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SHARPNESS AND CONDITIONING OF NONSMOOTH CONVEX
FORMULATIONS IN STATISTICAL SIGNAL RECOVERY*

LIJUN DINGT AND ALEX L. WANGH#

Abstract. We study a sample complexity vs. conditioning tradeoff in modern signal recovery
problems (including sparse recovery, low-rank matrix sensing, covariance estimation, and abstract
phase retrieval), where convex optimization problems are built from sampled observations. We begin
by introducing a set of condition numbers related to sharpness in the ¢; or Schatten-1 norm of
nonsmooth formulations for these problems. Then, we show that these condition numbers become
dimension independent constants in each of the example signal recovery problems once the sample size
exceeds some constant multiple of the recovery threshold. Structurally, this result ensures that the
inaccuracy in the recovered signal due to both observation noise and optimization error is controlled.
Algorithmically, such a result ensures that a new restarted mirror descent method achieves nearly-
dimension-independent linear convergence to the signal in terms of iterations. This new first-order
method is general and applies to any sharp convex function in an £, or Schatten-p norm for p € [1,2].

Key words. Sharp formulation, signal recovery, restarted mirror descent, sparse recovery,
matrix sensing, phase retrieval

MSC codes. 90C30, 90C06, 90C22

1. Introduction. This paper studies a sample complexity vs. convex optimiza-
tion conditioning tradeoff in modern signal recovery problems such as sparse recovery
[15], low-rank matrix sensing [9, 44], phase retrieval [14], and covariance estimation
[20]. To illustrate the setup, the challenges, and our results concretely, we will only
consider the abstract phase retrieval problem (henceforth phase retrieval) in the in-
troduction. The general setup and results follow a similar pattern and are deferred
to later sections.

Phase retrieval asks us to recover an unknown rank-one positive semidefinite
(PSD) matrix X% € S™ given a vector of m measurements b = A(X") where the linear
map A : S — R™ is defined by A(X); = ¢ Xg; for i.i.d. g; ~ N(0,I,/m). Here and
throughout, S® and S denote the vector space of symmetric matrices and the cone
of PSD matrices respectively. Concretely, we are asked to

recover X! € S™ from (b, A) where b = A(X?) € R™.

n [10], Candes and Li established an exact recovery result: If m = © (n), then,
with high probability (w.h.p.)!, X¥ is the unique optimizer for the convex optimization
problem

(1.1) min {tr(X): AX) =b }

Xesn X eSy

Here, the choice of the objective function tr(X) and the constraint X € S’} reflect
prior knowledge that the true signal is low rank and PSD respectively.
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2 L. DING, AND A. L. WANG

Issues and challenges. Unfortunately, convexity and uniqueness of solution are
not the end of the story as (1.1) may not be well-conditioned. In such a situation,
the recovery process may suffer from:

e measurement error: if the observation b is corrupted by noise, the optimal
solution of (1.1) may deviate greatly from X* or may even cease to exist;

e optimization error: the problem (1.1) may admit near-optimal and near-
feasible solutions in terms of function value and constraint violation that are
far from the true signal X?;

e slow algorithm convergence: the iteration complexity of existing first-order
algorithms for solving (1.1) may depend polynomially on the dimension due
to polynomially poor conditioning of (1.1).2 Such dependence weakens the
applicability of existing first-order methods on large-scale instances of (1.1).

Our contribution. In this paper, we study a notion of conditioning related to
sharpness for (1.1) based on an unconstrained nonsmooth reformulation of (1.1). This
notion of conditioning is measured in the Schatten-1 norm and allows us to quanti-
tatively control each of the above issues. To measure the conditioning of (1.1), we
introduce the following penalized nonsmooth version of (1.1):

(1.2) min Fro(X) = tr(X) + 7 [|ACX) = b, + £dista (X, 87).

Here, the distance dist, (X,S%) = infyesy [Y — X, is measured in the Schatten-1
norm, i.e., the sum of the singular values, and r, ¢ > 0 are penalty parameters on the
violations of A(X) = b and X € S respectively. To clean up the exposition, we will
understand “/, norm” of a matrix to mean its Schatten-p norm and “/, norm” of a
vector to mean its usual £, norm. We will also abuse terminology and refer to the rank
of a matrix or the size of the support of a vector as its “/y norm”. We emphasize that
we penalize the violation of A(X) = b by |A(X) — b||; and not the more common
least-squares error [ A(X) —b||> and we use the £; norm in the distance function.
The term || A(X) — b||; is sometimes referred to as the least absolute deviation error
term [43] and is used as a robust version of the least-squares error. Although this
choice leads to a nonsmooth problem, it also opens the possibility for the function
(1.2) to be p-sharp around X%, Specifically, we will show that F.. ¢ is p-sharp around
X" w.r.t. the £, norm, that is, for all X € S”

(1.3)  tr(X) + 7 [ AX) = bl|, + £dist1 (X,S7) — tr(X*) > p||X — X7,
N——

Fro(X) Fre(XH)

When such a bound holds, we will think of the parameters (u,r,¢) as partially de-
scribing the conditioning of (1.1). Finally, in order to make our notion of conditioning
“aware” of scaling, we additionally track the Lipschitz constant, L, of (1.2) with re-
spect to the /1 norm:

(1.4) IFoo(X) = Foy(Y)| <L|X —Y]|,, forall X,V eS"

We use the set of numbers (u,r, ¢, L) to measure the conditioning of (1.1). The
sharpness parameter ;1 in some sense will control absolute notions of error, while the

2These polynomial factors may be even worse when measuring error in terms of distance to the
true solution as opposed to function value.
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SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 3

condition number « := L/ will control relative notions of error and convergence rates
of first-order methods.3
We now describe our main results in the setting of phase retrieval:

e Conditioning: Tt is well-known that restricted isometry property (RIP) con-
stants (see Definition 3.2) can be used to prove exact recovery [15, 44]. Our
first contribution is a novel connection between RIP constants and sharpness
in the sense of (1.3). By adapting known proofs of exact recovery based
on restricted isometry, we can describe the parameters (u,r,¢, L) in terms
of RIP constants. In particular, we show that there exist u,r,¢,L = ©(1)
and m = ©(n), so that w.h.p., the function F, , is y-sharp and L-Lipschitz.
Almost identical results on dimension-independent conditioning for the other
signal recovery problems are also presented in Theorem 4.1.

e Optimization error and error bound: In practice, we are unable to solve (1.1)
exactly and must resort to numerical optimization. Using p-sharpness, i.e.,
(1.3), we have that any e-suboptimal solution® X to (1.1) or (1.2) satisfies
HX —X“H1 < €/u. Using the estimate p = ©(1), we are able to control
how optimization error affects the distance to solution, HX -X “’ 1 a form
of recovery error. Thus, p-sharpness can be viewed as a particular form of an
error bound, see (1.5) for a general definition. Compared to approaches [7,
22, 24, 51] based on Hoffman’s eror bound [33] or other regularity conditions,
e.g., strict complementarity [1], our approach based on the RIP yields a much
clearer relationship between the parameters of the error bound, e.g., u,r, ¢,
and the underlying dimension n. See the paragraph containing (1.5) in Section
1.1 for detailed discussions.

e Measurement error and sensitivity of solutions: Suppose that instead of ob-
serving b = A(X"Y), we observe b = A(X") + & with a (possibly adversarial)
noise term. It is known that (1.1) actually admits a unique feasible solution
X% w.h.p. [10], thus (1.1) with b replaced by b is likely to be infeasible. On
the other hand, given any optimizer X of (1.2) with b in place of b, we may

use sharpness in the noiseless case to bound HX - XhH < O(||é]|; /) in the
1

noisy case (see Proposition 5.1).
In a similar vein, we may consider a setting where b is corrupted by a sparse
vector . Sharpness in the noiseless case tells us that the optimizer of (1.2)
is unchanged if |supp(d)| /m = O(u), i.e., if up to an O(u) fraction of the
entries of b are corrupted (see Proposition 5.6 and Example 5.7 for a formal
statement).”
Thus, the parameter u allows us to control how measurement error affects
the recovery process. Our estimate p = ©(1) shows that the optimizer is
insensitive to noise in b.

e Algorithms: Since (1.1) has well-conditioned sharpness in the ¢; norm, its
sharpness in the standard ¢5 norm is necessarily ill-conditioned (see Proposi-
tion 6.2). This ill-conditioning causes both the theoretical performance guar-

30ne may replace the £; norm with other norms in the right hand side of these definitions (1.3)
and (1.4). The benefit of the £; norm, as we will discuss, is that the conditioning in our applications
can be shown to be dimension-independent.

4Given an optimization problem ming¢ x f(z) with minimum f*, a feasible region X in some finite
dimensional Euclidean space, and an objective function f, a vector x is an e-suboptimal solution to
mingex f(z) if f(z) — f* <eand z € X.

5Naturally, the allowed fraction of corrupted entries will satisfy O(u) < 1/2.
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4 L. DING, AND A. L. WANG

antees and the numeric performance of standard sharpness-aware first-order
methods, which are based on the ¢ norm, to deteriorate as the dimension
increases (see Figure 1a). Thus, to solve large-scale instances of (1.1), we de-
velop a new restarted mirror descent algorithm (RMD), which can be applied
to general convex functions that are u-sharp and L-Lipschitz in terms of an
¢, norm with p € [1,2] (see Section 6). We may apply this algorithm to (1.2)
with p = 1 to produce an e-suboptimal solution in

O </£2 log(n) log C))

iterations. RMD’s logarithmic dependence on n contrasts with the linear
dependence on n that an f>-based algorithm would incur. Furthermore, each
iteration of RMD can be implemented in time comparable to a single iteration
of subgradient descent on (1.2).° These convergence guarantees also hold
after appropriate modifications in the presence of corruption or noise (see
Propositions 5.1 and 5.6) with guarantees depending on .

Our results on optimization error, measurement error, and algorithms above de-
pend solely on the conditions (1.3) and (1.4) and are stated in terms of paramters
(u,7, £, L). For a general problem, it may be that these conditions do not hold for
any choice of these parameters. However, we will show that under standard statisti-
cal assumptions, not only do (1.3) and (1.4) hold for some choice of (u,r,¢, L), but
that these parameters are well-controlled. We emphasize again that the above results
continue to hold similarly for other modern signal recovery problems.

1.1. Related work. To better position our work in the literature, in this section,
we discuss related work on error bounds and conditioning, sharpness and conditioning
in statistical recovery, and first-order methods for minimizing sharp functions.

Establishing error bounds and conditioning. The sharpness condition in (1.3) can
be viewed as an error bound for (1.1). Error bounds and conditioning are central to
optimization problems both structurally and algorithmically [1, 24, 34, 35, 38, 55].
Consider the following general error bound for (1.1):

(1.5) tr(X) +7 [A(X) — bl| + £dist(X, ST ) —tr(X?) > p|| X — X7||", for all X € S™,

where, in addition to the r and ¢ introduced in (1.3), we also have the power s, and
general norms throughout. Most methods for establishing error bounds either require
that (1.1) (or the more general problem (P) introduced in later sections) is linear or its
subdifferential graph is linear [7, 24, 33], or that regularity conditions such as Slater’s
condition [5, 54], strict complementarity [22, 24, 51], or nondegeneracy conditions [37]
hold. Additional work has studied error bounds in generic semialgebraic settings [23].
Results of this type generally place an emphasis on establishing the power s (usually
to 1 or 2) and provide only weak bounds on p, r, and ¢, that potentially depend on the
dimension polynomially or exponentially. This is natural as the power s determines
the linear or sublinear convergence rate [2, 34]. On the other hand, if p, r, or £ depend
polynomially (or even exponentially) on the dimension, then first-order algorithms
may still be doomed to dimension-dependent convergence rates. This work connects
the quantities u, 7, and ¢ to the quantitatively better-understood restricted isometry

SIn the phase retrieval case, RMD requires performing two eigenvalue value decompositions
per iteration, whereas subgradient descent requires performing one eigenvalue decomposition per
iteration.
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SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 5

property (RIP). This connection gives precise estimates of the conditioning (u,r, ¢, L)
in our settings and shows that these quantities are in fact dimension independent.

Sharpness and well conditioning in statistical recovery. A series of works [18, 19,
26, 36] studied the local landscape of nonconvex nonsmooth formulations in statistical
recovery near the signal, particularly in low-rank matrix recovery. They showed that
near a factored form of the ground truth X!, the natural loss function is sharp, and
the local condition number (in terms of the Frobenius or Schatten-2 norm) does not
depend on the dimension directly. Hence, they can apply off-the-shelf algorithms,
such as subgradient and prox-linear methods [21, 25] to achieve quick convergence to
a factored form of X% Note that results of this type are local, and the algorithms
require specific model knowledge to construct an appropriate initializer to achieve
provable guarantees. In contrast, the methods developed here are convex optimization
methods so they are not as sensitive to poor initialization.

First-order methods for minimizing sharp functions. Early work in this area es-
tablished linear convergence of the subgradient method (with appropriate step sizes)
for p-sharp L-Lipschitz functions in the ¢5 norm [28, 32, 42]. These methods and their
proofs are adapted to the £ norm and incur a linear dependence on the dimension
when applied to p-sharp L-Lipschitz functions in the ¢; norm.

Similar guarantees can be derived as a consequence of restarting schemes. Perhaps
the earliest work discussing restarting schemes is [39], where a restarting scheme
was developed for convex Holder-smooth minimization in £, spaces. More recent
work [38, 47, 48, 53] has used restarting schemes to accelerate variants of (sub)gradient
descent in the presence of different growth conditions, e.g., a local guarantee of the
form”

f(z) — mIin f(x) > pdist(z, X)°

for all x close enough to the set of minimizers, X of a function f. Here, dist(:,-) is
typically measured in the ¢ norm and s € [1,00) captures the Holderian growth of
f. Taking s = 1 recovers the usual definition of sharpness. In this setting, restarted
subgradient descent achieves a linear convergence rate of O (52 log(1/ e)) [53] where
the condition number « is measured in the £5 norm. Adaptive versions of these restart
schemes have also been developed [45, 48] that do not require the sharpness parameter
1 to be specified but incur an additional log(1/¢€) factor in the convergence rate.

We emphasize that much of the preceding literature on first-order methods for
sharp convex functions focuses on the /5 setting. The only exception we know of is the
work of [48], which develops a restarted mirror descent method for functions satisfying
a property inspired by sharpness in the ¢ setting. Roulet and d’Aspremont [48] show
that their method can be used to achieve O(xk?log(n)log(1/€)) convergence on this
particular function class. Unfortunately, in the ¢, setting with p € [1,2), their proxy
for sharpness is quite restrictive and does not allow solutions with sparseness or low-
rank as is common in signal recovery. Our work in section 6 is closely related to [48]
but uses a different specification of the restarting mechanism. This change allows us
to use the natural definition of sharpness in an ¢, norm for p € [1,2] (see Remark 6.7
for a thorough comparison).

1.2. Outline and notation.
Outline. We begin, in Section 2, by setting up notation and defining sharpness
in the /1 norm for an abstract signal recovery problem. We will quantify sharpness

7Other forms of the necessary “growth” are possible in different settings.
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6 L. DING, AND A. L. WANG

and conditioning by a set of parameters (u,r, ¢, L). In Sections 3 and 4, we establish
conditioning and sharpness under the Gaussian sensing models for the problems of
sparse recovery, low-rank matrix and bilinear sensing, and covariance estimation in
the absence of noise. Our proof relies on the well-known restricted isometry property
(RIP). In section 5, we investigate how sharp instances of the abstract signal recovery
problem behave in the presence of noise. In section 6, we describe and analyze an
algorithm restarted mirror descent (RMD) that has linear and nearly dimension-
independent convergence rates when applied to sharp functions in any ¢, or Schatten-p
norms for p € [1,2] (see Assumption 6.1). In conjunction with the results of Section 5,
we may apply RMD to obtain linear nearly dimension-independent convergence rates
even in the presence of noise for these statistical recovery problems.

A note on £, and Schatten-p norms. Let p € [1,00]. We will overload notation
and use |[z||, for the standard ¢, norm when z € R" and the Schatten-p norm when
x € R™N. Recall that the nuclear norm is equivalent to the Schatten-1 norm,
the Frobenius norm is equivalent to the Schatten-2 norm, and the spectral norm is
equivalent to the Schatten-co norm. To streamline the text, we will also take “/,
norm” of a matrix to mean its Schatten-p norm.

lo “norm”. Finally, we abuse notation and write ||z||, for the size of the support
of a vector or the rank of a matrix. We caution that this is not a norm.

2. Preliminaries. In this section, we describe an abstract signal recovery prob-
lem and the convex optimization approach. Then, we define our measures of sharpness
and conditioning.

2.1. Signal recovery via convex optimization. Let V' be the space of the
signal, i.e., V = R" R™N or S*. We will equip V with the ¢; norm. Again, “¢;”
means the standard ¢; norm if V = R” and the Schatten-1 norm if V = R**¥ or
V = S8". Let R™ be the space of the measurements equipped with the ¢, norm for
some p € [1,2] to be determined.

In the abstract signal recovery problem, we aim to recover an unknown element
2% € V, called the signal, from a linear sensing operator, A : V — R™, and a vector
of measurements, b = A(z%) € R™. The convex optimization approach solves the
following generalization of (1.1),

®) win {r0): 270

to recover x?. Here, the function f: V — R is convex and K C V is a closed convex
cone (possibly all of V). They reflect our prior knowledge of zf, e.g., if 2! is sparse,
we set f(x) = ||z||1.

Next, we define the sharpness and conditioning of (P).

2.2. Definition of sharpness and conditioning. Given x € V, and a closed
nonempty set X C V', let
disty(x, X) := min ||z — x|, .
1( ) ZeX || ” 1
The following definition specializes the notion of sharpness for a convex function

(also referred to as weak sharpness in the literature [30]) to the ¢; setting.

DEFINITION 2.1 (Sharpness). Let ¢ : V. — R be a convex function, X CV a
nonempty convez set, and let p > 0. We say that ¢ is p-sharp around X w.r.t. the ¢4
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SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 7

norm if X = argmin ¢ and

o(z) — H?él‘l/l o(x) > pdisty (z, X), vz e V.

We extend the notion of sharpness to a problem of the form (P) as follows.

DEFINITION 2.2 (Sharpness of (P)). Consider a problem of the form (P). Let
eV, u>0,andr, £>0. We say that (P) is (u,r,¢) sharp around z! w.r.t. the
¢y norm if 2% is feasible in (P) and

(2.1) Fro(x) = f(z) + || A(x) — bl + £dist1 (z, K)

is p-sharp around x°. Equivalently, if x% is feasible in (P) and

1
(2.2) |lz—af|, < p (f(x) — f(a®) + 7 A(z) — bl +€dist1(z,IC)) . VzeV.
If K =V, then ¢ is inconsequential, so we will simply say (P) is (u,r) sharp around
xf w.r.t. the {1 norm.

Remark 2.3. Suppose (P) is (p, r, £)-sharp around z® w.r.t. the £; norm for some
w > 0, r,¢ > 0. Note that 2% is necessarily the unique optimal solution of (P).
Moreover, we have an error bound: If we numerically solve (P) and produce & € V,
then we may bound the distance H:? — b Hl according to (2.2). This bound holds even

if £(%) < f(2), which could happen as 7 is not necessarily feasible for (P).

Recall the standard definition of the Lipschitz constant of a function specialized
to the ¢1 norm.

DEFINITION 2.4 (Lipschitz constant). We say that a convez function ¢ : V. — R
is L-Lipschitz w.r.t. the {1 norm if

9(x) = ¢(y)| < Ll —yl,,  Vo,yeV.

We are now ready to define the conditioning of (P). Note that the following
definition depends implicitly on p, which we treat as fixed.

DEFINITION 2.5 (Conditioning and condition number). Consider a problem of the
form (P) and suppose x* € V is its unique optimizer. Suppose for some r,£ > 0 that
F. ¢ is p-sharp around z% and L-Lipschitz w.r.t. the {; norm, with pu, L > 0. The

conditioning of (P) is measured by (u,r, ¢, L) and the condition number is k = ﬁ

It is possible for a problem of the form (P) to not have well-defined conditioning
according to this definition. For example, if 2% is not the unique minimizer of (P), then
its conditioning is not well-defined. Nevertheless, we will show that under standard
statistical assumptions, many interesting signal recovery problems have well-defined
conditioning under this definition.

3. RIP-based sharpness and conditioning in signal recovery. This section
shows that under bounds on restricted isometry (defined below), sharpness in the
£1 norm holds for three archetypal modern signal recovery problems: sparse vector
recovery, low rank matrix sensing, and covariance estimation. Phase retrieval can also
be thought of as a special case of covariance estimation. The signal to be recovered,
the optimization formulation in (P), and the choices of norms are the following.

DEFINITION 3.1. We consider the following signal recovery problems that can be
formulated as (P) and the corresponding choices for V', f, and K.
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e Sparse vector recovery: recover a k-sparse vector xf € V. = R"™. In the
formulation (P), the objective is f(x) = ||x||1 and the set K =R™.

e Low rank matriz sensing: recover a rank k matriz X% € V.= RN, In the
formulation (P), the objective is f(X) = || X||1 and the set K = R".

e Covariance estimation: recover a rank k PSD matriz X% € V. = S". In the
formulation (P), the objective is the trace f(X) = tr(X) and the set K is the
set of PSD matrices S’} .

The norm, ||| , on the measurement space R™ is, as yet, unspecified in any of
the three problems above. We have some freedom in the choice of p as long as crucial
bounds on the restricted isometry property (RIP) hold in the ¢, norm.

DEFINITION 3.2 (Restricted isometry property). Let k' be a positive integer and
AV — R™ be a linear operator. We will let RIP,,(A) and RIP},(A) denote any
valid uniform lower bound and upper bound on the quantity || A(z)l, /[|z|l, as z € V
ranges over all elements in V with ||z||, < k'

Our main result of this section is the following:

PROPOSITION 3.3. Consider one of the three problems defined in Definition 3.1.
Let ¢ = 1 for sparse vector recovery and ¢ = 2 for the other two cases. Let k' > 0 and
€ >0 and suppose RIP{,(A) > 1 and

k' [ RIP ;. (A)
— | ——= ] >1 .
ck( RIP,(4) )= €

Then, (P) is (2i6,\/y, 2) sharp around z' w.r.t. ¢. Furthermore, the Lipschitz

constant L w.r.t. {1 is no more than 3 + vk’ RIPT (A).

To put this result in context, we will see in Section 4 that the premise of Propo-
sition 3.3 holds once the sample size m is a small multiple of the recovery threshold
w.h.p. with € = 2 and ¥ = O(k), and RIP{ (A) = O(1). Hence, Problem (P) is
(%,O (\/E) ,2) sharp around z? with a Lipschitz constant no more than O (\/E)

w.h.p.

The rest of the section consists of proofs of Proposition 3.3 for the three different
settings. We start with the proof of sharpness of matrix sensing and discuss how
this proof can be modified for the other two settings. We then bound the Lipschitz
constant for all three settings.

3.1. Proof of sharpness in matrix sensing. This section proves Proposi-
tion 3.3 for the setting of low-rank matrix sensing and uses many elements of the
proofs for exact recovery [15, 44].

Let A € R™*¥ be arbitrary. Our goal is to show that

€

(3.1) | X5+ A, + VE AR, — || X, = e 1Al -

Change of basis. Suppose U; € R™*™ and U, € RV*Y are orthonormal changes
of bases. Note that the inequality (3.1) is invariant upon replacing (X, A) with

(U1 XUJ, U AUYJ) and replacing A with A : A — A(UTAU,). That is:
(31) «—
|U: X*US + U1 AUF ||, + V'

A(UlAUQT)Hp — x|, > %ﬂ I AT, -




329
330

w W W W
w W W w
Ot R W N

336
337
338
339
340
341
342
343

345

346

347

348

349

ot
t

356

SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 9

Furthermore, RIP,,(A) = RIP,,(A) and RIP},(A) = RIP},(A) for any k’. Thus,
without loss of generality, we may assume that X% and A have the following form:

X”( X1h,1 O (N—k) ) and A(Al’l A1,2>
On—k)yxk  O(n—k)x(N—k) Ao Ao

where X7 | is a nonnegative k x k diagonal matrix and Ay » € R(*=9*(N=F) is diagonal
with diagonal entries that are nonnegative and nonincreasing in magnitude.

Partitioning of the difference A. Let 6,1 = diag(Ag o) € R™M(WN)=F  The rest
of the proof is based on the idea in [15, 44]. We decompose §,1 = o1 + - - - + 04 where
each o; € Rmin(mN)=k Specifically, let o extract the first &’ coordinates of 8, as its
first &’ coordinates and be zero for other coordinates. We then let each subsequent o;
extract the next &k’ coordinates of ;1 as its (i — 1)k’ 4+ 1-th to ik’-th coordinates and
be 0 for other coordinates. Finally, o; may have fewer than k&’ nonzero coordinates of
0,1 and its first (¢ — 1)k’ coordinates are all zeros. Let X; denote the matrix of size
n x N with Diag(c;) in its bottom-right (n — k) x (N — k) block and zeros elsewhere.

Lower bound on ||Agz||,. Since o1,...,0, have disjoint supports, we can lower
bound [[Az |, = |6k, by

/5 ol
1822, = 181l > Y lloilly = &Y =
i=1 1=1

Using 4,1 is nonincreasing and each o; is k' sparse, we further have

t t
1A2lly > B> lloille = VE D lloill, -
=2 1=2

Next, we use the RIP to obtain

VI
1822]l; 2 ==+ ) [AZ)]l
! RIP;,Z.; P

@ VK
>
~ RIP{,

A A
' <A2,2 0 )+A(21)

where (a) is due to triangle inequality. Using the RIP condition again and RIP}, > 1,

we haVe
A A >
< 1,1 1, > El

- IA(A)IIP> ,

p

RIP, , ./
1A 2]l > VA — 25

L VE AL,

RIP, AR
RIPy, o | (A1 A
7 2k+k 1,1 1,2 _ 7
> \/k»iRIPz/ (AM 0 ) ) VE [AA)],,-

A A has rank no more than 2k, we have
Ag’l 0

[k RIPo i | (A1 A
A LS 2k+k 1,1 1,2
H 2,2“1 — Qk RIP;:/ A271 0

> o (R %)

Lastly, since <

T VE A,

o VE AL, -
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Putting things together. We are now ready to prove sharpness:

[ X5+ A, + VE A, — || X

I
Xf,l 0 vl (A Age
[ Gr NS | I S A (el
+\/EHA(A)HP

> [ope|l; — H <21’1 A(l)’z) +VE ||A(A)||p (disjoint supports)
2,1 1
2 €
- (2+e * 2+e> 191 =

A A
A2’1 0
+VE A,

2 A1,1 A1,2 €
2> <2+6(1+e)1> H<A2>1 0 )H1+2+€ 1052l; (bound on [|dxL]l;)
2
- 2 ) Vi AL
+(1- ) VA,
€
[PAV/P

>
“24€
This proves the claim (3.1) as A € R"*¥ was arbitrary.

1

1

3.2. Sharpness in sparse vector recovery. One can follow the proof for ma-
trix sensing almost verbatim by treating the signal z? and the sensing vectors in A as
diagonal matrices. The change-of-bases matrices may be picked as any permutation
matrix U; = Us. The change from ¢ = 2 to ¢ = 1 is justified by noting there is no
extra off-diagonal term for the matrices considered in the argument. Thus, the matrix

(2; A(l)"") = (Alvl 0) has rank bounded by k instead of 2k.

3.3. Sharpness in covariance estimation. We may repeat the proof of Sub-
section 3.1 verbatim after replacing V' = R"*Y by V = S". The change-of-bases
matrices may be picked as any orthonormal matrix U; = Us. We deduce that, under
the assumptions of this proposition,

1X 1, + V& LAX) — 0],

is 5% sharp around X%, Next, note that tr(X)+2dist;(X,S7) > || X||,. We conclude

that

tr(X) + 2 dist1 (X, ST) + VA | AX) = b]l,

€
24€

3.4. Proof of Lipschitz continuity. We need to show that

is sharp around X2

(3.2) f@) + VE [|A(z) = bl|,, + 2 disty (v, K)

is 3 + v/k' RIPY (A) Lipschitz with respect to the ¢; norm.

By the triangle inequality, the objective functions f(z) = ||z||; and f(X) = tr(X)
are both 1-Lipschitz in terms of the /1 norm. In the covariance estimation setting,
the distance function dist; (X, S’ ) is also 1-Lipschitz in terms of the ¢; norm by the
triangle inequality.
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Next, we show the function [A(z)— b, is RIP{ Lipschitz. Indeed, for any
z1,x0 €V, let A=z —x9 =) | A, where ||A;]|; < 1. We have

[IAG@1) = bl = AG) ],

<[ A1 - 22)ll, = HA (Z m—)

i=1

<> IA@)I,
p i=1

@) & ® v
<> RIP{ |All, = > RIPY [|A]|, = RIPY [|A]]; .
=1 =1

Here step (a) and (b) are due to the RIP and the fact that ||A;||, < 1 for all 7.
Since f(z) and dist;(x, K) are 1 Lipschitz and [|A(x) —b|, is RIP] Lipschitz,

our proof that the function in (3.2) is (3 + \/ERIPT(.A))-LipSChitZ with respect to
the ¢1 norm is complete.

4. Conditioning, sensing models, and sample complexity. In this section,
we describe different sensing models of A and show that once m exceeds certain
thresholds, Problem (P) is well-conditioned in terms of ¢; norm (for certain choices
of the norm £, on the measurement space).

To prove this result, we first describe the precise sensing model in Subsection 4.1.
Then we collect bounds on the RIP from the literature that ensure that the premise
of Proposition 3.3 is satisfied. Due to an additional technicality in one of the sensing
models (labeled “Covariance Estimation I” below), we give a separate proof of its
conditioning in Subsection 4.2.

We will describe each sensing map A by specifying its adjoint map A*. More
precisely, we equip S” and R™*¥ with the trace inner product and equip R™ and R™
with the dot product. For each i = 1,...,m, let e; denote the i-th standard basis of
R™. We will specify the distribution of A*(e;) € V' and then recover A = (A*)*.

A summary of the sensing model, the thresholds, and the norms on R™ is de-
scribed in Table 1. Our main result of this section is the following theorem.

THEOREM 4.1. Suppose the norm on R™ and the sampling map A are described
according to one of the scenarios in Table 1 and the signal x° satisfies llz|ly < k.
If m > CT(n,N,k), where T(n,N,k) is defined in Table 1 and C is a numerical
constant, then there are numerical constants c1,co > 0 such that w.h.p. the optimiza-

1

tion problem (P) is (5,v/c1k,2)-sharp around z and F /z5.2 has a Lipschitz constant

bounded by v/cok. Consequently, (P) has a condition number k bounded by 2+/cak.

4.1. Sensing model, sample complexity, and proof via RIP. In this sec-
tion, we first describe the sensing models and the thresholds T'(n, N, k) on m so that
bounds on RIP hold for A when R™ is equipped with either the ¢; or ¢5 norms. Then,
we prove Theorem 4.1 by verifying the premise of Proposition 3.3.

Recall that RIP,(A) and RIP},(A) are any uniform lower and upper bound on
[Azll, / llzll, as = ranges over elements of V' with support or rank bounded by &'.
They will be set to numerical constants c¢1,co below and could differ for different
sensing models. The norm of R™ will be either £, = ¢; or £, = (5.

Sparse vector recovery. For sparse vector recovery, the measurements are of the
form

A*(e;)) =a;, i=1,...,m,
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’ Task \ A*(e;) \ T(n,N,k) \ ¢, norm on R™ ‘
Sparse vector recovery a; € R" klog(n/k) 01 or Uy
Low rank matrix sensing I A; e RPN max{n, N}k l1 or £y
Low rank matrix sensing II a;b] € RN max{n, N}k 2
Covariance estimation I a;a] €S nk 0
Covariance estimation IT | a;a] — b;b] € S™ nk 4

Table 1: Description of different statistical signal recovery tasks and the thresholds for
well-conditioning. The entries of A;, a;, and b; are i.i.d. Gaussian random variables
with appropriate scaling (see Section 4.1). The conditioning of (P) is measured by
(3,/c1k,2,v/cok) where c;, c2 > 0 are numerical constants.

where a; "R N (0,I/m) when ¢, = ¢ and q; b N (0,I/m?) when £, = ¢;. In

both settings, we may set w.h.p. RIP}, (A) = ¢y and RIP,, (A) = ¢; as long as
m 2>k log(%),8 where ¢; and ¢y are constants independent of &’ satisfying ¢ /c; < 1.1
and ¢y > 1. This fact is proved in the ¢y setting following [13, 27] using results on
singular values of random matrices; a simple proof can be found in [4, Theorem 5.2].
This fact can be proved in the ¢; setting using [41, Lemma 2.1] and [49, Lemma 4.4].
9

Matriz sensing I. For this scenario of matrix sensing, the measurements are of
the form

A*(ei):Ai, i:l,...,m,

where each measurement matrix A; € R**" has Gaussian entries. Each entry of each
matrix is sampled i.i.d. according to N (0,1/m) when ¢, = {5 setting, and according
to N (0,1/m?) when ¢, = ¢;. In both settings, we may set w.h.p. RIP},(A) = c»
and RIP,,(A) = ¢ as long as m 2 k'max(n,N), where ¢; and ¢y are constants
independent of k' satisfying ¢a/¢; < 1.1 and ¢ > 1. This fact is proved in the /5
setting in [12, Theorem 2.3]. This fact is proved in the ¢; setting in [36, Proposition
1].

Matriz sensing II. For this version of matrix sensing, which is more commonly
known as bilinear sensing, the measurements are of the form

Af(eg) = ab), i=1,...,m,
and the measurement vectors a; "= N(0,1I,/m) and b; R N(0,Iny/m). We equip
R™ with the ¢; norm. In this setting, we may set w.h.p. RIP},(A) = c» and
RIP,, (A) = ¢1 as long as m 2 k' max(n,N), where ¢; and ¢, and constants inde-
pendent of k' satisfying co/c; < 4 and ¢ > 1. This fact is proved according to [9,
Theorem 2.2].

Covariance estimation I. For this scenario of covariance estimation, the measure-

ments are of the form

A*(e)) = aa), i=1,...,m,

[

8We write a > b if a > Cb for some numerical constant C' > 0.
9Specifically, [41, Lemma 2.1] provides a RIP bound with a quantity called Guassian width. One
then use [49, Lemma 4.4] to estimate the width and obtain the concrete RIP above.
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where each measurement vector a; KN (0,I,/m). We equip R™ with the ¢; norm.
The proof of Theorem 4.1 for this setting differs from the proof of Theorem 4.1 for
all other settings. This difference stems from the fact that (A*(e;), X%) does not
have zero mean, thus biasing the output vector as discussed in [20, Section III.B].
Attempting to follow the same proof strategy will need RIP;, (A) to be a numerical
constant. However, the quantity RIP;:, (A) scales as vA’. This prevents us from
applying Proposition 3.3 directly in this setting.

We provide a separate proof for Theorem 4.1(Covariance estimation I) in Sub-
section 4.2. The proof in this setting is completed by analyzing the conditioning of a
related model of covariance estimation (Covariance estimation II).

Covariance estimation II. For this scenario of covariance estimation, the mea-
surements are of the form

A*(ei):aiaj—bibj, i:L...,m,

where each measurement vector pair a;, b; NS N(0,I,/(2m)). We equip R™ with the
¢1 norm. In this setting, we may set w.h.p. RIP},(A) = ¢, and RIP;,(A) = ¢; as
long as m 2 nk’. Here, ¢; and ¢y are constants independent of k' satisfying ca/c; < 4
and ¢, > 1. To prove this fact, consider the operator A : R"*" — R™ such that
A*(e;) = (a;—b;)(a; +b;) . Note that a; —b; and a; +b; are independent of each other
and a;—b;, a;+b; L N(0,1I,/m) fori=1,...,m. Using [9, Theorem 2.2], we see that
RIP holds for A w.h.p. with RIP},(A) = ¢z and RIP,(A) = ¢; as long as m > nk'.
The proof is completed by noting that [A(X)]; = ((a; — b;)(a; + b)) ", X) = [A(X)];
for any X € S™.

The Gaussian assumption on the sensing vectors or matrices are assumed for
simplicity. One can relax this condition to sub-Gaussian distributions as done in [4,

Theorem 5.2], [41, Lemma 2.1], and [18, Theorem 6.4].

Proof of Theorem 4.1 for all settings except covariance estimation I. For all set-
tings except covariance estimation I, as long as m 2 T'(n, N, k'), we may set w.h.p.
RIP},(A) = co and RIP, (A) = ¢;. By setting k' = \/C1k for a large numerical con-
stant C'1, we see the premise of Proposition 3.3 is satisfied and our proof is complete.

4.2. Conditioning of covariance estimation I. We provide a separate argu-
ment for Theorem 4.1 in the setting of Covariance estimation I.

In this setting, we have that a; ~ N(0, I, /m) are i.i.d. We equip the space R™
with the ¢; norm. Our goal is to show that (P) is sharp in terms of ¢; norm with
parameters (%, % c1k,2) and Lipschitz continuous with Lipschitz constant L = /cok
w.h.p. once m 2 nk. We will do so by comparing Covariance estimation I with
Covariance estimation II.

First, we replace the linear constraint in Problem (P) by B(X) = d where B :
S™ — RL™/21 and

. 1 1 1 1 .
(4.1)  B*(e;) = iagi_la;_l - 51121&; di = 5boi-1— by, i=1,..., [m/2].
This is distributed as an instance of Covariance estimation II. By Theorem 4.1 (Co-
variance estimation II), we know that once m 2 nk, it holds that

. n 1
(42)  tr(X) + ek ||B(X) - d|), + 2dist:(X,ST) — tr(X7) > 3 X — X7, -
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Note that for each i = 1,...,|m/2], by the construction (4.1), we have
1 1
[(B"(ei), X) — dil < S| (A" (e2i-1), X) = baia| + 5[ (A™(e2), X) — bail.

Combining this fact with (4.2), we see that the function tr(X)+3v/c1k [|A(X) — b, +
2dist1 (X,S%) is 5 sharp around X% as well.

To prove the Lipschitz constant is bounded, we utilize [14, Lemma 3.1], which
shows that w.h.p.

A, < LX)

Hence we see tr(X) + $v/c1k | A(X) — b, + 2dist (X, S7) is 3+ /c1k Lipschitz with
respect to the ¢; norm. This completes the proof of Theorem 4.1 (Covariance estima-
tion I).

5. Sharp problem formulations in the presence of noise. In this section,
we show that the sharpness of a problem (P) in the noiseless setting b = A(x%) provides
(algorthmically useful) information even in the noisy setting, where b is replaced by

b= A(z%) 4 & with ¢ small or sparse. We begin with the case where § is small.

PROPOSITION 5.1. Suppose (P) is (u,r,£) sharp around z8 in the {1 norm. Let
0 € R™ and set b="0b+9.
o If T minimizes

Fro(z) = f(z) +r HA(m) b

+ ¢ disty (2, K),
P

then ||& — 2|, < % l161,-
o If T minimizes

Eilesh (@) i= max (Fyo(@), Fro(a®) + 37 [6]],)

then || — :EhHl < 47’" [6]l,,- Furthermore, Fﬁ}?“h is 5-sharp around its opti-
Mizers.

Remark 5.2. Suppose F., is L-Lipschitz with f(z) = ||z|;, L=V and L > 1 as
in sparse vector recovery or low-rank matrix sensing. Then we have

L[], 2 [Fra(®) = Fraa®)] = [l = %], = @ +D)[Ja], = r 8],
Hence, combining this inequality with the first item of Proposition 5.1, we have

Hi 7th1 < 2L +2 ||5||p

Thus, we see that indeed the condition number of (P) controls the relative change of
the solution to the relative perturbation to the data vector b:

Relative change in solution < O(k) - Relative change in data vector .

l|z—=5]], 1811,
=T "l

This is analogous to the use of condition number in linear equations.
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Remark 5.3. When § is nonzero, the penalization formulation Fr,g is not neces-
sarily a sharp function. However, the above proposition asserts that Ffj}éres}l(x) is still
sharp. Hence, we may hope to apply the methods described in Section 6, which apply

to sharp functions: On the surface, evaluating the function Frt’}}reSh(x) (and its sub-

gradients) requires access to both 2% and ||§| - While we will not have access to these
quantities in practice, that is of little consequence if we only plan to apply first-order
methods (as we suggest in Section 6). Indeed, any first-order method applied to F}

will behave equivalently to the first-order method applied to Fﬁ}}zmh until an iterate

Z satisfying HQE - mhul < dr [6]l,, is found. In particular, the algorithms presented in

Section 6 applied to Fr’g will converge linearly to such a point with a rate depending

on 4. We emphasize that such a procedure is adaptive (to the noise level ||4[|,) in

both ||£ — gt ||1 and the rate of convergence to .

Proof of Proposition 5.1. For notational convenience, in this proof we will drop
all subscripts r, £.
By the triangle inequality, for all x € V', we have

‘F(x) - F(x)) -

rlA) = bl = [4) = 5] | < 1

For the first claim, note that by optimality of # in F', we have that
F(z) < F(@) + 0], < F(2*) +rd]l, < F(a*) +2r|d],, -

Combining this inequality with u-sharpness of F' around z? proves the first claim.
Consider the second claim. Note that F(zf) < F(z%) 4 r [[6]], so that F' achieves

values bounded above by the threshold value of F(z) + 3r [0]l,- Thus, the set of
minimizers of F*esh(z) is given by X = {x eV: F(zx) < F(z%) +3r ||5||p}. Then,

if # minimizes F™°" (1), we must have
F(2) < F(@) + 7], < F(a*) + 47 9], -

Combining this inequality with p-sharpness of F' around z? shows that Hﬁ — zf H1 <
A lall,.-
It remains to show that F*'esh(z) is 1/2 sharp around its optimizers X'. By the

definition of sharpness (see Definition 2.1), the goal is to show that for any z € V'\ X,
there exists & € X’ satisfying

% ”a—j _ .%”1 < Fthresh(j> _ Fthresh(i,).

Note that for any Z € V' \ X and & € X, we have F*esh(3) = F(Z) and Ftresh(3) =
F (%) + 3r[|5]],-
Set # = (1 — a)z® 4+ aZ where
2r |51,
F(z) — F(af) —rls],

As F(z) > F(z%)+3r [[6]],,, we have that « is well-defined and « € [0,1]. By convexity
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of F,

F(%) < (1 —a)F (%) + aF(z)
(1= a)(F(*) +rls],) + aF(z)

IN

2r |6 .
:F@M+rau+<~ o, )(F@»—F@M—rém)

F(z) — F(z%) —r||d]l,
= F(a") +3r|5]],, -

We deduce that 7 € X.
Finally, we have

(1 - )% [|=* 2],
1-—

Mo ~
5 Iz =zl

2 (F(a) - F(a*))

F(z) = F(a?) —r||9]|

B

8l

2
F(z F(2%) —3r |6
<;<() ””)(ﬂ@—Fu%+WMQ

(F 3MMH)<F

z) — F(af) = 3r|ja]l,.

) = F(a) = 3r|jd]],, + 4 ||5||,,>
(z) = F(a) = 3r [|6]l,, + 2r |6,

Here, the second line follows by p-sharpness of F', the third line follows by the defini-
tion of , and the final line follows from the premise that F'(z) > F(x%) + 3r [[o]],- O

FEzxample 5.4. If the norm on the measurement space is £, = ¢, then Proposi-
tion 5.1 is tight up to constants. Indeed, consider the sparse recovery problem below

(parameterized by u € (0,1] and r > 0):
V =R2?, = e

Azl{l 0 ] bzl
rip l-p

Note that
F(z) = ||, +r[lA(z) — bll;

= |z1| + [@2| + |21 — 1 + [z — 1) + (1 — p)2]

21+ ploy =1 + p o
= F(2%) + pllz— 2%, .

Thus, F is y-sharp around z% w.r.t. the ¢; norm. Now, suppose instead of b, we receive
b =b— dez where § € [0, p/r]. A similar calculation shows that Z := (1 —rd/u)e; is

the minimizer of F(x):

F(z) = ||z, +r HA@C) B EH1

= |z1| + |w2| + |21 — 1| + (21 — 1) +

> 1+ u

rd
x1—1+u‘+uMﬂ

= F@) +ple -2,

(1 - )z + 9]
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We deduce that &, the minimizer of F/(x), satisfies |& — 2" ||1 = 2 16][;. This example
can be extended to any n,m > 2 by padding.

Thus, if the only structural property of (A,b) that we are given is that F,, is
sharp in the noiseless case and 0 may be chosen adversarially, then a recovery error

of Ha? — b Hl =0 (%) is optimal. This matches Proposition 5.1.

Remark 5.5. We believe the bound in Proposition 5.1 to be suboptimal if the error
0 is generated randomly. For example, if we take the norm on the measurement space
to be £, = {5 and generate A according to subsection 3.2, §; i~y N(0,0%/m), with m

large enough, then Proposition 5.1 guarantees Hi“ T Hl =0 (J\/E). One may com-

pare this with the nearly statistically optimal error Hic — zf H2 =0 (a\/k:log(n)/m)

under the same assumptions [6]. It is not clear how to extend the nearly optimal
result to the setting where the measurement space is equipped with the ¢, norm (for
p < 2) and stochastic noise. Indeed, the argument in Proposition 5.1 considers only
the norm on [|§][, and is fundamentally unable to control cancellations in dealing with
A(x) —b. On the other hand, the argument in [6] specifically uses Euclidean properties
of the £ norm and does not extend to general £, norms. The choice p = 1 specifically
is desirable as this enables robustness to grossly-but-sparsely-corrupted observations
(see the following proposition). We leave the detailed analysis in the stochastic noise
setting for future work.

The next proposition shows that if the measurement space is equipped with the
¢, = {1 norm and (P) is sharp in the noiseless case, then exact recovery continues to be
possible (with linearly convergent algorithms) in the presence of grossly-but-sparsely-
corrupted observations. Since the recovery procedure is invariant under permutations
of the measurement space, we may assume without loss of generality that corruption
occurs on the final portion of the measurement vector. Let R™ denote the measure-
ment space. We decompose R™ = R™ x R™ so that the first m observations are
uncorrupted and the remaining m’ coordinates are arbitrarily corrupted.

PROPOSITION 5.6. Fiz V and let A:V — R™ and B: V — R™ denote sensing
operators. Equip the measurement space R™ = R™ x R™ with the £, = {1 norm.
Suppose

Fro(z) = f(z) +r|Alz) - .A(xh)H1 + ¢ disty (2, K)
is pi-sharp around x° w.r.t. the {1 morm. Let ||B||,_,, denote the operator norm

max B(z)], .
L 1B(2)]l,

A)| | Al
B(zx) B(a*
is (u—1||B||,_,,)-sharp around z°.
Proof. Let x € V. Then,
an(x) — Fryg(a:h) =F, (z) — Fr,g(xh) +r HB(x) — B(mh) - 6”1 — 7|9,
> e = 2t - r|5) - B
> (i =r1Bl ) o = ), -

If |Bll,_,; < &, then the function

(5.1) Fri(z) = f(z)+r + (disty (z, K)

1

s
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Here, the first inequality is the triangle inequality and the second inequality is the
definition of the operator norm. 0

Example 5.7. Consider the phase retrieval problem where an a-fraction of the
observations are corrupted arbitrarily. Formally, consider the following procedure:
Let V =S", m = [(1—a)m] and m’ = m —m. Fix X% € ST C V to be rank-one
and let A:V — R™ be the random linear map

A(X); =9I Xg;, where g; ~N(0,1/m).

Let § € R™ denote an arbitrary vector, chosen possibly adversarially, with only the
guarantee that supp(8) C [m + 1,7]. Set b = A(X?") + 4.

Let A:V — R™ and B: V — R™ denote the decomposition of A : V — R™
corresponding to the decomposition R™ = R™ x R™ . Slightly abusing notation, we
will also let & denote the restriction of § to R™ .

Our goal is to recover X% from

5

Fro(X) = te(X) + 7 HA(X) - BHl + 0 disty (X, ST).

Now, suppose that

. AX) = AXY)
)I(réls%r {tr(X) b Xesn }

is (u,r,¢) sharp around X". Proposition 5.6 states that if ||B||,_,; < £, then X% is
the unique minimizer of Fr’g despite the corruption . By [52, Corollary 5.35], we

— 2
know that w.h.p., ||B|,_; < (%ﬁ?\/ﬁ) < 2a+8(n/m). Combining these bounds,

we have that X % is the unique minimizer of the sharp unconstrained minimization
problem F, , if o < p/r and n/m < p/r. In particular, /7 controls the fraction of
allowed gross corruption in the observation A(X?).

6. First-order methods for non-Euclidean sharp minimization. We next
turn to algorithms for minimizing the sharp nonsmooth formulations proposed in this
paper. Our goal is to take advantage of the conditioning results (Theorem 4.1) and
to design a first-order method tailored to sharp Lipschitz functions in the ¢; norm.

Throughout this section, we make the following blanket assumption:

ASSUMPTION 6.1. Let V. =R", S*, or R™N . In the third case, assume without
loss of generality that n < N. Assume that f : V. — R is a convex function with
MINIMIZeErs.

Instead of directly designing algorithms for sharp Lipschitz functions w.r.t. the ¢4
norm, we will design algorithms for sharp Lipschitz functions w.r.t. the £, norm for
all p € (1,2] and view the £, = {1 case as a limiting case.

Let p € [1,2]. Recall that a function f is said to be p-sharp w.r.t. the ¢, norm if

f(x) — f* > pdist, (x, arg min f(z)) Ve eV,

where f* = min, f(z), and L-Lipschitz w.r.t. the ¢, norm if

[f(@) = fyl < Ll —yl,  VoyeV.
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We caution that the £, norm in this section is the norm on the signal space V and
not the norm on the measurement space R™ as in prior sections. In prior sections,
we always fixed £, = ¢; in the signal space V.

Before we discuss our new algorithm, we first point out that sharp functions that
are well-conditioned in ¢; are necessarily poorly conditioned in 5.

PROPOSITION 6.2. Suppose f : V — R is u-sharp and L-Lipschitz in the {1 norm
around x® € V. If f is a-sharp and (-Lipschitz in the o norm around x* € V, then
a and B must satisfy

a<lL, and B> uv/n.
Proof. First, suppose V = R™. Let y = 2% + (any 1-sparse vector). Then,
ally =2, < fly) — f(a®) < Lijy -2,
We deduce that o < L. Similarly, let z = 2% 4 1,, (the all-ones vector). Then,
Bllz—all, > f(2) = F@*) = |z = -

We deduce that 8 > pv/n.
The other two settings are proved analogously: take y = 1+ (any rank-1 matrix)
and z = 2 + I,, where I, is the n x n identity matrix padded to n x N. ]

This proposition tells us that the functions F,, from Theorem 4.1 have constant
sharpness in the ¢ norm and an Q(y/n) Lipschitz constant in the ¢ norm. Thus,
first-order methods for sharp Lipschitz functions in the ¢3 norm [32, 42, 53] can at
best guarantee a convergence rate of O (n log (%)) This dependence on n precludes
the use of such algorithms (for example, the Polyak variant of the subgradient method
Polyak-Subgrad) on large-scale instances of our signal recovery problems (see Fig-
ure la) and motivates our development of an algorithm with almost dimension-free
iteration complexity in the next subsection.

6.1. Restarted Mirror Descent. We now describe the restarted mirror de-
scent (RMD) algorithm, Algorithm 6.2. This algorithm generalizes similar algo-
rithms for minimizing sharp functions in a Euclidean norm [32, 42, 53] and has nearly
dimension-independent linear convergence rates that depend explicitly on sharpness
(see Theorem 6.6) in an ¢, norm (p € [1,2]). Algorithm 6.2 can be applied to F, g,
the sharp exact penalty formulation of (P), or any of its sharp perturbations (see
Propositions 5.1 and 5.6).

Recall the mirror descent algorithm and its guarantee [8, Theorem 4.2].

Algorithm 6.1 Mirror Descent

Given f:V R, z€V,n>0,Te€N,h:V 3R
o Let (E(]:.’E, 0():06‘/*
e Fort=1,...,T
— Let g € 0f (x4—1) and set 0y =01 — - g¢
— Set Tt = (Vh)_l(ﬂt)
e Output the z; minimizing f(x;) among t € [0, T].

Here, V* is the dual space of V. As a vector space, V* can be identified with V' via
the standard inner product if V' = R™ and via the trace inner product if V = R"*V
or V. =S". The norm on V* is the £; norm where ¢ is the Holder dual to p, i.e., the
quantities ¢ and p satisfies that % + % =1.
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Fig. 1: The convergence of Polyak-Subgrad and Polyak-RMD (described in Section
6.1) on sparse vector recovery for different values of n, the ambient dimension. The
support size of % is k = 5 and the sensing map A is generated as described in Section
4.1. The number of observations is m = 2T where T" = (2klog(n/k) + 1.25k + 1)
is the current best estimate of the statistical threshold for sparse recovery [17].
See https://github.com/alexlihengwang/sharpness_well_conditioning for im-
plementation details. Note Polyak-Subgrad deteriorates as the dimension n increases
while Polyak-RMD is relatively insensitive to the dimension in terms of iteration num-
ber. Furthermore, one can see in subfigure (d) that Polyak-RMD achieves a linear
convergence rate as predicted by Theorem 6.6 and Proposition 6.9.

LEMMA 6.3. Let h : V — R be differentiable and o-strongly convex with respect
to the £, norm. Suppose f : V — R is convexr and L-Lipschitz with respect to the £,
norm. Then, the mirror descent algorithm initialized at T, run for t iterations, with
step-size 1, produces T such that

L%y | Dn(z*[|7)

) —fla") < — + ———=
£@) - flat) < 04 2D
where x* € V is any minimizer of f. Here, each iteration requires computing a single
subgradient of f and applying (Vh)~™! and arithmetic operations in V and V*.

In the bound above, the quantity Dp(+||-) is a Bregman divergence term. We
elaborate on this term for our choice of the map h. Let p € (1,2] and define hz(z) =
3z — 9?7||]2J for z € V. It is known [3, Theorem 1] that in each of the three setups
in Assumption 6.1, that hz is differentiable and (p — 1)-strongly convex w.r.t. the ¢,
norm. Furthermore, for all z* € V| the Bregman divergence (associated to hz) of a*


https://github.com/alexlihengwang/sharpness_well_conditioning

SHARPNESS AND CONDITIONING IN SIGNAL RECOVERY 21

with respect to T is

* || = * — — * — * 1 * _ 112

D, (27(|7) = ha(2") = ha(2) = (Vha(2),2" = 7) = ha(27) = 5 [l&” — 2], -

Thus, if f is L-Lipschitz w.r.t. the £, norm, the output & = mirror(hz, f,L,Z,t,n)
has suboptimality bounded by

- . Ly l|lz* — 5«"”2
f@) = f@¥) < 20— 1) onT

This bound holds simultaneously for all minimizers z* € V of f.

Remark 6.4. Consider a setup from Assumption 6.1 and let p € (1,2]. In each
iteration of mirror descent (applied with hz), we must evaluate (Vhz)~! on some
input # € V*. By [46, Corollary 23.5.1], this is equivalent to evaluating Vh%(0) where
h: is the convex conjugate of hz. Thus,

1 ign(0) o [0]7""
(Vha)H(6) = VRS(0) = 7+ V3 61 = 7 + Slgn(|9)||j_|2| :
q
Here, ¢ is the Holder dual to p and the expression sign(6) o |9|("71 is applied entrywise
to the entries of # if 0 is a vector and to the singular values of 0 if 8 is a matrix.

Remark 6.5. In the matrix setting, computing the mirror map requires perform-
ing a singular value decomposition on #. While this is an expensive operation, we
emphasize that this is the same as the cost of simply computing a subgradient in all
of the matrix recovery applications considered in this paper. For example, in the
low-rank matrix sensing applications, computing the subgradient of

X1, + 7 [ AGX) = ol

requires performing an SVD on X, and in covariance estimation, computing the sub-
gradient of

tr(X) + 7| AX) — b]], + ¢ disty (X, ST)

requires performing an eigenvalue decomposition (EVD) on X, which can be obtained
from an SVD of X or computed at a similar cost of an SVD of X. Thus, the work
performed in each iteration of mirror descent is comparable to the work performed
in each iteration of subgradient descent: two SVDs for mirror descent (one for the
subgradient and one for the mirror map) and one SVD for subgradient descent. We
expect that this full SVD may be replaced by a partial SVD near an optimal low-rank
solution (following [31]) and leave this extension for future work.

Now consider the following restarted variant of mirror descent where the step size
and mirror map h update at each restart.

Algorithm 6.2 RMD(f, L, zo, K, {nx} ,t,p)

e Fork=1,2,.. K
— Set xy, < mirror(hy, ., f,L,zx_1,t,m;) where

1 2
ey (@) = 5 2 = 2

e Output xx
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Readers who prefer a more concrete description of RMD can find one for the setting
of sparse recovery in Appendix A.

THEOREM 6.6. Consider a setup from Assumption 6.1 and let p € (1,2]. Suppose
f V. — R is L-Lipschitz and p-sharp w.r.t. the £, norm and o € V satisfies
2 —1)e
fzo) — f* < €. Let e, = ege*/?, K = [2In (2)], t = [7%?5—1)—" and ny = (p—Lex L12) k
Then, each iterate xy in RMD(f, L, xo, K,{nk},t,p) satisfies f(zr) — f* < €. In
particular, an 0 < € < eg-optimizer can be computed in

(=)

total mirror descent steps. If f : 'V — R is L-Lipschitz and p-sharp w.r.t. the 1
norm, we may apply the above statement with p = 1+ ﬁ, sharpness p, and Lipschitz
constant eL w.r.t. the £, norm.

Proof. We first handle the case p € (1,2]. The claim holds for & = 0. Now let k >
1. By p-sharpness of f, there exists an optimizer a* of f, satisfying p ||xr—1 — :c*||p <
f(xzg—1) — f*. By Lemma 6.3, we have

2
L, 2% — zp—1]|
_ < P
T P TN
Ly, eer

<

T 2(p—1)  2pPnit
Lnx | glp—1)

T 20p-1) 0 2pl?

= €k.

The setting of L-Lipschitz, u-sharp convex functions w.r.t. the ¢; norm reduces

to the setting of p =1+ ﬁ by the bounds

1
- lwlly < Jwll, < wlly, YweV,

which hold [3] in each of the setups in Assumption 6.1. Specifically, these inequalities
imply that f is p-sharp and eL-Lipschitz w.r.t. the £, norm. |

Remark 6.7. In [48], the authors consider restarted versions of various accelerated
first order methods for sharp problems including problems in non-Euclidean spaces.
In the non-Euclidean setting, [48] suggests algorithms for functions f that satisfy the
following proxy for sharpness:

(6.1) f(@) = f(2*) > py/ Dy (at] ).

Here, h : V — R is a fized differentiable and o-strongly convex function'® and Dj,
is the Bregman divergence induced by h. This condition is inspired by sharpness in
the (5 setting. Indeed, if we take h(z) = 1 Hx||§ to be the standard prox setup for a

Euclidean space, then
iy Do) = T [ ],

10The notation of [48] uses a 1-strongly convex function, but this only changes the value of i by

a factor of v/o.
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In other words, under the standard Euclidean prox setup, (6.1) is equivalent to %—
sharpness w.r.t. the £5 norm. Assuming that the condition (6.1) holds, calculations al-

most identical to the proof of Theorem 6.6 show that restarted mirror descent with the
mirror map h in every restart produces an e-suboptimal solution in O (lﬁ—i log (%’))

mirror descent steps.

Unfortunately, (6.1) is not implied by sharpness in the ¢, norm if p € [1,2) and
may be overly restrictive, as illustrated in Example 6.8 (see below). Specifically,
in standard prox setups for mirror descent in ¢, norms or Schatten-p norms with
p € [1,2), (6.1) cannot hold for any z > 0 unless 2% has full support in the vector case
or full rank in the matrix case.

Beyond the condition (6.1), [48] also considers extensions allowing for (possibly
only local) Hélderian growth f(z) — f(z%) > £(Dy,(2%||z))*/? for some s > 1. When
f is nonsmooth and s > 1, [48, Corollary 5.4] guarantees an iteration complexity
of 0(6_2%> after entering the local region. This guarantee can be improved to
O(e*%) for certain non-smooth problems by using smoothing (see [48, Proposition
5.5]). However, neither of these results offer an approach to achieve the O(log(1/¢))
iteration complexity achieved by RMD, unless s = 1.

Ezample 6.8. Let V = R"™ and assume that n > 2. Let p € [1,2). Let f(x) :=
||x — thp where 2% = e;. Clearly, f is 1-sharp around " and 1-Lipschitz w.r.t. the

¢, norm.

Two standard prox setups for mirror descent [40] in this setting are to take h(z) =
%||x||12) (in the unbounded case) or h(z) = %HxHZ (in the bounded case); see [40,
Theorem 2.1] for the corresponding strong convexity parameters. Consider the first
setting, i.e., h(z) = 1 ||ac||12) Letting z. = 2% + eeq, we have by Bernoulli’s inequality

2
that

NCXETES N RO

=271 /(1 + |efP)2/p —1
> p1/2 |€|p/2_

Similarly, suppose h(z) = % [z} Then,

1 1
/Dn(alae) = ¢ L) — 3~ fersees) =52 .

On the other hand, f(x.) — f(z%) < |e|. Thus, letting |e| — 0, we see that

flwe) = f(2%) = py/ Da(ab||zc)

cannot hold for any p > 0 in either of the standard prox setups.
An almost identical argument shows that a local Holderian error bound of the
form

flze) — f(z%) > %Dh(xh||xe)s/2 Ve small

can only hold with a positive p > 0 if s > 2/p. We conclude that the best guar-
antee one could achieve by applying!! [48, Corollary 5.4] or [48, Proposition 5.5

1 This assumes that the conditions of [48, Corollary 5.4, Proposition 5.5] hold.
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naively to the objective function f(z) = ||z — Z||, would be an iteration complexity
of O (eP=2)/2). Heuristically substituting p < 1 gives O (€~!/2) contrasting with the
O (log(1/€)) iteration complexity achieved by RMD.

The following variant of Algorithm 6.2 replaces knowledge of y with knowledge of

f*. This “Polyak” variant achieves the same convergence rate as Algorithm 6.2 with
the optimal choice of p.

Algorithm 6.3 Polyak-RMD(f, L, xo, K, {nx}, f*, {ex},p)
e Fork=1,2,....K
— Run mirror descent mirror(h,, _,, f, L, xr—_1,00,n;) until it finds an it-
erate zj, satisfying

flzr) — " < e

e Output xx

The convergence guarantee for Polyak-RMD (Algorithm 6.3) and its proof are
entirely identical to that of Algorithm 6.2.

PROPOSITION 6.9. Consider a setup from Assumption 6.1 and let p € (1,2]. Sup-
pose f : V. — R is L-Lipschitz and p-sharp w.r.t. the £, norm and o € V satisfies

flxo)—f* <eg. Letey = coe F2 K = {2 In (%’)], andmn, = @_L%. Then, each iter-
ate xy, in Polyak—-RMD(f, L, xo, K, {n}, f*,{ex},p) is computed in at most {#ﬁl)—‘

marror descent steps. In particular, an 0 < € < eg-minimizer can be computed in

°(mm—n5(2)

total mirror descent steps. If f : V. — R is L-Lipschitz and p-sharp w.r.t. the 1
norm, we may apply the above statement with p = 1+ ﬁ, sharpness p, and Lipschitz
constant eL w.r.t. the £, norm.

Remark 6.10. The basic algorithmic structure of Algorithms 6.2 and 6.3 can also
be extended to an adaptive variant. Specifically, it is possible to design an adaptive
version of Algorithm 6.2 (similar in spirit to [45]) that does not require knowledge of

either f* or p but would have a convergence rate of O (ﬁil) (log %’)2)

7. Discussion. This paper shows that for various statistical signal recovery
tasks, once the sample size is greater than a constant multiple of the recovery thresh-
old, then the convex optimization problem becomes well-conditioned in the sense of
sharpness w.r.t. the ¢; or Schatten-1 norm. In turn, this fact shows the optimiza-
tion problem is robust to measurement error and optimization error. Furthermore,
the newly developed algorithm RMD is able to achieve nearly-dimension-independent
convergence rates.

We hope this paper induces interest in the interplay between statistics and con-
vex optimization, especially in nonsmooth formulations and algorithms for these non-
smooth formulations. In particular, the following three directions might be of interest
for future investigations:

e Good conditioning beyond RIP: This paper considers recovery tasks
where strong RIP bounds have been established. Can we prove conditioning
results for other statistical problems such as matrix completion [16] and phase
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retrieval with coded diffraction patterns [11] where standard RIP bounds may
not hold?

e Adaptive penalty parameters: Given a concrete statistical model, we
can give upper bounds on r and ¢ so that the corresponding function F ,
is pu-sharp. On the other hand, determining these parameters may be diffi-
cult without a precise statistical model. Thus, are there algorithmic ways of
estimating or adaptively choosing these two parameters?

e Beyond convexity: In our current setup, the objective function in (P) is
required to be convex. For some applications in signal recovery, e.g. [29, 50],
it is more convenient to use a nonconvex objective function. Can we extend
the results of the current paper to those settings?

Appendix A. Concrete description of RMD for sparse recovery.

This appendix specializes RMD (Algorithm 6.2) to the sparse recovery setting, while
fully unpacking the inner steps of Mirror Descent as well. This appendix does not
present any new results beyond those already contained in the main text.

Our goal is to minimize

(A1) f(x) = lllly +r Az = b,

where b = Az%, over choices z € R". We will assume that f(x) is p-sharp and
L-Lipschitz with respect to the ¢; norm. Then, Theorem 6.6 guarantees that the

following algorithm will output a Z satisfying f(Z) < € after O (% In(n) In (M))

€

iterations. Using p-sharpness one more time gives H(Eh — f”l < i

Algorithm A.1 RMD-SR(r, A,b, L, ¢, i)

e Initialize o =0 € R", g =7 ||b||;, and n = m(zﬁ

o Let K = [2111%},1&: {%—‘,pzl—kﬁ, g=1+1n(n)
e Fork=1,2 .. K
— Initialize xg = Tp_1, o =0 € R"
— Set n < mn/e
—Fori=1,...,t
* Let g; € 8f(x1_1)
* Let 0; = 0;—1 —ng;
x Let x; = T_ + sign(6;) o 0,77 /[16;]|27
— Set Ty = argming e, 2.} flx)
e Output Tx

One can see that RMD-SR is a double-loop method, where the outer iterates
To, ..., Tk are each computed using an auxiliary sequence of iterates xg, ..., x;. The
stepsize, 1), that is used in the inner loop (Mirror Descent) decays geometrically with
the outer iterations. Within each inner loop, the function that maps gradients 6; to
iterates x;, gets “re-centered” around the most recent outer iterate Tp_;. This map
raises the magnitude of each entry of 6 to a large power and then normalizes so that
i — Zr—1ll, = [|0]l,- This is exactly the behavior of RMD (Algorithm 6.2) in the
general case as well.
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