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Abstract. We study a sample complexity vs. conditioning tradeoff in modern signal recovery4
problems (including sparse recovery, low-rank matrix sensing, covariance estimation, and abstract5
phase retrieval), where convex optimization problems are built from sampled observations. We begin6
by introducing a set of condition numbers related to sharpness in the ℓ1 or Schatten-1 norm of7
nonsmooth formulations for these problems. Then, we show that these condition numbers become8
dimension independent constants in each of the example signal recovery problems once the sample size9
exceeds some constant multiple of the recovery threshold. Structurally, this result ensures that the10
inaccuracy in the recovered signal due to both observation noise and optimization error is controlled.11
Algorithmically, such a result ensures that a new restarted mirror descent method achieves nearly-12
dimension-independent linear convergence to the signal in terms of iterations. This new first-order13
method is general and applies to any sharp convex function in an ℓp or Schatten-p norm for p ∈ [1, 2].14
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1. Introduction. This paper studies a sample complexity vs. convex optimiza-18

tion conditioning tradeoff in modern signal recovery problems such as sparse recovery19

[15], low-rank matrix sensing [9, 44], phase retrieval [14], and covariance estimation20

[20]. To illustrate the setup, the challenges, and our results concretely, we will only21

consider the abstract phase retrieval problem (henceforth phase retrieval) in the in-22

troduction. The general setup and results follow a similar pattern and are deferred23

to later sections.24

Phase retrieval asks us to recover an unknown rank-one positive semidefinite25

(PSD) matrix X♮ ∈ Sn given a vector of m measurements b = A(X♮) where the linear26

map A : Sn → Rm is defined by A(X)i = g⊺i Xgi for i.i.d. gi ∼ N(0, In/m). Here and27

throughout, Sn and Sn+ denote the vector space of symmetric matrices and the cone28

of PSD matrices respectively. Concretely, we are asked to29

recover X♮ ∈ Sn from (b,A) where b = A(X♮) ∈ Rm.30

In [10], Candès and Li established an exact recovery result: If m = Θ(n), then,31

with high probability (w.h.p.)1, X♮ is the unique optimizer for the convex optimization32

problem33

min
X∈Sn

{
tr(X) :

A(X) = b
X ∈ Sn+

}
.(1.1)34

Here, the choice of the objective function tr(X) and the constraint X ∈ Sn+ reflect35

prior knowledge that the true signal is low rank and PSD respectively.36
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2 L. DING, AND A. L. WANG

Issues and challenges. Unfortunately, convexity and uniqueness of solution are37

not the end of the story as (1.1) may not be well-conditioned. In such a situation,38

the recovery process may suffer from:39

• measurement error : if the observation b is corrupted by noise, the optimal40

solution of (1.1) may deviate greatly from X♮ or may even cease to exist;41

• optimization error : the problem (1.1) may admit near-optimal and near-42

feasible solutions in terms of function value and constraint violation that are43

far from the true signal X♮;44

• slow algorithm convergence: the iteration complexity of existing first-order45

algorithms for solving (1.1) may depend polynomially on the dimension due46

to polynomially poor conditioning of (1.1).2 Such dependence weakens the47

applicability of existing first-order methods on large-scale instances of (1.1).48

Our contribution. In this paper, we study a notion of conditioning related to49

sharpness for (1.1) based on an unconstrained nonsmooth reformulation of (1.1). This50

notion of conditioning is measured in the Schatten-1 norm and allows us to quanti-51

tatively control each of the above issues. To measure the conditioning of (1.1), we52

introduce the following penalized nonsmooth version of (1.1):53

min
X∈Sn

Fr,ℓ(X) := tr(X) + r ∥A(X)− b∥1 + ℓ dist1(X, Sn+).(1.2)54

Here, the distance dist1(X,Sn+) := infY ∈Sn+ ∥Y −X∥1 is measured in the Schatten-155

norm, i.e., the sum of the singular values, and r, ℓ ≥ 0 are penalty parameters on the56

violations of A(X) = b and X ∈ Sn+ respectively. To clean up the exposition, we will57

understand “ℓp norm” of a matrix to mean its Schatten-p norm and “ℓp norm” of a58

vector to mean its usual ℓp norm. We will also abuse terminology and refer to the rank59

of a matrix or the size of the support of a vector as its “ℓ0 norm”. We emphasize that60

we penalize the violation of A(X) = b by ∥A(X)− b∥1 and not the more common61

least-squares error ∥A(X)− b∥22 and we use the ℓ1 norm in the distance function.62

The term ∥A(X)− b∥1 is sometimes referred to as the least absolute deviation error63

term [43] and is used as a robust version of the least-squares error. Although this64

choice leads to a nonsmooth problem, it also opens the possibility for the function65

(1.2) to be µ-sharp around X♮. Specifically, we will show that Fr,ℓ is µ-sharp around66

X♮ w.r.t. the ℓ1 norm, that is, for all X ∈ Sn67

(1.3) tr(X) + r ∥A(X)− b∥1 + ℓ dist1(X, Sn+)︸ ︷︷ ︸
Fr,ℓ(X)

− tr(X♮)︸ ︷︷ ︸
Fr,ℓ(X♮)

≥ µ
∥∥X −X♮

∥∥
1
.68

When such a bound holds, we will think of the parameters (µ, r, ℓ) as partially de-69

scribing the conditioning of (1.1). Finally, in order to make our notion of conditioning70

“aware” of scaling, we additionally track the Lipschitz constant, L, of (1.2) with re-71

spect to the ℓ1 norm:72

(1.4) |Fr,ℓ(X)− Fr,ℓ(Y )| ≤ L ∥X − Y ∥1 , for all X,Y ∈ Sn.73

We use the set of numbers (µ, r, ℓ, L) to measure the conditioning of (1.1). The74

sharpness parameter µ in some sense will control absolute notions of error, while the75

2These polynomial factors may be even worse when measuring error in terms of distance to the
true solution as opposed to function value.
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SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 3

condition number κ := L/µ will control relative notions of error and convergence rates76

of first-order methods.377

We now describe our main results in the setting of phase retrieval:78

• Conditioning : It is well-known that restricted isometry property (RIP) con-79

stants (see Definition 3.2) can be used to prove exact recovery [15, 44]. Our80

first contribution is a novel connection between RIP constants and sharpness81

in the sense of (1.3). By adapting known proofs of exact recovery based82

on restricted isometry, we can describe the parameters (µ, r, ℓ, L) in terms83

of RIP constants. In particular, we show that there exist µ, r, ℓ, L = Θ(1)84

and m = Θ(n), so that w.h.p., the function Fr,ℓ is µ-sharp and L-Lipschitz.85

Almost identical results on dimension-independent conditioning for the other86

signal recovery problems are also presented in Theorem 4.1.87

• Optimization error and error bound : In practice, we are unable to solve (1.1)88

exactly and must resort to numerical optimization. Using µ-sharpness, i.e.,89

(1.3), we have that any ϵ-suboptimal solution4 X to (1.1) or (1.2) satisfies90 ∥∥X −X♮
∥∥
1
≤ ϵ/µ. Using the estimate µ = Θ(1), we are able to control91

how optimization error affects the distance to solution,
∥∥X −X♮

∥∥
1
, a form92

of recovery error. Thus, µ-sharpness can be viewed as a particular form of an93

error bound, see (1.5) for a general definition. Compared to approaches [7,94

22, 24, 51] based on Hoffman’s eror bound [33] or other regularity conditions,95

e.g., strict complementarity [1], our approach based on the RIP yields a much96

clearer relationship between the parameters of the error bound, e.g., µ, r, ℓ,97

and the underlying dimension n. See the paragraph containing (1.5) in Section98

1.1 for detailed discussions.99

• Measurement error and sensitivity of solutions: Suppose that instead of ob-100

serving b = A(X♮), we observe b̃ = A(X♮) + δ with a (possibly adversarial)101

noise term. It is known that (1.1) actually admits a unique feasible solution102

X♮ w.h.p. [10], thus (1.1) with b replaced by b̃ is likely to be infeasible. On103

the other hand, given any optimizer X̃ of (1.2) with b̃ in place of b, we may104

use sharpness in the noiseless case to bound
∥∥∥X̃ −X♮

∥∥∥
1
≤ O(∥δ∥1 /µ) in the105

noisy case (see Proposition 5.1).106

In a similar vein, we may consider a setting where b is corrupted by a sparse107

vector δ. Sharpness in the noiseless case tells us that the optimizer of (1.2)108

is unchanged if |supp(δ)| /m = O(µ), i.e., if up to an O(µ) fraction of the109

entries of b are corrupted (see Proposition 5.6 and Example 5.7 for a formal110

statement).5111

Thus, the parameter µ allows us to control how measurement error affects112

the recovery process. Our estimate µ = Θ(1) shows that the optimizer is113

insensitive to noise in b.114

• Algorithms: Since (1.1) has well-conditioned sharpness in the ℓ1 norm, its115

sharpness in the standard ℓ2 norm is necessarily ill-conditioned (see Proposi-116

tion 6.2). This ill-conditioning causes both the theoretical performance guar-117

3One may replace the ℓ1 norm with other norms in the right hand side of these definitions (1.3)
and (1.4). The benefit of the ℓ1 norm, as we will discuss, is that the conditioning in our applications
can be shown to be dimension-independent.

4Given an optimization problem minx∈X f(x) with minimum f∗, a feasible region X in some finite
dimensional Euclidean space, and an objective function f , a vector x is an ϵ-suboptimal solution to
minx∈X f(x) if f(x)− f∗ ≤ ϵ and x ∈ X .

5Naturally, the allowed fraction of corrupted entries will satisfy O(µ) < 1/2.
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4 L. DING, AND A. L. WANG

antees and the numeric performance of standard sharpness-aware first-order118

methods, which are based on the ℓ2 norm, to deteriorate as the dimension119

increases (see Figure 1a). Thus, to solve large-scale instances of (1.1), we de-120

velop a new restarted mirror descent algorithm (RMD), which can be applied121

to general convex functions that are µ-sharp and L-Lipschitz in terms of an122

ℓp norm with p ∈ [1, 2] (see Section 6). We may apply this algorithm to (1.2)123

with p = 1 to produce an ϵ-suboptimal solution in124

O

(
κ2 log(n) log

(
1

ϵ

))
125

iterations. RMD’s logarithmic dependence on n contrasts with the linear126

dependence on n that an ℓ2-based algorithm would incur. Furthermore, each127

iteration of RMD can be implemented in time comparable to a single iteration128

of subgradient descent on (1.2).6 These convergence guarantees also hold129

after appropriate modifications in the presence of corruption or noise (see130

Propositions 5.1 and 5.6) with guarantees depending on κ.131

Our results on optimization error, measurement error, and algorithms above de-132

pend solely on the conditions (1.3) and (1.4) and are stated in terms of paramters133

(µ, r, ℓ, L). For a general problem, it may be that these conditions do not hold for134

any choice of these parameters. However, we will show that under standard statisti-135

cal assumptions, not only do (1.3) and (1.4) hold for some choice of (µ, r, ℓ, L), but136

that these parameters are well-controlled. We emphasize again that the above results137

continue to hold similarly for other modern signal recovery problems.138

1.1. Related work. To better position our work in the literature, in this section,139

we discuss related work on error bounds and conditioning, sharpness and conditioning140

in statistical recovery, and first-order methods for minimizing sharp functions.141

Establishing error bounds and conditioning. The sharpness condition in (1.3) can142

be viewed as an error bound for (1.1). Error bounds and conditioning are central to143

optimization problems both structurally and algorithmically [1, 24, 34, 35, 38, 55].144

Consider the following general error bound for (1.1):145

(1.5) tr(X)+r ∥A(X)− b∥+ ℓ dist(X,Sn+)− tr(X♮) ≥ µ
∥∥X −X♮

∥∥s , for all X ∈ Sn,146

where, in addition to the r and ℓ introduced in (1.3), we also have the power s, and147

general norms throughout. Most methods for establishing error bounds either require148

that (1.1) (or the more general problem (P) introduced in later sections) is linear or its149

subdifferential graph is linear [7, 24, 33], or that regularity conditions such as Slater’s150

condition [5, 54], strict complementarity [22, 24, 51], or nondegeneracy conditions [37]151

hold. Additional work has studied error bounds in generic semialgebraic settings [23].152

Results of this type generally place an emphasis on establishing the power s (usually153

to 1 or 2) and provide only weak bounds on µ, r, and ℓ, that potentially depend on the154

dimension polynomially or exponentially. This is natural as the power s determines155

the linear or sublinear convergence rate [2, 34]. On the other hand, if µ, r, or ℓ depend156

polynomially (or even exponentially) on the dimension, then first-order algorithms157

may still be doomed to dimension-dependent convergence rates. This work connects158

the quantities µ, r, and ℓ to the quantitatively better-understood restricted isometry159

6In the phase retrieval case, RMD requires performing two eigenvalue value decompositions
per iteration, whereas subgradient descent requires performing one eigenvalue decomposition per
iteration.
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SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 5

property (RIP). This connection gives precise estimates of the conditioning (µ, r, ℓ, L)160

in our settings and shows that these quantities are in fact dimension independent.161

Sharpness and well conditioning in statistical recovery. A series of works [18, 19,162

26, 36] studied the local landscape of nonconvex nonsmooth formulations in statistical163

recovery near the signal, particularly in low-rank matrix recovery. They showed that164

near a factored form of the ground truth X♮, the natural loss function is sharp, and165

the local condition number (in terms of the Frobenius or Schatten-2 norm) does not166

depend on the dimension directly. Hence, they can apply off-the-shelf algorithms,167

such as subgradient and prox-linear methods [21, 25] to achieve quick convergence to168

a factored form of X♮. Note that results of this type are local, and the algorithms169

require specific model knowledge to construct an appropriate initializer to achieve170

provable guarantees. In contrast, the methods developed here are convex optimization171

methods so they are not as sensitive to poor initialization.172

First-order methods for minimizing sharp functions. Early work in this area es-173

tablished linear convergence of the subgradient method (with appropriate step sizes)174

for µ-sharp L-Lipschitz functions in the ℓ2 norm [28, 32, 42]. These methods and their175

proofs are adapted to the ℓ2 norm and incur a linear dependence on the dimension176

when applied to µ-sharp L-Lipschitz functions in the ℓ1 norm.177

Similar guarantees can be derived as a consequence of restarting schemes. Perhaps178

the earliest work discussing restarting schemes is [39], where a restarting scheme179

was developed for convex Hölder-smooth minimization in ℓp spaces. More recent180

work [38, 47, 48, 53] has used restarting schemes to accelerate variants of (sub)gradient181

descent in the presence of different growth conditions, e.g., a local guarantee of the182

form7183

f(x)−min
x

f(x) ≥ µ dist(x,X )s184

for all x close enough to the set of minimizers, X of a function f . Here, dist(·, ·) is185

typically measured in the ℓ2 norm and s ∈ [1,∞) captures the Hölderian growth of186

f . Taking s = 1 recovers the usual definition of sharpness. In this setting, restarted187

subgradient descent achieves a linear convergence rate of O
(
κ2 log(1/ϵ)

)
[53] where188

the condition number κ is measured in the ℓ2 norm. Adaptive versions of these restart189

schemes have also been developed [45, 48] that do not require the sharpness parameter190

µ to be specified but incur an additional log(1/ϵ) factor in the convergence rate.191

We emphasize that much of the preceding literature on first-order methods for192

sharp convex functions focuses on the ℓ2 setting. The only exception we know of is the193

work of [48], which develops a restarted mirror descent method for functions satisfying194

a property inspired by sharpness in the ℓ2 setting. Roulet and d’Aspremont [48] show195

that their method can be used to achieve O(κ2 log(n) log(1/ϵ)) convergence on this196

particular function class. Unfortunately, in the ℓp setting with p ∈ [1, 2), their proxy197

for sharpness is quite restrictive and does not allow solutions with sparseness or low-198

rank as is common in signal recovery. Our work in section 6 is closely related to [48]199

but uses a different specification of the restarting mechanism. This change allows us200

to use the natural definition of sharpness in an ℓp norm for p ∈ [1, 2] (see Remark 6.7201

for a thorough comparison).202

1.2. Outline and notation.203

Outline. We begin, in Section 2, by setting up notation and defining sharpness204

in the ℓ1 norm for an abstract signal recovery problem. We will quantify sharpness205

7Other forms of the necessary “growth” are possible in different settings.
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6 L. DING, AND A. L. WANG

and conditioning by a set of parameters (µ, r, ℓ, L). In Sections 3 and 4, we establish206

conditioning and sharpness under the Gaussian sensing models for the problems of207

sparse recovery, low-rank matrix and bilinear sensing, and covariance estimation in208

the absence of noise. Our proof relies on the well-known restricted isometry property209

(RIP). In section 5, we investigate how sharp instances of the abstract signal recovery210

problem behave in the presence of noise. In section 6, we describe and analyze an211

algorithm restarted mirror descent (RMD) that has linear and nearly dimension-212

independent convergence rates when applied to sharp functions in any ℓp or Schatten-p213

norms for p ∈ [1, 2] (see Assumption 6.1). In conjunction with the results of Section 5,214

we may apply RMD to obtain linear nearly dimension-independent convergence rates215

even in the presence of noise for these statistical recovery problems.216

A note on ℓp and Schatten-p norms. Let p ∈ [1,∞]. We will overload notation217

and use ∥x∥p for the standard ℓp norm when x ∈ Rn and the Schatten-p norm when218

x ∈ Rn×N . Recall that the nuclear norm is equivalent to the Schatten-1 norm,219

the Frobenius norm is equivalent to the Schatten-2 norm, and the spectral norm is220

equivalent to the Schatten-∞ norm. To streamline the text, we will also take “ℓp221

norm” of a matrix to mean its Schatten-p norm.222

ℓ0 “norm”. Finally, we abuse notation and write ∥x∥0 for the size of the support223

of a vector or the rank of a matrix. We caution that this is not a norm.224

2. Preliminaries. In this section, we describe an abstract signal recovery prob-225

lem and the convex optimization approach. Then, we define our measures of sharpness226

and conditioning.227

2.1. Signal recovery via convex optimization. Let V be the space of the228

signal, i.e., V = Rn, Rn×N , or Sn. We will equip V with the ℓ1 norm. Again, “ℓ1”229

means the standard ℓ1 norm if V = Rn and the Schatten-1 norm if V = Rn×N or230

V = Sn. Let Rm be the space of the measurements equipped with the ℓp norm for231

some p ∈ [1, 2] to be determined.232

In the abstract signal recovery problem, we aim to recover an unknown element233

x♮ ∈ V , called the signal, from a linear sensing operator, A : V → Rm, and a vector234

of measurements, b = A(x♮) ∈ Rm. The convex optimization approach solves the235

following generalization of (1.1),236

min
x∈V

{
f(x) :

A(x) = b
x ∈ K

}
,(P)237

to recover x♮. Here, the function f : V → R is convex and K ⊆ V is a closed convex238

cone (possibly all of V ). They reflect our prior knowledge of x♮, e.g., if x♮ is sparse,239

we set f(x) = ∥x∥1.240

Next, we define the sharpness and conditioning of (P).241

2.2. Definition of sharpness and conditioning. Given x ∈ V , and a closed242

nonempty set X ⊆ V , let243

dist1(x,X ) := min
x̄∈X
∥x̄− x∥1 .244

The following definition specializes the notion of sharpness for a convex function245

(also referred to as weak sharpness in the literature [30]) to the ℓ1 setting.246

Definition 2.1 (Sharpness). Let ϕ : V → R be a convex function, X ⊆ V a247

nonempty convex set, and let µ > 0. We say that ϕ is µ-sharp around X w.r.t. the ℓ1248
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SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 7

norm if X = argminϕ and249

ϕ(x̄)−min
x∈V

ϕ(x) ≥ µdist1(x̄,X ), ∀x̄ ∈ V.250

We extend the notion of sharpness to a problem of the form (P) as follows.251

Definition 2.2 (Sharpness of (P)). Consider a problem of the form (P). Let252

x♮ ∈ V , µ > 0, and r, ℓ ≥ 0. We say that (P) is (µ, r, ℓ) sharp around x♮ w.r.t. the253

ℓ1 norm if x♮ is feasible in (P) and254

Fr,ℓ(x) := f(x) + r ∥A(x)− b∥p + ℓ dist1(x,K)(2.1)255

is µ-sharp around x♮. Equivalently, if x♮ is feasible in (P) and256 ∥∥x− x♮
∥∥
1
≤ 1

µ

(
f(x)− f(x♮) + r ∥A(x)− b∥p + ℓ dist1(x,K)

)
, ∀x ∈ V.(2.2)257

If K = V , then ℓ is inconsequential, so we will simply say (P) is (µ, r) sharp around258

x♮ w.r.t. the ℓ1 norm.259

Remark 2.3. Suppose (P) is (µ, r, ℓ)-sharp around x♮ w.r.t. the ℓ1 norm for some260

µ > 0, r, ℓ ≥ 0. Note that x♮ is necessarily the unique optimal solution of (P).261

Moreover, we have an error bound: If we numerically solve (P) and produce x̃ ∈ V ,262

then we may bound the distance
∥∥x̃− x♮

∥∥
1
according to (2.2). This bound holds even263

if f(x̃) < f(x♮), which could happen as x̃ is not necessarily feasible for (P).264

Recall the standard definition of the Lipschitz constant of a function specialized265

to the ℓ1 norm.266

Definition 2.4 (Lipschitz constant). We say that a convex function ϕ : V → R267

is L-Lipschitz w.r.t. the ℓ1 norm if268

|ϕ(x)− ϕ(y)| ≤ L ∥x− y∥1 , ∀x, y ∈ V.269

We are now ready to define the conditioning of (P). Note that the following270

definition depends implicitly on p, which we treat as fixed.271

Definition 2.5 (Conditioning and condition number). Consider a problem of the272

form (P) and suppose x♮ ∈ V is its unique optimizer. Suppose for some r, ℓ ≥ 0 that273

Fr,ℓ is µ-sharp around x♮ and L-Lipschitz w.r.t. the ℓ1 norm, with µ,L > 0. The274

conditioning of (P) is measured by (µ, r, ℓ, L) and the condition number is κ = L
µ .275

It is possible for a problem of the form (P) to not have well-defined conditioning276

according to this definition. For example, if x♮ is not the unique minimizer of (P), then277

its conditioning is not well-defined. Nevertheless, we will show that under standard278

statistical assumptions, many interesting signal recovery problems have well-defined279

conditioning under this definition.280

3. RIP-based sharpness and conditioning in signal recovery. This section281

shows that under bounds on restricted isometry (defined below), sharpness in the282

ℓ1 norm holds for three archetypal modern signal recovery problems: sparse vector283

recovery, low rank matrix sensing, and covariance estimation. Phase retrieval can also284

be thought of as a special case of covariance estimation. The signal to be recovered,285

the optimization formulation in (P), and the choices of norms are the following.286

Definition 3.1. We consider the following signal recovery problems that can be287

formulated as (P) and the corresponding choices for V , f , and K.288
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8 L. DING, AND A. L. WANG

• Sparse vector recovery: recover a k-sparse vector x♮ ∈ V = Rn. In the289

formulation (P), the objective is f(x) = ∥x∥1 and the set K = Rn.290

• Low rank matrix sensing: recover a rank k matrix X♮ ∈ V = Rn×N . In the291

formulation (P), the objective is f(X) = ∥X∥1 and the set K = Rn.292

• Covariance estimation: recover a rank k PSD matrix X♮ ∈ V = Sn. In the293

formulation (P), the objective is the trace f(X) = tr(X) and the set K is the294

set of PSD matrices Sn+.295

The norm, ∥·∥p on the measurement space Rm is, as yet, unspecified in any of296

the three problems above. We have some freedom in the choice of p as long as crucial297

bounds on the restricted isometry property (RIP) hold in the ℓp norm.298

Definition 3.2 (Restricted isometry property). Let k′ be a positive integer and299

A : V → Rm be a linear operator. We will let RIP−
k′(A) and RIP+

k′(A) denote any300

valid uniform lower bound and upper bound on the quantity ∥A(x)∥p / ∥x∥2 as x ∈ V301

ranges over all elements in V with ∥x∥0 ≤ k′.302

Our main result of this section is the following:303

Proposition 3.3. Consider one of the three problems defined in Definition 3.1.304

Let c = 1 for sparse vector recovery and c = 2 for the other two cases. Let k′ > 0 and305

ϵ > 0 and suppose RIP+
k′(A) ≥ 1 and306 √

k′

ck

(
RIP−

ck+k′(A)
RIP+

k′(A)

)
≥ 1 + ϵ.307

Then, (P) is
(

ϵ
2+ϵ ,
√
k′, 2

)
sharp around x♮ w.r.t. ℓ1. Furthermore, the Lipschitz308

constant L w.r.t. ℓ1 is no more than 3 +
√
k′ RIP+

1 (A).309

To put this result in context, we will see in Section 4 that the premise of Propo-310

sition 3.3 holds once the sample size m is a small multiple of the recovery threshold311

w.h.p. with ϵ = 2 and k′ = O(k), and RIP+
1 (A) = O(1). Hence, Problem (P) is312 (

1
2 , O

(√
k
)
, 2
)

sharp around x♮ with a Lipschitz constant no more than O
(√

k
)

313

w.h.p.314

The rest of the section consists of proofs of Proposition 3.3 for the three different315

settings. We start with the proof of sharpness of matrix sensing and discuss how316

this proof can be modified for the other two settings. We then bound the Lipschitz317

constant for all three settings.318

3.1. Proof of sharpness in matrix sensing. This section proves Proposi-319

tion 3.3 for the setting of low-rank matrix sensing and uses many elements of the320

proofs for exact recovery [15, 44].321

Let ∆ ∈ Rn×N be arbitrary. Our goal is to show that322

(3.1)
∥∥X♮ +∆

∥∥
1
+
√
k′ ∥A(∆)∥p −

∥∥X♮
∥∥
1
≥ ϵ

2 + ϵ
∥∆∥1 .323

Change of basis. Suppose U1 ∈ Rn×n and U2 ∈ RN×N are orthonormal changes324

of bases. Note that the inequality (3.1) is invariant upon replacing (X,∆) with325

(U1XU⊺
2 , U1∆U⊺

2 ) and replacing A with Ã : ∆̃ 7→ A(U⊺
1 ∆̃U2). That is:326

(3.1) ⇐⇒327 ∥∥U1X
♮U⊺

2 + U1∆U⊺
2

∥∥
1
+
√
k′
∥∥∥Ã(U1∆U⊺

2 )
∥∥∥
p
−
∥∥U1X

♮U⊺
2

∥∥
1
≥ ϵ

2 + ϵ
∥U1∆U⊺

2 ∥1 .328

This manuscript is for review purposes only.
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Furthermore, RIP−
k′(A) = RIP−

k′(Ã) and RIP+
k′(A) = RIP+

k′(Ã) for any k′. Thus,329

without loss of generality, we may assume that X♮ and ∆ have the following form:330

X♮ =

(
X♮

1,1 0k×(N−k)

0(n−k)×k 0(n−k)×(N−k)

)
and ∆ =

(
∆1,1 ∆1,2

∆2,1 ∆2,2

)
331

whereX♮
1,1 is a nonnegative k×k diagonal matrix and ∆2,2 ∈ R(n−k)×(N−k) is diagonal332

with diagonal entries that are nonnegative and nonincreasing in magnitude.333

Partitioning of the difference ∆. Let δk⊥ := diag(∆2,2) ∈ Rmin(n,N)−k. The rest334

of the proof is based on the idea in [15, 44]. We decompose δk⊥ = σ1 + · · ·+σt where335

each σi ∈ Rmin(n,N)−k. Specifically, let σ1 extract the first k′ coordinates of δk⊥ as its336

first k′ coordinates and be zero for other coordinates. We then let each subsequent σi337

extract the next k′ coordinates of δk⊥ as its (i− 1)k′ +1-th to ik′-th coordinates and338

be 0 for other coordinates. Finally, σt may have fewer than k′ nonzero coordinates of339

δk⊥ and its first (t − 1)k′ coordinates are all zeros. Let Σi denote the matrix of size340

n×N with Diag(σi) in its bottom-right (n− k)× (N − k) block and zeros elsewhere.341

Lower bound on ∥∆2,2∥1. Since σ1, . . . , σt have disjoint supports, we can lower342

bound ∥∆2,2∥1 = ∥δk⊥∥1 by343

∥∆2,2∥1 = ∥δk⊥∥1 ≥
t−1∑
i=1

∥σi∥1 = k′
t−1∑
i=1

∥σi∥1
k′

.344

Using δk⊥ is nonincreasing and each σi is k
′ sparse, we further have345

∥∆2,2∥1 ≥ k′
t∑

i=2

∥σi∥∞ ≥
√
k′

t∑
i=2

∥σi∥2 .346

Next, we use the RIP to obtain347

∥∆2,2∥1 ≥
√
k′

RIP+
k′

t∑
i=2

∥A(Σi)∥p348

(a)

≥
√
k′

RIP+
k′

(∥∥∥∥A(∆1,1 ∆1,2

∆2,2 0

)
+A(Σ1)

∥∥∥∥
p

− ∥A(∆)∥p

)
,349

where (a) is due to triangle inequality. Using the RIP condition again and RIP+
k′ ≥ 1,350

we have351

∥∆2,2∥1 ≥
√
k′
RIP−

2k+k′

RIP+
k′

∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)
+Σ1

∥∥∥∥
2

−
√
k′ ∥A(∆)∥p352

≥
√
k′
RIP−

2k+k′

RIP+
k′

∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
2

−
√
k′ ∥A(∆)∥p .353

Lastly, since

(
∆1,1 ∆1,2

∆2,1 0

)
has rank no more than 2k, we have354

∥∆2,2∥1 ≥
√

k′

2k

RIP−
2k+k′

RIP+
k′

∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
1

−
√
k′ ∥A(∆)∥p355

≥ (1 + ϵ)

∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
1

−
√
k′ ∥A(∆)∥p .356
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10 L. DING, AND A. L. WANG

Putting things together. We are now ready to prove sharpness:357 ∥∥X♮ +∆
∥∥
1
+
√
k′ ∥A(∆)∥p −

∥∥X♮
∥∥
1

358

≥
∥∥∥∥(X♮

1,1 0
0 ∆2,2

)∥∥∥∥
1

−
∥∥X♮

∥∥
1
−
∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
1

359

+
√
k′ ∥A(∆)∥p360

≥∥δk⊥∥1 −
∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
1

+
√
k′ ∥A(∆)∥p (disjoint supports)361

=

(
2

2 + ϵ
+

ϵ

2 + ϵ

)
∥δk⊥∥1 −

∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
1

362

+
√
k′ ∥A(∆)∥p363

≥
(

2

2 + ϵ
(1 + ϵ)− 1

)∥∥∥∥(∆1,1 ∆1,2

∆2,1 0

)∥∥∥∥
1

+
ϵ

2 + ϵ
∥δk⊥∥1 (bound on ∥δk⊥∥1)364

+

(
1− 2

2 + ϵ

)√
k′ ∥A(∆)∥p365

≥ ϵ

2 + ϵ
∥∆∥1 .366

This proves the claim (3.1) as ∆ ∈ Rn×N was arbitrary.367

3.2. Sharpness in sparse vector recovery. One can follow the proof for ma-368

trix sensing almost verbatim by treating the signal x♮ and the sensing vectors in A as369

diagonal matrices. The change-of-bases matrices may be picked as any permutation370

matrix U1 = U2. The change from c = 2 to c = 1 is justified by noting there is no371

extra off-diagonal term for the matrices considered in the argument. Thus, the matrix372 (
∆1,1 ∆1,2

∆2,1 0

)
=
(
∆1,1

0

)
has rank bounded by k instead of 2k.373

3.3. Sharpness in covariance estimation. We may repeat the proof of Sub-374

section 3.1 verbatim after replacing V = Rn×N by V = Sn. The change-of-bases375

matrices may be picked as any orthonormal matrix U1 = U2. We deduce that, under376

the assumptions of this proposition,377

∥X∥1 +
√
k′ ∥A(X)− b∥p378

is ϵ
2+ϵ sharp around X♮. Next, note that tr(X)+2 dist1(X,Sn+) ≥ ∥X∥1. We conclude379

that380

tr(X) + 2 dist1(X, Sn+) +
√
k′ ∥A(X)− b∥p381

is ϵ
2+ϵ sharp around X♮.382

3.4. Proof of Lipschitz continuity. We need to show that383

(3.2) f(x) +
√
k′ ∥A(x)− b∥p + 2dist1(x,K)384

is 3 +
√
k′ RIP+

1 (A) Lipschitz with respect to the ℓ1 norm.385

By the triangle inequality, the objective functions f(x) = ∥x∥1 and f(X) = tr(X)386

are both 1-Lipschitz in terms of the ℓ1 norm. In the covariance estimation setting,387

the distance function dist1(X, Sn+) is also 1-Lipschitz in terms of the ℓ1 norm by the388

triangle inequality.389
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Next, we show the function ∥A(x)− b∥p is RIP+
1 Lipschitz. Indeed, for any390

x1, x2 ∈ V , let ∆ = x1 − x2 =
∑n

i=1 ∆i, where ∥∆i∥0 ≤ 1. We have391 ∣∣∣∥A(x1)− b∥p − ∥A(x2)− b∥p
∣∣∣392

≤∥A(x1 − x2)∥p =

∥∥∥∥∥A
(

n∑
i=1

∆i

)∥∥∥∥∥
p

≤
n∑

i=1

∥A(∆i)∥p393

(a)

≤
n∑

i=1

RIP+
1 ∥∆i∥2

(b)
=

n∑
i=1

RIP+
1 ∥∆i∥1 = RIP+

1 ∥∆∥1 .394

Here step (a) and (b) are due to the RIP and the fact that ∥∆i∥0 ≤ 1 for all i.395

Since f(x) and dist1(x,K) are 1 Lipschitz and ∥A(x)− b∥p is RIP+
1 Lipschitz,396

our proof that the function in (3.2) is
(
3 +
√
k′ RIP+

1 (A)
)
-Lipschitz with respect to397

the ℓ1 norm is complete.398

4. Conditioning, sensing models, and sample complexity. In this section,399

we describe different sensing models of A and show that once m exceeds certain400

thresholds, Problem (P) is well-conditioned in terms of ℓ1 norm (for certain choices401

of the norm ℓp on the measurement space).402

To prove this result, we first describe the precise sensing model in Subsection 4.1.403

Then we collect bounds on the RIP from the literature that ensure that the premise404

of Proposition 3.3 is satisfied. Due to an additional technicality in one of the sensing405

models (labeled “Covariance Estimation I” below), we give a separate proof of its406

conditioning in Subsection 4.2.407

We will describe each sensing map A by specifying its adjoint map A∗. More408

precisely, we equip Sn and Rn×N with the trace inner product and equip Rn and Rm409

with the dot product. For each i = 1, . . . ,m, let ei denote the i-th standard basis of410

Rm. We will specify the distribution of A∗(ei) ∈ V and then recover A = (A∗)∗.411

A summary of the sensing model, the thresholds, and the norms on Rm is de-412

scribed in Table 1. Our main result of this section is the following theorem.413

Theorem 4.1. Suppose the norm on Rm and the sampling map A are described414

according to one of the scenarios in Table 1 and the signal x♮ satisfies ∥x∥0 ≤ k.415

If m ≥ CT (n,N, k), where T (n,N, k) is defined in Table 1 and C is a numerical416

constant, then there are numerical constants c1, c2 > 0 such that w.h.p. the optimiza-417

tion problem (P) is ( 12 ,
√
c1k, 2)-sharp around x♮ and F√

c1k,2
has a Lipschitz constant418

bounded by
√
c2k. Consequently, (P) has a condition number κ bounded by 2

√
c2k.419

4.1. Sensing model, sample complexity, and proof via RIP. In this sec-420

tion, we first describe the sensing models and the thresholds T (n,N, k) on m so that421

bounds on RIP hold for A when Rm is equipped with either the ℓ1 or ℓ2 norms. Then,422

we prove Theorem 4.1 by verifying the premise of Proposition 3.3.423

Recall that RIP−
k′(A) and RIP+

k′(A) are any uniform lower and upper bound on424

∥Ax∥p / ∥x∥2 as x ranges over elements of V with support or rank bounded by k′.425

They will be set to numerical constants c1, c2 below and could differ for different426

sensing models. The norm of Rm will be either ℓp = ℓ1 or ℓp = ℓ2.427

Sparse vector recovery. For sparse vector recovery, the measurements are of the428

form429

A∗(ei) = ai, i = 1, . . . ,m,430
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12 L. DING, AND A. L. WANG

Task A∗(ei) T (n,N, k) ℓp norm on Rm

Sparse vector recovery ai ∈ Rn k log(n/k) ℓ1 or ℓ2
Low rank matrix sensing I Ai ∈ Rn×N max{n,N}k ℓ1 or ℓ2
Low rank matrix sensing II aib

⊤
i ∈ Rn×N max{n,N}k ℓ1

Covariance estimation I aia
⊤
i ∈ Sn nk ℓ1

Covariance estimation II aia
⊤
i − bib

⊤
i ∈ Sn nk ℓ1

Table 1: Description of different statistical signal recovery tasks and the thresholds for
well-conditioning. The entries of Ai, ai, and bi are i.i.d. Gaussian random variables
with appropriate scaling (see Section 4.1). The conditioning of (P) is measured by
( 12 ,
√
c1k, 2,

√
c2k) where c1, c2 > 0 are numerical constants.

where ai
i.i.d.∼ N (0, I/m) when ℓp = ℓ2 and ai

i.i.d.∼ N
(
0, I/m2

)
when ℓp = ℓ1. In431

both settings, we may set w.h.p. RIP+
k′ (A) = c2 and RIP−

k′ (A) = c1 as long as432

m ≳ k′ log( n
k′ ),

8 where c1 and c2 are constants independent of k
′ satisfying c2/c1 ≤ 1.1433

and c2 ≥ 1. This fact is proved in the ℓ2 setting following [13, 27] using results on434

singular values of random matrices; a simple proof can be found in [4, Theorem 5.2].435

This fact can be proved in the ℓ1 setting using [41, Lemma 2.1] and [49, Lemma 4.4].436
9437

Matrix sensing I. For this scenario of matrix sensing, the measurements are of438

the form439

A∗(ei) = Ai, i = 1, . . . ,m,440

where each measurement matrix Ai ∈ Rn×N has Gaussian entries. Each entry of each441

matrix is sampled i.i.d. according to N (0, 1/m) when ℓp = ℓ2 setting, and according442

to N
(
0, 1/m2

)
when ℓp = ℓ1. In both settings, we may set w.h.p. RIP+

k′(A) = c2443

and RIP−
k′(A) = c1 as long as m ≳ k′ max(n,N), where c1 and c2 are constants444

independent of k′ satisfying c2/c1 ≤ 1.1 and c2 ≥ 1. This fact is proved in the ℓ2445

setting in [12, Theorem 2.3]. This fact is proved in the ℓ1 setting in [36, Proposition446

1].447

Matrix sensing II. For this version of matrix sensing, which is more commonly448

known as bilinear sensing, the measurements are of the form449

A∗(ei) = aib
⊤
i , i = 1, . . . ,m,450

and the measurement vectors ai
i.i.d.∼ N(0, In/m) and bi

i.i.d.∼ N(0, IN/m). We equip451

Rm with the ℓ1 norm. In this setting, we may set w.h.p. RIP+
k′(A) = c2 and452

RIP−
k′(A) = c1 as long as m ≳ k′ max(n,N), where c1 and c2 and constants inde-453

pendent of k′ satisfying c2/c1 ≤ 4 and c2 ≥ 1. This fact is proved according to [9,454

Theorem 2.2].455

Covariance estimation I. For this scenario of covariance estimation, the measure-456

ments are of the form457

A∗(ei) = aia
⊤
i , i = 1, . . . ,m,458

8We write a ≳ b if a ≥ Cb for some numerical constant C > 0.
9Specifically, [41, Lemma 2.1] provides a RIP bound with a quantity called Guassian width. One

then use [49, Lemma 4.4] to estimate the width and obtain the concrete RIP above.
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where each measurement vector ai
i.i.d.∼ N(0, In/m). We equip Rm with the ℓ1 norm.459

The proof of Theorem 4.1 for this setting differs from the proof of Theorem 4.1 for460

all other settings. This difference stems from the fact that
〈
A∗(ei), X

♮
〉
does not461

have zero mean, thus biasing the output vector as discussed in [20, Section III.B].462

Attempting to follow the same proof strategy will need RIP+
k′(A) to be a numerical463

constant. However, the quantity RIP+
k′(A) scales as

√
k′. This prevents us from464

applying Proposition 3.3 directly in this setting.465

We provide a separate proof for Theorem 4.1(Covariance estimation I) in Sub-466

section 4.2. The proof in this setting is completed by analyzing the conditioning of a467

related model of covariance estimation (Covariance estimation II).468

Covariance estimation II. For this scenario of covariance estimation, the mea-469

surements are of the form470

A∗(ei) = aia
⊤
i − bib

⊤
i , i = 1, . . . ,m,471

where each measurement vector pair ai, bi
i.i.d.∼ N(0, In/(2m)). We equip Rm with the472

ℓ1 norm. In this setting, we may set w.h.p. RIP+
k′(A) = c2 and RIP−

k′(A) = c1 as473

long as m ≳ nk′. Here, c1 and c2 are constants independent of k′ satisfying c2/c1 ≤ 4474

and c2 ≥ 1. To prove this fact, consider the operator Ā : Rn×n → Rm such that475

Ā∗(ei) = (ai−bi)(ai+bi)
⊤. Note that ai−bi and ai+bi are independent of each other476

and ai−bi, ai+bi
i.i.d.∼ N(0, In/m) for i = 1, . . . ,m. Using [9, Theorem 2.2], we see that477

RIP holds for Ā w.h.p. with RIP+
k′(Ā) = c2 and RIP−

k′(Ā) = c1 as long as m ≳ nk′.478

The proof is completed by noting that [Ā(X)]i = ⟨(ai − bi)(ai + bi)
⊤, X⟩ = [A(X)]i479

for any X ∈ Sn.480

The Gaussian assumption on the sensing vectors or matrices are assumed for481

simplicity. One can relax this condition to sub-Gaussian distributions as done in [4,482

Theorem 5.2], [41, Lemma 2.1], and [18, Theorem 6.4].483

Proof of Theorem 4.1 for all settings except covariance estimation I. For all set-484

tings except covariance estimation I, as long as m ≳ T (n,N, k′), we may set w.h.p.485

RIP+
k′(A) = c2 and RIP−

k′(A) = c1. By setting k′ =
√
C1k for a large numerical con-486

stant C1, we see the premise of Proposition 3.3 is satisfied and our proof is complete.487

4.2. Conditioning of covariance estimation I. We provide a separate argu-488

ment for Theorem 4.1 in the setting of Covariance estimation I.489

In this setting, we have that ai ∼ N(0, In/m) are i.i.d. We equip the space Rm490

with the ℓ1 norm. Our goal is to show that (P) is sharp in terms of ℓ1 norm with491

parameters ( 12 ,
1
2

√
c1k, 2) and Lipschitz continuous with Lipschitz constant L =

√
c2k492

w.h.p. once m ≳ nk. We will do so by comparing Covariance estimation I with493

Covariance estimation II.494

First, we replace the linear constraint in Problem (P) by B(X) = d where B :495

Sn → R⌊m/2⌋, and496

(4.1) B∗(ei) =
1

2
a2i−1a

⊤
2i−1 −

1

2
a2ia

⊤
2i di =

1

2
b2i−1 −

1

2
b2i, i = 1, . . . , ⌊m/2⌋.497

This is distributed as an instance of Covariance estimation II. By Theorem 4.1 (Co-498

variance estimation II), we know that once m ≳ nk, it holds that499

(4.2) tr(X) +
√
c1k ∥B(X)− d∥1 + 2dist1(X,Sn+)− tr(X♮) ≥ 1

2

∥∥X −X♮
∥∥
1
.500
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Note that for each i = 1, . . . , ⌊m/2⌋, by the construction (4.1), we have501

| ⟨B∗(ei), X⟩ − di| ≤
1

2
| ⟨A∗(e2i−1), X⟩ − b2i−1|+

1

2
| ⟨A∗(e2i), X⟩ − b2i|.502

Combining this fact with (4.2), we see that the function tr(X)+ 1
2

√
c1k ∥A(X)− b∥1+503

2 dist1(X, Sn+) is 1
2 sharp around X♮ as well.504

To prove the Lipschitz constant is bounded, we utilize [14, Lemma 3.1], which505

shows that w.h.p.506

∥A(X)∥1 ≤ 1.1 ∥X∥1 .507

Hence we see tr(X)+ 1
2

√
c1k ∥A(X)− b∥1 +2dist1(X, Sn+) is 3+

√
c1k Lipschitz with508

respect to the ℓ1 norm. This completes the proof of Theorem 4.1 (Covariance estima-509

tion I).510

5. Sharp problem formulations in the presence of noise. In this section,511

we show that the sharpness of a problem (P) in the noiseless setting b = A(x♮) provides512

(algorthmically useful) information even in the noisy setting, where b is replaced by513

b̃ = A(x♮) + δ with δ small or sparse. We begin with the case where δ is small.514

Proposition 5.1. Suppose (P) is (µ, r, ℓ) sharp around x♮ in the ℓ1 norm. Let515

δ ∈ Rm and set b̃ = b+ δ.516

• If x̃ minimizes517

F̃r,ℓ(x) := f(x) + r
∥∥∥A(x)− b̃

∥∥∥
p
+ ℓ dist1(x,K),518

then
∥∥x̃− x♮

∥∥
1
≤ 2r

µ ∥δ∥p.519

• If x̃ minimizes520

F̃ thresh
r,ℓ (x) := max

(
F̃r,ℓ(x), Fr,ℓ(x

♮) + 3r ∥δ∥p
)
,521

then
∥∥x̃− x♮

∥∥
1
≤ 4r

µ ∥δ∥p. Furthermore, F̃ thresh
r,ℓ is µ

2 -sharp around its opti-522

mizers.523

Remark 5.2. Suppose Fr,ℓ is L-Lipschitz with f(x) = ∥x∥1, K = V and L ≥ 1 as524

in sparse vector recovery or low-rank matrix sensing. Then we have525

L
∥∥x♮
∥∥
1
≥
∣∣Fr,ℓ(0)− Fr,ℓ(x

♮)
∣∣ = ∣∣∣r ∥b∥p − ∥∥x♮

∥∥
1

∣∣∣ =⇒ (L+ 1)
∥∥x♮
∥∥
1
≥ r ∥b∥p .526

Hence, combining this inequality with the first item of Proposition 5.1, we have527 ∥∥x̃− x♮
∥∥
1

∥x♮∥1
≤ 2L+ 2

µ

∥δ∥p
∥b∥p

.528

Thus, we see that indeed the condition number of (P) controls the relative change of529

the solution to the relative perturbation to the data vector b:530

Relative change in solution︸ ︷︷ ︸
∥x̃−x♮∥1

∥x♮∥1

≤ O(κ) · Relative change in data vector︸ ︷︷ ︸
∥δ∥p
∥b∥p

.531

This is analogous to the use of condition number in linear equations.532
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Remark 5.3. When δ is nonzero, the penalization formulation F̃r,ℓ is not neces-533

sarily a sharp function. However, the above proposition asserts that F̃ thresh
r,ℓ (x) is still534

sharp. Hence, we may hope to apply the methods described in Section 6, which apply535

to sharp functions: On the surface, evaluating the function F̃ thresh
r,ℓ (x) (and its sub-536

gradients) requires access to both x♮ and ∥δ∥p. While we will not have access to these537

quantities in practice, that is of little consequence if we only plan to apply first-order538

methods (as we suggest in Section 6). Indeed, any first-order method applied to F̃r,ℓ539

will behave equivalently to the first-order method applied to F̃ thresh
r,ℓ until an iterate540

x̃ satisfying
∥∥x̃− x♮

∥∥
1
≤ 4r

µ ∥δ∥p is found. In particular, the algorithms presented in541

Section 6 applied to F̃r,ℓ will converge linearly to such a point with a rate depending542

on µ
2 . We emphasize that such a procedure is adaptive (to the noise level ∥δ∥p) in543

both
∥∥x̃− x♮

∥∥
1
and the rate of convergence to x̃.544

Proof of Proposition 5.1. For notational convenience, in this proof we will drop545

all subscripts r, ℓ.546

By the triangle inequality, for all x ∈ V , we have547 ∣∣∣F (x)− F̃ (x)
∣∣∣ = ∣∣∣∣r ∥A(x)− b∥p − r

∥∥∥A(x)− b̃
∥∥∥
p

∣∣∣∣ ≤ r ∥δ∥p .548

For the first claim, note that by optimality of x̃ in F̃ , we have that549

F (x̃) ≤ F̃ (x̃) + r ∥δ∥p ≤ F̃ (x♮) + r ∥δ∥p ≤ F (x♮) + 2r ∥δ∥p .550

Combining this inequality with µ-sharpness of F around x♮ proves the first claim.551

Consider the second claim. Note that F̃ (x♮) ≤ F (x♮) + r ∥δ∥p so that F̃ achieves552

values bounded above by the threshold value of F (x♮) + 3r ∥δ∥p. Thus, the set of553

minimizers of F̃ thresh(x) is given by X :=
{
x ∈ V : F̃ (x) ≤ F (x♮) + 3r ∥δ∥p

}
. Then,554

if x̃ minimizes F̃ thresh(x), we must have555

F (x̃) ≤ F̃ (x̃) + r ∥δ∥p ≤ F (x♮) + 4r ∥δ∥p .556

Combining this inequality with µ-sharpness of F around x♮ shows that
∥∥x̃− x♮

∥∥
1
≤557

4r
µ ∥δ∥p.558

It remains to show that F̃ thresh(x) is µ/2 sharp around its optimizers X . By the559

definition of sharpness (see Definition 2.1), the goal is to show that for any x̄ ∈ V \X ,560

there exists x̃ ∈ X satisfying561

µ

2
∥x̄− x̃∥1 ≤ F̃ thresh(x̄)− F̃ thresh(x̃).562

Note that for any x̄ ∈ V \ X and x̃ ∈ X , we have F̃ thresh(x̄) = F̃ (x̄) and F̃ thresh(x̃) =563

F (x♮) + 3r ∥δ∥p.564

Set x̃ = (1− α)x♮ + αx̄ where565

α =
2r ∥δ∥p

F̃ (x̄)− F (x♮)− r ∥δ∥p
.566

As F̃ (x̄) > F (x♮)+3r ∥δ∥p, we have that α is well-defined and α ∈ [0, 1]. By convexity567
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16 L. DING, AND A. L. WANG

of F̃ ,568

F̃ (x̃) ≤ (1− α)F̃ (x♮) + αF̃ (x̄)569

≤ (1− α)(F (x♮) + r ∥δ∥p) + αF̃ (x̄)570

= F (x♮) + r ∥δ∥p +

(
2r ∥δ∥p

F̃ (x̄)− F (x♮)− r ∥δ∥p

)(
F̃ (x̄)− F (x♮)− r ∥δ∥p

)
571

= F (x♮) + 3r ∥δ∥p .572

We deduce that x̃ ∈ X .573

Finally, we have574

µ

2
∥x̄− x̃∥1 = (1− α)

µ

2

∥∥x♮ − x̄
∥∥
1

575

≤ 1− α

2

(
F (x̄)− F (x♮)

)
576

≤ 1

2

(
F̃ (x̄)− F (x♮)− 3r ∥δ∥p
F̃ (x̄)− F (x♮)− r ∥δ∥p

)(
F̃ (x̄)− F (x♮) + r ∥δ∥p

)
577

=
1

2

(
F̃ (x̄)− F (x♮)− 3r ∥δ∥p

)( F̃ (x̄)− F (x♮)− 3r ∥δ∥p + 4r ∥δ∥p
F̃ (x̄)− F (x♮)− 3r ∥δ∥p + 2r ∥δ∥p

)
578

≤ F̃ (x̄)− F (x♮)− 3r ∥δ∥p .579

Here, the second line follows by µ-sharpness of F , the third line follows by the defini-580

tion of α, and the final line follows from the premise that F̃ (x̄) > F (x♮) + 3r ∥δ∥p.581

Example 5.4. If the norm on the measurement space is ℓp = ℓ1, then Proposi-582

tion 5.1 is tight up to constants. Indeed, consider the sparse recovery problem below583

(parameterized by µ ∈ (0, 1] and r > 0):584

V = R2, x♮ = e1585

A =
1

r

[
1 0
µ 1− µ

]
, b =

1

r

[
1
µ

]
.586

Note that587

F (x) := ∥x∥1 + r ∥A(x)− b∥1588

= |x1|+ |x2|+ |x1 − 1|+ |µ(x1 − 1) + (1− µ)x2|589

≥ 1 + µ |x1 − 1|+ µ |x2|590

= F (x♮) + µ
∥∥x− x♮

∥∥
1
.591

Thus, F is µ-sharp around x♮ w.r.t. the ℓ1 norm. Now, suppose instead of b, we receive592

b̃ = b − δe2 where δ ∈ [0, µ/r]. A similar calculation shows that x̃ := (1 − rδ/µ)e1 is593

the minimizer of F̃ (x):594

F̃ (x) := ∥x∥1 + r
∥∥∥A(x)− b̃

∥∥∥
1

595

= |x1|+ |x2|+ |x1 − 1|+ |µ(x1 − 1) + (1− µ)x2 + rδ|596

≥ 1 + µ

∣∣∣∣x1 − 1 +
rδ

µ

∣∣∣∣+ µ |x2|597

= F̃ (x̃) + µ ∥x− x̃∥1 .598

This manuscript is for review purposes only.



SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 17

We deduce that x̃, the minimizer of F̃ (x), satisfies
∥∥x̃− x♮

∥∥
1
= r

µ ∥δ∥1. This example599

can be extended to any n,m ≥ 2 by padding.600

Thus, if the only structural property of (A, b) that we are given is that Fr,ℓ is601

sharp in the noiseless case and δ may be chosen adversarially, then a recovery error602

of
∥∥x− x♮

∥∥
1
= O

(
r∥δ∥1

µ

)
is optimal. This matches Proposition 5.1.603

Remark 5.5. We believe the bound in Proposition 5.1 to be suboptimal if the error604

δ is generated randomly. For example, if we take the norm on the measurement space605

to be ℓp = ℓ2 and generate A according to subsection 3.2, δi
i.i.d.∼ N(0, σ2/m), with m606

large enough, then Proposition 5.1 guarantees
∥∥x̃− x♮

∥∥
1
= O

(
σ
√
k
)
. One may com-607

pare this with the nearly statistically optimal error
∥∥x̃− x♮

∥∥
2
= O

(
σ
√
k log(n)/m

)
608

under the same assumptions [6]. It is not clear how to extend the nearly optimal609

result to the setting where the measurement space is equipped with the ℓp norm (for610

p < 2) and stochastic noise. Indeed, the argument in Proposition 5.1 considers only611

the norm on ∥δ∥p and is fundamentally unable to control cancellations in dealing with612

A(x)−b̃. On the other hand, the argument in [6] specifically uses Euclidean properties613

of the ℓ2 norm and does not extend to general ℓp norms. The choice p = 1 specifically614

is desirable as this enables robustness to grossly-but-sparsely-corrupted observations615

(see the following proposition). We leave the detailed analysis in the stochastic noise616

setting for future work.617

The next proposition shows that if the measurement space is equipped with the618

ℓp = ℓ1 norm and (P) is sharp in the noiseless case, then exact recovery continues to be619

possible (with linearly convergent algorithms) in the presence of grossly-but-sparsely-620

corrupted observations. Since the recovery procedure is invariant under permutations621

of the measurement space, we may assume without loss of generality that corruption622

occurs on the final portion of the measurement vector. Let Rm̃ denote the measure-623

ment space. We decompose Rm̃ = Rm × Rm′
so that the first m observations are624

uncorrupted and the remaining m′ coordinates are arbitrarily corrupted.625

Proposition 5.6. Fix V and let A : V → Rm and B : V → Rm′
denote sensing626

operators. Equip the measurement space Rm̃ = Rm × Rm′
with the ℓp = ℓ1 norm.627

Suppose628

Fr,ℓ(x) := f(x) + r
∥∥A(x)−A(x♮)

∥∥
1
+ ℓ dist1(x,K)629

is µ-sharp around x♮ w.r.t. the ℓ1 norm. Let ∥B∥1→1 denote the operator norm630

max
z∈V : ∥z∥1≤1

∥B(z)∥1 .631

If ∥B∥1→1 < µ
r , then the function632

F̃r,ℓ(x) := f(x) + r

∥∥∥∥[A(x)B(x)

]
−
[
A(x♮)
B(x♮) + δ

]∥∥∥∥
1

+ ℓ dist1(x,K)(5.1)633

is (µ− r ∥B∥1→1)-sharp around x♮.634

Proof. Let x ∈ V . Then,635

F̃r,ℓ(x)− F̃r,ℓ(x
♮) = Fr,ℓ(x)− Fr,ℓ(x

♮) + r
∥∥B(x)− B(x♮)− δ

∥∥
1
− r ∥δ∥1636

≥ µ
∥∥x− x♮

∥∥
1
− r

∥∥B(x)− B(x♮)
∥∥
1

637

≥ (µ− r ∥B∥1→1)
∥∥x− x♮

∥∥
1
.638
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18 L. DING, AND A. L. WANG

Here, the first inequality is the triangle inequality and the second inequality is the639

definition of the operator norm.640

Example 5.7. Consider the phase retrieval problem where an α-fraction of the641

observations are corrupted arbitrarily. Formally, consider the following procedure:642

Let V = Sn, m = ⌈(1− α)m̃⌉ and m′ = m̃ −m. Fix X♮ ∈ Sn+ ⊆ V to be rank-one643

and let Ã : V → Rm̃ be the random linear map644

Ã(X)i = g⊺i Xgi, where gi ∼ N(0, I/m̃).645

Let δ ∈ Rm̃ denote an arbitrary vector, chosen possibly adversarially, with only the646

guarantee that supp(δ) ⊆ [m+ 1, m̃]. Set b̃ = Ã(X♮) + δ.647

Let A : V → Rm and B : V → Rm′
denote the decomposition of Ã : V → Rm̃648

corresponding to the decomposition Rm̃ = Rm × Rm′
. Slightly abusing notation, we649

will also let δ denote the restriction of δ to Rm′
.650

Our goal is to recover X♮ from651

F̃r,ℓ(X) := tr(X) + r
∥∥∥Ã(X)− b̃

∥∥∥
1
+ ℓ dist1(X,Sn+).652

Now, suppose that653

min
X∈Sn+

{
tr(X) :

A(X) = A(X♮)
X ∈ Sn+

}
654

is (µ, r, ℓ) sharp around X♮. Proposition 5.6 states that if ∥B∥1→1 < µ
r , then X♮ is655

the unique minimizer of F̃r,ℓ despite the corruption δ. By [52, Corollary 5.35], we656

know that w.h.p., ∥B∥1→1 ≤
(√

αm̃+2
√
n√

m̃

)2
≤ 2α+8(n/m̃). Combining these bounds,657

we have that X♮ is the unique minimizer of the sharp unconstrained minimization658

problem F̃r,ℓ if α ≲ µ/r and n/m̃ ≲ µ/r. In particular, µ/r controls the fraction of659

allowed gross corruption in the observation Ã(X♮).660

6. First-order methods for non-Euclidean sharp minimization. We next661

turn to algorithms for minimizing the sharp nonsmooth formulations proposed in this662

paper. Our goal is to take advantage of the conditioning results (Theorem 4.1) and663

to design a first-order method tailored to sharp Lipschitz functions in the ℓ1 norm.664

Throughout this section, we make the following blanket assumption:665

Assumption 6.1. Let V = Rn, Sn, or Rn×N . In the third case, assume without666

loss of generality that n ≤ N . Assume that f : V → R is a convex function with667

minimizers.668

Instead of directly designing algorithms for sharp Lipschitz functions w.r.t. the ℓ1669

norm, we will design algorithms for sharp Lipschitz functions w.r.t. the ℓp norm for670

all p ∈ (1, 2] and view the ℓp = ℓ1 case as a limiting case.671

Let p ∈ [1, 2]. Recall that a function f is said to be µ-sharp w.r.t. the ℓp norm if672

f(x)− f∗ ≥ µdistp

(
x, argmin

z
f(z)

)
∀x ∈ V,673

where f∗ = minz f(z), and L-Lipschitz w.r.t. the ℓp norm if674

|f(x)− f(y)| ≤ L ∥x− y∥p ∀x, y ∈ V.675
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We caution that the ℓp norm in this section is the norm on the signal space V and676

not the norm on the measurement space Rm as in prior sections. In prior sections,677

we always fixed ℓp = ℓ1 in the signal space V .678

Before we discuss our new algorithm, we first point out that sharp functions that679

are well-conditioned in ℓ1 are necessarily poorly conditioned in ℓ2.680

Proposition 6.2. Suppose f : V → R is µ-sharp and L-Lipschitz in the ℓ1 norm681

around x♮ ∈ V . If f is α-sharp and β-Lipschitz in the ℓ2 norm around x♮ ∈ V , then682

α and β must satisfy683

α ≤ L, and β ≥ µ
√
n.684

Proof. First, suppose V = Rn. Let y = x♮ + (any 1-sparse vector). Then,685

α
∥∥y − x♮

∥∥
2
≤ f(y)− f(x♮) ≤ L

∥∥y − x♮
∥∥
1
.686

We deduce that α ≤ L. Similarly, let z = x♮ + 1n (the all-ones vector). Then,687

β
∥∥z − x♮

∥∥
2
≥ f(z)− f(x♮) ≥ µ

∥∥z − x♮
∥∥
1
.688

We deduce that β ≥ µ
√
n.689

The other two settings are proved analogously: take y = x♮+(any rank-1 matrix)690

and z = x♮ + In where In is the n× n identity matrix padded to n×N .691

This proposition tells us that the functions Fr,ℓ from Theorem 4.1 have constant692

sharpness in the ℓ2 norm and an Ω(
√
n) Lipschitz constant in the ℓ2 norm. Thus,693

first-order methods for sharp Lipschitz functions in the ℓ2 norm [32, 42, 53] can at694

best guarantee a convergence rate of O
(
n log

(
1
ϵ

))
. This dependence on n precludes695

the use of such algorithms (for example, the Polyak variant of the subgradient method696

Polyak-Subgrad) on large-scale instances of our signal recovery problems (see Fig-697

ure 1a) and motivates our development of an algorithm with almost dimension-free698

iteration complexity in the next subsection.699

6.1. Restarted Mirror Descent. We now describe the restarted mirror de-700

scent (RMD) algorithm, Algorithm 6.2. This algorithm generalizes similar algo-701

rithms for minimizing sharp functions in a Euclidean norm [32, 42, 53] and has nearly702

dimension-independent linear convergence rates that depend explicitly on sharpness703

(see Theorem 6.6) in an ℓp norm (p ∈ [1, 2]). Algorithm 6.2 can be applied to Fr,ℓ,704

the sharp exact penalty formulation of (P), or any of its sharp perturbations (see705

Propositions 5.1 and 5.6).706

Recall the mirror descent algorithm and its guarantee [8, Theorem 4.2].707

Algorithm 6.1 Mirror Descent

Given f : V → R, x̄ ∈ V , η > 0, T ∈ N, h : V → R
• Let x0 = x̄, θ0 = 0 ∈ V ∗

• For t = 1, . . . , T
– Let gt ∈ ∂f(xt−1) and set θt = θt−1 − η · gt
– Set xt = (∇h)−1(θt)

• Output the xt minimizing f(xt) among t ∈ [0, T ].

Here, V ∗ is the dual space of V . As a vector space, V ∗ can be identified with V via708

the standard inner product if V = Rn and via the trace inner product if V = Rn×N709

or V = Sn. The norm on V ∗ is the ℓq norm where q is the Hölder dual to p, i.e., the710

quantities q and p satisfies that 1
p + 1

q = 1.711
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Fig. 1: The convergence of Polyak-Subgrad and Polyak-RMD (described in Section
6.1) on sparse vector recovery for different values of n, the ambient dimension. The
support size of x♮ is k = 5 and the sensing map A is generated as described in Section
4.1. The number of observations is m = 2T where T = (2k log(n/k) + 1.25k + 1)
is the current best estimate of the statistical threshold for sparse recovery [17].
See https://github.com/alexlihengwang/sharpness_well_conditioning for im-
plementation details. Note Polyak-Subgrad deteriorates as the dimension n increases
while Polyak-RMD is relatively insensitive to the dimension in terms of iteration num-
ber. Furthermore, one can see in subfigure (d) that Polyak-RMD achieves a linear
convergence rate as predicted by Theorem 6.6 and Proposition 6.9.

Lemma 6.3. Let h : V → R be differentiable and σ-strongly convex with respect712

to the ℓp norm. Suppose f : V → R is convex and L-Lipschitz with respect to the ℓp713

norm. Then, the mirror descent algorithm initialized at x̄, run for t iterations, with714

step-size η, produces x̃ such that715

f(x̃)− f(x∗) ≤ L2η

2σ
+

Dh(x
∗||x̄)

ηt
716

where x∗ ∈ V is any minimizer of f . Here, each iteration requires computing a single717

subgradient of f and applying (∇h)−1 and arithmetic operations in V and V ∗.718

In the bound above, the quantity Dh(·||·) is a Bregman divergence term. We719

elaborate on this term for our choice of the map h. Let p ∈ (1, 2] and define hx̄(x) :=720
1
2 ∥x− x̄∥2p for x̄ ∈ V . It is known [3, Theorem 1] that in each of the three setups721

in Assumption 6.1, that hx̄ is differentiable and (p− 1)-strongly convex w.r.t. the ℓp722

norm. Furthermore, for all x∗ ∈ V , the Bregman divergence (associated to hx̄) of x
∗723
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with respect to x̄ is724

Dhx̄
(x∗||x̄) := hx̄(x

∗)− hx̄(x̄)− ⟨∇hx̄(x̄), x
∗ − x̄⟩ = hx̄(x

∗) =
1

2
∥x∗ − x̄∥2p .725

Thus, if f is L-Lipschitz w.r.t. the ℓp norm, the output x̃ = mirror(hx̄, f, L, x̄, t, η)726

has suboptimality bounded by727

f(x̃)− f(x∗) ≤ L2η

2(p− 1)
+
∥x∗ − x̄∥2p

2ηT
.728

This bound holds simultaneously for all minimizers x∗ ∈ V of f .729

Remark 6.4. Consider a setup from Assumption 6.1 and let p ∈ (1, 2]. In each730

iteration of mirror descent (applied with hx̄), we must evaluate (∇hx̄)
−1 on some731

input θ ∈ V ∗. By [46, Corollary 23.5.1], this is equivalent to evaluating ∇h∗
x̄(θ) where732

h∗
x̄ is the convex conjugate of hx̄. Thus,733

(∇hx̄)
−1(θ) = ∇h∗

x̄(θ) = x̄+∇1

2
∥θ∥2q = x̄+

sign(θ) ◦ |θ|q−1

∥θ∥q−2
q

.734

Here, q is the Hölder dual to p and the expression sign(θ) ◦ |θ|q−1
is applied entrywise735

to the entries of θ if θ is a vector and to the singular values of θ if θ is a matrix.736

Remark 6.5. In the matrix setting, computing the mirror map requires perform-737

ing a singular value decomposition on θ. While this is an expensive operation, we738

emphasize that this is the same as the cost of simply computing a subgradient in all739

of the matrix recovery applications considered in this paper. For example, in the740

low-rank matrix sensing applications, computing the subgradient of741

∥X∥1 + r ∥A(X)− b∥1742

requires performing an SVD on X, and in covariance estimation, computing the sub-743

gradient of744

tr(X) + r ∥A(X)− b∥1 + ℓ dist1(X, Sn+)745

requires performing an eigenvalue decomposition (EVD) on X, which can be obtained746

from an SVD of X or computed at a similar cost of an SVD of X. Thus, the work747

performed in each iteration of mirror descent is comparable to the work performed748

in each iteration of subgradient descent: two SVDs for mirror descent (one for the749

subgradient and one for the mirror map) and one SVD for subgradient descent. We750

expect that this full SVD may be replaced by a partial SVD near an optimal low-rank751

solution (following [31]) and leave this extension for future work.752

Now consider the following restarted variant of mirror descent where the step size753

and mirror map h update at each restart.754

Algorithm 6.2 RMD(f, L, x0,K, {ηk} , t, p)
• For k = 1, 2, . . . ,K

– Set xk ← mirror(hxk−1
, f, L, xk−1, t, ηk) where

hxk−1
(x) :=

1

2
∥x− xk−1∥2p

• Output xK
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Readers who prefer a more concrete description of RMD can find one for the setting755

of sparse recovery in Appendix A.756

Theorem 6.6. Consider a setup from Assumption 6.1 and let p ∈ (1, 2]. Suppose757

f : V → R is L-Lipschitz and µ-sharp w.r.t. the ℓp norm and x0 ∈ V satisfies758

f(x0)− f∗ ≤ ϵ0. Let ϵk = ϵ0e
−k/2, K =

⌈
2 ln

(
ϵ0
ϵ

)⌉
, t =

⌈
eL2

µ2(p−1)

⌉
, and ηk = (p−1)ϵk

L2 .759

Then, each iterate xk in RMD(f, L, x0,K, {ηk} , t, p) satisfies f(xk) − f∗ ≤ ϵk. In760

particular, an 0 < ϵ ≤ ϵ0-optimizer can be computed in761

O

(
L2

µ2(p− 1)
log
(ϵ0
ϵ

))
762

total mirror descent steps. If f : V → R is L-Lipschitz and µ-sharp w.r.t. the ℓ1763

norm, we may apply the above statement with p = 1+ 1
lnn , sharpness µ, and Lipschitz764

constant eL w.r.t. the ℓp norm.765

Proof. We first handle the case p ∈ (1, 2]. The claim holds for k = 0. Now let k ≥766

1. By µ-sharpness of f , there exists an optimizer x∗ of f , satisfying µ ∥xk−1 − x∗∥p ≤767

f(xk−1)− f∗. By Lemma 6.3, we have768

f(xk)− f∗ ≤ L2ηk
2(p− 1)

+
∥x∗ − xk−1∥2p

2ηkt
769

≤ L2ηk
2(p− 1)

+
eϵ2k

2µ2ηkt
770

≤ L2ηk
2(p− 1)

+
ϵ2k(p− 1)

2ηkL2
771

= ϵk.772

The setting of L-Lipschitz, µ-sharp convex functions w.r.t. the ℓ1 norm reduces773

to the setting of p = 1 + 1
ln(n) by the bounds774

1

e
∥w∥1 ≤ ∥w∥p ≤ ∥w∥1 , ∀w ∈ V,775

which hold [3] in each of the setups in Assumption 6.1. Specifically, these inequalities776

imply that f is µ-sharp and eL-Lipschitz w.r.t. the ℓp norm.777

Remark 6.7. In [48], the authors consider restarted versions of various accelerated778

first order methods for sharp problems including problems in non-Euclidean spaces.779

In the non-Euclidean setting, [48] suggests algorithms for functions f that satisfy the780

following proxy for sharpness:781

f(x)− f(x♮) ≥ µ
√
Dh(x♮||x).(6.1)782

Here, h : V → R is a fixed differentiable and σ-strongly convex function10 and Dh783

is the Bregman divergence induced by h. This condition is inspired by sharpness in784

the ℓ2 setting. Indeed, if we take h(x) = 1
2 ∥x∥

2
2 to be the standard prox setup for a785

Euclidean space, then786

µ
√
Dh(x♮||x) = µ√

2

∥∥x♮ − x
∥∥
2
.787

10The notation of [48] uses a 1-strongly convex function, but this only changes the value of µ by
a factor of

√
σ.
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In other words, under the standard Euclidean prox setup, (6.1) is equivalent to µ√
2
-788

sharpness w.r.t. the ℓ2 norm. Assuming that the condition (6.1) holds, calculations al-789

most identical to the proof of Theorem 6.6 show that restarted mirror descent with the790

mirror map h in every restart produces an ϵ-suboptimal solution in O
(

L2

µ2σ log
(
ϵ0
ϵ

))
791

mirror descent steps.792

Unfortunately, (6.1) is not implied by sharpness in the ℓp norm if p ∈ [1, 2) and793

may be overly restrictive, as illustrated in Example 6.8 (see below). Specifically,794

in standard prox setups for mirror descent in ℓp norms or Schatten-p norms with795

p ∈ [1, 2), (6.1) cannot hold for any µ > 0 unless x♮ has full support in the vector case796

or full rank in the matrix case.797

Beyond the condition (6.1), [48] also considers extensions allowing for (possibly798

only local) Hölderian growth f(x) − f(x♮) ≥ µ
s (Dh(x

♮||x))s/2 for some s ≥ 1. When799

f is nonsmooth and s > 1, [48, Corollary 5.4] guarantees an iteration complexity800

of O(ϵ−2 s−1
s ) after entering the local region. This guarantee can be improved to801

O(ϵ−
s−1
s ) for certain non-smooth problems by using smoothing (see [48, Proposition802

5.5]). However, neither of these results offer an approach to achieve the O(log(1/ϵ))803

iteration complexity achieved by RMD, unless s = 1.804

Example 6.8. Let V = Rn and assume that n ≥ 2. Let p ∈ [1, 2). Let f(x) :=805 ∥∥x− x♮
∥∥
p
where x♮ = e1. Clearly, f is 1-sharp around x♮ and 1-Lipschitz w.r.t. the806

ℓp norm.807

Two standard prox setups for mirror descent [40] in this setting are to take h(x) =808
1
2 ∥x∥

2
p (in the unbounded case) or h(x) = 1

p ∥x∥
p
p (in the bounded case); see [40,809

Theorem 2.1] for the corresponding strong convexity parameters. Consider the first810

setting, i.e., h(x) = 1
2 ∥x∥

2
p. Letting xϵ = x♮ + ϵe2, we have by Bernoulli’s inequality811

that812 √
Dh (x♮||xϵ) =

√
1

2
(1 + |ϵ|p)2/p − 1

2
− ⟨e1, ϵe2⟩813

= 2−1/2
√

(1 + |ϵ|p)2/p − 1814

≥ p−1/2 |ϵ|p/2 .815

Similarly, suppose h(x) = 1
p ∥x∥

p
p. Then,816 √

Dh(x♮||xϵ) =

√
1

p
(1 + |ϵ|p)− 1

p
− ⟨e1, ϵe2⟩ = p−1/2 |ϵ|p/2 .817

On the other hand, f(xϵ)− f(x♮) ≤ |ϵ|. Thus, letting |ϵ| → 0, we see that818

f(xϵ)− f(x♮) ≥ µ
√
Dh(x♮||xϵ)819

cannot hold for any µ > 0 in either of the standard prox setups.820

An almost identical argument shows that a local Hölderian error bound of the821

form822

f(xϵ)− f(x♮) ≥ µ

s
Dh(x

♮||xϵ)
s/2 ∀ϵ small823

can only hold with a positive µ > 0 if s ≥ 2/p. We conclude that the best guar-824

antee one could achieve by applying11 [48, Corollary 5.4] or [48, Proposition 5.5]825

11This assumes that the conditions of [48, Corollary 5.4, Proposition 5.5] hold.
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näıvely to the objective function f(x) = ∥x− x̄∥p would be an iteration complexity826

of O
(
ϵ(p−2)/2

)
. Heuristically substituting p← 1 gives O

(
ϵ−1/2

)
contrasting with the827

O (log(1/ϵ)) iteration complexity achieved by RMD.828

The following variant of Algorithm 6.2 replaces knowledge of µ with knowledge of829

f∗. This “Polyak” variant achieves the same convergence rate as Algorithm 6.2 with830

the optimal choice of µ.831

Algorithm 6.3 Polyak-RMD(f, L, x0,K, {ηk} , f∗, {ϵk} , p)
• For k = 1, 2, . . . ,K

– Run mirror descent mirror(hxk−1
, f, L, xk−1,∞, ηk) until it finds an it-

erate xk satisfying

f(xk)− f∗ ≤ ϵk

• Output xK

The convergence guarantee for Polyak-RMD (Algorithm 6.3) and its proof are832

entirely identical to that of Algorithm 6.2.833

Proposition 6.9. Consider a setup from Assumption 6.1 and let p ∈ (1, 2]. Sup-834

pose f : V → R is L-Lipschitz and µ-sharp w.r.t. the ℓp norm and x0 ∈ V satisfies835

f(x0)−f∗ ≤ ϵ0. Let ϵk = ϵ0e
−k/2, K =

⌈
2 ln

(
ϵ0
ϵ

)⌉
, and ηk = (p−1)ϵk

L2 . Then, each iter-836

ate xk in Polyak-RMD(f, L, x0,K, {ηk} , f∗, {ϵk} , p) is computed in at most
⌈

eL2

µ2(p−1)

⌉
837

mirror descent steps. In particular, an 0 < ϵ ≤ ϵ0-minimizer can be computed in838

O

(
L2

µ2(p− 1)
log
(ϵ0
ϵ

))
839

total mirror descent steps. If f : V → R is L-Lipschitz and µ-sharp w.r.t. the ℓ1840

norm, we may apply the above statement with p = 1+ 1
lnn , sharpness µ, and Lipschitz841

constant eL w.r.t. the ℓp norm.842

Remark 6.10. The basic algorithmic structure of Algorithms 6.2 and 6.3 can also843

be extended to an adaptive variant. Specifically, it is possible to design an adaptive844

version of Algorithm 6.2 (similar in spirit to [45]) that does not require knowledge of845

either f∗ or µ but would have a convergence rate of O
(

L2

µ2(p−1)

(
log ϵ0

ϵ

)2)
.846

7. Discussion. This paper shows that for various statistical signal recovery847

tasks, once the sample size is greater than a constant multiple of the recovery thresh-848

old, then the convex optimization problem becomes well-conditioned in the sense of849

sharpness w.r.t. the ℓ1 or Schatten-1 norm. In turn, this fact shows the optimiza-850

tion problem is robust to measurement error and optimization error. Furthermore,851

the newly developed algorithm RMD is able to achieve nearly-dimension-independent852

convergence rates.853

We hope this paper induces interest in the interplay between statistics and con-854

vex optimization, especially in nonsmooth formulations and algorithms for these non-855

smooth formulations. In particular, the following three directions might be of interest856

for future investigations:857

• Good conditioning beyond RIP: This paper considers recovery tasks858

where strong RIP bounds have been established. Can we prove conditioning859

results for other statistical problems such as matrix completion [16] and phase860
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retrieval with coded diffraction patterns [11] where standard RIP bounds may861

not hold?862

• Adaptive penalty parameters: Given a concrete statistical model, we863

can give upper bounds on r and ℓ so that the corresponding function Fr,ℓ864

is µ-sharp. On the other hand, determining these parameters may be diffi-865

cult without a precise statistical model. Thus, are there algorithmic ways of866

estimating or adaptively choosing these two parameters?867

• Beyond convexity: In our current setup, the objective function in (P) is868

required to be convex. For some applications in signal recovery, e.g. [29, 50],869

it is more convenient to use a nonconvex objective function. Can we extend870

the results of the current paper to those settings?871

Appendix A. Concrete description of RMD for sparse recovery.872

This appendix specializes RMD (Algorithm 6.2) to the sparse recovery setting, while873

fully unpacking the inner steps of Mirror Descent as well. This appendix does not874

present any new results beyond those already contained in the main text.875

Our goal is to minimize876

f(x) = ∥x∥1 + r ∥Ax− b∥1 ,(A.1)877

where b = Ax♮, over choices x ∈ Rn. We will assume that f(x) is µ-sharp and878

L-Lipschitz with respect to the ℓ1 norm. Then, Theorem 6.6 guarantees that the879

following algorithm will output a x̃ satisfying f(x̃) ≤ ϵ after O
(

L2

µ2 ln(n) ln
(

r∥b∥1

ϵ

))
880

iterations. Using µ-sharpness one more time gives
∥∥x♮ − x̃

∥∥
1
≤ ϵ

µ .881

Algorithm A.1 RMD-SR(r,A, b, L, ϵ, µ)

• Initialize x̄0 = 0 ∈ Rn, ϵ0 = r ∥b∥1, and η = ϵ0
ln(n)L2

• Let K =
⌈
2 ln ϵ0

ϵ

⌉
, t =

⌈
eL2 ln(n)

µ2

⌉
, p = 1 + 1

ln(n) , q = 1 + ln(n)

• For k = 1, 2, . . . ,K
– Initialize x0 = x̄k−1, θ0 = 0 ∈ Rn

– Set η ← η/
√
e

– For i = 1, . . . , t
∗ Let gi ∈ ∂f(xi−1)
∗ Let θi = θi−1 − ηgi
∗ Let xi = x̄k−1 + sign(θi) ◦ |θi|q−1

/ ∥θi∥q−2
q

– Set x̄k = argminx∈{x0,...,xt} f(x)
• Output x̄K

One can see that RMD-SR is a double-loop method, where the outer iterates882

x̄0, . . . , x̄K are each computed using an auxiliary sequence of iterates x0, . . . , xt. The883

stepsize, η, that is used in the inner loop (Mirror Descent) decays geometrically with884

the outer iterations. Within each inner loop, the function that maps gradients θi to885

iterates xi, gets “re-centered” around the most recent outer iterate x̄k−1. This map886

raises the magnitude of each entry of θ to a large power and then normalizes so that887

∥xi − x̄k−1∥p = ∥θ∥q. This is exactly the behavior of RMD (Algorithm 6.2) in the888

general case as well.889
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