜆
𝟏. Then,

[ 1
𝜆
− 𝜀, 1

𝜆
+ 𝜀

]𝑛
∩ af f (𝐹) ⊆ 𝐹 for 𝜀 =

1
𝜆
− 1

𝜆+1
.

Proof. Let  be the set of all pairs (𝐼, 𝐽) such that 𝐼, 𝐽 are disjoint subsets of [𝑛], and
∑

𝑖∈𝐼 𝑥𝑖 +∑
𝑗∈𝐽(1 − 𝑥𝑗) ⩾ 1 is valid for conv(𝑆). Such an inequality is tight at 1

𝜆
𝟏 if, and only if, 𝐽 = ∅ and|𝐼| = 𝜆; here, we used the inequality 1 − 1

𝜆
> 1

𝜆
guaranteed by 𝜆 ⩾ 3. Thus,

𝐹 = conv(𝑆) ∩ {𝑥 ∈ ℝ𝑛 ∶ 𝑥(𝐼) = 1, ∀ (𝐼, ∅) ∈  s.t. |𝐼| = 𝜆}

af f (𝐹) = {𝑥 ∈ ℝ𝑛 ∶ 𝑥(𝐼) = 1, ∀ (𝐼, ∅) ∈  s.t. |𝐼| = 𝜆}.

Let 𝑝 ∈
[ 1
𝜆
− 𝜀, 1

𝜆
+ 𝜀

]𝑛
∩ af f (𝐹). Note that for each 𝑖 ∈ [𝑛],

1
𝜆 + 1

=
1
𝜆
− 𝜀 ⩽ 𝑝𝑖 ⩽

1
𝜆
+ 𝜀 <

1
2
< 1 −

1
𝜆 + 1

.

We need to show that 𝑝 ∈ 𝐹. To this end, let (𝐼, 𝐽) ∈  . If |𝐼| + |𝐽| ⩾ 𝜆 + 1, then 𝑝 satisfies the
corresponding GSC inequality as 𝑝 ∈

[ 1
𝜆+1

, 1 − 1
𝜆+1

]𝑛
. If |𝐼| = 𝜆 and 𝐽 = ∅, then 𝑝 satisfies the

corresponding GSC inequality at equality as 𝑝 ∈ af f (𝐹). If |𝐽| ⩾ 2, then
∑

𝑖∈𝐼 𝑝𝑖 +
∑

𝑗∈𝐽(1 − 𝑝𝑗) ⩾∑
𝑗∈𝐽(1 − 𝑝𝑗) > |𝐽| 1

2
⩾ 1. Otherwise, |𝐼| = 𝜆 − 1 and |𝐽| = 1. Then

∑
𝑖∈𝐼

𝑝𝑖 +
∑
𝑗∈𝐽

(1 − 𝑝𝑗) ⩾ (𝜆 − 1)
( 1
𝜆 + 1

)
+ 1 −

1
𝜆
− 𝜀 = 1 +

𝜆
𝜆 + 1

−
2
𝜆
> 1,

as required. □

Inwhat follows, we shall use the inclusion above to lower bound the number of 0,1 points inside
the face 𝐹. To this end, we need the following theorem.

Theorem 3.2 [6]. For every 𝛼, 𝛽 ⩾ 1 there is a constant 𝛾 ∶= 𝛾3.2(𝛼, 𝛽) > 0 such that the following
statement holds.
Suppose that 𝑃 ⊂ ℝ𝑑 is a polytope containing the set{

𝑥 ∈ ℝ𝑑 ∶ −1 ⩽ 𝑢⊤𝑖 𝑥 ⩽ 1, ∀𝑖 ∈ [𝑚]
}
,

where ‖𝑢𝑖‖2 ⩽ 1, ∀𝑖 ∈ [𝑚] and𝑚 ⩽ 𝛼𝑑. Suppose further that 𝑃 lies inside the ball{
𝑥 ∈ ℝ𝑑 ∶ ‖𝑥‖2 ⩽ 𝛽

√
𝑑
}
.

Then, 𝑃 has at least 𝑒𝛾𝑑 vertices.

Barvinok [6] gave an explicit formula for the constant in Theorem 3.2 for sufficiently large
𝑑: choose any 𝜀 ∈ (0, 1) and a sufficiently large 𝜌 ∶= 𝜌(𝛼, 𝛽, 𝜀) > 0 such that the following
inequalities hold:
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10 of 23 ABDI et al.

𝛼 ln

(
1 − exp

{
−
𝜌2

2

})
> −

𝜀2

4

𝛾3.2(𝛼, 𝛽) ∶=
(1 − 𝜀)2

2𝛽2𝜌2

(
1 − exp

{
−
𝜌2

2

})
+ 𝛼 ln

(
1 − exp

{
−
𝜌2

2

})
> 0.

3.2 is then proved for all sufficiently large 𝑑 > 𝑑0(𝛼, 𝛽, 𝜀, 𝜌) and for 𝛾 ∶= 𝛾3.2(𝛼, 𝛽). Note the slight
notational shortcoming, as the definition of 𝛾3.2(𝛼, 𝛽) also depends on the choice of 𝜀, 𝜌.

Digression
We can apply Theorem 3.2 to get an alternate proof of Theorem 2.3 for sufficiently large 𝑛 but with
a weaker lower bound.More specifically, we let 𝑃 = 2𝜆

𝜆−2
(conv(𝑆) − 1

2
𝟏). Then, 𝑃 contains [−1, 1]𝑛

and is contained in a Euclidean ball of radius 𝜆
𝜆−2

√
𝑛 around the origin. Thus, we can set 𝛼 = 1

and 𝛽 = 𝜆
𝜆−2

, and let 𝛾 ∶= 𝛾3.2
(
1, 𝜆

𝜆−2

)
. In contrast, Theorem 2.3 gives 𝛾̂ = (1 − 𝐻(1∕𝜆)) ln 2 for

all 𝑛 ⩾ 1.
At 𝜆 = 3, 102, 106, 1012, the values for 𝛾̂ are approximately

0.0566330, 0.6371456, 0.6931323, 0.6931472, respectively. However, for 𝜀 = 0.1 and 𝜌 = 3.462, the
values for 𝛾 are approximately 0.0012451, 0.0298718, 0.0312065,0.0312067, respectively. Given
𝜆 = 106, the values 𝜀 ≈ 0.089650 ∈ (0, 1), 𝜌 ≈ 3.524481 > 0 maximize 𝛾 at 𝛾⋆ ≈ 0.0312814,
according to Matlab’s fmincon function within the optimization toolbox; we note that
𝛾̂ > 20 ⋅ 𝛾⋆.
Moving on, we are ready to prove the following lemma, which borrows some ideas from [6,

Corollary 1.3].

Lemma 3.3. For every integer 𝜆 ⩾ 2 and constants 𝛼 ∈
(

1
𝜆+1

, 1
2

]
and 𝛽 ∈ (0, 1], there is a constant

𝜃 ∶= 𝛽𝛾3.2

(
1
𝛽
, (1+𝛼)
𝜀
√
𝛽

)
> 0 for 𝜀 = 𝛼 − 1

𝜆+1
, such that the following statement holds:

Let 𝑆 ⊆ {0, 1}𝑛 be a set-system whose convex hull contains 𝛼𝟏 (possibly on its boundary), and let 𝐹
be the minimal face of the convex hull containing 𝛼𝟏. Suppose 𝐹 has dimension at least 𝛽𝑛, and it
contains

[ 1
𝜆+1

, 2𝛼 − 1
𝜆+1

]𝑛
∩ af f (𝐹). Then, |𝑆 ∩ 𝐹| ⩾ 𝑒𝜃𝑛.

Proof. Let 𝑑 ∶= dim(𝐹) ⩾ 𝛽𝑛, let 𝐴 be the affine hull of 𝐹, and let 𝑅 ∶= 𝑆 ∩ 𝐹 ⊆ {0, 1}𝑛 ∩ 𝐴. By
hypothesis, conv(𝑅) ⊇

[ 1
𝜆+1

, 2𝛼 − 1
𝜆+1

]𝑛
∩ 𝐴. Let us shift conv(𝑅) so that it contains the origin. To

this end, let 𝑎 ∶= 𝛼𝟏, 𝑃 ∶= conv(𝑅) − 𝑎, and 𝐿 ∶= 𝐴 − 𝑎 which is a linear subspace of dimension
𝑑 containing 𝑃.
First, we show that 𝑃 contains a large hypercube-like polytope with 𝑂(𝑑) facets. To this end,

let 𝜀 ∶= 𝛼 − 1
𝜆+1

> 0. We claim that 𝑄 ∶= [−𝜀, 𝜀]𝑛 ∩ 𝐿 ⊆ 𝑃. To see this, observe that 𝑎 + 𝑦 ∈[ 1
𝜆+1

, 2𝛼 − 1
𝜆+1

]𝑛
for each 𝑦 ∈ [−𝜀, 𝜀]𝑛, so𝑎 + 𝑦 ∈ conv(𝑅) for all 𝑦 ∈ [−𝜀, 𝜀]𝑛 such that𝑎 + 𝑦 ∈ 𝐴,

implying in turn that 𝑄 ⊆ 𝑃. Observe that

𝑃 ⊇ 𝑄 =
{
𝑥 ∈ 𝐿 ∶ −𝜀 ⩽ 𝑢⊤𝑖 𝑥 ⩽ 𝜀, ∀𝑖 ∈ [𝑛]

}
,

where 𝑢𝑖 ∈ 𝐿 is the orthogonal projection of the standard unit vector 𝑒𝑖 ∈ ℝ𝑛 onto 𝐿, for 𝑖 ∈ [𝑛].
In particular, ‖𝑢𝑖‖2 ⩽ 1 for all 𝑖 ∈ [𝑛]. Furthermore, we know that 𝑛 ⩽ 1

𝛽
𝑑.
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 11 of 23

Second, we show that 𝑃 is contained in a Euclidean ball of radius 𝑂(
√
𝑑). For every 𝑝 ∈ 𝑆, we

have

‖𝑝 − 𝑎‖2 ⩽ ‖𝑝‖2 + ‖𝑎‖2 ⩽ √
𝑛 + 𝛼

√
𝑛 = (1 + 𝛼)

√
𝑛 ⩽

1 + 𝛼√
𝛽

√
𝑑.

Thus,

𝑃 ⊂ 𝐵 ∶=

{
𝑥 ∈ 𝐿 ∶ ‖𝑥‖2 ⩽ 1 + 𝛼√

𝛽

√
𝑑

}
.

Finally, we apply a linear transformation from 𝐿 ⊂ ℝ𝑛 to ℝ𝑑. To this end, let 𝓁1, … ,𝓁𝑑 be an
orthonormal basis for 𝐿, and let 𝑀 ∈ ℝ𝑛×𝑑 be the matrix whose columns are 𝓁1, … ,𝓁𝑑. Let 𝑓 ∶
𝐿 → ℝ𝑑 be the linear transformation that maps 𝓁𝑖 to 𝑒𝑖 ∈ ℝ𝑑 for 𝑖 ∈ [𝑑]. Note that 𝑓−1(𝑧) = 𝑀𝑧.
We now work with 𝑓(𝑃) instead of 𝑃. We have

𝑓(𝑃) ⊇ 𝑓(𝑄) =
{
𝑧 ∈ ℝ𝑑 ∶ −𝜀 ⩽ 𝑤⊤

𝑖 𝑧 ⩽ 𝜀, ∀𝑖 ∈ [𝑛]
}
,

where 𝑤𝑖 = 𝑀⊤𝑢𝑖 for each 𝑖 ∈ [𝑛]. Observe that

‖𝑤𝑖‖2 ⩽ ‖𝑀⊤‖2‖𝑢𝑖‖2 = √
𝜆max(𝑀𝑀⊤) ⋅ ‖𝑢𝑖‖2 = ‖𝑢𝑖‖2 ⩽ 1,

where ‖𝑀‖2 denotes the spectral norm of 𝑀, which is equal to the square root of the largest
eigenvalue of𝑀𝑀⊤; the latter has the same nonzero spectrum as𝑀⊤𝑀 = 𝐼𝑑, so 𝜆max(𝑀𝑀⊤) = 1.
Next, we have

𝑓(𝑃) ⊂ 𝑓(𝐵) =

{
𝑧 ∈ ℝ𝑑 ∶ ‖𝑀𝑧‖2 ⩽ 1 + 𝛼√

𝛽

√
𝑑

}
=

{
𝑧 ∈ ℝ𝑑 ∶ ‖𝑧‖2 ⩽ 1 + 𝛼√

𝛽

√
𝑑

}
,

where the second equality follows from ‖𝑀𝑧‖2 = √
𝑧⊤𝑀⊤𝑀𝑧 = ‖𝑧‖2.

Subsequently, by applying Theorem 3.2 to 𝜀−1𝑓(𝑃), we obtain that 𝜀−1𝑓(𝑃) has at least e𝛾𝑑 ver-

tices, for some constant 𝛾 ∶= 𝛾3.2

(
1
𝛽
, 𝜀

−1(1+𝛼)√
𝛽

)
> 0. Observe that 𝜀−1𝑓(𝑃) has the same number

of vertices as 𝑓(𝑃) and also 𝑃, namely |𝑅|. Thus, |𝑆 ∩ 𝐹| = |𝑅| ⩾ e𝛾𝑑 ⩾ e𝛾𝛽𝑛, so 𝜃 ∶= 𝛾𝛽 > 0 is the
desired constant. □

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. After possibly twisting 𝑆, we may assume that 𝑥 = 1
𝜆
𝟏. It follows from

Lemma 3.1 that
[ 1
𝜆+1

, 2
𝜆
− 1

𝜆+1

]𝑛
∩ af f (𝐹) ⊆ 𝐹. We can therefore apply Lemma 3.3 for 𝛼 = 1

𝜆
to

obtain the result for

𝜃 ∶= 𝜃1.2(𝜆, 𝛽) ∶= 𝛽𝛾3.2

(
1
𝛽
,
(𝜆 + 1)2√

𝛽

)
> 0.

□
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12 of 23 ABDI et al.

4 2-CONNECTED CUBE-IDEAL SET-SYSTEMS

In this section, we relax 3-connectivity and study cube-ideal set-systems with connectivity at least
2. More specifically, we study the 2-cover graph and core of such set-systems, and then prove
Theorem 1.4 on the size of their core.
Take a preorder ([𝑛], ⪰), that is, a binary relation⪰ on [𝑛] that satisfies reflexivity (𝑖 ⪰ 𝑖, ∀𝑖 ∈ [𝑛])

and transitivity (𝑖 ⪰ 𝑗, 𝑗 ⪰ 𝑘 ⇒ 𝑖 ⪰ 𝑘, ∀𝑖, 𝑗, 𝑘 ∈ [𝑛]). The comparability graph of the preorder is the
undirected graph on vertex set [𝑛] with an edge between every pair of distinct vertices that are
comparable in the preorder.
Let 𝑆 ⊆ {0, 1}𝑛 be a set-system with connectivity at least 2. Recall that 𝐺(𝑆) denotes the 2-cover

graph of 𝑆. Note that 𝐺(𝑆) is invariant under twisting 𝑆.

Lemma 4.1. Let 𝑆 ⊆ {0, 1}𝑛 be a set-system where 1
2
𝟏 ∈ conv(𝑆). Then, after possibly twisting 𝑆,

every 2-GSC inequality valid for conv(𝑆) is of the form 𝑥𝑖 ⩾ 𝑥𝑗 for distinct 𝑖, 𝑗 ∈ [𝑛]. Furthermore,
𝐺(𝑆) is a comparability graph.

Proof. Let us write 1
2
𝟏 as a convex combination of the points in 𝑆 with coefficients 𝜇𝑝, 𝑝 ∈ 𝑆

where 𝜇 ⩾ 𝟎 and
∑

𝑝∈𝑆 𝜇𝑝 = 1. After twisting the coordinates of 𝑆, if necessary, we may assume
that 𝜇𝟎 > 0. Every 2-GSC inequality valid for conv(𝑆) is satisfied at equality at 1

2
𝟏, and therefore

at 𝟎, so it must be of the form 𝑥𝑖 ⩾ 𝑥𝑗 for some distinct indices 𝑖, 𝑗 ∈ [𝑛]. Consider now the binary
relation ⪰ on [𝑛] where 𝑖 ⪰ 𝑗 if 𝑥𝑖 ⩾ 𝑥𝑗 is a valid inequality for conv(𝑆), for 𝑖, 𝑗 ∈ [𝑛]. It can be
readily checked that ([𝑛], ⪰) is reflexive and transitive, so it is a preorder, and clearly 𝐺(𝑆) is its
comparability graph, as required. □

We obtain the following fact about the 2-cover graph of a cube-ideal set-system.

Theorem 4.2. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity at least 2. Then, 𝐺(𝑆) is a
comparability graph.

Proof. As 𝑆 is cube-ideal with connectivity at least 2, it follows that 1
2
𝟏 ∈ conv(𝑆). Subsequently,

𝐺(𝑆) is a comparability graph by Lemma 4.1. □

Recall that core(𝑆) is the set of points in 𝑆 that satisfy every 2-GSC inequality valid for conv(𝑆)
at equality. We have the following phenomenon.

Theorem 4.3. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity at least 2. Then, core(𝑆)
is also cube-ideal.

Proof. Observe that an inequality description of conv(core(𝑆)) can be obtained from that of
conv(𝑆) by adding, for each 2-GSC inequality valid for conv(𝑆), the inequality obtained by flipping
the direction of the inequality. For each 2-GSC inequality, however, the reverse inequality is also
GSC: for example, 𝑥𝑖 + 𝑥𝑗 ⩾ 1 reversed is simply (1 − 𝑥𝑖) + (1 − 𝑥𝑗) ⩾ 1. Subsequently, core(𝑆)
remains a cube-ideal set-system. □

We now give a description for the convex hull of the core of a cube-ideal set-system 𝑆. Let∑
𝑖∈𝐼 𝑥𝑖 +

∑
𝑗∈𝐽(1 − 𝑥𝑗) ⩾ 1 be a GSC inequality valid for conv(𝑆). Recall that the inequality is
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 13 of 23

rainbow if 𝐼 ∪ 𝐽 intersects every connected component of 𝐺(𝑆) at most once. As 𝐺(𝑆) is twisting
invariant, a GSC inequality being rainbow is also twisting invariant. As we see below, capacity
and rainbow inequalities are sufficient to describe conv(core(𝑆)).

Lemma 4.4. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-system with connectivity at least 2, and fix an
inequality description of conv(𝑆) comprised of capacity and GSC inequalities. Then, the following
statements hold:

1. after possibly twisting 𝑆, we have 𝑥𝑖 = 𝑥𝑗 for all 𝑥 ∈ conv(core(𝑆)) and indices 𝑖, 𝑗 in the same
connected component of 𝐺(𝑆),

2. every facet-defining inequality for conv(core(𝑆)) is equivalent to either a capacity or rainbow
inequality in the fixed description of conv(𝑆).

Proof. (1) By Lemma 4.1, we may assume after possibly twisting 𝑆 that every 2-GSC inequality
valid for conv(𝑆) is of the form 𝑥𝑖 ⩾ 𝑥𝑗 for distinct 𝑖, 𝑗 ∈ [𝑛]. In particular, 𝑥𝑖 = 𝑥𝑗 for all 𝑥 ∈
conv(core(𝑆)) and any pair 𝑖, 𝑗 of indices in the same connected component of 𝐺(𝑆).
(2) Take a non-capacity facet-defining inequality 𝑎⊤𝑥 ⩾ 𝛽 for conv(core(𝑆)). A description of

the polytope conv(core(𝑆)) is obtained from the fixed inequality description of conv(𝑆) after set-
ting all the 2-GSC inequalities to equality. Subsequently, 𝑎⊤𝑥 ⩾ 𝛽 is equivalent to an implicit
inequality in the fixed description for conv(𝑆), say of the form∑

𝑖∈𝐼

𝑥𝑖 +
∑
𝑗∈𝐽

(1 − 𝑥𝑗) ⩾ 1 (1)

for disjoint subsets 𝐼, 𝐽 ⊆ [𝑛]. Denote by the set of connected components of 𝐺(𝑆), and for each
𝐾 ∈ , take a representative index 𝑖𝐾 ∈ 𝐾. By part (1), the inequality

∑
𝑖∈𝐼 𝑥𝑖 +

∑
𝑗∈𝐽(1 − 𝑥𝑗) ⩾ 1

can be written equivalently as the following valid inequality for conv(core(𝑆)):

∑
𝐾∈

|𝐼 ∩ 𝐾|𝑥𝑖𝐾 +
∑
𝐾∈

|𝐽 ∩ 𝐾| (1 − 𝑥𝑖𝐾

)
⩾ 1. (2)

Given that 𝟏 ⩾ 𝑥 ⩾ 𝟎, and the right-hand side value in (2) is 1, the nonzero coefficients |𝐼 ∩ 𝐾|, |𝐽 ∩
𝐾| on the left-hand side can be truncated to 1 all the while keeping the inequality valid. Since (2) is
facet-defining for conv(core(𝑆)), and therefore not strictly dominated by another valid inequality,
we must have that |𝐼 ∩ 𝐾|, |𝐽 ∩ 𝐾| ⩽ 1 for all 𝐾 ∈ . Furthermore, we cannot have |𝐼 ∩ 𝐾| = |𝐽 ∩
𝐾| = 1 for some𝐾 ∈ , since otherwise (2) will be dominated by the equality 𝑥𝑖𝐾 + (1 − 𝑥𝑖𝐾 ) = 1.
Subsequently, |(𝐼 ∪ 𝐽) ∩ 𝐾| ⩽ 1 for all 𝐾 ∈ , implying in turn that (1) is a rainbow inequality
valid for conv(𝑆). □

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. By Lemma 4.4 part (1), after possibly twisting 𝑆, wemay assume that 𝑥𝑖 = 𝑥𝑗
for all 𝑥 ∈ core(𝑆) and indices 𝑖, 𝑗 in the same connected component of 𝐺(𝑆). Let setcore(𝑆) ∈
{0, 1}𝑑 be the set-system obtained from 𝑆 after keeping only one representative from each of
the 𝑑 connected components of 𝐺(𝑆), and dropping the remaining indices. Clearly, each rain-
bow inequality in the description for conv(𝑆) yields a valid GSC inequality for conv(setcore(𝑆))
with the same number of variables, and by Lemma 4.4 part (2), these inequalities together
with the capacity inequalities are sufficient to describe conv(setcore(𝑆)). In particular, 𝑆′ is a
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14 of 23 ABDI et al.

cube-ideal set-system with connectivity 𝜅 ⩾ 3. Thus, |core(𝑆)| = |setcore(𝑆) | ⩾ 2(1−𝐻(1∕𝜅))𝑑 by
Theorem 1.1. □

5 IDEAL CLUTTERS

In this section, we introduce ideal clutters, connect them to cube-ideal set-systems in two ways,
and deduce what our results mean for them; these will be useful in the next section.
Let 𝑉 be a finite set of elements, and let  be a family of subsets of 𝑉 called members or sets.

 is a clutter over ground set 𝑉 if no member contains another [13].  is ideal if the associated
set covering polyhedron, namely 𝑄() ∶=

{
𝑥 ∈ ℝ𝑉

+ ∶
∑

𝑣∈𝐶 𝑥𝑣 ⩾ 1, ∀𝐶 ∈ 
}
, has only integral

vertices [10].
In integer and linear programming, ideal clutters correspond to set covering linear programs

that have an integral optimal solution for any objective vector for which there is a finite optimum.
This can be guaranteed when, for instance, the coefficient matrix of the linear system defining
𝑄() is totally unimodular, that is, every nonzero sub-determinant is ±1. In graph and matroid
theory, they correspond to multi-commodity flow problems where the cut condition necessary for
the existence of a flow is also sufficient [21, 22, 35].
To every set-system 𝑆 ⊆ {0, 1}𝑛 we can associate a clutter, and through this correspondence we

can see a connection between cube-idealness and idealness. The cuboid of 𝑆, denoted as cuboid(𝑆),
is the clutter over ground set {1, 1̄, … , 𝑛, 𝑛̄}whosemembers are {𝑖 ∶ 𝑝𝑖 = 1} ∪ {𝑗̄ ∶ 𝑝𝑗 = 0}, ∀𝑝 ∈ 𝑆.
It is known that 𝑆 is cube-ideal if, and only if, cuboid(𝑆) is an ideal clutter [1, Theorem 1.6]. We
can use this to prove the following statement claimed in the introduction.

Example 5.1. Let 𝑆 ∶= {𝟎, 𝑒1, 𝑒1 + 𝑒2, … , 𝑒1 + 𝑒2 +⋯ + 𝑒𝑛} ⊆ {0, 1}𝑛. Then, 𝑆 is a cube-ideal set-
system with connectivity 2 such that conv(𝑆) is full-dimensional and |𝑆| = 𝑛 + 1.

Proof. It can be readily checked that conv(𝑆) is full-dimensional, |𝑆| = 𝑛 + 1, and that 1
2
𝟏 is the

midpoint of the edge of conv(𝑆) connecting 𝟎, 𝟏 ∈ 𝑆. In particular, 𝑆 must have connectivity 2.
It remains to show that 𝑆 is cube-ideal. Observe that the incidence matrix of cuboid(𝑆) has the
consecutive 1s property, that is, its columns can be permuted so that the 1s in each row appear con-
secutively [19]. This implies that the coefficient matrix of 𝑄(cuboid(𝑆)) is totally unimodular [33,
§19.3, Example 7], implying in turn that cuboid(𝑆) is ideal, thus 𝑆 is a cube-ideal set-system. □

Let  be a clutter over ground set𝑉. A cover is a subset 𝐵 ⊆ 𝑉 such that 𝐵 ∩ 𝐶 ≠ ∅ for all 𝐶 ∈ .
The covering number of , denoted as 𝜏(), is the minimum size of a cover. A cover is minimal
if it does not contain another cover. The blocker of , denoted 𝑏(), is the clutter over ground
set 𝑉 whose members are the minimal covers of  [13]. It is well-known that 𝑏(𝑏()) =  [13,
25]. Observe that if  is ideal, then the vertices of 𝑄() are precisely the indicator vectors of the
minimal covers of . A fascinating feature of idealness is that it is closed under taking the blocker
[18, 27]. In fact,  is ideal if, and only if, the width–length inequality holds for all 𝑤,𝓁 ∈ ℝ𝑉

⩾0, that
is,min{𝑤(𝐶) ∶ 𝐶 ∈ } ⋅min{𝓁(𝐵) ∶ 𝐵 ∈ 𝑏()} ⩽ 𝑤⊤𝓁 [27].
To every clutter we can associate a set-system, and through this correspondence we

get yet another connection between idealness and cube-idealness. Let 𝑆() ∶= {𝟏𝐶 ∶ 𝐶 ⊆
𝑉, 𝐶 contains a set in } ⊆ {0, 1}𝑉 . The set-system 𝑆() is up-monotone, that is, if 𝑝 ⩾ 𝑞 for some
𝑝, 𝑞 ∈ {0, 1}𝑉 , where 𝑞 ∈ 𝑆(), then 𝑝 ∈ 𝑆(). Note further that the points in 𝑆 of minimal
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 15 of 23

support are precisely the indicator vectors of the sets in . It is known that  is ideal if, and only
if, 𝑆() is a cube-ideal set-system [1, Theorem 4.3]. We have the following.

Theorem5.2. Let 𝑆 ⊆ {0, 1}𝑛 be a cube-ideal set-systemwith connectivity 𝜆 ⩾ 1 that is up-monotone.
Then, 𝑆 has VC dimension at least (1 − 1∕𝜆)𝑛.

Proof. Observe that 𝑆 = 𝑆() for a clutter  over ground set [𝑛]. It can be readily checked that
𝑆 has VC dimension exactly 𝑛 −min{|𝐶| ∶ 𝐶 ∈ } and connectivity exactly 𝜏() =∶ 𝜆. As 𝑆 is
cube-ideal, it follows that  is ideal. Thus, by the width–length inequality, min{|𝐶| ∶ 𝐶 ∈ } ⩽

𝑛
min{|𝐵|∶𝐵∈𝑏()} = 𝑛

𝜆
. Subsequently, 𝑆 has VC dimension at least (1 − 1∕𝜆)𝑛. □

Given an integer 𝜏 ⩾ 1,  is 𝜏-cover-minimal if it has covering number 𝜏, and every element
appears in a minimum cover. A clutter is cover-minimal if it is 𝜏-cover-minimal for some integer
𝜏 ⩾ 1. The core of a cover-minimal clutter , denoted as core(), is the clutter of all sets of  that
intersect every minimum cover exactly once.

Lemma 5.3. Let  be an ideal 𝜏-cover-minimal clutter over ground set 𝑉, for some integer 𝜏 ⩾ 1.
Then, 𝑆() is a cube-ideal set-system with connectivity 𝜏. Furthermore, for 𝐹 the minimal face of
conv(𝑆()) containing 1

𝜏
𝟏, the dimension of 𝐹 is |𝑉| − 𝑟 where 𝑟 is the rank of {𝟏𝐵 ∶ 𝐵 ∈ 𝑏(), |𝐵| =

𝜏}, and 𝑆() ∩ 𝐹 = {𝟏𝐶 ∶ 𝐶 ∈ core()}.

Proof. Let 𝑆 ∶= 𝑆(). As  is ideal, 𝑆 is a cube-ideal set-system whose convex hull is described
by 𝟎 ⩽ 𝑥 ⩽ 𝟏, 𝑥(𝐵) ⩾ 1, ∀𝐵 ∈ 𝑏(). In particular, 𝑆 has connectivity 𝜏() = 𝜏. Furthermore, the
minimal face of conv(𝑆) containing 1

𝜏
𝟏 is

𝐹 = [0, 1]𝑉 ∩
{
𝑥 ∈ ℝ𝑉 ∶ 𝑥(𝐵) ⩾ 1, ∀𝐵 ∈ 𝑏() s.t. |𝐵| > 𝜏

}
∩
{
𝑥 ∈ ℝ𝑉 ∶ 𝑥(𝐵) = 1, ∀𝐵 ∈ 𝑏() s.t. |𝐵| = 𝜏

}
where the third set contains all the implicit equalities. Subsequently, the dimension of𝐹 is |𝑉| − 𝑟.
It remains to prove 𝑆 ∩ 𝐹 = {𝟏𝐶 ∶ 𝐶 ∈ core()}. The inclusion⊇ is clear. For the reverse inclusion,
suppose 𝐶 ⊆ 𝑉 contains a set 𝐶 ∈ , and 𝟏𝐶 ∈ 𝑆 ∩ 𝐹. We claim that 𝐶 = 𝐶. For if not, pick 𝑣 ∈

𝐶 ⧵ 𝐶, and let 𝐵 be a minimum cover of  that contains 𝑣, which exists as  is cover-minimal. As
𝐵 ∩ 𝐶 ≠ ∅ and 𝑣 ∈ 𝐵, it follows that |𝐵 ∩ 𝐶| ⩾ 2, a contradiction as |𝐵 ∩ 𝐶| = 1. □

We may therefore apply Theorem 1.2 to obtain the following inequality.

Theorem 5.4. For every integer 𝜏 ⩾ 3 and 𝛽 ∈ (0, 1), there is a constant 𝜃 ∶= 𝜃1.2(𝜏, 𝛽) > 0 such
that the following statement holds.
Let  be an ideal 𝜏-cover-minimal clutter over ground set 𝑉. Suppose the rank of {𝟏𝐵 ∶ 𝐵 ∈

𝑏(), |𝐵| = 𝜏} is at most (1 − 𝛽)|𝑉|. Then, |core()| ⩾ 𝑒𝜃|𝑉|.
Proof. Let 𝑆 ∶= 𝑆(). By Lemma 5.3, 𝑆 is a cube-ideal set-system with connectivity 𝜆 ∶= 𝜏;
furthermore, for 𝐹 the minimal face of conv(𝑆) containing 1

𝜆
𝟏, the dimension of 𝐹 is at least|𝑉| − (1 − 𝛽)|𝑉| = 𝛽|𝑉|, and |core()| = |𝑆 ∩ 𝐹|. Thus, by Theorem 1.2, |core()| ⩾ e𝜃|𝑉| for 𝜃 =

𝜃1.2(𝜆, 𝛽). □
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16 of 23 ABDI et al.

Let  be a 2-cover-minimal clutter over ground set 𝑉, these are also known as tangled clutters
[2]. As a consequence of the tools developed so far, we prove that core() is ideal and give an
exponential lower bound on |core()|; let us elaborate.
Denote by 𝐺() the graph over vertex set 𝑉 whose edges correspond to the minimum covers of

. A cover of  is rainbow if it intersects every connected component of 𝐺() at most once. The
rainbow covering number of , denoted as 𝜇(), is the minimum size of a rainbow cover of ; if
there is no rainbow cover, then 𝜇() ∶= +∞. Observe that 𝜇() ⩾ 3.
Given disjoint subsets 𝐼, 𝐽 ⊆ 𝑉, the minor obtained after deleting 𝐼 and contracting 𝐽, denoted

by  ⧵ 𝐼∕𝐽, is the clutter over ground set 𝑉 ⧵ (𝐼 ∪ 𝐽), whose sets are the inclusion-wise minimal
sets in {𝐶 ⧵ 𝐽 ∶ 𝐶 ∈ , 𝐶 ∩ 𝐼 = ∅}. If  is an ideal clutter, then so are its minors (see [8], §1.4).

Theorem 5.5. Let  be an ideal 2-cover-minimal clutter over ground set 𝑉, let 𝑑 be the number of
connected components of 𝐺(), and let 𝜇 be its rainbow covering number. Then, core() is an ideal
clutter such that |core()| ⩾ 2(1−𝐻(1∕𝜇))𝑑.

Proof. Let 𝑆 ∶= 𝑆().We know fromLemma 5.3 that 𝑆 is a cube-ideal set-systemwith connectivity
2; furthermore, every valid 2-GSC inequality for 𝑆 is of the form 𝑥(𝐵) ⩾ 1 for a minimum cover 𝐵
of , so𝐺(𝑆) = 𝐺() and core(𝑆) = {𝟏𝐶 ∶ 𝐶 ∈ core()}. The claimed inequality follows from The-
orem 1.4. For the first part of the claim, note that core(𝑆) is a cube-ideal set-systemby Theorem4.3,
so cuboid(core(𝑆)) is an ideal clutter [1, Theorem 1.6]. As core() is a minor of cuboid(core(𝑆))
obtained after contracting {𝑣 ∶ 𝑣 ∈ 𝑉}, it is also an ideal clutter. □

In a similar fashion, Conjecture 1.5 implies the following.

Conjecture 5.6. For every integer 𝜏 ⩾ 3, there is a constant 𝜃 ∶= 𝜃1.5(𝜏) > 0 such that the following
statement holds.
Let  be an ideal 𝜏-cover-minimal clutter over ground set𝑉. Let 𝑑 be the dimension of theminimal

face of 𝑄(𝑏()) containing 1
𝜏
𝟏. Then, |core()| ⩾ 𝑒𝜃𝑑 .

6 APPLICATIONS TO COMBINATORIAL OPTIMIZATION

In this section, we present three further applications of our results to combinatorial optimization.

6.1 Strong orientations of mixed graphs

Here, we prove Theorem 1.8. We first show that strong orientations of a mixed graph correspond
to a cube-ideal set-system. Let us elaborate.
Let  be a family of subsets of a finite set 𝑉.  is a crossing family if 𝑈 ∩𝑊,𝑈 ∪𝑊 ∈  for

any two sets𝑈,𝑊 ∈  such that𝑈 ∩𝑊 ≠ ∅ and𝑈 ∪𝑊 ≠ 𝑉. For a crossing family  , a function
𝑓 ∶  → ℤ is crossing supermodular if 𝑓(𝑈 ∩𝑊) + 𝑓(𝑈 ∪𝑊) ⩾ 𝑓(𝑈) + 𝑓(𝑊) for any two sets
𝑈,𝑊 ∈  such that 𝑈 ∩𝑊 ≠ ∅ and 𝑈 ∪𝑊 ≠ 𝑉.
Let 𝐴 ∈ ℚ𝑚×𝑛 and 𝑏 ∈ ℚ𝑚. The system 𝐴𝑥 ⩽ 𝑏 is totally dual integral (TDI) if for every cost

vector 𝑐 ∈ ℤ𝑛 for whichmax{𝑐⊤𝑥 ∶ 𝐴𝑥 ⩽ 𝑏} has an optimum solution, its dualmin{𝑏⊤𝑦 ∶ 𝐴⊤𝑦 =
𝑐, 𝑦 ⩾ 0} has an integral optimum solution. If the right-hand side 𝑏 is integral and the system
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 17 of 23

𝐴𝑥 ⩽ 𝑏 is TDI, then the polyhedron 𝑃 ∶= {𝑥 ∶ 𝐴𝑥 ⩽ 𝑏} is integral [14]. A system 𝐴𝑥 ⩽ 𝑏 is called
box-TDI if for every pair of vectors 𝓁, 𝑢 ∈ (ℤ ∪ {±∞})𝑛 such that 𝓁 ⩽ 𝑢, the system 𝐴𝑥 ⩽ 𝑏,𝓁 ⩽

𝑥 ⩽ 𝑢 is TDI. In particular, every box-TDI system is also TDI.
Let𝐺 = (𝑉,𝐴, 𝐸) be amixed graphwhere every pseudo dicut contains at least two edges from𝐸.

Let 𝐸 be an arbitrary reference orientation of 𝐸. Recall that SCR(𝐺; 𝐸) is the set of vectors 𝑥 ∈

{0, 1}𝐸 such that the re-orientation of 𝐸 obtained after flipping the arcs in {𝑎 ∈ 𝐸 ∶ 𝑥𝑎 = 1} is 𝐺-
strong, that is, turns 𝐺 into a strongly connected digraph.

Theorem 6.1. For a mixed graph 𝐺 = (𝑉,𝐴, 𝐸), and a reference orientation 𝐸, the convex hull of
SCR(𝐺; 𝐸) is described by∑

𝑎∈𝛿+
𝐸⃗
(𝑈)

𝑥𝑎 +
∑

𝑏∈𝛿−
𝐸⃗
(𝑈)

(1 − 𝑥𝑏) ⩾ 1 ∀𝑈 ⊂ 𝑉,𝑈 ≠ ∅, 𝛿−𝐴(𝑈) = ∅, (3)

𝟏 ⩾ 𝑥 ⩾ 𝟎. (4)

In particular, the set-system SCR(𝐺; 𝐸) is cube-ideal.

Proof. The integral solutions to (3)–(4) are precisely the points in SCR(𝐺; 𝐸), since 𝑥 ∈ {0, 1}𝐸

satisfies (3) iff the corresponding re-orientation is 𝐺-strong. Thus, it remains to show that the
system is integral. To this end, let  ∶= {𝑈 ⊂ 𝑉 ∶ 𝑈 ≠ ∅, 𝛿−

𝐴
(𝑈) = ∅}, which is a crossing family.

Note that (3) can be rewritten as

𝑥
(
𝛿+
𝐸
(𝑈)

)
− 𝑥

(
𝛿−
𝐸
(𝑈)

)
⩾ 1 − |𝛿−

𝐸
(𝑈)| ∀𝑈 ∈  . (5)

Given that 𝑈 ∈  ↦ 1 − |𝛿−
𝐸
(𝑈)| ∈ ℤ is a crossing supermodular function, we conclude from a

well-known result [14] that (5) is box-TDI. In particular, (3)–(4) is TDI, and is therefore integral,
as required. □

Suppose every pseudo dicut of 𝐺 contains at least two edges from 𝐸. The 2-pseudo-dicut graph
of 𝐺 is the graph 𝐻 on vertex set 𝐸 with an edge between distinct 𝑒, 𝑓 for every pseudo dicut of
𝐺 that contains only 𝑒 and 𝑓 from 𝐸. A pseudo dicut of 𝐺 is rainbow if it contains at most one
element of 𝐸 from every connected component of the 2-pseudo-dicut graph. In particular, every
rainbowpseudo dicut contains at least 3 elements from𝐸.We are now ready to prove the following
theorem. Note that 𝜅 ∶= +∞ if there is no rainbow pseudo dicut.

Theorem6.2. Let𝐺 = (𝑉,𝐴, 𝐸) be amixed graphwhere every pseudo dicut contains at least 2 edges
from 𝐸. Let 𝑑 be the number of connected components of the 2-pseudo-dicut graph of 𝐺, and let 𝜅 be
the minimum number of elements from 𝐸 in a rainbow pseudo dicut. Then, the number of 𝐺-strong
orientations is at least 2(1−𝐻(1∕𝜅))𝑑.

Proof. Let 𝐸 be an arbitrary reference orientation of 𝐸, and let 𝑆 ∶= SCR(𝐺; 𝐸), which is cube-
ideal by Theorem 6.1. Fix the inequality description (3)–(4) for conv(𝑆). It therefore follows from
Theorem 1.4 that |core(𝑆)| ⩾ 2(1−𝐻(1∕𝜅′))𝑑′ , where 𝑑′ is the number of connected components of
𝐺(𝑆), and 𝜅′ is the minimum number of variables used in a rainbow inequality in (3). Observe
that 𝐺(𝑆) is precisely the 2-pseudo-dicut graph of 𝐺. Furthermore, the rainbow inequalities in
(3) correspond to the rainbow pseudo dicuts of 𝐺, and the number of variables in the inequality
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18 of 23 ABDI et al.

is equal to the number of edges from 𝐸 in the pseudo dicut. Subsequently, 𝑑′ = 𝑑 and 𝜅′ = 𝜅, so|𝑆| ⩾ |core(𝑆)| ⩾ 2(1−𝐻(1∕𝜅))𝑑, as required. □

We obtain Theorem 1.8 as a consequence of Theorem 6.2.

Proof of Theorem 1.8. Let 𝐺 = (𝑉,𝐴, 𝐸) be a mixed graph where every pseudo dicut contains at
least 𝜆 edges from 𝐸, where 𝜆 ⩾ 3. Then, the 2-pseudo-dicut graph of 𝐺 has no edge, so it has
exactly |𝐸| connected components, and every pseudo dicut of 𝐺 is rainbow. Subsequently, the
number of 𝐺-strong orientations is at least 2(1−𝐻(1∕𝜆))|𝐸| by Theorem 6.2. □

6.2 Dijoins in 𝝉-sink-regular bipartite digraphs

Proof of Theorem 1.9. Let  be the clutter of minimal dijoins of 𝐷. It is known that  is an ideal
clutter, and that 𝑏() consists of the minimal dicuts of 𝐷 [29, see also [8], §1.3.4]. Thus,  is 𝜏-
cover-minimal as 𝐷 is a bipartite digraph where every sink has degree 𝜏 and every dicut has size
at least 𝜏, and core() is precisely the clutter of minimal dijoins of 𝐷 intersecting every minimum
dicut exactly once. We shall therefore apply Theorem 5.4 to argue that |core()| is exponentially
large. To this end, let  ∶= {𝑈 ⊂ 𝑉 ∶ 𝑈 ≠ ∅, |𝛿+(𝑈)| = 𝜏, 𝛿−(𝑈) = ∅}, and let 𝑀 be the matrix
whose rows correspond to {𝟏𝛿+(𝑈) ∶ 𝑈 ∈  }. We claim that𝑀 has row rank at most (1 − 𝛽)|𝐴| for
𝛽 = 1

3
, thus allowing us to apply Theorem 5.4 for 𝜃 ∶= 𝜃1.2(𝜏,

1
3
) to finish the proof. Let 𝑆, 𝑇 be the

sets of sources and sinks of 𝐷, respectively. Then, we have

𝟏𝛿+(𝑈∩𝑆) − 𝟏𝛿−(𝑈∩𝑇) = 𝟏𝛿+(𝑈) − 𝟏𝛿−(𝑈) = 𝟏𝛿+(𝑈) ∀𝑈 ∈  .

Note that 𝟏𝛿−(𝑣), ∀𝑣 ∈ 𝑇 are rows of𝑀. Thus, after applying elementary row operations to the rows
of 𝑀 corresponding to 𝟏𝛿+(𝑈), 𝑈 ∈  , 𝑈 ⊉ 𝑆, we obtain a matrix 𝑁 whose rows are 𝟏𝛿−(𝑣), ∀𝑣 ∈
𝑇; 𝟏𝛿+(𝑈∩𝑆), ∀𝑈 ∈  , 𝑈 ⊉ 𝑆. The first set of rows of 𝑁 clearly has rank at most |𝑇|. The second
set of rows is generated by 𝟏𝛿+(𝑢), 𝑢 ∈ 𝑆, and therefore has rank at most |𝑆|. Consequently,𝑁 and
therefore 𝑀 has rank at most |𝑆| + |𝑇| = |𝑉|. Given that every source has degree at least 𝜏 (as
the arcs incident with it form a dicut), it follows that |𝑆| ⩽ |𝑇|, so |𝑉| ⩽ 2|𝑇| = 2|𝐴|

𝜏
⩽ 2

3
|𝐴|, thus

proving the claim. □

6.3 Perfect matchings in 𝒓-graphs and the Lovász–Plummer
conjecture

Theorem 5.4 has a consequence for the number of perfect matchings in certain graphs. To elab-
orate, let 𝑟 ⩾ 3 be an integer. An 𝑟-graph is an 𝑟-regular graph 𝐺 = (𝑉, 𝐸) where |𝑉| is even, and
every odd cut has size at least 𝑟, that is, |𝛿(𝑈)| ⩾ 𝑟 for all 𝑈 ⊂ 𝑉 where |𝑈| is odd. It is known
that every 𝑟-graph is matching-covered, that is, every edge belongs to a perfect matching [34]. A
well-known conjecture by Lovász and Plummer states that for every 𝑟 ⩾ 3, there exist constants
𝑐1(𝑟) > 1, 𝑐2(𝑟) > 0 such that every 𝑟-regular matching-covered graph𝐺 = (𝑉, 𝐸) contains at least
𝑐2(𝑟) ⋅ 𝑐1(𝑟)

|𝑉| perfect matchings; furthermore, 𝑐1(𝑟) → ∞ as 𝑟 → ∞ [28, Conjecture 8.1.8]. The
first part of this conjecture was proved for 3-graphs [17]. In this subsection, we prove (a refinement
of) this part for all 𝑟-graphs for 𝑟 ⩾ 4.
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LOWER BOUNDS FOR CUBE-IDEAL SET-SYSTEMS 19 of 23

Perfect matchings intersecting every minimum odd cut exactly once correspond to the core of
a certain ideal 𝑟-cover-minimal clutter. Through this connection, we shall prove the following as
a consequence of Theorem 5.4.

Theorem 6.3. For every integer 𝑟 ⩾ 3 and 𝛽 ∈ (0, 1), there is a constant 𝜃 ∶= 𝜃1.2(𝑟, 𝛽) > 0 such
that the following statement holds:
Let 𝐺 = (𝑉, 𝐸) be an 𝑟-graph where the rank of {𝟏𝛿(𝑈) ∶ |𝛿(𝑈)| = 𝑟, |𝑈| is odd} is at most (1 −

𝛽)|𝐸|. Then, the number of perfect matchings of𝐺 that intersect every minimum odd cut exactly once
is at least 𝑒𝜃|𝐸|.
Proof. A postman set is a subset 𝐽 ⊆ 𝐸 where every vertex of 𝐺 is incident to an odd number of
edges from 𝐽. Let  be the clutter over ground set 𝐸 of the minimal postman sets of 𝐺. It is known
that  is an ideal clutter, and that 𝑏() consists of the minimal odd cuts of 𝐺 [15]. In particular,
as 𝐺 is an 𝑟-graph,  is an 𝑟-cover-minimal clutter, and core() is precisely the clutter of perfect
matchings of 𝐺 that intersect every minimum odd cut exactly once. The claim now follows from
Theorem 5.4 for 𝜃 ∶= 𝜃1.2(𝑟, 𝛽). □

By applying Theorem 3.2 to a different polytope, Barvinok showed that every 3-graph 𝐺 =
(𝑉, 𝐸) that is essentially 4-edge-connected, that is, |𝛿(𝑈)| ⩾ 4 for all 𝑈 ⊂ 𝑉 such that 1 < |𝑈| <|𝑉| − 1, has exponentially many perfect matchings [6]. Observe that in this case, the rank of
{𝟏𝛿(𝑈) ∶ |𝛿(𝑈)| = 3, |𝑈| is odd} is at most |𝑉| = 2

3
|𝐸|, so we can also apply Theorem 6.3 for

𝑟 = 3, 𝛽 = 1
3
to obtain this result.

Using graph theoretic techniques, Esperet et al. showed that the number of perfect match-
ings in any 3-graph 𝐺 = (𝑉, 𝐸) is at least 2|𝑉|∕3656. The authors then used this result to show
that every (𝑟 − 1)-edge-connected 𝑟-graph for 𝑟 ⩾ 4, has at least 2𝑓(𝑟)⋅|𝑉| perfect matchings for
𝑓(𝑟) = 1

3656

(
1 − 1

𝑟

)(
1 − 2

𝑟

)
[17].

It turns out that for 𝑟 ⩾ 4, all 𝑟-graphs satisfy the rank condition in Theorem 6.3. To see this, we
need a few notions and lemmas. A family  over ground set 𝑉 is laminar if for all𝑈,𝑊 ∈  such
that𝑈 ∩𝑊 ≠ ∅, we have𝑈 ⊆ 𝑊 or𝑊 ⊆ 𝑈. A simple inductive argument implies that a laminar
family  has size at most 2|𝑉| − 1. However, this upper bound can be improved in the following
relevant case.

Lemma 6.4. Let  be a laminar family of odd subsets of {1, … , 2𝑛}. Then, || ⩽ 3𝑛 − 1.

Proof. Weprove this by induction on 𝑛. The base case 𝑛 = 1 is clear. For the induction step, assume
that 𝑛 ⩾ 2.
Suppose in the first case that some maximal set 𝐴 in  has size at most 2𝑛 − 3. We may clearly

assume that |𝐴| ⩾ 3. Let 𝐵 ∶= 𝐴. Then, |𝐵| is odd, and  ∪ {𝐵} is also laminar, so we may assume
that𝐵 ∈ . Let1,2 be obtained from after shrinking𝐵,𝐴 to a single element 𝑏, 𝑎, respectively.
Observe that 1 contains both 𝐴 and {𝑏}, and 2 contains both 𝐵 and {𝑎}. Given that the ground
set of each 𝑖 has 2𝑛𝑖 < 2𝑛 elements, we can apply the induction hypothesis to conclude that

|| = |1| + |2| − 2 ⩽ (3𝑛1 − 1) + (3𝑛2 − 1) − 2 = 3(𝑛1 + 𝑛2) − 4 = 3(𝑛 + 1) − 4 = 3𝑛 − 1,

thus completing the induction step in this case.
Suppose in the remaining case that every maximal set in  has size 2𝑛 − 1. Thus, there is a

unique maximal set 𝐴 in . Now, let 𝐵 be a proper maximal subset of 𝐴 in , which we may
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20 of 23 ABDI et al.

assume exists and satisfies |𝐵| ⩾ 3. By definition, |𝐵| ⩽ |𝐴| − 2. Then,′ ∶= ( ⧵ {𝐴}) ∪ {𝐵} is also
laminar family of odd subsets of {1, … , 2𝑛}. Furthermore, 𝐵 is a maximal set in ′ of size at most
2𝑛 − 3. Therefore, by falling back to the previous case, we obtain that || = |′| ⩽ 3𝑛 − 1, thus
completing the induction step. □

The perfect matching polytope of a graph𝐺 = (𝑉, 𝐸) on an even number of vertices is the convex
hull of the indicator vectors of its perfect matchings. This polytope can be described as the set of
all vectors 𝑥 ∈ ℝ𝐸

⩾0 such that 𝑥(𝛿(𝑣)) = 1 for every vertex 𝑣, and 𝑥(𝛿(𝑈)) ⩾ 1 for every odd cut
𝛿(𝑈) [12].

Lemma6.5. Let𝐺 = (𝑉, 𝐸) be amatching-covered graph, and let𝑥⋆ be a point in the perfectmatch-
ing polytope where 𝑥⋆𝑒 > 0 for all 𝑒 ∈ 𝐸. Let rk be the rank of {𝟏𝛿(𝑈) ∶ 𝑥⋆(𝛿(𝑈)) = 1, |𝑈| is odd}.
Then, rk ⩽ 3

2
|𝑉| − 1.

Proof. Let  ∶= {{𝑈,𝑈} ∶ 𝑥⋆(𝛿(𝑈)) = 1, |𝑈| is odd} be the family of 𝑥⋆-tight cuts. Then,  is a
crossing family, in the sense that for all pairs {𝑈,𝑈}, {𝑊,𝑊} ∈  that cross, that is, 𝑈 ∩𝑊,𝑈 ∩
𝑊,𝑈 ∩𝑊,𝑈 ∩𝑊 ≠ ∅, and |𝑈 ∩𝑊| is odd, we have that {𝑈 ∩𝑊,𝑈 ∩𝑊}, {𝑈 ∪𝑊,𝑈 ∪𝑊} ∈  .
To see this, note that

2 = 𝑥⋆(𝛿(𝑈)) + 𝑥⋆(𝛿(𝑊)) ⩾ 𝑥⋆(𝛿(𝑈 ∩𝑊)) + 𝑥⋆(𝛿(𝑈 ∪𝑊)) ⩾ 2,

where the first (in)equality follows from {𝑈,𝑈}, {𝑊,𝑊} ∈  , the second from submodularity of
the cut function, and the third from the fact that |𝑈 ∩𝑊|, and therefore |𝑈 ∪𝑊|, is odd, and
𝑥⋆ is in the perfect matching polytope. Subsequently, equality must hold throughout, so {𝑈 ∩
𝑊,𝑈 ∩𝑊}, {𝑈 ∪𝑊,𝑈 ∪𝑊} ∈  . Observe further that as 𝑥⋆𝑒 > 0 for all 𝑒 ∈ 𝐸, we must have that
𝟏𝛿(𝑈) + 𝟏𝛿(𝑊) = 𝟏𝛿(𝑈∩𝑊) + 𝟏𝛿(𝑈∪𝑊).
Now, let  be a maximal subset of  that is cross-free, that is, contains no two pairs that cross.

Note that contains all trivial cuts, that is, 𝛿(𝑣), 𝑣 ∈ 𝑉. Let𝐿 be the linear hull of 𝟏𝛿(𝑈), {𝑈,𝑈} ∈  .

Claim.  generates 𝐿, that is, 𝐿 is the linear hull of 𝟏𝛿(𝑈), {𝑈,𝑈} ∈ . □

Proof of Claim. We prove this by induction on |𝑉|. The base case |𝑉| ⩽ 4 is clear as  =  . For
the induction step, assume that |𝑉| ⩾ 6.
Pick an arbitrary nontrivial cut {𝑈,𝑈} in . Let 𝐺1, 𝐺2 be obtained from 𝐺 after shrinking𝑈,𝑈

to a single vertex, respectively. Let 𝑥⋆
𝑖
be the restriction of 𝑥⋆ to 𝐸(𝐺𝑖), which also belongs to the

perfect matching polytope of 𝐺𝑖 , let 𝑖 be the family of 𝑥⋆𝑖 -tight cuts, and let 𝐿𝑖 be the correspond-
ing linear hull. Observe that 1 consists of those cuts {𝑅, 𝑅} in  such that𝑈 ⊆ 𝑅, and 2 of those
cuts {𝑅, 𝑅} in  such that 𝑈 ⊆ 𝑅. Let 1 be the family of cuts {𝑅, 𝑅} in  such that 𝑈 ⊆ 𝑅, and 2

of those cuts {𝑅, 𝑅} in  such that 𝑈 ⊆ 𝑅. The maximality of  implies that each 𝑖 is a maximal
cross-free subset of 𝑖 . Thus, by the induction hypothesis, each 𝑖 generates 𝐿𝑖 .
Now, to prove that  generates 𝐿, pick an arbitrary {𝑊,𝑊} in  outside . By the maximality

of , {𝑊,𝑊} must cross some nontrivial cut {𝑈,𝑈} ∈ , as above. Thus, {𝑈 ∩𝑊,𝑈 ∩𝑊}, {𝑈 ∪
𝑊,𝑈 ∪𝑊} also belong to  , and

𝟏𝛿(𝑈) + 𝟏𝛿(𝑊) = 𝟏𝛿(𝑈∩𝑊) + 𝟏𝛿(𝑈∪𝑊).
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F IGURE 2 A staircase on at least 4 vertices. This graph has exactly 3 perfect matchings that intersect every
minimum odd cut exactly once.

Note that 𝛿(𝑈 ∩𝑊) is an 𝑥⋆2 -tight cut from 2, so 𝟏𝛿(𝑈∩𝑊) ∈ 𝐿2, and similarly 𝟏𝛿(𝑈∪𝑊) ∈ 𝐿1. By
the induction hypothesis, 2 generates 𝟏𝛿(𝑈∩𝑊), and 1 generates 𝟏𝛿(𝑈∪𝑊). In particular, as 𝑖 ⊆ ,
it follows that 𝟏𝛿(𝑈∩𝑊), 𝟏𝛿(𝑈∪𝑊) are generated by , so the vector equality above implies that 𝟏𝛿(𝑊)

is also generated by , as required.

In particular, rk ⩽ ||. By carefully retaining exactly one shore from each pair {𝑈,𝑈} in the
cross-free family , we obtain a laminar family of odd subsets of𝑉. (Here, we have used the fact
that every cross-free family can be turned into a laminar family by complementing some of the
sets.) Subsequently, by Lemma 6.4, rk ⩽ || = || ⩽ 3

2
|𝑉| − 1, thus finishing the proof. □

We are now ready to provide the following exponential lower bound for perfect matchings of
an 𝑟-graph with 𝑟 ⩾ 4.

Corollary 6.6. For every integer 𝑟 ⩾ 4, there is a constant 𝜃 ∶= 𝜃1.2(𝑟, 1 −
3
𝑟
) > 0 such that the

following statement holds:
The number of perfect matchings of an 𝑟-graph 𝐺 = (𝑉, 𝐸) that intersect every minimum odd cut

exactly once is at least 𝑒𝜃|𝐸|.
Proof. Let𝑥⋆ = 1

𝑟
𝟏, and let rkbe the rank of theminimumodd cuts of𝐺. It follows fromLemma6.5

that rk ⩽ 3
2
|𝑉| − 1 = 3

𝑟
|𝐸| − 1 since 𝐺 is 𝑟-regular. The theorem now follows from Theorem 6.3

for 𝛽 ∶= 1 − 3
𝑟
> 0 and 𝜃 ∶= 𝜃1.2(𝑟, 𝛽) > 0. □

Theorem 6.6 does not naturally generalize to 𝑟 = 3, as there exists an unbounded family of
3-graphs with exactly 3 perfect matchings that intersect every minimum odd cut exactly once,
namely staircases as depicted in Figure 2. This family also shows that the rank condition in
Theorem 6.3 cannot be dropped; for such graphs, the rank of {𝟏𝛿(𝑈) ∶ |𝛿(𝑈)| = 3, |𝑈| is odd} is|𝐸| − 2.
Theorem 5.6 tells us how we might be able to extend Corollary 6.6 to 𝑟 = 3, as follows.

Conjecture 6.7. The number of perfect matchings of a 3-graph 𝐺 = (𝑉, 𝐸) that intersect every
minimum odd cut exactly once is at least 𝑒𝜃(|𝐸|−rk), where 𝜃 = 𝜃1.5(3) > 0 and rk is the rank of
{𝟏𝛿(𝑈) ∶ |𝛿(𝑈)| = 3, |𝑈| is odd}.
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