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ARTICLE INFO ABSTRACT
Keywords: This work introduces RedEigCD, the first self-adaptive timestepping technique specifically tailored
Computational fluid dynamics for reduced-order models (ROMs) of the incompressible Navier-Stokes equations that employ

Incompressible Navier-Stokes
Reduced-order modeling
Linear stability analysis
Self-adaptive time integration

stucture-preserving discretizations. Building upon linear stability concepts, the method adapts
the timestep by directly bounding the stability function of the employed time integration scheme
using exact spectral information of matrices related to the reduced operators. Unlike traditional
error-based adaptive methods, RedEigCD relies on the eigenbounds of the convective and diffusive
ROM operators, whose computation is feasible at reduced scale and fully preserves the online
efficiency of the ROM. A central theoretical contribution of this work is the proof, based on the
combined theorems of Bendixson and Rao, that, under linearized assumptions, the maximum
stable timestep for projection-based ROMs is shown to be larger than or equal to that of their
corresponding full-order models (FOMs).

Numerical experiments for both periodic and non-homogeneous boundary conditions demon-
strate that RedEigCD yields stable timestep increases up to a factor 40 compared to the FOM,
without compromising accuracy. The methodology thus establishes a new link between linear
stability theory and reduced-order modeling, offering a systematic path towards efficient, self-
regulating ROM integration in incompressible flow simulations.

1. Introduction

The numerical integration of nonlinear ordinary differential equations (ODEs), %u = f(u(),1), like those arising from spatial
discretization of the Navier-Stokes equations, requires setting the timestep of the integration. In the classical works of Hairer et al. [1],
Butcher [2], this timestep, At, is generally assumed to be predetermined by the user, while later on, methods such as the Dormand-Price
method (RKDP) [3] or Fehlberg (RKF) [4] were introduced to provide adaptive timestepping, based on truncation error estimates. As
an alternative, the timestep At can also be determined by studying the stability of the linear system
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$\frac {d}{dt}\mathbf u=f(\mathbf u(t),t)$


$\Delta t$


$\Delta t$


\begin {equation}\frac {d\mathbf {u}}{dt} = A\mathbf {u}, \label {eq:linear_ode}\end {equation}


$A$


$f(\mathbf {u}(t),t)$


$A$


$\rho (A)$


$\Delta t$


\begin {align}\nabla \cdot \mathbf {u} &= 0, \\ \frac {\partial \mathbf {u}}{\partial t} + (\mathbf {u}\cdot \nabla )\mathbf {u} &= -\nabla p + \frac {1}{\text {Re}}\nabla ^2\mathbf {u} + \mathbf {f}, \label {eq:mom_ns}\end {align}


$\mathbf {u}=\mathbf {u}(\mathbf {x},t)$


$p=p(\mathbf {x},t)$


$\text {Re} = UL/\nu $


$U$


$L$


$\nu $


$\mathbf {f}(t)$


\begin {align}M\mathbf {u} &= \mathbf {0}, \label {eq:ns-a}\\ \Omega \frac {d\mathbf {u}}{dt} + C(\mathbf {u})\mathbf {u} - D\mathbf {u} + \Omega G\mathbf {p} - \Omega \mathbf f &= \mathbf {0}, \label {eq:ns-b}\end {align}


$C$


$D$


$G$


$M$


$\mathbf f$


$\Omega $


$\mathbf {u}=\mathbf u(t), \mathbf {p}=\mathbf p(t)$


\begin {align}M\mathbf {u} &= 0, \\ \frac {d\mathbf {u}}{dt} &= \tilde {F}(\mathbf {u},t) - G\mathbf {p},\end {align}


$\tilde {F}(\mathbf {u},t) = \Omega ^{-1}(-C(\mathbf {u})+D)\mathbf {u} + \mathbf f$


$-\Omega M^T = G$


\begin {equation}\mathbf {u}^{n+1} \approx R(\Delta t F)\mathbf {u}^n, \label {eq:aug_fn}\end {equation}


$F=\Omega ^{-1}(D-C(\mathbf {u}))\in \mathbb {R}^{m\times m}$


$\tilde {F}(\mathbf {u})$


$R(z)$


$n+1$


\begin {equation}||R(\Delta tF)||_2 \leq 1. \label {Xeqn3-6}\end {equation}


$\lambda _F$


$F$


\begin {equation}|R(\Delta t\lambda _F)| \leq 1. \label {Xeqn4-7}\end {equation}


$z_{\max }=\Delta t||\lambda _F||_2$


$||R(z_{\max })||_2=1$


$\Delta t\lambda _F$


$F$


$I: \rho (\Omega ^{-1}D)$


$II:\rho (\Omega ^{-1}C(\mathbf u))$


$III: -\rho (\Omega ^{-1}C(\mathbf u))$


$z_{\max }$


$||R(z)||_2-1=0$


$0+0i)$


$\lambda _F$


\begin {equation}\Delta t = \frac {z_{max}}{||\lambda _F||_2}. \label {eq:dt}\end {equation}


$F$


$\mathbf u^n$


$\dot {\mathbf u}\approx F(\mathbf u^n)+\frac {\partial F}{\partial \mathbf u}(\mathbf u_n)(\mathbf u-\mathbf u^n)$


$\rho (A+B)\leq \rho (A)+\rho (B)$


$\rho (A)$


$A$


$F$


$\lambda _F$


$A=[a_{ij}]_{i,j=1:s}$


$\mathbf {b} = (b_1~b_2~\dots ~b_s)^T$


$s$


$s\leq 4$


$p=s$


$e^z$


\begin {equation}R(z) = 1 + \sum _{j=1}^s{\frac {1}{j!}z^j}, \label {Xeqn6-9}\end {equation}


$s=p\leq 4$


$\Omega $


$\mathbf {u}\in \mathbb {R}^{N_V}$


\begin {equation}\mathbf {u}_c(t) \approx \mathbf {u}_r(t) \equiv \Phi \mathbf {a}(t), \label {eq:ansatz}\end {equation}


$\Phi \in \mathbb {R}^{N_V\times M}$


$\mathbf {a}(t)\in \mathbb {R}^M$


$M \ll N_V$


$X$


$K$


$X = [\mathbf {u}_c^1 \dots \mathbf {u}_c^n\dots \mathbf {u}_c^K]\in \mathbb {R}^{N_V\times K}$


$\Phi ^T\Omega \Phi = I_M$


$I_M$


$M$


$\Phi $


$MX_j=0$


$\mathbf {a}$


\begin {equation}\frac {d\mathbf {a}}{dt} = -\Phi ^TC(\Phi \mathbf {a}_c)\Phi \mathbf {a}+\Phi ^TD\Phi \mathbf {a}, \label {eq:rom_inc}\end {equation}


$\mathbf {a}$


$\mathbf {a}_c=\mathbf a$


\begin {equation}\Phi ^TG\mathbf p = -\Phi ^T\Omega M^T\mathbf p = (M\Omega \Phi )^T\mathbf p = {0}. \label {Xeqn9-12}\end {equation}


\begin {equation}\Phi ^TC(\Phi \mathbf {a}_c)\Phi \mathbf {a} \equiv [\underbrace {\Phi ^TC(\Phi _1)\Phi }_{C_{r,1}}~C_{r,2}~\dots ~C_{r,M}](\mathbf {a}_c\otimes \mathbf {a}) = C_r(\mathbf {a}_c\otimes \mathbf {a}) = \left (\sum _{i=1}^M{a_{c,i}C_{r,i}}\right )\mathbf {a}. \label {eq:red_conv}\end {equation}


$C_{r,i}$


\begin {equation}\frac {d\mathbf {a}}{dt} = -C_r(\mathbf {a}_c\otimes \mathbf {a})+D_r\mathbf {a}+F_{r,0}, \label {eq:rom_final}\end {equation}


$\mathcal {O}(M^3)$


$M$


$M$


$\mathcal O(M^2)$


$\mathbf u_\mathrm {inhom}$


\begin {equation}\mathbf {u}_r(t) = \Phi \mathbf {a}(t)+\mathbf {u}_\mathrm {inhom}(t), \label {eq:inhom_ansatz}\end {equation}


$\mathbf {u}_\mathrm {inhom}$


\begin {align}M\mathbf {u} &= \mathbf {y}_M \\ \Omega \frac {d\mathbf {u}}{dt} &= -K((\Pi \mathbf {u}+\mathbf {y}_\Pi )\circ (A\mathbf {u}+\mathbf {y}_A)) + (D\mathbf {u}+\mathbf {y}_D) - (\Omega G\mathbf {p} + \mathbf {y}_G) + \mathbf {f}, \label {eq:mom eq with inhom bc}\end {align}


$\Pi $


$A$


$x$


$y$


$x$


$y$


$\mathbf {y}_*, \, *\in \{A,D,\Pi ,G,M\}$


$\mathbf {y}_{bc}$


$\mathbf {y}_* = B_* \mathbf {y}_{bc}$


$\mathbf {y}_{bc}(t)\approx \Phi _{bc} \mathbf {a}_{bc}(t)$


$\mathbf {a}_{bc}\in \mathbb {R}^{M_{bc}}$


$M_{bc}$


$\mathbf {u}_\mathrm {inhom}(t) = F_\mathrm {inhom}\mathbf {a}_{bc}(t)$


$\Phi $


\begin {align}\frac {d\mathbf {a}}{dt} = \Phi ^T\Big [& -K((\Pi \Phi \mathbf {a}_c + (\Pi B_\mathrm {inhom} + B_\Pi \Phi _{bc})\mathbf {a}_{bc})\circ (A\Phi \mathbf {a} + (AB_\mathrm {inhom} + B_A\Phi _{bc})\mathbf {a}_{bc})) \nonumber \\ &+ (D\Phi \mathbf {a} + (DB_\mathrm {inhom}+B_D\Phi _{bc})\mathbf {a}_{bc}) - B_G\Phi _{bc} \mathbf {a}_{bc} + \mathbf {f}_c \Big ].\end {align}


$\Phi ^T G_c \mathbf {p}_c = 0$


$\mathbf a$


\begin {align}&-\Phi ^T K((\Pi \Phi \mathbf {a}_c)\circ (A\Phi \mathbf {a} )) =: C_\mathrm {hom}(\mathbf {a}_c\otimes \mathbf {a}), \label {eq:chom_ac_a}\end {align}


$\mathbf {a}$


$\mathbf {a}_{bc}$


\begin {align}& -\Phi ^T K((\Pi \Phi \mathbf {a} )\circ ((AB_\mathrm {inhom} + B_A\Phi _{bc})\mathbf {a}_{bc})) -K(((\Pi B_\mathrm {inhom} + B_\Pi \Phi _{bc})\mathbf {a}_{bc})\circ (A\Phi \mathbf {a})) =: C_\mathrm {hom,bc}(\mathbf {a}\otimes \mathbf {a}_{bc}), \label {eq:chombc_a_abc}\end {align}


$\mathbf {a}_{bc}$


\begin {align}& -\Phi ^T K(((\Pi B_\mathrm {inhom} + B_\Pi \Phi _{bc})\mathbf {a}_{bc})\circ ( (AB_\mathrm {inhom} + B_A\Phi _{bc})\mathbf {a}_{bc})) =: C_{bc}(\mathbf {a}_{bc}\otimes \mathbf {a}_{bc}). \label {eq:cbc_abc_2}\end {align}


\begin {equation}\frac {d \mathbf a}{dt} = -C_\mathrm {hom}(\mathbf a_c\otimes \mathbf a) - C_\mathrm {hom,bc}(\mathbf a \otimes \mathbf a_{bc}) - C_{bc}(\mathbf a_{bc}\otimes \mathbf a_{bc}) + D_r\mathbf a + F_{r,0}. \label {eq:rom_nonhom}\end {equation}


$\mathbf a$


\begin {equation}C_l(t) = \frac {\partial C_\mathrm {hom,bc}(\mathbf a \otimes \mathbf a_{bc})}{\partial \mathbf a} = C_\mathrm {hom,bc}(I_{M}\otimes \mathbf {a}_{bc}(t)) = [C_{\mathrm {hom,bc},1}~\dots ~C_{\mathrm {hom,bc},M}] (I_{M_{bc}}\otimes \mathbf {a}_{bc}(t)) = \sum _{i=1}^{M_{bc}}{a_{bc,i}(t)C_{l,i}}, \label {eq:cl}\end {equation}


$C_\mathrm {hom,bc}\in \mathbb {R}^{M\times MM_{bc}} = [C_{\mathrm {hom,bc},1} \dots C_{\mathrm {hom,bc},M}]$


$\mathbf {a}_{bc}(t)\in \mathbb {R}^{M_{bc}}$


$t$


$\mathcal O(M^3)$


$\mathcal O(M^2)$


$\mathcal O(M^2)$


$\mathbb {R}^{M\times M}$


$\mathcal O(M^3)$


$\mathcal O(M^2)$


$H=AB$


$A^TB^T$


$H=\Phi ^TH_F$


$H_F$


$H$


$H^*=(\Phi ^TA_F)^T(B_F\Phi )^T$


$A_FB_F$


$H_F$


$H$


$H^*$


$H^*$


$H$


$\Phi ^TD\Phi $


$\rho (D_r)$


\begin {equation}J_C = \frac {\partial C_r}{\partial \mathbf {a}}= \sum _{i=1}^M{a_{c,i}C_{r,i}}, \label {Xeqn15-24}\end {equation}


$C_{r,i}$


$i$


\begin {equation}\sum _{i=1}^M{a_{c,i}C_{r,i}}. \label {Xeqn16-25}\end {equation}


$\mathbf {a}_c$


$C_{r,i}$


$\Phi _i$


\begin {equation}\rho (C_r) \leq \sum _{i=1}^M{|a_{c,i}|\rho (C_{r,i})}, \label {eq:ebound_Cr}\end {equation}


$\rho (C_{r,i})$


$\mathcal {O}(M^3)$


$\mathcal O (M)$


$\mathcal O(M^3)$


$C_{r,i}$


\begin {align}C_{l,i}^S &= \frac {1}{2}(C_{l,i}+C_{l,i}^T), \\ C_{l,i}^\Omega &= \frac {1}{2}(C_{l,i}-C_{l,i}^T).\end {align}


\begin {align}\rho (C_l^S(t)) &\leq \sum _{i=1}^{M_{bc}}{|a_{bc,i}(t)|\rho (C_{l,i}^S)}, \\ \rho (C_l^\Omega (t)) &\leq \sum _{i=1}^{M_{bc}}{|a_{bc,i}(t)|\rho (C_{l,i}^\Omega )},\end {align}


$\rho (C_{l,i}^S)$


$\rho (C_{l,i}^\Omega )$


$\mathbf {a}_{bc}(t)$


$\mathcal O(M_{bc})$


\begin {align}\Re (\lambda _F) &\leq \tilde \Re (\lambda _F) := \rho (D_r) + \sum _{i=1}^{M_{bc}}{|a_{bc,i}(t)|\rho (C_{l,i}^S)}, \\ \Im (\lambda _F) &\leq \tilde \Im (\lambda _F) :=\sum _{i=1}^M{|a_{c,i}|\rho (C_{r,i})}+\sum _{i=1}^{M_{bc}}{|a_{bc,i}(t)|\rho (C_{l,i}^\Omega )}.\end {align}


$T$


$V\in \mathbb {R}^{m\times k}$


$k<<m$


$V^TV=I_k$


$A\in \mathbb {R}^{m\times m}$


$V^TAV$


$A$


\begin {equation}\lambda _i \leq \tilde {\lambda }_i \leq \lambda _{m-k+i},~~i\leq k \label {Xeqn18-30}\end {equation}


$\lambda _i$


$A$


$\tilde {\lambda }_i$


$V^TAV$


$\lambda _1\leq \lambda _2\leq \dots \leq \lambda _m$


$\tilde {\lambda }_1\leq \tilde {\lambda }_2\leq \dots \leq \tilde {\lambda }_k$


$i=k$


$\tilde {\lambda }_k$


$V^TAV$


$\tilde {\lambda }_k$


$[\lambda _k,\lambda _m]$


$\tilde {\lambda }_k\leq \lambda _m$


$A$


$i=k$


$i=k-1$


$\rho (D_r) \leq \rho (D)$


$\Phi $


$\Omega $


$V^T\Omega V = I_k$


$V^TV=I_k$


$A\in \mathbb {R}^{m\times n}$


$B\in \mathbb {R}^{m\times k}$


$C\in \mathbb {R}^{n\times r}$


$B^TB=I_k$


$C^TC=I_r$


$i$


$A$


$\sigma _i$


$\tilde {\sigma }_i$


$i$


$B^TAC$


\begin {equation}\sigma _i \leq \tilde {\sigma }_i \leq \sigma _{\tilde {m}-i+1}, ~\mathrm {for}~1\leq i\leq \mathrm {min}(r,k), \label {Xeqn19-31}\end {equation}


$\tilde {m}=\mathrm {min}(m,n)$


$A$


$B=C$


$A = C(\mathbf {u})$


$B = \Phi $


$r=k$


$m=n$


$i=k$


\begin {equation}\sigma _k \leq \tilde \sigma _k \leq \sigma _{m-k+1} \leq \sigma _m, \label {eq:inequality_sigma}\end {equation}


$i=k$


$i=k-1$


$\sigma _{m-k+1} \leq \sigma _m$


$\sigma _k$


$\sigma _{m-k+1}$


$\sigma _{m-k+1}\leq \sigma _m$


$C^*C=CC^*$


$C(\mathbf {u})$


$C_r(\mathbf {a})$


$\rho (C_r)\leq \rho (C)$


$A\in \mathbb {C}^{n\times n}$


$A^*A=AA^*$


$\lambda _1,\dots ,\lambda _n$


$A$


$\sigma _1,\dots ,\sigma _n$


$A$


$A^*A$


\begin {equation}\{\sigma _1,\dots ,\sigma _n\} = \{|\lambda _1|,\dots ,|\lambda _n |\}. \label {eq:equiv_ev}\end {equation}


$A$


$U$


$U^*U=I$


$\Lambda $


$A$


$\Lambda = \mathrm {diag}(\lambda _1,\dots ,\lambda _n)$


\begin {equation}A = U\Lambda U^*. \label {Xeqn22-34}\end {equation}


$A^*A$


\begin {equation}A^*A =(U\Lambda U^*)^*(U\Lambda U^*) = U\Lambda ^*U^*U\Lambda U^* = U\Lambda ^*\Lambda U^*, \label {Xeqn23-35}\end {equation}


$\Lambda ^*\Lambda = \mathrm {diag}(\lambda _1^*\lambda _1,\dots ,\lambda _n^*\lambda _n) = \mathrm {diag}(|\lambda _1|^2,\dots ,|\lambda _n|^2)$


\begin {equation}A^*A = U\mathrm {diag}(|\lambda _1|^2,\dots ,|\lambda _n|^2)U^*. \label {Xeqn24-36}\end {equation}


$i-$


$U$


$\mathbf {u}_i$


$A^*A$


$|\lambda _i|^2$


$A^*A\mathbf {u}_i=\mathbf {u}_i|\lambda _i|^2$


$A$


$A^*A$


\begin {equation}\sigma _i = |\lambda _i|,~\forall i. \label {Xeqn25-37}\end {equation}


$\Delta t^{ROM}$


$\mathbf {a}$


$\Delta t^{FOM}$


$\mathbf {u}$


$\Phi $


$\mathbf {u}=\Phi \mathbf {a}$


$\Delta t^\mathrm {ROM} \geq \Delta t^\mathrm {FOM}$


$\lambda _{F,\mathrm {FOM}} = \rho (D) + i\rho (C(\mathbf {u}))$


$\lambda _{F,\mathrm {ROM}}$


$\rho (D_r)\leq \rho (D)$


$\mathbf {u}=\Phi \mathbf a$


$\mathbf {a}$


$\rho (C_r)\leq \rho (C)$


$||\lambda _{F,\mathrm {FOM}}|| \geq ||\lambda _{F,\mathrm {ROM}}||$


$||\cdot ||$


$\Delta t$


$\Delta t$


$||\lambda _F||_2$


$\Delta t^\mathrm {ROM} \geq \Delta t^\mathrm {FOM}$


$\Delta t^\mathrm {ROM} \geq \Delta t^\mathrm {FOM}$


$\mathbf {u}=\Phi \mathbf {a}$


$\mathbf {u}_r=\Phi \mathbf a(t)$


$\mathbf u(t)$


$t>0$


$\Phi $


$C(\mathbf u)$


$\rho (C_r)<\rho (C)$


$\Delta t$


$\Delta t$


$M=[16,32,64,128,200]$


\begin {equation}\mathbf {a}_\mathrm {best}(t) = \Phi ^T\Omega \mathbf {u}(t), \label {eq:best_approximation}\end {equation}


$2\pi $


\begin {equation}u_0(x,y) = 1 + \left \{ \begin {array}{@{}cc} \tanh \left (\frac {y-\pi /2}{\delta }\right ), & y \leq \pi , \\ \tanh \left (\frac {3\pi /2-y}{\delta }\right ), & y > \pi , \end {array} \right . \hspace {1in} v_0(x,y) = \epsilon \sin (x), \label {Xeqn26-38}\end {equation}


$\delta = \pi /15$


$\epsilon =1/20$


$100\times 100$


$t=0$


$t=20$


$M=200$


$M=200$


$\mathcal {O}(10^{-9})$


$3\times 10^4$


$x-$


$y-$


$\Delta t$


$t=20$


$\text {Re}=1000$


$M=200$


$M=200$


$\mathcal {O}(10^{-9})$


$M=200$


$M=200$


$M=200$


$\mathbf {u}$


$t$


$\mathbf {u}_r(t)=\Phi \mathbf {a}(t)$


$\mathbf {u}(t)$


$\rho (C(\mathbf {u}(t)))\leq \rho (C(\mathbf {u}_r(t)))$


$t$


$\mathbf u(t)\neq \mathbf u_r(t)$


$\Delta t$


$C(\mathbf {u})$


$C_r(\mathbf {a}_\mathrm {best})$


$t=20$


$\text {Re}=1000$


$\Delta t$


$M=16$


$M=200$


$\text {Re}=1000$


$M=16$


$M=200$


$\Delta t$


$\mathbf a_\mathrm {best}(t)$


\begin {equation}\varepsilon (\mathbf a_\mathrm {test}(t)) = \frac {||\mathbf a_\mathrm {test}(t) - \mathbf a_\mathrm {best}(t)||_2}{||\mathbf a_\mathrm {best}(t)||_2}, \label {eq:error_rom}\end {equation}


$\mathbf a_\mathrm {test}$


$\mathbf {a}_\mathrm {\texttt {B}}$


$\mathbf {a}_\mathrm {\texttt {C}}$


$M=16$


$M=200$


$\Delta t$


$M=64$


$3\times 10^4$


$[0,10]\times [-2,2]$


\begin {equation}u(0,y,t) = \cos (\alpha (t)), \hspace {0.5in} v(0,y,t) = \sin (\alpha (t)), \hspace {0.5in} \alpha (t) = \frac {\pi }{6}\sin \left (\frac {t}{2}\right ). \label {Xeqn29-41}\end {equation}


$(2,0)$


$f=0.25$


$x$


\begin {equation}u_0(x,y) = 1, \hspace {0.5in} v_0(x,y) = 0. \label {Xeqn30-42}\end {equation}


$200\times 80$


$t=0$


$t=8\pi $


$\text {Re}=100$


$t=100$


$\text {Re}=100$


$M=200$


$\Delta t$


$\Delta t$


$4\pi /200$


$M=16$


$M=200$


$\text {Re}=100$


$\Delta t$


$M=16$


$M=200$


$a_iC_{r,i}$


$t=8\pi $


\begin {equation}\varepsilon _\mathrm {est} = \frac {||\lambda _{a_iC_{r,i}}-\lambda _\mathrm {est}||_\infty }{||\lambda _{a_iC_{r,i}}||_\infty }, \label {eq:error_eigenvalues}\end {equation}


$\lambda _{a_iC_{r,i}}$


$t=20$


$\lambda _\mathrm {est}$


$\mathcal {S}$


\begin {equation}\mathcal {S} = \frac {T_\mathrm {FOM}}{T_\mathrm {ROM}}\frac {{\Delta t}^\mathrm {ROM}}{\Delta t^\mathrm {FOM}}, \label {eq:total_speedup}\end {equation}


$T_\mathrm {ROM}$


$T_\mathrm {FOM}$


$M$


$\mathcal O(M^3)$


$\mathcal C$


\begin {equation}\mathcal C = \frac {T_\mathrm {offline}}{T_\mathrm {ROM}}, \label {eq:offline_cost}\end {equation}


$T_\mathrm {offline}$


$M=200$


$\Delta t$


$M$


$\mathcal O(M)$


$\mathcal O(M^3)$


$O(M^2)$


\begin {equation}R\Phi _j = \lambda _j\Phi _j, \label {Xeqn34-A.1}\end {equation}


$R$


$\Phi _j$


\begin {equation}R = \frac {1}{T}\int _0^T{\mathbf {u}(t)\mathbf {u}^T(t)~dt}, \label {eq:r_pod}\end {equation}


$T$


$\Delta t$


$XX^T$


\begin {equation}R = \frac {1}{T}\sum _{i=1}^m{\mathbf {u}_i\mathbf {u}_i^{T}\Delta t_i}, \label {eq:dt_var}\end {equation}


$\Delta \in \mathbb {R}^{K\times K}$


$T$


$\Delta t_i/T$


\begin {equation}R = X\Delta X^T. \label {Xeqn37-A.4}\end {equation}


$\tilde {X}=X\Delta ^{1/2}$


$\Delta $


$R=\tilde {X}\tilde {X}^T$


$\Phi =\Omega ^{-1/2}\hat {\Phi }$


$\hat {\Phi }$


$\hat {X} = \Omega ^{1/2}\tilde {X} = \Omega ^{1/2}X\Delta ^{1/2}$


$\hat {\Phi }$


$\hat {X}$


\begin {equation}\hat {X} = \hat {\Phi }\Sigma \Psi ^*. \label {Xeqn38-A.5}\end {equation}


$\hat {\Phi }$


$\hat {\Phi }_j$


$\hat {X}\hat {X}^T$


$\Phi $


$X$


$\hat {X}$


$\hat {X}$


$\hat {\Phi }$


$\Phi $


$\Phi $


$M$


$A\in \mathbb {R}^{n\times m}$


$B\in \mathbb {R}^{m\times n}$


$m\geq n$


$AB\in \mathbb {R}^{n\times n}$


$A^TB^T\in \mathbb {R}^{m\times m}$


\begin {equation}D = K\Lambda S, \label {eq:diffusive_stg}\end {equation}


$K\in \mathbb {R}^{N_V\times N_F}$


$N_F$


$N_V$


$\Lambda \in \mathbb {R}^{N_F\times N_F}$


$S\in \mathbb {R}^{N_F\times N_V}$


$\alpha $


$A=K\Lambda ^\alpha $


$B=\Lambda ^{1-\alpha }S$


\begin {equation}\Lambda ^\alpha K_h^TS_h^T\Lambda ^{1-\alpha }. \label {eq:dtrans}\end {equation}


\begin {equation}\rho (D) \leq \mathrm {max}\{\mathrm {diag}(\Lambda ^\alpha )\circ |K^TS^T|\mathrm {diag}(\Lambda ^{1-\alpha })\}, \label {Xeqn41-B.3}\end {equation}


$\circ $


$D$


$|K^TS^T|$


$\Lambda $


$\alpha \neq 0$


\begin {equation}C(\mathbf {u}_s)\mathbf {u}_s = K((\Pi \mathbf {u}_s+\mathbf {y}_I)\circ (A\mathbf {u}_s+\mathbf {y}_A)), \label {Xeqn42-B.4}\end {equation}


$\Pi \in \mathbb {R}^{N_F\times N_V}$


$A\in \mathbb {R}^{N_F\times N_V}$


$\mathbf {y}_A,\mathbf {y}_I\in \mathbb {R}^{N_F}$


$\mathbf {y}_A$


$y_I$


\begin {equation}C(\mathbf {u}_s) = KFA, \label {Xeqn43-B.5}\end {equation}


$F=\mathrm {diag}(\Pi \mathbf {u}_s+\mathbf {y}_I)\in \mathbb {R}^{N_F\times N_F}$


$C(\mathbf {u}_s)$


$A\in \mathbb {R}^{n\times n}$


$[A]_{ij} \geq 0,~\forall i,j$


$r\in \mathbb {R}^+$


\begin {equation}A\mathbf {v} = r\mathbf {v} \Rightarrow |\lambda |< r~\text {and}~v_i>0,~\forall i\in \{1,\dots ,n\}, \label {Xeqn44-B.6}\end {equation}


$\lambda $


$A$


$r$


$r$


$A$


$B\in \mathbb {R}^{n\times n}$


$|[B]_{ij}|\leq [A]_{ij}$


$\forall i,j$


$\lambda ^B$


$|\lambda ^B|\leq r$


$r$


$A$


$A\in \mathbb {R}^{n\times n}$


$R\in \mathbb {R}^{n\times n}$


$[R]_{ii} = \sum _{j=1}^n{[A]_{ij}}$


$[R]_{ij}=0$


$i\neq j$


\begin {equation}\rho \left (R+\frac {1}{q-1}A\right ) \geq \frac {q}{q-1}\rho (A), \label {Xeqn45-B.7}\end {equation}


$[R]_{ii}=[R]_{jj}$


$i$


$j$


\begin {equation}A^C\equiv |K||F||A|, \label {Xeqn46-B.8}\end {equation}


$A^C$


$2|C|$


$A^{C,off} = A^C-\mathrm {diag}(\mathrm {diag}(A^C)) = 2|C|$


$A^{C,off}$


$A^C$


$C$


$A^{C, off}$


$|C|$


$C$


$A^{C,off}$


$\mathrm {diag}(\mathrm {diag}(A^C))$


$q=2$


$\rho (A^C)$


\begin {equation}\rho (A^C) \overset {\text {Thm 5}}{\geq } 2\rho (A^{C,off}) = 4\rho (|C|) \overset {\text {Thm 4}}{\geq } 4\rho (C), \label {eq:rel_rho}\end {equation}


\begin {equation}\rho (C) \leq \frac {1}{4} \mathrm {max}\{\mathrm {diag}(|F|^\alpha )\circ ||K|^T|A|^T|\mathrm {diag}(|F|^{1-\alpha })\}. \label {Xeqn48-B.10}\end {equation}


$\Omega ^{-1}$


\begin {align}\rho (\Omega ^{-1}D) \leq & \mathrm {max}\{\mathrm {diag}(\Lambda ^\alpha )\circ |K^T\Omega ^{-1}S^T|\mathrm {diag}(\Lambda ^{1-\alpha })\}, \\ \rho (\Omega ^{-1}C) \leq & \frac {1}{2} \mathrm {max}\{\mathrm {diag}(|F|^\alpha )\circ ||K|^T\Omega ^{-1}|A|^T|\mathrm {diag}(|F|^{1-\alpha })\}.\end {align}


$\text {Ra}=10^{10}$


$\alpha $


$N=\{10, 20, 40, 80\}$


$\text {Re}=100$


$\alpha $


$\alpha $


$\alpha $


$\alpha \neq 0$


$\alpha \neq 0$


$\alpha =0$


\begin {align}\rho (\Omega ^{-1}D) \leq & \mathrm {max}\{|K^T\Omega ^{-1}S^T|\mathrm {diag}(\Lambda )\}, \\ \rho (\Omega ^{-1}C) \leq & \frac {1}{2} \mathrm {max}\{||K|^T\Omega ^{-1}|A|^T|\mathrm {diag}(|F|)\}.\end {align}


\begin {equation}\frac {\partial \phi }{\partial t} + (\mathbf {u}\cdot \nabla )\phi = \frac {1}{\text {Pe}}\nabla ^2\phi + S_\phi , \label {Xeqn49-C.1}\end {equation}


$\phi = \mathbf {u}$


$S_\phi = -\nabla p$


$\mathrm {Pe}=\mathrm {Re}$


\begin {equation}\Omega \frac {d\bm \phi }{dt}+C(\mathbf u_c)\bm \phi - D\bm \phi + \Omega \mathbf S = \mathbf 0, \label {eq:fom_cd}\end {equation}


$\mathbf u_c$


$\mathbf S$


$\bm \phi \in \mathbb R^{N_C}$


$N_C$


$N_C\approx N_V/d$


$d$


$\mathbf u_c,\bm \phi $


\begin {equation}\bm \phi (t) \approx \bm \phi _r(t) = \Theta \mathbf b(t), \label {eq:ansatz_phi}\end {equation}


$\Theta \in \mathbb {R}^{N_C\times M}$


$\bm \phi $


$\mathbf b(t)\in \mathbb R^M$


$\bm \phi $


$\Theta $


$\Phi $


\begin {equation}\frac {d\mathbf b}{dt} = - \Theta ^TC(\Phi \mathbf a_c)\Theta \mathbf b + \Theta ^TD\Theta \mathbf b + \Theta ^T\mathbf S. \label {Xeqn52-C.4}\end {equation}


$\Theta ^TC(\Phi \mathbf a_c)\Theta \mathbf b$


\begin {equation}C_r(\mathbf a_c, \mathbf b) = \Theta ^TC(\Phi \mathbf a_c)\Theta \mathbf b = [\underbrace {\Theta ^TC(\Phi _1)\Theta }_{C_{r,1}}~\dots ~C_{r,M}](\mathbf a_c\otimes \mathbf b) = \left (\sum _{i=1}^M{a_{c,i}C_{r,i}}\right )\mathbf b. \label {eq:red_conv_phi}\end {equation}


\begin {equation}J_C(\mathbf a_c) = \frac {\partial C_r (\mathbf a_c, \mathbf b)}{d\mathbf b} = [C_{r,1}~\dots ~C_{r,M}](\mathbf a_c \otimes I_M) = \sum _{i=1}^M{a_{c,i}C_{r,i}}. \label {Xeqn54-C.6}\end {equation}
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where A follows from locally linearizing f(u(?),t). Restricting the product of the eigenbound of A, p(A), and the timestep At to
lie in the boundary of the stability region of the numerical time integration method thus maximizes the timestep when using an
explicit time integration. Courant et al. [5] first introduced this concept in context of Computational Fluid Dynamics (CFD) with the
development of the Courant-Friedrichs-Lewy (CFL) condition, where the stability condition is met by estimating the eigenvalues of
the 1D convection-diffusion equation. Later on, this was generalized to the 3D Navier-Stokes equations by Trias and Lehmkuhl [6],
where the timestep of the integration was modified each timestep to lie within the limit of the stability region of a second-order
explicit multistep scheme. This was done by estimating the eigenvalues of the linearized system by means of the Gershgorin circle
theorem. Later works such as [7] improve the method by estimating the eigenbound of the linearized system without the need to
fully reconstruct the matrix by exploiting its structure, thus making it more efficient.

Nonetheless, scale-resolving simulations, i.e., direct numerical simulation (DNS) and large-eddy simulation (LES), are generally
prohibitively costly, especially for tasks that require many simulations such as control, design, optimization, or uncertainty quan-
tification [8]. Hence, reduced-order models (ROMs) seek to alleviate the computational costs by projecting the high-dimensional
system, also known as full-order model (FOM), to a reduced subspace [9-11], which depends on the construction of a basis. The
methodology used for constructing this basis depends mostly on the characteristics of the problem, i.e., in an unsteady case where
no parameters are involved, usually this basis is built as a set of Proper Orthogonal Decomposition (POD) modes from a matrix of
snapshots [12-14], while in a case where the problem is parameter-based, this basis is built based on a (greedy) Reduced Basis algo-
rithm [15,16]. However, the procedure after constructing the basis is equivalent. For more details, the reader is referred to Lassila
etal. [17].

Beyond timestep control at the FOM level, several contributions have addressed adaptive or stability-aware strategies in the
reduced-order modeling framework. Amsallem and Farhat[18] proposed interpolation and stabilization techniques for parametric
ROMs, emphasizing the importance of maintaining spectral consistency of the reduced operators. Their work highlighted the im-
portance of maintaining consistency between the ROM and FOM eigenvalues to ensure numerical robustness. Nevertheless, this
stabilization strategy does not explicitly link timestep adaptivity to linear stability theory, nor does it exploit the exact spectral infor-
mation that can be computed efficiently at a reduced scale. Building on the concept of using the eigenvalues of the linear operator
to guide subspace rotation [19], Rezaian and Wei[20] demonstrated that analyzing and reassigning the eigenvalues of the reduced
system’s linear operator provides an effective means to control instability while preserving dominant dynamical features, establishing
spectral analysis as a central tool for stability-aware model reduction.

Even though lots of efforts are devoted to pushing the boundaries of POD-Galerkin ROMs applied to CFD (closure models [21,22],
structure-preserving operators [23-25], hyper-reduction [24-27], stabilization [28-30], etc.), little effort has been made to finetune
the timestep to maximize the "performance" of the time integration for these ROMs. Sanderse [8] indicated the use of the Gershgorin
circle theorem as a possible way to estimate the eigenbounds of the combined reduced system to set the timestep, however no tests
or implementation were presented. While recent non-intrusive frameworks have employed Gershgorin-based regularization to ensure
the stability of learned operators, e.g., Gkimisis et al. [31], the present work realizes Sanderse’s vision [8] in an intrusive context
by implementing a stability-based adaptive timestepper. This aligns with efforts in other fields, such as structural mechanics, where
Bach et al. [32] performed an extensive analysis of the stability conditions for projection-based ROMs, where the maximum stable
timesteps for both FOM and ROM were compared analytically. It was observed that the maximum stable timestep at the ROM level,
assuming a linear problem, would not be smaller than the maximum stable timestep at the FOM level. To the best of our knowledge,
such an analysis has not been performed for the nonlinear incompressible Navier-Stokes equations.

Therefore, this work aims to bridge the gap between self-adaptive timestepping techniques developed for scale-resolving CFD sim-
ulations [6,7] and reduced-order models, as according to Bach et al. [32], it should be possible to generally obtain larger timesteps.
This observation is further supported by recent developments across various ROM paradigms. Beyond machine-learning-augmented
frameworks that utilize coarsened timestepping [33-35], both classical Galerkin [36] and non-intrusive projections [37] have demon-
strated the ability to maintain stability and qualitative physics at temporal resolutions significantly coarser than the FOM. Thus, the
potential benefit of using a ROM is twofold: the reduced cost due to dimension reduction, and marching faster in time due to larger
timesteps.

To extend existing self-adaptive timestepping methodologies to ROMs, the estimation of the eigenbounds should not break the
leitmotif of reduced-order modeling [38]: online FOM-size operations should be avoided, in order to preserve the efficiency of the
ROM compared to the FOM.

The present work introduces a new class of stability-driven self-adaptive timestepping algorithms for reduced-order models of
the incompressible Navier-Stokes equations. The key novelty lies in (i) extending existing self-adaptive timestep control strategies
- initially developed for full-order CFD solvers - to projection-based ROMs while fully preserving reduced-order efficiency, and (ii)
establishing a theoretical proof, based on the combined theorems of Bendixson [39] and Rao [40], that the maximum stable timestep
of a ROM is always larger or equal to that of its FOM counterpart. This connection between linear stability theory and reduced-order
modeling has not been reported before for nonlinear incompressible flow systems. Furthermore, the proposed algorithm, termed
RedEigCD, achieves stability control without resorting to full-order model operations. Lastly, it applies to both periodic and inflow-
outflow configurations. While the current derivation assumes a structure-preserving, discretely divergence-free discretization, the
underlying spectral bounding framework remains generalizable to non-divergence-free formulations through standard operator split-
ting. Together, these elements form a novel stability-aware time-integration framework that advances the state-of-the-art in efficient
and reliable ROM-based CFD simulations.

This article is organized as follows. In Section 2, the full-order model, the theory for linear stability analysis, and projection-based
ROM:s are introduced. In Section 3, our novel self-adaptive timestepping method for ROMs is presented, as well as an explanation
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why maximum stable timesteps for ROMs are generally larger than for their FOM counterparts. In Section 4, the novel self-adaptive
timestepping method is tested in two test cases with different boundary conditions. Eventually, in Section 5, conclusions are drawn
and future work is outlined.

2. Preliminaries: full-order model, linear stability analysis, and projection-based reduced-order model
2.1. Full-order model

The incompressible Navier-Stokes equations describe the behaviour of incompressible flows. In dimensionless form, they read

V-u=0, (2a)
Ju

I o2
= -Vu=-Vp+ — f 2b
az+(" Ju p+ReV u+f, (2b)

where u = u(x, 1) is the flow velocity vector field, p = p(x, 1) is the pressure scalar field, Re is the (constant and uniform) Reynolds
number Re = UL /v, where U is a reference velocity, L is a reference lengthscale, and v is the kinematic viscosity; and f(¢) is the
forcing term.

Following the notation of [41], after spatial discretization with a finite-volume method, the incompressible Navier-Stokes equations
can be expressed in a semi-discrete formulation as

Mu=0, (3a)

QZ—‘; + C(u)u— Du+ QGp—-Qf =0, (3b)

where C is the convective operator, D is the diffusive operator, G is the gradient operator, M is the divergence operator, f is the

discrete forcing term, and Q is a diagonal matrix with the volumes of the cells as entries; u = u(z), p = p(¢) are the velocity and kinematic

pressure. Note that this formulation can be easily adapted to methods that are not the finite-volume method. The exact form of these

operators depends on the details of the chosen discretization. Within the framework of model order reduction, Eqgs. (3a)-(3b) are

identified as the FOM.

Egs. (3a)-(3b) represent a system of differential-algebraic equations (DAE) of index 2, as the incompressibility condition is an

algebraic constraint. Assuming no contribution from boundary conditions, this system reads as follows,

Mu =0, (4a)
du p

S _F — b
I (u,?) - Gp, (4b)

where F(u,t) = Q"1(~C(u) + D)u +f£.

From this point onwards, the discretization of the operators is assumed to be performed in a symmetry-preserving manner for
the sake of simplicity. Symmetry-preserving schemes [41,42] are a family of schemes that preserve the symmetry properties of the
continuous operators at the discrete level. This is usually achieved by ensuring that the diffusive operator is discretized as a symmetric
matrix and corresponds to the composition of the gradient and divergence operators, resulting in a negative semi-definite matrix, the
convective operator corresponds to a skew-symmetric matrix, and the discrete gradient and divergence operators are dual to each
other, i.e., -QM7T = G. In physical terms, this duality ensures that the pressure-gradient work and the velocity divergence cancel
exactly in the global energy balance, preventing artificial energy sources or sinks in the discrete system [42].

2.2. Linear stability analysis for the FOM

To integrate Eq. (3) in time, explicit one-step methods, such as any method of the explicit Runge-Kutta (ERK) family applied to
projection methods [43], are considered. For further details on how this integration is performed in the context of the incompressible
Navier-Stokes equations, the reader is referred to [44]. A similar methodology for explicit multi-step methods, such as the second-
order Adams-Bashforth (AB2), is developed in [6].

For a general ERK applied to Eq. (3), the methodology can be contracted to

u"*! ~ R(ATF)Y, )

where F = Q!(D — C(u)) € R™" is the operator arising from linearizing F(u) in Eq. (4) via Picard linearization, and R(z) is the
stability (or augmentation) function of the given (linearized) scheme. Note that there is an approximation symbol instead of an equal
symbol as the n + 1 value requires projecting every stage in the set of incompressible velocity fields [44,45], which is left out in
Eq. (5). However, the projection step in a projection method is implicit and does not affect the stability region in a zero-divergence
framework.

Following linear stability analysis theory for differential equations, the linear method is stable [46] if

[IR(AtF)||, < 1. )]
As explained in [46], this requirement can be equivalently expressed on the largest in magnitude eigenvalue Ay of F,

[R(AtAp)| < 1. @
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Fig. 1. Schematic illustration of Bendixson’s rectangle (gray) [6] for the eigenvalues of F. I : p(Q~'D), I : p(Q~'C(u)), I11 : —p(Q ' C(u)). The
red rectangle represents the stability region bounds. The blue curve represents the boundary of the stability region for a third-order Runge-Kutta
scheme. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

The maximum stable timestep for a Runge-Kutta integration is such that, for z,,,,, = At||A¢||,, it fulfills the equation || R(z;,)1 1, = 1.
By doing so, the eigenvalue Ari, is placed over the stability region (Fig. 1). z,,, is obtained by solving ||R(z)||, — 1 =0 using a
bisection method along the axis defined by the origin of coordinates (0 + 0i) and Ay every timestep. Hence, the self-adaptive timestep
can be computed as

Zmax
A Ml ®

Thus, in general, the goal of any self-adaptive timestepping method is to calculate (or estimate) the eigenbounds of F so that the
maximum stable timestep is computed using Eq. (8).

While the incompressible Navier-Stokes equations are inherently nonlinear, the ultimate goal of this analysis is to ensure numerical
stability. This approach is justified by the fact that numerical stability is fundamentally a local phenomenon. By performing a Taylor
expansion of the nonlinear spatial operator around the current state u”, a ~ F(u") + %(un)(u —u"), it is evident that the error growth
is dictated by the eigenvalues of the linearized operator rather than the global nonlinear system. This justifies that these methods are
restricted to linear stability analysis instead of introducing nonlinear methods.

The methodology explained in this subsection assumes the discretization is symmetry-preserving. The reader is referred to Ap-
pendix B of [7] to generalize the method to non-symmetry-preserving schemes, such as upwinding schemes, by splitting the convec-
tive operator in its symmetric and skew-symmetric contributions. As explained in Section 2.1, the symmetry-preserving discretization
ensures that certain property from the continuous operators are preserved [42]: a symmetry-preserving diffusive operator is repre-
sented by a real semi-negative definite symmetric matrix, and the convective operator is represented by a real skew-symmetric matrix
[41,42]. Hence, the eigenvalues of the former lie on the negative real axis in the complex plane, while the eigenvalues of the latter
lie on the imaginary axis. As eigenbounds are subadditive, i.e. p(A + B) < p(A) + p(B), where p(A) determines the eigenbounds of
the matrix A, the eigenbound of the operator F, A, lies, according to Bendixson’s inequality [39], in the rectangle defined by the
eigenbounds of the convective and diffusive operators as shown in Fig. 1.

The stability region is determined by the timestepping scheme. For ERK schemes defined by the coefficients A = [a;;]; ;—;., and
b= (b b, ... by)T, with s stages [47], if s < 4 and the order of accuracy p = s, the stability function is the Taylor polynomial of e* up
to the number of stages [1],

R@ =1+ +2, ©
=

which makes the implementation much easier to test. Moreover, the most widely used RK schemes: Heun’s 2nd- and 3rd-order
schemes, Kutta’s 3rd order scheme, the classic 4th-order scheme; satisfy this condition of s = p < 4.

2.3. Existing self-adaptive timestepping techniques for the FOM

As previously detailed, the goal of a self-adaptive timestepping technique is determining the eigenbounds of the operators as
accurately as possible, given that the exact computation of the eigenvalues is prohibitive for a classical FOM problem size, which can
reach up to several billion unknowns.
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EigenCD [6] estimates the eigenbounds by making use of the Gershgorin circle theorem [48], which is relatively inexpensive
compared to the exact computation of the eigenvalues, while simultaneously providing a relatively accurate bound so that it allows
having a much larger timestep than the original CFL condition [5]. To do so, the method relies on the explicit construction of the
convective and diffusive operators at every timestep, which allows the application of the Gershgorin circle theorem to both matrices
to compute the eigenbounds of the operators.

In contrast to EigenCD, AlgEigCD [7] exploits the structure of the convective and diffusive operators to estimate the eigenbounds
without explicitly constructing these operators. On a collocated grid, the duality of the gradient and the divergence, and the definition
of the interpolation of the velocity at the faces for a symmetry-preserving scheme allows the (offline) computation of a matrix
depending only on the incidence matrices as well as Q. Therefore, the eigenbounds are computed online by simply performing a
matrix-vector product of this offline-computed matrix with the diffusive and convective fluxes. This construction, opposite to the one
from EigenCD, allows simplifying the estimation of the eigenbound to a sparse matrix-vector product, where the sparse matrix has
been computed a priori. This allows making the eigenbound estimation much more efficient.

The main question in this article is whether the EigenCD/A1gEigCD method can also be applied in a reduced-order model context.
For this purpose, the reduced-order model framework is introduced in the following subsection.

2.4. Energy-conserving POD-Galerkin method

The ROM considered in this work follows the ODE-based projection approach [49], where the PDE is first discretized in space, as
in Eq. (3), and afterwards is projected to the subspace obtained with POD [8]. Let the velocity vector be defined as u € R"v, and the
POD-Galerkin approximation is obtained by the Ansatz that the velocity field can be approximated by

u, () ~ u,(t) = Pa(r), (10)

where ® € RMv*M s the projection matrix, and a(r) € RM is the coefficient vector; assuming M < Ny,. In this work, the basis
is obtained from the so-called snapshot matrix X which contains K snapshots of the velocity field, X = [u! ... u" ...uk] e RNv*K,
obtained from a (so-called ‘offline’) solution of the FOM from Eq. (3).

The construction of the POD basis is performed using a weighted orthonormality condition, ®” Q® = I,,, where I,, is the identity
matrix of size M, which is consistent with the inner product of the velocity as well as the ROM kinetic energy equation [8]. As
AlgEigCD provides an efficient way to integrate the FOM using variable timesteps, it is important to construct the POD basis by
considering that there is a variable timestep [50]. This is taken into account in the construction of the POD basis as described in
Appendix A.

Given @, and the Ansatz, both mass and momentum equations from Eq. (3) can be projected [23] to obtain the reduced-order
equations. Concerning the conservation of mass, this is preserved automatically if the snapshots are divergence free (M X; = 0),
regardless of a.

First, consider a case with homogeneous boundary conditions. Concerning the conservation of momentum, the ROM momentum
equation is given by

da

o= -7 C(®a,)®a + @ Dda, an

where the weighted orthonormality condition has been applied. a stands for the convected velocity in the reduced space while a, = a
stands for the convecting velocity in the reduced space. While physically identical in the momentum equation, this notation highlights
the functional roles as the state vector and the linearization point, respectively. This separation ensures the framework remains
generalizable to non-autonomous transport equations (see Appendix C), where the convecting field may be a prescribed velocity.
Applying the duality of the divergence and gradient operators inherent in a symmetry-preserving discretization, the pressure term is
exactly zero, and can be dropped if the snapshots are divergence-free [8], as shown by

o'Gp=-0o"QMTp = (MQD)Tp =0. (12)

In the current setup, building the reduced convective operator in an online phase would rely on operations at the FOM level,
which would notably deteriorate the performance of the ROM. Following Stabile and Rozza [38], the reduced convective term can
be rewritten as

M

o7 C(®a,)Pa = [®TC(@)P C,; ... C, yla, ®a)=C,(a, ®a)= (Z ac,,.c,,,.>a. (13)
— i=1

C

rl

With this approach, all the reduced convective matrices C,; can be computed offline in a setup phase that keeps the complexity of
online operations at ROM level, while all FOM-size operations are performed offline (only once).
Hence, the ROM derived in Eq. (11) can be written as

% =-C.(a,®a)+ D,a+F,, a4

which has a complexity of @(M?) [22]. In many cases, the required number of modes M is low enough so that performing operations
of this complexity is acceptable. For larger M, hyperreduction techniques such as the discrete empirical interpolation method might
be used [24-26] to reduce the complexity to 9(M?). While hyperreduction specifically targets this complexity reduction, for flows at
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Fig. 2. Representation of a two-dimensional staggered grid, where the collocated grid is depicted in gray, the x-staggered grid in blue, and the
y-staggered grid in red. (For interpretation of the references to colour in this gure legend, the reader is referred to the web version of this article.)

high Reynolds numbers, closure models, e.g., [35], can also be employed. These models ensure stability at very low values of M by
modeling the dissipative effects of truncated scales, offering a complementary approach to maintain ROM feasibility.

In the case of non-homogeneous boundary conditions, a linear term arising from the convective term interaction with the boundary
conditions should be added to Eq. (14) [23]. To consider the presence of non-homogeneous boundary conditions, the contribution
from these non-homogenenous boundary conditions (u;,;,,) has to be added to the ansatz. Therefore,

u,.(t) = @at) + Wippom (), (15)

where ;.. is the lifting function defined by Rosenberger and Sanderse [23]. As explained in Appendix B in [8], the Navier-Stokes
equations with inhomogeneous boundary conditions are given by

Mu=y,, (16)
QZ—I; = —K([Tu+ yp)o(Au+y,)) + (Du+yp) — (QGp +ys) +f, 17)

where II interpolates the fluxes to the staggered faces, and A interpolates the velocities to the staggered faces. Fig. 2 represents a
staggered grid, where the velocities are calculated at the faces of the collocated grid (gray), and the staggered faces are represented
in blue for the x-velocity component and in red for the y-velocity component.

As described in [51], the boundary contributions y,, *€ {A, D,II,G, M} can be expressed as linear functions of a vector y,. that
fully describes the prescribed boundary conditions, y, = B,y,.. The boundary condition vector is approximated as y,.(t) & @, a,.(1),
where a,, € RMic, and M, being the number of modes used for the boundary conditions. Inserting this approximation and the Ansatz
(15) with wjpom () = Fiphom@se () into (17) (projected onto @), leads to

da
rrin o! [ — K((IIdPa, + (1B om + Bp®y.)a,.)o(A®a + (AB;pom + B4 Py )a,.))

+ (D®a + (DBiyom + Bp®@y.)a,) — Bg®y.a, +1.|. (18)

Here, ®7G_p, = 0 has already been eliminated. The convection operator can be decomposed into a term quadratic in a,

— ®T K((TlIda, )o(Ada)) =: Cyp(a, ® a), (19)
a term linear in both, a and a,,,

- d)TK((HCI)a)o((ABinhom + B, @y )a,.)) — K((Biypem + Br®p.)ap)o(Ada)) =: Choppe(a @ a,), (20)
and a term quadratic in a,,,

— O K((MBiyhom + B®pe)ape)o((ABinpom + BaPp)ape)) = Cie(@y, ® ay,). @D
Therefore, with the additional terms from Egs. (19)—(21), the ROM reads

% =—Cyom@, ®2) — Compc(@a®ay) — Cp(a,. ®ay)+ Da+ F. (22)
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Therefore, considering Eq. (22), the linear contribution from the convective term in a is

0Chombe(@ ® ay.) Mse
% = Chom,bc(IM ® abc(t)) = [Chom,bc,l Chom,bc,M](IM,,C ® abc(l)) = 2 abc,i(t)cl,i’ (23)

i=1

@)=

where Cpoppe € RM*MMoe =[Gyt - Chompenr] 1S the matrix containing the reduced contribution of the boundary conditions to
the convective term, and a,,(f) € RMs are the coefficients of the boundary condition at time ¢ [23].

3. Generalizing the self-adaptive timestep methods for ROMs
3.1. Estimating the eigenbound of the reduced operators

As for FOMs discussed in Section 2.3, the crucial element of self-adaptive timestepping methods for ROMs is the computation of
eigenbounds. Since the convection operator depends on the current velocity, these eigenbounds must be computed for every timestep.
To preserve the efficiency gain achieved by the adaptive timestepping, the computational costs of this eigenbound computation should
be negligible compared to the overall costs of the numerical simulation. As described in Section 2.4, the simulation of each timestep
has computational costs of O(M?) if the convection term is computed exactly, and of O(M?) if hyperreduction is used. Although the
present work focuses on the standard projection without hyperreduction (in order to ensure exact energy conservation and stability
properties), we keep the requirement that the computational cost for computing the eigenbounds at each time step should be at most
O(M?).

The exact computation of the eigenvalues of a matrix in RM*M has computational costs of O(M?) [52-54] which is too expensive
for practical purposes. As an alternative, Gershgorin’s circle theorem can be applied to the reduced operators as in EigenCD [6] to
estimate the eigenbounds. This approach has costs in ((M?) so still might contribute significantly to the overall costs. Moreover,
this estimate can be quite inaccurate and hence result in timesteps significantly smaller than the largest stable timestep based on the
exact eigenbounds. Another alternative is A1gEigCD [7], which was proposed on the FOM level and leverages the structure of the
convective and diffusive operators. A natural question that we will address now is whether this method can be transferred to the
ROM level.

The concept behind A1gEigCD is approximating the eigenbounds of the operators by finding a factorization H = AB such that
the eigenbound of AT BT can be approximated efficiently. The reduced operators, however, have the form H = ®' H., where Hp
is a matrix with FOM dimensions. Following Al1gEigCD, the eigenbound of a matrix H would be obtained by approximating the
eigenbounds of H* = (®T Ay)T (By®)T, where A By is a factorization of Hy. In contrast to H, H* is a matrix of FOM dimension,
therefore the eigenbound estimation for H* is more expensive than for H itself. Thus, such a transfer does not result in an efficient
method. Instead, we will propose a new approach that exploits the structure of the reduced operators (13) and (23).

Concerning the diffusive operator, the application of the exact calculation of the eigenvalues is straightforward, as the diffusive
operator at the ROM level is built as ®' D®, and it is a real symmetric matrix. Thus, its eigenvalues are real, and the eigenbound
p(D,) can be computed exactly in an offline stage. On the other hand, the convective operator at the ROM level is built as in Eq. (13).
Simplifying the momentum equation as a particular case of a convection-diffusion equation with predefined convecting velocity, the
Jacobian of the convective operator with respect to the convected velocity coefficients reads as

M
aC,
JC = a_a, = 2 ac,icr,i’ (24)
i=1

which yields a skew-symmetric Jacobian iff C,; is skew-symmetric for all i. Appendix C shows the computation of the Jacobian of
the convective term for a general convection-diffusion equation. Thus, the linearized form that is used for the linear stability analysis
corresponds to
M
Z ac,icr,i' (25)
i=1
Note that at every timestep a, changes, yet C,; does not as it only depends on ®,. Thus, the eigenbound of the reduced convective
operator can be estimated by employing the property that eigenbounds are subadditive. Hence, the eigenbound of the reduced
convective operator can be bound as

M
PC) < Y laclp(C,y), (26)
i=1
where p(C, ) is calculated exactly in an offline stage, as its complexity of @(M?) can be tolerated. However, the online complexity
to compute Eq. (26) is just O(M), as it corresponds to a dot product. This complexity is negligible compared to the O(M?) cost of
evaluating the ROM every timestep Eq. (14).

Even though Eq. (26) only holds for skew-symmetric convective operators, it can be generalized to cases that do not fulfill this
condition, i.e., upwinding schemes, by splitting each C,; into its symmetric and skew-symmetric contributions similarly to Eq. (27),
and therefore applying the same exact method for the symmetric (real) and skew-symmetric (imaginary) contributions.

In case of non-homogeneous boundary conditions, the ROM additionally contains a linear convective term which is in general
neither skew-symmetric nor symmetric [23]. Given that this term is time-dependent in case of time-dependent boundary conditions, its

7
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eigenvalues should be estimated at every timestep. As the non-homogeneous boundary conditions contributions are neither symmetric
nor skew-symmetric in general, they are split into their symmetric and skew-symmetric contributions, i.e.,

1
cP = 5@+ . (272)

1
Cii=5(C =) (27b)
Therefore, the symmetric term contributes to the real bound, while the skew-symmetric term affects the imaginary bound.

The linear contribution Eq. (23) has the same structure as the convective operator Eq. (13). Therefore, the same approach can be
used to estimate the eigenbounds for the symmetric and skew-symmetric terms, which leads to

My,

ACT D) < Y laye, (01p(CP), (28a)
i=1
My,

PCPO) < Y lage, (D1p(CP), (28b)

i=1

where p(C,S,.) and p(ClQl.) are computed exactly in an offline stage, and a,. () is already known at every timestep. Similarly to Eq. (26),
the online complexity of these estimations is O(M,,).
Hence, this new approach to estimate the eigenbounds used to determine the largest stable timestep is determined by

My,
R(Gp) S RUp) 1= (D) + Y laye, (01p(CF), (292)
i=1
_ M My,
S(p) 8GR 1= Y lacp(C) + Y lage (DIp(CR). (29b)

i=1 i=1

With all these ingredients, the stability-aware self-adaptive timestepping method for ROMs, RedEigCD, can be summarized in Algo-
rithm 1, where T is the simulation end time.

Algorithm 1 Stability-aware self-adaptive timestep method for ROMs (RedEigCD).
Offline stage:

1: Compute @ from snapshots.

2: Compute D, as ®” D®.

3: Compute C,; asin Eq.(13) fori=1,..., M.

4: Compute C;; as in Eq.(23) fori =1, ..., M.

5: x Compute p(D,) and p(C,;) fori=1,..., M.

6: x Compute p(Cfi) and p(C?) for i = 1,..., My,.
Online stage:

1: Sett =0, a=a,, At = At

2: whilet < T do

3: * Compute R(4r) and J(4;) as in Eq.(29).

4: * Compute z,,,,, with the bisection method.

5 * Compute At as in Eq.(8).

6: Advance Eq.(14) in time with the chosen time integration scheme.

7: t=1+At

8: end while

* Steps required for a self-adaptive time integration with RedEigCD.

Finally, the operational differences between the proposed framework and existing strategies is presented. Table 1 presents a
side-by-side comparison of EigenCD, Al1gEigCD, and RedEigCD, focusing on their algorithmic complexity and applicability to ROM
simulations.

3.2. Analytical stability analysis of ROMs

In practice, it has been observed that ROMs are stable for larger timesteps than the FOM. For instance, Baiges et al. [55] indicated
that for explicit time integration schemes, the timestep was not restricted by the CFL condition, as the Courant number could be
larger than unity, opposite to the FOM. Intuitively, cutting off some of the highest (spatial) frequencies, which are represented by
the smallest singular values, would imply removing some of the most rapid (temporal) modes. These are the modes that make the
system stiffer, and thus are the most restrictive modes in terms of stability. By eliminating these modes, the stability constraint is
more relaxed, and the method yields, as a consequence, larger timesteps in the reduced framework.

8
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Table 1
Description and comparison of computational complexity (offline vs. online) for EigenCD, AlgEigCD, and the proposed
RedEigCD method.

Method Description Online complexity Offline complexity
EigenCD [6] Applies Gershgorin to the explicit D,, C,(a) operators. Inaccurate ~ O(M?) 0
for dense matrices in a reduced framework.
AlgEigCD [7] Relies on the structure of D,, C,(a) to reduce the eigenvalue com-  O(Ny) O(Np)
putation to a matrix-vector product of FOM size.
RedEigCD (proposed)  Uses the tensorial decomposition to simplify the eigenvalue cal- ~ O(M) O(M?>)

culation for C,(a). Uses the exact eigenvalues for D,.
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Fig. 3. Graphical representation of the range of reduced eigenvalues for i = k and i = k — 1, in red, according to the Poincaré separation theorem.
(For interpretation of the references to colour in this gure legend, the reader is referred to the web version of this article.)
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Fig. 4. Graphical representation of the range of reduced singular values for i = k and i = k — 1, in red, according to the Poincaré separation theorem
for singular values. (For interpretation of the references to colour in this gure legend, the reader is referred to the web version of this article.)

Bach et al. [32] analyzed the stability of ROMs compared to FOM:s for linear elasticity problems, which are linear problems with
real symmetric matrices (like diffusion), where the timestep at the ROM level is demonstrated to be at least as large as the timestep
at the FOM level, yet usually larger. To provide a mathematical foundation to this qualitative point of view, Bach et al. [32] made
use of the Poincaré separation theorem, which reads as follows:

Lemma 1. (Poincaré separation theorem [56,57]) Let V € Rk, where k << m, be a matrix with orthonormal column vectors, i.e. VTV =
I,. Let A € R"™™ be a real symmetric matrix. Then, the eigenvalues of VT AV separate the eigenvalues of A such that

A S S Apgir PS5k (30)

where 4; denotes the eigenvalues of A, and J; the eigenvalues of VT AV, ordered in increasing order, | < 4, < -+ < A, and A} < 1, < - < I
respectively.

At the limit, i = k, the value 1, denotes the eigenbound of V7 AV. According to Lemma 1, 1, lies in the range [/, 4,,]. Therefore,
A < A,, which determines the eigenbound of A. For the sake of clarity, this has been represented graphically in Fig. 3. This theorem
can be applied straightaway to the diffusive operator and shows that p(D,) < p(D) as the diffusive operator corresponds to a real
symmetric matrix, and ® is an Q-orthonormal matrix. Therefore, Lemma 1 holds, as Bach et al. [32] showed that its result is not
altered if the basis fulfills V" QV = I, instead of VTV = I,.

In contrast, Lemma 1 cannot be applied to the convective term as it is not symmetric. Therefore, the work of Bach et al. [32] is
extended to the case of ROMs with non-symmetric operators. To do so, the work of Rao [40] is employed, which extends the Poincaré
separation theorem to singular values instead of eigenvalues, and thus holds even for the case of non-symmetric matrices.

Lemma 2. (Poincaré separation theorem for singular values [40]) Let A € R™". Let B € R™* and C € R™" be orthonormal matrices, i.e.
BTB =1, and CT C = I,. The ith singular value of A is denoted by o, in increasing order, as for the Poincaré separation theorem. Moreover,
&; denotes the ith singular value of BT AC. Then, the following inequality holds:

6; <6; < 04_;41, for 1 <i < min(r, k), (31

where i = min(m, n).

Let, then, A be a square matrix and B = C. In the current case, A = C(u), and B = ®. Hence, this theorem can be applied to the
convective term by making use of the fact that the singular values of a real skew-symmetric matrix correspond to the absolute values
of the eigenvalues, which suffices to estimate the eigenbound of the operator.

Hence, the inequality can be rewritten for r = k, m = n with i = k to estimate the eigenbound of the convective term, which reads
as follows,

Ok S0k S Opgy1 < Opys (32)
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as graphically represented in Fig. 4. Compared to Lemma 1, Eq. (32) does include the inequality ¢,,_;,; < 6,,, as Lemma 2 bounds
the singular values of the reduced matrix with o, and o,,_;,; as shown in Fig. 3, yet by the assumed order of the singular values
6m_i+1 < 0, As the convective operator is represented by a skew-symmetric matrix, it is a normal matrix, i.e. C*C = CC*, and thus
the results in terms of singular values can be translated to eigenvalues according to Lemma 3. Thus, the eigenvalues of C(u) are
greater than those of C,(a). Therefore, p(C,) < p(C).

Lemma 3. Let A € C"™" be a normal matrix (i.e. A*A = AA*). Let 4, ..., 4, be the eigenvalues of A, listed with algebraic multiplicity. Let
61, ...,0, be the singular values of A (the nonnegative square roots of the eigenvalues of A*A), also listed with multiplicity. Then, the singular
values are the absolute values of the eigenvalues:

{op, o = {14 14,0} (33)

Proof. As A is a normal matrix, it can be diagonalized with a unitary matrix U, which is a set of orthonormal eigenvectors such that
U*U = I, and a diagonal matrix A, which has the eigenvalues of A as entries, i.e. A = diag(4,, ..., 4,) [58, pp. 101-103]. Therefore,

A=UAU". 34
Then, A* A can be written as

A*A = (UANUM*(UAU*) = UN'U*UAU* = UN*AU™, (35)
where A*A = diag(AT Ay, ..., A% 4,) = diag(|4; 2, ..., |4,|%). Therefore,

A*A = Udiag(|4, % ..., |4,|DU*. (36)

Then, the i—th column of U, u,, is going to be an eigenvector of A*A with eigenvalue |4;|?, since A* Au; = u;|;|?. By definition, the
singular values of A are the eigenvalues of A*A. Therefore, it shows that Eq. (33) holds and, with a proper reordering,

o; = |41, Vi. 37)
a

As Eq. (29) indicates, the magnitude of the relevant eigenvalue in the ROM is determined by the contributions of both diffusive
and convective term. Thus, the following theorem can be stated.

Theorem 1. Let AtROM be the largest stable timestep for the ROM given a state a, and At*OM the largest stable timestep for a state u that
is in the span of @, e.g. u = ®a, both using the same explicit time integration scheme. Then, AtROM > A{FOM,

Proof. Let Ap pom = p(D) + ip(C(w)) be the eigenvalue of the FOM, and i oy be calculated as in Eq. (29). As shown above, p(D,) <
p(D) (Lemma 1). Moreover, given u = ®a is the FOM equivalent of a, p(C,) < p(C) (Lemma 2). Therefore, |[Arrom!| > [|Arromlls
where || - || denotes the complex modulus. Let At be calculated as in Eq. (8). As the stability region of the explicit time integration
scheme is fixed, and At is inversely proportional to ||Ar||,, then AfROM > AfFOM [

Remark 1 (Applicability to time-integration). Strictly speaking, Theorem 1 guarantees AfROM > AFOM only when the convective
field is identical for both FOM and ROM (i.e. u = ®a). In a practical time-integration scenario, the ROM trajectory u, = ®a(r) will
deviate from the FOM solution u(r). Consequently, a rigorous inequality cannot be guaranteed for ¢ > 0.

However, Theorem 1 serves as a strong theoretical proxy for the stability behavior of the ROM. Since the projection ® inherently
removes the high-frequency modes associated with the largest eigenvalues of C(u), the inequality p(C,) < p(C) is expected to hold
robustly in practice. The theorem thus provides the structural justification for the increased stability limits observed in numerical
experiments, even in the presence of trajectory divergence.

4. Numerical experiments

In this section, the new adaptive timestepping method outlined in Algorithm 1 is tested for two different fluid flow test cases. First
of all, the robustness of the method in a case with periodic boundary conditions, namely the shear-layer roll-up, is presented. Moreover,
the evolution of the maximum stable At for different numbers of modes is presented, and compared with the maximum stable A7
using the AlgEigCD. In the second case, the influence of non-homogeneous boundary conditions on the preservation of stability is
considered for the unsteady wake behind an actuator disk [8]. In both test cases, the classical explicit fourth-order RK scheme is used
in a two-dimensional incompressible Navier-Stokes solver [59,60]. Both methods have been run for M = [16, 32, 64, 128, 200] modes.
Table 2 summarizes the methods used in this work.

4.1. Shear-layer roll-up

In this case, the roll-up of a shear layer has been simulated using a square domain of side length 2z with full-periodic boundary
conditions. The initial conditions for the case are the following:

tanh(y_T”/z), y<x,

B v(x,y) = esin(x), (38)
tanh (%zy ), y>x, 0

ug(x,y) =1+

10
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Table 2
Summary of the methods considered in this work.
Case  Method Description / Purpose
A FOM + AlgEigCD Full-order model with staggered Al1gEigCD (Appendix B); used as reference.
B ROM +RedEigCD  ROM with proposed self-adaptive timestep method.
c ROM + constant ROM with constant Az: 0.1 for the shear-layer roll-up, 47/200 for the actuator disk [8]; used to compare accuracy of ROM +RedEigCD.
D Best ROM Best approximation ROM Eq. (39) with constant At; used to verify Aoy > Atpoy throughout simulation.
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Fig. 5. Singular values for the Re =1000 shear-layer roll-up to M = 200.
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Fig. 6. Timestep ratio between Case B and Case A up to ¢ = 20 (left) and evolution of the imaginary eigenbound (right) for the roll-up of a shear-
layer at Re = 1000.

where 6§ = z/15 and ¢ = 1/20. The Reynolds number is 1000. The FOM discretization used for this case employs 100 x 100 finite
volumes, with variable timestep computed using A1gEigCD (Appendix B). Snapshots have been extracted for t = 0 to ¢ = 20 from Case
A (Table 2). Fig. 5 shows the decay of the singular values for this case.

Moreover, note that even for the largest number of modes considered, M = 200, where the singular values have decayed up to
O(107%), the number of degrees of freedom is notably reduced compared to those of the FOM, which is 3 x 10, considering both x—
and y— velocity components as well as the pressure. The simulation has been run for Case B (ROM + RedEigCD) with the number of
modes previously stated and the evolution of At is compared with Case A.

Fig. 6 (left) shows that the new self-adaptive timestepping method is effective in providing a larger timestep for the ROM than for
the FOM, as expected from Theorem 1, as even for M = 200, the largest number of modes considered, the ratio is around 1, which
is indicated in the plot with a horizontal thicker line. Depending on the current flow physics and number of modes of the ROM, this
timestep can be up to 9 times larger than for the FOM, which significantly accelerates the simulation by notably reducing the number
of timesteps required to reach the final time. Furthermore, Fig. 6 (left) shows how the ratio between the timesteps obtained in Case
B and Case A converges to 1 for increasing ROM dimension, as expected from Theorem 1, as the eigenvalues of the reduced operators
interlace with those of the full-order operators. Physically, this trend is driven by the inclusion of higher-index POD modes. As these
capture the steeper spatial gradients of the flow, the ROM’s spectral radius monotonically approaches the FOM limit, as established
in Section 3.2. This is especially clear for M = 200, where the singular values have decayed to ((10~%), and the truncation errors
between the ROM and the FOM (Fig. 5) get closer to zero. Furthermore, note that at certain points, especially at the beginning of the
simulation, the timestep ratio for M = 200 is slightly smaller than 1.

11
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Fig. 7. Timestep ratio between Case D and Case A for up to ¢ = 20 for the roll-up of a shear-layer of Re = 1000.

With regards to the time-evolution of the imaginary eigenbound (Fig. 6, right), the expected behaviour as theoretically derived in
Section 3.2 holds: the eigenbound of the reduced convective terms steadily increases with an increase in the number of modes. For M =
200, however, in some points the imaginary eigenbound for the ROM is slightly larger than for the FOM. (Note that representing the
time evolution for the diffusive operator has no relevance in this discussion, as it remains constant throughout the whole simulation.)

The reason for the mismatch with theory reported for M = 200 in Fig. 6 is as follows. Section 3.2 considers that the given matrix
at FOM level and its reduced counterpart are evaluated at the equivalent state vector u. However, in a ROM simulation at a given ¢,
the reduced velocity u,(r) = ®a(r) is not identical to its FOM counterpart, u(¢), and therefore both velocity fields lead to non-identical
convective operators. Given these differences, Lemma 2 acts as an approximation and thus it may happen that p(C(u(?))) < p(C(u,(?)))
at a certain 7 when u(r) # u,.(¢).

Therefore, to test if the A7 at ROM level using the equivalent state vector is always larger than the one for the FOM actually holds,
the best approximation ROM [8] should be used, which is defined as

A (1) = DT Qu(Y), (39)
which should fulfill Theorem 1 throughout the whole simulation as both C(u) and C,(a,.) are evaluated at the equivalent state
vector. Hence, the reduced convective and diffusive operators for every snapshot have been constructed, and the eigenbounds using
the RedEigCD method have been computed. As shown in Fig. 7, the result from Theorem 1 is indeed preserved throughout the whole
simulation, with the At computed from the best approximation ROM for the largest number of modes, this being the most restrictive
case.

Increasing the number of modes, the timestep for the ROM is becoming closer to that of the FOM, as observed in Figs. 6 (left)
and 7. By doing so, steeper gradients, which are the ones driving the magnitude of eigenbounds, are captured by the operators.
This indeed pushes the magnitude of the reduced eigenbounds towards the magnitude of the FOM eigenbounds, thus justifying this
observed trend.

Fig. 8 shows that the errors for both Case B and Case C have the same magnitude regardless of the number of modes (M = 16,
left; M = 200, right). Thus, the use of the self-adaptive timestepping methods as performed in these cases does not significantly affect
the accuracy of the ROM compared to the error of the best approximation ROM, as shown in Fig. 8. In this case, At for Case C is
set to 0.01, as in the test case from [8]. To isolate the temporal accuracy of the stability-controlled ROM from the spatial truncation
error, we define the reduced error relative to the projected FOM snapshots, ay. () which is defined as
| |alesl(t) - abest(t)l |2

[apes D12

where a, indicates the reduced velocity field used to compute the error, i.e., ag, a.. Fig. 8 shows that either for M = 16 or for
M =200 there is no loss of accuracy for the new self-adaptive timestepper (Case B) compared to Case C, which indicates that in this
test case there is no loss of accuracy regardless of the number of modes. However, in Case B the use of RedEigCD provides potential
gains of up to a factor of 9 compared to a constant Az.

In terms of efficiency, the ROM with M = 64 reduced the number of unknowns from 3 x 10* to 64, while simultaneously allowing
timesteps up to almost 5 times larger than the FOM. This reduced the total number of timesteps, while the wall-clock time for each
timestep was also reduced due to dimensionality reduction, thus having benefits from both factors.

£ (1) = ; (40)

4.2. Flow through an actuator disk

In this case, the air flow around a wind turbine is modelled as in [23]. The simulation geometrical domain is [0, 10] x [-2,2], with
a time-dependent prescribed inlet velocity at the left boundary, defined as follows,
T . t
w0, y, 1) = cos(a(n)), o) = % sin (3)-

v(0, y, 1) = sin(a(?)), 41)
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Fig. 8. Error comparison of the ROM results for M = 16 (left) and M = 200 (right) in the shear-layer roll-up of Re = 1000 for Case B and C.
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Fig. 9. Singular values for the numerical simulation of an actuator disk of Re = 100 up to 200 modes.

The other boundaries correspond to an outflow condition [59, Section 6.4.2]. The wind turbine has been modelled using an
actuator disk of diameter 1, placed at (2, 0), which corresponds to a momentum sink modelled as a constant force f = 0.25 acting in
the negative x-direction. The initial conditions for this case are

uy(x,y) =1, vo(x,¥) =0. 42)

The Reynolds number is 100. The FOM discretization used for this case is 200 x 80 finite volumes, with variable timestep computed
using AlgEigCD (Case A). The numerical tests performed correspond to those of Table 2. Snapshots have been extracted for r = 0 to
t = 8x. Similarly to the roll-up of a shear-layer, the decay of the singular values is presented in Fig. 9. Note that the decay follows the
same trend as in Fig. 5.

The new stability-aware self-adaptive timestepping method is effective in significantly increasing the timestep while maintaining
stable simulations for non-homogeneous boundary conditions as shown in Fig. 10 (left). The obtained timestep for this case, depending
on the flow conditions and the number of modes, can be up to 40 times larger, thus leading to significantly faster simulation times.
Moreover, as expected from Section 3.2, the evolution of the timestep in the case of the actuator disk shows that for M = 200, for
which the singular values do not decay anymore, the obtained timestep is marginally larger than the obtained for Case A. As can be
seen in Fig. 10 (right), the imaginary eigenbound is larger for larger ROM dimensions, analogously to the shear-layer roll-up testcase
in Fig. 6 (right). Note that in this case, the contribution of the boundary conditions appear in both the real and the imaginary term.

The magnitude of the ROM error, calculated with Eq. (40), is not affected by the variable At compared to the reference result
from [8], where At was set to 4/200. As shown in Fig. 11, the accuracy of the ROM +RedEigCD (Case B) is comparable to that of
the ROM with constant Az (Case C), for both M =16 and M = 200.

4.3. Accuracy of the eigenbound estimates

The accuracy of the eigenvalue estimation using RedEigCD has been tested for both shear-layer roll-up as well as the actuator case.
The results also include the eigenbounds obtained by applying Gershgorin’s circle theorem directly to ¢;C, ;, which would replicate
EigenCD for ROMs. Fig. 12 presents the results.

To compute an overall error between the actual eigenvalues and the estimations, the following error is defined:

”’la,C,', - A’est”oo

Eest = o (43)

e, Il
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Fig. 10. Timestep ratio between Case Band Case A up to ¢ = 100 (left) and evolution of the imaginary eigenbound (right) in the numerical simulation

of a wind field of Re = 100.
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Fig. 11. Error comparison of the ROM results for M = 16 (left) and M = 200 (right) in an actuator disk simulation with Re = 100 for Case B and

Case C.
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Fig. 12. Comparison of the actual eigenvalues of the reduced convective operator at 1 = 8z for the shear layer case of Re=1000 (left) and the
actuator case of Re=100 (right) against the estimated eigenvalues using RedEigCD and the corresponding Gershgorin circles.

where 4, ¢, is the actual eigenbound of the Jacobian of the reduced convective operator at ¢ = 20, and 4., is the estimated eigenbound.
The errors for RedEigCD are 0.158 and 0.349 for the shear-layer and actuator case, respectively. On the other hand, for the Gershgorin
approximation, the errors are 3.53 and 2.88, respectively. Therefore, the estimation of eigenbounds for both cases using RedEigCD is
significantly more accurate than the one obtained using Gershgorin’s circle theorem.
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Fig. 13. Total speed-up of the RedEigCD algorithm for the roll-up of a shear-layer at Re=1000 (left) and the numerical simulation of a wind field
of Re=100 (right).

4.4. Computational performance of RedEigCD

Assessing the performance of RedEigCD in terms of its wall-clock time requires analyzing the online computational efficiency as
well as the offline overhead. While a complexity analysis on the costs is already performed and defined in Table 1, an assessment on
actual runs is also provided here.

The online computational efficiency of the RedEigCD algorithm is evaluated by comparing the total online wall-clock time of the
ROM against the FOM. We define the total speed-up factor, S, as the product of the reduction in cost per iteration and the increase
in the average timestep size:

_ Trom AROM
Trom AfFOM’

where Ty and Trgy denote the wall-clock time per iteration of the ROM and the FOM, respectively. Fig. 13 visualizes these compo-
nents for the shear-layer (left) and the actuator disk (right). The results indicate that while for small values of M the computational
complexity of @(M?) is acceptable, for the larger values tested, hyper-reduction would be a preferable option. However, RedEigCD
shows benefits in the whole range of investigated modes.

On the other hand, regarding the offline costs, we define a cost metric C as the equivalent of ROM timesteps required to perform
the offline setup of RedEigCD:

T .
C= of fline (45)

,
Trom

(44)

where Tz corresponds to the total wall-clock time spent in the offline stage. For the most expensive case (M = 200), this yields
an offline cost of approximately 20 ROM iterations. While for extremely short simulations this overhead may be perceptible, for
production runs involving thousands of timesteps, the cost of the offline stage becomes less than 1% of the whole simulation, which
makes it insignificant.

5. Conclusion

In this paper, a novel self-adaptive timestepping framework, RedEigCD, has been presented for the time integration of POD-
Galerkin ROMs of the incompressible Navier-Stokes equations. The methodology builds upon the conceptual foundations of EigenCD
[6] and A1gEigCD [7], wherein the eigenbounds of the convective and diffusive operators are estimated to ensure the system remains
at the edge of the stability region of the explicit time integration scheme. To preserve the online efficiency inherent to reduced-
order modeling, RedEigCD avoids operations scaling with the FOM dimension by utilizing the sub-additivity of eigenbounds and
Bendixson’s rectangle. By extending the decomposition approach of Sanderse [8] and Rosenberger and Sanderse [23], the reduced
convective operator is split into quadratic and linear contributions, allowing the stability limit to be computed online as a simple
linear combination of offline-calculated bounds.

Our proposed method specifically addresses the stability constraint, which defines the maximum allowable timestep to prevent
numerical divergence. While in certain scenarios, particularly with implicit solvers, the maximum stable timestep can exceed that
required for temporal accuracy, RedEigCD is tailored to explicit integration. Nonetheless, in cases where the accuracy limit may be
exceeded, RedEigCD can be used in a dual-criterion approach.

The presence of non-homogeneous boundary conditions was addressed by splitting their contribution into symmetric and skew-
symmetric parts. This allows the method to remain robust even when boundary interactions break the inherent skew-symmetry of
the underlying symmetry-preserving ROM.

Numerical validation on a periodic shear-layer roll-up demonstrated that the Ar obtained via RedEigCD is systematically larger
than the FOM limit. This is theoretically supported by the interlacing of eigenvalues, which ensures smaller eigenbounds for the
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reduced operators. The benefits in timestep size for the ROM +RedEigCD for the shear-layer roll-up are up to a factor of 9, depending
on the modal truncation and flow conditions, yielding significant computational speedups.

Furthermore, the framework was tested in a complex wind field simulation featuring time-dependent boundary conditions and
actuator disks. The results confirmed that the ROM stability limit remains consistently larger than its FOM counterpart even under
transient forcing. In this configuration, RedEigCD achieved improvements in timestep size of up to a factor of 40. In both test cases,
the method demonstrated superior accuracy compared to Gershgorin’s circle theorem, providing a sharp and reliable estimate of the
exact reduced eigenbounds.

Higher Reynolds numbers than those tested increase the spectral radius and tighten stability limits. In this situation, we expect
RedEigCD to remain robust as numerical stability is governed by the eigenvalues of the linearized system. Though nonlinear stability
analysis would offer a global perspective, the linear spectral bounding used here provides a more computationally efficient proxy
for real-time adaptive timestepping. Flow regimes with high Reynolds number are often characterized by a slow decay of singular
values, requiring a larger number of modes M that severely increases the computational cost. Even though our method, which has
been tested for cases with a faster decay in this study, will still provide the maximum stable timestep, the benefits in terms of timestep
will be smaller in cases that require a larger number of modes, leading to timesteps closer to those of the FOM.

A key theoretical takeaway of this work is the formal connection established between linear stability theory and reduced-order
modeling. Based on the combined theorems of Bendixson [39] and Rao [40], it has been proven that the stable timestep achievable
in a projection-based ROM is always larger than or equal to that of the FOM. This is justified by the fact that FOM stability is dictated
by the smallest spatial scales (associated with the largest eigenvalues), which are precisely the components truncated during the
POD projection. RedEigCD preserves ROM scalability with an online complexity of @(M), making the cost of the adaptive controller
negligible compared to the O(M?) cost of the state advancement.

Future work will explore the generalization of this framework to hyperreduced convective terms to further reduce online costs
to O(M?). Additionally, the method will be evaluated in more complex geometries to test its robustness in highly irregular spectral
environments. Finally, the proposed RedEigCD framework can be extended to a wide range of non-quadratic systems that admit a
quadratic-bilinear representation through lifting transformations [61], which recast many smooth nonlinearities into a form where
RedEigCD can be directly applied.
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Appendix A. Non-uniformly sampled Proper Orthogonal Decomposition of the snapshots matrix

The POD basis arises from the solution of the eigenvalue problem [50]
RD; = 4;®,, (A1)
where R is a correlation matrix between the velocity fields and @; are the columns of the POD basis,
T
1 T
R=— / u(Hu’ (1) dt, (A.2)
T Jo

where T is the total time of sampling. As At is non-constant when performing an integration using AlgEigCD, the integral from
Eq. (A.2) does not reduce to the classical X X” correlation matrix typically used in POD. Instead, the integral yields

m
1 T
R= T g{“i“i At;, (A.3)
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when using a suitable quadrature rule. Introducing A € RXXK as the diagonal matrix containing the timesteps normalized with T
(At;/T) from each step, Eq. (A.3) yields

R=XxaxT. (A.4)

Let X = XA!/2, where performing the square root of A is straightforward given it is a diagonal matrix. Then, the classical POD
optimization problem is obtained in such a way that R = X X7,

To consider the weighted orthonormality condition, the weighted and unweighted problems are related by ® = Q~/2d, where &
stands for the solution of the unweighted problem. Therefore, the snapshot matrix is also related in such a way that X = Q!/2X =
Q!/2XA1/2, Hence, ® is a product of the SVD of X, i.e.

X = dzyr. (A.5)

Hence, the columns of ®, denoted by & ! correspond to the eigenvectors of X XT. Thus, the procedure to obtain ® is summarized as
follows: (i) obtain snapshots of the velocity field to build X and as a consequence X, (i) perform the SVD of X to obtain ® and as a
consequence ®, (iii) truncate ® to the given number of modes M. For more details on this procedure, the reader is referred to [8].

Appendix B. Extending A1gEigCD to staggered grids

The derivation performed by Trias et al. [7] has been designed for general collocated and unstructured grids, making the method-
ology very versatile and applicable to practically any industrial application. Even though the method is developed to be applied to
any convective scheme, it is tailored for a symmetry-preserving discretization [41] as all fields are computed at the same locations,
thus ensuring that the duality of the gradient and the divergence that build the Laplacian operator is preserved when those are applied
to the velocity field, together with the fact that for all velocity field components, the convective operator will be the same. However,
in the case of a staggered grid, given the shift in the meshes devoted to the velocity field components, this duality is not exactly
preserved [42]. Thus, the method cannot be generalized directly in this framework.

Before moving into the extension to staggered grids, it will become important to settle the base theorem used for A1gEigCD in
order to simplify the estimates of the eigenbounds of operators to simple algebraic operations. To keep the idea from AlgEigCD [7],
the same property is used:

Theorem 2. (Theorem 1 in [7]). Let A € R™™ and B € R™" be rectangular matrices and m > n. Then, the square matrices AB € R"™"
and AT BT € R™" have the same eigenvalues except for the zero-valued ones.

In terms of the diffusive operator, a second-order symmetry-preserving operator can be built by concatenating two first-order
operators [42,62], which leads to

D = KAS, (B.1)

where K € RMv*Nr is a differencing matrix from staggered faces (N ) to staggered cells (N ), A € RVr*Nr corresponds to a diagonal
matrix containing the diffusivities at the staggered faces, and § € RVr*Nv is a differencing matrix from staggered cells to staggered
faces. Thus, from [7] it follows that a family of a-dependent matrices can be built using Theorem 2 such that their eigenbound is the
same as the one from the diffusive term Eq. (B.1). Hence, applying Theorem 2 with A = KA® and B = A'~%S,

AK]STA. (B.2)

Therefore, the Gershgorin circle theorem can be applied straightaway to Eq. (B.2) as it will have the same eigenbound as the diffusive
term, which leads to

p(D) < max{diag(A%)o|KT ST |diag(A!~%)}, (B.3)

where o denotes the Hadamard product, i.e., elementwise product.

The benefit of using this method instead of the Gershgorin circle theorem straight-away to D is that |[K” ST | can be build in a
pre-process stage. Thus, every timestep, assuming A varies as in a LES framework, only a sparse matrix-vector product (SpMV) and
possibly (if @ # 0) an elementwise vector-vector product (axty) should be performed, opposite to needing to rebuild the matrix every
step, as for EigenCD [6].

With regards to the convective term, Sanderse [8] defines its construction in a staggered framework as

C(uyug = K((ITug +y)o(Aug +y,)), (B.4)

where IT € RNF*Nv interpolates the fluxes to the staggered faces, and A € RNr*Nv interpolates the velocities to the staggered faces.
Moreover, y,,y; € RVr apply the boundary conditions to the interpolated fields in order to account for them. However, y, can be
dropped for the stability analysis as it does not have an associated volume. Thus, they would cancel out when the volume matrix is
added to the equation. However, the interpolated boundary conditions vector y, is associated with faces and thus they should still
be considered.

Thus, the convective term can be rewritten as

C(u,) = KFA, (B.5)

where F = diag(TTu, +y;) € RVFXNF is a matrix containing the fluxes at the staggered faces in its diagonal. Trias et al. [7] shows that
using Theorem 2 straight onto this definition does not give any benefit, as more entries are considered in the estimate, opposite to
applying Gershgorin directly to C(u,) [7]. Thus, let us recall the theorems used to develop the method.
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Theorem 3 (Perron-Frobenius (PF) theorem, [63,64]). Given an irreducible matrix A € R™" such that [A]; ; 20, Vi, j, it has a unique

real and positive largest (in magnitude) eigenvalue r € R* and corresponding eigenvector with only positive entries, i.e.,
Av=rv= | <randv, >0, Vi€ {1,....n}, (B.6)

where A denotes any eigenvalue of A except r, and r is the Perron-Frobeniuseigenvalue.

Theorem 4 (Wielandt’s theorem, [65]). Given a matrix A satisfying Theorem 3, and a matrix B € R™" such that |[B];;| < [A];;, Vi, j.

Then, any A® satisfies |A®| < r, where r is the PF eigenvalue of A.

ij2

Theorem 5 (Nikiforov’s second Lemma, [66]). Let A € R™" be an irreducible, i.e. it is not similar via a permutation of a block upper
triangular matrix, and a non-negative symmetric matrix R € R™" such that [R];; = Z;zl [4];; and [R];; = 0if i # j. Then,

p<R+ - ) >4y, ®.7)
qg—1 qg-—1

where the equality holds iff [R]; = [R];; for any combination of i and j.
Hence, Theorem 4 may be used to relate the eigenbound of the convective operator and such from
AC = |K||F|| Al (B.8)

which corresponds to a symmetric positive matrix. Thus, by construction of A€, its off-diagonal terms correspond to 2|C| as follows,
ACOfT = AC — diag(diag(A€)) = 2|C|, while the rowsums of A°// are equal to the diagonal terms of AC given the skew-symmetry
of C. Thus, A®°// satisfies PF, which implies it has a unique largest eigenvalue. Hence, applying Theorem 4, this can relate the
eigenvalues of |C| and those from C. Thus, Theorem 5 can be applied to A“*// and diag(diag(A©)) such that with g = 2, the left-hand
side becomes p(A°). This leads to

Thm 5 Thm 4
pAS) > 2p(ACTTy = 4p(IC) > 4p(0), (B.9)

as in [7], yet with the matrices having a different definition given their staggered nature. Now applying Eq. (B.9) together with
Theorem 2 and Gershgorin circle theorem, this leads to

§(C) < Jmax{diag(|F|*)o]|K|T | Al |diag(| FI' ). (B.10)
However, as presented in [7], the relevant operators are scaled by Q~!. Therefore, the eigenbounds of both convective and diffusive
operators read as
p(Q~! D) <max{diag(A®)o|KTQ~1ST |diag(A'~)}, (B.11a)
pQ'o) s%max{cﬁag(lFlw|I<|TQ*1 |AI" |diag(|F|'=)}. (B.11b)
The original version of Al1gEigCD [7] showed that for a collocated solution of a Rayleigh-Bénard convection problem of Ra = 10'°,
the most suitable value of « should be 0, as it minimizes the bounds for both diffusive and convective operator regardless of the mesh
used. This is tested for a 2D shear-layer roll-up for four different uniform meshes with N = {10, 20,40, 80} divisions per direction.

Fig. B.14 shows that, while the eigenbounds for the diffusive operator are independent of « (left), the bounds for the convective
operator are minimized for a value of « around 0, while still depending on the mesh size.

1071 T . 10? - .
—N =10 —N =10
.. N =20 ---N =20
o N =40 N = 40
107 . N = 80 . N = 80
S S ok
7,107 T e
QU QU 101 | e
10,,1 ______________________________________________________________________________________
-0.5 0 0.5 1 1.5 -0.5 0 0.5 1 1.5
« [0}

Fig. B.14. Eigenbound estimation for the diffusive (left) and convective (right) operators for the roll-up of a shear-layer of Re = 100 with different
mesh sizes as a function of a.
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However, the use of « # 0 introduces an additional operation in Eq. (B.12), doubling the number of operations required. Therefore,
as the potential benefits of a # 0 are almost negligible (Fig. B.14, right), « = 0 is proposed in this case, which yields

Q7' D) <max{|KTQ~' ST |diag(A)}, (B.12a)

_ 1 _ .
P(Q'C) <z max{||K|T Q71| A|" diag(FI)}. (B.12b)

Appendix C. Jacobian of the convective term for a generic convection-diffusion equation

The momentum equation of the Navier-Stokes equations Eq. (2b) is a particular case of a generic convection-diffusion equation,

1) 1 o»
- V)p=—V S, C.1
W Vp= VS, €1
where the transported variable ¢ =u, S, = —Vp and the Péclet number Pe = Re. After spatial discretization with a finite-volume
method, this generic convection-diffusion equation is written as
d¢
QE +C(u.)¢p — D¢ +QS =0, (C.2)

where u, is the discrete convecting velocity field, S is the discrete source term and ¢ € R¥c is the discrete generic variable, with N
being the number of cells (N ~ Ny, /d, being d the number of dimensions). Following Section 2.4, a POD-Galerkin approximation is
obtained for both u,, ¢. The former is equivalent to Eq. (10), while the latter reads as

o) ~ ¢,(1) = ©b(2), (C.3)

where ® € RVc*M s the projection matrix for ¢, and b(f) € RM is the coefficient vector for ¢. Substituting both Ansatz Eqs. (10),
(C.3) with ® and ® obtained with the procedure detailed in Appendix A and projecting it, the ROM equation reads as

% = -07C(da,)Ob + 7 DOb + OTS. (C.4)

The reduced convective term now reads ®7 C(®a,)®b, which following the procedure from Eq. (13) is rewritten as

M
C.(a,.b) = O C(®a,)0b = [07C(®))O ... C, I, ®b)=( Y a,,C,, |b. (C.5)

—— i=1

Cri
The linear stability analysis for this convective term now requires linearizing the reduced convective term. Therefore, the Jacobian
of the convective term reads as
M

=[G - Cuml@ ®1y) = z ac;Cp e (c.6)

i=1

aC,(a,.b)

Je@)=—2p
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