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 A B S T R A C T

The application of operator inference to parametric problems whose operators exhibit affine 
parameter dependency results in a minimization problem with three issues. First, the solution to 
the minimization problem is generally not unique, so we might obtain a different solution than 
the one we are interested in. Second, time discretization inconsistencies and non-Markovian 
information can cause errors in the inferred operators. Third, the large dimensions of the 
minimization problem can cause prohibitively high computational costs. In this work, we resolve 
these issues by extending previous work on exact operator inference to the parametric case. 
Concretely, we propose a snapshot data generation method that guarantees the uniqueness 
of the solution and the absence of time discretization inconsistencies and non-Markovian 
information, and thereby the exact reconstruction of the corresponding intrusive operators of 
projection-based reduced order models. Furthermore, we show that the monolithic problem 
that comprises the snapshot data of all sampled parameters can be decoupled into separate 
problems for only one parameter sample each. This decoupling results in smaller subproblems 
that are embarrassingly parallel, numerically more stable and can be solved more efficiently. In 
numerical experiments, we demonstrate this decoupling for the heat equation with two different 
temperature-, parameter- and space-dependent thermal conductivities.

. Introduction

The aim of model reduction is to reduce the computational cost of numerical simulations in complex engineering tasks such as 
ptimization, data assimilation, uncertainty quantification and the development of digital twins. All these tasks involve multiple 
imulations that depend on variable parameters.
In this work we consider problems described by a dynamical system with parameter-dependent right-hand side. Such dynamical 

ystems are, for example, derived from spatial discretizations of PDEs with parameter-dependent geometries or physical properties. 
ther types of parameter-dependency considered in other works include parametric initial conditions [1,2] and parametric inputs 
uch as boundary conditions [3].
In intrusive projection-based model reduction, parameter dependencies in the operators of the high-fidelity model are directly 

nherited by the reduced-order model (ROM) [4]. However, intrusive model reduction is often not feasible in practice because it 
equires access to numerical operators that is not possible in industry software. To address this practical problem, nonintrusive 
odel reduction constructs ROMs without intrusive software access but only based on output data of the high-fidelity simulations. 
n particular, operator inference aims at reproducing the same ROMs as intrusive projection-based model reduction but nonin-
rusively [5,6]. Based on snapshot data of high-fidelity simulations, ROM operators of given polynomial degree are computed as 
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solution to a minimization problem. However, in context of parameter-dependent problems [7–11], operator inference has three 
issues. First, the solution to the minimization problem is not unique if the provided snapshot data is not informative enough. In that 
case the computed solution can be very different to the intrusive ROM operators that we are interested in. Second, time discretization 
inconsistencies and non-Markovian information in the snapshot data can introduce errors in the inferred operators. This issue has 
been resolved in [12] via a method known as re-projection that guarantees exact reconstruction if the first issue does not take 
effect. Third, solving the minimization problem can cause prohibitively high computational costs because of the large dimensions of 
this problem. These dimensions depend on the complexity of the parameter dependency, the polynomial degree of the underlying 
problem and the considered ROM dimension. If these quantities are sufficiently large, the computational costs of the minimization 
problem can even dominate the overall offline costs of the ROM.

In this work, we resolve all three issues by extending previous work on non-parametric operator inference [13] to the parametric 
case. Concretely, we propose a snapshot data generation method that guarantees the uniqueness of the solution to the minimization 
problem and avoids time discretization inconsistencies and non-Markovian information in the snapshot data. As a consequence, the 
computed solution is an exact reconstruction of the intrusive ROM operators up to machine precision. Moreover, we show that for 
this snapshot data the minimization problem simplifies to a linear system that decouples into smaller linear systems. As a result, 
the computational costs are significantly smaller. In addition, the decoupled linear systems have a smaller condition number and 
can be solved in parallel.

This article is organized as follows. In Section 2, we introduce parametric dynamical systems, intrusive and non-intrusive 
projection-based model reduction and non-parametric exact operator inference. In Section 3 we extend exact operator inference 
to the parametric case. In Section 4 we describe the decoupling resulting from this extension. In Section 5 we present an alternative 
derivation for the same decoupling method. In Section 6 we present numerical experiments for the heat equation with different 
thermal conductivities. Finally, in Section 7 we draw conclusions.

2. Preliminaries

2.1. Parametric dynamical system

We consider the dynamical system of dimension 𝑁 , 
𝒙̇(𝑡;𝝁) = 𝒇 (𝒙(𝑡;𝝁);𝝁) , 𝒙(0;𝝁) = 𝒙0(𝝁), (1)

parametrized by 𝝁 ∈  ⊂ R𝑑 . We assume that the function 𝒇 ∶ R𝑁 × → R𝑁  has polynomial structure, and for ease of presentation, 
we assume a quadratic term here, 

𝒇 (𝒙;𝝁) = 𝐇(𝝁)𝒙2, (2)

where 𝒙2 ∈ R
(𝑁+1

2
)

 comprises all unique products of two entries of 𝒙 as described in [12,13] and 𝐇 ∶  → R𝑁×
(𝑁+1

2
)

. Functions 𝒇
that are monomials in 𝒙 of any other order can be handled analogously. Functions 𝒇 that are sums of multiple monomial terms are 
discussed in Appendix  A.

2.2. Parametric Galerkin ROM

To obtain a Galerkin ROM, the FOM is projected onto a basis 𝐕𝑛 ∈ R𝑁×𝑛, 𝑛 ≪ 𝑁 , and the FOM state 𝒙(𝑡;𝝁) is replaced by a 
lower dimensional approximation 𝐕𝑛𝒙̃(𝑡;𝝁), 

̇̃𝒙(𝑡;𝝁) = 𝐇̃(𝝁)𝒙̃2(𝑡;𝝁) (3)

with the ROM state 𝒙̃(𝑡;𝝁) ∈ R𝑛 and the projected matrix defined by 
𝐇̃(𝝁) = 𝐕𝑇

𝑛 𝐇(𝝁)𝐈(𝑖)𝑁
(

𝐕𝑛 ⊗ 𝐕𝑛
)

𝐉(𝑖)𝑛 , (4)

with matrices 𝐈(𝑖)𝑁 ∈ {0, 1}
(𝑁+1

2
)

×𝑁2  and 𝐉(𝑖)𝑛 ∈ {0, 1}𝑛
2×

(𝑛+1
2
)

 as described in [12].
There are several methods to define the basis 𝐕𝑛 [4]. In this work, we consider a global basis obtained from POD of snapshots 

[𝐗(𝝁̄1) … 𝐗(𝝁̄𝑠POD )] with
𝐗(𝝁̄𝑖) ∶= [𝒙(𝑡1; 𝝁̄𝑖) … 𝒙(𝑡𝐾POD ; 𝝁̄𝑖)] ∈ R𝑁×𝐾POD

at sampled parameters 𝝁̄1,… , 𝝁̄𝑠POD ∈  with 𝐾POD, 𝑠POD ∈ N. How to choose such parameter samples is discussed in [4].
Computing ROM operators for new parameter values 𝝁 via (4) is not efficient because the computational costs scale with the 

FOM dimension 𝑁 . Instead, we assume that the FOM operator can be affinely decomposed, 

𝐇(𝝁) =
𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁)𝐇(𝑝), (5)

with scalar functions 𝜃(𝑝)𝐻 ∶  → R and matrices 𝐇(𝑝) ∈ R𝑁×
(𝑁+1

2
)

, 𝑝 = 1,… , 𝑞𝐻 . Then, we can precompute 

𝐇̃(𝑝) = 𝐕𝑇𝐇(𝑝)𝐈(𝑖)
(

𝐕 ⊗ 𝐕
)

𝐉(𝑖), 𝑝 = 1,… , 𝑞 , (6)
𝑛 𝑁 𝑛 𝑛 𝑛 𝐻

2 
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during the offline phase, and compute 

𝐇̃(𝝁) =
𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁)𝐇̃(𝑝) (7)

efficiently during the online phase with computational costs only depending on the ROM dimension 𝑛. However, the computations 
(6) are intrusive since they require access to the FOM operator components 𝐇(𝑟). As a non-intrusive alternative, our goal is to infer 
the ROM operator components 𝐇̃(𝑟) from data in the next section.

Note that not all parametric FOM operators possess an affine structure of the form (5) with known coefficient functions 
𝜃(𝑝)𝐻 ∶  → R. However, operators without this structure can still be approximated by such affine expansions. For example, Taylor 
approximations [14], interpolation [15] and hyperreduction techniques such as DEIM [4] and GNAT [16] have been used in the 
context of intrusive model reduction. These hyperreduction techniques are based on the assumption that single entries of operators 
can be computed more efficiently than the complete operators. Non-intrusive model reduction, however, does not directly access 
operators at all, so hyperreduction techniques are not applicable. In the non-intrusive context of operator inference, affine expansions 
have been considered that describe the parameter dependency exactly [7,8] or are derived from Taylor approximations [10]  and 
piecewise-linear interpolation [17]. All these approximations introduce errors and can suffer from the curse of dimensionality if 𝝁
is high-dimensional, so achieving satisfactory accuracy can be challenging [4].

2.3. Parametric operator inference

As in the non-parametric case, operator inference with affine parameter dependency uses two sets of snapshot data. The first 
one to generate the ROM basis, the second one to infer the operators. These two sets can comprise different snapshots; in particular, 
parameter samples the 𝝁1,… ,𝝁𝑠 ∈  corresponding to the second set can be different from the parameter samples 𝝁̄1,… , 𝝁̄𝑠POD
corresponding to the first set, as described in the previous subsection. Let 

𝐗(𝝁𝑖) ∶=
[

𝒙(𝑡1;𝝁𝑖) … 𝒙(𝑡𝐾 ;𝝁𝑖)
]

∈ R𝑁×𝐾 , 𝑖 = 1,… , 𝑠 (8)

be this second set of snapshots with the corresponding time derivative snapshots 

𝐗̇(𝝁𝑖) ∶=
[ d
d𝑡
𝒙(𝑡1;𝝁𝑖) … d

d𝑡
𝒙(𝑡𝐾 ;𝝁𝑖)

]

∈ R𝑁×𝐾 , 𝑖 = 1,… , 𝑠, (9)

with 𝐾, 𝑠 ∈ N not necessarily equal to 𝐾POD and 𝑠POD, respectively.
As described in [7,9], the operator inference problem to infer the operator matrix 

𝐎̂ ∶=
[

𝐇̂(1) … 𝐇̂(𝑞𝐻 )
]

∈ R𝑛×𝑞(𝑛), 𝑞(𝑛) = 𝑞𝐻

(

𝑛 + 1
2

)

(10)

from the projected snapshot data
𝐗̂(𝝁𝑖) = 𝐕𝑇𝐗(𝝁𝑖), 𝑖 = 1,… , 𝑠, (11)
̇̂𝐗(𝝁𝑖) = 𝐕𝑇 𝐗̇(𝝁𝑖), 𝑖 = 1,… , 𝑠, (12)

is to minimize

(𝐎̂) ∶ =
𝑠
∑

𝑖=1

‖

‖

‖

‖

‖

‖

𝐗̂2(𝝁𝑖)𝑇
[ 𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁𝑖)𝐇̂(𝑝)

]𝑇

− ̇̂𝐗(𝝁𝑖)𝑇
‖

‖

‖

‖

‖

‖

2

𝐹

(13)

= ‖

‖

‖

𝐃𝐎̂𝑇 − 𝐑𝑇 ‖
‖

‖

2

𝐹
. (14)

with the matrices 𝐑 =
[ ̇̂𝐗(𝝁1) … ̇̂𝐗(𝝁𝑠)

]

∈ R𝑛×𝑠𝐾 and 

𝐃 ∶=
⎡

⎢

⎢

⎣

𝜽𝐻 (𝝁1)⊗ 𝐗̂2(𝝁1)𝑇

⋮
𝜽𝐻 (𝝁𝑠)⊗ 𝐗̂2(𝝁𝑠)𝑇

⎤

⎥

⎥

⎦

∈ R𝑠𝐾×𝑞𝐻
(𝑛+1

2
)

, (15)

with 
𝜽𝐻 (𝝁𝑖) =

[

𝜃(1)𝐻 (𝝁𝑖) … 𝜃(𝑞𝐻 )
𝐻 (𝝁𝑖)

]

∈ R1×𝑞𝐻 , 𝑖 = 1,… , 𝑠, (16)

and 
𝐗̂2(𝝁𝑖) ∶=

[

𝒙̂2(𝑡1;𝝁𝑖) … 𝒙̂2(𝑡𝐾 ;𝝁𝑖)
]

∈ R
(𝑛+1

2
)

×𝐾 . (17)

There are three issues with the operator inference problem of minimizing (14): First, the uniqueness of the solution to this 
minimization problem is generally not guaranteed. Consequently, we might obtain a different solution than the one we are interested 
in. Second, time discretization inconsistencies and non-Markovian information in the snapshot data can introduce errors in the 
inferred operators. Both issues have been addressed by us in [13] in the context of non-parametric operator inference. In the next 
subsection, we will summarize that work and in Section 3 we will show how it can be generalized to the parametric case. Third, this 
3 
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minimization problem has very large dimensions. These large dimensions cause high computational costs and can affect numerical 
stability [9]. In detail, the matrix 𝐃 has column dimension 𝑞𝐻

(𝑛+1
2

) or more generally a column dimension of (𝑞𝑙𝑛𝑙) with 𝑙 the 
largest polynomial degree in the right-hand side 𝒇 in (1) and 𝑞𝑙 the number of terms in the affine decomposition analogous to (5) 
of the operator with this highest polynomial degree 𝑙. The computational cost of solving the least squares problem scales cubically 
in this column dimension of 𝐃, so ((𝑞𝑙𝑛𝑙)3). These costs can contribute substantially to the offline preparation of the ROM, even 
though they do not depend on the FOM dimension 𝑁 . Moreover, the computational costs can be even larger when the linear least 
squares problem (14) is extended by constraints [18–20] or replaced by a nonlinear optimization problem [21] in order to preserve 
structure. The large dimensions are a consequence of comprising all affine operators 𝐇̂(𝑖) and the snapshot data for all parameter 
samples 𝝁𝑖 in one single optimization problem. In contrast, in intrusive model reduction, the affine operators 𝐇̃(𝑖) can be computed 
separately as described in (6). To achieve a similar separation with non-intrusive operator inference, we present in Section 4 a 
strategy to decouple the monolithic optimization problem (14) into smaller subproblems that only pertain one affine operator 𝐇̂(𝑖)

each. These smaller problems can be solved embarrassingly parallel and have a smaller condition number and are hence numerically 
more stable.

2.4. Exact operator inference

In [13], we have proposed a method to generate snapshot data for operator inference that guarantees exact reconstruction in the 
non-parametric case. This method has two key steps: First we identify ROM states that ensure the full rank of the operator inference 
least squares matrix. This identification is done based on the polynomial terms contained in the right-hand side 𝒇 in (1). In the 
purely quadratic case (2) considered here, such a set of ROM states is given by the set of all sums of two unit vectors in R𝑛, 

2 ∶= {𝒆𝑖 + 𝒆𝑗 | 𝒆𝑖, 𝒆𝑗 ∈ R𝑛  unit vectors}. (18)

Let ̂𝒙𝑗 ∈ 2, 𝑗 = 1,… ,
(𝑛+1

2

) be the (𝑛+12
) distinct elements of 2, then the matrix 

𝐗̂2 ∶=
[

𝒙̂21 … 𝒙̂2(𝑛+1
2
)

]

∈ R
(𝑛+1

2
)

×
(𝑛+1

2
)

(19)

has full rank.
To generate the matrix ̇̂𝐗 of corresponding ROM state time derivative snapshots, the second key step is to perform (𝑛+12

) FOM 
simulations each for only a single time step. The initial conditions of these simulations are the FOM states corresponding to the 
identified ROM states ̂𝒙𝑗 .

The snapshot data generated by this method is equivalent to snapshot data that one would obtain from simulating the 
corresponding intrusive ROM. Consequently, the intrusive ROM operator is a solution to the operator inference least squares 
problems. Since the matrix 𝐗̂2 has full rank, this solution is unique, so operator inference exactly reconstructs the intrusive ROM 
operators.

The complete snapshot data generation method is summarized in Algorithm 1. In exact arithmetics, the time step size 𝛥𝑡 is 
irrelevant for the resulting matrices 𝐗̂2 and ̇̂𝐗. In practice, however, 𝛥𝑡 should be chosen to enable accurate floating-point number 
representations as explained in more detail in [13].
Algorithm 1 Exact operator inference snapshot data generation [13]
1: procedure exactOpInfSnapshots(

 ROM basis 𝐕𝑛 ∈ R𝑁×𝑛,
 time step size 𝛥𝑡

)
2:  Initialize 𝐗̂2 ← ∅
3:  Initialize ̇̂𝐗 ← ∅
4:  for ̂𝒙 ∈ 2  do 
5:  𝒙0 ← 𝐕𝑛𝒙̂
6:  𝒙1 ← FOM( initial condition 𝒙0,

 time step size 𝛥𝑡, end time 𝑇 = 𝛥𝑡, explicit Euler time discretization ) 
7:  𝐗̂2 ← 𝒙̂2

8:  ̇̂𝐗 ← [ ̇̂𝐗, 𝐕𝑇
𝑛 𝒙1−𝒙̂
𝛥𝑡 ]

9:  end for
10:  return 𝐗̂2, ̇̂𝐗
11: end procedure

3. Exact parametric operator inference

In this section we address the issue of non-unique solutions to the parametric operator inference least squares problem defined 
by (14). This problem has a unique solution if the matrix 𝐃 has full column rank. As described in Theorem 2.3 in [7], 𝐃 has full 
column rank if the matrix Θ𝐻 ∈ R𝑠×𝑞𝐻  defined by 

[

Θ
]

= 𝜃(𝑗)(𝝁 ), (20)
𝐻 𝑖𝑗 𝐻 𝑖

4 
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and all 𝐗̂2(𝝁𝑖), 𝑖 = 1,… , 𝑠 have full column rank.
The first novelty of this work is a snapshot data generation method that guarantees full rank of the matrices 𝐗̂2(𝝁𝑖), 𝑖 = 1,… , 𝑠. 

For this purpose we use the exact non-parametric operator inference snapshot data generation method described in Section 2.4 and 
extend it to the parametric case. In detail, we run Algorithm 1 for each parameter sample 𝝁𝑖 to obtain the outputs 𝐗̂2(𝝁𝑖) and ̇̂𝐗(𝝁𝑖)
as summarized in Algorithm 2. Note that the matrices 𝐗̂2(𝝁𝑖) are actually not affected by the parameter 𝝁𝑖 but equal to the matrix 
𝐗̂2 resulting from the non-parametric Algorithm 1. In particular these matrices all have full column rank.
Algorithm 2 Exact parametric operator inference snapshot data generation
1: procedure exactParametricOpInfSnapshots(

 ROM basis 𝐕𝑛 ∈ R𝑁×𝑛,
 time step size 𝛥𝑡
 parameter samples 𝝁1,… ,𝝁𝑠

)
2:  for 𝝁𝑖 = 𝝁1,… ,𝝁𝑠 do
3:  Initialize 𝐗̂2(𝝁𝑖) ← ∅
4:  Initialize ̇̂𝐗(𝝁𝑖) ← ∅
5:  for ̂𝒙 ∈ 2  do 
6:  𝒙0 ← 𝐕𝑛𝒙̂
7:  𝒙1 ← FOM( initial condition 𝒙0,

 time step size 𝛥𝑡, end time 𝑇 = 𝛥𝑡, explicit Euler time discretization
 parameter 𝝁𝑖 ) 

8:  𝐗̂2(𝝁𝑖) ← 𝒙̂2

9:  ̇̂𝐗(𝝁𝑖) ← [ ̇̂𝐗(𝝁𝑖),
𝐕𝑇
𝑛 𝒙1−𝒙̂
𝛥𝑡 ]

10:  end for
11:  end for
12:  return 

(

𝐗̂2(𝝁1),
̇̂𝐗(𝝁1)

)

,… ,
(

𝐗̂2(𝝁𝑠),
̇̂𝐗(𝝁𝑠)

)

13: end procedure
On the other hand, ensuring full column rank of Θ𝐻  is highly problem-specific. In view of the definitions of the functions 𝜃(𝑗)𝐻 , 

parameter samples 𝝁𝑖 must be chosen to achieve this full rank. In general, it is unclear how such parameter samples can be found; 
this is beyond the scope of this article. However, for polynomial functions 𝜃(𝑗)𝐻  that arise for example from Taylor approximations as 
described in [10], full-rank-ensuring parameter samples can be identified analogously to the full-rank-ensuring ROM states in [13].

If Θ𝐻  indeed has full column rank and the parameter dependency of the operator 𝐇̂ can be expressed exactly by an affine 
expansion such as (5), then the snapshot data generated proposed in [13] ensures that the parametric operator inference exactly 
reconstructs the intrusive ROM operators. Furthermore, for any full column rank matrix Θ𝐻 ∈ R𝑠×𝑞𝐻  with 𝑠 > 𝑞𝐻 , there exists a 
subset of 𝑞𝐻  rows that also form a matrix with full column rank 𝑞𝐻 . These rows correspond to 𝑞𝐻  of the 𝑠 parameter samples 𝝁𝑖, 
𝑖 = 1,… , 𝑠. In the following, we can therefore assume that 𝑠 = 𝑞𝐻  parameter samples are used.

Additionally, as described in [13], Algorithm 1 does not introduce time discretization inconsistencies or non-Markovian 
information in the snapshot data. This property is preserved by Algorithm 2, so the generated snapshots guarantee that the solution 
to the parametric operator inference problem (14) reconstructs the intrusive ROM operators exactly. The following section describes 
how the computational costs of solving this problem can be reduced significantly via decoupling.

4. Decoupling of exact parametric operator inference

The parametric operator inference minimization problem (14) is high-dimensional because it involves data from 𝑠 = 𝑞𝐻  parameter 
samples to learn 𝑞𝐻  quadratic operators. We want to decouple this problem into 𝑞𝐻  subproblems that each only involve data from a 
single parameter sample to learn a single quadratic operator. For this purpose, we first note that if Θ𝐻  is the 𝑠-dimensional identity 
matrix 𝐈𝑠, then the objective function (13) simplifies to 

(𝐎̂) =
𝑠
∑

𝑖=1

‖

‖

‖

‖

𝐗̂2(𝝁𝑖)𝑇
[

𝜃(𝑖)𝐻 (𝝁𝑖)𝐇̂(𝑖)
]𝑇

− ̇̂𝐗(𝝁𝑖)𝑇
‖

‖

‖

‖

2

𝐹
, (21)

so for all 𝑖 = 1,… , 𝑠, the operator 𝐇̂(𝑖) only depends on data from the parameter sample 𝝁𝑖. Hence, one can solve subproblems for 
the basis operators 𝐇̂(𝑖) separately, 

𝐇̂(𝑖) = min
𝐇̂(𝑖)

‖

‖

‖

‖

𝐗̂2(𝝁𝑖)𝑇
[

𝜃(𝑖)𝐻 (𝝁𝑖)𝐇̂(𝑖)
]𝑇

− ̇̂𝐗(𝝁𝑖)𝑇
‖

‖

‖

‖

2

𝐹
, 𝑖 = 1,… , 𝑞𝐻 (22)

In general, however, the condition 𝛩𝐻 = 𝐈𝑠 does not hold. There are special cases such as in [17] where the condition 𝛩𝐻 = 𝐈𝑠 is 
implicitly satisfied because the parameter dependency of a linear operator is approximated by piecewise-linear interpolation of the 
operator evaluated at parameter samples. In other cases, parameter samples 𝝁𝑖 might exists such that 𝛩𝐻 = 𝐈𝑠 as well. However, 
for most affine expansions (5) such parameter samples do not exist, or are not physical, so corresponding snapshot data cannot be 
generated. In the following, we therefore propose a decoupling method for general square matrices Θ  with full rank.
𝐻

5 



H. Rosenberger et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119199 
This decoupling method is based on two key insights. The first key insight is that the least squares problem defined by (14) can 
be simplified to a linear system analogously to the non-parametric case in [13]. For this purpose, we first note that this least squares 
problem is equivalent to the normal equations 

𝐃𝑇𝐃𝐎̂𝑇 = 𝐃𝑇𝐑𝑇 . (23)

As described in Section 3, the matrix 𝐃 has full rank if the matrices 𝐗̂2(𝝁𝑖) are obtained from Algorithm 2 with suitable parameter 
samples 𝝁𝑖, 𝑖 = 1,… , 𝑠. If additionally 𝑠 = 𝑞𝐻 , then 𝐃 is also square and the normal equations simplify to 

𝐃𝐎̂𝑇 = 𝐑𝑇 . (24)

The second key insight of our method is that, as described in Section 3, the matrices 𝐗̂2(𝝁𝑖) resulting from Algorithm 2 are actually 
independent of the parameter 𝝁𝑖 and equal to the matrix 𝐗̂2 resulting from the non-parametric Algorithm 1. Using 𝐗̂2(𝝁𝑖) = 𝐗̂2, the 
matrix 𝐃 defined in (15) simplifies to 

𝐃 = [Θ𝐻 ⊗ 𝐗̂𝑇
2 ], (25)

with Θ𝐻  as defined in (20). This simplified structure allows us to use preconditioning to transform the linear system (24) into a 
linear system for the matrix 𝐃̌ = [𝐈𝑞𝐻 ⊗𝐗̂𝑇

2 ]. For the monomial right-hand side 𝒇 considered here, both left- and right-preconditioning 
are possible. For non-monomial right-hand sides 𝒇 , only right-preconditioning is possible as described in Appendix  A. For this reason, 
we also present the right-preconditioning here. We substitute 

𝐎̂𝑇 = [Θ−1
𝐻 ⊗ 𝐈(𝑛+1

2
)]𝐎̌𝑇 (26)

to find 
𝐃𝐎̂𝑇 = [Θ𝐻 ⊗ 𝐗̂𝑇

2 ][Θ
−1
𝐻 ⊗ 𝐈(𝑛+1

2
)]𝐎̌𝑇 = [𝐈𝑞𝐻 ⊗ 𝐗̂𝑇

2 ]𝐎̌
𝑇 =∶ 𝐃̌𝐎̌𝑇 . (27)

Then, the linear system 𝐃̌𝐎̌𝑇 = 𝐑𝑇  is decoupled and can be written as 

𝐗̂𝑇
2

[

𝐇̌(𝑖)
]𝑇

= ̇̂𝐗(𝝁𝑖)𝑇 , 𝑖 = 1,… , 𝑞𝐻 . (28)

After solving for the operators 𝐇̌(𝑖), the original basis operators are then obtained via (26), 

𝐇̂(𝑖) =
𝑞𝐻
∑

𝑗=1
[Θ−1

𝐻 ]𝑖𝑗𝐇̌(𝑗), 𝑖 = 1,… , 𝑞𝐻 . (29)

Note that this transformation involves the explicit computation of the inverse Θ−1
𝐻 . This explicit computation is numerically unstable 

and is only possible for matrices Θ𝐻  with small condition number. However, the matrix Θ𝐻  is problem-specific and its condition 
number can be large. For large condition numbers, the inverse Θ−1

𝐻  should only be computed implicitly, for example via an LU or 
QR decomposition. For this purpose, we write the transformation (29) equivalently as linear system 

[Θ𝐻 ⊗ 𝐈(𝑛+1
2
)]𝐎̂𝑇 = 𝐎̌𝑇 , (30)

for 𝐎̂𝑇 . This linear system is decoupled and can be written as 

Θ𝐻 𝒐̂𝑖𝑗 = 𝒐̌𝑖𝑗 , 𝑖 = 1,… , 𝑛, 𝑗 = 1,… ,
(

𝑛 + 1
2

)

(31)

with 

𝒐̂𝑖𝑗 =
⎡

⎢

⎢

⎢

⎣

𝐇̂(1)
𝑖𝑗
⋮

𝐇̂(𝑞𝐻 )
𝑖𝑗

⎤

⎥

⎥

⎥

⎦

 and 𝒐̌𝑖𝑗 =
⎡

⎢

⎢

⎢

⎣

𝐇̌(1)
𝑖𝑗
⋮

𝐇̌(𝑞𝐻 )
𝑖𝑗

⎤

⎥

⎥

⎥

⎦

. (32)

 The linear system (31) can be solved using standard linear algebra libraries that choose suitable solvers themselves, so these choices 
do not need to be made manually.

This decoupled approach is advantageous in terms of computational costs, parallelizability and numerical stability. Instead of 
solving the linear system (24) of dimension 𝑠𝐾 × 𝑞(𝑛) = 𝑞𝐻

(𝑛+1
2

)

× 𝑞𝐻
(𝑛+1

2

) for the 𝑛 columns of 𝐎̂𝑇 , we hence solve the 𝑞𝐻  linear 
systems (28) of dimension (𝑛+12

)

×
(𝑛+1

2

) for the 𝑛 columns of 
[

𝐇̌(𝑖)
]𝑇

 and the 𝑛(𝑛+12
) linear systems (31) of dimension 𝑞𝐻 × 𝑞𝐻  for the 

vectors ̂𝒐𝑖𝑗 . Table  1 summarizes the computational costs of solving these three linear systems by first computing the inverse of the 
respective system matrix – explicitly or implicitly – and then computing the individual solutions by matrix–vector-products of the 
inverse and the respective right-hand-side. As can be seen, the computational costs reduce significantly from (𝑛6𝑞3𝐻 +𝑛5𝑞2𝐻 ) for the 
monolithic approach to (𝑛6 + 𝑛5𝑞𝐻 + 𝑛3𝑞2𝐻 + 𝑞3𝐻 ) for the decoupled approach. While the monolithic system (24) can be solved in 
parallel for the 𝑛 columns of 𝐎̂𝑇 , the decoupled approach can be split into even more parallel jobs in two steps. First, (28) can be 
solved in parallel for the 𝑞𝐻𝑛 columns of the operators 

[

𝐇̌(𝑖)
]𝑇
, 𝑖 = 1,… , 𝑞𝐻 . Second, (31) can be solved in parallel for the 𝑛

(𝑛+1
2

)

vectors 𝒐̂ . In terms of numerical stability, the matrix 𝐃 = Θ ⊗ 𝐗̂𝑇  in the monolithic linear system (24) has condition number 
𝑖𝑗 𝐻 2

6 
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Table 1
Summary of computational costs of solving the linear systems involved in the monolithic and decoupled approach.

System 
dimension

Number 
of solves

Costs matrix 
inversion

Costs individual 
solutions

Total 
costs

Monolithic (24)
𝑞𝐻

(𝑛+1
2

)

× 𝑞𝐻
(𝑛+1

2

)

𝑛 ((𝑞𝐻𝑛2)3) 𝑛 ⋅ ((𝑞𝐻𝑛2)2) (𝑛6𝑞3𝐻 + 𝑛5𝑞2𝐻 )

Decoupled (28) (𝑛+1
2

)

×
(𝑛+1

2

)

𝑞𝐻𝑛 ((𝑛2)3) 𝑞𝐻𝑛 ⋅ ((𝑛2)2) (𝑛6 + 𝑛5𝑞𝐻 )

Decoupled (29) 𝑞𝐻 × 𝑞𝐻 𝑛
(𝑛+1

2

)

(𝑞3𝐻 ) 𝑛
(𝑛+1

2

)

⋅ (𝑞2𝐻 ) (𝑛3𝑞2𝐻 + 𝑞3𝐻 )

cond(𝐃) = cond(Θ𝐻 ) cond(𝐗̂𝑇
2 ), whereas the decoupled approach involves the condition numbers cond(𝐗̂𝑇

2 ) and cond(Θ𝐻 ) separately 
in the linear systems (28) and (31), respectively.

As another benefit, the decoupling enables the application of methods developed for non-parametric operator inference. For 
example, the decoupling approach proposed in [22] can be applied to the decoupled problems (28) to reduce the computational 
costs and condition numbers even more. 

5. Alternative derivation via Lagrange interpolation

An alternative derivation of the same decoupling approach is based on Lagrange interpolation. Concretely, [23] states that if 
the matrix 𝛩𝐻  defined in (20) has full rank for the parameter samples 𝝁𝑖, 𝑖 = 1,… , 𝑠 and 𝑠 = 𝑞𝐻 , then we can construct alternative 
coefficient functions 𝜃̄(𝑝)𝐻  such that 

𝑞𝐻
∑

𝑝=1
𝜃̄(𝑝)𝐻 (𝝁)𝐇̄(𝑝) =

𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁)𝐇̂(𝑝), (33)

that satisfy the Lagrange property 
𝜃̄(𝑝)𝐻 (𝝁𝑖) = 𝛿𝑖𝑝,  for all 𝑖, 𝑝 = 1,… , 𝑞𝐻 , (34)

for the given parameter samples 𝝁𝑖, with the Kronecker delta 𝛿𝑖𝑝.
This alternative affine decomposition (33) allows trivial decoupling of (14) since Θ̄𝐻 = 𝐈𝑠, where [Θ̄𝐻 ]𝑖𝑗 = 𝜃̄(𝑗)𝐻 (𝝁𝑖). However, the 

result of this decoupled approach are the operators 𝐇̄(𝑖), not the original ROM operators 𝐇̂(𝑖). To compute these original operators, 
we combine (33) and (34) to find 

𝐇̄(𝑖) =
𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁𝑖)𝐇̂(𝑝),  for all 𝑖 = 1,… , 𝑞𝐻 , (35)

and can then solve for 𝐇̂(𝑝).
Comparing the operator transformations (29) and (35), we realize that the operators 𝐇̄(𝑖) coincide with the operators 𝐇̌((𝑖)). Hence, 

both derivations lead to exactly the same computations. Note in particular that we do not need to compute the alternative coefficient 
functions 𝜃̄ explicitly.

This Lagrange interpolation-based derivation does not require the snapshots 𝐗̂(𝝁𝑖) to be parameter-independent. Future work 
should investigate whether this derivation allows decoupling also for parameter-dependent snapshots.

Note that the function ∑𝑞𝐻
𝑝=1 𝜃̄

(𝑝)
𝐻 (𝝁)𝐇̄(𝑝) interpolates the function values of the affine decomposition ∑𝑞𝐻

𝑝=1 𝜃
(𝑝)
𝐻 (𝝁)𝐇̂(𝑝) but not 

necessarily those of the true parameter-dependent operator (4) if ∑𝑞𝐻
𝑝=1 𝜃

(𝑝)
𝐻 (𝝁)𝐇̂(𝑝) is an approximation of (4).

6. Numerical experiments

We consider the heat equation 
𝜕
𝜕𝑡
𝑇 (𝜉, 𝑡;𝝁) = 𝜕

𝜕𝜉

(

𝜈(𝑇 , 𝜉,𝝁) 𝜕
𝜕𝜉

𝑇 (𝜉, 𝑡;𝝁)
)

(36)

with spatial coordinate 𝜉 ∈ 𝛺 = [0, 2𝜋], time 𝑡 ∈ [0, 0.8], temperature 𝑇 ∶ 𝛺 × [0, 0.8) → R and two different thermal conductivities 
𝜈 ∶ R×𝛺× → R+ defined in Sections 6.1 and 6.2. Both conductivities have a linear temperature dependency, so the corresponding 
spatially-discretized FOM has the form (1) with quadratic right-hand side (2). The conductivity in Section 6.1 implies an affine 
decomposition (5) of the FOM operator, whereas the conductivity that will be chosen in Section 6.2 allows such a decomposition 
only approximately.

In both cases, we impose homogeneous Dirichlet boundary conditions 
𝑇 (0, 𝑡) = 𝑇 (2𝜋, 𝑡) = 0, 𝑡 ∈ [0, 0.8], (37)

and the initial condition 

𝑇 (𝜉, 0) = exp(−(𝜉 − 𝜋)2) sin
(

𝜉
)

, 𝜉 ∈ 𝛺. (38)

2
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Table 2
Number of linear systems of different dimensions solved during paramet-
ric operator inference for ROM dimension 𝑛 = 30 and 𝑞𝐻 = 16.

𝑞𝐻
(𝑛+1

2

)

×𝑞𝐻
(𝑛+1

2

)

= 7, 440 × 7, 440

(𝑛+1
2

)

×
(𝑛+1

2

)

= 465 × 465
𝑞𝐻 × 𝑞𝐻
= 16 × 16

Monolithic
𝑛 = 30 0 0

Decoupled 0
(𝑛+1

2

)

= 480 𝑛
(𝑛+1

2

)

= 13, 950

We discretize with linear finite elements on an equidistant grid in space with mesh width 𝛥𝜉 = 2−7, and with explicit Euler in time 
with time step size 𝛥𝑡 = 10−4, to obtain the time-discrete dynamical system of dimension 𝑁 = 127 for the discretized temperature 
𝒙𝑘, 

𝒙𝑘+1(𝝁) = 𝒙𝑘(𝝁) + 𝛥𝑡𝐇(𝝁)𝒙2𝑘(𝝁), 𝑘 = 0,… , 𝐾 − 1, 𝐾 = 8000. (39)

We simulate this system for both conductivities twice: first to generate snapshots to compute POD bases, then to compute 
snapshots for exact operator inference. The accuracy of the inferred operators is then evaluated based on the relative error with 
respect to the intrusive operators, 

‖

‖

‖

∑𝑞𝐻
𝑝=1 𝜃

(𝑝)
𝐻 (𝝁)𝐇̂(𝑝) − 𝐇̃(𝝁)‖‖

‖𝐹
‖

‖

𝐇̃(𝝁)‖
‖𝐹

, (40)

for specified parameter samples 𝝁. Errors with respect to the FOM are reported in Appendix  B. The code is available on https:
//github.com/h3rror/exactParamOpInf.

6.1. Heat equation with affine conductivity

Inspired by [8], we consider a piecewise-defined thermal conductivity but with linear temperature dependency, 

𝜈(𝑇 , 𝜉,𝝁) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜇1𝑇  for 𝜉 ∈ [0, 2𝜋16 ) =∶ 𝛺1
⋮

𝜇𝑖𝑇  for 𝜉 ∈ [ 𝑖−116 2𝜋,
𝑖
162𝜋) =∶ 𝛺𝑖

⋮
𝜇16𝑇  for 𝜉 ∈ [ 1516 2𝜋, 2𝜋] =∶ 𝛺16

(41)

with parameter 𝝁 ∈ [1, 2]16. This conductivity allows an affine decomposition of the quadratic operator, 

𝐇(𝝁) =
16
∑

𝑝=1
𝜇𝑝𝐇(𝑝), (42)

where the terms 𝐇(𝑝), 𝑝 = 1,… , 16, correspond to the conductivity 1 in 𝛺𝑝 and 0 everywhere else, respectively.
We first simulate the FOM (39) for 16 parameter samples 𝝁̄𝑖, 𝑖 = 1,… , 16 whose entries are defined as [𝝁̄𝑖] = 1 + 𝛿𝑖𝑗 with the 

Kronecker delta 𝛿𝑖𝑗 for all 𝑖, 𝑗 = 1,… , 16. The resulting 16 ⋅ (8000+1) snapshots are used to compute the global POD basis 𝐕𝑛 ∈ R𝑁×𝑛

with 𝑛 = 1,… , 30. Then we use the POD basis 𝐕30 to generate snapshot data for exact operator inference according to Algorithm 2 
for the same 16 parameter samples 𝝁𝑖 = 𝝁̄𝑖, 𝑖 = 1,… , 16. This choice of samples ensures that the matrix Θ𝐻  has full rank, so the 
solution to (14) is unique as discussed in Section 3.

Fig.  1(a) shows the errors between the inferred and the intrusive operators evaluated at 𝝁1, which is one of the parameter 
samples used in training, and 𝝁0, whose entries are sampled randomly from the uniform distribution in [1, 2] and which is not 
part of the parameter samples used in training. As can be seen, the errors are for both parameter values on the order of at most 
10−15, so our proposed method indeed reconstructs the intrusive operators up to machine precision. Furthermore, we cannot see 
any difference between the operators of the monolithic and our proposed decoupled approach. This confirms the correctness of 
the proposed decoupling approach. As described in Section 4, the decoupled approach has better parallelizability and significantly 
smaller costs. This is confirmed by Table  2, which shows the number of linear systems solved for this test case with ROM dimension 
𝑛 = 30 and 𝑞𝐻 = 16. While the monolithic approach solves few very large linear systems, the decoupled approach solves many 
smaller systems. Consequently, the decoupled approach is much faster because the cost of solving linear systems scales cubically 
with their dimension. Additionally, Fig.  1(b) shows that the condition numbers of the matrices involved in the decoupled approach 
are smaller than the condition number of the monolithic matrix 𝐃. Since Θ𝐻  is independent of the ROM dimension, cond(Θ𝐻 ) is 
constant. As a result, the factor by which cond(𝐗̂𝑇 ) is smaller than cond(𝐃) is also constant.
2
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(a) Relative combined operator errors (40) evaluated at 𝝁0 and 
𝝁1.

  
(b) Condition number of 𝐃 for monolithic operator inference 
and 𝐗̂2 and Θ𝐻 for decoupled operator inference.

 

Fig. 1. Results for the test case with affine conductivity (41).

6.2. Heat equation with non-affine conductivity

For the second test case consider, we consider the thermal conductivity 

𝜈(𝜉, 𝜇, 𝑇 ) = (𝑒−
1
2𝜋 (𝜉−𝜇)

2
+ 1)𝑇 , (43)

with parameter 𝜇 ∈ 𝛺. This conductivity does not allow an exact affine decomposition of the quadratic operator. To obtain an 
approximate affine decomposition (5) we use a Taylor expansion of the operator 𝐇(𝜇) with 𝑞𝐻 = 16 terms, 

𝐇(𝜇) ≈
𝑞𝐻−1
∑

𝑝=0

(𝜇 − 𝜇0)𝑝

𝑝!
𝐇(𝑝). (44)

The expansion point 𝜇0 can be chosen arbitrarily, here we choose 𝜇0 = 1.3𝜋.
We first simulate the FOM (39) for 5 equidistant parameter samples in 𝛺, 𝜇̄𝑖 = 2𝜋 𝑖−1

5−1 , 𝑖 = 1,… , 5. The resulting 5 ⋅ (8000 + 1)
snapshots are used to compute the global POD bases 𝐕𝑛 ∈ R𝑁×𝑛 with 𝑛 = 1,… , 30. Then we use the POD basis 𝐕30 to generate 
snapshot data for exact operator inference according to Algorithm 2 for the 𝑞𝐻 = 16 equidistant parameter samples in 𝛺, 
𝜇𝑖 = 2𝜋 𝑖−1

16−1 , 𝑖 = 1,… , 16. For this choice of samples, the matrix Θ𝐻  is the Vandermonde matrix of dimension 16 and has full 
rank, so the solution to (14) is unique as discussed in Section 3.

Fig.  2(a) shows the errors between the inferred and the intrusive operators evaluated both at the expansion point 𝜇0 and at 𝜇1 = 0, 
which is the point in 𝛺 with the largest distance to 𝜇0. As in Fig.  1(a), the errors of the decoupled and the monolithic approach do 
not deviate significantly from each other, so they confirm the correctness of the decoupling approach. However, compared to the 
previous test case depicted in Fig.  1(a), the errors for 𝜇0 are larger by a few orders of magnitude. This error is not associated to the 
accuracy of the exact operator inference approach but due to the Taylor approximation (44) used to obtain an affine decomposition. 
This approximation causes an inconsistency because, on the one hand, operator inference fits the 𝑞𝐻 = 16 basis operators 𝐇̂(𝑝), 
𝑝 = 1,… , 16 in (14) with 𝜃(𝑝)𝐻  defined by the Taylor approximation (44), on the other hand, the snapshot data is generated from 
the true FOM operator 𝐇(𝜇). This inconsistency is demonstrated in Fig.  2(a) by the error between the intrusive ROM operators 𝐇̃(𝑝)

corresponding to the Taylor approximation (44) computed via (6) and the true ROM operator 𝐇̃(𝜇) computed via (4), 
‖

‖

‖

∑𝑞𝐻
𝑝=1 𝜃

(𝑝)
𝐻 (𝝁)𝐇̃(𝑝) − 𝐇̃(𝝁)‖‖

‖𝐹
‖

‖

𝐇̃(𝝁)‖
‖𝐹

. (45)

As can be seen, this error ranges from 10−18 to 10−15 for all ROM dimension when evaluated at the expansion point 𝜇0. Indeed, 
the Taylor approximation (44) coincides with the true operator 𝐇(𝜇) for this parameter value. For 𝜇1, however, the error ranges 
from 10−8 to 10−2. Since both the true ROM operator 𝐇̃(𝜇) and the intrusive Taylor-based ROM operators 𝐇̃(𝑝) are computed 
intrusively via projection, this error is purely due to the approximation error in the parameter space. Operator inference, on the 
other hand, implicitly learns a correction term 𝛥𝐇(𝑝) to the intrusive Taylor term, 𝐇̂(𝑝) = 𝐇̃(𝑝) + 𝛥𝐇(𝑝). As can be seen, the errors of 
the inferred operators evaluated at 𝜇1 range from 10−20 to 10−15, similarly to the errors in Fig.  1(a) where no Taylor approximation 
was employed. The implicit correction seems to compensate the Taylor approximation error completely. For 𝜇 , in contrast, the 
0

9 



H. Rosenberger et al. Computer Methods in Applied Mechanics and Engineering 461 (2026) 119199 
 
(a) Relative combined operator errors (40) and (45) evaluated 
at 𝜇0 = 1.3𝜋 and 𝜇1 = 0.

  
(b) Condition number of 𝐃 for monolithic operator inference 
and 𝐗̂2 and Θ𝐻 for decoupled operator inference.

 

Fig. 2. Results for the test case with non-affine conductivity (43).

implicit correction even deteriorates the accuracy compared to the Taylor-based ROM operators with errors ranging from 10−15 to 
10−9.

Fig.  2(b) shows again how the decoupling results in smaller conditions numbers. However, since the condition number of the 
Vandermonde matrix Θ𝐻  itself is very large, the benefit is relatively small here. In fact, the large condition numbers of Vandermonde 
matrices is limiting the choice of 𝑞𝐻  in this test case for both monolithic and decoupled approach.

7. Conclusion

In this work, we have resolved three issues of parametric operator inference by extending our previous work on exact non-
parametric operator inference, in which smartly chosen initial conditions lead to snapshot data that guarantee a full rank inference 
problem. First, we can guarantee the uniqueness of the operator inference solution, provided that suitable parameter samples can 
be found. Second, we avoid the introduction of time discretization inconsistencies and non-Markovian information that could cause 
errors in the inferred operators. Third, we significantly reduce the computational costs by decoupling the minimization problem.

This decoupling exploits the exact operator inference snapshot data in two steps. First, the minimization problem simplifies 
to a linear system. Second, this high-dimensional monolithic linear system decouples into smaller linear systems. The resulting 
reduction in computational costs can be decisive for the total costs of operator inference, depending on the polynomial degree 
and the complexity of the parameter dependency of the underlying problem and the considered ROM dimension. Furthermore, the 
smaller linear systems can be solved embarrassingly parallel and have a smaller condition number and are hence numerically more 
stable.

In numerical experiments, we demonstrate that our proposed method reconstructs intrusive parametric ROM operators up to 
machine precision. The experiments confirm the correctness of the decoupling approach and exemplify the improvement in condition 
number when replacing the monolithic system by the decoupled systems.

Future work should investigate whether the presented Lagrange interpolation-based derivation is also applicable to parameter-
dependent snapshot data, as well as extensions to dynamical systems that are derived from systems of partial differential equations 
such as the Navier–Stokes equations.
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Appendix A. Decoupling for arbitrary polynomial right-hand side

The decoupling described in Section 4 can be performed analogously, if the right-hand side of (1) is any monomial in 𝒙 other 
than quadratic. If this right-hand side consists of more than one monomial, the decoupling can be performed as follows.

A.1. Parametric dynamical system and Galerkin ROM

Let us assume that the right-hand side consists of a constant, a linear and a quadratic term, 

𝒇 (𝒙;𝝁) = 𝒄(𝝁) + 𝐀(𝝁)𝒙 +𝐇(𝝁)𝒙2, (46)

with operators 𝒄(𝝁) ∈ R𝑁 , 𝐀(𝝁) ∈ R𝑁×𝑁  and 𝐇(𝝁) ∈ R𝑁×
(𝑁+1

2
)

 with affine decompositions, 

𝒄(𝝁) =
𝑞𝑐
∑

𝑝=1
𝜃(𝑝)𝑐 (𝝁)𝒄(𝑝), 𝐀(𝝁) =

𝑞𝐴
∑

𝑝=1
𝜃(𝑝)𝐴 (𝝁)𝐀(𝑝), 𝐇(𝝁) =

𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁)𝐇(𝑝), (47)

with scalar functions 𝜃(𝑝)𝑐 , 𝜃(𝑝)𝐴  and 𝜃(𝑝)𝐻  and matrices 𝒄(𝑝), 𝐀(𝑝) and 𝐇(𝑝) of the same dimensions as 𝒄(𝝁), 𝐀(𝝁) and 𝐇(𝝁), respectively. 
The intrusive ROM operators are defined as 

𝒄̃(𝝁) = 𝐕𝑇
𝑛 𝒄(𝝁) ∈ R𝑛×1, 𝐀̃(𝝁) = 𝐕𝑇

𝑛 𝐀(𝝁)𝐕𝑛 ∈ R𝑛×𝑛  and 𝐇̃(𝝁) = 𝐕𝑇
𝑛 𝐇(𝝁)𝐈(𝑖)𝑁

(

𝐕𝑛 ⊗ 𝐕𝑛
)

𝐉(𝑖)𝑛 . (48)

A.2. Parametric operator inference

As described in [7,9], the operator inference problem to infer the operator matrix 

𝐎̂ ∶=
[

𝒄̂(1) … 𝒄̂(𝑞𝑐 ) |

|

|

𝐀̂(1) … 𝐀̂(𝑞𝐴) |

|

|

𝐇̂(1) … 𝐇̂(𝑞𝐻 )
]

∈ R𝑛×𝑞(𝑛), (49)

with 𝑞(𝑛) = 𝑞𝑐 + 𝑞𝐴𝑛 + 𝑞𝐻
(𝑛+1

2

) is then to minimize (𝐎̂) defined in (14), but with

𝐃 =
[

𝐃𝑐 | 𝐃𝐴 | 𝐃𝐻
]

(50)

=
⎡

⎢

⎢

⎣

𝜽𝑐 (𝝁1)⊗ 𝟏𝐾
⋮

𝜽𝑐 (𝝁𝑠)⊗ 𝟏𝐾

|

|

|

|

|

|

|

𝜽𝐴(𝝁1)⊗ 𝐗̂(𝝁1)𝑇

⋮
𝜽𝐴(𝝁𝑠)⊗ 𝐗̂(𝝁𝑠)𝑇

|

|

|

|

|

|

|

𝜽𝐻 (𝝁1)⊗ 𝐗̂2(𝝁1)𝑇

⋮
𝜽𝐻 (𝝁𝑠)⊗ 𝐗̂2(𝝁𝑠)𝑇

⎤

⎥

⎥

⎦

, (51)

and the row vectors that encode the affine parameter dependencies in (47),

𝜽𝑐 (𝝁𝑖) =
[

𝜃(1)𝑐 (𝝁𝑖) … 𝜃(𝑞𝑐 )𝑐 (𝝁𝑖)
]

∈ R1×𝑞𝑐 (52)

𝜽𝐴(𝝁𝑖) =
[

𝜃(1)𝐴 (𝝁𝑖) … 𝜃(𝑞𝐴)𝐴 (𝝁𝑖)
]

∈ R1×𝑞𝐴 (53)

𝜽𝐻 (𝝁𝑖) =
[

𝜃(1)𝐻 (𝝁𝑖) … 𝜃(𝑞𝐻 )
𝐻 (𝝁𝑖)

]

∈ R1×𝑞𝐻 . (54)

A.3. Decoupling parametric operator inference

The parametric operator inference minimization problem (14) is high-dimensional because it involves data from 𝑠 parameter 
samples to learn 𝑞𝑐 , 𝑞𝐴 and 𝑞𝐻  constant, linear and quadratic operators, respectively. We want to decouple this problem into 
subproblems that only involve data from one parameter sample to learn a set of one constant, one linear and one quadratic operator. 
For this purpose, we first note that 

(𝐎̂) =
𝑠
∑

𝑖=1

‖

‖

‖

‖

‖

‖

𝐃(𝝁𝑖)

[ 𝑞𝑐
∑

𝑝=1
𝜃(𝑝)𝑐 (𝝁𝑖)𝒄̂(𝑝)

|

|

|

|

|

𝑞𝐴
∑

𝑝=1
𝜃(𝑝)𝐴 (𝝁𝑖)𝐀̂(𝑝)

|

|

|

|

|

𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁𝑖)𝐇̂(𝑝)

]𝑇

− ̇̂𝐗(𝝁𝑖)
‖

‖

‖

‖

‖

‖

2

𝐹

, (55)

with 
𝐃(𝑖)(𝝁 ) ∶=

[

𝟏 |

| 𝐗̂(𝝁 ) |

| 𝐗̂ (𝝁 )
]

∈ R𝐾×𝑞(𝑛)  and 𝟏 = [ 1 … 1 ]𝑇 ∈ R𝐾 . (56)
𝑖 𝐾
|

𝑖
|

2 𝑖 𝐾

11 
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If 𝛩𝑐 = 𝛩𝐴 = 𝛩𝐻 = 𝐈𝑠 (so 𝑞𝑐 = 𝑞𝐴 = 𝑞𝐻 = 𝑠), then this problem simplifies to 

(𝐎̂) =
𝑠
∑

𝑖=1

‖

‖

‖

‖

𝐃̃(𝝁𝑖)
[

𝜃(𝑖)𝑐 (𝝁𝑖)𝒄̂(𝑖)
|

|

|

𝜃(𝑖)𝐴 (𝝁𝑖)𝐀̂(𝑖) |
|

|

𝜃(𝑖)𝐻 (𝝁𝑖)𝐇̂(𝑖)
]𝑇

− ̇̂𝐗(𝝁𝑖)
‖

‖

‖

‖

2

𝐹
, (57)

so for all 𝑖 = 1,… , 𝑠, the operators ̂𝒄(𝑖), ̂𝐀(𝑖), 𝐇̂(𝑖) only depend on data from the parameter sample 𝝁𝑖. Hence, we can solve subproblems 
for the basis operators 𝐎̂(𝑖) = [𝒄̂(𝑖)|𝐀̂(𝑖)

|𝐇̂(𝑖)] separately.
In general, 𝛩𝑐 = 𝛩𝐴 = 𝛩𝐻 = 𝐈𝑠 does not hold (i.e., we cannot find suitable parameter samples 𝝁1,…𝝁𝑠). However, we can 

achieve similar decoupling if the rank-ensuring snapshot data described in Section 3 are used and the matrices 𝛩𝑐 , 𝛩𝐴 and 𝛩𝐻  have 
full rank. For this purpose, we first note that the matrices 𝛩𝑐 ∈ R𝑠×𝑞𝑐 , 𝛩𝐴 ∈ R𝑠×𝑞𝐴  and 𝛩𝐻 ∈ R𝑠×𝑞𝐻  can be extended to square full 
rank matrices of dimension 𝑠 × 𝑠. Such an extension corresponds to extending the affine expansions (5) by additional terms that 
evaluate to zero. Correspondingly, we extend the operator matrix 𝐎̂ to 

𝐎̂ =
[

𝒄̂(1) … 𝒄̂(𝑠) ||
|

𝐀̂(1) … 𝐀̂(𝑠) |
|

|

𝐇̂(1) … 𝐇̂(𝑠)
]

∈ R𝑛×(1+𝑛+
(𝑛+1

2
)

)𝑠 (58)

with ̂𝒄(𝑖) = 𝟎 for all 𝑖 > 𝑞𝑐 , 𝐀̂(𝑖) = 𝟎 for all 𝑖 > 𝑞𝐴 and 𝐇̂(𝑖) = 𝟎 for all 𝑖 > 𝑞𝐻 .
Next we note that the snapshot data 𝐗̂(𝝁𝑖) = 𝐗̂ described in Section 3 is parameter-independent, so the data matrix 𝐃 simplifies 

to 

𝐃 =
[

𝛩𝑐 ⊗ 𝟏𝐾
|

|

|

𝛩𝐴 ⊗ 𝐗̂𝑇 |

|

|

𝛩𝐻 ⊗ 𝐗̂𝑇
2

]

. (59)

Now we can define 

𝐎̌ = 𝐎̂𝐓−𝑇 ,  with 𝐓 =

⎡

⎢

⎢

⎢

⎣

𝛩−1
𝑐 ⊗ 𝐈1

𝛩−1
𝐴 ⊗ 𝐈𝑛

𝛩−1
𝐻 ⊗ 𝐈(𝑛+1

2
)

⎤

⎥

⎥

⎥

⎦

, (60)

then

𝐃𝐎̂𝑇 = 𝐃
(

𝐎̌𝐓𝑇
)𝑇

= 𝐃𝐓𝐎̌𝑇 (61)

=
[

𝛩𝑐 ⊗ 𝟏𝐾
|

|

|

𝛩𝐴 ⊗ 𝐗̂𝑇 |

|

|

𝛩𝐻 ⊗ 𝐗̂𝑇
2

]

⎡

⎢

⎢

⎢

⎣

𝛩−1
𝑐 ⊗ 𝐈1

𝛩−1
𝐴 ⊗ 𝐈𝑛

𝛩−1
𝐻 ⊗ 𝐈(𝑛+1

2
)

⎤

⎥

⎥

⎥

⎦

𝐎̌𝑇 (62)

=
[

(𝛩𝑐𝛩
−1
𝑐 )⊗ (𝟏𝐾 𝐈1)

|

|

|

(𝛩𝐴𝛩
−1
𝐴 )⊗ (𝐗̂𝑇 𝐈𝑛)

|

|

|

(𝛩𝐻𝛩−1
𝐻 )⊗

(

𝐗̂𝑇
2 𝐈(𝑛+1

2
)

) ]

𝐎̌𝑇 (63)

=
[

𝐈𝑠 ⊗ 𝟏𝐾
|

|

|

𝐈𝑠 ⊗ 𝐗̂𝑇 |

|

|

𝐈𝑠 ⊗ 𝐗̂𝑇
2

]

𝐎̌𝑇 (64)

Hence, we can decouple the problem 

(𝐎̌) = ‖

‖

‖

𝐃̌𝐎̌𝑇 − 𝐑𝑇 ‖
‖

‖

2

𝐹
(65)

with 𝐃̌ = 𝐃𝐓.
This decoupling results in smaller, embarrassingly parallel and numerically more stable subproblems 

(𝐎̌(𝑖)) =
‖

‖

‖

‖

𝐃̌(𝑖)
(

𝐎̌(𝑖)
)𝑇

−
(

𝐑(𝑖)(𝝁𝑖)
)𝑇 ‖

‖

‖

‖

2

𝐹
, 𝑖 = 1,… , 𝑠 (66)

 with 𝐃̌(𝑖) =
[

𝟏𝐾 |𝐗̂𝑇
|𝐗̂𝑇

2

]

, 𝐎̌(𝑖) = [𝐜̌(𝑖)|𝐀̌(𝑖)
|𝐇̌(𝑖)]  and 𝐑(𝑖)(𝝁𝑖) =

̇̂𝐗(𝝁𝑖) (67)

and facilitates extensions by new parameter samples/new parametric terms. The original operator 𝐎̂ is then computed via 𝐎̂ = 𝐎̌𝐓𝑇 .
Note that the addition of zero terms in (58) is not necessary for exact operator inference. For example, if 𝑞𝑐 > 𝑞𝐴 > 𝑞𝐻 , it would 

be sufficient to compute exact snapshot data for  = {0, 1, 2} for 𝑞𝐻  parameter samples, for  = {0, 1} for 𝑞𝐴 − 𝑞𝐻  samples and 
for  = {0} for 𝑞𝑐 − 𝑞𝐴 samples — provided that the corresponding matrix 𝐃 has full rank. While this approach would reduce the 
demand for generation of snapshot data, it would destroy the parameter independency 𝐗̂(𝝁𝑖) = 𝐗̂ and hence make the decoupling 
impossible. 

Appendix B. ROM state errors with respect to the FOM

Figs.  3(a) and 3(b) show the average ROM state error with respect to the FOM, 
∑𝐾

𝑘=0
‖

‖

𝒙𝑘(𝜇) − 𝐕𝑛𝒙̃𝑘(𝜇)‖‖2
∑𝐾 , (68)
𝑘=0
‖

‖

𝒙𝑘(𝜇)‖‖2
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(a) Test case with affine conductivity (41).

  
(b) Test case with non-affine conductivity (43).

 

Fig. 3. Relative average ROM state error.

where 𝒙̃𝑘 are the snapshots of the explicit Euler ROM 

𝒙̃𝑘+1(𝝁) = 𝒙̃𝑘(𝝁) + 𝛥𝑡

( 𝑞𝐻
∑

𝑝=1
𝜃(𝑝)𝐻 (𝝁)𝐇̄(𝑝)

)

𝒙̃2𝑘(𝝁), 𝑘 = 0,… , 𝐾 − 1, (69)

with the ROM operators 𝐇̄(𝑝) computed intrusively, or via monolithic or decoupled operator inference, respectively. As can be seen 
in Fig.  3(a) for the affine test case, decoupled, monolithic and intrusive ROM align for both parameter values 𝝁0 and 𝝁1. The errors 
decrease for increasing ROM dimension, but not strictly monotonically and for 𝝁0 much slower than for 𝝁1. In Fig.  3(b) for the 
non-affine test case, decoupled and monolithic ROM align as well, but the Taylor-based intrusive ROM only for 𝜇0. This mismatch 
is in line with the observed mismatch of operator errors in Fig.  2(a). Also for this test case, all errors decrease with increasing ROM 
dimension, but for the Taylor-based intrusive ROM this decrease seems stalled for 𝜇1 to magnitude 10−2.

Data availability

I have shared a link to my code in the manuscript.
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