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S1. REDUNDANCY AND REGRET

Here we show that, given the null and alternative models Mgy = {Py(x;0)}gco, and M; = {P;(x;0)}eceo,, the
regret (defined in Eq. 15 of the main text) of the GRO e-variable

Py(x)

GRO (5 —
ST = B

(S1)

for a given distribution P;, is bounded by the redundancy (defined in Eq. 17 of the main text) of P;. Indeed, for any
INECCSI (Def. 1 in the main text) subset ®' of ©:
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S2. MICROCANONICAL TEST

In this section, the subscript “mic” is omitted for the sake of clarity, as all the models considered are microcanonical
models.

A. Exact solution of the optimization problem

We consider a test between a microcanonical alternative M; and a microcanonical null My. Given a universal
microcanonical distribution P; on the alternative, the GRO-optimal microcanonical e-variable

P
SORO = (S3)

is found by solving the optimization problem
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Wy = arg Wrélw Dxr(Py||PYY) (S4)
€0

N : 5 Py (x)
= arg W%wco XEZX P (x)log B ()

= arg WHEI?/\}ZO é Py (x)log PYY (x).
For a microcanonical model with sufficient statistics c¢;, the Bayesian marginal likelihood reads [I]
PYi(x) = Y Pix;e)Wile:) = Pix;ci(x)Wilei(x) = oo (S5)

c;eC;

where the latter equality is due to the definition of the microcanonical model, which assigns a positive probability
only if ¢;(x) = ¢;. By putting this result in (S4)), one gets

Wi = arg e Z P (x)[log Wo(co(x)) — log Qo(co(x))] (S6)
0 xex

= arg Jyuax ;{ Py (x)log Wo(co(x)).

The latter expression can be written as a sum over the values of cg:

Wy = arg nax Z Py(x) | log W (co)- (S7)
€Weo co€Co | x:c(x)=co

According to Gibbs inequality, the distribution maximizing the quantity above is
Wilco)= Y. P (S8)
x:co(x)=co
i;e(:., the marginal distribution of the null sufficient statistic co(x) induced by P;, hereby denoted, for simplicity, by
0
PIII; the special case where the alternative sufficient statistics completely determine the value of the null one, we can

write:

Condition A: (S9)
there exists a function f : C; — Cp s.t.co(x) = f(c1(x)),

and thus

Wilco)= Y. Pi(x) (510)

Wil(c
= Z Ql(Cl) 1( 1)
c1: f(e1)=co
= Wl(cl).
Cltf
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01):Co

In other words, the GRO-optimal prior on the null is the distribution induced on the null sufficient statistics by the
alternative prior, or, equivalently, the marginal distribution of ¢ induced by Wi, hereby denoted by Wy°.

Once that W{ is computed, given that all universal microcanonical distributions considered here are, in fact,
Bayesian marginal likelihoods, the microcanonical GRO-optimal e-variable can be expressed as
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B. The average under the null of the GRO e-variable is always unitary
Here, we show that Eo[ SSRC] =1 VP, € M.
We start by picking a generic distribution inside the null model:
1
——— ifcy(x)=c
Py(x;¢) = { Q0(Co) olx) =& (512)
0 else.
Then, we compute the average under Py(x;¢p) of SERO:
pl _ pl (X)
]EO[SGRO] =Eo | == = Z Po(x5Co) (S13)
By° xEX By (%)
1 P1 (X)
= - —_— S14
QO (Co ) Z,— PWo (X) ( )
x:co(x)=¢cp * 0

In what follows, we use the explicit expression of the Bayesian marginal likelihood , i.e., ng °(x) = %, and

that of the GRO optimal prior

croj_ 1 Q0o (co(x)) P (x)
EO[S " }* 0(60) Z (815)
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S3. MICROCANONICAL APPROXIMATION
A. Every microcanonical e-variable is a canonical e-variable

Given a sufficient statistics c(x), the microcanonical probability distribution can be expressed as a conditional
canonical one:

PmiC(X; C) = Pcan(x; 0 | C)- (816)

where the probability of x is conditioned on a certain value of ¢(x). According to the law of total expectation, for
every random variable S(x) defined on X"

Ecan[S] = Ecan, [Ecan[ 5 | €]] = Ecan [Emic[ S]] - (517)
It follows that if Ey,;. is a microcanonical e-variable, it is also a canonical one:
Emic[ Bmic] £ 1 VPhic € Mmic = Ecan[Emic] <1 VPean € Mean (S18)
Moreover, as proven in the last section, it holds:
Enic[Smic ] = 1. (S19)
Thus, from , it follows that
Eean[ SCRO] = 1. (520)



B. A canonical universal distribution can always be expressed as microcanonical Bayesian marginal
likelihood

In what follows, we show that:

1. Given a canonical universal distribution P, relative to a sufficient statistic ¢, we can always define a prior
distribution Wean(c) on the sufficient statistic such that

pcan = ng“~ (821)
2. The opposite is not true: for some P | there is no choice of prior density w(@) such that P = P¥ .

Proof 1

By construction, a canonical universal distribution P.,,(x) relative to the sufficient statistics ¢ always assigns the
same probability mass to configurations sharing the same value of the sufficient statistic, just as the corresponding
Pean(x;0) does. Consequently, the following holds:

Pean (X | C) = Pmic(x; C)7 (822)

i.e., when conditioned on the sufficient statistic, the universal canonical distribution reduces to a uniform distribution
over the number of configurations corresponding to the observed value, which is the microcanonical distribution.
Moreover, we can always write

pcan(x) = Pean(x | C(X))pc (c(x)) = PmiC(X§C(X))PcCan(C(x)) (S23)

can

where PS _(c) is the distribution of ¢ induced by P..,. The proof follows by comparing the expression above with the

general expression of the microcanonical Bayesian marginal likelihood and by setting Wean(c) = PS, ().

Proof 2

The canonical Bayesian marginal likelihood P

PY (x) = /@ Pran(x; 0)w(6)d0 (S24)

is the weighted sum of positive functions; indeed, P.ay,(x;0) is an exponential function that assigns positive probability

to all x € X. As such, for all proper choices of the prior density w(@), PY,, is strictly positive everywhere:

DW
PCG.TL

() >0 VzeX. (S25)

Consider a microcanonical prior W (c) such that W(c*) = 0 for a certain value c* of the sufficient statistics. Conse-
quently,
PY (") =0 Vaz:c(x)=c" (526)

Thus, there is no choice of canonical prior w(0) s.t. PV = P¥

mic can*

S4. PROOF OF THEOREM 1

In the proof, we freely use well-known properties of exponential families as described by, e.g., [2]. Set B := M. Fix
a constant a and consider the sets, for m =1,2,...:

alogm

_ . alogm
b= {uens jur - w Ig= “E
n'¢B

B = : inf —u |2 <
m {u Jnf = w2 <
B! is a superset of B, including a small region (whose volume tends to 0 with sample size) just outside B’s boundary;

similarly B, excludes a small region just inside B’s boundary. To shorten notation we write fi := s(y(m)) /m and



Pv .= P2M™ and, for any measurable subset B’ C M, Q“(B’) := Q"“(p € B'), and Py, := Pean(+;0(p)) where 0(p)
is the mapping from mean-value parameters to corresponding canonical parameters, i.e. the inverse of the (1-to-1)
mapping ©(0) defined in the main text. We have:

Ppen) = [ RapeBude> [ Pulie Bulnds
e

HEB,
> Q"(By,) inf Pu(aeB)>Q (B,) inf (1-Pu(i¢ B))
HEB, HEB,
1
> Q"(B,) ~ swp Pu(i g B)Q"(B)+0 ( Ofnm> ~ sup Pu(p ¢ B), (s27)
neB;, neB;,

and also

PUpen) - |

KEB

Pl € Bu(u)du-+ | i Fulie € Bwtann

I
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neM, ug B m peMm\ B,

We will now further bound the supremum terms in the above two formulas, showing that they are both of order
O(m~%). The result then follows by plugging in a = 1.

a. Supremum in @ To bound the supremum in 7 note first that B is a convex set. We can therefore use
Csiszér’s [3] multivariate generalization of Chernoff’s concentration inequality (see [4] for general discussion) to get
that

sup Pu(/:" S B) < sup e_mDKL(Pu’”Pu) = eiminquM\Bf%vu’EB Dicr (P[P < eiminfueanz,u’eB DKL(P‘L/”P‘L)a
peM\ B, neM\ B, ,u'eB

(S29)

where Dy, (Py/||Py) is the Kullback-Leibler divergence between P, and P,, defined at a single outcome, and in the
final inequality we used the standard fact that the KL divergence between members of an exponential family is strictly
convex in its first argument.

Now since B is an INECCSI subset of M, clearly there exists another INECCSI subset of M, say B, and a finite
myg such that B} C B for all m > mg. Since B is INECCSI, there exist ¢,C with 0 < ¢ < C < oo such that all
eigenvalues of the Fisher information matrix I(p) in the mean-value parameterization are in between ¢ and C for all

p € B. This means that the KL divergence between any u, p’ € B satisfies

1 palogm
ke
2

The result now follows by plugging in the lower bound on the KL divergence implied by the above into and
then setting a = 1 and plugging further into .

b.  Supremum in To bound the supremum in , fix any p € B, and let R,, , be a hyper-rectangle
centered at p that is a subset of B and that has side-length 2¢,,. By construction there is ¢ > 0 such that, for all m,
we can take €, = ¢ - 1/(alogm/m). Noting that we can write g = (p1, ..., pq), with d the dimensionality of both

= {p eM: p; > pj+ e} and Hij-,e ={p eM:

i alogm

1 1 1
< 5w = w3 < Dri(Pul|Pu) < 5CM I — w3 < 5C (S30)

the canonical space ® and the mean-value space M, we set H 5 jie
p; < pj — e}, We have:

sup Pu(ft ¢ B) < sup Pu(ft & Ru) <3 (Pl Hy,yo )+ Pali € Hy )
HEB, HEBm, j=1

Sé(e

Here the second inequality is the union bound and the third is once again Csiszar’s [3] multivariate generalization of
Chernoff’s concentration inequality (in , we bounded P, (ft € B) where B was a convex set, allowing us to use
Csiszér’s result directly; but in (S31)), we need to bound Py (@ & B) = P, (fi € M\ B); since M\ B is not a convex set,
yet convexity is required by Csiszi’s result, we now first need to cover it by 2d convex sets H,, . . . for each of which
we then use Csiszdr’s result). The final inequality follows by using again.

—m inf
weHS

Kdrem Kydrem

Diw(PllP)  —mint, o Diw(P1P))
I T e, TR )zO(m_“). (S31)



S5. PSEUDO APPROXIMATION THROUGH THE HIGH RESOLUTION LIMIT

Below, we provide pseudocode to compute the density wll)scudo,o for a canonical test on 2 x 2 contingency tables,

under the alternative hypothesis with independent beta priors on the mean-value parameters. Notice that for a, =
Ba = ap = Bp = 1, we retrieve the uniform prior of Example B.
The procedure starts from the induced distribution on the sufficient statistics under the alternative, denoted W¢,,,

and Wfan,1 in the main text, which follow a beta-binomial form. To approximate the continuous limit, we increase
the resolution by multiplying the original group sizes by a scaling factor (Steps 1-2). The higher the scaling factor,
the better the approximation — at the cost of greater computational effort.

The two high-resolution distributions are then convolved to obtain an approximation of the GRO-optimal prior
on the null, W (Step 3). Since we want a density over py € [0,1], we define a pseudo-continuous support for pg
accordingly (Step 4). Finally, the convolved distribution is normalized to form a proper density over this support

(Step 5).

Input:
n_a, n_b // group sizes
scaling_factor // resolution multiplier
alpha_a, beta_a // beta-binomial parameters for group a
alpha_b, beta_b // beta-binomial parameters for group b

Step 1: Define high-resolution support
x_high_a = 0 to scaling_factor * n_a
x_high b = 0 to scaling_factor * n_b

Step 2: Compute high-resolution beta-binomial PMFs
For each i in x_high_a:
p_high_a[i] = BetaBinomialPMF(i, scaling_factor * n_a, alpha_a, beta_a)
For each i in x_high_b:
p_high b[i] = BetaBinomialPMF(i, scaling_factor * n_b, alpha_b, beta_b)

Step 3: Convolve the two distributions
conv_high = Convolve(p_high_a, p_high_b)

Step 4: Define pseudo-continuous support over [0, 1]
p_O_fine = [0, 1, ..., len(conv_high)-1] / (scaling_factor * (n_a + n_b))

Step 5: Normalize the convolved distribution
step = p_0O_fine[1] - p_O_fine[0]
conv_high = conv_high / (sum(conv_high) * step)

Output:
conv_high // approximate density over [0, 1]
p_fine // corresponding support



S6. BOUND ON REGRET

Here we provide a bound for the regret of a maximum entropy model.

Let My be a maximum entropy model. We begin by recalling an extension of the classical (d/2) logm asymptotic
redundancy result (see Equation 19 of the main text) that remains valid even when the model M, is misspecified —
i.e., it does not contain the true distribution P*. This generalization appears in [B], and is formalized in [6, Proposition
3].

Let x™ be an i.i.d. sample from a distribution P* that may lie outside M. Suppose that there exists a distribution
Py, € M minimizing the Kullback-Leibler divergence to P*:

Péo = arg Bgéi(go DKL(P*HPBO)'
Then, for any regular prior density wg, we have:
d
RED((P*; Py) :=Ep- [— log Py (x™) + log P, (xm)} = ?O logm + O(1). (S32)

In the well-specified case where P* € My, it holds that P* = Pg , and REDo(P*; P**) coincides with our earlier

definition REDO(éo, P["°) (up to notation), thus recovering the classical result of Eq. 19.
We now apply this general result in the setting where P* = Py, € My, in order to bound the regret REG(61; P/"*)
of the Bayesian marginal P;"* for a regular prior w;. Consider the pseudo-e-variable Spseudo, used as a proxy for

either Sgiféo or S(:Gaf}o. Using the previous result to refine equation Eq. 21 of the main text, we obtain:

P (x)

REG(6:; Spsendo) = Eeg, |log SEROO) _ g —L )
( 1 p d ) 6, |:0g og PO pseudo,O(X)

Pwpseudo,()

= Egl logom,i(x) + REDl(Hl,lel)
Py (%)

Pwpseudo,o (X) w

= ]Egl IOgOP"W + RED1(017P1 1)
6o

— RED, (6y; P”') — REDy(Pp, ; P/ °) + O(1)
a) dy —d
@ % -logm + O(1). (S33)

The first two equalities are direct, and the third follows from [0, Theorem 3 (Parts 3,4)]. Equality (a) holds provided
that wpseudo,0 is regular, in particular, that it has a continuous density.

S7. TESTING WITH THE NML UNIVERSAL DISTRIBUTION

In this section, we propose an alternative to the Bayesian approach, based on the Normalized Mazimum Likelihood
distribution. In a variation of the definition of universality given in the main text, we may search for P; such that

—log P;(x) + log Py, (x) is small, in the worst-case over all possible data realizations x; here éj (x) is the maximum

likelihood estimator of €; relative to x. This leads to comparing ]5]- (x) to the best-fitting model a posteriori, that is,
the model that, with hindsight, would give the shortest code for the observed data.

Within the MDL literature, this more stringent criterion is often viewed as the ideal one. The distribution achieving
this is called the Normalized Maximum Likelihood (NML) distribution [B [7, [§]. For each observed dataset x, this
distribution assigns its maximum likelihood value, normalized over all possible datasets in X

PJNML(X) _ Pj(x; 6, (%)) . (S34)
> yex Pi(y:05(y))

Importantly, the NML distribution does not require any prior, and achieves universality both in worst-case data and
in worst-case expected regret. In fact, for the MEM models introduced in this work, inequality 19 of the main text
also holds when P;*/ (M) is replaced by PJNML(m).

In what follows, we explicitly compute NML-based GRO e-variables for contingency tables, introduced in the

main text, starting from the 2 x 2 case and generalizing to the 2 x k case. In the microcanonical case, resorting to




the Normalized Maximum Likelihood approach is equivalent to putting a uniform prior on both parameters of the
alternative model, as shown in [I]. Consequently, this case is reduced to Example A of the main text and is not
considered further. Instead, we focus on computing the microcanonical approximation of the canonical GRO e-variable.

Canonical test with NML. We first consider the case of a 2 x 2 contingency table, where we test between two
canonical models through an NML approach, i.e., Pean1 = Pgii\l“f For a model with two independent Bernoulli

distributions, the exact expression of the NML distribution reads [I} []:

P(E;I.lr\l/l%( ) P:a,anML( ) P(laa,anML (X) (835)
with
(m(_ )) i (x) (1 B ni(_:c))"i‘”li(")
PN (x) = 2= ‘ (536)

e"il—‘(ni,ni)
(ni)ni-1 +1
for i € {a,b}. In the formula above, I'(s,t) is the upper incomplete gamma function. According to the procedure
described in the main text, a natural candidate e-variable is given by the microcanonical approximation i.e., the
GRO e-variable of the corresponding microcanonical test. To build it, we first need the distribution of the alternative

sufficient statistics (n¢,n%) induced by Clarll\I ML Which is
Wcan,l(ntllvnli) = caan,l( ) Wcan 1( b) (837)
with
(nT(x))"T(x) (1 _ n%(m)"“‘"‘f(")
can,1(nf) = Q7 (nf) - T (S38)
e (n®,n%) +1
(,nla)’nafl
and

b b b
n?{(x))'rh(x) (1 - n?{(bx))n _nl(x)

nb n

Wean1(n7) = (1) - (

(S39)

nb b pb
et 4
Given that n{ and n are independently distributed, W (n1) is the convolution of ean,1(n) and wp oan,1 (72 b), which
can be computed numerically. Once that W (n1) is computed the microcanonical approx1mat10n is evaluated through
Eq. 40 of the main text. The accuracy of the microcanonical approximation is assessed by directly inspecting the
difference in e-power (Figure and through the interval width 7 (bottom row of Figure [S3)), which is shown to be
already close to 0 for small sample sizes and to converge towards 0 as the sample size increases.
Notice that, if n¢ and n% are both large enough, using PNM% is asymptotically equivalent to using a Bayesian

can
universal distribution with a Jeffreys prior [0] on the alternative parameters. The Jeffreys prior, defined as

wy(0) < \/det 1(0), (S40)

where I(0) is the Fisher information matrix, is invariant under any smooth reparametrization of € and is therefore
commonly used as a canonical non-informative prior. For a Bernoulli model, such as ours, the Jeffreys prior is equal
to a beta prior with parameters all equal to v = 0.5:

1 1 1
™ /Pa(l = pa) V/Do(1 = pb)
Asymptotically, and in an expected-regret sense, the NML distribution coincides with a Bayesian universal

distribution based on Jeffreys prior when the true parameter lies in the interior of M; = [0, 1]2.
More explicitly, let us set n® = n® = m. Then, for any INECCSI subset M; C M;, as m — oo:

Wy (Pas ) = WG (pa)w(py) = (541)

sup Ey, [—log P71 (x™) + log PANT (x™)] = o(1), (S42)
I3} 1



where o(1) denotes a quantity that goes to 0 as m — +o0o. At the boundaries of the parameter space, however,
the two constructions differ: Jeffreys prior, which assigns densities that diverge to infinity at the boundaries, leads
to substantially different data probabilities than the NML-induced distribution. This difference becomes even more
important when convoluting the independent Jeffreys priors to compute Wy . This explains why the first and third
pictures in Figure are quite different. For this reason, in all simulations, we implement the exact NML formula
instead of its Jeffreys approximation.

We now extend the solution to 2 X k contingency tables. For a model with k& independent Bernoulli distributions,
the NML distribution reads [1]:

k

PINY (%) = [T Pl () (543)
i=1

where PC an, 1 Lis given by Eq. (S36). The microcanonical approximation is obtained by defining

Wcan 1 {nl} H can 1 nl (844)
with
(n;gx))"“") (1- nuf))”’—"?(x)
C’Lan,l(nll) = Zl(nzl) : . (845)

e I'(nt,nt)
( L)n7 1 +1

W is then the convolution of all W[, ;(n}), which can be computed numerically or by resorting to the Gaussian
approximation described in the main text. Once that W{(n1) is computed, the microcanonical approximation is
evaluated as described in the main text.

S8. SUPPLEMENTARY TABLES AND FIGURES

Case Parameter Condition Behavior
Uniform a=p8=1 Flat distribution
Jeffreys Prior a=8=0.5 U-shaped
Bimodal (U-shaped) a,f<1 Peaks at 0 and 1
Left-skewed a>1,<1 Peak near 1
Right-skewed a<l,pg>1 Peak near 0
Bell-shaped a,B>1 Normal-like
Highly concentrated a=p>1 Sharp peak
Degenerate (Dirac Delta) a,B — oo Point mass at m

TABLE S1. Behaviors of the beta distribution for different parameter values.



W3, ay=0.5,B,=0.5 W?, a,=0.5,8,=0.5 Wi =W3*wp Whieuso
0.15 1 0.15 01001 34
z 2z £ 0.075 >
5 0.104 3 0.10 3 G2
8 2 8 0.050 A s
S 3 e 3,
& 0.051 £ 0.05 S 054
0.00 0.00 1+ . . 0.000 - 01, . - - - -
5 10 0 5 10 0 5 10 15 20 00 02 04 06 08 10
ni n? n P
Wi, a;=3,B.=3 W5, a,=3,B,=3 W =wi*wp Wpseudo Wiseudo

g

02 04 06 08 10

Probability
o o o
o o i
153 & o

o E

Probability
o ) o
o o i
153 & o

Probability

0.15 015
0.100 1
Zo. . 0.075 1 >21 >21
: 2 2
| | 0.0501 81 811
0.025 1
X .00 L+ : . 0.000 - 01 r : , : :

5 10 0 5 10 0 5 10 15 20 00 02 04 06 08 10 0.0
ni nt m P Pa+Ppb
W3, a,=5,B,=1 Wb, ay=5,B,=1 Wy =Wwgxwh wl w2
1 @a » Pa 1 Gp ' Pb 0 1 1 pseudo pseudo
031 03 0.15 1 41 7
2 z z 3] N
Z 024 302 Z 0.10 2 Ey
3 s 3 3 8
£0.11 £o01 & 0.05 1 1] 1]
0.0 0.0 - . 0.00 01 - - - - . 01 . - - - -
[ 5 10 0 5 10 0 5 10 15 20 00 02 04 06 08 10 00 02 04 06 08 10
n? nb m P Pa+ P
Wi, a;=1,B,=5 Wb, a,=1,B,=5 Wy =wi*wp Wpseudo Wiseudo

0.3 0.15 1

Probability
o )
- o
Probability
) IS IS
- o W
Probability
o )
o i
& 1S
Density
ok N w a
Density
o = N w &

0.0~ 0.0 0.00 -
[ 5 10 0 5 10 [ 5 10 15 20 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
ni nf m P Pa+Ppb
Wi{, a;=10,B,=10 W5, a,=10,B, =10 Wy =Wi*wb Wseudo Wiseudo
0.20 0.20 0.15
4 4
2015 2015 2010/ . .
3 3 3 G a
© 0.10 - © 0.10 © c c
g g -5 0.05 4 a 1 827
= 0.05 = 0.05 &
0.00- 0.00 1 : . 0.00- 0L - . . - - 0L - . . - -
[ 5 10 0 5 10 0 5 10 15 20 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
ng nb m p Pa+ps
FIG. S1. Construction of the microcanonical optimal prior W§ (third column) and the pseudo-prior approximations wpseudo,o
(fourth column) and w?)seudo,o (fifth column), for 2 x 2 contingency tables with independent beta priors on the alternative.
Starting from the induced independent beta-binomial distribution on the alternative sufficient statistics (first and second

columns), the microcanonical GRO-optimal prior W{ is obtained as their convolution. The pseudo prior approximation wéseudo’o

is obtained starting from Wg through a high-resolution limit. The pseudo prior approximation w?)seudo,o is obtained by directly
convoluting the original continuous beta priors, when well defined on the whole parameter space (i.e., for v > 1).
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FIG. S2. E-power difference between the canonical GRO e-variable (computed numerically), its microcanonical approximation
(orange curve), and the pseudo approximation (green curve), across sample sizes and different choices on the alternative (NML
and beta with all parameters equal to ). The microcanonical and pseudo approximations provide a lower and upper bound
for the canonical GRO e-power, converging to it as the sample size grows. Results are shown for the 2 x 2 contingency tables
canonical test with n® = n® = m and sample size equal to 2m.
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FIG. S5. The first column shows the discrete distribution of each component of the alternative sufficient statistics, here denoted
simply by W7, induced by independent identical beta priors on the alternative, for different prior parameters. The GRO-optimal
microcanonical prior on the null W§ (second column) for the 2 X k test is obtained by convolving these discrete distributions k
times. The pseudo prior density wzl,swdo (third column) is instead obtained by directly convolving k times the corresponding

1

beta priors. Both W§ and wye,q, are shown together with their Gaussian approximations (discrete for W and continuous for

W) seudo)- In this example, k = 10.
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FIG. S6. Convergence to 0 of the interval width r in the case of 2 X k contingency tables, where all groups have same size m, for
different interplays between the number of groups k& and the size of each group m. Results are shown for identical independent
beta priors on the alternative, with all parameters equal to v = 1.



16

[1] F. Giuffrida, T. Squartini, P. Griinwald, and D. Garlaschelli, Description length of canonical and microcanonical models,
Phys. Rev. Res. 10.1103/1sd2-rxmy| (2025).

[2] O. Barndorff-Nielsen, Information and Exponential Families in Statistical Theory (Wiley, Chichester, UK, 1978).

[3] 1. Csiszar, Sanov property, generalized I-projection and a conditional limit theorem, The Annals of Probability , 768 (1984).

[4] P. Griinwald, Y. Hao, and A. Balsubramani, Growth-optimal e-variables and an extension to the multivariate Csiszdr-Sanov-
Chernoff theorem, arXiv: 2412.17554 (2024), arXiv:2412.17554 [cs.IT].

[5] P. Griinwald, The minimum description length principle (MIT press, 2007).

[6] Y. Hao and P. Griinwald, E-values for exponential families: the general case, arXiv: 2409.11134 (2024), arXiv:2409.11134
[stat. ME].

[7] K. Yamanishi, Learning with the Minimum Description Length Principle (Springer Nature Singapore, 2023).

[8] P. Grinwald and T. Roos, Minimum description length revisited, International journal of mathematics for industry 11,
1930001 (2019).

[9] P. P. A. Staniczenko, M. Smith, and S. Allesina, Selecting food web models using normalized maximum likelihood, Methods
in Ecology and Evolution 5, 551 (2014).


https://doi.org/10.1103/1sd2-rxmy
https://arXiv.org/abs/2412.17554
https://arxiv.org/abs/2412.17554
https://arXiv.org/abs/2409.11134
https://arxiv.org/abs/2409.11134
https://arxiv.org/abs/2409.11134
https://books.google.it/books?id=n9-5zwEACAAJ
https://doi.org/https://doi.org/10.1111/2041-210X.12192
https://doi.org/https://doi.org/10.1111/2041-210X.12192

	Supplementary material for Testing maximum entropy models with e-values
	Redundancy and regret
	Microcanonical test
	Exact solution of the optimization problem
	The average under the null of the GRO e-variable is always unitary

	Microcanonical approximation
	Every microcanonical e-variable is a canonical e-variable
	A canonical universal distribution can always be expressed as microcanonical Bayesian marginal likelihood
	Proof 1
	Proof 2


	Proof of Theorem 1
	Pseudo approximation through the high resolution limit
	Bound on regret
	Testing with the NML universal distribution
	Supplementary tables and figures
	References


