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the minimization problem is generally not unique, so we might obtain a different solution than
the one we are interested in. Second, time discretization inconsistencies and non-Markovian
information can cause errors in the inferred operators. Third, the large dimensions of the
minimization problem can cause prohibitively high computational costs. In this work, we resolve
these issues by extending previous work on exact operator inference to the parametric case.
Concretely, we propose a snapshot data generation method that guarantees the uniqueness
of the solution and the absence of time discretization inconsistencies and non-Markovian
information, and thereby the exact reconstruction of the corresponding intrusive operators of
projection-based reduced order models. Furthermore, we show that the monolithic problem
that comprises the snapshot data of all sampled parameters can be decoupled into separate
problems for only one parameter sample each. This decoupling results in smaller subproblems
that are embarrassingly parallel, numerically more stable and can be solved more efficiently. In
numerical experiments, we demonstrate this decoupling for the heat equation with two different
temperature-, parameter- and space-dependent thermal conductivities.

1. Introduction

The aim of model reduction is to reduce the computational cost of numerical simulations in complex engineering tasks such as
optimization, data assimilation, uncertainty quantification and the development of digital twins. All these tasks involve multiple
simulations that depend on variable parameters.

In this work we consider problems described by a dynamical system with parameter-dependent right-hand side. Such dynamical
systems are, for example, derived from spatial discretizations of PDEs with parameter-dependent geometries or physical properties.
Other types of parameter-dependency considered in other works include parametric initial conditions [1,2] and parametric inputs
such as boundary conditions [3].

In intrusive projection-based model reduction, parameter dependencies in the operators of the high-fidelity model are directly
inherited by the reduced-order model (ROM) [4]. However, intrusive model reduction is often not feasible in practice because it
requires access to numerical operators that is not possible in industry software. To address this practical problem, nonintrusive
model reduction constructs ROMs without intrusive software access but only based on output data of the high-fidelity simulations.
In particular, operator inference aims at reproducing the same ROMs as intrusive projection-based model reduction but nonin-
trusively [5,6]. Based on snapshot data of high-fidelity simulations, ROM operators of given polynomial degree are computed as
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solution to a minimization problem. However, in context of parameter-dependent problems [7-11], operator inference has three
issues. First, the solution to the minimization problem is not unique if the provided snapshot data is not informative enough. In that
case the computed solution can be very different to the intrusive ROM operators that we are interested in. Second, time discretization
inconsistencies and non-Markovian information in the snapshot data can introduce errors in the inferred operators. This issue has
been resolved in [12] via a method known as re-projection that guarantees exact reconstruction if the first issue does not take
effect. Third, solving the minimization problem can cause prohibitively high computational costs because of the large dimensions of
this problem. These dimensions depend on the complexity of the parameter dependency, the polynomial degree of the underlying
problem and the considered ROM dimension. If these quantities are sufficiently large, the computational costs of the minimization
problem can even dominate the overall offline costs of the ROM.

In this work, we resolve all three issues by extending previous work on non-parametric operator inference [13] to the parametric
case. Concretely, we propose a snapshot data generation method that guarantees the uniqueness of the solution to the minimization
problem and avoids time discretization inconsistencies and non-Markovian information in the snapshot data. As a consequence, the
computed solution is an exact reconstruction of the intrusive ROM operators up to machine precision. Moreover, we show that for
this snapshot data the minimization problem simplifies to a linear system that decouples into smaller linear systems. As a result,
the computational costs are significantly smaller. In addition, the decoupled linear systems have a smaller condition number and
can be solved in parallel.

This article is organized as follows. In Section 2, we introduce parametric dynamical systems, intrusive and non-intrusive
projection-based model reduction and non-parametric exact operator inference. In Section 3 we extend exact operator inference
to the parametric case. In Section 4 we describe the decoupling resulting from this extension. In Section 5 we present an alternative
derivation for the same decoupling method. In Section 6 we present numerical experiments for the heat equation with different
thermal conductivities. Finally, in Section 7 we draw conclusions.

2. Preliminaries
2.1. Parametric dynamical system

We consider the dynamical system of dimension N,

Xt ) = f (x(tw; p),  x(0; w) = x(u), 1)

parametrized by u € D c RY. We assume that the function f : RY xD — RV has polynomial structure, and for ease of presentation,
we assume a quadratic term here,

f (e ) = H(wx?, @
N+1 N+1
where x2 € Rr(2) comprises all unique products of two entries of x as described in [12,13] and H : D — RV ). Functions f
that are monomials in x of any other order can be handled analogously. Functions f that are sums of multiple monomial terms are
discussed in Appendix A.

2.2. Parametric Galerkin ROM

To obtain a Galerkin ROM, the FOM is projected onto a basis V,, € RV*", n < N, and the FOM state x(t; u) is replaced by a
lower dimensional approximation V,X(z; u),
x(t; p) = H(w** (13 p) 3
with the ROM state X(r; u) € R” and the projected matrix defined by
H(u) = VIH@I) (V, ® V,) IV, )
. N+1 . n+l
with matrices Igi; e {0,1 }( 2 XN and 19 e 0,1 }"ZX( 3') as described in [12].
There are several methods to define the basis V, [4]. In this work, we consider a global basis obtained from POD of snapshots

(X(#) ... X(@,,,)] with
X)) 1= [x( ) oo Xy s )] € RYVKpoD

at sampled parameters fiy, ..., fiy, . € D with Kpgp, Spop € N. How to choose such parameter samples is discussed in [4].
Computing ROM operators for new parameter values p via (4) is not efficient because the computational costs scale with the
FOM dimension N. Instead, we assume that the FOM operator can be affinely decomposed,

qm
Hp) = Y 0% (wH?, ©)
p=1
N+1
with scalar functions 6? : D — R and matrices H? € RV ; ), p=1,....qy. Then, we can precompute
H H
H? = VIHOL) (V,®V,) 10, p=1,....44, ©)
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during the offline phase, and compute

qH
Hpw) = Y 00 (waA» @)
p=1
efficiently during the online phase with computational costs only depending on the ROM dimension n. However, the computations
(6) are intrusive since they require access to the FOM operator components H"). As a non-intrusive alternative, our goal is to infer
the ROM operator components H® from data in the next section.

Note that not all parametric FOM operators possess an affine structure of the form (5) with known coefficient functions
9(15) : D - R. However, operators without this structure can still be approximated by such affine expansions. For example, Taylor
approximations [14], interpolation [15] and hyperreduction techniques such as DEIM [4] and GNAT [16] have been used in the
context of intrusive model reduction. These hyperreduction techniques are based on the assumption that single entries of operators
can be computed more efficiently than the complete operators. Non-intrusive model reduction, however, does not directly access
operators at all, so hyperreduction techniques are not applicable. In the non-intrusive context of operator inference, affine expansions
have been considered that describe the parameter dependency exactly [7,8] or are derived from Taylor approximations [10] and
piecewise-linear interpolation [17]. All these approximations introduce errors and can suffer from the curse of dimensionality if u
is high-dimensional, so achieving satisfactory accuracy can be challenging [4].

2.3. Parametric operator inference

As in the non-parametric case, operator inference with affine parameter dependency uses two sets of snapshot data. The first
one to generate the ROM basis, the second one to infer the operators. These two sets can comprise different snapshots; in particular,

parameter samples the p, ..., u; € D corresponding to the second set can be different from the parameter samples i, ..., i,
corresponding to the first set, as described in the previous subsection. Let
X(y;) = [x(tl;ﬂl-) x(tK;y,-)] eRVK i=1,...,s 8)
be this second set of snapshots with the corresponding time derivative snapshots
: d d ;
X) = [Sxsw) o Sxew)| eRVK =1, ©
dr dr
with K, s € N not necessarily equal to Kpgp and spgp, respectively.
As described in [7,9], the operator inference problem to infer the operator matrix
0:= [ﬁ(l) ﬁ(qﬁ)] € R™4W | g(n) = q <n-;— 1) (10)
from the projected snapshot data
Xu)=V'X(u), i=1,..,s, (1)
X(u) = VIX(u). i=1,....5 12)
is to minimize
s an r :
£©O): =Y [Xm)" [Zé)(:;)(ui)H(”) - X(u)" 13)
i=1 p=1 F
A 2
= [po" - =7, (14)
F
with the matrices R = [XA(ﬂl) )?(us)] e R™sK and
01 (1) ® Ko ()"
D := : e RFxan () (15)
04 (1y) ® Xo(uy)"
with
On(u) = [0 ) .. O )] € R, i< 1, s, (16)
and
~ n+1
Ko = [Rim) o Fagm)] eROE a7

There are three issues with the operator inference problem of minimizing (14): First, the uniqueness of the solution to this
minimization problem is generally not guaranteed. Consequently, we might obtain a different solution than the one we are interested
in. Second, time discretization inconsistencies and non-Markovian information in the snapshot data can introduce errors in the
inferred operators. Both issues have been addressed by us in [13] in the context of non-parametric operator inference. In the next
subsection, we will summarize that work and in Section 3 we will show how it can be generalized to the parametric case. Third, this
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minimization problem has very large dimensions. These large dimensions cause high computational costs and can affect numerical
stability [9]. In detail, the matrix D has column dimension qH("“) or more generally a column dimension of O(g,n') with I the
largest polynomial degree in the right-hand side f in (1) and ¢, the number of terms in the affine decomposition analogous to (5)
of the operator with this highest polynomial degree /. The computational cost of solving the least squares problem scales cubically
in this column dimension of D, so O((¢;n')®). These costs can contribute substantially to the offline preparation of the ROM, even
though they do not depend on the FOM dimension N. Moreover, the computational costs can be even larger when the linear least
squares problem (14) is extended by constraints [18-20] or replaced by a nonlinear optimization problem [21] in order to preserve
structure. The large dimensions are a consequence of comprising all affine operators H® and the snapshot data for all parameter
samples y; in one single optimization problem. In contrast, in intrusive model reduction, the affine operators H® can be computed
separately as described in (6). To achieve a similar separation with non-intrusive operator inference, we present in Section 4 a
strategy to decouple the monolithic optimization problem (14) into smaller subproblems that only pertain one affine operator HO
each. These smaller problems can be solved embarrassingly parallel and have a smaller condition number and are hence numerically
more stable.

2.4. Exact operator inference

In [13], we have proposed a method to generate snapshot data for operator inference that guarantees exact reconstruction in the
non-parametric case. This method has two key steps: First we identify ROM states that ensure the full rank of the operator inference
least squares matrix. This identification is done based on the polynomial terms contained in the right-hand side f in (1). In the
purely quadratic case (2) considered here, such a set of ROM states is given by the set of all sums of two unit vectors in R”,

X% :={e;+e;| e,e; €R" unit vectors}. (18)

LetX, eXx? j=1,.., (";1) be the (";’]) distinct elements of X2, then the matrix

X, = [9? e R ] e RT3 19)
("3)
has full rank. .

To generate the matrix X of corresponding ROM state time derivative snapshots, the second key step is to perform ("erl) FOM
simulations each for only a single time step. The initial conditions of these simulations are the FOM states corresponding to the
identified ROM states X;.

The snapshot data generated by this method is equivalent to snapshot data that one would obtain from simulating the
corresponding intrusive ROM. Consequently, the intrusive ROM operator is a solution to the operator inference least squares
problems. Since the matrix ﬁz has full rank, this solution is unique, so operator inference exactly reconstructs the intrusive ROM
operators.

The complete snapshot data generation method is summarized in Algorithm 1. In exact arithmetics, the time step size At is
irrelevant for the resulting matrices X, and X. In practice, however, 4t should be chosen to enable accurate floating-point number
representations as explained in more detail in [13].

Algorithm 1 Exact operator inference snapshot data generation [13]

1: procedure exacTOPINFSNAPSHOTS(
ROM basis V, € RN*",
time step size At

)
2 Initialize )A(z « g
3 Initialize X « @
4 forxex? do
5: x) < V, %
6: x; « FOM( initial condition x,
time step size At, end time T = At, explicit Euler time discretization )
7: X, « #°
8: X <X, @]
9: end for
10: return X,, X

11: end procedure

3. Exact parametric operator inference

In this section we address the issue of non-unique solutions to the parametric operator inference least squares problem defined
by (14). This problem has a unique solution if the matrix D has full column rank. As described in Theorem 2.3 in [7], D has full
column rank if the matrix @, € R™% defined by

[©4],, =05 (). (20)
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and all )Aiz(y,.), i=1,...,s have full column rank.

The first novelty of this work is a snapshot data generation method that guarantees full rank of the matrices )22(;41-), i=1,...,s.
For this purpose we use the exact non-parametric operator inference snapshot data generation method described in Section 2.4 and
extend it to the parametric case. In detail, we run Algorithm 1 for each parameter sample y; to obtain the outputs )A(z(y,-) and )A((y,-)
as summarized in Algorithm 2. Note that the matrices ﬁz(yi) are actually not affected by the parameter p; but equal to the matrix
)22 resulting from the non-parametric Algorithm 1. In particular these matrices all have full column rank.

Algorithm 2 Exact parametric operator inference snapshot data generation

1: procedure ExACTPARAMETRICOPINFSNAPSHOTS(
ROM basis V, € RN*",
time step size At

parameter samples u, ..., y,
)

2 for yu, = p,,..., u, do

3: Initialize X,(y;) < @

4 Initialize )A((y,.) 0

5: for X € X2 do

6: x) < V, %

7: x, « FOM( initial condition x,,
time step size At, end time T = At, explicit Euler time discretization
parameter y; )

8: X,(u) < %2

o Ry < Ko, 2875

10: end for
11: end for

12 return (Ry00) X)) oo (Ko, Xwy))
13: end procedure

On the other hand, ensuring full column rank of ® is highly problem-specific. In view of the definitions of the functions 9;’2,
parameter samples u; must be chosen to achieve this full rank. In general, it is unclear how such parameter samples can be found;
this is beyond the scope of this article. However, for polynomial functions 6'(){,) that arise for example from Taylor approximations as
described in [10], full-rank-ensuring parameter samples can be identified analogously to the full-rank-ensuring ROM states in [13].

If ® indeed has full column rank and the parameter dependency of the operator H can be expressed exactly by an affine
expansion such as (5), then the snapshot data generated proposed in [13] ensures that the parametric operator inference exactly
reconstructs the intrusive ROM operators. Furthermore, for any full column rank matrix ®, € R*9# with s > ¢, there exists a
subset of g5 rows that also form a matrix with full column rank g, . These rows correspond to g5 of the s parameter samples y;,
i=1,...,s. In the following, we can therefore assume that s = q;; parameter samples are used.

Additionally, as described in [13], Algorithm 1 does not introduce time discretization inconsistencies or non-Markovian
information in the snapshot data. This property is preserved by Algorithm 2, so the generated snapshots guarantee that the solution
to the parametric operator inference problem (14) reconstructs the intrusive ROM operators exactly. The following section describes
how the computational costs of solving this problem can be reduced significantly via decoupling.

4. Decoupling of exact parametric operator inference

The parametric operator inference minimization problem (14) is high-dimensional because it involves data from s = g, parameter
samples to learn g quadratic operators. We want to decouple this problem into ¢, subproblems that each only involve data from a
single parameter sample to learn a single quadratic operator. For this purpose, we first note that if ®; is the s-dimensional identity
matrix I, then the objective function (13) simplifies to

s

LO)=Y

i=1

2

~ . ~, 1T A
Ko [0 w)AO] - X" g @1

so for all i = 1,...,s, the operator HO only depends on data from the parameter sample y;. Hence, one can solve subproblems for
the basis operators H? separately,

2

A ~ . ~.. 1T A
BO = min | K0a)" [05(upR] "~ X" il 22)

H

In general, however, the condition & = I, does not hold. There are special cases such as in [17] where the condition O, = I is
implicitly satisfied because the parameter dependency of a linear operator is approximated by piecewise-linear interpolation of the
operator evaluated at parameter samples. In other cases, parameter samples u; might exists such that ©5 = I, as well. However,
for most affine expansions (5) such parameter samples do not exist, or are not physical, so corresponding snapshot data cannot be
generated. In the following, we therefore propose a decoupling method for general square matrices ®; with full rank.
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This decoupling method is based on two key insights. The first key insight is that the least squares problem defined by (14) can
be simplified to a linear system analogously to the non-parametric case in [13]. For this purpose, we first note that this least squares
problem is equivalent to the normal equations

D'DO” = DR, (23)

As described in Section 3, the matrix D has full rank if the matrices )22(;4,-) are obtained from Algorithm 2 with suitable parameter
samples y;, i = 1,...,s. If additionally s = g, then D is also square and the normal equations simplify to

pO” =RT. (24)

The second key insight of our method is that, as described in Section 3, the matrices )22 (p;) resulting from Algorithm 2 are actually
independent of the parameter y; and equal to the matrix X, resulting from the non-parametric Algorithm 1. Using X, (y;) = X,, the
matrix D defined in (15) simplifies to

D=[0,’X]] (25)

with ® as defined in (20). This simplified structure allows us to use preconditioning to transform the linear system (24) into a
linear system for the matrix D = I, ®)’ig]. For the monomial right-hand side f considered here, both left- and right-preconditioning
are possible. For non-monomial right-hand sides f, only right-preconditioning is possible as described in Appendix A. For this reason,
we also present the right-preconditioning here. We substitute

0" =10} ®1)10" (26)
2
to find

DO" =0, ® X} 1O} ®1() 10" =[I,, ®X]10" =: DO'. @27)

Then, the linear system DO” = R7 is decoupled and can be written as
ar [ 1T A
RT[HO] =K, =1 (28)

After solving for the operators H®), the original basis operators are then obtained via (26),

qH

ﬁ(i) = Z[Q_HI]UI:I(/)’ i=1,.. »4H - (29)

Jj=1

Note that this transformation involves the explicit computation of the inverse @;11. This explicit computation is numerically unstable
and is only possible for matrices ® with small condition number. However, the matrix ® ; is problem-specific and its condition
number can be large. For large condition numbers, the inverse (-);,1 should only be computed implicitly, for example via an LU or
QR decomposition. For this purpose, we write the transformation (29) equivalently as linear system

[© ®1 110" =07, (30)
2
for O This linear system is decoupled and can be written as
~ o . . n+1
®p0;; =0, 1=1,...,n,]=1,...,< ) > (31)
with
g s ()
Hy, Hy,
0= and o;=| i |. (32)
G(an) pam)
Hin Hin

The linear system (31) can be solved using standard linear algebra libraries that choose suitable solvers themselves, so these choices
do not need to be made manually.

This decoupled approach is advantageous in terms of computational costs, parallelizability and numerical stability. Instead of
solving the linear system (24) of dimension sK X q(n) = qy ("erl) X qyy ("erl) for the n columns of O, we hence solve the g, linear
n+1

2
vectors 0;;. Table 1 summarizes the computational costs of solving these three linear systems by first computing the inverse of the

respective system matrix — explicitly or implicitly — and then computing the individual solutions by matrix—vector-products of the
inverse and the respective right-hand-side. As can be seen, the computational costs reduce significantly from O(nﬁqz + nsqz) for the
monolithic approach to O(n® + n’qy; + n3q§1 + qil) for the decoupled approach. While the monolithic system (24) can be solved in

systems (28) of dimension (";’l) x ("37) for the n columns of [fl(‘)] and the n(";") linear systems (31) of dimension gy X g for the

parallel for the n columns of 6T, the decoupled approach can be split into even more parallel jobs in two steps. First, (28) can be
. 1T
solved in parallel for the g;n columns of the operators [H(‘)] ,i=1,...,qy. Second, (31) can be solved in parallel for the n(";“')

vectors 0;;. In terms of numerical stability, the matrix D = © 5 ® )Aig in the monolithic linear system (24) has condition number
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Table 1
Summary of computational costs of solving the linear systems involved in the monolithic and decoupled approach.
System Number Costs  matrix Costs individual Total
dimension of solves inversion solutions costs
an () xaq (M) n O(aym) n-Ogyn*?) O, +ng)
Monolithic (24)
Decoupled (28) (" x () qyn o)) agn - O(n*)?) O +n’qy)
Decoupled (29) qy X qy n(”;]) Olg;) n(";l) -0q},) O gy, + a3

cond(D) = cond(® ) cond(ﬁg), whereas the decoupled approach involves the condition numbers cond()A(g) and cond(® ;) separately
in the linear systems (28) and (31), respectively.

As another benefit, the decoupling enables the application of methods developed for non-parametric operator inference. For
example, the decoupling approach proposed in [22] can be applied to the decoupled problems (28) to reduce the computational
costs and condition numbers even more.

5. Alternative derivation via Lagrange interpolation

An alternative derivation of the same decoupling approach is based on Lagrange interpolation. Concretely, [23] states that if
the matrix @ defined in (20) has full rank for the parameter samples u;, i = 1,...,s and s = g5, then we can construct alternative
coefficient functions 9(}”1) such that

aH 9H

Z g([z)(ﬂ)ﬁ(p) - z gz)(”)ﬁ(p)’ (33)
p=1 p=1

that satisfy the Lagrange property
09 () =6, forallip=1...,q5. (34)

for the given parameter samples p;, with the Kronecker delta §,),.

This alternative affine decomposition (33) allows trivial decoupling of (14) since ® ;; = I, where [@ ], ;= 9%(/4,-). However, the
result of this decoupled approach are the operators H?, not the original ROM operators H®. To compute these original operators,
we combine (33) and (34) to find

an
HD = Z HZ)(ﬂi)ﬁ(p), foralli=1,...,qy, (35)
p=1

and can then solve for H®,

Comparing the operator transformations (29) and (35), we realize that the operators H® coincide with the operators H(?, Hence,
both derivations lead to exactly the same computations. Note in particular that we do not need to compute the alternative coefficient
functions @ explicitly.

This Lagrange interpolation-based derivation does not require the snapshots )A((y,-) to be parameter-independent. Future work
should investigate whether this derivation allows decoupling also for parameter-dependent snapshots.

Note that the function Zf}g . §(§)(ﬂ)fl(") interpolates the function values of the affine decomposition Ei; 0(1_1;)([[)1/‘\1(1’) but not

necessarily those of the true parameter-dependent operator (4) if ZZ:I 3(5( WwH® is an approximation of (4).
6. Numerical experiments

We consider the heat equation

O rerim— 2 9 e
ET(&I,IJ)— oz <V(T,§,M)06T(if,t,ﬂ)> (36)

with spatial coordinate ¢ € Q2 = [0,2x], time ¢ € [0,0.8], temperature T : 2 x [0,0.8) — R and two different thermal conductivities
v : RxQxD — Rt defined in Sections 6.1 and 6.2. Both conductivities have a linear temperature dependency, so the corresponding
spatially-discretized FOM has the form (1) with quadratic right-hand side (2). The conductivity in Section 6.1 implies an affine
decomposition (5) of the FOM operator, whereas the conductivity that will be chosen in Section 6.2 allows such a decomposition
only approximately.

In both cases, we impose homogeneous Dirichlet boundary conditions

T0,t)=TQ2x,t)=0, t€]0,0.8], 37)

and the initial condition

T(£,0) = exp(—(& — 7)) sin <§> . CEL (38)
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Table 2
Number of linear systems of different dimensions solved during paramet-
ric operator inference for ROM dimension » = 30 and ¢, = 16.

qH(Vl;])XqH(VI;]) (Vl;l) X (n;]) qH x qH
= 7,440 x 7,440 = 465 x 465 =16x16
n=730 0 0

Monolithic

Decoupled 0 (") =480 n(") = 13,950

We discretize with linear finite elements on an equidistant grid in space with mesh width 4¢ = 27, and with explicit Euler in time
with time step size A = 107%, to obtain the time-discrete dynamical system of dimension N = 127 for the discretized temperature
Xk

X1 (1) = x, () + A H(@x2 (), k=0,...,K—1, K =8000. (39)

We simulate this system for both conductivities twice: first to generate snapshots to compute POD bases, then to compute
snapshots for exact operator inference. The accuracy of the inferred operators is then evaluated based on the relative error with
respect to the intrusive operators,

|z, 6% it - A,
[HW|| -

for specified parameter samples u. Errors with respect to the FOM are reported in Appendix B. The code is available on https:
//github.com/h3rror/exactParamOpInf.

, (40)

6.1. Heat equation with affine conductivity
Inspired by [8], we consider a piecewise-defined thermal conductivity but with linear temperature dependency,

2 .
mT forfe[O,%) = Q

T, &, w=y uwT forée [%275, %27:) = Q 1)

ueT  for & € [$22r,27] =2 244
with parameter pu € [1,2]'%. This conductivity allows an affine decomposition of the quadratic operator,

16
H(w) = ) u,H?, (42)
p=1

where the terms H?), p=1,..., 16, correspond to the conductivity 1 in 2, and 0 everywhere else, respectively.

We first simulate the FOM (39) for 16 parameter samples f;, i = 1,...,16 whose entries are defined as [f;] = 1 + 3y with the
Kronecker delta §;; for all i,j = 1, ..., 16. The resulting 16- (8000 + 1) snapshots are used to compute the global POD basis V,, € RN
with n =1, ...,30. Then we use the POD basis V;, to generate snapshot data for exact operator inference according to Algorithm 2
for the same 16 parameter samples u; = j;, i = 1,...,16. This choice of samples ensures that the matrix @, has full rank, so the
solution to (14) is unique as discussed in Section 3.

Fig. 1(a) shows the errors between the inferred and the intrusive operators evaluated at u,;, which is one of the parameter
samples used in training, and p,, whose entries are sampled randomly from the uniform distribution in [1, 2] and which is not
part of the parameter samples used in training. As can be seen, the errors are for both parameter values on the order of at most
10715, so our proposed method indeed reconstructs the intrusive operators up to machine precision. Furthermore, we cannot see
any difference between the operators of the monolithic and our proposed decoupled approach. This confirms the correctness of
the proposed decoupling approach. As described in Section 4, the decoupled approach has better parallelizability and significantly
smaller costs. This is confirmed by Table 2, which shows the number of linear systems solved for this test case with ROM dimension
n = 30 and gy = 16. While the monolithic approach solves few very large linear systems, the decoupled approach solves many
smaller systems. Consequently, the decoupled approach is much faster because the cost of solving linear systems scales cubically
with their dimension. Additionally, Fig. 1(b) shows that the condition numbers of the matrices involved in the decoupled approach
are smaller than the condition number of the monolithic matrix D. Since @ is independent of the ROM dimension, cond(® ) is
constant. As a result, the factor by which cond()A(g) is smaller than cond(D) is also constant.
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Fig. 1. Results for the test case with affine conductivity (41).

6.2. Heat equation with non-affine conductivity

For the second test case consider, we consider the thermal conductivity

VE 1 T) = (3R Ly, (43)

with parameter y € . This conductivity does not allow an exact affine decomposition of the quadratic operator. To obtain an
approximate affine decomposition (5) we use a Taylor expansion of the operator H(u) with g5 = 16 terms,

U (4= )
H(y) ~ " H», 44
(W) ;0 ! (44)
The expansion point g, can be chosen arbitrarily, here we choose y, = 1.37.
We first simulate the FOM (39) for 5 equidistant parameter samples in £, j; = Zn%, i =1,...,5. The resulting 5 - (8000 + 1)
snapshots are used to compute the global POD bases V,, € RV*" with n = 1,...,30. Then we use the POD basis V;, to generate
snapshot data for exact operator inference according to Algorithm 2 for the g, = 16 equidistant parameter samples in €,

H = 271'%, i =
rank, so the solution to (14) is unique as discussed in Section 3.

Fig. 2(a) shows the errors between the inferred and the intrusive operators evaluated both at the expansion point y, and at 4; =0,
which is the point in 2 with the largest distance to y,. As in Fig. 1(a), the errors of the decoupled and the monolithic approach do
not deviate significantly from each other, so they confirm the correctness of the decoupling approach. However, compared to the
previous test case depicted in Fig. 1(a), the errors for y are larger by a few orders of magnitude. This error is not associated to the
accuracy of the exact operator inference approach but due to the Taylor approximation (44) used to obtain an affine decomposition.
This approximation causes an inconsistency because, on the one hand, operator inference fits the g5 = 16 basis operators A®),
p=1,...,16 in (14) with 9(;}) defined by the Taylor approximation (44), on the other hand, the snapshot data is generated from
the true FOM operator H(u). This inconsistency is demonstrated in Fig. 2(a) by the error between the intrusive ROM operators H®

corresponding to the Taylor approximation (44) computed via (6) and the true ROM operator H(x) computed via (4),

1,...,16. For this choice of samples, the matrix ®, is the Vandermonde matrix of dimension 16 and has full

|z, 6% i - )|, | .

]
As can be seen, this error ranges from 10718 to 10715 for all ROM dimension when evaluated at the expansion point y,. Indeed,
the Taylor approximation (44) coincides with the true operator H(y) for this parameter value. For y,, however, the error ranges
from 1078 to 102, Since both the true ROM operator H(u) and the intrusive Taylor-based ROM operators H?® are computed
intrusively via projection, this error is purely due to the approximation error in the parameter space. Operator inference, on the
other hand, implicitly learns a correction term AH® to the intrusive Taylor term, H® = H® + AH®. As can be seen, the errors of
the inferred operators evaluated at u, range from 10720 to 10715, similarly to the errors in Fig. 1(a) where no Taylor approximation
was employed. The implicit correction seems to compensate the Taylor approximation error completely. For y,, in contrast, the
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Fig. 2. Results for the test case with non-affine conductivity (43).

implicit correction even deteriorates the accuracy compared to the Taylor-based ROM operators with errors ranging from 10715 to
107°.

Fig. 2(b) shows again how the decoupling results in smaller conditions numbers. However, since the condition number of the
Vandermonde matrix ® j itself is very large, the benefit is relatively small here. In fact, the large condition numbers of Vandermonde
matrices is limiting the choice of ¢ in this test case for both monolithic and decoupled approach.

7. Conclusion

In this work, we have resolved three issues of parametric operator inference by extending our previous work on exact non-
parametric operator inference, in which smartly chosen initial conditions lead to snapshot data that guarantee a full rank inference
problem. First, we can guarantee the uniqueness of the operator inference solution, provided that suitable parameter samples can
be found. Second, we avoid the introduction of time discretization inconsistencies and non-Markovian information that could cause
errors in the inferred operators. Third, we significantly reduce the computational costs by decoupling the minimization problem.

This decoupling exploits the exact operator inference snapshot data in two steps. First, the minimization problem simplifies
to a linear system. Second, this high-dimensional monolithic linear system decouples into smaller linear systems. The resulting
reduction in computational costs can be decisive for the total costs of operator inference, depending on the polynomial degree
and the complexity of the parameter dependency of the underlying problem and the considered ROM dimension. Furthermore, the
smaller linear systems can be solved embarrassingly parallel and have a smaller condition number and are hence numerically more
stable.

In numerical experiments, we demonstrate that our proposed method reconstructs intrusive parametric ROM operators up to
machine precision. The experiments confirm the correctness of the decoupling approach and exemplify the improvement in condition
number when replacing the monolithic system by the decoupled systems.

Future work should investigate whether the presented Lagrange interpolation-based derivation is also applicable to parameter-
dependent snapshot data, as well as extensions to dynamical systems that are derived from systems of partial differential equations
such as the Navier-Stokes equations.
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Appendix A. Decoupling for arbitrary polynomial right-hand side

The decoupling described in Section 4 can be performed analogously, if the right-hand side of (1) is any monomial in x other
than quadratic. If this right-hand side consists of more than one monomial, the decoupling can be performed as follows.

A.1. Parametric dynamical system and Galerkin ROM

Let us assume that the right-hand side consists of a constant, a linear and a quadratic term,
[ (%) = c(p) + Alwx + Hp)x?, (46)

N+1
with operators c(u) € RV, A(u) € R¥*N and H(y) € RY *(%2") with affine decompositions,

9 qA [is
cw =Y 0Pwe?, A=Y PwA?, Hw =Y 67 wH?, (47)
r=1 p=1 p=1

with scalar functions 6%, 9(:) and 9(15) and matrices c¢”, A® and H? of the same dimensions as c(u), A(u) and H(u), respectively.
The intrusive ROM operators are defined as

&) =View eR™, A = VAWV, e R and HA(w) = VIHWIY (V,®V,)J". (48)
A.2. Parametric operator inference

As described in [7,9], the operator inference problem to infer the operator matrix

0= [g(l) o ‘ AL A@w | oo ﬁ(qH)]eRnxw)’ (49)

with g(n) = q. + g4n + qy (";l) is then to minimize £(6) defined in (14), but with

D= D, | Dy | Dy ] (50)
0. @1 | Oxup @KW | 0p(u) ®Kp())
= : : : s (51)
0.(uy) ® 1¢ 0,4(1s) @ X(uy)" 0y (uy) @ Xy (puy)"
and the row vectors that encode the affine parameter dependencies in (47),
0.(u)) = [92"%) BN (ﬂi)] e R (52)
Oath) = [0V ) . 05| € R (53)
04 (n;) = [9;?(,4,.) 9(;’,")(,4,.)] e R>an (54)

A.3. Decoupling parametric operator inference

The parametric operator inference minimization problem (14) is high-dimensional because it involves data from s parameter
samples to learn ¢,, g4 and g constant, linear and quadratic operators, respectively. We want to decouple this problem into
subproblems that only involve data from one parameter sample to learn a set of one constant, one linear and one quadratic operator.
For this purpose, we first note that

2

s qc qA qH r .
£©) =Y D) [ 0P (ue | N 0T (upAP | 3 0D (upH? | - X)) (55)
i=1 p=1 p=1 p=1 F
with
DOy, = [1K | Ry | )22(,4,,)] eRKY™ and 1, =[1 .. 117 eRK. (56)
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Ife,.=60,=05 =1, (so q. = q4 = qy = s), then this problem simplifies to

s

£(0) = >

i=1

2
, (57)
F

~ . (i i A~ i ~ 1T A
[P [ 802 | 69 pR” | 530 B0) " ~ K

soforalli=1,...,s, the operators &, A®), H® only depend on data from the parameter sample ,. Hence, we can solve subproblems
for the basis operators 00 = [¢®|A® [H?] separately.

In general, 6, = ©, = Oy = I, does not hold (i.e., we cannot find suitable parameter samples u,,... ;). However, we can
achieve similar decoupling if the rank-ensuring snapshot data described in Section 3 are used and the matrices ©,, ©, and @ have
full rank. For this purpose, we first note that the matrices ©, € R*%, 6, € R** and Oy € R**1 can be extended to square full
rank matrices of dimension s x s. Such an extension corresponds to extending the affine expansions (5) by additional terms that
evaluate to zero. Correspondingly, we extend the operator matrix O to

0= [E<‘> @AM AW ﬁ“)...ﬁ(”] e R+ s (58)

with 20 = 0 for all i > g,, A® = 0 for all i > g, and H® = 0 for all i > q;.
Next we note that the snapshot data )/i(y,-) =X described in Section 3 is parameter-independent, so the data matrix D simplifies

to
D=[@C®1K(@A®>A{T(@H®f<§]. (59)
Now we can define
o' 1,
0=0T1T7, with T= o' ®1, , (60)
-1
@H ® I(n-;—l)
then
A~ o« T o«
DO =D (OT7) =DTO” (61)
o' I,
-le.®1c|0,0%" |0, %! | ;' ®1, or ©62)
-1
oy ® I(;wzrl)
- -1 -1 T -1 QT 57
= [(@c@C Y® (1) ) ©,0;Hhe X', | ©,67)® <X2 I(,,:.)> ] 0 (63)
:[IS®1K)IS®§T IS®)A(§](V)T (64)
Hence, we can decouple the problem
y . 2
£ = [po" -r| (65)
with D = DT.
This decoupling results in smaller, embarrassingly parallel and numerically more stable subproblems
. o e o \NT . 2
£O9) = 'D(’) (09) - (ROw)"|| . i=1...s (66)
F
with DO = [1K|>?T|§§] OV = EAVIO] and  RO(u) = X(u) (67)

and facilitates extensions by new parameter samples/new parametric terms. The original operator O is then computed via 0=0T1".

Note that the addition of zero terms in (58) is not necessary for exact operator inference. For example, if g. > g4 > qy, it would
be sufficient to compute exact snapshot data for T = {0, 1,2} for gy parameter samples, for T = {0,1} for ¢4, — gy samples and
for T = {0} for g, — g4 samples — provided that the corresponding matrix D has full rank. While this approach would reduce the
demand for generation of snapshot data, it would destroy the parameter independency )A((y,-) =X and hence make the decoupling
impossible.

Appendix B. ROM state errors with respect to the FOM

Figs. 3(a) and 3(b) show the average ROM state error with respect to the FOM,

2]5:0 ”xk(ﬂ) - Vnik(ﬂ)nz
Tz Il

(68)
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Fig. 3. Relative average ROM state error.

where X, are the snapshots of the explicit Euler ROM

qH
K1 () = X () + 4 (Y 0P RP ) 22w, k=0,....K-1, ©9)
p=1

with the ROM operators H” computed intrusively, or via monolithic or decoupled operator inference, respectively. As can be seen
in Fig. 3(a) for the affine test case, decoupled, monolithic and intrusive ROM align for both parameter values u, and u,. The errors
decrease for increasing ROM dimension, but not strictly monotonically and for u, much slower than for u,. In Fig. 3(b) for the
non-affine test case, decoupled and monolithic ROM align as well, but the Taylor-based intrusive ROM only for y. This mismatch
is in line with the observed mismatch of operator errors in Fig. 2(a). Also for this test case, all errors decrease with increasing ROM
dimension, but for the Taylor-based intrusive ROM this decrease seems stalled for x4, to magnitude 1072,
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