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Consider a fixed universe of N ¼ 2n elements and the uniform distribution over elements of some subset
of size K. Given samples from this distribution, the task of complement sampling is to provide a sample
from the complementary subset. We give a simple quantum algorithm that uses only a single quantum
sample—a single copy of the uniform superposition over elements of the subset. When K ¼ N=2, we show
that the quantum algorithm succeeds with probability 1, whereas any classical algorithm that succeeds
with bounded probability of error requires a number of samples of the order of N. This shows that in a
sample-to-sample setting, quantum computation can achieve the largest possible separation over classical
computation. We show that the same bound can be lifted to prove average-case hardness, paving the way
for demonstrations on noisy intermediate-scale quantum (NISQ) computers. It follows that under the
assumption of the existence of one-way functions, complement sampling gives provable, verifiable and
NISQable quantum advantage in a sample complexity setting.
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Introduction—In 2019, Google claimed to have demon-
strated quantum advantage for the first time; that is, their
Sycamore processor performed a computational task in the
order of minutes that Google estimated would take the
world’s most powerful classical computer approximately
10 000 years to complete [1]. Their experiment was based
on random circuit sampling where, given a classical des-
cription of a quantum circuit, the task is to sample in the
computational basis according to the probability distribu-
tion associated with the output state. Google’s achievement
started a flurry of research on both ends of the spectrum:
new advantage claims were made based on other sampling
experiments [2–4], and new classical simulation techniques
[5–9] were designed to efficiently simulate the experiments
on a classical computer, challenging whether advantage had
been truly achieved.
For a convincing demonstration of quantum advantage,

the task at hand should ideally satisfy the following three
criteria: (i) it can be solved efficiently in a near-term
quantum experiment; (ii) it is provably classically hard to

solve, i.e., takes superpolynomial time as the system size
scales; (iii) the solution can be efficiently verified with a
classical computer with minimal trust in the experiment.
For random circuit sampling, the main problem is that

the verification seems unavoidably tied to the underlying
classical hardness. Consequently, it seems to inherently
require exponential time to classically verify the output.
A recent proposal to address this challenge involves the
study of random peaked circuits [10]; however, the current
understanding of these circuits is insufficient to determine
their viability as a quantum advantage experiment. There
exist many other proposals, like Shor’s algorithm [11],
Yamakawa and Zhandry search [12], variational quantum
eigensolvers [13], algorithms for verifying quantumness
[14], and more, that all seem to satisfy at most two of the
above three points.
However, quantum resources offer more than just poten-

tial computational speedups, where ultimately time is the
resource that one wants to minimize. For example, it is
known (or in same cases strongly conjectured) that super-
polynomial advantages exist in communication complexity
[15,16], sample complexity [17,18] and space complexity
[19,20]. All these advantages stem from the fact that quan-
tum information processing not only provides potential
benefits in computation, but also in the way data can be
stored, communicated and accessed in a quantum setting.
In this Letter, we present a new approach that combines

the two ideas that quantum computers are inherently
samplers, and that they can leverage quantum resources
in ways classical computers cannot for their classical
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counterparts. We show that in a sample-to-sample setting,
quantum computing can achieve the largest possible
advantage. Proofs and technical discussions are included
in Supplemental Material (SM) [21].
Quantum advantage in complement sampling—Let

ω ¼ f0; 1gn be a set of N ¼ 2n elements. We will focus
on the following problem.
Problem 1 (Complement Sampling)—Given (quantum)

sampling access to the uniform distribution over a subset
S ⊂ ω with cardinality K, output an element y∈ S̄ where S̄
is the complement of S.
Complement sampling can be viewed as a sample-to-

sample problem where, given samples from some set A
according to a distribution μA, one has to output something
from a related set B, according to a distribution μB. This is
different than, for example, most problems in classical
[29,30] and quantum [31–33] machine learning that use the
number of samples as a complexity measure. For a concrete
example, [34] studies the sample complexity of the quan-
tum coupon collector, where the task is to fully identify a
subset A given quantum sampling access to its elements. In
contrast, complement sampling does not require learning
anything about the subset A.
In this Letter, we study the power of quantum samples

and quantum computing over classical samples in solving
complement sampling. Given a probability distribution
D∶S ⊆ ω → ½0; 1�, a quantum sample from D is defined
as having access to a single copy of the state [17,32]

jSDi ¼
X

x∈ S

ffiffiffiffiffiffiffiffiffiffi
DðxÞ

p
jxi:

When D is the uniform distribution, we simply write jSi.
Measuring copies of jSDi in the computational basis is
identical to classical sampling from the distribution DðxÞ.
Thus there would be no advantage to a classical algorithm
in having access to the quantum samples if all the classical
algorithm can do is computational basis measurements.
From a purely information-theoretic perspective, it is not

immediately clear that quantum samples should provide
any advantage to a quantum algorithm either. Since the
required output for complement sampling is a classical
n-bit string, it is natural to compare the amount of classical
information received per sample. Holevo’s theorem guar-
antees that the maximum information content per sample is
the same for quantum and classical samples: both yield at
most n bits of classical information [35]. Nevertheless, we
prove that quantum samples can offer a dramatic advantage
over classical samples in complement sampling: our main
result is a characterization of the quantum and classical
sample complexity in solving this task with certain success
probabilities.
Theorem 1 (Informal, from Theorems 5 and 6 in SM

[21])—Let 1 ≤ K ≤ N − 1 be the cardinality of a subset
S ⊂ ω. Then there is a polynomial-time quantum algorithm

that uses only 1 quantum sample and solves complement
sampling with probability

minfK;N − Kg
maxfK;N − Kg :

Let δ∈ ½0; 1
2
�. Then any classical algorithm that solves

complement sampling with success probability ≥ 1
2
þ δ

needs at least

N −
2ðN − KÞ
2δþ 1

;

distinct classical samples.
The classical lower bound is exactly matched by a simple

randomized algorithm: it outputs a uniformly random
element from the set of all possible elements, excluding
those observed in the classical samples. The quantum
algorithm, which we describe later, solves complement
sampling by doing something even stronger than what is
stated in Theorem 1: it (approximately)

jSi ¼ 1ffiffiffiffi
K

p
X

x∈ S

jxi ⟶ jS̄i ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
N − K

p
X

x∉S
jxi;

from which a sample from S̄ is simply obtained by
performing a measurement in the computational basis.
Hereafter, we use Landau symbols O and Ω for asymp-

totic upper and lower bounds, respectively. For cases where
polylogarithmic terms are omitted, we use Õ and Ω̃ instead.
Theorem 1 shows that for K ¼ N=2, the classical sample
complexity is ΩðNÞ for any δ ¼ Ωð1Þ whilst the quantum
algorithm succeeds with probability 1 using only a single
quantum sample. From a theoretical perspective, this is a
remarkable feat: it shows that in a sample-to-sample setting,
quantum computation can achieve the largest possible
separation from classical computation, namely a gap of 1
versus a linear (in N) number of samples. This contrasts
with, for example, the case of black-box query complexity,
as Aaronson and Ambainis [36] showed that no partial
Boolean function has quantum query complexity 1 while
requiring a linear number of randomized queries [37].
Using Kolmogorov complexity we also show an explicit

circuit lower bound on any classical sampler that uses only
a polynomial number of samples and returns samples
uniformly at random from the complement (which the
quantum algorithm allows one to do).
Theorem 2 (Informal, from Theorem 8 in SM [21])—Let

K ¼ N=2 and N ¼ 2n. For n ≥ 1 sufficiently large, any
sampler that takes as input polyðnÞ classical samples from S
and outputs samples from S̄ uniformly at random must have
circuit complexity at least Ω̃ðNÞ.
The Kolmogorov complexity argument is particularly

insightful of why complement sampling works in a
quantum setting, as it highlights the key difference between
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classical and quantum samples. Classical samples can be
cloned and reused indefinitely. For example, they can be
used to construct a circuit that describes S and, in turns,
a sampler for S̄. In comparison, our quantum algorithm
destroys the quantum sample in the process of providing a
sample from the complement. This means that the quantum
algorithm needs a new input for every generated output.
The quantum algorithm—Our initial inspiration comes

from the construction by Aaronson et al. [39]. The authors
show how several notions of complexity on quantum states
are related in intricate ways. Consider two arbitrary ortho-
gonal states jai and jbi spanning a two-dimensional space.
The conjugate (or Fourier) basis within this subspace is
given by the equal superpositions jϕþi ¼ ðjai þ jbiÞ= ffiffiffi

2
p

and jϕ−i ¼ ðjai − jbiÞ= ffiffiffi
2

p
. Their main result is that a

circuit which (approximately) swaps jai to jbi and back
can be used to build another circuit which (approximately)
distinguishes between jϕþi and jϕ−i. Vice versa, a dis-
tinguisher for jϕþi and jϕ−i can be used to make a swapper
for jai and jbi. This implies that the swapping complexity
of two orthogonal states is related to the distinguishing
complexity of the conjugate states. In particular, an efficient
implementation of one implies an efficient implementation
of the other.
How can this be used for the complement sampling

problem? A Boolean function f on the domain ω defines
the phase state

jyfi ¼
1ffiffiffiffi
N

p
X

x∈ω

ð−1ÞfðxÞjxi:

Consider the case of subsets of cardinality K ¼ N=2. It can
be observed that any subset state and its complementary
state can be expressed using phase states

jSi ¼ 1ffiffiffi
2

p �jyfconi þ jyfbali
�
;

jS̄i ¼ 1ffiffiffi
2

p �jyfconi − jyfbali
�
;

where fcon is a constant function (it maps all inputs
x∈ω to 0) and fbal is a balanced function (half of the
inputs in ω get mapped to 0 and the other half get mapped
to 1). As the two states are orthogonal, the conjugate states
are

jyfconi ¼
1ffiffiffi
2

p ðjSi þ jS̄iÞ;

jyfbali ¼
1ffiffiffi
2

p ðjSi − jS̄iÞ:

But these are just the postquery states of the Deutsch-Jozsa
algorithm [40], and therefore can be efficiently distin-
guished with probability 1. Figure 1(a) illustrates the distin-
guisher circuit. Using the Aaronson et al. construction, the

Deutsch-Jozsa distinguisher can be turned into a swapper
for jSi and jS̄i. The swapper is illustrated in Fig. 1(b), and
derived in Sec. I of SM [21]. We can now argue that no
perfect swapper for jSi and jS̄i exists for values K ≠ N=2.
Indeed, only for K ¼ N=2 we have that any two different
subsets S1, S2 have perfectly distinguishable orthogonal
conjugate states (see Proposition 2 in SM [21]). If a perfect
swapper would exist for K ≠ N=2, one could violate the
distinguishability limits given by the Helstrom bound [41].
By inspecting the swapper circuit based on the Deutsch-

Jozsa distinguisher, we find that, restricted to the register
where jSi is held, it implements a reflection around the
uniform superposition of basis states. Up to a global phase,
this is the Grover diffusion operator U ¼ 2jþnihþnj − I.
With this new insight we generalize the algorithm to K ≠
N=2 in two different ways. The first, which we simply call
complement swapper, directly applies U to any jSi. For
values ofK a constant fraction away fromN=2 the resulting
state has constant overlap with the complement jS̄i. The
second algorithm, which we call zero-error swapper, uses
an additional ancilla as a flag qubit and a controlled
application of U. This is illustrated in Fig. 1(c).
Figure 2 compares the performance of four algorithms as

a function of β∈ ½−1=2; 1=2�, which we define as the
deviation from the ideal subset size ratio K=N ¼ 1=2þ β.
The complement swapper outputs complementary samples
with probability 1 − 4β2 (solid red line), but does not
provide information on the correctness of the sample.

(c)

(b)(a)

FIG. 1. Distinguisher and swappers for complement sampling.
(a) Our distinguisher can be thought of as the Deutsch-Jozsa
algorithm followed by a copy of the measurement outcome into
an ancilla qubit. (b) The complement swapper can be thought of
as the Grover diffusion operator U ¼ 2jþnihþnj − I up to a
global phase. (c) The zero-error swapper uses the controlled-U,
the gate WðqÞ ¼ ei arccosð

ffiffi
q

p ÞY , and an ancilla qubit that upon
measurement outcome 0 indicates correctness. The parameters
are set to b ¼ 0, q ¼ ½2ð1 − K=NÞ�−1 if K < N=2, and to b ¼ 1,
q ¼ N=ð2KÞ if K ≥ N=2.
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The zero-error swapper outputs complementary samples
with probability ½ð1 − 2jβjÞ=ð1þ 2jβjÞ� (dashed blue line),
with the guarantee that the output is correct (i.e. it is a Las
Vegas algorithm). Theorem 5 in SM [21] shows that this is
the optimal success probability for any zero-error algorithm
when K ≥ N=2, as well as when no extra auxiliary qubits
are allowed (except for the flag qubit) and K < N=2. In our
proof we construct the hardest instances of S in the sense
of maximizing the violation of the conservation of inner
products under unitary transformations, which puts an
upper bound on the achievable success probability. The
quantum algorithm for the coupon collector [34] can also
be used for complement sampling (purple dash-dotted line),
but it achieves half the probability of success of our
complement swapper. Our improvement arises from the
coherent reflection around the uniform superposition,
whereas the quantum coupon collector performs a meas-
urement fjþnihþnj; I − jþnihþnjg on jSi, followed by a
measurement in the computational basis. The authors [34]
additionally consider a stronger input model which gives
access to the state preparation circuit for jSi. We do not
compare against this version of their algorithm because
complement sampling does not allow access to the state
preparation circuit. Finally, the success probability of the
optimal classical algorithm based on random guessing is
½ð1=2 − βÞ=ð1 − 1=NÞ� ≈ 1

2
− β (green dotted line), which is

large for negative deviations.
Toward experimental demonstrations—So far we have

only discussed worst-case classical hardness results, which
are problematic if one also wants to instantiate the problem
in an actual experiment. Even worse, one might argue that
these hard instances hide all their complexity in the state
jSi, a comment that we justify in Sec. III of SM [21] by

proving that most states of the form jSiwithK ¼ N=2 have
exponential quantum circuit complexity [42]. To show that
complement sampling is indeed capable of demonstrating
quantum advantage, we show that the problem remains
hard for most choices of S, as long as there is no particular
structure to them. We focus on the case where K ¼ N=2.
Consider the family of subsets S ¼ fSkgk where each
subset is given by Sk ¼ fy∶ y ¼ PkðxÞ and the first bit of
x∈ω is 0g for some strong pseudorandom permutation Pk

with a key k∈ f0; 1gλ, and λ∈N is the security parameter.
We prove the following result.
Theorem 3 (Informal, from Theorem 7 in SM [21])—Let

K ¼ N=2 and N ¼ 2n. Let A be a polynomial time algo-
rithm that has sampling access to S. Under the assumption
of the existence of one-way functions, for all such A it must
hold that

Pr ½A outputs a y∈ S̄� < 1

2
þ 1

polyðnÞ :

Equipped with the above results, we propose an experi-
ment to demonstrate the advantage of quantum over classical
resources in a provable, verifiable and NISQable manner.
For a total of r rounds, a player and referee play the
following interactive game: (1) The referee picks a pseudo-
random permutation P with inverse P−1 and defines S ¼
fy∶y ¼ PðxÞ and the first bit of x∈ω is 0g. (2) The
(quantum) player asks for j (quantum) samples correspond-
ing to the uniform distribution over elements in S. A quan-
tum player can perform coherent operations on the quantum
samples. The player sends back a candidate element ŷ
supposedly from S̄. (3) The referee verifies that ŷ∈ S̄ by
checking if x̂ ¼ P−1ðŷÞ has the first bit equal to 1.
A sketch of the proposed experiment is provided in

Fig. 3. The best strategy for the classical player is to output
any sample different from the observed samples (we prove
this in Sec. II of SM [21]). For j ¼ 1, this random guessing
strategy has success probability of 2n−1=ð2n − 1Þ, quickly
approaching 1=2 for large n. By repeating the experiment a
total of r times, each time with a different pseudorandom
permutation, the probability of succeeding in all rounds is
approximately 1=2r. On the other hand, the quantum player
can use our algorithm to obtain jS̄i from jSi. This strategy
succeeds with probability 1 at each of the r rounds. In
reality, the quantum player only needs to succeed with
probability ≥ 1

2
þ 1=polyðnÞ at each round in order to beat

the classical player over r ¼ polyðnÞ rounds. Thus, the
player can tolerate a small rate of noise in the quantum
computation. For example, in the simplistic noise model
where each gate fails with probability λ, the overall circuit
fidelity is of the order of ð1 − λÞm wherem is the number of
gates. As we will see, our quantum circuit only needsOðnÞ
gates and Oðlog nÞ circuit depth; the bottleneck being the
n-qubit Toffoli gate, which can be implemented inOðlog nÞ

FIG. 2. Comparison of complement sampling algorithms given
a single sample as input. The vertical axis is the probability of
obtaining a sample from the complementary set. The horizontal
axis is the deviation from the ideal subset size ratio K=N ¼
1=2þ β. When β ¼ 0 the quantum algorithms based on swappers
are exact.
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circuit depth with 1 additional ancilla using the construc-
tion from [44].
The preparation of the state jSi by the referee is

computationally more expensive as it requires the imple-
mentation of pseudorandom permutations. As a near-term
toy example, one could implement permutations using the
Simplified Advanced Encryption Standard (S-AES) proto-
col. S-AES uses a block size of 16 bits (as opposed to
128 bits for AES) and a key size of 16 bits as well (128, 192
or 256 for AES). A system size of 16 can display features of
quantum advantage: from Theorem 1 with, e.g., N ¼ 216,
K ¼ 215 and δ ¼ 1=6, any classical algorithm solving
complement sampling requires 214 ¼ 16384 distinct sam-
ples. A quantum circuit implementation of S-AES based
on [45] requires only 48 qubits, 168 Toffoli gates, 364
controlled NOT gates, and 75 NOT gates. Beyond n ¼ 16
one could resort to approximate pseudorandom permuta-
tions built from layers of random reversible 3-bit gates.
Exponentially small error can be achieved in depth linear in
nwhen using one-dimensional nearest-neighbor layers, and
in depth

ffiffiffi
n

p
when using two-dimensional layers [46].

When noise affects the computation, the referee is allowed
to use quantum error detection codes [47] before sending
the state jSi to the player. By discarding circuit runs
where an error is detected, the referee is expected to
increase the fidelity of the state preparation. This comes
at the cost of introducing more qubits, gates, and runs, but
near-term protocols have shown promising results with low
overheads [48].
We expect that in the first complement sampling experi-

ments all computations from both referee and player will be

performed on the same device. Smart choices of families of
subsets, and the use of circuit optimizations and error
detection, may lead to a NISQable advantage experiment.
Discussion and future work—In this Letter we have

shown that in a sample-to-sample setting quantum algo-
rithms provide the largest possible advantage over their
classical counterparts. The classical hardness of the prob-
lem is very robust: even instances that are generated using
strong pseudorandom permutations must be classically
hard under the assumption of the existence of one-way
functions. On the other hand, the quantum advantage
vanishes if classical samples are provided as input instead
of the quantum samples. This indicates that the present
approach does not provide a purely computational quan-
tum advantage, where both the input and output to a
problem are classical.
Our Letter opens up a new direction in demonstrating

an advantage of quantum over classical resources. Our
back-of-the-envelope resource estimation shows that a
proof-of-concept demonstration of complement sampling
is NISQable, but further circuit optimizations are likely
needed to solve instances that are truly classically intrac-
table. Progress on this matter was recently reported in
Ref. [49], where a refined version of the complement
sampling game was successfully executed on quantum
hardware.
Another topic for future work is the search for other

applications of complement sampling. In particular, in the
field of cryptography, we believe that there exist applica-
tions that can utilize the power of quantum computing for
complement sampling.
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