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Abstract

We prove a Gowers U? inverse theorem for functions f : Fy — C with [[f[]2 = 1. This
theorem tells us that if f has Gowers U-norm at least €, then there exists a function
s with ||s|]la = 1 and ||s||ys = 1 that has |(s, f)| > C2¢“" for some constants Cy,Ca,
depending only on p. A function s with these properties is known in quantum information
theory as a stabilizer state [1, 2]. The polynomial dependence on ¢ is facilitated by the
recent breakthrough result of Green, Gowers, Marton and Tao [3],[4]. This theorem
implies a polynomial time tolerant stabilizer testing algorithm for quantum states [5].
For our proof, we prove a finite field analog of the Stone-von Neumann Theorem. As far
as we are aware, no proof of this theorem exists in the literature in the case that p = 2.
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1 Introduction

This thesis will be about three topics in mathematics, namely, additive combinatorics,
higher order Fourier analysis and quantum computing. Additive combinatorics is a field
that studies additive patterns in sets of numbers [6, 7]. One of the most important
theorems in additive combinatorics is Szemerédi’s theorem (1975), Theorem 1.2.1 [8].
This theorem gives us an upper bound on the sizes sets of integers that avoid additive
patterns known as arithmetic progressions. This theorem was reproven by Gowers in
2001 [9]. Gowers’ work is seen as the beginning of the field of higher order Fourier
analysis [10]. This field studies functions known as polynomial phase functions. One
application of higher order Fourier analysis is the celebrated Green-Tao theorem (2004),
which states that the prime numbers contain arbitrarily long arithmetic progressions
[11].

Quantum computing is concerned with quantum computers, a type of computer
that uses the laws of quantum mechanics [12, 13]. By the nature of quantum mechanics,
if a quantum state is measured, it is destroyed. For this reason, it is hard to determine
a description of a quantum state. The field of quantum tomography is concerned with
finding ways of measuring a state in a clever way, in order to learn about the state [14].

The main result of our thesis, Theorem 1.2.5 gives rise to an algorithm that deter-
mines whether a given state is close to a special set of states known as stabilizer states.
In the rest of the introduction, we will first give a brief overview of stabilizer states.
Then we give some context to Theorem 1.2.5 from additive combinatorics. Then we give
the context in tomography, specifically stabilizer testing. Lastly, we give an outline of
the contents of each chapter.

1.1 Stabilizer States

We will be studying quantum states on n qudits with local dimension equal to some
prime number p, . A quantum state |¢)) on n qudits is given by a function f : F, —C
with || f||2 = 1, where p is a prime. Then,

) =Y f@)e). (L.1)

xng

We will prove a result about a norm called the Gowers U3-norm. The Gowers U3-norm
is written as ||f||ys. The Gowers U3-norm of a quantum state is a real number in the
interval [0, 1].

As it turns out this norm captures, in some sense, the amount of stucture present
in f. The states for which the Gowers U3-norm is equal to 1 are very structured objects,



called stabilizer states [15]. Theorem 1.2.5, the main theorem of this thesis, tell us that
if a state has high Gowers U3-norm, then it must be close to a stabilizer state in inner
product.

The states for which the Gowers U3-norm is equal to 1, the aforementioned stabi-
lizer sates, are a familiar object in quantum information theory [2].

Stabilizer states are relevant for quantum error correction [16, 17]. A Clifford
circuit is a circuit that maps stabilizer states to stabilizer states. By the Gottesmann-
Knill theorem, a quantum circuit that only uses Clifford circuits is efficiently simulable
on a classical computer [1].

Another reason stabilizer states are interesting is because they have short descrip-
tions. There are approximately on*/2 possible stabilizers [18]. This implies that in order
to describe a stabilizer, we need approximately n?/2 bits. A general quantum state on n
qubits is given by 2" complex numbers, so we need order of 2" bits to describe a general
state. This means that stabilizer states are states with a short (polynomial) description.

1.2 Uniformity norms

Here we will give some context for the Gowers U3-norm. The norm comes from the field
of additive combinatorics. The following theorem was proven by Szemerédi [8]. By a
k-term arithmetic progression we mean a set of the form {a,a+d,...,a+(k—1)d} CG
for a,d € G, where G is an additive group, such as Z or F}.

Theorem 1.2.1. For any € > 0,k € N, there exists an Ng € N such that if N > Ng,

and A C [Ny, then %' > € implies that A contains a k-term arithmetic progression.

In 2001 Gowers reproved this theorem using Fourier-analytic methods [9]. In this
work, he introduced the uniformity norms, which were later named the Gowers uni-
formity norms. In this thesis we will be concerned with the 3-rd uniformity norm, or
U3-norm, which we will define as follows. For f : F, — C, we will use the notation

Anf(z) = f(@)f(x + h).

Definition 1.2.2 (U3-norm, version for L normalized functions). For f : Fy, = C
with maxzepp | f(z)| <1 we define the Gowers U 3_norm as

[ flles = (Eh1,h2,h3,x€F§Ah1Athhsf(x))l/S' (1.2)

where the expectation is taken over uniform z, hy, ho, h3 € F}.

By the triangle inequality, for any f, if || f||cc = 1, then ||f||ys < 1.
There is a reason this norm is interesting in the context of additive combinatorics.
Let A C F)) be a set without any 4-term arithmetic progressions, where p > 5, and let

o = L;‘;J be the density of A. Let 14 : F? — C be defined by 14(z) = 1[z € A]. Then
the function 14 — o has Gowers U3-norm at least ||[14 — a|ys > 275a3.

Green and Tao later proved Theorem 1.2.3 [19]. Phase polynomials of degree 2 are
functions g : Fjy — C of the form

g(z) = wg(x), (1.3)



where ¢ a degree 2 polynomial in Fplzi,...,z,]. It is easy to verify that if g(x) is a
degree k phase polynomial, then Apg(x) is a degree k — 1 phase polynomial. For this
reason, AhlAthhgwg(x) =1 and the Gowers U3-norm wg(x) is 1.

It turns out that if the Gowers U3-norm of a function f : [, — C is high, then this
function will have high correlation with a polynomial phase function of degree 2. This
is the content of Theorem 1.2.3. Green and Tao [19] proved this theorem for uneven p.
Later, Samorodnitsky [20] proved the theorem where p is even.

Theorem 1.2.3. Let € > 0. Let f : F;y — C be a function with |f(z)| < 1 for all z € Fy.
Suppose that ||f|lgs > €. Then, there exists a phase polynomial of degree 2 such that
Exe]pgf(x)g(a:) >0, where § > 0 depends only on € and p.

We are interested in a different setting, namely the setting where f describes a
quantum state [¢)) on n qudits:

) =Y f@)le). (1.4)

z€lp

In this case, we have a different normalization assumption, namely that ||f|]2 = 1.
Accordingly, we will define the Gowers U3-norm with a different normalization.

Definition 1.2.4 (U3-norm, version for L? normalized functions). For f : Fy — C we
define the Gowers U3-norm as

1/8

£ lles = Y AnAnAnf)] . (1.5)

hi,ho,hg,z€Fy

Now, like before, for any function f with ||f||2 = 1, we have || f||ys < 1. We prove
this in Proposition 2.2.6.
We will define the set of L? normalized functions s with ||s||ys = 1 as S. Let

S ={f:F — C such that ||f|]2 =1 and ||f[|ys = 1}. (1.6)

In Proposition 2.2.8, 2.2.9 we will give a simple characterization of these functions, which
is reminiscent of the quadratic phase functions of Theorem 1.2.3.

The following theorem, which is the main result in our thesis, tells us that if an L?
normalized function f : F? — C has Gowers U3-norm is at least ¢, then it must be close
in inner product to an LQpnormalized function with Gowers U3-norm 1:

Theorem 1.2.5. Let p be a prime. Supose that f : Fy — C is a function satisfying
[Ifll2 =1, and ||f||is > €. There exist constants C1,Co > 0 only depending on p, such
that there exists a function s : Ff — C with s € S such that |(f, s)|* > Coe.



1.3 Bell sampling and (tolerant) stabilizer testing

In 2017, Montanaro introduced a procedure called Bell sampling [21]. This procedure
implies an algorithm that identifies a stabilizer state. With this algorithm, given a
stabilizer state |¢), it is possible to give a full description of the state |¢) given O(n)
copies of |¢). This was, to our knowledge, the first time Bell sampling had been used to
design a stabilizer testing algorithm.

Gross, Nezami and Walter proved in 2021 that Bell sampling can be used for one-
sided testing of stabilizer states [22]. In this procedure, we are given many copies of a
state |1), with the promise that either (1) |¢)) is a stabilizer state, or (2) any stabilizer
state |¢) has inner product |(1|¢)|? < e3. The task at hand is to determine which is the
case.

Our result enables a tolerant testing algorithm that tests whether or not a given
quantum state is close in inner product to a stabilizer [5]. In the tolerant testing frame-
work, we are given a state [i), and 1 > € > €3 > 0 with the promise that either (1)
there is a stabilizer state |¢) for which |[(¢|¢)|? is larger than some €1, or there is no
stabilizer state for which |(¢|)|? is larger than e;. Our task is to find out whether (1)
or (2) is the case. Using Theorem 1.2.5, we can design a tester that works for e; = ¢§
for some constant C.

Theorem 1.2.5 was first conjectured by Arunachalam and Dutt [15, version 2] in
august of 2024. It was proven by Bao, Helsen and van Dordrecht in October of 2024
[5]. The latter was accepted to STOC 2025 (Symposium on the Theory Of Computing)
Later, Arunachalam and Dutt, toghether with Bravyi, produced their own proof [15,
version 3.

The proof in [5] relied on the Lovasz theta number as well as the Balog-Szemerédi-
Gowers theorem and the Polynomial Freiman-Ruzsa theorem. The proof in this thesis,
aside from the Balog-Szemerédi-Gowers theorem and the Polynomial Freiman-Ruzsa
theorem, only relies on some basic facts from linear algebra and representation theory
of finite groups. It is our hope that a self-contained version of the proof, as given in this
thesis, will lead the way to a U* version of Theorem 1.2.5. Further, our current proof
also covers the case where p is any uneven prime, whereas [5] only shows Theorem 1.2.5
for p = 2.

1.4 Outline of the thesis

The rest of this thesis contains the proof of Theorem 1.2.5.

In chapter 2 we give some definitions and basic results about higher order Fourier
analysis. Here we formally define the Gowers U3-norm and prove some properties about
it.

In chapter 3 we will define a set X C IF]QD" based on a function f : Fj — C with
high Gowers U3-norm. This set will have high energy, which is a concept from addtivie
combinatorics, that captures, in some sense, the linearity of X.

In chapter 4 we will use two theorems from additive combinatorics to turn X into a



subspace V C IFZ". Notably, we need the recent breakthrough result by Green, Gowers,
Manners and Tao [3, 4], which enables the polynomial dependence on € in Theorem 1.2.5.
In chapters 5, 6 and 7 we take V as given and obtain a Lagrangian subspace of IF]QD".
In chapter 8, we use this Lagrangian subspace L to prove that f has high correlation
with a stabilizer state. Finally, in chapter 9 we put everything together, and give a proof
of Theorem 1.2.5.
In chapter 10 we explain the tolerant testing result and give some more context
from quantum computing.

1.5 Acknowledgements

I thank Jop Briét and Jeroen Zuiddam for their supervision and guidance. I thank
Jonas Helsen and Zongbo Bao for the fruitful discussions and collaboration on stabilizer
testing. I also wish to thank Josse ten Barge for being there for me in ways big and
small.



2 Higher order Fourier analysis

In this chapter, we give a brief overview of the basic Fourier-analytic facts we will need
in this thesis. We will deviate slightly from the usual definitions of the characters and
Gowers uniformity norms in order to minimize the number of normalization constants
floating around.

For z,y € Fj, we will denote the inner product over F), by (z,y) = Zf-l:l TiY; -
For z,y € C% we will denote the inner product over complex vector spaces also by
(x,y) = Zle z;7;. It will always be clear from context which of the two we mean. For

. . . o 271'7/
p a prime, we will write w, = e /.

2.1 Basic Fourier analytic facts

For a € F};, we will define the character function x, : Fy — C as

1 xTr,a
Ya(z) = \/an;, a) (2.1)

Let @ ={xa:0a€ IFZ}. This is a group with the pointwise multiplication operation.
(Xa - x6)(%) = VP"Xa(2)Xb(2)- (2.2)

The map 7: F) — I/F? 14— Xq 1s an isomorphism of groups:

Proposition 2.1.1. For a,b € F?, we have X4 - Xb = Xatb-

p}
Proof.
1 1
_ n _ = Aax), (bx)y _ _~  {a+b,x)
a” T) = alZ T) = w w = w 2.3
= Xa+b(T) (2.4)
O
Proposition 2.1.2. For a,z,y € F), we have

Xa(l' + y) = \/ﬁXa(x)Xa(y)' (2'5)

Proof.

1 1

Xale+u) = e = el = V() () (2.6)
O
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Definition 2.1.3 (Fourier transform). For f : F) — C a function, define the Fourier
transform ]?: Fy — C as

=Y fe)x(@) (27)

z€Fy
The characters satisfy the following very useful identity:

Proposition 2.1.4. For x, € @,

> Xalw) =vp" - 1fa=0]. (2.8)

xng

Proof. First we assume a = 0. Then y,(z) = \/;—n, SO EerFg Xa(x) = /p". If a # 0,
then there exists an 7 € [n] such that a; = 1. Let y € F); be defined as y; = 1[i = j].
Then x,(y) = —1. On the other hand, by Proposition 2.1.2,

Y) D Xalz) = (z+y) (2.9)
zeFy xEF" zEF"
which implies that ZzeF; Xa(z) =0 O

There is a more general version of Proposition 2.1.4 which can be proved in the
same way. For any subset V' C [Fy}, let Vi={r¢ Fy : (z,y) = 0 for all y € V'}. Then,

Proposition 2.1.5. Let V C I} be a subspace of ¥}, and a € F)). Then,

> wi = V|- 1a € V] (2.10)
zeV

Proof. If a € V*, then w,i“’” =1 for all z € V, so (2.10) holds.
Next, assume that a ¢ VL. Then there exists y € V such that (a,y) # 0, so

w},“’” # 1. Then,

o) g
zeV eV eV
Therefore, > .y wé‘r @ =) O

Since F)y = F} as groups, for a € F; we will write f(a) to denote f(xa)-

Proposition 2.1.6 (Parseval). Let f : Fy — C. Then ||f||3 = erﬁ 1FO0) 2.
P

11



Proof. Starting from the right hand side, we get

2
Yo f@P=3"1>" \ﬁ ) (2.12)
a€lFn a€Fn |z€Fn
LYY @i 219
a€Fy z,yely
— Z f(@)fy)p™ iz —y = 0] (2.14)
z,yekp
= Z |f () (2.15)
z€FR
using Proposition 2.1.4 in the third equality. O

Proposition 2.1.7. The group of characters, when viewed as a set of complex vectors,
is an orthonormal basis for CP".

Proof.
1
{(Xas Xb) Z Xa(T = Z ﬁXa—b(x) =1la—b=0] (2.16)
z€F} z€lp p
and a — b = 0 if and only if a = b. O
We can also define the characters of a subspace S C ). Suppose that {s1,...,8}

is a basis for S. Let B: S — IF; be the matrix that acts as

r a1
B: Z%‘Si = (2.17)
i=1 ,
For any a € F’; , the character y, is given by
1
Xa(z) = ——=wi®B?) = wiB" o) (2.18)

/‘S‘ p p

Then we define the character group as S = {Xa :a €im(BT)}.
We define the Fourier transform of a function f: 5 — C as

=Y fla)x(@) (2.19)

€S

12



Proposition 2.1.8 (Parseval, again). Let S be a subspace of F. Let f : S — C be a
function. Then,

1F15 =D 1700 P (2.20)

x€S

Proof. Starting from the right hand side, letting B be defined as above,

2
1f(a))? = 5 (BT ) (2.21)
aei%BT) CLEZF; JCEZS |S
2
= {a-B) (2.22)
a€cFT $€ZS \% |S

5 Z S fe (0.Bw—) (2.23)

aEFT z,yeS
1
=15 > f@fW)ISILB(z —y) = 0] (2.24)
z,yes
[ (@) (2.25)
z€F}
using Proposition 2.1.4 in the third equality. O

2.2 Uniformity norms

Definition 2.2.1. Let f : F}) — C be a function. We define the multiplicative derivative
of f in the direction h as

Apf(z) = f(z)f(z + h). (2.26)

Definition 2.2.2. Let G be a subspace of F);. We define the second and third Gowers
uniformity norms as follows:

1/4
o2y = | D, AnAnfl2) (2.27)
hl,hg,xEG
1/8
s = > A A An,f(x) : (2.28)
hl,hz,hg,CEEG

In the case where G = [y, we will leave out the dependency on G and we will denote

A () by ([ flre-

13



Proposition 2.2.3. If f : F; — C is a function with ||f|[2 = 1, then

S Af@P =1 (2.29)

Also, for all (h,a) € F2", |Apf(a)? < .

Proof. By Parseval’s identity, Proposition 2.1.6,

Yo A @P = Y 1Auf @) (2.30)
h,a€Fy x,h€F}
= > f@PIf @+ )P (2.31)
z,heFy
=D If@F | X f@+n)P (2.32)
zeF} heFy
= [ £1]5- (2.33)

For the second property, we note that

Bt @ = 22 | 3 Anfo)ef (2.34)

z€FP

By the triangle inequality and Cauchy-Schwarz,

> Apf@)wi | <> AR f(@)] - |wfP| (2.35)
z€Fn z€Fn
=) |Anf ()] (2.36)
xeF”
= [f@)] - |f(@+ h) (2.37)
xGF"
1/2 1/2
< D If@))? A D 1@ n)P (2.38)
xEF? xGFg
_ (2.39)
and the result follows. O

The following lemma is standard in higher order Fourier analysis and gives us a
simple form for the second Gowers uniformity norm.

14



Lemma 2.2.4. Let f: G — C be a function defined on a subspace G C FFy.
1112 = 161 S IF @)l
zeqG
Proof. Beginning from the left hand side of (2.40), we get
1flle = Y Al f(@)
hl,hg,(EEG
= Y Apnf@Anf(z+h)
hl,hg,(EEG
= Z f(@)f(z+ h) f(x + ho) f(2 + b1 + ha)
hl,hg,fEEG
= > f(a)f(B)f(c)f(d)
a,b,c,deG:d=—a+b+c
From the right hand side of (2.40) we get
4
GIY @t =161 > fla) W
el z€G laeG
FIIAYTA 1 a—b—c+d,x
=161y > f(a)f(b)f(C)f(d>@w,§ pretdal
z€G a,b,c,deG
=G > f@f®)fle)fd )|G|2\G|11[ —b—c+d=0
a,b,c,deG
which is equal to (2.44).
Proposition 2.2.5. The Gowers norms satisfy the relation
1 1lGsey = D 1ARF D20y
hedG
Proof. We have
I Es@y = D,  AwmAnluf(z)
hi,ha,h3,x€G
=D D AnAnAr@)
h3€G x,h1,h2€G
= > [ Anfllie

h3eG

15
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(2.49)

(2.50)
(2.51)

(2.52)



We are now ready to prove that the third Gowers uniformity norm is bounded by

[1f]]2:
Proposition 2.2.6. Let f : F} — C satisfy ||f|]2 = 1. Then

fllos < 1. (2.53)

Proof. By Lemma 2.2.4 and Proposition 2.2.5, || f||; = p" > ha ]A/;:f(a) |* and by Propo-
sition 2.2.3,

SISl < 5 S IA @ = - (2.54)
h,a h,a

d

Definition 2.2.7. We define the set S as
S={f: IF;,L — C such that ||f||l2 = 1,||f]|gs = 1} (2.55)

Arunachulam and Dutt identify & with the set of stabilizer states [15, Theorem
3.4]. Dehaene, De Moor and Hostens showed that the stabilizer states ahve a specific
form [23, 24]. Their result is the content of the following propositions.

Proposition 2.2.8. Let f : Fy — C be a function with ||f||l2 = 1. Then f € S if and

only if there exist a degree 1 polynomial ¢ € Falx1,...,x,] and a degree 2 polynomial
q € Fo[z1,...,zy], and an affine subspace S C FY such that for all x € FY,
1
f(z) = —=i"@ (1)1 1[z € §]. (2.56)

VIS

A similar thing holds for p uneven:

Proposition 2.2.9. Let f : Fj — C be a function with ||f||2 = 1. Then f € S if and
only if there exist a degree 1 polynomial | € Fp[z1,...,2,] and a degree 2 polynomial
q € Fplx1,... 2], and an affine subspace S C T} such that for all v € Fy,
1
flz) = —wi®@1z e S]. (2.57)

\/mp
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3 From a high U’-norm to a high energy
set

We start this section with f : F} — C, with ||f|[ys > € for some € > 0 and ||f|[2 = 1.
Based on this function, we will define a set X C IFZQ)” containing all (h,a) € IFIQ)” for
which |A/\hf (a)|? is high. We will give a simple argument to show that the size of X is
O©(p"), with constants dependent on €. Then we will define a property of a set called the
energy, which captures, in some sense, the linearity of the set. Finally, we calculate a
lower bound for the energy of X. The argument giving the lower bound for the energy
is due to Green (see [25]), we only make some minor modifications.

3.1 The set X and its size

Let f:F) — C satisfy |[f[|ys > € and ||f|[2 = 1. Define

X = {(h,a) € By x Fy < |Bf ()l > 2 /). (3.1)

'

First, we prove that the size of X satisfies poly(1)p™ < |X| < poly(e)p™.
need the following lemma:

For this we
Lemma 3.1.1 (Markov’s inequality). Let Y be a random variable with |Y| < 1, and let
¢ > 0 be some constant. Suppose that E|Y| > §. Then

B(IY| > cb) > (1 - )5 (3.2)
Proof. The random variable |Y| can be upper bounded by

Y] <ed+1[|Y] > cd] (3.3)
Taking expectations on both sides yields

d<EY|<cd+P(Y]| > cd) (3.4)

and the result follows. g

Proposition 3.1.2. The size of X is bounded from below by | X| > %68])” and from
above by | X| < %

17



Proof. The upper bound follows from Proposition 2.2.3 in the following way:

— 1
1> Y [Apfl@)f = X[z /p", (3.5)
(hya)eX
so therefore | X| < %.

5
The lower bound is due to Markov’s inequality (Lemma 3.1.1): Let Y have the
following distribution: Y = p™|Ap, f(a)|* with probability |Aj f(a)[?. Then

EY =p" ) |Anf(a)* = |IflI5s = ¢ (3.6)
h,a
by Lemma 2.2.4 and Proposition 2.2.5. Therefore, by Lemma 3.1.1 with ¢ = % and
§ = €5,
4 1
5£§MY25&. (3.7)

Since € < 1 by Proposition 2.2.6, we can upper bound

1 1
szgﬁgpwzg%) (3.8)

By definition, (h,a) € X if and only if \A/\hf(a)|2 > 12 /p" if and only if Y > L.

1 —
PY > =) =P(X)= > |Anf(a))* (3.9)
(h,a)eX
By Proposition 2.2.3,
— 1
> BAnf@)P <[X]— (3.10)
(hya)eX p
In summary, we get
4 8 n
5 p" < |X]|. (3.11)

3.2 The energy of X

Definition 3.2.1 (The energy of a set). Let X C F). An additive quadruple of X is a
tuple (a, b, c,d) € X* such that a+b = c+d. The energy E(X) is defined as the number
of additive quadruples of X.
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Lemma 3.2.2. Let f: F) — C satisfy ||f|lys > € and ||f||a = 1. Then the set
n mn ' 1 7
X ={(h,a) €F} xF} : |Apf(a)]* > 5624/;9 } (3.12)

satisfies B(X) > 5%696\X|3.

In order to prove Lemma 3.2.2; we need the following lemma by Samorodnitsky;,
see [25, Proposition 2.4].
Lemma 3.2.3 (Samorodnitsky). For any function f :F; — C,

S B (an) PIBn F(a2) PIAs, F(as) PIBk, Flan) P = p** Y IARSIS (3.13)

hi+ho=h3+hy heFy
al1+az2=az+aq

We will also need the following version of Hélder’s inequality (see for example [26]):

Lemma 3.2.4 (Hoélder’s inequality, special version). Whenever f,g:F) — C , we have
that

2/3 1/3
ST lf@g@)l < | D 1F@)P? dolg@P | - (3.14)

xng :JcE]Fg J:GIF;L

Lemma 3.2.5. Let f : F) — C with ||f|[2 = 1. Then,

3 @w@wmmmgmmwz;umz@. (3.15)

hi+ho=h3~+hy
a1+taz2=az+aq

Proof. By Lemma 3.2.3, we only need to show that

n — 1
P Y AR = = IIFIIES (3.16)
heFn p
By lemmas 2.2.4 and 2.2.5, we have
1 —
— Il =D [1ARfIIE (3.17)
p h
We apply Hélder’s inequality (Lemma 3.2.4) to HA/;EC |3:
— — 4,8
NARSIE =D |Anf()|3Ts (3.18)
T
2/3 1/3
~ 43 ~ 8
< (Z |Anf(2)]5 ) (Z \Ahf<x>|33> (3.19)
— 2/3 , 1/3
= (1&w713) ™ (1180 71) (3.20)
= 1 Anflls 1 AR Tl (3.21)
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Using the inequality we just found, we can apply Holder again:

Z |ARfII4 < Z 180 S 111 AR F 11
2/3 1/3
< <Z|\m|§3> <Z||Ahf||§ )
" 2/3 1/3
<Z|\Ahf|2> (E};u@u%)

(Z HAhf\8>

where in the last step we use that ), HA/;;”H% = 1 by Proposition 2.2.3.

In summary, we have found that

1/3
1 _
];IlfHSUs < (ZHAhﬂIg)

h

and equation (3.16) follows by taking third powers on both sides.

of Lemma 3.2.2. We start by noting that

S A fan)]?

h1+ha=h3+hy
a1taz=az+aq
(a1,h1)gX

— 9
’Ahz; f(a4> ‘ S
h1+ha=h3+hy
ai1taz=az+taq
(a1,h1)gX

1 1
< Y B

hi1+ho=h3+hg
ai1taz=az+a4

1 24 1 2
E A

hi,ha,h3
a1,a2,a3

Z A f(a

CH\H

4 1
p"
g 1

6

I

| =

pTL

where the last equality follows from Proposition 2.2.3.
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1 1, —
> B f@)P

(3.22)
(3.23)
(3.24)

(3.25)

(3.26)

|Ap, f(a)?

(3.27)

|Ap, f(a)?

(3.28)

| Ap, flag)?

(3.29)

(3.30)

(3.31)



Similarly, for ¢ € {2, 3,4},

ST 1B fa)P - 1A,

h1+ha=h3+hs
aitaz=az+aq
(ai,hi)gX

Next, we note that

> [Ap, fan)|? -+ [ B, f(a)?

hi1+ho=h3z+h4
a1+taz2=az+aq
(a1 ,hl),...,(a4,h4)€X

> > A f(a) A fan) P

hi1+ho=h3+hg
ai1taz=a3z+a4

- )

i€{1,2,3,4} hi1+ho=h3+hy
a1taz=az+aq
(as,hi)EX

1
> 624/pn o 45624/])”.

by equation (3.32) and Lemma 3.2.5.
Finally, the engergy of X is equal to

E(X) = > 1> p'n
h1+ha=h3+hy h1+ha=h3+hy
ai1taz=az+aq ai1+taz=az+aq
(alvhl)v---a(a‘lvh‘l)eX (a17h1)7---7(a4=h4)€X
1
Z p3n7€24
5

And since p" > |X|€2*1 by Proposition 3.1.2, we get E(X) > %

|Ap fan) - | B, f(a)]?

|An f(a)? - |An, flag)?

D

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)



4 Balog-Szemerédi-Gowers and
Polynomial Freiman-Ruzsa

Now that we have defined X and shown that it has high energy, we will need to use two
results from additive combinatorics known as the Balog-Szemerédi-Gowers theorem and
the Polynomial Freiman-Ruzsa Theorem. We will explain briefly what these theorems
mean and then apply them. When we apply the Balog-Szemerédi-Gowers theorem to X,
we get a set S. If we apply the Polynomial Freiman-Ruzsa theorem to S, this will give
us a subspace V' C F). The size of V' satisfies [V| = ©(p") with constants depending
on e. Further, V contains a large number of elements of X. Since for all (h,a) € X,

|A/h\f(a)|2 is high, and V' and X have large intersection, >, ,er |A/h\f(a)]2 is high.

4.1 Energy and doubling constant

In the previous chapter, we defined the energy of a set X C [} as
E(X) = [(a,b,c,d) € X* :a+b=c+d}|. (4.1)

Note that for every (ordered) pair a,b of distinct elements of X we get two additive
quadruples, namely (a,b, a,b) and (a, b, b, a). Together with the | X| additive quadruples
of the form (a,a,a, a) this gives us a lower bound of 2| X|? — | X| < E(X).

For an upper bound, we notice that if we fix a,b,c then d is determined to be
¢ —a — b. Therefore, there can be at most E(X) < | X|3.

Another way of measuring the additive structure in a set is the doubling constant:

Definition 4.1.1 (Doubling constant). Let X C Fj. We define the doubling constant
I'(X) of X as

X+ X

L) = = (4.2)

It is not hard to prove the following Proposition ([7, 7.13.4]):

E(X) > 1

Proposition 4.1.2. Let X C F}. Then XPE 2 T(X)

In words, if the doubling constant of a set is small, the energy must be large. What
about the converse? Is it true that if the energy is high, the doubling constant must be
small? The short answer is no, as the following example shows:
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Example 4.1.3. Let X =Y U Z C Fgmr” where Y is the set of standard basis vectors
Y = {e1,...,eyn} and Z the set of vectors Z = {0P" xv :v € F,}. Then the energy of X

is at least equal to the energy of E(Z) = |Z|? = p*". So E(X)/|X|® > (27’:7:)3. However,
the set X + X contains the set {(e; +¢e;) x 0"|i, j € [p"]}, which has size (p;). Therefore,
the doubling constant is at least 3(p™ — 1).

As the last example shows, there are sets with high energy and arbitrarily large
doubling. In this example however, X did have a large subset that has small doubling,
namely Z.

As it turns out, this is not a coincidence: a set X with high energy will necessarily
contain a fairly large subset with small doubling: this is the content of the Balog-
Szemerédi-Gowers Theorem. This theorem was first proven by Balog and Szemerédi in
[27], and later improved quantitatively by Gowers [9]. This version is due to Zhao [7].

Theorem 4.1.4 (Balog-Szemerédi-Gowers). Let X be a subset of IFZQ,” with E(X) >
§|X|3. Then there exists a set S C X such that |S| > 6BsG|X|, such that S has a small

doubling constant IS‘%‘SI < 67YBsc ywhere Cpsg depends only on p.

4.2 Polynomial Freiman-Ruzsa

The following theorem is a classic result in additive combinatorics. It was first proved
by Freiman [28]. This version is due to Ruzsa and is a finite field version of the result
of Freiman [29].

Theorem 4.2.1 (Freiman-Ruzsa). Let S C F); have doubling constant K = T'(S). Then
there exists an affine subspace W of F)) of size at most K'|S| that contains S, where K’
depends only on p and K.

Corollary 4.2.2. Let S C F) have doubling constant K = I'(S). Then there exists an
affine subspace V' of T}, of size at most |V| < |S| such that S is covered by K'p translates
of V.

Proof. 1f we apply Theorem 4.2.1 to S, we get an affine subspace W with size W < K'|S]
that covers S. Let V' be a subspace of F) such that V + H = W for some H C F}} and
d = dimV is such that [V| = p? < |S| and p®*! > |S|. Then ISl < p. Then the size

4
of H is equal to % < % < pK’. Thus we have that |H| copies of V cover S and

|H| < K'p O

For a long time, the best known dependence of K’ on K was exponential. In [29],
Imre Ruzsa states the conjecture that K’ is polynomial in K, with exponent depending
on p. Ruzsa attributes this conjecture to Marton.

The conjecture was proven by Green, Gowers, Manners and Tao ([3] in the case
that p = 2, and [4] for p any prime). This is their theorem:
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Theorem 4.2.3 (Polynomial Freiman-Ruzsa). Let S C [F have doubling constant K =
F(S). Then there exists a subspace V' of Fy, of size at most |V| < [S| such that at most

(2K)°®") affine cosets of V cover S.
We can summarize the results of this chapter in the following lemma:

Lemma 4.2.4. Let f : F) — C be a function with ||f|2 = 1 and ||f|[ys > €. There
exists a subspace V C IFIZ," such that

1.3 (hayev |Anf(a)[? > poly(e)
2. |V] < poly(e)p™
3. |V| = poly(2)p"

Proof. If we first apply Theorem 4.1.4 to X, we get a set S C F) with |X| > [S| >
poly(e)| X | and I'(S) < poly(2).

If we apply Theorem 4.2.3 to S we get a subspace V, such that (2F(S))O(p3) =
poly (1) affine translates of V cover S. The size of V satisfies |V| < |S| < |X| < poly(£)p"

and |V| > (21“5)70(”3)‘5' > poly(€)|X| > poly(e)p™, by Proposition 3.1.2.

Let Y C IF]%” be such that S C V + Y, where |Y| = poly(}). There must exist

a y € Y such that V + y contains at least % elements of X. Thus, using that |S| >

poly(e)| X |, and |Y| < poly(e_l), and | X| > poly(e)p”

YL e (4.3
> [ poly @)/ (14)
> poly(e). (4.5)
By claim 4.13 in [15],
> Af@P= Y |Auf@P = poly(e). (4.6)
(h,a)eV (h,a)eV+y
O
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5 The Darboux basis

In the previous section, we found a subspace V with high weight Z(h,a)ev |A/h,\f (a)?.
Our goal in the upcoming three sections is to find a Lagrangian subspace L such that
2 (ha)el |Apf(a)]*. A Lagrangian subspace is a subspace L C F2" such that dim L = p"
and [v,w] = 0 for all v,w € L, where [v, w] denotes the symplectic inner product, which
we will define below.

In the current section we prove a theorem that gives a nice basis for V', known as
the Darboux basis. This basis captures the symplectic structre of V.

5.1 The symplectic inner product

Define the symplectic inner product as follows:

Definition 5.1.1. The symplectic inner product on IF]%” is the bilinear form defined by

0 _In> c F}Q)nx?n by

. 2nx2 _
the matrix J € F;"*", J = <In 0

n n
[yl =y Tz = wiygni1 — D vitni1. (5.1)
=1 =1

For the remainder of this chapter, we define the symplectic orthogonal complement
of aset X C IE“Z" as

Xt ={yelF2:[z,y] =0 forall z € X}. (5.2)

5.2 The structure of symplectic spaces

It turns out that there exists a canonical basis for symplectic spaces that makes them
easier to reason about. The following result is taken from [30] and is a standard result
in symplectic geometry.

Theorem 5.2.1. [The Darboux basis] Let V' be a subspace of FZ%”. There exist vectors
ULy ey Wy Vs e ooy Uy Wy - -, Wiy € IB‘?)" that form a basis for V' such that

1. [ui,uj] = [UZ',’U]'] = O
2. [ui,vj] = (51']'

3. wZEVﬁVJ‘
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for alli,j € [k], and for alll € [m].

A basis {u1, ..., U, V1, .., Vk, W1, ..., W} with the properties as in Theorem 5.2.1
is known as a Darboux basis.

Proof. Let W C V be the subset of elements that have symplectic inner product zero
with all element of V,

W=vtnw (5.3)

Defined in this way, W is a subspace: if wy,wy € W, then for all x € V', [wy + wo, x| =
[w1, 2] + [wa, x] = 0, and clearly wy + we € V. Let m = dim W.

Let wy, ..., w,, be abasis for W. Let U be the subspace of V such that V = U@ W.
By this definition, U is the subspace of V' consisting of all vectors u such that v = 0, or
there exists at least one v with [u,v] = 1. We define our basis inductively:
Suppose that we have defined linearly independent vectors ui,...,u;, v1,...,v; such
that [v;,u;j] = d;; and [v;, vj] = [us,u;] = 0. We define U; == (uq,...,u;,v1...,v;). Our
induction hypothesis is that U; has the following property:

U=U;o UnU) (5.4)

For the base case i = 0, (5.4) holds since Uy = {0} and U NU = U.

Now take u;41 any nonzero vector in U~ N U. If no such vector exists, then by
(5.4), U = U; and we terminate the process.

Since ui+1 € U\{0}, there must be a vector v € U that satisfies [u;+1,v] = 0 by
the definition of U. Let v = v/ +v" where v/ € U; and v" € U- NU. Since [u;41,v'] =0,
[wit1,v"] = 1. So we set v;11 =v".

Notice that [vii1,v;] = [vit1,u;] = 0 for all j € [i], since wiy1,vi41 € U, It
remains to check property (5.4) for Uj4q.

First we prove that Uj41 N (U, NU) = {0}. Let € U4 NUZ . Suppose that

L= Ziﬂ ajuj + bjv;. Then for all £ € [i + 1],

7j=1

i+1 i+1 i+1

0= [ug, 2] = [ug, Y ajuy +bjv] =Y ajlug,ug] + Y bilug,v] =be  (5.5)
j=1 j=1 j=1

and similarly,

i+1 i+1 i+1

0= [vp, 2] = [ue, ) ajuj + o] =) ajfoeug] + ) bilve, o] =ag  (5.6)
=1 =1 =1

hence x = 0.
Next we prove U = U1 @ (Ui, NU). Let z € U, and let a; = [z,u;],b; = [z, v}]
for j € [i +1]. Then,

i+1 i+1
xr = Z bju]' +av; +x — Z bjUj + a;v; |, (57)
j=1 j=1

26



where Z;ﬂl bjuj + ajvj € Ui, and x — (Z;ill bjuj + ajvj) € Uz, since for all £ €
[i + 1],

i+1
Up, T — Z bjuj + a;v; = [ug,x] —a; =0 (5.8)
j=1
and similarly
i+1
Vg, T — ijuj + a;v; = [vg,x] —by =0 (5.9)
j=1

Since U;y1 N (UL, NU) = {0} and U = U1 + (U5, N U), this implies that U =
i+1 +1

7

Uis1 ® (U, N0). O

Corollary 5.2.2. Every subspace V of F3" can be decomposed as V = V' @& W with
W=v+tnv.

Proof. Let ui,...,ug,v1,..., V%, W1, --.,Wn be a Darboux basis for V. Then let
V/ :(ul,...,uk,vl,...,vk), (510)
W =(wi,...,wn). (5.11)
Then V=V'@Wand W =V NV, O
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6 The Stone-von Neumann Theorem for
finite fields

In chapter 5, we proved a result about symplectic geometry over finite fields. This allowed
us to find a Darboux basis uq,...,us,v1,...,V, W1, ..., W, for V. In this chapter, we
define a set of matrices g(v,t) for (v,t) € F2" x Zy if p = 2 and (v,t) € F2" x F, if p
is uneven. The commutation relations of these matrices are governed by the symplectic
inner product.

We prove a theorem that gives us a unitary U such that

Ug(ui, 0)U™ = g((e;,0"),0) (6.1)
and
Ug(v;, 0)U* = g((0",€;),0) (6.2)

for all i € [k], where ¢; is the i-th standard basis vector.

The original version of this result, for symplectic vector spaces over R and C was
proven by von Neumann [31]. The version we prove here was proven in the case that p is
uneven by Gross [32]. For the p = 2 case, we could not find a full proof in the literature,
and the proof below is our own.

Throughout this chapter, we will let V' be a subspace of IF%". We decompose V
by Theorem 5.2.1 as V = V' @& W where W = {w € V : [v,w] = 0forallv € V} =
(wy,...,wy) and V' = (uy,...,ug,v1,...,v%), by Theorem 5.2.1. Here k,m € N are
such that dimW = k and dim V' = 2k.

6.1 The case where p is an odd prime

We will first deal with the case where p is an odd prime, which is considerably more
straightforward than the case where p = 2.

Definition 6.1.1 (Heisenberg group over [F,). Let Hy,1(p) be the group with element
set IFZ” x [F, and operation

(v,t) o (w,t') = (v+w,t+t + %[v, w)) (6.3)

This is indeed a group. Clearly, the set IF?O" x ¥, is closed under the operation.
Associativity is straightforward to verify, and the neutral element is (0,0). The inverse
of an element (v,t) is (—v, —t) since [v,v] = 0 for all v € IF%”.
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Next, we define the Weyl representation g : Hop41(p) = GLpn (C), after Hermann
Weyl, defined by

t43 (v1,02)+(v1,2)

(9(v, ) f) (@) = wp fla+v2), (6.4)

where we write v = (v1,v2) € Fj x F}.
This is indeed a representation:

t'+ 5 (w1,wa)+(w,w1)

g(w,t)g(v, t) f(z) = wp (9(v, ) f)(x 4 w2) (6.5)
_ bt tewn) Mgl tateae) e 0y (6.6)
_ w;’+t+(x,w1+vl)+%((v1,v2>+<w1,w2)+2<w2,v1))f(x +ws + v2) (6.7)
_ w;’+t+(x,w1+vl>+%((v1+w1,v2+w2>+[v,w])f(x +ws + v3) (6.8)
=g(w+v,t' +t+ %[v, w]) f(z) (6.9)
= g((w,t) ® (v, 1)) f (). (6.10)

In fact, g is a unitary representation, which we can show by verifying that for all a,b € F)
we have (g(v,t)eq, g(v,t)es) = (€a,ep) = dap, Where e, is the function e, : Fjy — C with
€q(x) = dgz. Indeed,

(9(v,t)ea, g(v,t)e) = > g(v,t)ea(z)g(v, tey(x) (6.11)
1 U1,V X,V 1 V1,V X,V
= w;+2< 12, 1>w1t,+2< rva e, 1>ea(:z:+v2)eb(:z:+v2) (6.12)

xT

wzto+ L (v1,v2)+(a—v2 ,v1>w]t)+% (v1,02)+(b—v2,v1) Sub (6.13)

= 6,p- (6.14)

Lemma 6.1.2. The trace of g(v,t) is equal to wfopnll[v =0
Proof. We calculate the trace of the matrix g(v,t):

trlg(v, )] = > 9(v,t)aa (6.15)
= g(v,t)eq(z) (6.16)

t+1 v1,V2)+(x,v1
_ N e o)

ex(x + v2) (6.17)

x

_ wt+%(v1,v2>+<x,v1>l[v2 = 0] (6.18)
_ ;Zwlgx,m)]l[vQ = 0] (6.19)
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We consider the subgroup G of Hay,+1(p) defined as
G={(v,t):veV teF,} (6.21)
We define the Pauli group on k qubits as a subgroup of Hy,,1+1(p) as follows:
Ppj={(v,t) 1 v € Fh x {0"F} x FE x {0" "}, t € Fp}. (6.22)

When it is clear from context, we leave out the dependence on p and k and write P
instead of P, ;. We can define the matrix S € FZQ,"XQ” that maps u; to e; and v; to ey
for all i € [k]. Note that [Su;, Svj] = [e;, entj] = [ui, vj] and [Sus, Suj] = (e, e5] = [us, uj)
and [Sv;, Sv;| = [en+ti, entj] = [vi, vj).

This matrix induces a function ¢ from G to P with ¢(v,t) = (Sv,t).

That this is an isomorphism can be readily verified:

6(0,1) @ p(w, 1) = (Sv, 1) » (Sw, ¢') = (Sv+ Sw, ¢ + ¥ + %[SU, Sul)=  (6.23)
(S(v+w),t+t + %[v,w}) = ¢((v,t) @ (w,t')). (6.24)

This gives us two representations of G, namely g and g o ¢. The characters of these
representations are equal:

trlg(v, )] = whp" 1o = 0] (6.25)
= wyp"1[Sv = 0] (6.26)

= tr[g(Sv, t)] (6.27)

(6.28)

= tr[g(é(v, 1))]

by Lemma 6.1.2 and the fact that S is injective on V.
These representations are equivalent by the following lemma, [33, Corollary 2,
section 2.3]:

Lemma 6.1.3. If two representations g,q' : G — GLyn(C) have the same character,
then they are equivalent.

In fact, they are unitarily equivalent by the next lemma, [34, page 11]. We include
the proof for completeness.

Lemma 6.1.4. If we have two unitary representations g,g' : G — GLpn(C) that are
equivalent, then they are unitarily equivalent. To be precise, there exists a unitary such
that for all group elements h € G, U*g(h)U = ¢'(h)

Proof. Since g, ¢ are equivalent, there exists a matrix A € GLyn(C) such that for any
zeQG,

g(z) = A7 g/ (2)A. (6.29)
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We can take adjoints on both sides, to get

g(x)" = A (x)"(A7H)". (6.30)
Since g, ¢’ are a unitary representations, g(z)* = g(z~!) and ¢'(z)* = ¢’(z~!). So,
gla™h) = A%/ (a7 ) (A" (6.31)
for all x € G, so also g(z) = A*¢'(z)(A~1)*, which can be rearragned to
g(x) = (A" H)*g(x)A*. (6.32)
If we fill this in into equation (6.29), we get
glx) = AN A g(2)A*A = (A*A)g(x)A* A. (6.33)

Now A*A is positive definite with inverse A~1(A71)*, so it has a unique positive definite
square root B, by [35, Lemma 2.18]. We call this root B. Since g(x)~!(A*A)g(x) = A*A
by equation (6.33), g(z) ! Bg(x) is also a square root of A*A, for all z € G. If we fill in
71, we get that g(z)Bg(z)™! is a square root of A*A.

Because g(z)~! = g(2)*, g(z)Bg(z)™' = g(x)Bg(x)*. The matrix g(z)Bg(z)*
is again positive semi-definite and even positive definite because g(z) is unitary and
therefore has full rank.

Therefore, because B is the unique positive definite square root of A*A, we have
that g(z)Bg(z)~! = B. We rewrite this to

Bg(z)B™! = g(x). (6.34)
Next, we define U = AB~!. Then A = UB. Also, U is a unitary:
UU = (B~ A*AB™! = (A*A)"YV2(A*A)(A*A)~V2 =1 (6.35)
using that B is positive definite so (B~!)* = B~!. By equations (6.29) and (6.34)
g'(x) = UBg(z)(UB)™" (6.36)
=Ug(z)U L. (6.37)
Therefore, g and ¢’ are equivalent through the unitary U. O

Now we are ready to prove the Stone-von Neumann theorem over [, with p uneven.
Recall that P is the Pauli group as defined in equation (6.22).

Theorem 6.1.5 (Stone-von Neumann Theorem, version for uneven primes). Let p be
an uneven prime. Let V be a subspace of ]F;" such that V. =V'® W where W = {w €
V:v,w] =0 forallv € V}. Let G = {g(v,t) : v € V't € Fp}, where g is the Weyl
representation. Then there exists a unitary U € CP"*P" such that

UGU* = P (6.38)

Proof. Since g o ¢ and g are unitarily equivalent representations, there exists a unitary
U such that for all (v,t) € V/,

Ug(v,t)U" = g(é(v, 1)). (6.39)
Since ¢ : G — P is a bijection, UGU* = P. O
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6.2 The case where p = 2
Let the map g : V' X Zy — GLan(C) be defined by
g(v.t)f(x) = ' (=) f(x + v2)

If we multiply two matrices g(v,t) and g(w,t"), we get

g(w,t)g(v,t) f(z) = i (=1)*) (g (v, ) ) (2 + wo)
_ it’-f—t(_l)(x,w1>+(a:+w2,v1>f(x + wo + U2)
=t FtF2wzo) (qy@erten) £ gy 4 ug))

g(w + v, '+t +2(vr, w2)) f (x),
SO
g(w,t)g(v,t) = g(w + v, t' +t + 2(v1, wa))
Then we define the following subgroup G of GLan(C):
G :=(g(u;,0),9(v;,0),9(0,1) : i € [k]) = {g(v,t) : v € V', t € Zy},

where the equality holds by equation (6.45).

(6.46)

These matrices are unitary. Some of them are Hermitian, and some are antihermi-

tian:
Proposition 6.2.1.
1. |G| — 22k+2

2. G is a group of unitary matrices such that for all g(v,t) € G, g(v,t)*
(=12l g o, ¢).

3. g(vi,0)% = (=1) 2 lgn, and g(u;,0)% = (—1) 2]y,

4. The commutators satisfy [g(us,0), g(uj,0)] = g(vz, ) 9(vj,0)] = [g(us,0),

[g(vi,O),g(O,l)] = Ion Cmd[ (ulv ) (Ujv ) == )”]IQ"

5. The trace of g(v,t) is trlg(v,t)] = i'2"1[v = 0].

= g(v, t)_l =

9(0,1)] =

Proof. The first property holds because G = {g(v,t) : v € V', t € Z4} and this set has

size 4|V’ = 22k+2,
The inverse of g(v,t) is (—1) U120 g (v, ) since by equation (6.45),

9(v,1)* = g(0,2(t + (v1,v2))) = idan (=1)"F 120,
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Next we calculate the adjoint of g(v,t). To do this, we note that the yz-entry of the
matrix g(v,t) is equal to g(v,t)ey(x) where e, (z) = 1[x = y|. Then,

9(v, t)ye = g(v, t)ey(x) (6.48)
= (=)t (=)@ ey (z + va) (6.49)
= (—1)" " (=) ey (y + v2) (6.50)
= (—1)" (=) WHee, (y + vy) (6.51)
= (=1)Fnit ()W, (y 4 vy) (6.52)
= (=1)"*F g v, tes (y) (6.53)
= (—1)! 02 g (0, 1), (6.54)

Therefore, g(v,t)* = (—1)" (U120 g(y, t). Therefore g(v,t)* = g(v,t)~" and so g(v,t) is
unitary. This proves property (2).
By equation (6.45),

9(v,0)g(v,0) = g(0,2(v1, v2)) (6.55)

which proves property (3).
We can calculate the commutator of g(v,t) and g(w,t’) by writing g(v + w,t +t)
in two ways using equation (6.45):

g(v+w,t+1) = (=1)W12 g (v, t)g(w, ') (6.56)
while at the same time,
gv+w, t+t) = (=12 g(w, ) g(v,t). (6.57)
Therefore,
lg(v,t), g(w, ¢)] = (1), (6.58)

from which property (4) follows.
The trace of g(v,t) is given by

tr(g(v, 1)) = GZan(U7t)xz (6.59)
=it QZR(—l)<x’”2>ez(x + 1) (6.60)

=i x;:z(—l)@vvﬂﬂ[m =0 (6.61)

= it;:ig[bul,w =0). (6.62)

0
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We will define two groups, and they will turn out to be isomorphic.

Definition 6.2.2 (Pauli group on k qubits). Let X = (? (1]> and Z = (1 0 ) Let

X=L® ®X® - 0l cC¥** (6.63)
where the X is in the i-th position. Similarly define
Zi=h® - -®Z® - @I, e C?* (6.64)

where the Z is in the i-th position.

We will define the Pauli group on k qubits Py, as the subgroup of GLqyx (C) generated
by {X;, Zj. il < j € [K]}.

We will be working with the group P j which is defined as

Py ={Q @ lgn-r : Q € Pr}, (6.65)
which is a subgroup of GLgn (C).

When p and k are clear from context, we will leave out the dependence on p and k
and write P instead of P, .
Proposition 6.2.3. The following are true of P:
1. The size of the Pauli group on k qubits is 22F12.

2. Every matriz in P is unitary.

3. The commutators satisfy [X;, Z;] = (—1)%, (Xi, X;] = [Zs, Zj]) = lan, [ X, iln] =
[Z;,illgn] = Dgn.

4. X2 =272 =1s.

5. The trace of QQ € P is nonzero if and only if Q is a multiple of the identity, and
tr(itlyn ) = 4t2m.

Next, define the group G by giving a presentation of it.
Definition 6.2.4. Let S ={ay,...,ax, 51,-.., Bk, A}. Define the set

R= | [\, a2a20mame) g2)20avs), (6.66)
i,5€[k]

[, s, (B, B3], ewi, BN, (6.67)

(A al, [N, Bil b (6.68)

Then we let F be the free group on S, and let R be the normal subgroup of F generated
by R.
Define G = F/R.
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Lemma 6.2.5. The size of G is at most 92k+2

Proof. For (a,b,t) € FsxF5xZ4, we define the element C(a,b,t) = Aaf' ... Bt ... Bo* €
F. Now we show that for every f € F,there exists an r € R, and (a, b, t) € F§ x Fk x Z,4
such that fr = C(a,b,t). In other words, the number of cosets of R in F is at most
|FE x FE x Zy| = 22k+2,

Suppose that f is of the form fi8;a;f2. Then (flﬂiajfg)(fgl[aj,51-])\25”' fo) =
fia;Bif2. Since f5 'A% [a;, Bi] fo € R, we have that

fiBiajfo = fiajfifa mod R (6.69)

If we keep doing this whenever there is an « to the left of a 3, we can see that f = f’
mod R where f’ is an element of F with all the a’s on the left and the ’s on the right.
In a similar way, we can put the a’s in ascending order, and the §’s also in ascending
order. Any occurence of oz? we can replace with A\2(4it:%2) and similarly we replace @2
with A\2(vivi2) - Finally, we bring all the X’s to the front. This will give us an element
f" = f mod R such that f” = C(a,b,t) for some (a,b,t) € F& x F§ x Z,. Therefore,
|F/R| < 22k+2, O

Lemma 6.2.6. G is isomorphic to P.

Proof. We can rewrite elements of F with the mapping ¢ : F — P that does the
following:

¢ 1 s ilU2) X (6.70)
¢ : B iRl Z, (6.71)
¢ A il (6.72)

and ¢(cic2) = ¢(c1)p(c2) for ¢1,c2 € F. By Corollary 7.10.14 of [36], this map extends
to a homomorphism ¢ : G — P. This homomorphism is surjective, since ¢(S) generates
P. Since |G| < 2%#%2 = |P| by Lemma 6.2.5 and ¢ is surjvective, ¢ must be injective.
Therefore, ¢ is an isomorphism. O

In the same way, we can prove the following lemma:
Lemma 6.2.7. G is isomorphic to G, the group defined in equation (6.46).

Proof. We can rewrite elements of F with the mapping ¢ : F — G that does the
following;:

Y a; = g(u;,0) (6.73)
Y1 Bi = g(v;, 0) (6.74)
P A g(0,1) (6.75)

and ¥(cice) = ¥(c1)Y(ce) for c1,c0 € F. By Proposition 6.2.1, 1(r) = idan for all
r € R. By corollary 7.10.14 of [36], this map extends to a homomorphism ¢ : G —
(. This homomorphism is surjective, since ¥(S) generates G. Since |G| < 2%+2 =
|G| by Lemma 6.2.5 and ¢ is surjvective, ¢ must be injective. Therefore, ¢ is an
isomorphism. O
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Corollary 6.2.8. G is isomorphic to P, and this isomorphism maps g(0,1) to ilan

Proof. Since ¢ o1~! is a composition of isomorphisms, ¢ o ¢! is an isomorphism from
G to P. Also, ¢(1(g(0,1)) = ¢p(A) = illgn O

Theorem 6.2.9 (Stone-von Neumann Theorem, version for p = 2). Let V' be a subspace
of F2" such that V. = V' @ W where W = {w € V : [v,w] = 0 for allv € V}. Let
G ={g(v,t):ve V' tcZs}. There exists a unitary U € C*"*2" such that

UGU* = P (6.76)

Proof. We have the two unitary subgroups of GLgn(C) that are isomorphic, P and G.
let p: G — P be an isomorphism that maps ¢(0,1) to ilon. We can view the identity
map id : G — GL2n(C) and p : G — GL2x(C) as representations of G. The trace of
g(v,t) € G is equal to 2"i'1[v = 0] by Proposition 6.2.1. The trace of Q = p(g(v,t))
is nonzero if and only if @ is a multiple of the identity if and only if p=1(Q) = ¢(0,t)
for some t € Z4. Since p(g(0,t)) = i'lan, tr[p(g(v,t))] = 2"'1[v = 0]. Therefore, the
characters of these two representations are equal.

By Lemma 6.1.3, id and p must be equivalent representations of G. Since they are
unitary representations by Propositions 6.2.1 and 6.2.3, they are unitarily equivalent, by
Lemma 6.1.4. Therefore, there exists a unitary U such that UGU* = P. 0
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7 From high weight subspace to a
Lagrangian subspace

At the end of Chapter 4, we found a space V C FIQ)” with the following property:

> 1ARf(a)* = poly(e) (7.1)

(h,a)eV

while V' is not too big: |V| < poly(%)p™.

Like before, we decompose V =V’ @ W where W = {w € V : [v,w] =0 for all v €
V'} using Theorem 5.2.1, and we let m, k be such that dim W = m and dim V' = 2k.

In this chapter we apply Theorems 6.2.9 and 6.1.5 in order to prove that k is not
too large, specifically, k = O(log(%)). This allows us to find a y such that the set W +y
satisfies

> [Anf(a)* > poly(e). (7.2)

(h,a)eW+y
Then we extend W + y to a Lagrangian subspace L.

Remark 7.0.1. In chapter 6, we defined g in a different way for p even and uneven.
In this chapter, we don’t make this distinction, but we do reference g. We can fix p and
define g accordingly, and the proof will work both ways.

7.1 Bounding the non-commutativity of V/

Our goal in this chapter is to prove that the dimension of V' is not too large, specifically,
we prove that k = O(log(2)). We show this by proving the following lemma:

Lemma 7.1.1. Let f : T} — C be a function with ||f||2 = 1. Let V. =V'©W a subspace
of By where W = {w € V : [v,w] = 0 for allv € V} and dim V' = 2k, dimW = m.
Suppose that

ST |Awf(a))? =4, (7.3)

(h,a)eV
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Proof. We unfold § as follows.

b= Y AP (74)
(h,a)eV
2
Z > f@)f(@+ h)w, o (7.5)
(h a)eV |z€Fy
— Z S Ty +h) f(@)f@+ hw, @Y (7.6)
haEVx,yEG
N ;Zf@)( > Fla+h)fly+h)w, @ y>) f(x) (7.7)
.y (h,a)eV
= plnf*Nf, (7.8)
where N := 3", yev 9((h,a),0)ff*g((h, a),0)".
We can rewrite N as
= Y 9((h,a),0)ff*g((h,a),0)" (7.9)
(h,a)eV
= > > gllh,a) +w,0)f f*g((h,a) + w,0)* (7.10)
weW (h,a)eV’

= Zg(w,m( > g((h,a),t))ff*g«ma>,0)*) g(w,0)* (7.11)

wew (h,a)eV’

= > g(w,0)Mg(w,0)", (7.12)

weWw
where we define the matrix M := 7, ey 9((h,a),0)f f*g((h,a),0)*.
Claim 7.1.2. The operator norm of M is at most p*.

Proof of Claim : By the Stone-von Neumann Theorem there exists a unitary U € CP"*P"
such that UGU* = P where G = {g(v,t) : v € V't € Z4} and P is the Pauli group on
the first & qubits. Define K = {(h,0"%) : h € FF} C F7. Note that P = {g(w,0) : w €
K x K}. Let us write M in the basis defined by U:

UMU* =) Ug(v,0)ff*g(v,0)*U* (7.13)
veV’
=Y Ugw,0)U"UffU*Ug(v,0)*U* (7.14)
veV’
= Z g(v,0)f' f*g(v,0)* (7.15)
veEK XK
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We define M' := UMU*.
The entries of M’ are the following, for z,y € Fy

M, = > fll@+h)f (y+hwv=™ (7.16)
h,ae K
= Flatn)fy+h) ) wov (7.17)
heK aeK
=S P+ W (y+ W)Ll = y; i € [k))p* (7.18)
heK

Let K be the space {(0F,b),b € Fg_k}, so that K & K = FJ. Let f; : K — C be the

function defined by f; (z) = f'(h + ) We define the following matrix B € CEXEK | with
entries (s,r) € K x K

By =Y _ fr(s)f7(r). (7.19)
heK

So B is the sum of outer products:

B=)Y_fifi, (7.20)

heK

and that implies that B is positive semidefinite.
The trace of B is equal to

tr[B] = Y _ trfy fi (7.21)
heK
DR WIAG) (7.22)
heK,reK
= (@) (7.23)
xng
= U f1I3 (7.24)
=1 (7.25)

Therefore, the sum of the eigenvalues of B is 1. Since all the eigenvalues of B are
nonnegative, this implies that the largest eigenvalue of B is at most 1. Since B is
Hermitian, this also implies that the operator norm of B is at most 1, because for
Hermitian matrices, the operator norm is equal to the largest eigenvalue.

The matrix p*I,x ® B is equal to M’. We can prove this by comparing the entries.
Let (h,s),(h,r) € K x K:

pk(]IQk ® B)(h,s),(h’,r) - pkﬂ[h = h/]Bsr (726)
= M(h,s),(h’,r) (727)
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by equation (7.18).
Let g : Fj) — C be a function. By Pythagoras’ Theorem,

1M'gllz =" [ > [1Banll3 <p* > llgnlls = p*llgll2 (7.28)
heK heK

This implies that |[M'|[,p, < 1.
Since M’ = UMU*, where U is unitary, M’ and M have the same operator norm,
and so || M|, < p. ¢

Continuing from equation 7.8, by Cauchy-Schwarz and claim 7.1.2

FINF=" frg(w,0)Mg(w,0)*f (7.29)
weWw
< > llg(w, 0)" fllal| Mg(w, 0)" f]|2 (7.30)
weW
< 3 pHllg(w, 0)" flallgluw, 0)* i (7.31)
weW
= phtm, (7.32)
where we have used the fact that g(w,0) is unitary and || f||2 = 1 in the last equality.
This implies that § < 21%f"‘Nf < pl;:m. Since |V| = p?t™, we get that § < p‘n‘ﬁk
o) pk < %lpln' O

7.2 Obtaining the Lagrangian

Definition 7.2.1. A subspace L C IFZZ)” is called isotropic if [v,w] = 0 for all v,w € L.
If, in addition, the dimension of L is p™, then we call L Lagrangian.

Lemma 7.2.2. Every isotropic subspace of F}%" is contained in a Lagrangian subspace
of F2n.
P

Proof. Suppose that V' C IFIQD” is an isotropic subspace. Suppose that dimV = d < n.
Set Vz; = V. We will inductively define Vi1, ..., V, as follows.

Suppose we have defined Vj, with dimV = j < n. Let wi,...,w; be a basis for
Vj. Then the space Z = {v € F2" : [w;,v] = (JTw;,v) = 0 for all i € [5]} has dimension
2n — j. Because j < n, dim Z > dim V; and so there must exist a vector v* in Z\V;. We
will define Vj 1 as V; + {v*}. O

Lemma 7.2.3. Suppose that V C IFIQ,” s a subspace of an such that
e poly(e)p™ < V| < poly(¢)p"

o X hayev |BrF (@) = poly(e).
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Then there exists a Lagrangian L C IE‘IZJ” such that

ST |Awf(a)* > poly(e) (7.33)

(h,a)eL

Proof. We decompose V using Theorem 5.2.1 as V = V'@W, where V' = (uq, ..., ug, v1,...,0x),
and W = (wy,...,wp). This decomposition induces a partition of V' by isotropic affine
subspaces in the following way:

V=[] W+ (7.34)
veV’

For all v € V/, W + v is isotropic, since for all w,w’ € W,
[+ w,v+w'] = [v,v] + [v, 0] + [w,v] + [, w] = 0. (7.35)

The size of V satsifes |V'| < poly(L)p”, and > (ha)ev \A/\hf(a)]Q > poly(e). By Lemma 7.1.1,

pF < poli(e) % = poly(%). Now the size of V' is equal to p?¢ = poly(%).

S > AF@P= Y] [Anf(a)* = poly(e) (7.36)

veV’ (h,a)eW+v (h,a)eV

so by the pidgeonhole principle there must exist a v € V’/ such that

— oly(e
3 \Ahf<a>|2zp|vy,(|>zpoly<ﬁ> (7.37)
(h,a)eW+v

Since L' = W + av is an isotropic subspace that contains W + v, we can extend
a€lFy

L’ to a Lagrangian subspace L C IFIQ)" using Lemma 7.2.2.
O
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8 From a Lagrangian subspace to
correlation with a stabilizer

In this section, we prove the final step to prove Theorem 1.2.5. So far, we have found
a Lagrangian subspace of F2" with > (ha)el |ALf(a)|? > poly(e). Now we will need to
turn this Lagrangian into a stabilizer state with high inner product with f.

8.1 Turning the Lagrangian into a stabilizer

Lemma 8.1.1. Let L C IE‘]%” be a Lagrangian subspace, and f : Fy — C a function with
[|fll2 =1, such that

S Auf@P =6 (8.1)

(h,a)eL
Then there exists a function s € S such that |(f,s)|? > 6.

Proof. Let m : L — F2" be the projection to the first n coordinates: 7 (h,a) = (h,0).
Since m is linear, ker(m) is a subspace of L. Let T be the subspace of L such that
T @ ker(m) = L. We define the space S = {h : (h,a) € T}, which is a subspace of )
since S is isomorphic to 7(L).

Claim 8.1.2. There exists a symmetric matriz M € Fp*" such that
T = {(h,Mh): h e S}. (8.2)

Proof of Claim : First we show that if we have (h,a), (h,a’) € T then a = d’, that is to
say, T is a graph.

If (h,a),(h,a’) € T, then (0,a —a’) € T, but this is an element of ker(rw). since
L =T @ ker(r), ker(r) N T = {(0,0)}, so (0,a — a’) must be (0,0).

So we define the function P : S — F such that 7' = {(h, Mh) : h € m(L)}. Next
we show that P is linear:

(h,Ph) + (W', Ph') = (h+ 1 ,Ph+ Ph')= (h+h,P(h+h)). (8.3)

Let r = dim S, and let si,..., s, be a basis for S. Then we define s,41, ..., s, such that

{s1,...,8n} is a basis for F}. We define t; = Ps; for i € [r]. Now we want to define
tr41,-..,tn in such a way that

[(8i:t2), (85, t5)] = (sist5) — (85, 1) =0 (8.4)
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for all 7,7 € [n]. Because L is Lagrangian, equation (8.4) already holds for i,j € [r].
Note that (8.4) holds trivially for i = j, and by the symmetry of equation (8.4), it is
enough to prove that the equation holds for i < j.

So we suppose that ¢1,...,t; have been defined for some k € [n], such that (8.4)
holds for 7, j € [k]. We must define a t;41 that satisfies

(8iyte+1) — (Sk+1,ti) =0 (8.5)
for i € [k]. This is equivalent to finding a solution for the following set of linear equalities

st (Skt1,t1)

thrl = : (8.6)
SZ (Skt1, k)

Since all the rows of the matrix | : | are linearly independent, its rank is equal to k.

T

Sk
Therefore, its image is F’; and there must exist a vector tj1 satisfying equation (8.6).
Now that we have found vectors t1,...,t, we can define the matrix M € IFZX” by

M Zn:ozisi — Zn:aiti (87)
i=1 =1

It is still left to verify that M is symmetric. By equation (8.4), for any ¢ < j s;fFMsj =
S?MSZ‘. By symmetry, sl Ms; = s;‘»FMsi for any 4,7 € [n]. For z,y € [n], let e, e,
be the x-th and y-th standard basis vector. Let oy, 8; € ), for 7,5 € [n] be such that
ex =y i a;s; and ey = 2?21 Bjsj. Then,

My, = e, Me, (8.8)
n n

= (Z Ckﬁ?) M Z 5j8j (8.9)
i=1 j=1

= iiaiﬂjS?MSj (8.10)

i=1 j=1
n n
= ZZO@ﬁjS?M&’Z’ (811)
i=1 j=1
n n
= Z ,BjS? M (Z ozisi) (8.12)
j=1 i=1
=el'Me, 8.13
= Myy. 8.14
So MT = M and M is symmetric. ¢

43



Define R = {a: (0,a) € L} and S = {h : (h, Mh) € T}. Note that dim R 4+ dim S = n,
so dim S = n —dim R = dim R Since L is isotropic, (a,h) = 0 for all a € R, h € S, and
thus S C R, and their dimensions match, so S = R™*.

This means that L = {(h, Mh+a): h € S,a € R}. Now we can write

ST AF@P =3 S AR f (MR + a)? (8.15)

(h,a)eL a€RheS

We can expand the right hand side as follows:
2

DD A (Mh )P =3 Z wipMte) (8.16)

a€ER heS aceRheS |V z€lFp

f—zz Y Anf(@)Apf(a g M) (8.17)

a€RheS z,2'€Fy

72 Z Ahf Ahf( (xa:Mh (waza>

heS z,x GIF" a€R
(8.18)
R
B Y A @m0l -’ € 7Y
heS x,x GF”
(8.19)
(8.20)
Now we can make the variable substitution where we leave z as x and substitute z’ with
x4 for ¥ € RY = S. Also, since dim R + dim S = n, we get | 1B _ ﬁ
R
| |Z > Apf@)ARf @ )wi MM Lz — o' € RY] (8.21)
heS z,x GIF"
B2 X Al Al Wy A (8.22)
h W ES TEFD

(8.23)
Define the bilinear form 5(y,y’) = (¥, My), and the induced quadratic form Q(y) =

B(y,y). For uneven characteristic, we have the following identity:

Q) —Q+h)—Qx+n)+Qx+h+h")=28(hn) modp (8.24)
This can be verified by direct computation using the bilinearity of 5 and the definition
of Q.

_1
Then we can define g(z) = f(z)wp 2@ This allows us to rewrite the right hand
side of equation (8. 22) as

Z > g(@)gla + h)gx + )g(x + h+ b)) (8.25)

h W ES z€Fy

44



For even characteristic, the same equality holds mod 4:
Q) —Qx+h)—Qx+nh")+Q(x+h+h")=28(h,h') mod 4 (8.26)
We can take the exponent with base ¢ on both sides of the equation,

Q@) jQz+h) jQ(+h") iR +h+h) — (_1)B(AA) (8.27)

So in this case we can define g(z) := f(x)i®®) and get, like in the uneven characteristic,
(8.22) equals

Z > g(@)gla + h)gx + W)g(x + b+ h). (8.28)

h W eS zely

We let F) = S @& S, and define for all y € S g, : S — C by gy(z) = g(z +y). Let
S : S — C be the character group of S and define the Fourier transform g, : S —C as

a(x) N > gy (8.29)
|S €S
Then by Lemma 2.2.4, equation 8.28 is equal to
Z > g(a)g(@+ h)g(w+ Mgz + h+ b) (8.30)
h W ES TEFD
=G X @t Bt M b ) (3.31)
yes T,h W eS
=33 la, 00l (8.32)
y€§x€§

By Parseval (Lemma 2.1.8) we have

DD 130 =D lgy(@)P? (8.33)

yeS xels yeS TES
= |f@) (8.34)
xEFg
=1. (8.35)

If we take 3/ € S and x’ € S such that 197 (X)|? = max, 53 19y (0)|?, we get

S Mf@P =33 19,00 (8.36)

(h,a)eL yes el
<1gy OOIPD D gy ()P (8.37)
y€§x6§
= |7y ()1 (8.38)
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Let a € S such that x/(z) = w}f”’”. For uneven p, we can unfold |g, (x)|* as follows:

2

197 (X)) = ﬁZg x + y)w, (47 (8.39)
|S zesS
2
= Z )y 20N @a) (8.40)
v :CES-HJ
2
= f(x (8.41)
Ve Z
where we define s : IFZ — C as
1 l T X o,
s(z) = W EME e g, (8.42)

VIS]

Forp = 2, let A € F3*" be the matrix with entries A;; = 1[i < j]M;; for i, j € [n], and let
D € F*" be the diagonal of M. Let 8 € F} such that D;; = 3;. Then M = A+ AT +D.
Then

(x, Mz) = 2(z, Ax) + (x, Dx) = 2(x, Az) + (3, x) (8.43)

where in the second equality we use 27 = x; for i € [n] since we are working over Fs.
This means that 5~ M) = ;=52 (_1){=A2) Similar to the case where p is uneven, we

can write out |g, (x')|? as follows:
. 2
197 0P = |—= D gz +y) (-1 (8.44)
m xeS
2
= 3 @) (—1)en) (yleey) (8.45)
|S‘ xeS+y’
2
= 3 @) (5.46)
=|— z)s(x :
\/@ z€Fy
where we define
1
s(z) = ﬁﬂ“’z)*w)(—1)<x»Aw>1[x €S+ (8.47)
O
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9 Proof of Theorem 1.2.5

We are now ready to prove the main theorem.

of Theorem 1.2.5. By Lemma 4.2.4 there exists a subspace V C IF?,” such that
o X (hajev [Anf(a)* > poly(e)
o |V] < poly(e)p”
o [V] = poly(¢)p"

Then from Lemma 7.2.3 we get a Lagrangian L C IF%” such that }Z¢, er \A/;f(a)|2 >
poly(e). Now by Lemma 8.1.1 there exists a stabilizer s such that |(s, f)|? > poly(¢). O
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10 The U’-norm in a quantum setting

In this section we will talk about a state [¢) defined by a function f : Fj — C by

=Y f@)la). (10.1)

z€lFp

10.1 Stabilizer states

In Definition 2.2.7 we defined the set of stabilizer states S as
S ={f:F, — Csuch that |[f|l2 =1 and || f][ys = 1}. (10.2)

As we saw in Propositions 2.2.8, 2.2.9, the functions s € S are of a specific form.
Stabilizers are of interest in quantum computing and quantum information theory
for a number of reasons, some of which we mention here. Stabilizer states can equiva-
lently be defined as the set of states reachable from the state |0) by a Clifford circuit.
A Clifford circuit is a quantum circuit using only the gates CNOT, H and S, that are

defined as
1 /1 1 1 0
e () s (1Y) oy

By the Gottesman-Knill theorem, any Clifford circuit is efficiently simulatable on a clas-
sical computer [37]. This means that any quantum computer running only on stabilizer
states does not have a fundamental advantage over a classical computer.

Stabilizer states and the Clifford group are also of interest in quantum error correc-
tion [16, 17]. For more background on stabilizer states, we refer the reader to [2, 12, 1].

o O =

CNOT =

o O = O
— o O O
o= OO

0

10.2 Tolerant testing algorithm

The Gowers U3-norm is in fact a quantum testable property, by a procedure called
Bell difference sampling [22]. We define the charactersistic distribution of a state as
py(h,a) = \A/\hf (a)]?. This is indeed a distribution, by Propoisition 2.2.3. Then we
define the distribution gy (h,a) = (py * py)(h, @) = 3 oy Pu(l', d')py(h — W, a — d').
Then we have the following

11l = Zp B F(@)* = Epayep, PPy (s )] (10.4)
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By [15, Lemma 3.3],

2
IE(h,a)wpw [pnpw(h, LL)] > E(h,a)~q¢ [pnpw(h7 CL)] > (E(h,a)wpw [pnpd) (hv (1)]) . (105>

If we perform Bell difference sampling, we are essentially sampling from a Bernoulli
distribution B where P(B = 1) = pgceept = 3 + %Exw% [p"py(h,a)).

What this means is that given enough copies of a quantum state [¢)) = > zeFp f(x)|z)
we can estimate Ep, 4)~q, [P"Py (R, @)], which is a good estimate for |If]I%5 by equations
(10.5) and (10.4).

We can turn this into a tolerant testing algorithm. In tolerant testing, we are given
a state [¢) with the promise that Fgs(|t)) is either larger than €; or smaller than e,
and the task is to find out which is the case. If the outcome of Bell difference sampling
is that ||f||ys is high, then we can use Theorem 1.2.5 to conclude that the stabilizer
fidelity is high.

1. Estimate || f||s with Bell difference sampling

2. If || f||7s is larger than some threshold D = D(ey, €3), output Fs(|1))) > €;. Oth-
erwise, output Fs(|¢)) < €.

The following theorem is proven in [5]:

Theorem 10.2.1. Let €1,€3 € [0,1] and let [1)) be a state with stabilizer fidelity

Fs(9) =  max |15, (10.6)

either (1) larger than €1 or (2) smaller than es. If ea < C'€$534 for some constant C',
then 0(61_12) rounds of Bell difference sampling can distinguish between case (1) and
case (2) with probability greater than 2/3.
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11 Conclusion and Discussion

The main result in this thesis is Theorem 1.2.5. In order to prove this theorem, we have
used techniques from higher order Fourier analysis, additive combinatorics, symplectic
geometry and quantum information theory.

We have seen that this theorem implies a tolerant testing algorithm for stabilizer
states. Because the dependence on € in Theorem 1.2.5is polynomial, this algorithm runs
in polynomial time, and the gap between €; and €2 in Theorem 10.2.1 is polynomial.

Although a proof of this theorem was already given in [5], our proof uses only
Theorems 4.1.4, 4.2.3 as a black box. The rest of the proof is self-contained.

In this thesis, we did not calculate an explicit exponent, but the exponent in [5] is
1089. However, for a fair comparison we should still multiply this with 16, since in [5],
the authors have a different assumption about f, see also [15, Lemma 3.3].

11.1 Further research

It is quite unlikely that either this thesis or [5] gives an optimal exponent C in Theo-
rem 1.2.5. For practical applications, it is of interest to minimize C'.

We have said nothing about how hard it is to find a stabilizer for which the inner
product with a given function f is high. Whether or not it is possible to come up with
an algorithm that gives a stabilizer, is up to future research. If we wanted to adapt
our proof to an algorithmic version, we would need to know what the set X, defined in
Section 3.1 looks like, and the naive calculation takes exponential time. Also, we use
Theorems 4.1.4, 4.2.3 as a black box, and we use the pidgeonhole principle in section 7.2,
which further complicate adapting our proof to an algorithmic proof.

It is our hope that this proof paves the way for a U? inverse theorem with the L?
normalization assumption. We can get an expression like Proposition 2.2.5, which gives

A1 = > landw sl S0 18A f(a)l. (11.1)

h,h €Fn hW ,a€Fn

It is possible that the techniques applied in this thesis can be applied.

To our knowledge, there is no direct quantum analog of the U%-norm. This line of
research would be motivated from higher order Fourier analysis.

It could also be interesting to see if the same techniques we used in the proof of
Theorem 1.2.5, particularly those in chapter 7, can be applied in the L*° setting of
Theorem 1.2.3.
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Popular summary

A classical computer does operations on states consisting of a specific string of zeroes
and ones, called bitstrings. In contrast, a quantum computer does operations on a
superposition of bitstrings. These superpositions are known as quantum states. These
superposition can be seen as a combination or mixture of bitstrings. Each bitstring has a
complex number, known as an amplitude, associated with it. Since there are 2" possible
bitstrings of length n, writing down the entire quantum state explicitly would require us
to write down 2" complex numbers. For most states we are interested in, this number
will be much too large.

There is another problem that we run into. By the nature of quantum mechanics,
if we measure the state to get some information about it, we destroy the state. The
outcome of a measurement will be a bitstring of length n, which is very little information
compared to the full 2"-dimensional complex vector that describes the whole quantum
state.

For the reasons mentioned above, we are interested in a certain class of quantum
states that have a short description. Examples of these states can be states that have
amplitude 1 on a bitstring x € {0,1}" and 0 on all other bitstrings. Another example
would be states for which the amplitude is a relatively simple function of the bitstring.

An example of a simple function could be a polynomial, specifically a quadratic
polynomial. A state could have amplitudes ¢, = ﬁ(—l)qm for z € {0,1}", where ¢ is
a polynomial of degree 2 in variables X1,...,X,,. In order to give a complete description
of this state we only have to give the polynomial q. States like this are called stabilizer
states.

Consider the following problem: we are given a quantum state [¢), that has been
calculated by a quantum computer. We can repeat this calculation, but it takes some
time to do. If we want a complete description of the state, up to a small error margin, we
need to run an exponential amount of tests. In order to make things easier, we adjust the
question. What if we only have to find a description of a state |¢) that is sufficiently close
|1), such that |¢) has a short description? Can we do this in a manageable timeframe?

In this thesis, we prove a theorem that puts a step in this direction. The theorem
tells us that we can run some tests on [¢), and according to the outcome of these tests,
we can decide if |1) is close to one of the stabilizer states. If the answer is yes, we would
also like to know which stabilizer state |¢)) is close to. This is something the theorem
does not tell us, but hopefully, in future research, we will be able to answer this question.
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