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Abstract

Inhomogeneous random graphs are fundamental models for real-world networks, where pre-
scribed degrees are imposed as soft constraints. A common assumption in such models is
that the degree distribution follows a power-law, capturing the heavy-tailed nature observed
in many contexts. While various graph functionals have been studied in this setting, inhomo-
geneity makes their analysis significantly more challenging. Here, we investigate the large
deviations of subgraph counts in inhomogeneous random graphs. Rare events concerning
these functionals translate into quantifying the probability that extremely large hubs appear
in the graph. This can be achieved by defining a specific optimization problem that captures
the most likely way to generate numerous additional subgraphs. When the expected number
of subgraphs is sublinear in the graph size, polynomially large deviations are possible, and
in this case, we can derive sharp results on clique counts.
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1 Introduction

Many real-world networks exhibit heavy-tailed degree distributions that can be modeled by
power-laws with parameter «, often with infinite second moment [1]. To model such net-
works, random graph models with heavy-tailed degree distributions have become central
benchmarks. These models are designed to replicate the degree of heterogeneity observed in
empirical networks, but typically do not enforce other structural properties. As a result, under-
standing the behavior of various network statistics in such models has become a key area of
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research [2-7]. In this paper, we focus on the occurrence of cliques and, more generally, arbi-
trary fixed subgraphs. The count of such subgraphs provides insight into the network’s local
density and so-called network motifs, which have been widely studied in various applications
of network science [8—10]. While many real-world networks contain many dense subgraphs,
classical sparse random graph models tend to be locally tree-like and thus contain few such
structures in the large-network limit. However, in power-law random graphs, the presence
of high-degree vertices (hubs) can significantly increase the likelihood of observing dense
subgraphs, even when the average degree remains finite [11, 12]. This raises two natural
questions: how unlikely is it for a sparse power-law random graph to contain an unusually
large number of cliques or other fixed subgraphs, and through which mechanism is such a
rare event realized? In particular, is the deviation spread across many vertices, or does it
concentrate on a small number of exceptional vertices?

The typical abundance and maximal size of cliques in scale-free networks have been
studied from a statistical-physics perspective in [13, 14]. These works focus on uncorrelated
scale-free ensembles and analyze, among other things, how cutoffs and overlaps between
cliques affect clique counts and clique-number estimates. Related work studied loops and
Hamilton cycles in scale-free networks, including the role of degree correlations and growing
network models [15-17]. Our focus is different: we fix the size k and study upper-tail large
deviations of the clique count in the ensemble. In this fixed-k setting, the relevant overlap
issue is the dependence between different copies of the same k-clique, and this dependence
is controlled by analyzing how many cliques a single edge can be part of.

Large deviation principles for subgraph counts have been extensively studied in
Erd6s—Rényi graphs. For example, the tail behavior of triangle counts has been characterized
in both dense and sparse regimes [18-23], revealing that rare events with many triangles
are typically driven by the emergence of localized dense regions. Other work studies the
large deviation behavior of random walks and other stochastic processes on graphs [24, 25].
These insights have been extended to general subgraphs in the dense setting, but the sparse
case—especially under heavy-tailed degree distributions—remains far less understood. From
a statistical-physics perspective, this is a question about the structure of a rare fluctuation. A
key distinction is whether the fluctuation is delocalized, involving many degrees of freedom,
or condensed, meaning that it is carried by a small number of exceptional ones. In the present
inhomogeneous setting, the relevant degrees of freedom are the vertex weights, and our
main result shows that upper-tail deviations in clique counts are realized via a condensation
mechanism.

Existing large deviation results for inhomogeneous random graphs often rely on the
assumption of dense graphs [26] or finite second moments [22, 27, 28], which allow for
tractable analysis via factorized connection probabilities. In contrast, when the degree
distribution has infinite variance, the saturation of rank-one kernels introduces nonlinear
dependencies on vertex weights and structural degree-degree correlations [29, 30]. Our results
apply specifically to this sparse saturated rank-one setting with infinite-variance weights, and
should not be interpreted as applying to power-law random graphs in general or to uncor-
related null models. The saturation is mathematically important, since it limits the effect of
increasing very large weights and is one of the mechanisms behind the condensation phe-
nomena analyzed below. Some progress has been made in regimes where the average degree
diverges [31], but these results do not apply to the sparse, power-law regime. To date, large
deviation results in this setting are limited to specific functionals such as PageRank [32],
edge counts [33, 34], giant component [35], and triangle counts [36].

In this paper, we derive asymptotic estimates for the upper tail probabilities of clique counts
and a class of general subgraph counts in sparse, inhomogeneous random graphs with power-
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law degree distributions that have finite mean and infinite second moment. For k-cliques, we
identify the precise decay rate of the upper tail and show that the deviation is realized through
a condensation mechanism: the dominant excess number of cliques is generated by k — 2
exceptional hubs whose degrees are much larger than the typical maximum degree. Thus, the
cost of the rare event matches the cost of creating these few atypical vertices, excluding the
need for a collective rearrangement of the whole graph. For general subgraphs, the optimal
rare-event structure may be different, and we characterize the degree configurations that
drive the deviation. This highlights the interplay between subgraph topology and the heavy-
tailed nature of the degree distribution. Finally, our result also reveals a transition in the
deviation mechanism: for « > 2 — 2/k, the upper tail is supported by a finite condensed set
of hubs, whereas below this threshold a finite number of hubs no longer suffices, suggesting
a qualitatively different regime involving a growing number of atypical vertices.

Notation. We denote [k] = {1, 2, ..., k}. We say that a sequence of events (£,),>1 happens

with high probability (w.h.p.) if lim,— .o P (£,) = 1 and we use ﬂ) for convergence in
probability. We write f(n) = o(g(n)) if lim, . f(n)/g(n) = 0, and f(n) = O(g(n)) if
| f(n)]/g(n) is uniformly bounded. We write f(n) = ®(g(n)) if f(n) = O(g(n)) as well as
g(n) = O(f(n)). We say that X,, = Op(g(n)) for a sequence of random variables (X,),>1

if | X, |/g(n) is a tight sequence of random variables, and X, = op(g(n)) if X,,/g(n) i) 0.
Organization of the paper. We first describe the version of the inhomogeneous random graph
that we study in Section 2, and proceed to state our main results on clique counts and more
general subgraph counts. We then provide a discussion in Section 3, and the proofs of our
results for cliques are in Sections 5, and for general subgraphs in Section 6.

2 Main Results
2.1 Model

We consider the rank-1 inhomogeneous random graph (IRG) [37] with heavy-tailed weights.
The IRG is constructed by assigning a positive weight W; to each vertex i € [n]. These
weights are assumed to be independent and identically distributed (i.i.d.) samples from a
random variable W with values on the interval [1, co) and with probability density function
fwx) = ax~ (1 + 0(1)), where & € (1,2). In particular, W is heavy-tailed, and it
satisfies

Fx):=P(W; >x)=x"*%1+0(), x>1 (1)

Edges between vertices i and j are formed independently with probability

pij = @(min(W;‘:j, 1)) )

where u = E[W;] is the expected vertex weight. This connection rule ensures that the
expected degree of vertex i scales proportionally to its weight, i.e., E[deg(i)] ~ W; [37, 38],
up to constant factors. This class includes the usual rank-one kernels with saturation, such
as the Chung—Lu kernel p;; = min(W; W;/(un), 1) [37] and the generalized random graph
kernel p;; = W; W;/(un + W; W;) [39]. In the infinite-variance regime considered here, the
saturation in these kernels when W; W; >> n induces structural degree-degree correlations.
Thus, the model is not an uncorrelated Chung—Lu-type null model in the usual sense; the
induced correlations are part of the mechanism studied in this paper.
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Given a subset of k vertices with weights (h1, ..., h), the probability that they form a
clique is asymptotically proportional to
. [ hih;
fulhn, by = T mm(’ 1,1). 3)
i un
I<i<j<k

2.2 Large Deviations for Clique Counts

The number of k-cliques in IRG, denoted by IC;,k), is a random variable influenced by two
sources of randomness: the vertex weight assignment and the random edge formation. Under-
standing the typical and atypical behavior of IC,(,k) is crucial for characterizing the higher-order
connectivity structure of the graph.

We begin by recalling a result from [40, 41] that estimates the expected number of k-

cliques, denoted by m,(qk) = E[K,(qk) ].
Lemma2.1 Leta € (1, 2). Then

m® = H (nF (V)" (1 + o(1)),

for some constant H > 0. In particular, m,(lk) is regularly varying with index k(2 — a) /2.

This result shows that the expected number of cliques grows polynomially with n. Fur-
thermore, it can be shown that when o € (1, 2), most cliques are formed around a small
number of vertices with weight approximately /7.

The central goal of this section is to establish a large deviation principle for IC,(,k). Specif-
ically, for any a > 0, we aim to quantify the probability of observing significantly more
cliques than expected,

PP > (1+aym®).

The main result of this section states that, in the regime o > 2 — 2/k, the upper tail of the
k-clique count is governed by the probability of creating k — 2 exceptionally large hubs. In
particular,

P(KP > (14 aym®) = O (P (there are k — 2 vertices with weight > ¢, (n)))

where ¢, (n) is the necessary weight scale to create additionally many am ,(,k) cliques. Precisely,
one can understand what is the smallest size required from these k — 2 hubs to generate an
expected excess of amf,k) cliques, defining

cq(n) :=inf {c : <;) /OO /OO fulx,y,¢,...,c) dF (x) dF(y) > amflk)} . “4)
0 0

We now present in detail the result, matching asymptotic bounds for the order of magnitude
of the large deviation probability for clique counts.

Theorem 2.2 Let o > 2 —2/k and a > 0 and let ¢, (n) be as in (4). Then, as n — oo,
PP > (14 a)mP) = 0 P(W > c,(n)))F 2.
Moreover, the following lemma characterizes the asymptotic scaling of ¢, (n):

Lemma 2.3 Letc,(n) be as in (4). Then,

1 *
ca(n) = K2a?@0n® (1+ o(1)),
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Fig. 1 Phase diagram for upper-tail deviations of k-clique counts. The critical line « = 2 — 2/k separates
a finite-hub condensed regime, rigorously described by Theorem 2.2, from a conjectural many-hub regime
below the line. Above the line, the excess of k-cliques is produced by k — 2 exceptional hubs, and the deviation
probability is polynomial. At the line, ¢4 (n) reaches order n, so that finitely many hubs no longer suffice
because of the saturation of the connection kernel

where a* =1 — %ﬁ‘;), for some positive constant K.

Theorem 2.2 only holds in the regime o > 2 — 2/k, and this induces a transition in
the upper-tail mechanism, as depicted in Figure 1. In the large o regime, the deviation is
realized by a finite condensed set of k — 2 hubs. As o approaches 2 — 2/k, the hub scale
cq(n) approaches order n, so that a single hub cannot increase the clique count by further
increasing its weight, because the connection probability (2) remains roughly constant when
the weight increases further. This indicates that, below the threshold, a finite number of hubs
can no longer produce the required excess of k-cliques, and that the deviation mechanism
must instead involve an increasing number of atypical hubs. We therefore expect a different
regime below a = 2 — 2/k, with exponentially small deviation probabilities rather than the
polynomial scale of Theorem 2.2. For the triangl case, k = 3, this picture has been proved
rigorously in [36]: the threshold is «, = 4/3, above which the deviation is caused by one
hub and has polynomial probability, below which it is caused by polynomially many hubs of
order n and has semi-exponential probability, while at the boundary finitely many linear-size
hubs may contribute. This provides evidence for the analogous many-hub scenario for larger
cliques, although a complete treatment for general k remains open.

When choosing a = a(n) growing with n, we can apply Theorem 2.2 to compute the prob-
ability of larger deviations, such as polynomial deviations. In particular, consider deviations
of order n¥ > m,(f), for y > 0 sufficiently large. Lemma 2.1 yields n? = amf,k)(l + o(1)),
with a = n? ~%¥@=9/2(1 4 o(1)). Then, Lemma 2.3 gives

1 | 2=kC—a) e
cg) =0 (aeDp " D |=0(n 2D |,

from which we can obtain the probability of deviations using Theorem 2.2. Interestingly, the
scale at which ¢, (n) grows in n is independent of k, meaning that the required size of hubs
necessary to achieve prescribed polynomial clique deviation is independent of the clique size.

2.3 Deviations for Subgraph Counts

Next, we investigate deviations of other subgraph counts than cliques. Given a small graph
H on k vertices, we denote by N (H) the number of times that H occurs as a subgraph in the
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IRG. Furthermore, we denote the conditional expectation of N (H) given the weights of all
n vertices Wi, Wy, ..., W,

C™(H) =E[NH) | {Witiem] - ©)

Our goal is to calculate
P (C(”)(H) > nV) ,

for some y > 0.
We will focus on a specific class of subgraphs:

Assumption 1 Consider the optimization problem

B(H) := max Z(l - Bi) + Z min(B; + B; — 1,0). 6)

Belo.t /o (i,j)eH
The optimal solution of (6) for graph H satisfies 8* € [0, 1 /oc)k .

Informally, the solution of (6) describes the optimal vertex weight profile in the typical
regime. In fact, the objective function B(H) encodes the polynomial scaling (with respect to
n) of the expected number of copies of H formed on vertices with weights proportional to
B1, ..., Bx; thus, B(H) identifies the expected subgraph count in the IRG, and the optimal
indicates which weight configuration yields maximum contribution.

Assumption 1 ensures that the random variable N (H) concentrates around its mean. If this
condition does not hold, then, with high probability, N (H) has a smaller order of magnitude
than its expectation, and therefore the probability of deviation from its mean is automatically
considerably large. In particular, Assumption 1 ensures that

NH) p
Gawn > Ku )

forsome0 < Ky < 00[40, Theorem 2.2]. Furthermore, by [40, Lemma 4.2], this assumption
implies that the optimal solution is unique. The set of graphs satisfying Assumption 1 is quite
large and contains, for example, all cliques and Hamiltonian graphs with an odd number of
nodes. However, it is easy to check that not all graphs satisfy it. A simple example is the
star graph, where a direct computation shows that the solution to (6) is achieved at value
B =1 for the star center. When k gets large, however, a large fraction of connected graphs
is Hamiltonian, so that 1 is satisfied by a large proportion of graphs.

The upper-tail event C™ (H) > n? can be analyzed through atypical weight profiles. The
variables B, ..., Bx encode the scales of the vertex weights involved in a copy of H, and the
large-deviation problem amounts to identifying which such profile can produce the prescribed
excess of subgraphs at the smallest probabilistic cost. In this sense, the optimization problem
below can be viewed as a variational principle for the rare event. We define

R(H) := max min (1 —af;, 0 8
(H):= max > min(l—afi,0) @®)
i€lk]
sty max(l1—of,00+ Y min(Bi+B;—1.0)=y. (9
iV li.j)eEn

The constraint in (9) selects the weight profiles that are capable of producing at least n” copies
of H, and may therefore be interpreted as a microcanonical constraint on the subgraph excess.
The objective in (8) measures the polynomial cost of creating the corresponding atypical
weights. Since the objective is non-positive, maximizing R(H) is equivalent to selecting the
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least costly feasible profile. In this sense, R(H) plays the role of a variational free energy
associated with the upper-tail event.

The following theorem shows that this variational problem determines the exponent of
the upper-tail event C®(H) > n?, and therefore identifies the dominant large-deviation
mechanism.

Theorem 2.4 Lety > k(2 —)/2, and let H satisfy Assumption 1. When (9) is feasible, then

) ¥
R(H) — tim log(P(C™(H) > n )).
n— 00 log(n)

(10)

Theorem 2.4 is a statement about the conditional expectation rather than about the actual
number of copies N (H). It therefore identifies the probability cost of producing a weight
configuration for which the expected number of copies of H, conditional on the weights,
exceeds n”. We expect the same exponent R(H) to describe the upper tail of N(H) itself.
To prove this, however, one has to show that, once such a favorable weight configuration
is present, the random edges produce, with high probability, of order n” copies of H. This
requires controlling dependencies between overlapping copies of H, and no general argument
is currently available for arbitrary subgraphs. We return to this point in Section 3.

Under Assumption 1, if y < B(H) the solution of (8)+(9) is trivially R(H) = 0. In other
words, n? is below the typical value, and there is no need to introduce extra-large hubs to
observe n? copies of H in the IRG. The problem (8) + (9) is piece-wise linear and can be
rewritten as a Mixed-Integer linear program (MILP). Before writing the general MILP, let us
illustrate the encoding on the triangle K3. In this case the nonlinear constraint contains the
terms 0; = max(1—ap;, 0),fori = 1,2, 3,and §;; = min(B;+B;—1,0),forl <i < j <3,
so that it reads

01+60,+63+ 12+ 813+ 863 > y.

The objective contains §; = min(1 — «af;, 0). The variables §; and ¢;; are easy to encode
linearly: since the problem is a maximization problem, the constraints §; < 1 — «f;, 6; <0
force §; = min(1 —aB;, 0) to be at the optimum. Similarly, ¢;; < B; + B; — 1; ¢;; < 0 forces
¢ij = min(B; + B; — 1, 0). The only term requiring binary variables is §; = max(1 —ap;, 0).
For this, we introduce b; € {0, 1} and impose 6; <1 —af; +1 —b; and 6; < b;. If b; =0,
then9; < 0;ifb; = 1,then; < 1 —ap;. As this is a maximization problem, the optimization
program will select b; such that the maximum is achieved. Thus the binary variable selects
the correct branch of the maximum. The same idea applies to the following general MILP
formulation of (8)+(9):

max Z 8 (11)
iEVH

S.t. Z 0; + Z Cij >y (12)
iEVH i,jEEH
8 <—Bia+1, <0 (13)
Gi<Bi+Bi—1, & =<0 (14)
0; <1—Bia+1—b; (15)
0; < b; (16)
b; € {0, 1} (17)

Indeed, §; encodes the term min(1 —a;, 0), while ¢;; encodes min(8; + 8; — 1, 0). The vari-
ables 0; encode max (1 —af;, 0) through the binary variables b;: when b; = 0, the constraints
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force §; < 0, while when b; = 1, they force 8; < 1 — af;. Since the constraint is easier to
satisfy when the 6;’s are as large as possible, the optimal choice is §; = max(l — «f;, 0).
Therefore the MILP is equivalent to the original piecewise-linear optimization problem.

Intuitively, the optimal value of B; gives the scaling of the minimal weight necessary to
have n? copies of H. That is, in the rare-event configuration producing at least n” copies of
H, a vertex playing the role of vertex i in H typically has weight of order n#:.

The pattern in Figure 2 can be interpreted in terms of the hub leverage of the graph. The
objective in (8) is the cost of lifting vertices above the typical scale, while the constraint in (9)
measures how many copies can be generated by the resulting weight profile. If a small set
of vertices touches many edges of H, or belongs to a dense core, then making these vertices
hubs simultaneously increases several edge probabilities. Such graphs have relatively small
deviations, and their R(H) values are closer to zero. Conversely, if the edge constraints are
spread more evenly over the graph, then no small hub set is sufficient; the optimizer has to
lift several vertices to atypical scales, which leads to a more negative value of R(H). Thus,
the clusters visible in the figure are not determined by the number of edges alone, but by
how effectively the topology of H can convert a small number of atypical hubs into many
additional copies.

3 Discussion

Unconditional subgraph deviations. Theorem 2.4 concerns the conditional expectation
C™W(H) = E[N(H) | {Wi}ie[n], rather than the unconditional count N (H). We expect
the same exponent R(H) to hold for N(H). The reason is that the main cost should be the
creation of the atypical weight profile selected by the variational problem. Once this profile
is present, the expected number of copies, conditionally on the weights, is of order n?. The
remaining edge randomness should therefore not change the polynomial exponent, provided
that these copies are sufficiently concentrated around their conditional mean.

This can be made precise as a conditional second-moment criterion. Let §* be an opti-
mizing profile, and let Ng+(H) be the number of copies of H using vertices in the weight
classes prescribed by 8*. Suppose that, on the event G,, that this profile is present,

P(Gy) = n®IDHD - E[Nge (H) | {Wiiepa] = n?**
for some ¢ > 0, and
Var(Ng+ (H) | {Wilier)) = (B[N (H) | (Wi}iemm]’)
Then, conditional Chebyshev’s inequality gives
P(N(H) > n?) > pRE) o)

Thus, the conjectured exponent gives the unconditional lower bound whenever the copies
generated by the optimal weight profile are conditionally concentrated. The matching upper
bound is more delicate. One has to rule out alternative edge-driven mechanisms and control
dependencies between overlapping copies of H. For cliques, this is done in Theorem 2.2,
using the special overlap structure exploited in Lemma 5.1. For a general H, no analogous
universal argument is available.

Other subgraphs. Theorem 2.4 only holds for a specific class of subgraphs. For large k, this
class is quite large, as it contains all Hamiltonian subgraphs among the others. We believe
that there exists a different class of subgraphs for which a different approach is necessary.
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Fig. 2 Deviations for all connected subgraphs of size 6 satisfying Assumption 1, for = 1.5 and y = 2.
The color of each vertex indicates the (y)tlmal value of B; in the variational problem (8)+(9), so that the
corresponding vertex has weight scale n”i in the optimal rare-event configuration. The number below each
graph is the value of R(H); values closer to zero correspond to cheaper deviations. The clustering of the rates
reflects how efficiently the topology of H can exploit a small set of atypically large vertices. Graphs in which
a few vertices control many edge constraints have cheaper deviations, while graphs with more distributed
connectivity require more vertices to be lifted to atypical weight scales and therefore have more negative rates
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Indeed, many subgraph counts are known not to concentrate and to depend on the presence
of hubs, so their large deviation properties are expected to differ significantly.

General U-statistics. Instead of focusing on subgraph counts, it can also be interesting to
focus on the large deviations properties of general U-statistics. Given a graph G and an integer
k, a U-statistic is a function of the kind

Fo(G)i= > hy(ur, oo 0p)

vl,...,Uk €V

for some local function h, : V¥ — R. U-statistics include subgraph counts or homomor-
phism densities, as well as other relevant global observables such as clustering coefficients,
several centrality measures, and average shortest path distances. Any two vertices with the
same weight are indistinguishable in IRG; thus, with a slight abuse of notation, we can define
h, as a function of the weights. It would be interesting to see the large deviation proper-
ties of these functions. We believe that our methods here could extend to specific types of
U-statistics, for which

im0 log(, (nf ..., nP0))

gB1, ..., Br): ] € (0, 00), (18)

og(n)

for all B € [0, 17%, and
log(h, (nP1, ... nPk
im og(h, (nP, ...nPr)) _ 1 (19)
n—o0 log(h, (b1nf1, ... brnfr))
for all fixed b1, ..., by > 0. Finally, we assume that
k

Br = max D (A —aB)+ i, B (20)

i=1

has feasible solution 8* € [0, 1/«]¥, which is a necessary condition for F, to concentrate
around its mean. In that case, (8)+(9) becomes

Rp := max min (1 — af;, 0)
Bel0,1]% Z b
ieVy

sty max (1 —afi,0)+gBi..... B) > . 1)

ieVy

Whether this optimization problem is efficiently solvable depends on the shape of the function
g(B1, - .., Br). For recent work on the case where &, does not depend on n, we refer to [42].
Exponential deviations. When (8)+(9) is infeasible, then it is not possible to obtain the desired
deviation using only a finite number of hubs, and a growing number of hubs is necessary
to obtain the desired deviation. The optimization problem below should be understood as a
heuristic extension of the finite-hub variational principle to this many-hub regime. A complete
rigorous analysis is currently available for triangles, where the transition at « = 4/3 has
been characterized in [36]: above the threshold the deviation is caused by one hub and
has polynomial probability, below it the deviation is caused by polynomially many linear-
size hubs and has semi-exponential probability, while at the boundary finitely many linear-
size hubs may contribute. For larger cliques, the analogous problem requires controlling
configurations with polynomially many saturated hubs and their overlaps, and we leave this
for future work.
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The probability of having at least un? vertices of weight at least n% is
P (une vertices of weight > n‘s) = exp (—u(@ — 14+ aé)ne log (n)) (14+o0(1), @22

when 6 > 1 — «4. This equation shows that increasing 6 influences the probability to a much
larger extent than 6. We therefore first assume that § = 1. We again write an optimization
problem similar to (9), where we maximize the probability that the hubs are present, subject
to the constraint that they form the desired number of subgraphs. Now, conditionally on nf
vertices of weight proportionally to n to be present, the number of vertices of weight at least
nPi scales as n™&x(1=Fi.0) Indeed, as at least n? vertices of weight proportionally to n are
present, this number is at least n?, and is otherwise dictated by the power-law distribution.
The probability that a subgraph forms is similar to that in (9). This yields the optimization
problem

min 0

ﬂE[O,l]k,QZO

sty max(l— B, 0)+ Y min(Bi+Bj—1,0)>y (23)
ieVy i,jeEy

As (9), this optimization problem is infeasible when the desired deviation is not possible
(for example, more than 1> triangles). Again, this can be rewritten as a Mixed Integer Linear
Program. When polynomial deviations suffice, setting & = O gives a feasible solution, as the
constraint then reduces to the same one as in (9).

4 LD for Conditional Number of Cliques

An important ingredient in proving Theorem 2.2 is showing that the conditional expectation
of IC,(,k) given the weights of all n vertices Wi, Wa, ..., W,,,

Co =E [0 | (Wikietn]. 24)

concentrates around its mean. This, combined with the following proposition on the large
deviations properties of C,,, will prove Theorem 2.2.

Proposition 4.1 Assume o > 2 — 2/k. Then,
P (Cn > (1 +amP) = O (P W > ¢ (). (25)

The rest of this section will be devoted to proving Proposition 4.1.
‘We now analyze the number of k-cliques conditionally on the n weights. Let C,, be expected
number of k-cliques, given weights {W;};—1, . ,. We aim to get upper and lower bounds for

P (C > (1 + a)mf,k)). We will see that the most likely way to generate additional a - mflk)

cliques is to have a certain number of hubs in the graph. The conditional number of cliques
is given by

.....

Cn= (Z)/ / Ju(x1, oy xi) dFy(xp) - -+ dFy(xp), (26)
0 0

where F,, is the empirical weight distribution

1 n
Fa(x) = - Z Lew; <x)- 27)
i
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We make use of a convenient upper bound for the complementary empirical distribution
function F,. Define a(n) = F~'(1/n)n=% and b(n) = F~'(1/n)n®. In particular, a(n) and
b(n) are regularly varying of index 1/a — § and 1/a 4 8. Assume § € (0, 1/a — 1),c >
0,A > 0Oandlet E,(A, c, §) be the event

F, _ _ _
—n(X) <1+A, sup FKx)<(+AF(@h), sup F, <1+ A)c/n;.
x<a(m) F(x xela(n),b(n)] x>b(n)

By Proposition 2.2 in [36], P (E,(A, ¢, 8)) > 1 — o(n=P) for any fixed A > 0, as soon as
[c] > B/aé. In particular, on the event E, (A, ¢, §), the empirical distribution function can
be bounded by

Ff(x) = 1+ A) [F)Lxcam) + F@m)Lam=x<bmy) + ¢/nLx=bmy)] - (28)

4.1 Contribution from Big Hubs

Assume the IRG contains 4 hubs. A hub is a vertex i with weight W; > b(n), which is
regularly varying of index «p € (1/2,1). We want to compute the contribution of these
h hubs to the total number of cliques in the graph. Formally, let B = {b(n), ..., by(n)} be
regularly varying of indices ay, , ..., ap,, € (1/2, 1). Assume that the IRG contains / hubs with

weights 5. Then, the expected number of cliques generated on these hubs is (Z:Z) Sgl)(n),
with

Sﬁ”(n):/l /1 Fa®1(n), ooy bR, X1, oy X0) AF (i) -+ dF (). (29)

‘We now compute S gl ) (n) in three different cases for A.

Lemma4.2 (Lessthan k — 2 hubs) Let 1 <h <k — 3 and B = {b;(n)}i=1,.._n- Then

.....

Sgl)(n) — O(n_“(k_h)/z).
Proof We have

o0 o0
Sg” =/1 fl FoB1 (), ooy B (n), X1, o X1) AF (1) -+ dF ()
o0 o0 . .
[T [T (1) arcu - aFe, (30)
1 1 L un
htl<i<j<k

Furthermore, the right-hand side in the bound of (30) is the probability that a clique of

size k — h is formed on k — h uniformly chosen vertices. By Lemma 2.1, this quantity is
@(n—ot(k—h)/Z)' o

Lemma4.3 (k — 1 hubs) Let B = {b;(n)}i=1,.. k—1. Then

,,,,,

s o (mab<>>

n

Proof Let b = max; b; (). Then

Sgc—n:/l Sa(br(n), ..., b1 (n), x) dF (x)
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oo k-1 . 00 =\ k—1
:/ I1 <1/\Xb’(”)) dF (x) 5/ (Mﬁ) dF(x). (1)
1o un 1 pn

To compute the last integral, we split the integration domain

il l; k=1 un/b oo
sE= < (—) / k=1 dF(x)—i—/ _dF(x)
1 I

un n/b
- k-1 Tvk—a—1 _ _ _
- <i> Wn/O " =G L o)) + Fungb)
un k—a—1
l; o
P (2) _ (32)

[m}

k—2 are ordered increasingly and

.....

consider Sg_z). When b(n) = b1(n) = ... = bp_>(n), we have
_ Ky (bn)\*@ D
S5 m = (%) (1+0(1)) (33)

forsome K1 > 0. In particular, when b(n) is regularly varying of index o, Sg_z) is regularly
varying of index 2(e — 1)(ap — 1) — 1.
Moreover, if by (n) <K bx—2(n), then

2a—1)
SED ) =o (i (L‘;(")) ) (34)

Before proving the statement, to illustrate the mechanism behind Lemma 4.4, consider
the case k = 3. Then k — 2 = 1, so the relevant rare structure consists of a single hub of
weight b = b(n), with «/n < b < n. The expected number of triangles using this hub, up
to the combinatorial factor, is

Sy (n) = /oo /oo (ﬂ A 1) (ﬁ A 1) (ﬁ A 1) dF(0)dF ().
1 1 un un un

The contribution of the region xy > un is at most P(XY > un) = O(n~%logn), which is
negligible on the scale considered below. On the complementary region xy < un, the first
factor equals xy/(un), and the integral is asymptotically separable:

o0 2
S,El)(n) — M |:/ X (ﬁ A 1) dF(x):| .
un 1 un

Splitting the one-dimensional integral at x = un/b, and using dF (x) = ax™*~'(1 +
o(1))dx, gives

00 xb b un/b 00
f x <— A 1) dF(x) = — / x2dF(x) + / xdF(x)
1 un mn Ji un/b

b a—1
:K(f) (1 +o0(1)),
n
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for a constant K > 0. Hence

K2+ o(1) (b\*@D
V() = ———= <7) :
un n

This is exactly the k = 3 instance of Lemma 4.4. The calculation also shows the geometry of
the rare event: the hub alone is not enough to create triangles. It needs two additional vertices
whose weights are large enough to connect to the hub, while the edge between those two
vertices still contributes the factor xy/(un). The dominant contribution balances these two
effects at the scale x, y & n/b.

Proof of Lemma 4.4 1In this setting

S ) = fo /O Fa(br(n), ..., by_a(n), x, y) dF (x) dF(y). (35)

Using the definition of f; gives

S§ ) = / / < ) (x}’ i )(yb"(")A1> dF(x) dF (). (36)
i\ pn un

In the region xy > un, the integrand is upper bounded by 1, so that the contribution of
that region to S gf -2 (n) can be upper bounded by P (xy > un), which is ® (n~% log(n)). In
particular, from the Lemma assumption, b; (n) is slowly varying with index in (1/2, 1) for
any i, therefore n~% log(n) is negligible compared to the right hand sides of Equations (33),
(34). Indeed, when b (n) = ... = bx_»(n) = b(n),

2(a—1)
1 (b(n)) o V220D 2y (et @Dy (0 fog(n)),
n n

for some § > 0, and similarly

1 <bk_z(n>

2a—1)
) = w(n~*log(n)).
n n

Next, assume that xy < un. First, observe that the integral in this region is asymptotically
lower bounded by the integral restricted to x < /un,y < ,/un, and it is upper bounded
asymptotically by the integral where the constraint xy < un is dropped. These two quantities
are asymptotically identical. Therefore, we only need to solve the equivalent separable and
symmetric integral:

1 [ > “2 /xbin) ?
SED () = s [/ x H( W A 1) dF(x)] (1 + o(1)). 37)
L

For each i, the minimum in the product is achieved at 1 when x > % Hence,
we can solve the integral by splitting the integration domain into sub-intervals I, :=
[,un/bgH(n), /m/bg(n)] with¢ = 0, ..., k—2 (and conventionally Iy _» = [0, un/by_>(n)],
Io = [un/bi (n), 00)). Then,

(k—2) 1 o0 k= 2 1bj(n) 2
Sy = — dF(x) + 17 / Hlar 1+4o(1
5= ( /M oy~ 4F Z T @) A+o(1)
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1 [ a (bim)\*!
= (1+0(1))*( ( ) + (38)
un\oa —1 un
k-2 ¢ 2
o ITj=16jm) —(t+1-a) —(e+1-a)
L—a+1 (un)*~! <be & ~benm) ) >

~
Il

1
(39)

When by (n) = by(n) = ... = by_»(n) most of the terms cancel out and

2
_ 1 k—2 b; ol
Sp =0 ((a—(:)((k—o)t— D < u(:)> ) e “

which proves (33).
Next, assume that by (n) < br_3(n). On the right-hand side of (38) the term

(bl(n)>"_l _, (bkzm))“‘1
un - n

and for each term in the sum when £ > 1 (using the bound b (n) < b3(n) < ... < by_a(n))

ni’:l bjm) —(C+1-a) —(+1-a) by (m)by—2(n)"~! —(t+1-a)
W (be(n) —bey1(n) ) = ka—z(n)
_ b (bk_z(m)““
br—2(n) pun
a—1
=0 (@) (41)
Hence (34) follows. ]

4.2 LD for Conditional Expected Cliques

Denote by L, (z) the number of vertices with a weight larger than z. We now show that
whenever the vertex weights are all smaller than ec,(n), Ky < (1 + a)mﬁ,k) with high
probability.

Proposition 4.5 (No hubs) Assume that @« > 2 —2/k and let c,(n) be defined as in (4). Then,
there exists € > 0 such that

P(Cu > (1+@mP; Lu(eca () = 0) = o(n ™) (42)
for arbitrary B.
Proof We begin by decomposing
P(Co> (1 +amP; Ly(eca(m) =0)
<P (cn > (14+a)ym®; Ly(eca(n)) =0; En(A,S$, c)) +P(En(A,8,0)). (43)
Since P(E, (A, 8, ¢)¢) = o(n~P) whenever [¢] > B/(«8), it suffices to prove that

P (C,, > (1 +aym®; Ly(eca(n)) =0; En(A, 8, c)) =0 (44)
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for sufficiently small A, & > 0.
On the event
{Ln(gca(n)) = 0} NnE, (A» 8, C)a

the empirical tail satisfies B _
Fu(x) < F;,k(x) ]l{x<£ca(n)}a

where F* is defined in (28). Since f; is coordinate-wise non-decreasing, the conditional
number of k-cliques is bounded by

CnS(Z)/1 f] FaGxts o x0) dFF () - dF (x).

For each coordinate x;, split the domain into:

small (s) : x; < a(n), medium (m) : a(n) < x; < b(n), large (1) : b(n) < x; < ecq(n).

Bounding medium coordinates by b(n) and large coordinates by ec,(n), we obtain

Cy n\ - m €\
a2 (i) Faor ()

s,m,[>0
s+m+l=k
00 00
x/ f Saxi, oo x5, b(), . D), eca(n), ..., eca(M)dF (x1) - - -dF (x5).  (45)
0 0 —
s small m medium [ large

We now estimate each contribution according to s.

Case s = k (all small). This term is at most .

Case 2 < s < k. Since F(a(n)) = O(n~"), we have
F(a(m)"(c/m) = OF (a(m)"*.

The integral is bounded by S;Sk =) (n), so by Lemma 4.2,

<Z>F(a(n))m+15g_3)(n) _ O(rlknf(m+l)(176a)n7sa/2) _ O(ns(Zfot)/2+8a(m+l)) .

Since s < k and § can be chosen arbitrarily small, these terms are o(mi,k)).
Case s = 1. Again F(a(n))"(c/n)' = O(F(a(n))™*!). Lemma 4.3 yields

<Z>ﬁ(a(n))k71S(Bk_l)(n) _ 0(nknf(kfl)(lfﬁot)nfa(lfa*)) _ 0<nm§(kfl)+lfa(lfa*)> .

Since a6 (k — 1) can be made arbitrarily small and

< k(o —2)

1 —a(l—a") 5

forall k > 3 and o € (2 — 2/k, 2), these terms are also o(ms,k)).
Cases = 2.If m > 0, Lemma 4.4 with by (n) = b(n) and by_1(n) = ec,(n) gives

2(a—1)
(Z) Flam)™(c/n)'Sg ™2 (n) = 0<n (C“T(”)> ) =o(m®),
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using Lemma 2.3. If [ = k — 2, Lemma 4.4 with all large coordinates equal to ec,(n) yields
n — — _
<k> (e/m)'Sg P (n) = F22@ Dam® (1 + 0(1)).
Summing all contributions in (45), we obtain, on E, (A, §, ¢) N {L,(ec,(n)) = 0}, that
Cp < (14 AF1 4 F22@Dgm®),

For sufficiently small A, ¢ > 0, the right-hand side is strictly less than (1 + a)m,(,k), which
contradicts the event in (44). Thus, the probability in (44) is zero, completing the proof. O

Next, we investigate the probability of exceeding (1 + a)m,(lk) k-cliques when fewer than
k — 2 large hubs of size at least ¢, (n) are present.

Proposition 4.6 (Fewer than k — 2 hubs) Assume that « > 2 — 2/k and let c,(n) be defined
as in (4). Then, for any 1 <i < k — 2, there exists ¢ > 0 such that

P(Cu> (1 +amP: Lytecum) =1) = OGP (W > cq) 2. (46)
Proof Since L, (gc,(n)) is binomial with parameters n and p, = P (W > ec,(n)) and

pn = o(1/n), we have, for each fixedi € N,
P(L,(eca(n)) =1i) =14+ o0))(nP (W > sc(,(n)))i.
Hence it suffices to prove that, for every fixed i with 1 <i <k — 2,
P (c,, > (14 aym® | Ly(eca(n)) = i) — O((MP (W > cam)72). (@47

Condition on the event {L, (ec,(n)) = i}. For any k-clique that contains a certain number
Jj €{0, ..., i} of these hubs, the remaining k — j vertices must form a (k — j)-clique among

the non-hub vertices. Let C,(,kfj ) denote the total number of (k — j)-cliques in the graph.
Then, on {L,(¢c,(n)) = i}, the total number of k-cliques satisfies

i
Cos Y G
j=0
Fixa :=a/G+1).IfC, > (1 + a)m,(,k), then at least one of the i + 1 terms in the above
. ~ (k) .

sum must exceed its mean by at least am,, *. More precisely,

P (cn > (14 aym® | Ly(ecq(n)) = i) (48)

<P (Cn > (1 +a)ym® | Ly(eca(n)) = 0)

i
+Y P (c,ﬁ"‘” > am,(,”) .
j=1

By Proposition 4.5, we can choose ¢ > 0 such that
P (cn > (1+@)m® | Ly(eca(n)) = 0)

decays faster than any fixed polynomial in 2. In particular, this termis O ((nP (W > ¢, (m))k—i=2),
since nP (W > ¢,(n)) — 0 at a polynomial rate under our assumptions.
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We now control the remaining terms in (48) by induction on the clique size. From [36],
the statement of Proposition 2.2 is known for k = 3 (triangles), which serves as the base
case. Fix k > 4 and assume that Proposition 2.2 holds for all clique sizes 3, ..., k — 1. Then,
forany j € {l,...,k—2}andanya > O,

(> a+ami) = 0P (W = Do )i, (49)
where m* 7 is the expected number of (k — j)-cliques, and cék_j )(n) is the threshold
(as in (4)) corresponding to having an expected excess of z}m,(,k_j ) (k — j)-cliques. Fix
jef{l,...,i}. We choose a = a(j, n) such that

A +amy" =am®. (50)
By Lemma 2.1, we have m'* 7 = o(m{"), so (50) implies
am,’ am,” a2
d=————1=0+01)—— = On/ "%,
m;kﬂ) m,ﬁkﬁ)

Applying Lemma 2.3 to (k — j)-cliques, we obtain

(k=) 1 1= 2=k=)C=e) 1= 2okC—)
C[z D) = O a2e-hp 4(a—1) =0|n 4@-D) = ®(Ca (n))

Hence P (W > cék_j)(n)) is of the same order as P (W > ¢,(n)), and by (49),
P(ch > amP) =P (c > (1 +amf ")
= 0P (W > ¢ )2
= O((P (W > ¢ca(m))772).
Since j < i and nP (W > c,(n)) — 0, we have
(P (W > cam) 7% < P (W > ca(m) ™72,
so,foreach j =1,...,1,
P (c,i"*f) > amﬁ,")> = 0P (W > ca(m)))Fi2).
Summing over j = 1, ..., i and combining with (48), we obtain
P(Co> (1 +amP | Ly(ecam) = i) = O(P W > ¢ 72,
which is exactly (47). This completes the induction and the proof of the proposition. O

Proof of Proposition 4.1 We decompose
n
P(Co>(+amP)="P(C> A +amP: Lyecim) =i).,
i=0

and estimate each term separately.
Case i = 0. By Proposition 4.5,

P (C,, > (1 +a)m®; Ly(eca(n) = 0)
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decays faster than any fixed polynomial in 7.
Case 1 <i < k — 2. Proposition 4.6 gives

]P’(Cn > (1 +am®; Ly(eca(n)) = i) — 0((nIP(W > ca(n)))k_z).
Case i = k — 2. We use the trivial bounds
P (cn > (A +aym®; Ly(ca(n) =k — 2)
=P(Co> A+ amP; Lytecam) =k - 2) 1)
<P (Ln(eca(n)) =k —2).

For the lower bound in (51), Lemma 4.4 applied with b(n) = c,(n) shows that the event
{L,(cq(n)) = k — 2} already produces at least (1 + a)m,(lk) cliques with probability asymp-
totically of order

(P (W > c,(n))* 2.

Thus, the left-hand side of (51) is asymptotically bounded from below by a constant mul-
tiple of(nP (W > ¢, (n)))*=2. For the upper bound, note that L, (ec,(n)) is binomial with
parameters n and

pn = P(W > ec,(n)).

P (W > c,(n)) is regularly varying and
P(W > ecy(n)) = (1 +o(1)P(W > c4(n)),
because ¢ > 0 is fixed. Therefore,
P (Ly(eca(m) =k —2) = O(@P (W > cu(m)) ).
Combining the upper and lower bounds in (51), we conclude that
P (c,, > 1 +aym®; Ly(ecan)) =k — 2) - @((nIP’(W > ca(n)))k_z) .
Case i > k — 2. Since L, (¢c,(n)) is binomial with mean nP(W > gc,(n)) = o(1),
P (Ly(eca(m) = k—3) = O((P (W > c(m)* ).
Thus,
P((Co > A+ amP: Lyecam) > k= 2)) = 0P W > cq(m))} 7).

Summing all contributions, the dominant term arises from i = k — 2, and the proposition
follows. O

5 LD for Number of Cliques (Proof of Theorem 2.2)

We now show that the probability that the number of cliques deviates from its expectation
conditionally on the vertex weights decays exponentially fast. This relies on the fact that any
k clique contains k — 2 triangles sharing an edge. To do so, we first show that the probability
that a single edge between two vertices with product of their weights W; W; < un, appears
in many k-cliques is small:
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Lemma 5.1 Suppose that 1 < a < 2. Then, when L > nC=0%=2/2%¢ o some & > 0,
P ({i, J} appears in > L k-cliques | W;W; < pm) < exp(—clLl/(k_z)), (52)
for some c1 > 0.

Proof First of all, when an edge {i, j} appears in L k-cliques, it has to appear in at least
LY*=2) triangles. Indeed, any clique containing the edge {i, j} contains k — 2 triangles
containing {i, j}. Therefore,

P ({i, j} appearsin > L k — cliques | W;W; < un)
<P ({i, j} appears in > LY/*=2) triangles | W;W; < ;m)
< exp(—c L'E72), (53)

where the last step follows from [36, Lemma 4.4], which only holds for L > n?=0*=2)/2+¢

m}

Lemma 5.1 only bounds the number of shared edges in cliques for edges with incident
vertices of relatively low degree. To bound the probability that the number of k-cliques
is large, we also need to deal with overlapping cliques containing high-degree vertices.
To do so, we define the event E,, = {W; = wi,...., W, = w,} and we set g, =
Zil wip<e<iy fan(wy, wa, ..., wy) to be the expected number of k-cliques conditional on the

weights. Let K ,’f (w) be the random variable describing the number of k-cliques conditionally
on E,,. Finally,we set for ¢ > 0,

J) = A +5)log(C +1/(1+8))/3. (54)
We now show that the probability that K ,’1‘ (w) is larger than g, is small:

Lemma 5.2 There exists an ¢ > O such that, for ¢ > 0, and all w = (wyq, ..., wy):

Q2—a)(k=2)/2+5 3

P (K,’;(w) >+ {)g,,) < @/ fe. (55)

Proof of Lemma 5.2 By Lemma 5.1, when w;w; < un, and choosing L = n@-)k=2)/2+48
IP’({i, j}in > nCGOk=2)/2+5 k-cnques) < exp(— K n@0/2H/k=2)  (56)

forsome K| > 0. This indicates that with probability atleast 1 —n? exp(— K n>~®)/2+8/(k=2))
> 1 — exp(—n®), all edges between vertices of weights w;w; < un appear in at most
p@-k=2) k-cliques for some ¢ > 0. We now work on this event, which we call £’.

Weset X, i, =X l/.l """ i as the indicator that a k-clique is present on vertices i, . . ., k.
Furthermore, we set X;, i (i1, i) = Xip,nie When [{in, oo g, jro o0 il = 2k — 2.
This corresponds to the setting in which two cliques overlap at a vertex or do not overlap
at all. When [{i1, ..., ik, j1, ..., ji}| < 2k — 2, we set Xii Gl i) = Xil-,»--yik when
the overlap of iy, ..., i, and ji, ..., jr occurs only at edges with w,w, > un, and we set
Xit,oigGu,or i) = Ootherwise. Then, >, Xiy _iy(jr,...jpy and X j, __j, are independent.
Indeed, when two k-cliques do not overlap, or only overlap at a single vertex, their presence
is independent, conditionally on the weights, as the edge indicators are independent condi-
tionally on the weights. When the edge overlap(s) occur only at edges that are present with
probability one, the presence of the two k-cliques is also independent conditionally on the

weights. In all other cases, X;,,..iy(ji,..., iy = 0, which is also independent of X, . ;.

.....

..........
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We now bound the number of possible X;,, . (..., j) that are manually put to zero.

There are (]l‘) possible sets of / vertices of the k-cliques that can be part of an /-overlap
with ji, ..., jk. As there is at least one edge with w,w, < un when X;, i (..., j) thatis
manually put to zero, there can be at most n3~7/2+3/=2) cliques that overlap with the /-set
of vertices.

Summing over [, on the event &',

KK w) = > Xii

k k k o) (k—
Z XiyroivGrondi) T (<2> + <3> 4+ .+ <k>)n(2 Y(k=2)/2+8 (57)

15l

IA

Then, by [23, Lemma Theorem 3.1] with a = ((g) + (k) + -+ (i))n(z’“)("’z)ﬂ”,
t =1+ ¢)gn and X = g, finishes the proof. O
Proof of Theorem 2.2 We begin with an asymptotic upper bound. Using Lemma 5.2, for¢ > 0

P(KP > (+aomP) <P(KP = 1+ 0C) +P(Cu/(1+0) = kP = (1 +aymP)
<e " 4P (c,, >+ + a)m},“)

< H@P W > ca(m) 2, (58)

for some constant H, where the last line follows from Proposition 4.1.

To obtain an asymptotic lower bound, we condition on the event that k — 2 vertices have
sufficiently large weights. In particular, let ICf,k)(& a) be the number of k-cliques in IRG,
such that:

e cither all nodes have weights at most n 1248
e or, two nodes have weights at most nl/2+8

Then,

and the rest have weights at least c, (n).

P(KP = (1 +a)mP) = 0P (W > cam)) P (KL G, a0) = A+ a)mP). (59
( n n n n

From here, it is sufficient to show that Kﬁk) 8, a) /mi,k) converges in probability to (1 + a).
To this end, we employ a second-moment method. First, observe that

p1/2+8 p1/2+8

E[kP6.0)] = ("_(’;_2))/ / FaEts o) AF () - dF (1)
0 0
(60)
1 pl/248 L 1/248
+ E(n — (k- 2))2/0 /0 Sa(x1, x2, ca(n), ..., cq(n)) dF (x1) dF (x2)
(61)

From the proof of Lemma 2.1, the right-hand side term in (60) asymptotically equals mflk).
Instead, from Lemma 4.4, it follows by taking b(n) = c¢,(n) that the term in (61) is asymp-

totically equal to am®. Summing up, E [/c,ﬁ") @, a)] = (1 + o)1 +aym®. Second, we

investigate the concentration properties of IC,(lk) (8, a). We can write

p1/2+8
K® (5, a) = (" - (’; —2)> /
0

p1/2+8

fo Fut oo x) dFa () -+ dFn(xe) (62)
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nl/24+8 L p1/248
+(n—(k— 2))2/ / Ja(x1, X2, ca(n), ..., ca(n)) dFy(x1) dF, (x2)
0 0
(63)
where we recall that F, denotes the empirical distribution function of weights. The distribu-

tion function F, concentrates around F, that is, for any ¢ and § there exists € such that (cfr.
Proposition 2.2 in [36])

Fale) _ 1‘ > g) <o (64)

P{ sup =
r<nli2+s | F(x)

On this event, KX (5, a) < (1 + O)'E [/c,(f)((s, a)] = (1 + o(1)1 + O + a)mP,

otherwise, we trivially bound ICflk) 8,a) < n¥. Thus,

E[KP6 an?] = A+o@ -+ d+amP)?+n*e™ = 01+ 1 +aymP)?

(65)
Then, by Chebyshev’s inequality, for any §
(k) 2k
Kn' (6, o(l —1
limsup P % —1|>6§] < % (66)
o \|E[KP 6.0 5
and the proof is concluded by taking the limit § — O. O

6 Proofs for General Subgraph Occurrence (Theorem 2.4)

We now investigate the impact of non-typical large hubs on subgraph counts in IRG. The
appearance of a hub of size n? with 8 > 1/« is a rare event. Indeed, the probability of a
vertex weight to be of the order n? is proportional to n%#, hence the expected number of
vertices with such weights is Om!~Py « 1.

By (7), P (N(H) < nB(H)‘“S) — 1, for any § > 0. Thus, N(H) concentrates around
nBUH) _Still, N(H) can be large when extra-large hubs appear in IRG. To formalize this, we
investigate the extra contribution to the expected value [E [N (H)] provided by extra-large
hubs. Formally, let 8 = (81, ..., Bx) € [0, 11* be a sequence where some entries might have
value larger than 1/«, corresponding to extra-large hubs.

Proof of Theorem 2.4 Lower bound. Recall that

R(H) := max Y min (1 — af;, 0) (67)
ielk]
st. Y max(l—af,00+ Y min(fi+p —1,0)>y. (68
ieVy {i,j}€En

Let B* be the vector that optimizes R(H). We now consider the number of copies of H on
vertices with degrees proportional to %, and will show that they cause n¥ copies of H with
high probability. To be more precise, for fixed 0 < ¢ < 1, we define

MPB (&) := {(v1, .. ) s wy, € [1, 1/, Vi € [k]}, (69)
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for any given 8 = (81, ..., Bx). Let N(H, M® (¢)) be the conditional expectation of the
number of subgraphs H appearing on vertex k-tuples in M #) (&), conditionally on the weights.
Then,

NH MPeEn= > ] min(w”"nw”’,1). (70)

veM®B (¢) (i,j)€EN
For B*, this yields
N(H, ME (@) = [ ME) )| T] a™C+-10, (71)
(i, ))EEH

The number of vertices of weight within [1, 1 /s]nﬁ is a Binomial random variable with
mean nnf® 1- 8("‘)). When 8 < 1/a, then this mean is constant or tends to infinity when n
grows, so that the number of vertices of weight within [1, 1/g]n? is ®p(n1_ﬂ°‘).

Let 7T = {i € [k] : B} > 1/a}. We then define the event

%
i

E={Fvr.....v7 €lnl:wy, =enf Vi e[|T]]), (72)

which implies that there is as least one set of | 7| vertices with extra large degrees. Condi-
tionally on &,

ME @1z [T opm' )
ipF<l/a

-0, (,,Ziem maX(l—aﬂ?‘ﬂ)), (73)
Combining this with (71) yields that on &£, with high probability, for some ¢; > 0

N(H, M) (&) > coniewr MO O R ey GO > oy (74)

where the last inequality follows from the constraint in the optimization problem for R(H)
in (68).
We now compute the probability of the event £. When 8 > 1/«,

P (Ly(e)nf = k) = co(n' TPk, (75)
for some ¢, > 0. Thus, for some ¢ > 0,

P@E) =é [ n'Fe=enZianmind=Fe0) - R, (76)
ipf>1/a

Therefore

log(P (N(H, MB) () > nV))

log(® (C™(H) > n?)) - lim

n—00 log(n) n—00 log(n)

> tim 22O _ gy )
n—oo log(n)

Upper bound. We cover the interval [1, n] with intervals of the type I (n%) = [, 1/e]n®
with ¢ € [0, 1]. This is the same as covering [0, log(n)] with intervals of the type [¢ log(n) +
log(e), ¢ log(n) — log(e)], which have length —2log(¢). Thus, to cover the interval [1, n],
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we need —2 log(n)/ log(e) such logarithmic intervals. Therefore, [0, 11¥ can be covered with
a covering C of size (—2log(n)/ log(e))k = (H)(log(n)k). Then,

P(CO(H) > ) =P Y NH, MP(e)) > n¥
BeC

<P (EI,B eC:NH, MP(e)) > nV/log(n)k)
<3P (N(H, MP(e)) > ny/log(n)k> , (78)
BeC

where the last step follows from the union bound. For 8 < 1/«, the number of vertices with
weight within [g, 1/¢]n? is a Binomial random variable with diverging mean. Therefore,
there exist Cg, ¢, > 0 such that

P> Lyegetjems = Con' P | < exp(—n®), (79)
i€[n]
VB € C. Let
E2={D Lyepe1jems < Cen'P* VB ecC}. (80)
i€[n]
Then,

i) (C(”)(H) > nV)

= Y P(IMPe)] > en? Honcen M AL log ()t | &) + P ()
BeC

< P| [ 1M (e)] > an? Tiwirery MnEHLOL (07 s 1oq )k

peC i:fi>1/a

+ exp(—n°).
Now, when y — Z{i’j}eEH min(g; + B; — 1,0) — >°;(1 — aB;) > O, then this cal-
culates the probability of a polynomially growing number of vertices of degree more
than n'/%, which happens with exponentially small probability. On the other hand, when
Y = i jjery Min(Bi + B —1,0) = 3_;(1 — aB;) < 0, then only a constant |[M P ()| is
required, which can be upper bounded by the probability of M) (¢) being non-empty.

Aslong as y — Z{i,j}eEH min(B; + B; — 1,0) — 3>, (1 —ap;) =0,

]P’(M(ﬂ)(a) # Q)) < 1_[ (nl—ﬂ,-a) < I’LR(H), (81)

iifi>1/a

where the last inequality follows from (68). Now the requirement that N(H, M B (g)) >
n? / log(n)¥ rather than n? allows for vertices of weight n? / log(n) rather than n®, which
adjusts the final probability to n®) log(n)*®. Combining this with (78) yields

P (C(")(H) > ny) < Cn~RUD 1og(n)2ke, (82)

finishing the proof. O
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