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I. COMPLEMENT SAMPLING USING QUANTUM SAMPLES

We consider the following sampling problem. For some n ∈ N, let S ⊂ ω := {0, 1}n be a non-empty subset of
cardinality K out of a set of N := 2n elements. Let S̄ = ω \ S be the complement set with cardinality N −K. Given
access to a quantum sample |S⟩ of the uniform distribution of the elements in S, the task of complement sampling is
to return any element from S̄.
In this section we discuss solutions to this problem where a quantum computer swaps the input state as

|S⟩ = 1√
K

∑
x∈S

|x⟩ −→
∣∣S̄〉 =

1√
N −K

∑
x/∈S

|x⟩ .

Then, a measurement in the computational basis yields a uniformly random sample from S̄.
Hereafter, we use Landau symbols O and Ω for asymptotic upper and lower bounds, respectively. For cases where

polylogarithmic terms are omitted, we use Õ and Ω̃ instead. For N fixed, we write SK for the family of all subsets
S ⊂ ω with cardinality K.

A. Aaronson, Atia and Susskind’s construction

We will start by reviewing Aaronson, Atia and Susskind’s construction [1], which formed our basis to arrive at our
solution for the quantum sample variant to complement sampling. For most results in this work, except for Section III,
we found alternative proofs and easier constructions without relying on this construction. However, we think that
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FIG. 1. Quantum circuits for Aaronson, Atia and Susskind’s construction [1]. (a) Circuit distinguishing
∣∣ϕ+

〉
from

∣∣ϕ−〉 using

a unitary U that swaps |a⟩ and |b⟩. (b) Circuit swapping |a⟩ and |b⟩ using a unitary A that distinguishes
∣∣ϕ+

〉
and

∣∣ϕ−〉.
poofs based on this construction provide the best intuition for why complement sampling can be perfectly solved on
a quantum computer when K = N/2.
We start by recalling the four notions of complexities on quantum states from [1]: relative complexity, circuit

complexity, swap complexity and distinguishability complexity.

Definition 1 (Relative complexity). The relative complexity Cϵ(|a⟩ , |b⟩) of two n-qubit pure quantum states |a⟩,|b⟩ is
defined as the minimal number of gates in a circuit C such that

|⟨b| ⟨0 . . . 0|C |a⟩ |0 . . . 0⟩| ≥ 1− ϵ.

Definition 2 (Circuit complexity). The circuit complexity Cϵ(|a⟩) of a n-qubit pure quantum state |a⟩ is defined as
the relative complexity with the n-qubit all zero state |0 . . . 0⟩, i.e.

Cϵ(|a⟩) = Cϵ(|0 . . . 0⟩ , |a⟩).

Definition 3 (Swap complexity). The swap complexity Sϵ(|a⟩ , |b⟩) of two n-qubit pure quantum states |a⟩,|b⟩ is defined
as the minimal number of gates in a circuit C such that

1

2

∣∣ ⟨a| ⟨0 . . . 0|C |b⟩ |0 . . . 0⟩+ ⟨b| ⟨0 . . . 0|C |a⟩ |0 . . . 0⟩ ∣∣ ≥ 1− ϵ.

It can be verified that Sϵ ≥ Cϵ holds for any 0 ≤ ϵ ≤ 1 [1].

Definition 4 (Distinguishability complexity). The distinguishability complexity Dϵ(|a⟩ , |b⟩) of two n-qubit pure quan-
tum states |a⟩,|b⟩ is defined as the minimal number of gates in a circuit C such that∣∣∣∥Π1C |a⟩ |0 . . . 0⟩∥22 − ∥Π1C |b⟩ |0 . . . 0⟩∥22

∣∣∣ ≥ 1− ϵ,

where Π1 = |1⟩⟨1| ⊗ I.

The key result from [1] is an equivalence (in terms of the order of circuit complexity) between a perfect swapper of
two orthogonal states, and a perfect distinguisher for the corresponding conjugate states.

Lemma 1 (Adapted from [1], Theorem 2). Let 0 ≤ ϵ < 1 and n ∈ N. Let |a⟩, |b⟩ be orthogonal n-qubit states and let
|ϕ+⟩ = 1√

2
(|a⟩+ |b⟩) and |ϕ−⟩ = 1√

2
(|a⟩ − |b⟩). The following holds:

If Sϵ(|a⟩ , |b⟩) = T1, then we have that Dϵ(|ϕ+⟩ , |ϕ−⟩) = O(T1).
If Dϵ(|ϕ+⟩ , |ϕ−⟩) = T2, then we have that Sϵ(|a⟩ , |b⟩) = O(T2).

An intuition for this Lemma is given in Fig. 1 where the distinguisher and swapper circuits are defined in terms of
each other. This indicates that the number of gates in these circuits should be of the same order.
The following claim is also given in [1, Corollary 1], but we include it to specify the values of ϵ, as this will be

needed in Section III.
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Proposition 1. Let G be a finite, self-inverse gate set. Let |a⟩ , |b⟩ be two orthogonal n-qubit quantum states. If
D4ϵ(|a⟩ , |b⟩) = T , then Cϵ(|a⟩) ≥ T and Cϵ(|b⟩) ≥ T .

Proof. We prove this by contradiction. Suppose, without loss of generality, that Cϵ(|a⟩) < T . Then, there exists a
quantum circuit C with gate complexity strictly less than T such that

|⟨a|C |0 . . . 0⟩| ≥ 1− ϵ.

Defining |o⟩ = C |0 . . . 0⟩, we can write |o⟩ as

|o⟩ =
√
1− αeiθ1 |a⟩+

√
αeiθ2

∣∣a⊥〉
for some θ1, θ2 ∈ [0, 2π] and α ∈ [0, 1]. The assumption |⟨a|o⟩| ≥ 1 − ϵ implies that

√
1− α ≥ 1 − ϵ. Now, consider

the circuit that receives an unknown state |z⟩, where z ∈ {a, b}, applies C†, and measures in the computational basis.

The probability of obtaining the all-zero outcome is then given by |⟨z|o⟩|2. For |z⟩ = |a⟩, we have

|⟨a|o⟩|2 ≥ (1− ϵ)2.

For |z⟩ = |b⟩, orthogonality implies that

|⟨b|o⟩|2 = 1− |⟨a|o⟩|2 ≤ 1− (1− ϵ)2.

Thus, the bias of this measurement-based distinguisher is∣∣∣|⟨a|o⟩|2 − |⟨b|o⟩|2∣∣∣ ≥ (1− ϵ)2 − (1− (1− ϵ)2) = 1− 4ϵ+ 2ϵ2 ≥ 1− 4ϵ.

Since C† has the same gate complexity as C, this gives a distinguisher with gate complexity < T and bias at least
1− 4ϵ, contradicting the assumption that D4ϵ(|a⟩ , |b⟩) = T . The same argument applies if Cϵ(|b⟩) < T or both Cϵ(|a⟩)
and Cϵ(|b⟩) are smaller than T . Thus, we conclude that Cϵ(|a⟩) ≥ T and Cϵ(|b⟩) ≥ T must hold.

B. A perfect swapper for subsets of cardinality K = N/2

Let us now show that the task of complement sampling, as stated in the beginning of Section I, can be perfectly
solved using only a single quantum sample in the case where K = N/2.

Theorem 4 (Quantum complement swapper). Consider a subset S ∈ SK with K = N/2. Then there exists a
polynomial-time quantum algorithm which prepares the state

∣∣S̄〉 from |S⟩ and vice versa.

Proof. Any function f : ω → {0, 1} induces a quantum phase state of the form

|yf ⟩ =
1√
N

∑
x∈ω

(−1)f(x) |x⟩ .

In particular, the constant function fcon(x) = 0 yields the state |yfcon⟩ = 1√
N

∑
x∈{0,1}n |x⟩ . For every S and S̄ with

K = N/2 there exists a balanced function fbal such that fbal(x) = 0 if x ∈ S and fbal(x) = 1 otherwise. Then we can
write

|S⟩ = 1√
2
(|yfcon⟩+ |yfbal⟩) ,

∣∣S̄〉 =
1√
2
(|yfcon⟩ − |yfbal⟩) .

It is well known that the Deutsch–Jozsa algorithm [2] can perfectly distinguish the two phase states induced by
constant and balanced functions. The Deutsch–Jozsa algorithm consists of a short quantum circuit V that applies
H⊗n followed by the two-outcome measurement operator Λ = {|0 . . . 0⟩⟨0 . . . 0| , I − |0 . . . 0⟩⟨0 . . . 0|}. We copy the
measurement outcome to an ancilla qubit using a multi-controlled NOT gate, where we control on the main register
being in the zero state. This circuit is illustrated in Fig. 2 (a). Then, by Lemma 1, there exists another quantum
circuit V ′ which only uses two applications of V to swap |S⟩ and

∣∣S̄〉. This circuit is illustrated in Fig. 2 (b) where
we ignore the ancilla qubit since, after circuit simplifications, it can be shown to idle in the |0⟩ state throughout.
Since V ′ consists of two applications of V , the multi-controlled NOT gate and two Z gates, it can be executed in time
polynomial in n.
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(a) Distinguisher (b) Swapper

...

|0⟩

|yfcon⟩ / |yfbal⟩
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FIG. 2. Distinguisher and swapper for complement sampling. (a) Our distinguisher circuit can be thought of as the Deutsch-
Jozsa algorithm followed by a copy of the measurement outcome into an ancilla qubit. (b) The swapper circuit is obtained by
plugging our distinguisher circuit into Fig. 1 (b) and simplifying gates. The simplification leads to the ancilla qubit being idle,
so we do not include it in this circuit diagram. Our swapper circuit corresponds to the Grover diffusion operator up to a global
phase of −1.

Let us take a closer look at what the circuit used in the proof of Theorem 4 actually does, fixing the first qubit (so
in the register which contains the qubit to which the outcome of Λ is ‘copied’) to be in |0⟩ initially. Let the second
n-qubit register be in an arbitrary state |ψ⟩. A quick derivation shows that when the first qubit is fixed to be in |0⟩
the circuit implements the mapping

|0⟩ |ψ⟩ 7→ − |0⟩U |ψ⟩ ,

where U = 2 |+n⟩⟨+n| − I is the Grover diffusion operator [3]. Noting that |+n⟩ = 1√
N

(√
N −K

∣∣S̄〉+√K |S⟩), it
can be verified that

U |S⟩ = 2

√
K

N

(
1− K

N

) ∣∣S̄〉+ (
2
K

N
− 1

)
|S⟩ .

Thus, the Grover diffusion operator is an imperfect swapper U |S⟩ =
√
1− ϵ

∣∣S̄〉 +√ϵ |S⟩ with error ϵ =
(
2K
N − 1

)2
.

We see that zero error is achieved when S contains exactly half of the elements, K = N/2.

C. Impossibility of a perfect swapper for K ̸= N/2

Consider again some fixed N = 2n with n ∈ N. Let K be the cardinality, and let SK = {S : |S| = K} be the
family of all subsets S ⊂ ω that have cardinality K. We now prove that there exists no perfect swapper for any other
case then K = N/2, given the condition that all auxiliary qubits must return to their initial state. In Section I E we
will give a simpler proof. However, the proof given here uses the same construction used in the previous subsections,
providing more intuition into the problem at hand.

Proposition 2. Let S ∈ SK . Then for any K ̸= N/2, there does not exist a quantum circuit which perfectly maps
|S⟩ to

∣∣S̄〉 under the condition that all auxiliary qubits return to the |0⟩ state.

Proof. We will prove our claim using a reductio ad absurdum: suppose that there exists a circuit C which only
depends on the cardinality of S (and of course N), and can swap any |S⟩ to

∣∣S̄〉 and vice versa (having ϵ = 0 as

per Definition 3). Again, define the states |S⟩ and
∣∣S̄〉 as

|S⟩ = 1√
K

∑
x∈S

|x⟩ ,
∣∣S̄〉 =

1√
N −K

∑
x∈S̄

|x⟩ ,

where S̄ = ω \ S. As before, define |ϕ+⟩ := 1√
2

(
|S⟩+

∣∣S̄〉) and |ϕ−⟩ := 1√
2

(
|S⟩ −

∣∣S̄〉). Then by Lemma 1, there

exists another circuit C ′ such that for all sets S ∈ SK∣∣∣∥∥Π1C
′ ∣∣ϕ+〉 |0 . . . 0⟩∥∥2

2
−

∥∥Π1C
′ ∣∣ϕ−〉 |0 . . . 0⟩∥∥2

2

∣∣∣ = 1,
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which implies that either of the following holds:∥∥Π1C
′ ∣∣ϕ+〉 |0 . . . 0⟩∥∥2

2
= 1 (resp. 0) and

∥∥Π1C
′ ∣∣ϕ−〉 |0 . . . 0⟩∥∥2

2
= 0 (resp. 1). (1)

In the following, we assume that the first case holds (the argument for the second case in parentheses is identical).
Now consider two subsets S1, S2 ∈ SK and let again

∣∣ϕ+i 〉 := 1√
2

(
|Si⟩+

∣∣S̄i

〉)
and |ϕ−⟩ := 1√

2

(
|Si⟩ −

∣∣S̄i

〉)
for

i ∈ {1, 2}. Eq. (1) tells us that∥∥Π1C
′ ∣∣ϕ+1 〉 |0 . . . 0⟩∥∥22 = 1 and

∥∥Π1C
′ ∣∣ϕ−2 〉 |0 . . . 0⟩∥∥22 = 0, (2)

which implies that
∣∣ϕ+1 〉 and

∣∣ϕ−2 〉 can be perfectly discriminated. Writing out the states in full, we have

∣∣ϕ+1 〉 =
1√
2

 1√
K

∑
x∈S1

|x⟩+ 1√
N −K

∑
x∈S̄1

|x⟩

 ,

and

∣∣ϕ−2 〉 =
1√
2

 1√
K

∑
x∈S2

|x⟩ − 1√
N −K

∑
x∈S̄2

|x⟩

 .

We have that the fidelity between
∣∣ϕ+1 〉 and

∣∣ϕ−2 〉 can be computed as

∣∣〈ϕ+1 ∣∣ϕ−2 〉∣∣2 =
1

4

∣∣∣∣∣ |S1 ∩ S2|
K

− |S1 ∩ S̄2|√
K(N −K)

+
|S̄1 ∩ S2|√
K(N −K)

− |S̄1 ∩ S̄2|
N −K

∣∣∣∣∣
2

=
1

4

∣∣∣∣∣ |A1|
K
− |A2|√

K(N −K)
+

|A3|√
K(N −K)

− |A4|
N −K

∣∣∣∣∣
2

,

where A1 := S1 ∩ S2, A2 := S1 ∩ S̄2, A3 := S̄1 ∩ S2 and A4 := S̄1 ∩ S̄2. A simple Venn diagram shows that
⋃

j Aj = ω

and
⋂

j Aj = ∅. Now set |A1| = x, where x should satisfy max{2K−N, 0} ≤ x ≤ K. We can then express the sizes of

the other sets A2, A3 and A4 as functions of N , K and x. We have |A2| = |S1∩S̄2| = |S1\(S2∩S1)| = K−x. A similar
argument gives |A3| = K − x. Using the principle of inclusion and exclusion, we have |S1 ∪ S2| = |S1|+ |S2| − A1 =
2K − x. Hence, A4 = N − |S1 ∪ S2| = N − 2K + x. Our expression for the overlap thus becomes

∣∣〈ϕ+1 ∣∣ϕ−2 〉∣∣2 =
1

4

∣∣∣∣ xK − N − 2K + x

N −K

∣∣∣∣2 =
1

4

(
(2K −N)(K − x)

K(N −K)

)2

. (3)

Note that Eq. (3) becomes 0 when K = N/2 (independent of x), as expected. For a fixed 1 ≤ K ≤ N − 1, we now
want to maximize the overlap as a function of x, i.e. solve

Fmax = max
S1,S2

∣∣〈ϕ+1 ∣∣ϕ−2 〉∣∣2 = max
max{0,2K−N}≤x≤K

1

4

(
(2K −N)(K − x)

K(N −K)

)2

.

The double derivative test gives

∂2

∂x2
1

4

(
(2K −N)(K − x)

K(N −K)

)2

=
(2K −N)2

2(K(N −K))2
≥ 0,

which implies that the function is convex in x. Therefore, the maximum value is obtained at the extremal points of
the interval. For simplicity, assume for now that K ≤ N/2 so that max{0, 2K − N} = 0. For x = K, the overlap
becomes 0 (this is because S1 = S2 and thus

∣∣ϕ+1 〉 is orthogonal to
∣∣ϕ−2 〉), but for x = 0 we find that the overlap

becomes 1
4

(
N−2K
K−N

)2

. Note that this expression is valid (≤ 1) for K ≤ 3N/4, which is true by assumption. For

K > N/2 the two extremal points are x = K, which again gives overlap 0, and x = 2K − N , which gives overlap
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1
4

(
2− N

K

)2
. The latter is valid (≤ 1) for K ≥ N/4 which is again true by assumption. Combining both, we find that

the maximum overlap as a function of N and K can be 1
4

(
N−2K
K−N

)2

for 1 ≤ K ≤ N/2,
1
4

(
2− N

K

)2
for N/2 < K ≤ N − 1.

This is symmetric around K = N/2, as substituting K = N − K ′ with 1 ≤ K ′ ≤ N − 1 in 1
4

(
2− N

K

)2
gives back

1
4

(
N−2K′

K′−N

)2

, which means that our assumption that K ≤ N/2 can be made without loss of generality. Therefore, for

any K ̸= N/2 we have that
∣∣ϕ+1 〉 and

∣∣ϕ−2 〉 will not be perfectly orthogonal. However, Eq. (2) tells us that we can
discriminate these two non-orthogonal states perfectly, which is impossible by the Helstrom bound [4]. Hence, there
cannot be a perfect swapper for any other case than K = N/2.

The intuition of why a perfect swapper is only possible when K = N/2 follows from the fact that it can be used to
construct a distinguisher for the conjugate states, which are generally non-orthogonal unless K = N/2.

D. Probabilistic zero-error algorithm for any subset

Now that we know a perfect swapper is not possible for K ̸= N/2, we want to create the “next best thing”: a
swapper that sometimes fails, but only knowingly so. In the following, we show that one can trade success probability
to achieve this zero-error requirement. An algorithm satisfying this property is known as a Las Vegas algorithm. The
idea is to rebalance the Grover diffusion operator U = 2 |+n⟩⟨+n| − I by adding a term proportional to I. To this end,
we use one auxiliary qubit and the parameterised gate

W (q) = ei arccos(
√
q)Y =

( √
q −

√
1− q√

1− q √
q

)
, (4)

to construct the following circuit:

n

|0⟩ W (q) Zb W (q)† 0

|S⟩ U
∣∣S̄〉

FIG. 3. Probabilistic zero-error algorithm to swap |S⟩ of cardinality K to
∣∣S̄〉 of cardinality N −K.

Here we have that U is controlled on the zero state of the auxiliary qubit, denoted by CU , and Z is the Z-gate with
some power b ∈ {0, 1}. The role of b is to allow for both positive and negative deviations from the optimal case of
K = N/2.

Theorem 5 (Zero-error swapper). Let S ∈ SK . Then for any 1 ≤ K ≤ N − 1, there exists a zero-error (Las Vegas)
quantum algorithm that maps |S⟩ to

∣∣S̄〉, with probability

min{K,N −K}
max{K,N −K}

.

Proof. We will show that for suitable choices of q and b, the quantum circuit in Fig. 3 achieves the desired transfor-
mation and corresponding success probability. The state just before the measurement of the auxiliary qubit can be
written as

W (q)†ZbCUW (q) |0⟩ |S⟩ = |0⟩
(
qU + (−1)b(1− q)I

)
|S⟩+ |1⟩ |g⟩

with |g⟩ some state we do not care about. Using that U = 2 |+n⟩⟨+n| − I gives

qU + (−1)b(1− q)I = 2q |+n⟩⟨+n|+
(
(−1)b(1− q)− q

)
I.
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We will use

|+n⟩⟨+n| |S⟩ = K

N
|S⟩+

√
K(N −K)

N2

∣∣S̄〉 ,
to obtain

(
qU + (−1)b(1− q)I

)
|S⟩ =

(
2q
K

N
+ (−1)b(1− q)− q

)
|S⟩+ 2q

√
K(N −K)

N2

∣∣S̄〉 . (5)

To ensure that
(
qU + (−1)b(1− q)I

)
|S⟩ is proportional to

∣∣S̄〉, we set the coefficient of |S⟩ to zero:

2q
K

N
+ (−1)b(1− q)− q = 0.

This gives two valid solutions:

• If b = 0, the equation becomes 2qK
N + 1− 2q = 0, which gives

q =
1

2(1−K/N)
.

• If b = 1, the equation becomes 2qK
N − 1 = 0, which gives

q =
N

2K
.

It remains to check when these choices yield a valid success probability1, i.e., when∥∥(qU + (−1)b(1− q)I
)
|S⟩

∥∥2 ≤ 1

Using that in Eq. (5) we made the amplitude on |S⟩ zero and the
∣∣S̄〉-part only depends implicitly on b via q, we

obtain

∥∥(qU + (−1)b(1− q)I
)
|S⟩

∥∥2 = 4q2
K(N −K)

N2
.

We find that for the value of q corresponding to b = 0, the norm squared is K
N−K , which is at most 1 when K ≤ N/2.

When b = 1, we obtain N−K
K , which is at most 1 when K ≥ N/2. To summarise, we set{

b = 0, q = 1
2(1−K/N) if K < N

2 ,

b = 1, q = N
2K if K ≥ N

2 ,

in Fig. 3. The overall success probability is given by the postselection success probabilities in both cases (the norms
squared), which can be captured in a single expression as

min{K,N −K}
max{K,N −K}

.

1 Or equivalently, for what values of q the operator W (q) is indeed unitary.
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E. Zero error: optimality, auxiliary qubits and multiple samples

In this section we will show that the algorithm from Section ID is in fact optimal when considering its restricted
setting: we assume that there is some designated flag qubit, which when measured to be in the |0⟩ state indicates that
the state has been successfully created to ensure zero error (putting the flag being in |0⟩ is without loss of generality).
Except for this flag qubit, we require that the circuit uses no other extra auxiliary qubits. We prove the following
proposition.

Proposition 3. For all 1 ≤ K ≤ N −1, under the zero-error condition and the use of only one extra ancilla (used as
a flag to indicate that the operation was successful), Theorem 5 is optimal in terms of achievable success probability
for swapping |S⟩ to

∣∣S̄〉.
Proof. For cardinality K, let CK be an arbitrary circuit which probabilistically swaps |S⟩ for subsets S ∈ SK to∣∣S̄〉. For full generality, we allow the preparation of

∣∣S̄〉 up to an arbitrary global phase factor eiθ, θ ∈ [0, 2π]. Let
0 ≤ ϵ ≤ 1. To achieve success probability 1− ϵ, CK should be able to perform a mapping of the form

CK |0⟩ |Sj⟩ = eiθj
√
1− ϵ |0⟩

∣∣S̄j

〉
+
√
ϵ |1⟩ |gj⟩ (6)

for some arbitrary subset Sj ∈ SK , phase θj ∈ [0, 2π], and some garbage state |gj⟩ (which can absorb its own phase
factor). Now take two subsets S1 and S2 defined as S1 = [K] and S2 = ω \ [N − K] where, with a slight abuse of
notation, we write [K] to indicate the K first strings in ω under lexicographical ordering. We distinguish two cases:

• K ≥ N/2. In this case, we have that the inner product between input states |S1⟩ and |S2⟩ is given by (recall
that each |Sj⟩ only has positive amplitudes on its computational basis states)

⟨S1|S2⟩ =
2K −N

K
.

The overlap between output states is given by∣∣∣⟨0| ⟨S1|C†
KCK |0⟩ |S2⟩

∣∣∣ = ∣∣∣(1− ϵ)ei(θ2−θ1)
〈
S̄1

∣∣S̄2

〉
+ ϵ ⟨g1|g2⟩

∣∣∣.
By our construction of the subsets we have that

〈
S̄1

∣∣S̄2

〉
= 0. Since the overlap must be conserved under unitary

transformations, we must have

2K −N
K

= ϵ|⟨g1|g2⟩|.

To find an upper bound on 1− ϵ, we can solve the following optimization problem:

max
ϵ,|⟨g1|g2⟩|

1− ϵ

s.t.
2K −N

K
= ϵ|⟨g1|g2⟩|,

ϵ ∈ [0, 1],

|⟨g1|g2⟩| ∈ [0, 1].

This gives us

1− ϵ ≤ 1− 2K −N
K

=
N −K
K

.

• K ≤ N/2. Let us first make the observation that C†
K gives us an approximate swapper to go from

∣∣S̄〉 to |S⟩,
where the cardinality of S̄ is K ′ = N −K with K ′ ≥ N/2. In particular∣∣∣⟨0| ⟨Sj |C†

K |0⟩
∣∣S̄j

〉∣∣∣ = ∣∣⟨0| 〈S̄j

∣∣CK |0⟩ |Sj⟩
∣∣ = √1− ϵ,

by Eq. (6). This means we can write the action of C†
K on |0⟩

∣∣S̄j

〉
to be of the form

C†
K |0⟩

∣∣S̄j

〉
= eiθ̄j

√
1− ϵ |0⟩ |Sj⟩+

√
ϵ |1⟩ |ḡj⟩ ,
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again for some garbage state |ḡj⟩ and some phase θ̄j ∈ [0, 2π]. We can now follow the same argument as the
previous case, but looking at the inner product between the complement states. By our construction of the
subsets we have 〈

S̄1

∣∣S̄2

〉
=

2K ′ −N
K ′ =

N − 2K

N −K
.

But this must be equal to∣∣∣⟨0| 〈S̄1

∣∣CKC
†
K |0⟩

∣∣S̄2

〉∣∣∣ = ∣∣∣(1− ϵ)ei(θ̄2−θ̄1) ⟨S1|S2⟩+ ϵ ⟨ḡ1|ḡ2⟩
∣∣∣,

where ⟨S1|S2⟩ = 0. Maximizing 1− ϵ as done in the previous case, but using K ′ instead of K, we find

1− ϵ ≤ N

K ′ − 1 =
K

N −K
.

The optimal probability of the two cases can be summarized as min{K,N−K}
max{K,N−K} , showing that under these conditions

the algorithm from Section ID is optimal.

Note that the above proof is an arguably easier proof of the result in Section IC, as it only relies on the conservation
of the absolute value of the inner product under unitary transformations. There are several more observations we can
make in relation to the proof of Proposition 3.

a. Adding extra auxiliary qubits. The proof of Proposition 3 shows that, under the condition of having only one
additional ancilla to work as flag qubit, the algorithm of Section ID achieves the optimal success probability. What
happens when extra auxiliary qubits are allowed (initialized in |0 . . . 0⟩), but we still require a single flag qubit to
make the algorithm zero-error (yet still probabilistic)?

In the K ≥ N/2 case, it is easy to show that the above proof still holds. For simplicity, we remove the relaxation
that the state can be prepared up to an arbitrary global phase, as it does not change the argument. We can write the
action of the swapping circuit in this case as

CK |0⟩ |Sj⟩ |0 . . . 0⟩ =
√
1− ϵ |0⟩

∣∣S̄j

〉
|hj⟩+

√
ϵ |1⟩ |Gj⟩ ,

for some garbage states |hj⟩ and |Gj⟩, so we still have that the inner product of the output state after applying CK

to two input subset states |S1⟩ and |S2⟩ is given by

(1− ϵ)
〈
S̄1

∣∣S̄2

〉
⟨h1|h2⟩+ ϵ ⟨G1|G2⟩ = ϵ ⟨G1|G2⟩ ,

again using that
〈
S̄1

∣∣S̄2

〉
= 0 when K ≥ N/2.

However, the argument for K ≤ N/2 no longer works since |h1⟩ and |h2⟩ might be two completely different states.

This means that to swap backwards using C†
K one might have to use a different initial state for each different input

S̄.
An easy example that contradicts the bound in the case when extra auxiliary qubits can be used is the case of

K = 1 (where the bound gives a maximum success probability very close to 0). An algorithm that only depends on
K and perfectly makes

∣∣S̄〉 is easily given: (i) read out the only element x ∈ S, (ii) create the uniform superposition,
(iii) use an additional flag qubit to mark the state |S⟩, which can be done by applying a marking operation that
marks all basis states conditioned on not being equal to |x⟩, and (iv) use exact Grover’s algorithm to create

∣∣S̄〉 [5].
This algorithm clearly needs additional auxiliary qubits, as it cannot both have a uniform superposition on n qubits
and a flag controlled on |x⟩ (which also needs to be stored in a n-qubit register). Note that in this case the problem
is also classically trivial, because after observing a single sample x one has perfectly learned S̄ = ω \ {x}.
b. Multiple copies and no additional auxiliary qubits. The above argument also shows that a joint measurement

on multiple copies does not help if one does not have additional auxiliary qubits. That is, suppose one again requires
a probabilistic zero-error algorithm that is able to perform the mapping

CK |0⟩ |Sj⟩⊗k
=
√
1− ϵ |0⟩

∣∣S̄j

〉
|hj⟩+

√
ϵ |1⟩ |Gj⟩ ,

using k copies of the input state. Considering K ≥ N/2, the same argument as before gives us a maximum success
probability of

1− ϵ ≤ 1−
(
2K −N

K

)k

,

which is the same success probability one would achieve by repeating our algorithm k times, resetting the flag qubit
to |0⟩ whenever |1⟩ is measured and the protocol failed. We currently do not know whether a joint measurement on
multiple copies and the use of extra auxiliary qubits would yield an algorithm with higher success probability.
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II. CLASSICAL SAMPLES: LOWER AND UPPER BOUNDS

A. Index query model

We will start by adopting a slightly more powerful classical setting, as it allows for easier proofs and it will be useful
later when we construct S from pseudorandom permutations, which naturally assumes a query complexity setting.
Instead of assuming that the algorithm is given samples from S at random, we assume that it has access to an oracle
for which it can query elements of S (assuming arbitrary unknown ordering on each of the possible input sets S).
That is, it has access to an oracle Oindex such that Oindex(i) = y with y the ith element from S. Clearly, this is a
stronger access model, as the player can generate the random samples by querying Oindex for randomly generated
indices.

Intuitively, one would immediately expect that complement sampling with classical samples is intractable: when
there is no structure to the set S (and therefore no structure to S̄), the best strategy seems to be to just gather (or
in this case, query) as many distinct samples from S and just output anything which is not in the set of collected
samples. We will now formalise this intuition and show that it is indeed the correct way to look at the problem. We
will use Yao’s minimax principle [6] to prove our lower bound. For a fixed input size N and cardinality K, let F (S, y)
be a function describing the relation for a subset S from a subset family SK and candidate element y such that

F (S, y) =

{
1 if y ∈ S̄
0 otherwise.

Let A be the set of all possible deterministic algorithms allowed to make T queries to the index oracle for S. Write
P (a, S) = F (S, a(S)), which means that P = 1 if and only if algorithm a ∈ A on input S outputs any y ∈ S̄. One can
view P (a, S) as a |A| × |SK |- matrix where the rows label the different choices of deterministic query algorithms, the
columns label the different instances of S, and the corresponding entry is 1 only if the algorithm provides an output
satisfying the relation. By the minimax theorem, we have

min
µ

max
a

e⊺aPµ = max
ρ

min
S
ρ⊺PeS ,

where ea (resp. eS) is a |A|-dimensional (resp. |SK |-dimensional) unit vector, and ρ (resp. µ) is a |A|-dimensional
(resp. |SK |-dimensional) vector of non-negative reals that sum to one. Since µ is a probability distribution, we have
that the left-hand side describes the probability that the best deterministic T -query algorithm is correct on the
hardest distribution over inputs µ. On the right-hand side, ρ⊺PeS is the success probability on input S achieved by
the randomised algorithm given by probability distribution ρ over deterministic algorithms. Hence, the right-hand
side gives the highest worst-case success probability achievable by randomised T -query algorithms. Since this holds
for all T , we have that

Rϵ(F ) = max
µ

Dµ
ϵ (F ),

where Rϵ is the worst-case randomized query complexity, achieving success probability 1− ϵ on all inputs, and Dµ
ϵ the

deterministic query complexity on succeeding on a (1 − ϵ)-fraction over all inputs weighted by µ. Note that we now
have a maximization over input distributions µ, since we have moved from expressing the smallest success probability
given a fixed maximum number of queries T to the largest minimum number of queries T given a fixed fraction of
inputs on which we have to be correct. For any fixed candidate distribution µ, we always have

Rϵ(F ) ≥ Dµ
ϵ (F ).

We first prove the following lemma, showing that when starting with the uniform distribution over all families of
subsets SK (and thus also a uniform distribution over complementary subsets S̄), learning entries of S will leave the
resulting conditional distribution over the family of complementary subsets that do not include these elements still
uniform.

Lemma 2. Let µSK
be the uniform distribution over all S ∈ SK . Let X ∈ SK be sampled according to µSK

, and
define X̄ = ω \ X. Fix a set Q = {x1, . . . , xq} containing q ≤ K distinct elements from ω. Then, conditioned on

Q ⊆ X, the distribution of X̄ is uniform over SQN−K , the family of all subsets of size N −K that do not contain any
element from Q.

Proof. By Bayes’ rule,

Pr
[
X̄ = S̄ | x1, . . . , xq ∈ X

]
=

Pr
[
X̄ = S̄ ∧ x1, . . . , xq ∈ X

]
Pr[x1, . . . , xq ∈ X]

.
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Using that

Pr[x1, . . . , xq ∈ X] =

(
N−q
K−q

)(
N
K

) ,

and the fact that

Pr
[
X̄ = S̄ ∧ x1, . . . , xq ∈ X

]
=

{(
N

N−K

)−1
if x1, . . . , xq /∈ S̄,

0 otherwise,

we obtain

Pr
[
X̄ = S̄ | x1, . . . , xq ∈ X

]
=

{(
N−q
N−K

)−1
if x1, . . . , xq /∈ S̄,

0 otherwise,

which is uniform over all S̄ ∈ SQN−K .

We can now use Yao’s principle to derive our lower bound.

Theorem 6. Let δ ∈ [0, 12 ] and 1 ≤ K ≤ N − 1. Then we have that any randomized algorithm that produces a sample

from S̄ with probability ≥ 1/2 + δ on all inputs S needs to make at least

N − 2(N −K)

2δ + 1
.

queries to the index oracle for S.

Proof. Consider µSK
to be the uniform distribution over all possible inputs S coming from the family SK . Let X ∈ SK

be sampled according to µSK
. Let A be a deterministic algorithm with access to the index oracle Oindex. We can

assume that no element of X is queried twice by A, as there would be no benefit in doing so. Then after q queries, the
algorithm has seen q elements of X. Let Q = {x1, . . . , xq} be the set of all strings xj ∈ {0, 1}n that were observed,

and write SQN−K for the family of all sets S̄ that do not contain the strings xj ∈ Q. By Lemma 2, we have that the

conditional distribution µSQ
N−K

over SQN−K is still uniform over these elements. The cardinality of the set SQN−K is

then given by ∣∣∣SQN−K

∣∣∣ = (
N − q
N −K

)
.

So for any output y, the probability that it is part of the S̄′ for some S̄′ ∈ SQN−K is then given by(
N−q−1
N−K−1

)(
N−q
N−K

) =
N −K
N − q

, (7)

which holds independently of the strings that are in Q (except for how many of them there are). Hence, A can only
be correct on any such fraction of the inputs. By Yao’s principle, this is also the highest success probability a q-query
randomized algorithm can achieve on the worst-case input. Then, to be correct with probability at least 1

2 + δ we

require (N −K)/(N − q) ≥ 1
2 + δ, which is satisfied when

q ≥ N − 2(N −K)

2δ + 1
.

We proceed by giving a matching upper bound, showing that Theorem 6 is tight.

Proposition 4. For any δ ∈ [0, 12 ], for any S there exists a randomized algorithm which makes N − 2(N−K)
2δ+1 queries

to Oindex and outputs an element y ∈ S̄ with probability 1
2 + δ.
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Proof. Again, let Q = {x1, . . . , xq} be the set of strings xj ∈ S that are observed after q queries. The algorithm will
now simply sample a uniformly random y from the set ω \ Q. Given any S, the probability that this y is from S̄ is
then given by

Pr
[
y ∈ S̄

]
=
N −K
N − q

=
N −K

N −
(
N − 2(N−K)

2δ+1

) =
1

2
+ δ.

Note that if K = Ω(N) and δ = Ω(1), then we have q ≥ Ω(N).

B. Exact sample complexity bounds

In the above, we used an index query model because it greatly simplifies the analysis and provides lower bounds
for the sample complexity setting. However, it is possible to translate these bounds to the sample complexity setting
by computing the probability of observing q unique samples after drawing d samples. Since the results of Section IIA
hold in terms of unique observations of elements from S, we can exactly compute matching upper and lower bounds
on the sample complexity.

Sampling from a subset of size K, the probability of getting q ≤ d unique samples from d draws (with replacement,
each with equal probability) is given by (see for example [7] for a derivation)

Pr[X = q] =
K
{
d
q

}
(K − q)!Kd

,

where
{
d
q

}
is the Stirling number of the second kind, representing the number of ways to partition d objects into

q non-empty subsets. Combining this with Eq. (7), which gives the probability of outputting a successful sample
conditioned on observing q unique elements, gives a lower bound on the overall success probability of

q=d∑
q=0

N
{
d
q

}
(K − q)!Kd

N −K
N − q

.

This in principle gives the exact expression and has a matching upper bound by the same argument as the previous
subsection. However, since the expression is cumbersome to work with and we are interested in proving asymptotic
lower bounds, we will continue with the query model in the following sections to consider more practically relevant
notions of hardness of the problem.

C. Average-case lower bounds

A consequence of Theorem 6 is that the problem is hard on average (with respect to the uniform distribution), as a
worst-to-average case reduction with respect to the uniform distribution can easily be constructed. We will use that
applying a random permutation on N elements as an operation to any fixed subset of K out of the N elements will
result in a uniformly random subset of K elements.

Lemma 3. Suppose σ is drawn uniformly at random from the set of all permutations on {0, 1}n. Then, for any fixed
subset S ∈ SK , the associated subset

S′ = {x ∈ {0, 1}n : σ−1(x) ∈ S} = σ(S).

is uniformly drawn from the family SK .

Proof. We have that S′ is the image of S under the permutation σ. We want to understand the distribution of S′ when
σ is chosen uniformly at random. Fix any subset T ∈ SK . We count how many permutations σ satisfy σ(S) = T . To
construct such a permutation, we must:

• define a bijection from S to T , of which there are K! choices;

• define a bijection from S to T , of which there are (N −K)! choices.
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So the total number of permutations P such that σ(S) = T is

|{σ : σ(S) = T}| = K! · (N −K)!,

which is the same for all T ∈ SK . Since σ is chosen uniformly at random, this means that S′ = σ(S) is uniformly
distributed over SK . In particular,

Pr[S′ = T ] =
K! · (N −K)!

N !
=

1(
N
K

) =
1

|SK |
,

as required.

We now show that the existence of a q-query randomized algorithm A that achieves a certain guaranteed expected
success probability averaged over its internal randomness and the input distribution, implies the existence of a ran-
domized q-query algorithm B that achieves the same guaranteed expected success probability on every input. This
yields the desired conclusion that the complement sampling problem is average-case just as hard as worst-case.

Corollary 1. Let K = N/2, N = 2n for n ∈ N, and δ be any function such that δ(n) ∈ [0, 12 ] for all n ∈ N. Suppose
we sample some S ∈ SK uniformly at random. Then any classical randomized algorithm A which makes q queries to
Oindex and satisfies

Pr
[
A outputs y ∈ S̄

]
≥ 1

2
+ δ (8)

has

q ≥ N
(
1− 1

2δ + 1

)
,

where the probability in Eq. (8) is taken over S and the randomness of A.

Proof. Let σ be a permutation on bit strings of length n chosen uniformly at random, and write σ−1 for its inverse.
By Lemma 3, starting from any S ∈ SN/2, S̄ = ω \ S, we have that the subset S′ and its complement S̄′ = ω \ S′

given by

S′ = {x′ | x′ = σ(x), x ∈ S}, S̄′ = {y′ | y′ = σ(y), y ∈ S̄},

are uniformly at random from all possible S ∈ SN/2. Since we are only interested in query (or sample) complexity,

we do not care that the time complexity of implementing this permutation σ, nor its inverse σ−1, generally scales
exponentially in n (recall n = logN). Now suppose there exists a q-query classical algorithm A that succeeds with
expected probability at least 1

2 + δ over this distribution of inputs. We can then use A to create a q-query algorithm
B that works with a certain success probability on all inputs in the following way:

1. Pick a permutation σ uniformly at random and let σ−1 be its inverse.

2. Let O′
index(i) = σ(Oindex(i)). Run algorithm A with O′

index(i), resulting in some y′.

3. Return y = σ−1(y′).

We then have that B succeeds on any input S with probability at least 1
2 + δ as well, since

Pr
[
B outputs y ∈ S̄

]
= ES′

[
Pr

[
A outputs y′ ∈ S̄′]] ≥ 1

2
+ δ,

using that the expectation of a probability is again a probability. By Theorem 6, we then need at least

q ≥ N
(
1− 1

2δ + 1

)
queries to Oindex, completing the proof.
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D. Hardness for strong pseudorandom subsets

We will now prove our strongest hardness result: we will show that under the existence of one-way functions, there
should be families of subsets that are easy to generate and verify, but still hard to perform complement sampling on
classically. To achieve this, we will use strong pseudorandom permutations. Following the convention in cryptography,
we say that a function f is negligible (f(n) = negl(n)), if for every constant c, we have f(n) = o

(
1
nc

)
.

Definition 5 (Strong pseudorandom permutations). For some n ∈ N, let P : {0, 1}n × {0, 1}λ → {0, 1}n be an
efficient keyed permutation. We say that P is a strong pseudorandom permutation if for all probabilistic polynomial-
time distinguishers D there exists a negligible function negl(n) such that∣∣∣Pr [DPk(·),P−1

k (·)(1n)
]
− Pr

[
Dσ(·),σ−1(·)(1n)

]∣∣∣ ≤ negl(λ),

where k ← {0, 1}λ is chosen uniformly at random and σ is chosen uniformly at random from the set of permutations
on n-bit strings.

It is known that strong pseudorandom permutations can be constructed from pseudorandom permutations [8],
which exist if and only if one-way functions exist [9].

We will show the hardness result for cardinality K = N/2, as it forms the basis of our proposed advantage
experiment. However, the argument can be easily extended to any K superpolynomial in N .

Theorem 7. For some n ∈ N, let P : {0, 1}n×{0, 1}λ → {0, 1}n be a strong pseudorandom permutation with security
parameter λ = n, and P−1 its inverse. Given a key k ∈ {0, 1}λ, let S be the image of {0ik : i ∈ {0, 1}n−1} under
P , and S̄ be the image of {1ik : i ∈ {0, 1}n−1} under P . Let Oindex : [2n−1] → {0, 1}n be the oracle that on input i
returns the i-th element in S. Picking a key uniformly at random, for all polynomial-time algorithms A that make a
polynomial number of queries to Oindex it must hold that

Pr
[
AOindex outputs a y ∈ S̄

]
≤ 1

2
+ negl(n).

Proof. We will use a proof by contradiction. Suppose that there exists a polynomial-time algorithm A with query
access to some Oindex, which, when picking a key uniformly at random to construct S, outputs a y ∈ S̄ with probability
≥ 1

2 + 1/poly(n). We show that if such an A existed it would imply a distinguisher between a strong pseudorandom
permutation and truly random one, violating the assumption that S was generated by a strong pseudorandom per-
mutation. First, note that defining S to be the set of all outputs of a uniformly random permutation for which the
preimage has ‘0’ as the first bit ensures that S is chosen uniformly at random from SN/2 (Lemma 3). Second, note

that any given P already acts as Oindex when applied to strings from {0ik : i ∈ {0, 1}n−1}. Let F be a samplable
family of either (i) permutations or (ii) strong pseudorandom permutations. Then, we can design a distinguisher using
AOindex as a subroutine in the following way:

1. We sample a permutation f ∈ F , which is either strong pseudorandom or truly random, and construct Oindex

from f .

2. We run AOindex to obtain a candidate string ŷ, supposedly from the complement.

3. We check whether f−1(ŷ) has the first bit equal to ‘1’. If this is the case, we return ✓. If not, we return ✗.

Let δ = 1/
√
N , N = 2n, such that δ ∈ negl(n). Then, Corollary 1 readily implies that whenever q = poly(n) and S is

uniformly random (i.e. f comes from a family of truly random permutation), then any q-query classical algorithm (even
without the requirement that it runs in polynomial time) succeeds with probability smaller than 1

2 + δ = 1
2 +negl(n).

However, if f comes from a family of strong pseudorandom permutations then by assumption it must hold that we
observe a ✓with probability 1

2 + 1/poly(n). Hence, under this assumption, we can distinguish strong pseudorandom
permutations from truly random ones, by repeating the above distinguisher a polynomial number of times to detect
the small polynomial bias towards returning ✓in the pseudorandom case. Since this is not possible by the definition
of strong pseudorandomness, such an A cannot exist. Thus the statement must be true.

The above argument does not extend to pseudorandom permutations that are not strong, as we need to use P−1

to check whether the generated string is indeed from S̄.
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E. Circuit lower bounds for uniform samplers

Finally, we conclude our classical hardness results by showing that we can even prove an exponential circuit lower
bound on any sampler (quantum or classical) that uses only a polynomial number of classical samples and produces
a uniformly random sample from S̄ with probability 1. Unlike the previous lower bounds, which hold even when the
uniformly random criterion is removed, this bound relies crucially on the requirement that every element from S̄ has a
non-zero probability to be produced by the sampler. The key idea is to use Kolmogorov complexity of binary strings
to arrive at a circuit lower bound.

Definition 6. The Kolmogorov complexity K(x) of any binary string x ∈ {0, 1}n is the length of the shortest computer
program x∗ that can produce this string on the Universal Turing Machine and then halts.

It is easy to show that there must exist incompressible strings (so with K(x) ≥ |x|) for every input length n: there
are 2n binary strings of length n but only 2n− 1 binary strings of length strictly less than n to describe the program.

We will formulate our bound in terms of the circuit complexity of a Boolean circuit. A Boolean circuit is a directed
acyclic graph consisting of logic gates such as AND, OR, and NOT, wired together to compute a Boolean function.
The size s of the circuit is defined as the total number of gates (the total number of vertices in the graph). Any
Boolean circuit of size s can be described using at most O(s log s) bits: each gate can be encoded by its type and the
indices of its input wires, each requiring O(log s) bits. Consequently, every such circuit can be converted into a binary
string x∗ of length |x∗| = O(s log s), which serves as a program for the universal Turing machine that simulates the
circuit. Hence, if a string x has Kolmogorov complexity K(x) as defined in Definition 6, then any circuit computing x
must have size at least s = Ω(K(x)/ logK(x)).

We will use this to show a circuit lower bound on any classical sampler that uses only a polynomial number of
samples and is able to sample uniformly at random from the complementary subset S̄.

Theorem 8 (Circuit complexity lower bound with classical samples). There exists an S ∈ SK , with K = N/2,
such that any sampler, which given as an input l = poly(n) samples from S produces samples y from S̄ uniformly at

random, has circuit complexity Ω̃ (N).

Proof. We will simply assume that all l samples are distinct, since this not being true only increases the lower bound
that follows from our argument. Take a subset S̄ with Kolmogorov complexity K(S̄) = N/2. Such a set can be
constructed by taking a Kolmogorov random string z ∈ {0, 1}N/2 of length N/2, with each element zi indexed by a
string i ∈ {0, 1}n−1. We define yi = (zi, i) as the concatenation of bit zi and the string i. For each i ∈ {0, 1}n−1,
we add the string yi to the set S̄. This way, one can fully reconstruct z if one knows all the strings in S̄. Then, any
sampler M that produces samples from S̄ uniformly at random, given the description of any l elements from S, is a
description of the set S̄ (and thus of the string z), since one can run the sampler until all N/2 distinct labels from S̄
are observed. Since l elements from S can be described with l logN bits, the description length of the program for M
given l such elements has to be at least N/2− l logN −O(1). Since any circuit description (of the elementary gates)
of size s can represent a program forM in O(s log s) bits, we must have that the circuit complexity of any such circuit
which implements M is lower bounded by

Ω

(
N/2− l logN −O(1)

log (N/2− l logN −O(1))

)
= Ω̃ (N) ,

when l = poly(n).

III. CIRCUIT COMPLEXITY AND DISTINGUISHABILITY OF SUBSET STATES

In the final section we will show that even though we have proven in the above sections that a quantum algorithm
can perfectly swap between any |S⟩ and

∣∣S̄〉, there exist pairs of |S⟩,
∣∣S̄〉 so that it is computationally intractable to

find out which one was given as an input. As an immediate corollary, this result implies that generally states of the
form of |S⟩ must have exponential circuit complexity. This means that in order to turn complement sampling into a
suitable quantum advantage experiment, the hardness result for strong PRPs is indeed necessary. We will first prove
the easier case of the exact setting and then move on the general case. We will utilize the complexity definitions given
in Section IA. Again, we fix the subset cardinality to K = N/2 where N = 2n and n is the number of qubits.
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A. Warm-up: exact case

As a warm-up, we first consider the simple example where we care about being able to distinguish |S⟩ and
∣∣S̄〉

perfectly. Consider again the phase states

|yfcon⟩ =
1√
N

∑
x∈ω

|x⟩ , |yfbal⟩ =
1√
N

∑
x∈ω

(−1)fbal(x) |x⟩ , (9)

for some Boolean function fbal : ω → {0, 1}. Recall that

|S⟩ = 1√
2
(|yfcon⟩+ |yfbal⟩),

∣∣S̄〉 =
1√
2
(|yfcon⟩ − |yfbal⟩),

where

S = {x : fbal(x) = 0}, S̄ = {x : fbal(x) = 1}.

The total number of balanced functions is lower bounded by(
N

N/2

)
≥ 2Ω(N).

For every choice of fbal, a circuit can only exactly swap |yfcon⟩ to a single |yfbal⟩. Let G be any gate set with g = nO(1)

possible choices of gates and qubit indices on which a single (multi-qubit) gate acts. Starting from |yfcon⟩, the total
number of states that can be constructed by circuits using M gates from G is at most gM . Thus, for some balanced
function, the corresponding circuit must have M = Ω̃(N) gates, which is the relative complexity C(|yfcon⟩ , |yfbal⟩).
Since the swap complexity is lower bounded by the relative complexity [1], there must exist a |yfbal⟩ such that

S(|yfcon⟩ , |yfbal⟩) ≥ Ω̃(N). (10)

Note that any balanced phase state is orthogonal to the constant phase state

⟨yfcon |yfbal⟩ =
1

N

∑
x∈ω

(−1)fbal(x) = 0,

so we can use Lemma 1 with |a⟩ := |yfcon⟩ and |b⟩ := |yfbal⟩. We have that if the exact swap complexity
S(|yfcon⟩ , |yfbal

⟩) = T , then the exact distinguishability complexity D(|S⟩ ,
∣∣S̄〉) = O(T ). Hence, from Eq. (10)

it follows that

D(|S⟩ ,
∣∣S̄〉) ≥ Ω̃(N).

B. Approximate case

We consider the same |yfcon⟩ and |yfbal
⟩ as in Eq. (9), but will now investigate the relative circuit complexity when

an error ϵ is allowed. Let us consider two balanced functions fbal, gbal : ω → {0, 1}. From now on, we omit the “bal”-
subscript when possible, and write f = fbal and g = gbal to ease the presentation. We define If,g = |{x : f(x) = g(x)}|
and Nf,g = |{x : f(x) ̸= g(x)}|. The overlap between |yf ⟩ and |yg⟩ is given by

|⟨yf |yg⟩| =
1

N
|If,g −Nf,g| =

1

N
|2If,g −N |,

using the relation If,g +Nf,g = N . If we want |⟨yf |yg⟩| ≤ ϵ, then we must have that

1

N
|2If,g −N | ≤ ϵ.

We consider two cases:

(i) If,g ≥ N
2 . We find

1

N
(2If,g −N) ≤ ϵ if and only if If,g ≤

(1 + ϵ)N

2
.
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(ii) If,g ≤ N
2 . Likewise, we have

1

N
(N − 2If,g) ≤ ϵ if and only if If,g ≥

(1− ϵ)N
2

.

Combining cases (i) and (ii), we see that a necessary and sufficient condition for |⟨yf |yg⟩| ≤ ϵ is

(1− ϵ)N
2

≤ If,g ≤
(1 + ϵ)N

2
. (11)

The question now is how large the set of functions {f} is such that for any pair f ̸= g we have that Eq. (11) holds.
We can formulate this as a problem in extremal set theory in the following way. Let F = {F} be a family containing
N/2-subsets from ω. We say that if x ∈ F , then a corresponding function f satisfies f(x) = 1. For example, if for
n = 2 we have f(00) = 1, f(01) = 0, f(10) = 0 and f(11) = 1, then F = {00, 11}. Hence, if |F ∩ G| = l for some
F,G ∈ F with associated functions f , g, respectively, we must have that by definition

|{x : f(x) = g(x) = 1}| = l.

However, we also know that for both F and G the remaining N/2 − l elements in each set must all be distinct: for
those we have either f(x) = 1 and g(x) = 0 or f(x) = 0 and g(x) = 1. For all remaining x which have f(x) = g(x) = 0,
i.e., x /∈ F and x /∈ G, we know that there are a total of

|{x : f(x) = g(x) = 0}| = N − l − 2(N/2− l) = l.

Combining both, we have

If,g = |{x : f(x) = g(x) = 0}|+ |{x : f(x) = g(x) = 1}| = 2l.

Therefore, the intersection between two sets F and G completely determines the possible overlaps between the
corresponding quantum states |yf ⟩ and |yg⟩: we have by the condition in Eq. (11) that if for all F,G ∈ F

(1− ϵ)N
4

≤ |F ∩G| ≤ (1 + ϵ)N

4
, (12)

then for all corresponding f, g we have that |⟨yf |yg⟩| ≤ ϵ.
We will now use results from extremal set theory to prove our circuit lower bound. Let H be a family of subsets

of N elements, and L be a set of non-negative integers. We say that H is k-uniform if |H| = k for each H ∈ H. We
have that H is L-intersecting if |H ∩G| ∈ L for each pair of distinct G,H ∈ H. The following lemma was proven by
Ray-Chaudhuri and Wilson and provides an upper bound on the size of H knowing the cardinality of L.

Lemma 4 (Ray-Chaudhuri–Wilson [10]). Let H be a L-intersecting k-uniform family of subsets of a set of N elements,
where s = |L| ≤ k. Then

|H| ≤
(
N

s

)
.

In terms of N and s, the lemma is easily shown to be tight by considering the family of all s-subsets of any set of
size N and L = {0, . . . , s− 1}.

Using Lemma 4, we can lower bound the size of our family F . At first glance, the bound of Lemma 4 provides the
wrong inequality: we are interested in a lower bound on the size of F , whilst Lemma 4 provides an upper bound.
The key idea is that we can consider a family H for all subsets that do not meet the condition of Eq. (12), and upper
bound the size of that family to lower bound the size of the remaining family of subsets. After all, for a fixed k the
union of L1-intersecting and L2-intersecting k-uniform families of subsets of N elements results in the family of all
k-uniform subsets if the union of L1 and L2 forms the set of all possible intersection sizes. In the following statements
we will also use asymptotic ω(·)-notation, which is not to be confused with the universe ω (which does not have an
argument).

Lemma 5. For ϵ = ω (1/N) > 0, let F be an L-intersecting set of N/2-subsets of a set of N elements, where

L = {⌈(1− ϵ)N/4⌉, ⌈(1− ϵ)N/4⌉+ 1, . . . , ⌊(1 + ϵ)N/4⌋}.

Then we have that

|F| ≥ Ω(2N/2).
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Proof. Let H be an L′-intersecting N/2-uniform family of subsets of a set of N elements with L′ = {0, 1, . . . , N/2}\L.
We have that the cardinality of L′, i.e., s = |L′|, can be upper bounded as

s ≤ 1 +N/2− ((1 + ϵ)N/4− (1− ϵ)N/4− 2)

= N(1− ϵ)/2 + 2

= 3 +
N

2
(1− ϵ) .

For ϵ ≥ 6
N we have s ≤ N/2 and, using Lemma 4, we get

|H| ≤
(
N

s

)
≤

(
N

3 + N
2 (1− ϵ)

)
.

This means that

|F| =
(
N

N/2

)
− |H| ≥

(
N

N/2

)
−

(
N

3 + N
2 (1− ϵ)

)
= Ω(2N/2),

if N(1− ϵ)/2 + 3 < N/2, which holds asymptotically if ϵ = ω (1/N).

This implies that for ϵ = ω (1/N) > 0 there are a total of Ω(2N/2) functions f = fbal such that the corresponding
balanced phase states from the set Ψϵ

bal = {|yfbal⟩} all have at most ϵ pairwise overlap.

Theorem 9. For any ϵ = ω (1/N), there exists a subset S ∈ SK , K = N/2, such that

Dϵ(|S⟩ ,
∣∣S̄〉) = Ω̃(N).

Proof. By Lemma 5, for any ϵ = ω (1/N), there are Ω(2N/2) possible balanced functions fbal such that all states |yfbal⟩
have pairwise overlap ≤ ϵ. Since any circuit can only ϵ-approximately swap |yfcon⟩ to a single state |yfbal⟩ ∈ Ψϵ

bal, we

need to consider Ω(2N/2) different possible circuits. Again, let G be any gate set with g = nO(1) possible choices of
gates and qubit indices on which a single (multi-qubit) gate acts. Starting from |yfcon⟩, the total number of states that
can be constructed by circuits using M gates from G is at most gM . Thus, for some balanced function, the swapper
circuit must have M = Ω̃(N) gates, which implies Sϵ ≥ Ω(N). By Lemma 1, the result immediately follows.

From Proposition 1, the following corollary immediately follows.

Corollary 2. For any ϵ = ω (1/N), there exists a subset S ∈ SK , K = N/2, such that

Cϵ(|S⟩) = Ω̃(N).

As a final remark, Corollary 2 can also qualitatively be obtained as a corollary of Theorem 8, as any provided
samples can be hardcoded into a circuit.
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