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Summary

In this thesis, we present novel data-driven approaches for efficient simulation of fluid flows.
The ideas are mainly applied to the incompressible Navier-Stokes equations, but also to
Burgers’ equation, Korteweg-de Vries equation, and the linear advection equation. For the
first three equations, we mainly stick to the large eddy simulation (LES) framework. In
the LES framework, the small-scale fluctuations of the turbulent flow are discarded using a
spatial filter. The filtering leads to an unclosed system of equations, including a closure term
that still depends on the discarded small scales. From our inability to compute this term
exactly during simulation time arises the need for modeling. During modeling, the closure
term is approximated by a closure model, which solely depends on large-scale quantities.
This closure model is then tasked with accounting for the effect of these small scales on
the large scales. In our work, we often take the ‘discretize first, filter next’ approach. The
advantage of first discretizing the equations is that this not only accounts for the absence of
the small-scale fluctuations, but also for the spatial discretization error.

Following recent trends, we leverage the power of machine learning algorithms, and
particularly convolutional neural networks (CNNs), to learn such closure models from high-
fidelity simulations. After training the machine learning models, this results in a significant
reduction of simulation time. However, even when large amounts of data are used to train
the machine learning models, stability is not guaranteed. This is because these models do
not inherently abide by certain physical structure of the fluid flow equations, such as energy
conservation. The result is that physics-agnostic machine learning-based closure models often
cause instabilities during the simulation. In this thesis, we aim to resolve these instabilities.

To achieve stable and physics-aware closure models, we take inspiration from classical
numerical discretization techniques to build this structure directly into the machine learning
models. The result is a specialized formulation for the closure model, based on existing
data-driven algorithms. Besides CNNs, we also consider linear models in the evolve-filter-relax
(EFR) framework, which is closely related to LES.

In addition to LES, we also consider reduced-order models (ROMs). These are related
to LES in the fact that both reduce the dimension of the problem. However, in ROMs
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this dimension reduction is not achieved using a physical filter, but using data-driven
approaches to obtain a reduced basis. This is typically done by carrying out a singular value
decomposition (SVD) on simulation data. However, the resulting reduced basis is notoriously
bad at representing turbulent flows. In this thesis, we suggest a new way to obtain this basis,
which is more suitable for representing turbulent flows.

The core contributions are presented in the four main chapters of the thesis:

2) Energy-Conserving Neural Network for Turbulence Closure Modeling: In
this chapter, we consider Burgers’ equation and Korteweg-de Vries equation (in 1D). A
spatial averaging filter is introduced and applied to a high resolution discretization. We
show that the turbulent fluctuations, removed by the filter, can be compressed and their
energy reintroduced into the system. This leads to a new energy conservation law. A
structure-preserving neural network architecture is introduced, which satisfies this law. This
results in improved stability and accuracy for the resulting LES, as opposed to standard
CNNs.

3) Energy-Conserving Neural Network Closure Model for Long-Time Accurate
and Stable 2D LES: In this chapter, we consider the incompressible Navier-Stokes
equations in 2D. We build upon the work in Chapter 2 by applying the same neural
network architecture in 2D, but without the compressed turbulent representation, as their
representation for multiple dimensions is still an open problem. The result is a strictly
dissipative closure model. We show that the model outperforms standard CNNs, as well as
existing eddy-viscosity models, while producing stable simulations. For long-time simulations,
the benefits become especially clear when looking at statistical quantities such as energy
spectra.

4) A New Data-Driven Energy-Stable Evolve-Filter-Relax Model for Turbulent
Flow Simulation: In this chapter, we take another perspective on LES by working in the
EFR framework. This framework serves a similar purpose as LES, but has the advantage
of being easier to integrate into existing codes. Our contribution consists of proposing a
new data-driven filter, efficiently applied in Fourier space, which replaces the differential
filter commonly used in the EFR framework. The data-driven filter is optimized efficiently
by solving a simple least-squares optimization problem. This circumvents the need for
computationally expensive neural network training. Using limited training data, the filter is
capable of outperforming existing approaches. In the sparse data regime, applying physical
constraints, such as energy and enstrophy conservation, offers further stability and accuracy
benefits.

5) Modeling Advection-Dominated Flows with Space-Local Reduced-Order Mod-
els: In this final contribution, we step away from LES and consider projection-based ROMs.
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In particular, we address the limited capability of the proper orthogonal decomposition
(POD) basis to represent advection-dominated flows (such as turbulent flows). As a solution
for this, we propose a space-local POD basis. Furthermore, we introduce a space-local POD
basis with overlapping subdomains, which draws inspiration from a finite element basis
to obtain a smooth reconstruction. We show that both space-local approaches result in a
basis which generalizes better for advection-dominated problems. Due to the local support
of the space-local bases the resulting ROMs not only generalize better, but are also more
computationally efficient than standard POD Galerkin ROMs.

This thesis offers novel insights into the benefits of building physical structure into
data-driven methods for fluid simulations. The introduced approaches serve as an important
building block to bringing structure-preserving data-driven approaches to simulating real-life
flow scenarios.





Samenvatting

In dit proefschrift presenteren we nieuwe data-gedreven benaderingen voor de efficiënte
simulatie van stromingen. De ideeën worden voornamelijk toegepast op de incompressibele
Navier–Stokes vergelijkingen, maar ook op de Burgers vergelijking, de Korteweg–de Vries
vergelijking en de lineaire advectievergelijking. Voor de eerste drie vergelijkingen blijven we
grotendeels binnen het large eddy simulation (LES)-raamwerk. Binnen het LES-raamwerk
worden de kleinschalige fluctuaties van een turbulente stroming verwijderd door middel
van een ruimtelijk filter. Het toepassen van dit filter leidt tot een niet-gesloten stelsel
van vergelijkingen, waarin een sluitingsterm voorkomt die nog steeds afhankelijk is van de
verworpen kleine schalen. Doordat deze term niet exact te berekenen is tijdens de simulatie
ontstaat de noodzaak tot modellering. Tijdens deze modellering wordt de sluitingsterm
benaderd door een sluitingsmodel dat uitsluitend afhankelijk is van grootschalige grootheden.
Dit sluitingsmodel heeft als taak het effect van de kleine schalen op de grote schalen
te modelleren. In ons werk hanteren we vaak de strategie ‘eerst discretiseren, daarna
filteren’. Het voordeel van deze aanpak is dat niet alleen rekening wordt gehouden met het
ontbreken van kleinschalige fluctuaties, maar ook met de fout die voortkomt uit de ruimtelijke
discretisatie.

Aansluitend bij recente trends benutten we de kracht van machine learning-algoritmen, en
in het bijzonder convolutionele neurale netwerken (CNNs), om dergelijke sluitingsmodellen te
leren uit hoge-resolutie simulaties. Na training van de machine learning modellen, resulteert
dit in een aanzienlijke reductie van de rekentijd. Echter, zelfs wanneer grote hoeveelheden data
worden gebruikt om de machine learning modellen te trainen, is stabiliteit niet gegarandeerd.
Dit komt doordat deze modellen niet intrinsiek voldoen aan bepaalde fysische structuren
van de stromingsvergelijkingen, zoals energiebehoud. Het gevolg is dat fysisch-agnostische
op machine learning gebaseerde sluitingsmodellen vaak instabiliteiten veroorzaken tijdens
simulaties. In dit proefschrift streven we ernaar deze instabiliteiten te verhelpen.

Om stabiele en fysisch consistente sluitingsmodellen te verkrijgen, laten we ons inspireren
door klassieke numerieke discretisatietechnieken en bouwen we deze structuur direct in
de machine learning modellen in. Dit leidt tot een gespecialiseerde formulering van het
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sluitingsmodel, gebaseerd op bestaande data-gedreven algoritmen. Naast CNNs beschouwen
we ook lineaire modellen binnen het EFR-raamwerk, dat nauw verwant is aan LES.

Naast LES behandelen we ook gereduceerde-orde-modellen (ROMs). Deze zijn verwant
aan LES in de zin dat beide methoden de dimensie van het probleem reduceren. Bij ROMs
wordt deze dimensiereductie echter niet bereikt door middel van een ruimtelijk filter, maar via
data-gedreven technieken om een gereduceerde basis te construeren. Dit gebeurt doorgaans
door het uitvoeren van een singuliere-waardenontbinding (SVD) op simulatiegegevens. De
resulterende basis staat er echter om bekend slecht geschikt te zijn voor het representeren
van turbulente stromingen. In dit proefschrift stellen we een nieuwe manier voor om een
dergelijke basis te construeren die meer geschikt is voor het representeren van turbulente
stromingsvelden.

De kernbijdragen worden uiteengezet in de vier kernhoofdstukken van dit proefschrift:

2) Energiebehoudend Neuraal Netwerk voor Turbulentie-Sluitingsmodellering:
In dit hoofdstuk beschouwen we de Burgers-vergelijking en de Korteweg–de Vries-vergelijking
(in 1D). Een ruimtelijke gemiddelde filter wordt geïntroduceerd en toegepast op een hoge-
resolutie discretisatie. We laten zien dat de turbulente fluctuaties die door het filter worden
verwijderd, kunnen worden gecomprimeerd en dat hun energie opnieuw in het systeem kan
worden ingebracht. Dit leidt tot een nieuwe energiebehoudswet. Vervolgens introduceren
we een structuur-behoudende neurale netwerkarchitectuur die aan deze wet voldoet. Dit
resulteert in verbeterde stabiliteit en nauwkeurigheid van de resulterende LES ten opzichte
van standaard CNNs.

3) Energiebehoudend Neuraal-Netwerk-Sluitingsmodel voor Langdurig Nauw-
keurige en Stabiele 2D LES: In dit hoofdstuk behandelen we de incompressibele
Navier–Stokes-vergelijkingen in twee dimensies. We bouwen voort op het werk in Hoofdstuk 2
door dezelfde neurale netwerkarchitectuur toe te passen in 2D, maar zonder de gecomprimeerde
representatie van turbulente fluctuaties, aangezien een dergelijke representatie in meerdere
dimensies nog een open probleem vormt. Het resultaat is een strikt dissipatief sluitingsmodel.
We tonen aan dat dit model beter presteert dan standaard CNNs en bestaande eddy-
viscositeitsmodellen, terwijl stabiele simulaties worden verkregen. Bij langdurige simulaties
worden de voordelen vooral duidelijk bij het beschouwen van statistische grootheden zoals
energiespectra.

4) Een Nieuw Data-Gedreven Energie-Stabiel Evolve-Filter-Relax Model voor
Turbulente Stromingssimulaties: In dit hoofdstuk bekijken we LES vanuit een ander
perspectief door te werken binnen het EFR-raamwerk. Dit raamwerk dient een vergelijkbaar
doel als LES, maar heeft als voordeel dat het eenvoudiger te integreren is in bestaande codes.
Onze bijdrage bestaat uit het voorstellen van een nieuw data-gedreven filter, dat efficiënt
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wordt toegepast in de Fourierruimte en het differentiaalfilter vervangt dat gebruikelijk is
binnen het EFR-raamwerk. Het data-gedreven filter wordt efficiënt geoptimaliseerd door het
oplossen van een eenvoudig kleinste-kwadratenprobleem, waarmee de noodzaak van dure
training van neurale netwerken wordt vermeden. Met beperkte trainingsdata is het filter
in staat bestaande benaderingen te overtreffen. In het regime van schaarse data bieden
fysische restricties, zoals energie- en enstrofiebehoud, aanvullende voordelen op het gebied
van stabiliteit en nauwkeurigheid.

5) Modellering van Advectie-Gedomineerde Stromingen met Ruimtelijk-Lokale
Gereduceerde-Orde-Modellen: In deze laatste bijdrage stappen we af van LES en
beschouwen we projectiegebaseerde ROMs. In het bijzonder richten we ons op de beperkte
geschiktheid van de gepaste orthogonale ontbinding (POD) basis voor het representeren van
advectie-gedomineerde stromingen (zoals turbulente stromingen). Als oplossing stellen we
een ruimtelijk lokale POD basis voor. Daarnaast introduceren we een ruimtelijk lokale POD
basis met overlappende subdomeinen, geïnspireerd door een eindige-elementenbasis, om een
gladde reconstructie te verkrijgen. We tonen aan dat beide ruimtelijk lokale benaderingen
leiden tot een basis die beter generaliseert voor advectie-gedomineerde problemen. Door de
lokale ondersteuning van de basis generaliseren de resulterende ROMs niet alleen beter, maar
zijn ook rekenkundig efficiënter dan standaard POD-Galerkin ROMs.

Dit proefschrift biedt nieuwe inzichten in de voordelen van het inbouwen van fysische
structuur in data-gedreven methoden voor stromingssimulaties. De geïntroduceerde be-
naderingen vormen een belangrijke bouwsteen voor het toepassen van structuur-behoudende
data-gedreven methoden bij de simulatie van realistische stromingsscenario’s.





Contents

Summary iii

Samenvatting vii

1 Introduction 5

1.1 Incompressible Navier–Stokes equations . . . . . . . . . . . . . . . . . . . . . 6

1.1.1 Physical structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2 Spatial discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2.1 Staggered grid discretization . . . . . . . . . . . . . . . . . . . . . . . 9

1.3 Large eddy simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3.1 Filtering and the subgrid-scale stress tensor . . . . . . . . . . . . . . . 12

1.3.2 Modeling the SGS stress . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4 Machine learning approaches . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4.1 Neural networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.4.2 Convolutional neural networks . . . . . . . . . . . . . . . . . . . . . . 15

1.5 Research topics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.5.1 Topic I: Machine learning-based closure models for large eddy simulation 17

1.5.2 Topic II: Data-driven extensions of the evolve-filter-relax framework . 18

1.5.3 Topic III: Reduced-order modeling for advection-dominated flows . . . 19

1.6 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.6.1 Topic I: Machine learning-based closure models for large eddy simula-
tion (Chapters 2 & 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.6.2 Topic II: Data-driven extensions of the evolve-filter-relax framework
(Chapter 4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.6.3 Topic III: Reduced-order modeling for advection-dominated flows
(Chapter 5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.7 List of publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

xi



xii Contents

2 Energy-Conserving Neural Network for Turbulence Closure Modeling 27
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.2 Governing equations, discrete filtering, and closure problem . . . . . . . . . . 31

2.2.1 Spatial discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.2.2 Burgers’ and Korteweg-de Vries equation, and physical structure . . . 31
2.2.3 Discrete filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.2.4 Discrete closure problem . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.2.5 Inner products and energy decomposition . . . . . . . . . . . . . . . . 36
2.2.6 Momentum conservation . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3 Structure-preserving closure modeling framework . . . . . . . . . . . . . . . . 37
2.3.1 The framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.3.2 SGS variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.3.3 Construction of the operators . . . . . . . . . . . . . . . . . . . . . . . 40

2.3.3.1 Diffusive operator . . . . . . . . . . . . . . . . . . . . . . . . 41
2.3.3.2 Advective operator . . . . . . . . . . . . . . . . . . . . . . . . 41
2.3.3.3 Momentum conservation . . . . . . . . . . . . . . . . . . . . 42
2.3.3.4 Properties & further discussion . . . . . . . . . . . . . . . . . 43

2.3.4 Finding the optimal parameter values . . . . . . . . . . . . . . . . . . 44
2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.4.1 Test cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.4.1.1 Considered closure models . . . . . . . . . . . . . . . . . . . 45

2.4.2 Training the closure models . . . . . . . . . . . . . . . . . . . . . . . . 46
2.4.3 Closure model performance . . . . . . . . . . . . . . . . . . . . . . . . 47

2.4.3.1 Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.4.3.2 Computation time . . . . . . . . . . . . . . . . . . . . . . . . 48

2.4.4 Consistency of the training procedure . . . . . . . . . . . . . . . . . . 49
2.4.5 Structure preservation . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.4.6 Burgers’ equation & energy spectra . . . . . . . . . . . . . . . . . . . . 52
2.4.7 Extrapolation in parameter space . . . . . . . . . . . . . . . . . . . . . 53
2.4.8 Extrapolation in space and time . . . . . . . . . . . . . . . . . . . . . 55

2.5 Discussion on the applicability to 2D/3D Navier-Stokes . . . . . . . . . . . . 57
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3 Energy-Conserving Neural Network Closure Model for Long-Time Accurate
and Stable LES 61
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

3.2.1 Navier-Stokes equations . . . . . . . . . . . . . . . . . . . . . . . . . . 65



Contents xiii

3.2.2 Physical structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
3.2.3 Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
3.2.4 Structure of the discretization . . . . . . . . . . . . . . . . . . . . . . . 66
3.2.5 Pressure projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3 Closure modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.3.1 Filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.3.2 System of equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.3.3 Energy analysis of the closure term . . . . . . . . . . . . . . . . . . . . 70
3.3.4 Fitting of the model parameters . . . . . . . . . . . . . . . . . . . . . 70

3.4 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
3.4.1 Smagorinsky model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
3.4.2 Neural network closure . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.4.3 Skew-symmetric framework . . . . . . . . . . . . . . . . . . . . . . . . 74

3.4.3.1 Skew-symmetric term . . . . . . . . . . . . . . . . . . . . . . 75
3.4.3.2 Negative-definite term . . . . . . . . . . . . . . . . . . . . . . 76

3.4.4 Overview of the closure models . . . . . . . . . . . . . . . . . . . . . . 77
3.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.5.1 Experimental setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
3.5.2 Decaying turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
3.5.3 Consistency of closure model performance . . . . . . . . . . . . . . . 86
3.5.4 Kolmogorov flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
3.5.5 Comparison to the dynamic Smagorinsky model . . . . . . . . . . . . 91
3.5.6 Limitations of Machine Learning Closure Models . . . . . . . . . . . . 92

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4 A New Data-Driven Energy-Stable Evolve-Filter-Relax Model for Turbu-
lent Flow Simulation 95
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.2.1 The Navier-Stokes equations . . . . . . . . . . . . . . . . . . . . . . . 99
4.2.2 Finite volume discretization . . . . . . . . . . . . . . . . . . . . . . . . 100
4.2.3 Evolve-Filter-Relax . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.2.3.1 Stability of the differential filter . . . . . . . . . . . . . . . . 102
4.3 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.3.1 Data-driven linear filter . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.3.2 Conservation of energy using χ . . . . . . . . . . . . . . . . . . . . . . 106
4.3.3 Conservation of enstrophy using χ . . . . . . . . . . . . . . . . . . . . 108

4.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109



xiv Contents

4.4.1 Test case 1: two-dimensional decaying homogeneous turbulence . . . . 111

4.4.1.1 Data-driven EFR in the case of full data . . . . . . . . . . . 111

4.4.1.2 Data-driven EFR in the case of scarce data . . . . . . . . . . 116

4.4.2 Test case 2: two-dimensional Kolmogorov flow . . . . . . . . . . . . . 119

4.4.2.1 Data-driven EFR in the case of full data . . . . . . . . . . . 119

4.4.2.2 Data-driven EFR in the case of scarce data . . . . . . . . . . 120

4.4.3 Computational time considerations . . . . . . . . . . . . . . . . . . . . 122

4.5 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5 Modeling Advection-Dominated Flows with Space-Local Reduced-Order
Models 127

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

5.2 Full-order model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.2.1 Advection equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.2.2 Finite difference discretization . . . . . . . . . . . . . . . . . . . . . . 131

5.2.3 Energy conservation of the FOM . . . . . . . . . . . . . . . . . . . . . 132

5.3 Local and global POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.3.1 Global POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5.3.2 Space-local POD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

5.3.3 Local POD with overlapping subdomains . . . . . . . . . . . . . . . . 137

5.4 Space-local, energy-conserving reduced-order model . . . . . . . . . . . . . . . 139

5.4.1 Projection on reduced basis . . . . . . . . . . . . . . . . . . . . . . . . 139

5.4.2 Galerkin projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

5.4.3 Energy conservation of the ROM . . . . . . . . . . . . . . . . . . . . . 141

5.5 Results & discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.5.1 Test case setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.5.2 Projection error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

5.5.3 Resulting basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.5.4 Accuracy and energy conservation of ROM . . . . . . . . . . . . . . . 144

5.5.5 Convergence with increasing ROM dimension . . . . . . . . . . . . . . 148

5.5.6 2D advection-diffusion equation . . . . . . . . . . . . . . . . . . . . . . 149

5.5.6.1 2D basis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

5.5.6.2 ROM performance . . . . . . . . . . . . . . . . . . . . . . . . 151

5.5.7 Applicability to 2D Navier-Stokes . . . . . . . . . . . . . . . . . . . . . 153

5.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155



Contents xv

6 Conclusion 159
6.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

6.1.1 Topic I: Machine learning-based closure models for large eddy simula-
tion (Chapters 2 & 3) . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

6.1.2 Topic II: Data-driven extensions of the evolve-filter-relax framework
(Chapter 4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.1.3 Topic III: Reduced-order modeling for advection-dominated flows
(Chapter 5) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.2 Outlook and future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
6.2.1 General outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

Bibliography 167

Curriculum Vitae 185

List of Presentations 187

Acknowledgements 189

7 Appendix 191
A Appendix Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191

A.1 Filter properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191
A.2 Comparing coarse and fine-grid dissipation . . . . . . . . . . . . . . . 192
A.3 SGS compression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

A.3.1 Non-periodic boundary conditions . . . . . . . . . . . . . . . 194
A.3.2 Training procedure . . . . . . . . . . . . . . . . . . . . . . . . 197

B Appendix Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
B.1 Stucture-preserving finite volume discretization . . . . . . . . . . . . . 201
B.2 Pressure projection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
B.3 Motivation behind skew-symmetric architecture . . . . . . . . . . . . . 202
B.4 Training of the neural networks . . . . . . . . . . . . . . . . . . . . . . 205
B.5 Vorticity fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

C Appendix Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
C.1 Parameter optimization in state-of-the-art approaches . . . . . . . . . 209
C.2 Additional results on data-driven EFR strategies . . . . . . . . . . . . 212

C.2.1 Decaying homogeneous turbulence test case . . . . . . . . . . 212
C.2.2 Kolmogorov test case . . . . . . . . . . . . . . . . . . . . . . 214

D Appendix Chapter 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
D.1 2D Bump kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216



xvi Contents

D.2 Choice of subdomains and modes for 2D test case . . . . . . . . . . . 216
D.3 Time step size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 217



Contents 1





Acronyms

BC boundary condition.

CNN convolutional neural network.

CNN-C convolutional neural network with backscatter clipping.

DIV divergence of stress tensor predicted by a neural network.

DNS direct numerical simulation.

DOF degrees of freedom.

EFR evolve-filter-relax.

FDNS filtered direct numerical simulation.

FFT fast Fourier transform.

FOM full-order model.

G-POD space-global proper orthogonal decomposition.

I-NRMSE integrated normalized root-mean-squared-error.

I/O input/output.

KDE kernel density estimate.

KdV Korteweg de-Vries.

L-POD space-local proper orthogonal decomposition.

LES large eddy simulation.

3



4 Acronyms

LO-POD space-local proper orthogonal decomposition with overlapping subdomains.

LSTM long short-term memory.

MSE mean squared error.

NC no closure.

NMRSE normalized root-mean-squared-error.

NN neural network.

NSE incompressible Navier-Stokes equations.

PDE partial differential equation.

PINN physics informed neural network.

POD proper orthogonal decomposition.

RANS Reynolds-averaged Navier-Stokes.

RHS right-hand side.

RK4 Runge-Kutta 4.

ROM reduced-order model.

SGS subgrid-scale.

SKEW skew-symmetric neural network architecture.

SM Smagorinsky model (Chapter 2).

SMAG Smagorinsky model (Chapter 3).

SP structure-preserving neural network architecture.

SVD singular value decomposition.



1
Introduction

The incompressible Navier-Stokes equations model the motion of fluids in different scenarios,
such as the flow of liquids in pipes, atmospheric flows for weather predictions, and the air flow
around the wings of an aircraft, to name a few [1, 2]. As such, this set of equations is of great
interest in many disciplines of science and engineering. Given the equations’ nonlinear and
complex nature, numerical methods have become essential tools for exploring fluid behavior
and obtaining approximate solutions in practical applications [3, 4].

The difficulty in obtaining these approximations arises from the nature of turbulence.
Turbulent flows are characterized by a wide range of interacting spatial and temporal scales,
leading to highly irregular and chaotic motion [2]. The occurrence of turbulence in a flow is
mostly determined by the Reynolds number, a dimensionless quantity that depends on the
ratio between the inertial and viscous forces in a flow [5]. When the Reynolds number is low
(less inertial/more viscous forces), the flow is typically laminar, whereas a high Reynolds
number (more inertial/less viscous forces) typically results in a turbulent flow. In this way, the
Reynolds number essentially quantifies the expected flow behavior. Turbulence is especially
problematic in numerical simulations, since fine computational grids are required to resolve
all turbulent fluctuations in the flow [6]. This makes direct numerical simulation (DNS),
simulations that resolve all turbulent motions directly from the Navier–Stokes equations, of
high Reynolds number flows computationally expensive and generally infeasible. Alleviating

5



6 1. Introduction

this problem is an active area of research [6]. Existing approaches typically involve reducing
the spatial degrees of freedom of the system. Such approaches include reduced-order models
(ROMs) [7, 8], Reynolds-averaged Navier-Stokes (RANS) [9], and large eddy simulation (LES)
[6, 10], ordered from a large to smaller reduction in degrees of freedom. In this thesis, we
solely concern ourselves with LES and ROMs, which will both be introduced in this chapter.

With recent increases in computing power, data-driven approaches have emerged as viable
methods to simulate physical systems [7, 11]. In particular, machine learning approaches
have proven to be powerful tools. However, using such methods to enhance ROMs and LES
has its drawbacks: the lack of adherence to physical structure, such as conservation laws,
can lead to inaccurate predictions and even instabilities during the simulation [12–16].

The primary focus of this thesis is to incorporate physical structure into data-driven
approaches to ensure physical consistency, combat stability issues, and, in turn, produce
more accurate simulation results. The first part of the research focuses on developing
specialized machine learning algorithms within the context of LES. This work is presented in
Chapters 2 and 3. Next, we move towards the evolve-filter-relax (EFR) framework, which
is closely related to LES but offers the advantage of being easier to integrate into existing
codebases [17, 18]. This work is presented in Chapter 4. Here, we mostly focus on linear
models. The final research topic of this thesis concerns the generalizability of ROMs for
advection-dominated flows, which are notoriously challenging to capture in a ROM setting
[19, 20]. This work is presented in Chapter 5.

For the remainder of this chapter, we discuss the basic preliminaries underlying these
contributions, introduce a set of research topics, and conclude by formulating a set of research
questions for each of the topics that this thesis aims to address.

1.1 Incompressible Navier–Stokes equations

The incompressible Navier–Stokes equations in non-dimensional conservative form are written
as the following partial differential equation (PDE) [1, 2]:

∂u

∂t
+∇ · (uuT ) = −∇p+ ν∆u+ f , (1.1a)

∇ · u = 0, (1.1b)

which describes the behavior of a d-dimensional velocity field u(x, t) ∈ Rd evolving in space
x ∈ Rd and time t, where ν represents the kinematic viscosity. These equations are obtained
by non-dimensionalizing the dimensional incompressible Navier-Stokes equations for a fluid
of constant density ρ and dynamic viscosity µ, using a characteristic length scale L and
reference velocity U , with ν = µ/ρ. The resulting dimensionless system is governed by the



1.1. Incompressible Navier–Stokes equations 7

Reynolds number

Re =
ρLU

µ
=
LU

ν
.

Without loss of generality, we choose L = 1 and U = 1, so that the kinematic viscosity
appearing in (1.1a) satisfies

ν =
1

Re
.

The terms in the PDE describe the different forces acting on the velocity field. From left
to right, these contributions are the convective force, the pressure gradient, and viscous
diffusion. The final term f(x, t) ∈ Rd represents external forces, such as gravity.

1.1.1 Physical structure

The incompressible Navier–Stokes equations represent a set of fundamental physical laws,
namely: conservation of mass, momentum, and as a consequence, kinetic energy (in the
absence of dissipation) [1, 21]. These will be collectively referred to by us as the physical
structure of the system. Conservation of mass for an incompressible fluid can easily be shown
by computing the change of mass in an arbitrary volume V due to the flux across the surface
S: ∮

S
u · ndS =

∫
V
∇ · udV = 0, (1.2)

where we used the divergence theorem to write the surface integral as a volume integral. n

represents the outward unit normal vector of S and dS denotes the corresponding scalar
surface-area element.

Next, we consider the momentum of the system. Let Ω ⊂ Rd denote the spatial domain
occupied by the fluid. The total momentum is defined as

P :=

∫
Ω

udΩ, (1.3)

where Ω is assumed to be a periodic domain with boundary ∂Ω, and dV and dΩ are used
interchangeably. The change in momentum is computed as follows:

dP
dt

=

∫
Ω

∂u

∂t
dΩ

= −
∮
∂Ω

(uuT ) · ndS −
∮
∂Ω

pn dS + ν

∮
∂Ω

∇u · ndS +

∫
Ω

f dΩ

=

∫
Ω

f dΩ,

(1.4)

where we substituted (1.1a) and rewrote most terms as boundary integrals, which vanish on
periodic domains (which we assume here). This means that the momentum in each direction
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only changes due to the body force.

The total (kinetic) energy of the system is defined as

E :=
1

2

∫
Ω

u · u dΩ. (1.5)

Using the product rule we can write the change in energy as

dE
dt

=

∫
Ω

u · ∂u
∂t

dΩ =

∫
Ω

u · (−∇ · (uuT )−∇p+ ν∇2u+ f)dΩ. (1.6)

The pressure and viscous contributions can be simplified using integration by parts:∫
Ω

−u · ∇pdΩ =

∫
Ω

p(∇ · u)dΩ = 0, (1.7)∫
Ω

νu · ∇2udΩ = −
∫
Ω

ν||∇u||22dΩ, (1.8)

where we used the fact ∇ · u = 0 and that the boundary contributions cancel on periodic
domains.

To find the energy contribution we write the convective term in non-conservative form:

∇ · (uuT ) = (u · ∇)u+ u(∇ · u) = (u · ∇)u, (1.9)

which is simplified using the divergence-freeness of the velocity field. This allows us to rewrite
the term as

(u · ∇)u =
1

2
∇(u · u)− u× (∇× u), (1.10)

using a vector calculus identity. We then take the inner product with u to obtain

u · ∇ · (uuT ) = u · 1
2
∇(u · u)− u · (u× (∇× u)) = u · 1

2
∇(u · u), (1.11)

where the second term cancels because the cross product between two vectors is orthogonal
to both of these vectors. Using the product rule, starting from ∇ · (u(u ·u)), this is rewritten
to

u · 1
2
∇(u · u) = 1

2
∇ · (u(u · u))− 1

2
(u · u)(∇ · u) = 1

2
∇ · (u(u · u)), (1.12)

which is in divergence form. Once again, we used the fact that u is divergence-free to simplify
this expression. This term integrates to zero:∫

Ω

u · ∇ · (uuT )dΩ =

∫
Ω

1

2
∇ · (u(u · u))dΩ =

∮
∂Ω

1

2
(u(u · u)) · ndS = 0, (1.13)

due to the divergence theorem and the fact that Ω is a periodic domain. The change in
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energy is finally written as

dE
dt

= −
∫
Ω

ν||∇u||22dΩ+

∫
Ω

u · fdΩ, (1.14)

which means that the energy is always decreasing (or constant for ν = 0) in the absence of
forcing [2, 21].

1.2 Spatial discretization

To obtain numerical solutions of the incompressible Navier–Stokes equations, one first has
to discretize the continuous problem. While discretizing it is important to account for the
underlying physical structure of the system, which we discussed in the previous section.
Besides mass and momentum conservation, energy dissipation and, in the inviscid limit,
conservation of kinetic energy, is a particularly desirable property for the discretization to
inherit. This is because this property dictates the stability and physical fidelity of simulations
[22].

For instance, a naive discretization of the convective term can lead to artificial energy
growth, which is unphysical and may destabilize computations. To avoid this, structure-
preserving schemes reformulate the convective operator in skew-symmetric form, ensuring
that the discrete energy balance mirrors its continuous counterpart. Such discretizations
guarantee that, in the absence of viscosity and external forcing, the total kinetic energy
is conserved exactly up to machine precision. This feature is particularly important when
simulating turbulent flows, where spurious energy errors can pollute the dynamics over long
timescales [23, 24].

1.2.1 Staggered grid discretization

While discretizing, the aim is to approximate the infinite-dimensional PDE by a finite-
dimensional system of algebraic equations that can be solved on a computer. The dis-
cretization involves both space and time, and, as stated earlier, the choice of method can
have a significant impact on stability, accuracy, and the preservation of physical structure.
In this section, we focus on a spatial discretization, where the computational domain is
partitioned into a finite number of control volumes. The velocity and pressure fields are then
approximated on this discrete mesh. In this thesis, we make use of the second-order finite
difference discretization presented in [24, 25]. This discretization employs a staggered grid,

such as depicted in Figure 1.1 for a 2D velocity field u =
[
u v

]T
, and is used because it

respects the underlying conservation laws and structural properties of the original equations.
As stated earlier, such schemes tend to be more robust and physically faithful, especially for
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Figure 1.1: Staggered grid discretization of Navier-Stokes equations. The grid-spacings are
indicated by hx and hy for the x and y direction, respectively. The pressure points are
indexed with whole numbers, while for the velocity components we have an offset of 1

2 in the
appropriate direction.

long-time simulations. In particular, this scheme discretely satisfies conservation of mass,
momentum, and energy, see (1.1b), (1.4), and (1.14), respectively.

1.3 Large eddy simulation

As stated earlier, DNS of the Navier-Stokes equations is prohibitively expensive at high
Reynolds numbers due to the wide range of dynamically active scales that must be resolved [2,
6]. Central to understanding the resolution requirements of turbulent simulations is the
Kolmogorov microscale η, which represents the smallest dissipative scales in the flow. The
corresponding wavenumber kη ∼ 1/η marks the onset of the dissipation range in the energy
spectrum. The ratio between the largest and smallest scales grows with Reynolds number
as Re3/4, making DNS prohibitively expensive at high Re as all scales down to kη must be
resolved.

Large eddy simulation (LES) offers a practical alternative to DNS by explicitly resolving
only the large, energy-containing structures of the flow, while modeling the effect of unresolved
small scales [2, 26]. This is achieved by applying a spatial filter to the governing equations,
which separates the resolved scales from the unresolved scales [27]. The filtered equations
retain the same general structure as the original Navier-Stokes system but include an
additional subgrid-scale (SGS) stress term that must be modeled. This will be discussed
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later in this section.
Because LES relies on resolving only a limited range of dynamically important scales, a

spectral description of turbulence provides a natural framework for assessing which portions
of the flow are captured explicitly and how energy is transferred to unresolved scales. In
this context, the energy spectrum E(k) provides a convenient quantitative measure of how
turbulent kinetic energy is distributed across scales. Low wavenumbers correspond to large
energy-containing eddies, while high wavenumbers are associated with small dissipative scales.
The total turbulent kinetic energy is given by

∫∞
0
E(k)dk. Between the energy-containing and

dissipation ranges lies the inertial subrange, where energy cascades from large to small scales
at a constant rate. The inertial range is characterized by E(k) ∼ k−5/3 for 3D turbulence
[28].

Figure 1.2 shows the energy spectrum E(k) as a function of wavenumber k for different
simulation approaches. The DNS resolves the full spectrum down to the Kolmogorov scale kη,

Figure 1.2: Schematic of the energy spectrum E(k) as a function of wavenumber k for
different simulation approaches. The DNS resolves all scales up to the Kolmogorov scale kη,
exhibiting the characteristic k−5/3 inertial range scaling. A coarse simulation without SGS
modeling is truncated at the grid cutoff kc and suffers from energy pile-up near the cutoff
due to insufficient dissipation. In contrast, an LES incorporates a SGS model that dissipates
energy near the cutoff, more closely matching the DNS spectrum within the resolved range.
The black dashed line indicates the reference k−5/3 slope.

capturing both the inertial range with its characteristic k−5/3 slope and the dissipation range.
A coarse simulation without any SGS model is truncated at the grid cutoff kc and exhibits
an unphysical energy pile-up near the cutoff due to insufficient dissipation. In contrast,
LES includes a SGS model that removes energy near the cutoff scale, producing an energy
spectrum that closely follows that of DNS over the resolved scales, though it tends to be



12 1. Introduction

overly dissipative at the largest resolved wavenumbers. The reason for this will be discussed
later in this section.

1.3.1 Filtering and the subgrid-scale stress tensor

Mathematically, the filtering operation can be expressed as

f̄(x, t) =

∫
Ω

G(x− r) f(r, t) dr, (1.15)

where G is the filter kernel and f̄ denotes the filtered (resolved) component of the field f

[2, 6]. Applying this filter to the incompressible Navier-Stokes equations yields:

∂ū

∂t
+∇ · (ūūT ) = −∇p̄+ ν∆ū−∇ · τ , (1.16a)

∇ · ū = 0, (1.16b)

where the SGS stress tensor is defined as

τ = uuT − ū ūT . (1.17)

Physically, τ represents the momentum flux contributed by the unresolved scales. In other
words, it accounts for the interaction between resolved and unresolved scales, which is
unknown when only the filtered velocity ū is evolved [6, 27].

1.3.2 Modeling the SGS stress

The SGS stress tensor τ represents the effects of the motions that are not resolved. LES
requires modeling this tensor in terms of the resolved (filtered) velocity field. In general, two
broad classes of SGS models can be distinguished: functional models and structural models
[6, 29].

Functional models, also known as eddy-viscosity models, aim primarily to reproduce the
correct dissipative behavior of the unresolved scales. They introduce an effective turbulent
viscosity νt that enhances dissipation and ensures numerical stability. A prototypical example
is the Smagorinsky model [26], which assumes that the deviatoric part of the SGS stress
tensor is proportional to the local resolved strain rate:

τ SGS − 1

3
tr(τ ) I = −2νt S̄, νt = (Cs∆)2 |S̄|,



1.3. Large eddy simulation 13

where the resolved strain-rate tensor is defined as

S̄ =
1

2

(
∇ū+ (∇ū)T

)
and its magnitude is given by

|S̄| =
√

2 tr(S̄T S̄).

The Smagorinsky model and its many variants guarantee a forward transfer of energy
from the resolved to the subgrid scales, maintaining stability and yielding physically realistic
energy spectra (see Chapters 2 and 3). However, because the eddy-viscosity assumption
enforces purely dissipative behavior, it cannot capture local backscatter (energy transfer
from unresolved to resolved scales) or the true tensorial structure of τij [30, 31]. Therefore,
such SGS models are typically too dissipative. This becomes especially apparent at large
wavenumbers (see Figure 1.2).

Dynamic models are more flexible, as such models determine the Smagorinsky coefficient
Cs dynamically from the resolved field using a test-filtering procedure [10, 32]. This allows
νt to vary in space and time, enhancing accuracy in complex or inhomogeneous flows. This
model is used as a benchmark in Chapter 3.

In contrast, structural models, such as scale-similarity and gradient models, seek to
reconstruct the SGS stress tensor more directly from the resolved velocity field, often by
assuming that the small-scale structures resemble the larger, resolved ones [27, 33]. For
instance, scale-similarity models approximate τ by filtering products of the resolved velocity
components at multiple scales. These models can accurately reproduce the local structure
of τ , and they naturally allow for backscatter. However, because they do not enforce a net
dissipative effect, structural models are often prone to numerical instability.

To combine the advantages of both approaches, mixed models introduce a superposition
of a dissipative eddy-viscosity term and a structural, scale-similarity term [33, 34]. This
hybrid formulation retains the stability and spectral behavior of functional models while
improving the physical realism and correlation with the true SGS stresses.

In summary, functional (eddy-viscosity) models are robust, stable, and capable of repro-
ducing the correct energy cascade, but they provide only an approximate representation
of the true SGS tensor. Structural models, on the other hand, better reflect the actual
dynamics of the subgrid stresses, but suffer from inherent instabilities. Mixed approaches
aim to balance these complementary properties, representing the current trend in advanced
LES modeling.

Throughout this thesis, functional SGS models will serve as the primary benchmark,
selected for their robust numerical stability and their broad use in practical LES applications
[2, 6, 32]. From this point onward, SGS models will often be referred to as closure models.
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1.4 Machine learning approaches

In the last decade, machine learning has rapidly become a highly active field of research
with many applications, such as image recognition, text-to-speech, self-driving cars, large
language models etc [35]. Also in the field of scientific computing the application of machine
learning algorithms has seen an increase in use, such as for predicting inter-atomic forces in
molecular dynamics simulations [36], approximating solutions to PDEs in the form of physics
informed neural networks (PINNs) [37], and closure models for LES [14, 16, 38–40]. In this
thesis, we concern ourselves with the latter. For this purpose, we shortly introduce the basic
building block of many machine learning algorithms, namely the neural network [35].

1.4.1 Neural networks

Neural networks are a class of machine learning models designed to recognize patterns and
approximate complex functions [35]. They are loosely inspired by the structure of biological
brains, where networks of neurons process and transmit signals. In artificial neural networks,
the fundamental building block is the artificial neuron, which takes in numerical inputs,
applies a transformation, and produces an output.

At their core, neural networks consist of layers:

• Input layer, which receives raw data (e.g., pixels of an image, words in a sentence).

• Hidden layers, which transform the input into higher-level features through successive
computations.

• Output layer, which produces the final prediction (e.g., class label, probability, or
numerical value).

Each connection between neurons carries a weight, and each neuron has a bias. During
training, the network adjusts these weights and biases to minimize the difference between its
predictions and the true outcomes, typically using an algorithm called backpropagation. This
algorithm determines the gradient based on the error metric, referred to as the loss function.
The optimization of these weights is often done using the Adam optimization algorithm,
which is based on gradient descent [41].

For an input vector x ∈ R, a single-layer neural network with weight matrix W, bias
vector b, and nonlinear activation function σ(·) computes:

h(x) = σ(Wx+ b) (1.18)
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For deep neural networks, this computation is applied repeatedly across multiple layers:

f(x) = σ(L)
(
W(L)

(
. . . σ(1)(W(1)x+ b(1)) . . .

)
+ b(L)

)
(1.19)

where L is the number of layers. This recursive structure, in combination with the nonlinear
activation functions [42], allows neural networks to approximate highly nonlinear functions.
In fact, the universal approximation theorem states that, given enough neurons, a neural
network can approximate any continuous function on a compact domain [35, 43]. The
dimension of the weight matrices W is determined by the width of the neural network and
L corresponds to the depth. A schematic representation of a neural network is depicted in
Figure 1.3.

Input
Layer

Hidden
Layer 1

Hidden
Layer 2

Output
LayerW(1) W(2)

W(3)

x1

x2

x3

x4

f1

f2

Figure 1.3: Structure of a neural network. The input layer receives data, the hidden layers
transform it into higher-level features, and the output layer produces predictions. Connections
represent weighted links between neurons.

1.4.2 Convolutional neural networks

While fully connected neural networks are powerful, they become inefficient when dealing
with high-dimensional data such as images, where each pixel would be treated as a separate
input. Convolutional neural networks (CNNs) address this problem by exploiting the spatial
structure of the data [35, 44].

Instead of connecting every input neuron to every hidden neuron, CNNs use convolutional
layers, which apply small filters (also called kernels) that slide across the input. Each filter
detects specific local patterns, such as edges or textures in an image, and produces a feature
map that highlights where those patterns occur. Multiple kernels allow the network to
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capture a variety of features.
For an input image X ∈ Rm×n and a kernel K ∈ Rp×q, the convolution operation

producing feature map S given by:

Si,j =

p∑
u=1

q∑
v=1

Ku,vXi+u−1,j+v−1. (1.20)

A schematic representation of this is depicted in Figure 1.4. In practice, nonlinear activation

X

K S

Figure 1.4: Convolution operation: a kernel K slides over the input X, producing a feature
map S. The red box shows the one patch currently being convolved.

functions σ(·) are applied after the convolution, and multiple layers of convolutions allow
CNNs to build hierarchical feature representations: from low-level edges to high-level concepts.

Translation invariance

A key strength of CNNs lies in their ability to achieve translation invariance. Because the
same kernel (with shared weights) is applied across all positions of the input, the network
can recognize a pattern regardless of its location. For example, a kernel trained to detect an
edge will respond similarly whether that edge appears in the top-left or bottom-right of an
image.
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1.5 Research topics

A wide number of different approaches for combining physics-driven and data-driven methods
exist for turbulent flow simulation. Three prominent and promising approaches are (I) data-
driven large eddy simulation (LES), (II) evolve-filter-relax (EFR), and (III) reduced-order
models (ROMs). In this section, we introduce the topics, and mention the state-of-the-art and
research gaps for each of the approaches. In Section 1.6 we will formulate the corresponding
research questions that we will aim to answer in this thesis.

1.5.1 Topic I: Machine learning-based closure models for large eddy
simulation

As stated earlier, one of the central aims of this thesis is to investigate how machine learning
algorithms can enhance LES. While traditional eddy-viscosity closures provide robustness,
they are overly dissipative and suppress important physical mechanisms such as backscatter
[2, 6, 26]. Machine-learned closure models have shown strong promise in accurately recovering
subgrid stresses offline [14, 39, 45–51], but they frequently become unstable when deployed in
actual simulations [14, 38, 39, 45, 48, 51]. Attempts at stabilization, such as clipping toward
strictly dissipative behavior [14, 38, 51], noise augmentation [12], stochastic regularization
[50], or a posteriori training strategies [16, 39, 46, 52–56], improve performance but still
do not guarantee stability. Consequently, long-time LES with data-driven closures remains
unreliable, particularly when statistical quantities of interest are considered [51].

To illustrate this more clearly, we present a brief example of simulation results from
Chapter 3. In that chapter, a structure-preserving neural network architecture is proposed,
specifically designed for closure modeling of the incompressible Navier-Stokes equations [13].
The results are shown in Figure 1.5, where the reference DNS was computed on a 2048×2048

grid, while the LES simulations were carried out on a 64×64 grid. The comparison highlights
the qualitative differences between several closure approaches (for additional details on
the experimental setup, we refer the reader to Chapter 3). From the figure, it is clear
that omitting a closure model leads to a noisy and inaccurate simulation. In contrast, as
discussed in Section 1.3, the Smagorinsky model introduces excessive dissipation, leading
to an over-smoothed solution. A CNN-based closure model produces improved results but
begins to exhibit numerical noise in the upper-left region, which eventually destabilizes the
simulation. This motivates the work presented in Chapters 2 and 3. The structure-preserving
architecture introduced in Chapter 3 produces a simulation that closely resembles the filtered
DNS, illustrating the advantage of embedding physical structure directly into the neural
network architecture.
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Figure 1.5: Resolved vorticity fields ∇ × ū produced from simulations carried out using
different closure models. The plots show results from: the direct numerical simulation (DNS)
on a 2048× 2048 grid, the corresponding filtered direct numerical simulation (FDNS) on the
LES grid (64× 64), no closure (NC), a Smagorinsky model, a convolutional neural network
(CNN), and a structure-preserving neural network (SP-NN). Detailed simulation conditions
and the introduction of the SP-NN can be found in Chapter 3.

1.5.2 Topic II: Data-driven extensions of the evolve-filter-relax
framework

Next, we consider an alternative approach to LES, namely the evolve-filter-relax (EFR)
framework. This framework is closely related to LES in both its objective and mathematical
interpretation [17, 57]. Similarly to LES, EFR controls the effects of unresolved scales in
under-resolved flows by introducing additional dissipation while preserving the dominant flow
dynamics. This connection has been formalized in several works, where EFR is interpreted
as a filtering-based LES methodology [17, 57]. The primary advantage of EFR lies in its
modularity: the filtering and relaxation steps can be incorporated into existing solvers with
minimal modifications, independent of the underlying spatial discretization. In this way,
EFR provides a flexible alternative to classical LES closures.

The EFR framework consists of three steps performed at each time step. First, the
governing equations are evolved on a coarse grid. Second, a filtering operation is applied
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to damp numerical oscillations or unresolved flow features. In most formulations, this filter
is defined implicitly through a differential equation involving a modified diffusion operator
[58, 59]. Finally, a relaxation step is applied, which computes a convex combination of the
evolved and filtered solutions. In Chapter 4, this procedure is covered in detail.

From an LES perspective, the differential filter used in EFR can be interpreted as
introducing SGS dissipation. In particular, applying an elliptic filter has been shown to
be equivalent to an eddy-viscosity model within a backward Euler time discretization [17].
Within the EFR framework, such models are often expressed through indicator functions
that act as spatially varying weights, activating dissipation primarily in regions of strong
gradients or insufficient resolution [60]. This localized action further reinforces the conceptual
link between EFR and LES.

Despite its advantages, the classical EFR framework exhibits some limitations. Applying
the differential filter requires solving a sparse linear system at every time step. This may
become a computational bottleneck in large-scale simulations [61]. Moreover, the method is
governed by only two parameters: the filter radius δ and the relaxation parameter χ [17, 57].
While various heuristic and physically motivated strategies for parameter selection exist
[62, 63], they do not fully overcome the limited flexibility of the standard EFR formulation
[64].

These limitations motivate the developments presented in this thesis, where we aim to
enhance the flexibility and efficiency of the EFR framework through data-driven filtering
strategies. These strategies retain their modular structure while alleviating their computa-
tional and parametric constraints. Both our data-driven strategy and a detailed introduction
to EFR are presented in Chapter 4.

1.5.3 Topic III: Reduced-order modeling for advection-dominated
flows

Besides coarsening the grid, as done in LES and EFR, another way of reducing the degrees
of freedom of the system is by finding a representation in a reduced space. This is often
done using simulation snapshots of a DNS. Finding the best linear approximation of the
snapshot data is done using a proper orthogonal decomposition (POD). Non-linear machine
learning-based approaches to reduce the dimension of the system also exist, e.g. autoencoders
[65, 66]. However, in this thesis, we focus on the POD approach. In this approach, a snapshot
matrix

X :=
[
uh(t1) . . . uh(ts)

]
∈ RN×s (1.21)
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is used, which contains s snapshots of the spatially discretized velocity uh(t) ∈ RN field at
different points in time. A singular value decomposition (SVD) of this matrix is carried out:

X = ΦΣVT (1.22)

which decomposes X into the product of orthonormal matrix Φ ∈ RN×N , diagonal matrix
Σ ∈ RN×s, and orthonormal matrix V ∈ Rs×s. We are mainly interested in the left-singular
vectors contained in Φ and the singular values σi contained on the diagonal of Σ. We
focus on the left-singular vectors because they form an orthonormal basis capturing the
dominant modes of the data, with each singular value indicating the relative importance of
its corresponding mode. By truncating the singular vectors, up to degree r, we obtain a basis
of r basis vectors which best describe the snapshot matrix in an energy norm (see Chapter 5
for details). These vectors are typically referred to as POD modes. The decay of the singular
values tells us how much of the information in the snapshot matrix is captured by truncating
the basis at degree r. The reduced-order model (ROM) is obtained by projecting the discrete
system of equations on the reduced basis [67, 68]. This will be discussed in Chapter 5.

In Figure 1.6 the POD modes obtained from DNS data of a simulation of Kolmogorov
flow at Re = 500 are shown. For the exact flow conditions, we refer to Chapter 3. In addition,
the relative amount of information captured by truncating the POD basis at mode i for
Re = 500 and Re = 100 is shown. If a significant amount of the flow’s information can be
captured in a small number of modes, one can significantly reduce the degrees of freedom of
the system by projecting it onto the POD basis [67, 69]. To simulate the flow in terms of the
reduced representation, a Galerkin projection of the semi-discrete system of equations onto
the basis is performed. This will be discussed in Chapter 5.

However, looking at Figure 1.6, it becomes apparent that at higher Reynolds numbers
more modes are needed to obtain a proper reconstruction of the flow field. This is related to
the slow Kolmogorov N -width decay (a measure of how well the solution space of a PDE can
be represented by a linear combination of N basis functions) of advection-dominated flows
[7, 66, 70]. This makes simulating turbulent flows using ROMs computationally expensive, as
many POD modes are required to capture these phenomena. Failure to include enough modes
causes oscillatory and inaccurate solutions of the ROM [71, 72]. Several strategies exist
to mitigate these issues, including time-local ROMs [73, 74], adaptive or Petrov–Galerkin
formulations [75, 76], ROM closure modeling [77], nonlinear reduced manifolds [78], and
machine learning-based ROMs [66, 79, 80]. While these methods improve robustness or
expressiveness, they still face trade-offs between accuracy, stability, computational efficiency,
and generalization capability outside the training data. In Chapter 5, we propose a space-local
POD basis to address these issues.
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(A) DNS (Re = 500) (B) mode 1 Mode 2 Mode 3
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Figure 1.6: (A) Vorticity snapshot of a simulation of Kolmogorov flow at Re = 500, (B) first
three POD modes for the vorticity field, (C) POD reconstruction, and (D) relative amount
of information captured by truncating the POD basis at mode i for both Re = 500 and
Re = 100. For the exact simulation conditions we refer the reader to Chapter 3.

1.6 Structure of the thesis

Based on the research gaps identified in Section 1.5 we formulate the following research
question (RQ) which we aim to address in this thesis:

• RQ0: How can physical structure be embedded into data-driven approaches
for modeling fluid flows, and does doing so lead to more stable, accurate,
and, generalizable models?

What follows is an outline of the research topics addressed in the different chapters of
the thesis, together with a set of research questions used to answer RQ0, along with the
approaches used to answer them.
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1.6.1 Topic I: Machine learning-based closure models for large eddy
simulation (Chapters 2 & 3)

As discussed in Section 1.5.1, accurately modeling the effect of unresolved turbulent scales
in LES is challenging. Traditional eddy-viscosity closures are robust but overly dissipative.
Machine learning-based closure models show promise in representing subgrid stresses, but
cause instabilities as they are unaware of the underlying physical laws.

The aim of this research topic is to understand how stability of machine learning-based
closure models for LES can be enforced by construction, while retaining the ability to
represent essential physical mechanisms. This aim is addressed through the following research
questions:

• RQ1: How can a stable and physically consistent machine learning-based
closure model be formulated and how does its performance compare to
existing approaches? This question is addressed in Chapter 2. Here, we investigate
the structure of 1D non-linear equations, namely Burgers’ equation and the Korteweg-
de Vries equation. We discretize these equations and apply a spatial averaging filter
to reduce the degrees of freedom. The information that is removed by the filter is
reintroduced into the system by so-called SGS variables. A novel neural network
architecture that conserves the total energy of the system is introduced as a closure
model, guaranteeing stability of the resulting dynamical system. Our neural network
architecture is compared against existing (machine learning) approaches.

• RQ2: Can machine learning-based closure models with stability guarantees,
developed for simple 1D systems, be successfully extended to more complex
fluid dynamics problems? This question is addressed in Chapter 3, where the
neural network architecture proposed in Chapter 2 is applied to the 2D incompressible
Navier-Stokes equations. However, this time, without the inclusion of the SGS variables,
as their extension to multiple spatial dimensions is still an open problem. Our approach
is once again compared against existing (machine learning) approaches.

1.6.2 Topic II: Data-driven extensions of the evolve-filter-relax
framework (Chapter 4)

As discussed in Section 1.5.2, the classical evolve-filter-relax (EFR) framework provides a
stable and modular approach to simulating turbulent flows, but its practical use is limited
by computational bottlenecks and restricted flexibility. In particular, the reliance on a
differential filter and only two governing parameters limits efficiency and expressiveness in
complex flows.
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The aim of this research topic is to enhance the flexibility and computational efficiency of
the EFR framework through data-driven extensions, while preserving its stability properties.
This aim is addressed in Chapter 4 through the following research questions:

• RQ3: Can introducing a data-driven linear filter into the EFR framework
enhance both computational efficiency and accuracy? To answer this question,
the classical differential filter is replaced by a data-driven linear filter learned from DNS
data. The filter parameters are determined through least-squares optimization, and the
filter is applied efficiently using a fast Fourier transform (FFT). The approach is applied
to the 2D incompressible Navier-Stokes equations, and its performance is compared to
the standard EFR approach (using the differential filter) and the Smagorinsky LES
closure model, regarding both accuracy and efficiency.

• RQ4: How does one explicitly embed physical structure into the data-
driven EFR framework, and how does this affect stability and performance?
This question is addressed by coupling the learned filtering strategy with an energy-
conserving discretization and a relaxation mechanism designed to control energy and
enstrophy. This retains the stability advantages of the original EFR formulation. Once
again, this approach is compared to the standard EFR approach and the Smagorinsky
LES closure model, for different amounts of training data.

1.6.3 Topic III: Reduced-order modeling for advection-dominated
flows (Chapter 5)

As discussed in Section 1.5.3, classical POD-Galerkin ROMs often struggle with advection-
dominated flows due to stability issues and the need for a large reduced bases. This motivates
the development of alternative reduced-order modeling strategies that exploit spatial locality
to improve stability, accuracy, and efficiency.

The aim of this research topic is to develop reduced-order modeling strategies for advection-
dominated flows that are computationally efficient, stable, and accurate, while maintaining
good generalization properties. This aim is in Chapter 5 through the following research
questions:

• RQ5: Can space-local reduced-order modeling strategies address the limited
generalizability and high computational cost, and stability issues of classical
space-global POD-Galerkin approaches while preserving accuracy? To answer
this equation, we propose a space-local POD approach in which localized basis functions
are repeated across the domain, yielding sparse ROM operators and significantly
reducing computational cost. We further enhance this framework through overlapping
subdomains and demonstrate that the resulting ROMs inherit energy conservation
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from the full system, guaranteeing stability. This framework is particularly suited to
advection-dominated problems with spatially repetitive dynamics, such as traveling-
wave phenomena. We examine its efficiency, accuracy, generalization capability, and
stability on 1D and 2D advection test cases.

• RQ6: To what extent are the proposed space-local reduced-order models
applicable to multi-dimensional fluid flows? This question is addressed by
investigating the ability of the space-local POD basis to represent vorticity fields
stemming from numerical solutions of the 2D incompressible Navier-Stokes equations.
This is evaluated on both the training data and unseen vorticity snapshots to assess
the generalization of the space-local POD basis. The performance is compared against
the standard space-global POD basis.
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2
Energy-Conserving Neural Network for

Turbulence Closure Modeling

In turbulence modeling, we are concerned with finding closure models that represent the
effect of the subgrid scales on the resolved scales. Recent approaches gravitate towards machine
learning techniques to construct such models. However, the stability of machine-learned closure
models and their abidance by physical structure (e.g. symmetries, conservation laws) are still
open problems. To tackle both issues, we take the ‘discretize first, filter next’ approach. In
this approach, we apply a spatial averaging filter to existing fine-grid discretizations. The
main novelty is that we introduce an additional set of equations that dynamically model the
energy of the subgrid scales. Having an estimate of the energy of the subgrid scales, we can
use the concept of energy conservation to derive stability. The subgrid energy containing
variables are determined via a data-driven technique. The closure model is used to model
the interaction between the filtered quantities and the subgrid energy. Therefore, the total
energy should be conserved. Abiding by this conservation law yields guaranteed stability of
the system. In this work, we propose a novel skew-symmetric convolutional neural network
architecture that satisfies this law. The result is that stability is guaranteed, independent of the
weights and biases of the network. Importantly, as our framework allows for energy exchange

This chapter is based on [15].
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between resolved and subgrid scales it can model backscatter. To model dissipative systems (e.g.
viscous flows), the framework is extended with a diffusive component. The introduced neural
network architecture is constructed such that it also satisfies momentum conservation. We
apply the new methodology to both the viscous Burgers’ equation and the Korteweg-De Vries
equation in 1D. The novel architecture displays superior stability properties when compared
to a vanilla convolutional neural network.

2.1 Introduction

The direct numerical simulation (DNS) of turbulent flows is often infeasible due to the
high computational requirements. Especially for applications in design and uncertainty
quantification, this rapidly becomes computationally infeasible, as typically many simulations
are required [81, 82]. To tackle this issue, several different approaches have been proposed,
such as reduced-order models (ROMs) [67], Reynolds-averaged Navier-Stokes (RANS) [9],
and large eddy simulation (LES) [6]. These approaches differ in how much of the physics is
modeled. Here we will focus on the LES approach.

In LES, the large-scale physics is modeled directly by a coarse-grid discretization. The
coarse grid is accounted for by applying a filter to the original equations. However, as the
filter does not commute with the nonlinear terms in the equations, a commutator error arises.
This prevents one from obtaining an accurate solution without knowledge of the subgrid-scale
(SGS) content. This commutator error is referred to as the closure term. Modeling this term
is the main concern of the LES community. A major difficulty in this process is dealing with
energy moving from the small scales to the large scales (backscatter) [83, 84]. This is because
the SGS energy is unknown during the time of the simulation. This makes accounting for
backscatter without leading to numerical instabilities difficult [85]. Classical physics-based
closure models are therefore often represented by a dissipative model, e.g. of eddy-viscosity
type [26]. This ensures a net decrease in energy. Another option is that the closure model is
clipped such that backscatter is removed [86]. Even though the assumption of a global net
decrease in energy is valid [26], explicit modeling of backscatter is still important. This is
because locally the effect of backscatter can be of great significance [30, 31]. Closure models
that explicitly model the global SGS energy at a given point in time, to allow for backscatter
without sacrificing stability, also exist [87]. Recently, machine learning approaches, or more
specifically neural networks (NNs), have come forward as viable closure models. They have
been shown to outperform the classical approaches for different use cases [14, 39, 49, 51, 52].
However, stability remains an important issue, along with abidance by physical structure
such as mass, momentum, and energy conservation [12, 14, 38, 45].

In [38] homogeneous isotropic turbulence for the compressible Navier-Stokes equations
was treated. A convolutional neural network (CNN) was trained to reproduce the closure
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term from high-resolution flow data. Although a priori cross-correlation analysis on the
training data showed promising results, stable models could only be achieved by projecting
onto an eddy-viscosity basis. In [45], a gated recurrent NN was applied to the same test
case. This network displayed even higher cross-correlation with the closure term, but still
yielded unstable models. Even after training on data with added artificial noise, the model
remained unstable [12]. In [14], incompressible turbulent channel flow was treated. Here,
NNs with varying levels of locality were used to construct a closure model. They showed that
increasing the view of the NN improves a priori performance. However, a posteriori analysis
showed that this increased input space also led to instabilities. Even after introducing
backscatter clipping, these larger models were still outperformed by the highly localized
NN models. Two promising approaches to improving the stability of NN closure models are
‘trajectory fitting’ [39, 52–55] and reinforcement learning [46, 56]. Both of these approaches
have in common that instead of fitting the NN to the exact closure term (which is what
we will refer to as ‘derivative fitting’), one optimizes directly with respect to how well the
solution is reproduced. This has been shown to yield more accurate and stable closure models
[39, 52, 55]. The difference between these two methods is that trajectory fitting uses exact
gradients, such that gradient-based optimizers can be applied to optimize the NN weights
[41]. Reinforcement learning does not require these gradients. This makes it suitable for
non-differentiable processes such as chess and self-driving cars [88].

These approaches have all been applied to the Navier-Stokes equations. However, in this
chapter, we consider a 1D simplification, namely Burgers’ equation. Several studies have
been carried out which apply machine learning to this equation. In [89] physics informed
neural networks (PINNs) were successfully applied to Burgers’ equation. In PINNs, the
partial differential equation (PDE) is encoded into the loss function of the neural network.
The advantage of PINNs is that they allow us to approximate the solution without explicitly
discretizing space and time. In the context of closure modeling, several studies have been
carried out. For example, in [90] and [91], a neural network was fitted to predict the closure
term for Burgers’ equation with forcing. In [91], the trained neural network was successfully
applied to unseen viscosity values. This was achieved by limited retraining on new data. This
technique is known as transfer learning. Furthermore, several studies have been carried out
which show the benefits of trajectory fitting [55, 89, 92]. In [89], trajectory fitting is combined
with a Fourier neural operator to predict a spatially dependent Smagorinsky coefficient. This
combination outperformed the other considered approaches. It also guarantees stability by
being strictly dissipative. Furthermore, Fourier neural operators have the advantage that
they are grid independent [93].

However, none of the discussed approaches leads to a provably stable NN closure model,
while still allowing for backscatter. In addition, they do not guarantee abidance by the
underlying energy conservation law. The latter is something that, to our knowledge, does
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not yet exist in the case of LES closure models. To resolve these shortcomings, we present a
new NN closure model that satisfies both momentum and kinetic energy conservation and
is therefore stable by design. As stated earlier, the difficulty of this task mainly lies in the
fact that: (i) The kinetic energy conservation law includes terms which depend on the SGS
content, which is too expensive to simulate directly. (ii) Consequently, the kinetic energy
of the large scales is not a conserved quantity (in the limit of vanishing viscosity). To
tackle these issues, we take the ‘discretize first, filter next’ approach [54, 55]. This means
that we start from a high-resolution discretization with N degrees of freedom, to which we
apply a discrete filter. This filter projects the solution onto a coarse computational grid of
dimension I, with I ≪ N . Given the discrete filter, the exact closure term can be obtained
by computing the commutator error. The main advantage of this approach is that the closure
term now also accounts for the discretization error. Based on the filter’s properties, we then
derive an energy conservation law that can be split into two components: one that depends
solely on the resolved scales (resolved energy) and another that solely depends on the SGS
content (SGS energy) [87]. Like in existing works, the closure model is represented by a
CNN [44]. The main novelty comes from the addition of a set of SGS variables. These SGS
variables represent the SGS energy, projected onto the coarse grid. The key insight is that
the resulting system of equations should still conserve energy in the inviscid limit. We then
choose our CNN architecture such that it is consistent with this limit. In this way, we still
allow for backscatter without sacrificing stability.

This chapter is structured in the following way: In Section 2.2 we discuss Burgers’
and Korteweg-de Vries equations and their energy and momentum conservation properties.
We introduce the discrete filter, the resulting closure problem, and derive a new energy
conservation law. This law describes the exchange between the resolved and the SGS energy.
In Section 2.3, we introduce our novel machine learning framework for modeling the closure
term. This approach satisfies the derived energy conservation law using the set of SGS
variables to represent the SGS energy. In addition, we show how to satisfy momentum
conservation. In Section 2.4, we study the convergence and stability of our closure modeling
framework and compare this to a vanilla CNN. We also analyze its structure-preserving
properties in terms of momentum and energy conservation and its ability to extrapolate
in space and time. In Section 2.5 we present a short discussion on the applicability of our
framework to the Navier-Stokes equations. In Section 2.6, we conclude our work.
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2.2 Governing equations, discrete filtering, and closure

problem

Before constructing a machine learning closure, we formulate a description of the closure
problem on the discrete level. For this purpose we introduce the filter and reconstruction
operator which we apply to the discrete solution. In this way, we also account for the
discretization error. In addition, we discuss the effects of filtering on the physical structure
of the system.

2.2.1 Spatial discretization

We consider an initial value problem of the following form:

∂u

∂t
= f(u), (2.1)

u(x, 0) = u0(x), (2.2)

which describes the evolution of some quantity u(x, t) in space x ∈ Ω and time t on the
spatial domain Ω ⊆ Rd, given initial state u0. The dynamics of the system is governed by
the right-hand side (RHS) f(u), which typically involves partial derivatives of u with respect
to x. After spatial discretization (method of lines), we obtain the vector u(t) ∈ RN . The
elements ui of this vector approximate the value of u at each of the N grid points xi ∈ Ω for
i = 1, . . . , N , such that ui ≈ u(xi). The discrete analogue of the IVP is then

du
dt

= fh(u), (2.3)

u(0) = u0, (2.4)

where fh represents a spatial discretization of f . It is assumed that all the physics described
by equation (2.1) is captured in the discrete solution u. This means that whenever the
physics involves a wide range of spatial scales, a very large number of degrees of freedom N is
needed to adequately resolve all the scales. This results in a large amount of computational
resources required to solve these equations. This is what we aim to alleviate.

2.2.2 Burgers’ and Korteweg-de Vries equation, and physical struc-
ture

We are interested in the modeling and simulation of turbulent flows. For this purpose, we
first consider Burgers’ equation, a 1D simplification of the Navier-Stokes equations. Burgers’
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equation describes the evolution of the velocity u(x, t) according to the PDE

∂u

∂t
= −1

2

∂u2

∂x
+

∂

∂x

(
ν
∂u

∂x

)
. (2.5)

The first term on the RHS represents nonlinear convection and the second term diffusion,
weighted by the positive viscosity field ν(x) ≥ 0. This equation expresses similar behavior to
3D turbulence in the fact that smaller scales are created by the nonlinear convective term,
which then dissipate through diffusion [94]. We will be interested in two properties of the
Burgers’ equation, which we collectively call ‘structure’.

Firstly, momentum P is conserved on periodic domains:

dP
dt

=
d
dt

∫
Ω

udΩ︸ ︷︷ ︸
=:P

=

∫
Ω

−1

2

∂u2

∂x
+

∂

∂x

(
ν
∂u

∂x

)
dΩ = 0. (2.6)

Secondly, on periodic domains (kinetic) energy E is conserved in the absence of viscosity:

dE
dt

=
d
dt

1

2

∫
Ω

u2dΩ︸ ︷︷ ︸
=:E

=

∫
Ω

−u
2

∂u2

∂x
+ u

∂

∂x

(
ν
∂u

∂x

)
dΩ = −

∫
Ω

ν

(
∂u

∂x

)2

dΩ ≤ 0, (2.7)

where we used integration by parts. As we solely deal with viscous flows, i.e. ν(x) > 0, we
disregard energy loss due to the presence of shocks [95]. Note that these conservation laws
only hold in the absence of forcing.

These properties can be preserved in a discrete setting by employing a structure-preserving
scheme [95]. On a uniform grid, the convective term is discretized with the following skew-
symmetric scheme:

(C(u)u)i = −
1

6h
(u2
i+1 − u2

i−1)−
1

6h
ui(ui+1 − ui−1), (2.8)

where h is the grid spacing. The skew-symmetry entails that uTC(u)u = 0. This is used
later to derive energy conservation. Furthermore, the diffusion operator is discretized as

(−QTdiag(ν)Qu)i =
1

h2
(νi(ui+1 − ui) + νi−1(ui−1 − ui)), (2.9)

where Q is a simple forward difference approximation of the first derivative and νi = ν(xi)

[24, 67]. In this chapter, we deal with constant viscosity ν(x) = ν such that we obtain the
following system of ordinary differential equations (ODEs):

du
dt

= C(u)u+ νDu. (2.10)
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Here D = −QTQ corresponds to a simple central difference approximation of the second
derivative. For the time discretization, we employ an explicit Runge-Kutta 4 (RK4) scheme
[96].

This discretization conserves the discrete momentum Ph = h1Tu in the periodic case:

dPh
dt

= h1T
du
dt

= 0, (2.11)

where 1 is a column vector with all entries equal to one. Note that this equation discretely
represents the integral in (2.6). Furthermore, due to the skew-symmetry of the convection
operator, the evolution of the discrete kinetic energy Eh = h

2u
Tu is given by:

Burgers’ equation:
dEh
dt

= huT
du
dt

= hνuTDu = −hν||Qu||22 ≤ 0. (2.12)

This is the discrete equivalent of (2.7). In both the continuous and discrete formulation, we
used the product rule to obtain the derivative. The norm ∥.∥2 represents the conventional 2-
norm. From (2.12) we conclude that this discretization ensures net kinetic energy dissipation,
and conservation in the inviscid limit. From this point forward, we will refer to the kinetic
energy simply as energy.

In addition to Burgers’ equation, we will consider the Korteweg de-Vries (KdV) equation:

∂u

∂t
= −ε

2

∂u2

∂x
− µ∂

3u

∂x3
, (2.13)

where ε and µ are scalar parameters. The KdV equation conserves momentum and energy
irrespective of the values of ε and µ. We discretize the nonlinear term in the same way as
for Burgers’ equation, using the skew-symmetric scheme. The third-order spatial derivative
is approximated by a skew-symmetric central difference stencil: (−ui−2 + 2ui−1 − 2ui+1 +

ui+2)/(2h
3), see [97]. The resulting discretization is not only momentum conserving, but

also energy conserving:

KdV equation:
dEh
dt

= 0. (2.14)

2.2.3 Discrete filtering

To alleviate the high computational expenses for large N we apply a spatial averaging filter
to the fine-grid solution u. This results in the coarse-grid approximation ū ∈ RI . The coarse
grid follows from dividing Ω into I non-overlapping cells Ωi with cell centers Xi. The coarse
grid is refined into the fine grid by splitting each Ωi into J subcells ωij with cell centers xij .
The subdivision is intuitively pictured in Figure 2.1, for a uniform 1D grid. Furthermore, we
define the mass matrices ω ∈ RN×N and Ω ∈ RI×I which contain the volumes of the fine
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and coarse cells on the main diagonal, respectively.

ū1

Ω1

u1

ω11

u2

ω12

u3

ω13

ū2

Ω2

u4

ω21

u5

ω22

u6

ω23

ū3

Ω3

u7

ω31

u8

ω32

u9

ω33

Figure 2.1: Subdivision of the spatial grid. The dots represent cell centers xij and Xi for
N = 9 and I = J = 3.

To reduce the degrees of freedom of the system, we apply a spatial averaging filter to
u. This filter simply computes ū as a weighted average of u, within each coarse cell. We
represent this by the following matrix vector product:

ū = Wu, (2.15)

where W ∈ RI×N is the filter. The filter is defined as

W = Ω−1Oω (2.16)

with overlap matrix O ∈ RI×N :

O :=


1 . . . 1

. . . . . . . . .

1 . . . 1

 . (2.17)

This matrix contains ones at index (i, j) if ωij lies in Ωi. Mathematically, ū can be regarded
as a representation of u in a reduced basis. To project back onto the original basis we use a
reconstruction operator R:

R := OT (2.18)

which is a right inverse of W, i.e.
WR = I. (2.19)

The matrix R approximates the reconstruction by a piece-wise constant function [22]. This is
intuitively pictured in Figure 2.2. Filtering a reconstructed solution Rū leaves ū unchanged,
i.e.

ū = (WR)p︸ ︷︷ ︸
=I

Wu (2.20)

for p ∈ N0. We will refer to this property as the ‘projection’ property, as it is similar to how
repeated application of a projection operator leaves a vector unchanged.
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By subtracting Rū from u we obtain the SGS content u′ ∈ RN :

u′ := u−Rū. (2.21)

In theory, one could define a more accurate R, e.g. through polynomial reconstruction or
data-driven approaches [54], and obtain a smaller u′. However, this particular choice of R is
made such that the energy is invariant under reconstruction, as will be shown in equation
(2.27). This is an important property for our methodology to work. Furthermore, we will
refer to the SGS content in a single coarse cell Ωi as µi ∈ RJ , see Figure 2.2. Applying the
filter to u′ yields zero:

Wu′ = Wu−WR︸︷︷︸
=I

ū = ū− ū = 0Ω, (2.22)

where 0Ω is a vector with all entries equal to zero, defined on the coarse grid. This can be
seen as the discrete equivalent of a property of a Reynolds operator [6]. To illustrate, we
display each of the introduced quantities for a 1D sinusoidal wave in Figure 2.2.
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Rū
u′
µ4

0 2 4 6 8 10

0

1

2

3

4

t
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Figure 2.2: (Left) Fine-grid u, reconstructed Rū, and SGS content u′ for u = sin(x). Here
N = 1000, I = 20, and J = 50. The SGS content in the fourth coarse cell µ4 is also indicated.
(Right) Energy during a simulation of KdV equation with periodic boundary conditions
(BCs) before and after filtering.

2.2.4 Discrete closure problem

Next, we consider the time evolution of ū. Since we employ a spatial filter which does not
depend on time, filtering and time-differentiation commute: W du

dt = d(Wu)
dt . The closure

problem arises because this is not true for the spatial discretization, i.e.

Wfh(u) ̸= fH(Wu) (2.23)
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where fH represents the same discretization scheme as fh, but on the coarse grid. The closure
problem is that the equations for ū are ‘unclosed’. This means that knowing the fine-grid
solution u is required to evolve ū in time. In this way, we do not achieve any computational
speedup.

To resolve this, we write the filtered system in closure model form:

dū
dt

= fH(ū) + (Wfh(u)− fH(ū))︸ ︷︷ ︸
=:c(u)

, (2.24)

where c(u) ∈ RI is the closure term. Note that this equation is still exact. c(u) is essentially
the discrete equivalent of the commutator error in LES [6]. One advantage of having first
discretized the problem is that c(u) also includes the discretization error, with respect to
a fine-grid simulation. The aim in closure modeling is generally to approximate c(u) by a
closure model c̃(ū). In Section 2.3 we choose to represent c̃ by a neural network.

2.2.5 Inner products and energy decomposition

To describe the total energy that is present in the system, we define the following inner
products and norms:

(a,b)ξ := aT ξb (2.25)

||a||2ξ := (a,a)ξ (2.26)

for ξ ∈ {ω,Ω}, and vectors a and b. With this notation we can represent the inner product
on both the fine and coarse grid. For ξ = I we obtain the conventional inner product
and 2-norm, denoted as (a,b) = aTb and ||a||22. Besides the projection property (2.20)
an additional characteristic of the filter/reconstruction pair is that the inner product is
conserved under reconstruction (see Appendix A.1):

(Rā,Rb̄)ω = (ā, b̄)Ω. (2.27)

Using this, the total energy Eh in the system can be decomposed as

Eh :=
1

2
||u||2ω =

1

2
||Rū+ u′||2ω

=
1

2
||Rū||2ω + (Rū,u′)ω +

1

2
||u′||2ω =

1

2
||ū||2Ω︸ ︷︷ ︸
=:Ēh

+
1

2
||u′||2ω︸ ︷︷ ︸
=:E′

h

(2.28)

where we replaced u by the decomposition in (2.21). Furthermore, we used the fact that Rū

is orthogonal to u′ to simplify the expression, see Appendix A.1. The final expression shows
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that our choice of W and R is such that the total energy of the system can be split into two
parts. These constitute of the resolved energy Ēh, which exclusively depends on ū, and the
SGS energy E′

h, which exclusively depends on u′. The energy conservation law can also be
decomposed into a resolved and SGS part:

dEh
dt

=
dĒh
dt

+
dE′

h

dt
=

(
ū,

dū
dt

)
Ω

+

(
u′,

du′

dt

)
ω

= 0, (2.29)

where we used the product rule to arrive at this relation. For Burgers’ equation with ν > 0,
the last equality sign changes to ≤. This means that even for dissipative systems, the resolved
energy can still increase (so-called ‘backscatter’), as long as the total energy is decreasing.
For the KdV equation (2.13), which is strictly energy conserving, this decomposition can be
seen in Figure 2.2. Here one can clearly see the continuous exchange of energy between Ēh
and E′

h, while the sum of the two remains constant.

2.2.6 Momentum conservation

Next to the energy, we investigate the effect of filtering on the momentum. The total discrete
momentum is given by

Ph = (1ω,u)ω, (2.30)

where 1ω is a vector with all entries equal to one, defined on the fine grid. From this definition
we can show, see Appendix A.1, that the discrete momentum is invariant upon filtering, i.e.

(1ω,u)ω = (1Ω, ū)Ω. (2.31)

This means the closure term does not add momentum into the system, i.e.

(1Ω, c(u))Ω = 0. (2.32)

2.3 Structure-preserving closure modeling framework

In this section, the derived discrete energy and momentum balances will be used to construct
a novel structure-preserving closure model. We will also discuss how to fit the parameters of
the model.

2.3.1 The framework

Many existing closure approaches aim at approximating c(u) by a closure model c̃(ū;Θ).
Here Θ are parameters to be determined such that the approximation is accurate. In this
work, we propose a novel formulation, in which we extend the system of equations for ū with
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a set of I auxiliary SGS variables s ∈ RI . These SGS variables locally approximate the SGS
energy, but projected onto the coarse grid. This will be detailed later. The extended system
of equations has the form

d
dt

[
ū

s

]
≈ GΘ(ū, s) :=

[
fH(ū)

0Ω

]
+Ω−1

2 (K −KT )
[
ū

s

]
−Ω−1

2 QTQ
[
ū

s

]
, (2.33)

where K = K(ū, s,Θ) ∈ R2I×2I and Q = Q(ū, s,Θ) ∈ R2I×2I depend on the solution in
a parameterized fashion. Next to the introduction of s, the second main novelty in this
work is to formulate the closure model in terms of a skew-symmetric and a dissipative term.
The skew-symmetric term is introduced to allow for the exchange of energy between ū and
s. The dissipative term is introduced to provide additional dissipation, as this is required
(see Appendix A.2). The operators K and Q will be modeled in terms of neural networks
(NNs) with trainable parameters (contained in Θ). So even though the notation in (2.33)
suggests linearity of the closure model, the dependence of K and Q on ū and s makes the
model nonlinear. The construction of the introduced operators will be detailed in Sections
2.3.3. As our energy definition includes Ω, we include the inverse of the concatenated mass
matrix Ω−1

2 in our system of equations (2.33). This ensures energy conservation/dissipation
regardless of the grid topology. This mass matrix is defined as

Ω2 =

[
Ω

Ω

]
. (2.34)

Given the extended system of equations, the total energy (2.28) is approximated as

Eh ≈ Es :=
1

2
||a||2Ω2

=
1

2
||ū||2Ω +

1

2
||s||2Ω, (2.35)

where the second term approximates the SGS energy. Furthermore, we concatenate ū and s

into a single state vector a ∈ R2I :

a :=

[
ū

s

]
. (2.36)

The evolution equation for the approximated total energy is given by

dEs
dt

=

(
a,

da
dt

)
Ω2

= (ū, fH(ū))Ω − ||Qa||22, (2.37)

as the skew-symmetric term involving K−KT cancels. This is a property of skew-symmetric
matrices [24]. Consequently, this formulation guarantees stability provided that fH is
structure-preserving.

Our key insight is that by explicitly including an approximation of the SGS energy we
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are able to satisfy the energy conservation balance, equation (2.29). The energy balance
serves not only as an important constraint for the closure model (represented by a NN), but
also guarantees the stability of our closure model. This is because the energy is a norm of
the solution, which is bounded in time. This framework thus allows for the modeling of
backscatter without sacrificing stability.

2.3.2 SGS variables

Next, let us consider appropriate expressions for s. The exact SGS energy on the coarse grid
is given by:

W(u′)2, (2.38)

where (.)2 is to be interpreted element-wise. This would yield s = ±
√

W(u′)2, where
√

(.)

is also to be interpreted element-wise. The square root is taken to comply with the energy
definition in (2.35). However, this definition for s resulted in poor performance during testing.
We argue this was caused by the strict positivity (or negativity). Inevitable small errors in
the model predictions caused some of the elements of s to switch sign. As the model was
trained on positive s, the simulation quickly diverged from the true trajectory. Attempts at
resolving this issue were not successful.

Instead, we propose the use of a local linear compression. This formulation naturally
allows for both positive and negative values of si. This compression is written as (assuming
a uniform grid):

si = tTµi, i = 1, . . . , I, (2.39)

where we recall that µi ∈ RJ represents the SGS content in a single coarse cell Ωi. Fur-
thermore, t ∈ RJ are the compression parameters. We aim to choose t such that we obtain
s2 ≈W(u′)2. The optimal values of t are obtained using a singular value decomposition of
the SGS content. This is outlined in Appendix A.3. From (2.39) we construct an operator
Ts ∈ RI×N which transform the SGS content into s:

s = Tsu
′. (2.40)

Combining the compression with the filter, see (2.15), we define the operator T ∈ R2I×N

which transforms u into the state vector a:

a =

[
W

Ts(I−RW)

]
︸ ︷︷ ︸

=:T

u. (2.41)
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Figure 2.3: (Left) Learned SGS compression applied to Burgers’ equation for N = 1000, with
I = 20 and J = 50. By filtering and applying the SGS compression the degrees of freedom of
this system are effectively reduced from N = 1000 to 2I = 40. (Right) True SGS energy and
compressed SGS energy during this simulation of Burgers’ equation.

Due to the linearity of the transformation, we simply obtain

da
dt

= T
du
dt
, (2.42)

where T is the Jacobian of the transformation. In the linear case, this Jacobian does not
depend on u, which significantly simplifies computing reference data for da

dt . In addition, it
follows that if the true RHS includes a forcing term F ∈ RN we simply account for this by
adding TF to the RHS of (2.33).

To illustrate how the compression works in practice, we consider a snapshot from a
simulation of Burgers’ equation (ν = 0.01) with periodic BCs, see Figure 2.3. We observe
that s serves as an energy storage for the SGS content, which is mainly present near shocks. If
we look at the SGS energy trajectory, we find that its behavior is captured both qualitatively
and quantitatively by the SGS compression. Although we still miss some of the energy, the
oscillations due to the traveling shock are nicely captured. From this, we argue that a linear
compression suffices. For more complex systems, autoencoders might offer an alternative
[65].

2.3.3 Construction of the operators

Similarly to the structure-preserving discretization for Burgers’ equation, presented in Section
2.2.2, we want our closure model to locally advect momentum and energy through the domain.
In this way we do not violate the conservation laws. It is therefore that we inspire our
machine learning closure model on this structure-preserving discretization. In this section we
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outline how to construct K and Q from the output of a CNN [44].

2.3.3.1 Diffusive operator

Let us start by considering the diffusion operator in (2.9), namely −QTdiag(ν)Q. This
operator locally diffuses energy and momentum through space at a rate which is determined
by a positive viscosity field. In the periodic case the momentum is conserved, as 1TQT = 0.
and the energy is dissipated, as −uTQdiag(ν)Qu = −||

√
diag(ν)Qu||22 ≤ 0.

Drawing inspiration from this operator we introduce the following form for the diffusive
term in our closure model:

Q(a;Θ) = q(a;Θ)B1(Θ) (2.43)

such that QTQ = BT1 q2B1 resembles the discussed diffusion operator. Here q(a;Θ) =

diag(q1,q2) ∈ R2I×2I is constructed from two output channels q1 and q2 of a CNN which
takes ū, s, and fH(ū) as inputs. fH(ū) was added as input channel because it significantly
improved the performance of the neural network. This is supported by [55]. Looking at the
introduced form, q2 can be thought of as a set of learned non-uniform and nonlinear viscosity
fields. The square ensures positivity of these fields. Furthermore, the introduced matrix
B1(Θ) ∈ R2I×2I is a linear operator which encodes a set of parameterized convolutions. It
will be used to satisfy momentum conservation, similarly to Q. This will be discussed later
in Section 2.3.3.3.

2.3.3.2 Advective operator

For our skew-symmetric operator K − KT we take a similar approach and introduce the
following form:

K(a;Θ) = BT2 (Θ)k(a;Θ)B3(Θ) (2.44)

such thatK−KT = BT2 kB3−BT3 kB2. Similarly to the diffusive operator we use B2(Θ),B3(Θ) ∈
R2I×2I to satisfy momentum conservation. As is the case for q, the fields k(a;Θ) =

diag(k1,k2) are constructed from an additional set of two outputs channels of the CNN, i.e.[
q1 q2 k1 k2

]
= CNN(ū, s, fH(ū);Θ). (2.45)

This means the CNN has in total four output channels to construct both q and k. Furthermore,
k can be thought of as a set of learned velocity fields which advect momentum and energy
through the domain, in addition to exchanging energy between ū and s.
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2.3.3.3 Momentum conservation

The entire framework (2.33) is summarized as

GΘ(a) =
[
fH(ū)

0Ω

]
+Ω−1

2 (BT2 kB3 − BT3 kB2)a−Ω−1
2 BT1 q2B1a. (2.46)

From this we find that momentum conservation, see (2.32), places an additional constraint
on the operators:([

1Ω

0Ω

]
,GΘ(a)

)
Ω2

=

[
1Ω

0Ω

]T
(BT2 kB3 − BT3 kB2)a−

[
1Ω

0Ω

]T
BT1 q2B1a = 0, (2.47)

assuming that fH is momentum conserving. This constraint is to be satisfied for periodic
BCs, and we choose to compose Bi of convolutions (or stencils) expressed as linear operators:

Bi =
[
B11
i B12

i

B21
i B22

i

]
. (2.48)

The operator Bi can therefore be thought of as the connection between two layers in a
CNN, with each layer containing two channels [44]. In 1D each of the submatrices is
characterized by 2B + 1 parameters, where B > 0 is the width of the convolution. In this
way, each convolution takes into account B neighboring grid cells from each side. Momentum
conservation is ensured by constraining these submatrices in a clever way. From the constraint
(2.47) and the definition of Bi, in (2.48), we find that momentum conservation is satisfied
if the sum of the convolution weights for Bj1

i is zero ∀i, j, as is the case for Q. To see
how this works we consider a general convolution operator B, characterized by parameters
b−B , . . . , bB ∈ R. Applying this operator to a discrete field f , while constraining the sum of
the weights to zero, is achieved as follows:

(Bf)i =

B∑
j=−B

b̄jfi+j , (2.49)

b̄j = bj −
B∑

k=−B

bk
2B + 1

, (2.50)

such that
∑B
j=−B b̄j = 0 indeed holds. Applying this procedure to Bj1

i , ∀i, j, ensures (2.47)
is satisfied up to machine precision, independent of the parameter values. The remaining
convolutions are left unconstrained, i.e. we simply take b̄j = bj .
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Figure 2.4: A simulation of Burgers’ equation with periodic BCs using our trained structure-
preserving closure model for I = 20 and J = 50 (left), along with the DNS solution for
N = 1000 (right).

2.3.3.4 Properties & further discussion

The key insight is that we are free to choose any set of parameters Θ without violating the
prescribed structure of the system. Furthermore, as K and Q are based solely on convolutions
in the CNN and the B matrices, they effectively correspond to nonlinear local stencils. The
entire framework is therefore translation equivariant. For periodic BCs we apply circular
padding to both the CNN inputs and the state vector [44]. For non-periodic BCs we refer
to Appendix A.3.1. The parameters Θ include the weights of the CNN, as well as the
parameters characterizing the B matrices. As both the CNN and the convolution operations
in B are sparse, our model remains computationally efficient.

In Figure 2.4 the framework is applied to Burgers’ equation, where we compare it to the
direct numerical simulation (DNS). It is once again interesting to see that s is largest at the
shocks, indicating the presence of significant SGS content. Comparing the magnitude of the
different terms in (2.33), see Figure 2.5, we observe that the skew-symmetric term, that is
responsible for redistributing the energy, is most important. In fact it is more important
than the coarse-grid discretization. In other words, our closure model has learned dynamics
that are highly significant to correctly predict the evolution of the filtered system. This
means that even though the closure term is large, we can still accurately model it.
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Figure 2.5: Magnitude of each of the different terms present in (2.33) corresponding to the
simulation in Figure 2.4 with I = 20, J = 50, and N = 1000.

2.3.4 Finding the optimal parameter values

The optimal parameter values of the network can be obtained numerically by minimizing

L(Xu;Θ) :=
1

p

∑
u∈Xu

||GΘ(Tu)−Tfh(u)||22 (2.51)

with respect to Θ for the training set Xu containing p DNS snapshots. We will refer to this
approach as ‘derivative fitting’, as we minimize the residual between the predicted and the
true RHS.

An alternative is to optimize Θ such that the solution itself is accurately reproduced. To
achieve this we minimize

Ln(Xu;Θ) :=
1

pn

∑
u∈Xu

n∑
i=1

||S̄iΘ(Tu)−TSi(∆t/∆t)(u)||22. (2.52)

Here S̄iΘ(Tu) represents the output of the solver after successive application of an explicit
time integration scheme for i time steps, with step size ∆t, starting from initial condition
Tu, using the introduced closure model in (2.33). The DNS counterpart is indicated by
Si(∆t/∆t)(u), with step size ∆t, starting from initial condition u. Note the appearance of
the ratio ∆t/∆t. This is because the coarse grid allows for larger time steps [98]. We will
refer to this method as ‘trajectory fitting’. This approach has been shown to yield more
accurate and stable closure models [39, 52–55]. In this chapter we propose a hybrid of the
two approaches, as trajectory fitting is more computationally more expensive. This hybrid
approach will be detailed later.
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2.4 Results

2.4.1 Test cases

To test our closure modeling framework we consider the previously introduced Burgers’
equation with ν = 0.01 on the spatial domain Ω = [0, 2π] for two test cases: (i) periodic
BCs without forcing and (ii) input/output (I/O) BCs with time-independent forcing. The
implementation of BCs is discussed in Appendix A.3.1. We also consider a third test case:
(iii) the KdV equation with ε = 6 and µ = 1 on the spatial domain Ω = [0, 32] for periodic
BCs. Parameter values for Burgers’ and KdV are taken from [90]. Reference DNSs are
carried out on a uniform grid of N = 1000 for Burgers’ and N = 600 for KdV up to time
T = 10. The data that is generated from these reference simulations is split into a training
(70%) and a validation set (30%). The simulation conditions (initial conditions, BCs, and
forcing) for training are generated randomly, as described in Appendix A.3.2. The closure
models will be tested on unseen simulation conditions, sampled from the same distributions
as the training data. In addition to this, the construction of the training and validation
set, the training procedure, and the hyperparameter tuning procedure are also described in
Appendix A.3.2.

2.4.1.1 Considered closure models

For the analysis, we will compare our structure-preserving neural network architecture (SP)
to a vanilla CNN. The vanilla CNN output is multiplied by a forward difference operator
and the result is used as a closure model, i.e.

c̃(u;Θ) = Q̄CNN(ū, fH(ū);Θ), (2.53)

where Q̄ is a forward difference discretization of the first derivative on the coarse grid. This
is done to satisfy momentum conservation [55, 89]. In addition, we consider a constant
Smagorinsky model (Chapter 2) (SM) for use case (i) and (ii). This model contains a single
scalar parameter Cs. This parameter is optimized in the same way as the NN parameters.
We chose this model as it was the best performing non-machine learning closure in [89],
outperforming the dynamic Smagorinsky model. After discretization, it takes the following
form:

c̃(u;Cs) = −Q̄Tdiag(νt(Cs))Q̄ū, (2.54)

νt(Cs) = (hCs)
2|Q̄ū|, (2.55)



46 2. Energy-Conserving Neural Network for Turbulence Closure Modeling

such that νt represents a parameterized and solution dependent viscosity. Here we have taken
the filter width equal to the grid-spacing h. Moreover, we also consider SP0 which initializes
the simulation with s(t = 0) = 0Ω instead of the true s. This emulates the situation in which
the true initial condition is unknown. Finally, we consider the no closure (NC) case, which
corresponds to a coarse-grid solution of the PDEs. To march the solution forward in time we
employ an explicit RK4 scheme [96] with time step size ∆t = 0.01 (4× larger than the DNS)
for Burgers’ and ∆t = 5× 10−3 (50× larger than the DNS) for KdV.

To make a fair comparison, we compare closure models with the same number of degrees
of freedom (DOF). For SP we have DOF = 2I, as we obtain an additional set of I degrees
of freedom corresponding to the addition of the SGS variables. For the remaining closure
model,s we simply have DOF = I.

2.4.2 Training the closure models

As use cases (i) and (ii) both correspond to Burgers’ equation, we train the corresponding
closure models on a dataset containing both simulation conditions. In this way, we end up
with a single closure model that works for both (i) and (ii). The SP closure models contain a
total of 2780 parameters (consisting of two hidden layers with each 20 channels and a kernel
size of 5 for the underlying CNN) for Burgers’ equation and 5352 (consisting of two hidden
layers with each 30 channels and a kernel size of 5) for KdV. The purely CNN-based closure
models consist of 3261 parameters (two hidden layers with each 20 channels and a kernel
size of 7). These settings are based on the hyperparameter tuning procedure in Appendix
A.3.2. For KdV we omit the dissipative component in (2.33), as it is a conservative system.
In between hidden layers, we employ the ReLU activation function. We employ a linear
activation function at the final layer. For Burgers’ we choose B = 1 for the construction of
the B matrices, matching the width of the coarse discretization. For KdV we do the same
and therefore take B = 2.

As stated earlier, the model parameters are optimized by first derivative fitting and
then trajectory fitting. During testing, we observed that solely derivative fitting resulted
in instabilities and poor performance for the vanilla CNN, especially in the KdV case. In
contrast, our SP method is guaranteed to be stable, and simply derivative fitting already
resulted in reasonable performance. To maximize the potential of each closure model,
we decided to include trajectory fitting in the training procedure. The full procedure is
outlined in Appendix A.3.2. We implemented our closure models in the Julia programming
language [99] using the Flux.jl package [100, 101]. The code can be found at https:

//github.com/tobyvg/ECNCM_1D.

https://github.com/tobyvg/ECNCM_1D
https://github.com/tobyvg/ECNCM_1D
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2.4.3 Closure model performance

We examine the performance of the trained closure models based on how well the filtered DNS
solution is reproduced. For our comparison, we will make extensive use of the normalized
root-mean-squared-error (NMRSE) metric. This metric is defined as

NRMSE ū(t) =

√
1

|Ω| ||ū(t)− ūDNS(t)||2Ω. (2.56)

It is used to compare the approximated solution ū at time t, living on the coarse grid, to the
filtered DNS result ūDNS. We will refer to this metric as the solution error. In addition, we
define the integrated normalized root-mean-squared-error (I-NRMSE) as

I-NRMSE ū =
1

T

∑
i

∆t NRMSE ū(i∆t), 0 ≤ i∆t ≤ T, (2.57)

such that the sum represents integrating the solution error in time. We will refer to this
metric as the integrated solution error.

2.4.3.1 Convergence

As we refine the resolution of the coarse grid, and with this, increase the number of DOF,
we expect convergence of both the compression error Ls, see Appendix A.3, and the solution
error. We consider DOF ∈ {20, 30, 40, 50, 60, 70, 80, 90, 100}. For each DOF value, we train a
different set of closure models. If N is not divisible by I, we first project the DNS result onto
a grid with a resolution that is divisible by I before applying the filter. In total 36 closure
models are trained: two (SP and CNN) for each combination of the 9 considered coarse-grid
resolutions and equation (Burgers’ and KdV).

The SGS compression error evaluated over the validation set is shown in Figure 2.6. We
observe monotonic convergence of the compression error as we refine the grid. We expect the
compression error to further converge to zero as we keep on refining. The faster convergence
for the KdV equation is likely caused by the lower fine-grid resolution, as compared to
Burgers’ equation.

Next, we consider the integrated solution error, see Figure 2.7. The presented plots
represent an average taken over 20 simulations with unseen simulation conditions. We
consider different numbers of DOF, which enables us to evaluate the convergence. For
test cases (i) and (ii), we observe almost monotonic convergence of the solution error for
NC, SM, and SP/SP0. Furthermore, SP improves upon NC with roughly one order of
magnitude, surpassing SM. SP0 only performs slightly worse than SP, but still converges
relatively smoothly. On the other hand, the solution error for the CNN behaves quite
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Figure 2.6: Convergence of the SGS compression error Ls when refining the coarse grid,
evaluated on the validation set for Burgers’ equation (N = 1000) and KdV equation (N = 600).
Both the effective DOF and the corresponding compression factor J are depicted on the
x-axis.

erratically: sometimes more accurate than SP, and sometimes less accurate than NC (case
(i), DOF = 90).

For test case (iii) (KdV), we find that for most numbers of DOF the CNN outperforms
SP, while not resulting in stable closure models for DOF ∈ {90, 100}. Furthermore, for the
lower numbers of DOF we observe slightly better performance for SP. From this, we conclude
that the compression error (see Figure 2.6) is likely not the limiting factor of the closure
model performance. Looking at the difference between SP and SP0, it seems that initializing
with the true s seems to lead to a larger difference, as compared to Burgers’ equation. As
SGS energy does not dissipate in the KdV equation, but flows back into the resolved scales,
the dependence on the true s is likely higher than for Burgers’.

Overall, the conclusion is that our proposed SP closure model leads to more robust
simulations than the CNN, while still improving upon NC with roughly an order of magnitude.

2.4.3.2 Computation time

Looking at the relative computation times in Figure 2.7 we find that both SP and the CNN
are at least 2× faster than the DNS, for Burgers’ equation. Furthermore, the computation
time for the CNN is slightly shorter, but seems to increase at a larger rate when increasing
the DOF. On our laptop CPU, the computation time of a single DNS took no longer than 5
seconds. For such small simulations, we expect the computation time to be largely determined
by computational overhead. We therefore expect the relative speedup to increase for larger
systems. In fact, the training time amounts to roughly 20 minutes for each neural network.
This is rather long compared to a DNS, however for more complex/larger systems we expect
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Figure 2.7: (Top) Integrated solution error evaluated at T = 10 averaged over 20 simu-
lations for the different use cases (i)-(iii) and an increasing number of DOF. Only stable
simulations are considered for the depicted averages. Absence of a scatter point indi-
cates none of the simulations were stable. (Bottom) Similar to the top plots, but de-
picting the average simulation time as a fraction of the DNS time. NC = no closure,
CNN = convolutional neural network closure, SP = structure-preserving closure, SP0 =
structure-preserving closure with s(t = 0) = 0Ω, and SM = constant Smagorinsky model.

the significance of the training time to decrease, relative to the DNS time. Especially for
2D/3D problems where the curse of dimensionality sets in, significant speedups can be
expected [39, 49]. Also, once a model is trained, it can be applied to unseen simulation
conditions without retraining.

For the KdV equation, the relative speedup is roughly 20×. This is likely caused by the
small time step size required for the DNS (∆t = 10−4). Larger time step sizes for the DNS
consistently resulted in unstable simulations within a few time steps. In addition, we find
that computing the true s for the initial condition does not really affect the computation
time.

2.4.4 Consistency of the training procedure

It is important to note that the closure models trained in the previous section possess a
degree of randomness. This is caused by the (random) initialization of the network weights
and the random selection of the mini-batches. This likely caused the irregular convergence
behavior shown in the previous section. In order to evaluate this effect, we train 10 separate
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replica models for DOF = 60, which only differ in the random seed. The trained models
are evaluated in terms of stability (number of unstable simulations) and integrated solution
error. A simulation is considered unstable when it produces NaN values for ū. In total, 20
simulations per closure model are carried out using the same simulation conditions as in
the convergence study. The results are depicted in Figure 2.8. With regard to stability, we
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Figure 2.8: Integrated solution error evaluated at T = 10 averaged over 20 simulations
and % of unstable simulations for each closure model in the trained ensemble of 10 closure
models (DOF = 60). Use cases (i)-(iii) are considered. For (ii), two CNN closure models
produced 100% unstable simulations and are therefore omitted from the graph. CNN =
convolutional neural network closure and SP = structure-preserving closure.

observe that all trained SP closure models produced exclusively stable simulations. This is
in accordance with the earlier derived stability condition (2.37). For the non-periodic test
case (ii) we also observe a clear stability advantage, as compared to the CNN.

Regarding this integrated solution error, we observe that the SP closure models all
perform very consistently (errors are almost overlapping). The CNNs sometimes outperform
SP, but also show very large outliers. This confirms our conclusion of the previous section
that our SP closure models are much more robust than the CNNs, which can be ‘hit or miss’
depending on the randomness in the training procedure. However, we still find that SP is
often outperformed by a CNN for test case (iii).

2.4.5 Structure preservation

As we formulated a structure-preserving closure model, it is important to evaluate if the
structure is indeed preserved. For this, we consider a single simulation of the KdV equation
with periodic BCs, for DOF = 40. This is an interesting test case, as the energy should
be exactly conserved. In Figure 2.9, we look at both the change in momentum and energy
during the simulation. For momentum conservation, we also include the CNN, as this satisfies
momentum conservation through multiplication by a discrete derivative operator, see (2.53).
Regarding momentum conservation, we find that both SP and the CNN indeed conserve
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Figure 2.9: Change in momentum ∆Ph(t) = Ph(t) − Ph(0) (left) and total energy
∆Eh/s(t) = Eh/s(t)−Eh/s(0) (right) for a simulation of the KdV equation with periodic BCs
starting from an unseen initial condition. The presented results correspond to DOF = 40.
DNS = direct numerical simulation, CNN = convolutional neural network closure and
SP = structure-preserving closure.

momentum up to machine precision (single-precision). For energy conservation, we observe
the same for SP. From this, we conclude that SP indeed preserves the relevant structure.

Furthermore, we also consider a single simulation of Burgers’ equation with periodic BCs,
see Figure 2.10. Here we find that the total energy is always decreasing for SP. However,
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Figure 2.10: Resolved and total energy for a simulation of Burgers’ equation with periodic
BCs starting from an unseen initial condition. The presented results correspond to DOF = 40.
DNS = direct numerical simulation and SP = structure-preserving closure.

we find the resolved energy to oscillate due to backscatter, which matches the filtered DNS
result. From this, we conclude that, although the energies do not match the DNS result
exactly, SP indeed allows for backscatter to be modeled correctly.
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2.4.6 Burgers’ equation & energy spectra

To find out what happens when a CNN becomes unstable, we consider Burgers’ equation
with periodic BCs, for DOF = 90. For this CNN we observed a rather large error spike in the
convergence study (Figure 2.7). To analyze this error spike we consider a single simulation
starting from an unseen initial condition. The results are depicted in Figure 2.11. Here we
observe a large buildup of numerical noise for the CNN, as the simulation progresses. In
addition, we observe that SP nicely suppresses the wiggles produced by NC around the shock
[95]. SM also manages to do this, although to a lesser extent.
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Figure 2.11: Solutions of Burgers’ equation with periodic BCs at different points in time,
starting from an unseen initial condition. The solutions are produced by the different closure
models corresponding to DOF = 90. DNS = direct numerical simulation, NC = no closure,
CNN = convolutional neural network closure, SP = structure-preserving closure, and
SM = constant Smagorinsky model.

Next, we look at the energy trajectories and energy spectra corresponding to this sim-
ulation, see Figure 2.12. The energy spectra are given as a function of the wavenumber k.
These spectra are computed by carrying out a discrete Fourier transform of ū and computing
the energy for every k [102]. Furthermore, the energy spectra are only depicted up to the
wavenumber resolved by the closure models. We find that for the CNN the energy starts to
diverge at around t = 2. This worsens as the simulation progresses, and a large increase in
energy is observed. Looking at the energy spectrum, this corresponds to a buildup of energy
in the small scales (large k) and the numerical noise observed in the solution. This can cause
the simulation to blow up. Furthermore, we find that SM is too dissipative. This results
mostly in a lack of energy in the small scales. In addition, NC is not dissipative enough,
resulting in a slight buildup of energy in the small scales. Finally, SP seems to capture the
energy balance nicely, looking at both the trajectory and the spectrum. SP, and to a lesser
extent NC, show the expected k−2 slope in the energy spectrum [103].
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Figure 2.12: (Top) Resolved energies corresponding to the simulation in Figure 2.11 using
the different closures for DOF = 90. For SP we depicted the total energy. The SP energy
trajectory mostly overlaps with the DNS. (Bottom) The average energy spectra of this
simulation, evaluated on the interval 3 ≤ t ≤ 7. The left plot corresponds to I = DOF
and the right plot to I = DOF/2. Furthermore, we also show the spectra of the unfiltered
DNS. These slightly differ from the filtered DNS in the small wavenumbers, as our fil-
ter is not a spectral filter [102]. DNS = direct numerical simulation, NC = no closure,
CNN = convolutional neural network closure, SP = structure-preserving closure, and
SM = constant Smagorinsky model.

2.4.7 Extrapolation in parameter space

Next, we are interested in how well such closure models are capable of extrapolating in
parameter space. In particular, we consider different viscosity values ν for the Burgers’
equation. For this purpose, we provide ν as an additional input to the neural network.
For the training data we consider ν ∈ [10−2, 10−1.75, 10−1.5, 10−1.25, 10−1]. To generate the
training data, we randomly generate three different initial conditions and carry out a DNS for
each considered ν. To accommodate smaller values of ν used in the extrapolation experiment
(up to ν = 10−3), we refine the grid to N = 5000. Furthermore, we use ∆t = 10−5 for the
time integration and simulate up to T = 5. The smaller time step size is used to accommodate
the finer grid. Every 1000th time step, we save the solution and use it as training data for
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the closure models. For both SP and the CNN we train three closure models which only
differ in the random seed used for the training procedure and initial parameter values. The
networks underlying the methodologies are kept small, namely, only a single hidden layer
with 20 channels. This is done, as smaller networks show higher potential for generalization
[104]. The remaining hyperparameters and the training procedure are kept the same, see
Appendix A.3.2. For our closure models, we reduce the DOF of the system from 5000 to 50

(a 100-fold reduction). We also use a larger time step size of ∆t = 0.01 (a 1000-fold increase).
We evaluate the performance of each of the closure models for three simulations starting
from different initial conditions. For each initial condition, we consider 9 different values of
ν in the range [10−3, 10−1]. The integrated solution error, see (2.57), is once again used as
the performance metric. The results are depicted in Figure 2.13. For each model, we find
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Figure 2.13: Integrated solution error evaluated at T = 5 averaged over the three trained
closure models and three simulations for each viscosity value. The black vertical sepa-
rates the training range (right) from the extrapolation range (left). NC = no closure,
CNN = convolutional neural network closure, SP = structure-preserving closure, and
SM = constant Smagorinsky model.

that the error increases for smaller values of ν. This is to be expected as smaller values of
ν lead to stronger spatial gradients (shocks) which are harder to deal with in a numerical
setting [24, 95]. When comparing the performance of the different closures, we find that our
proposed SP scheme consistently outperforms the other closure models. This is the case for
both inter- and extrapolation. Regarding the CNN, we observe a drop in performance as
the viscosity decreases, even within the training range. It seems that the CNN is not able
to adapt to the range of values of ν, as previously the CNN was able to perform quite well
for DOF = 50 and a single viscosity value, see Figure 2.7. Furthermore, we find that SM
outperforms NC across the considered range. This means that the obtained Smagorinsky
constant generalizes well. This is to be expected as it is a simple model containing only a
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single parameter [26, 104].

2.4.8 Extrapolation in space and time

As a final test case, we evaluate how well the closure models are capable of extrapolating in
space and time. We consider the KdV equation on an extended spatial domain Ω = [0, 96]

and run the simulation until T = 50. This corresponds to a 3× and 5× increase, respectively,
with respect to the training data. We choose the KdV equation for this experiment as it is
non-dissipative. It therefore leads to more interesting long-term behavior. As closure models,
we use the ones trained during the convergence study that correspond to the grid-spacing of
the grids employed in this test case.

Let us start by looking at snapshots from different points in the simulation, see Figure
2.14. At the edge of the training region t = 10, we find that the solutions are still roughly
aligned, except for NC which already contains a lot of numerical noise. At t = 25, we find
that both SP and the CNN start to diverge from the DNS. In addition, we observe a buildup
of numerical noise for the CNN. This worsens at t = 50, while SP seems to remain free of
numerical noise.
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Figure 2.14: Solutions of the KdV equation with periodic BCs at different point
in time, starting from an unseen initial condition. The solutions are produced
by the different closure models corresponding to DOF = 40. In this case, the
spatial and temporal domain are increased 3× and 5× with respect to the train-
ing data. DNS = direct numerical simulation, NC = no closure, CNN =
convolutional neural network closure, and SP = structure-preserving closure.

To make a more thorough analysis, we consider the trajectories of the resolved energy.
This is presented in Figure 2.15. We find that for SP the resolved energy (in blue) stays in
close proximity to the filtered DNS (in magenta). This is in contrast to the CNN (in red),
which starts to diverge from the DNS (in black) around t = 5. The resolved energy for the
CNN also exceeds the maximum allowed total energy Eh (in orange) at different points in the
simulation, which is nonphysical. We conclude that adding the SGS variables and conserving
the total energy helps with capturing the delicate energy balance between resolved and SGS
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Figure 2.15: Trajectory of the resolved energy Ēh for the simulation presented in Figure
2.14 for each of the different models corresponding to DOF = 40. The DNS resolved
energy is depicted for both I = DOF (to compare with the CNN) and I = DOF/2
(to compare with SP). DNS = direct numerical simulation, NC = no closure, CNN =
convolutional neural network closure, and SP = structure-preserving closure.

energy that characterizes the DNS. It is also interesting to note that NC (in green) conserves
the resolved energy, as the coarse discretization conserves the discrete energy.

To make a more quantitative analysis of this phenomenon, we investigate the trajectory
of the solution error and the Gaussian kernel density estimate (KDE) [105] of the resolved
energy distributions. The latter analysis is carried out to analyze whether the closure models
capture the correct energy balance between the resolved and SGS energy. The results for
DOF ∈ {40, 60, 80} are depicted in Figure 2.16. Looking at the solution error trajectories,
we find that at the earlier stages of the simulation the CNN outperforms SP. However, SP
slowly catches up with the CNN past the training region. With regards to the resolved
energy distribution, we find that for each of the considered numbers of DOF SP is capable of
reproducing the DNS distribution. On the other had, the CNN closure models struggle to
capture this distribution. For DOF = 40 a significant part of the distribution even exceeds
the total energy present in the DNS, i.e. there occurs a nonphysical influx of energy.

From this, we conclude that both SP and the CNN closure models are capable of
extrapolating beyond the training data. However, only SP is capable of correctly capturing
the energy balance between the resolved and unresolved scales. This allows it to more
accurately capture the statistics of the DNS result.
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Figure 2.16: Solution error trajectory (top) and KDEs estimating the distribution of Ēh
(bottom) for the trained closure models corresponding to different numbers of DOF. These
quantities are computed for a simulation of the KdV equation with the same initial condition
on the extended spatial and temporal domain. In the top row, the vertical black line
indicates the maximum time present in the training data, while in the bottom row it indicates
the total energy of the DNS (which should not be exceeded). The DNS resolved energy
is again depicted for both I = DOF (to compare with the CNN) and I = DOF/2 (to
compare with SP). NC = no closure, CNN = convolutional neural network closure, and
SP = structure-preserving closure.

2.5 Discussion on the applicability to 2D/3D Navier-

Stokes

A number of challenges arise when considering to apply the proposed methodology to the
2D/3D Navier-Stokes equations. Firstly, the discrete nature of the presented closure modeling
framework makes it dependent on the compression factor J between the coarse and the
fine-grid resolution. This is a result of taking the ‘discretize first’ approach. While this allows
the method to be highly specialized to the discretization, it can limit the applicability of
the closure model to grid pairs with the associated J . One possibility is to train a single
closure model with training data from multiple compression factors. Another possibility
is to consider a continuous formulation of the closure problem, along with a continuous
expression for the SGS variables. The finite element framework might be a useful starting
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point, as it approximates the solution using a continuous, but still highly local, basis [106].
In addition, it easily allows for non-Cartesian grids. The convolutional layers in the closure
model could then be replaced by graph convolutions [107], which work for unstructured grids.
Another useful alternative is to consider the Fourier neural operator, which promises to be
discretization invariant [93]. Furthermore, one could do a sparse regression on the closure
model to identify physical terms [108], and train the model for different J to understand
the effect of discretization error. This would effectively separate the two sources of error.
Note that our framework can also be applied to nonuniform Cartesian grids, as long as the
compression factor J is constant, and an energy-conserving discretization is available. The
size of the computational domain can even be increased by an arbitrary factor as compared to
the training domain, without retraining the closure model. The latter was shown in Section
2.4.8. For even more irregular grids, graph neural networks could be used to increase the
flexibility of the framework [107].

A second challenge is the linear compression for s, which might be a limiting factor for
2D/3D flows. As an alternative, non-linear compression methods like autoencoders could be
employed [65]. Furthermore, the natural extension of the compressed SGS energy s to 2D
and 3D is probably the sub-grid scale stress tensor. This means that our framework needs to
be extended with multiple sub-grid scale equations, e.g. s1, s2, . . . Finally, we could draw
inspiration from the scale-adaptive simulation method, which also uses the SGS energy in its
equations [109].

2.6 Conclusion

In this chapter, we proposed a novel way of constructing machine learning-based closure
models in a structure-preserving fashion. We started by applying a spatial averaging filter to
a fine-grid solution and writing the resulting system in closure model form. We showed that
by applying this filter, we effectively remove part of the energy. Next, we introduced a linear
compression of the SGSs into a set of SGS variables, defined on the coarse grid. These serve
as a means of reintroducing the removed energy back into the system. This allows us to use
the concept of kinetic energy conservation in closure modeling. In turn, we introduced an
extended system of equations that models the evolution of the filtered solution as well as the
evolution of the SGS variables. For this extended system, we proposed a structure-preserving
closure modeling framework which allows for energy exchange between the filtered solution
and the SGS variables, in addition to dissipation. This framework serves to constrain the
underlying CNN such that no additional energy enters the system. In this way we achieve
stability by abiding by the underlying energy conservation law. The advantage is that the
framework still allows for backscatter through the energy present in the SGS variables. In
addition, momentum conservation is also satisfied. Finally, the framework was applied to
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both Burgers’ and Korteweg-de Vries (KdV) equations.
A convergence study showed that the learned SGS variables are able to accurately match

the original SGS energy content, with accuracy consistently improving when refining the
coarse-grid resolution.

Given the SGS compression, our proposed SP framework was compared to a vanilla CNN.
Overall, our SP method performed roughly on par with the CNN in terms of accuracy, albeit
the CNN outperformed SP slightly for the KdV equation. However, the results for the CNN
were typically inconsistent, not showing clear convergence of the error upon increasing the
grid resolution. In addition, the CNN suffered from stability issues. On the other hand, our
SP method produced stable results in all cases, while also consistently improving upon the
‘no closure model’ result. To be more specific, it did so by roughly an order of magnitude in
terms of reproducing the reference solution.

This conclusion was further strengthened by training an ensemble of closure models. This
was done to investigate the consistency of the closure model performance with respect to the
randomness inherent to the training procedure. We observed that the trained vanilla CNNs
differed significantly in performance and stability, whereas the different SP models performed
very similarly to each other. The SP closures also displayed no stability issues. Our SP
framework has therefore shown to be more robust and successfully resolves the stability
issues which plague conventional CNNs.

Our numerical experiments confirmed the structure-preserving properties of our method:
exact momentum conservation, energy conservation up to a time discretization error, and a
strictly decreasing energy in the presence of dissipation. We also showed that our method
succeeds in accurately modeling backscatter in both Burgers’ and the KdV equation.

Regarding extrapolation in parameter space, our method outperformed both the CNN
and the Smagorinsky model on viscosity values in and outside the training range. From
this, we conclude our methodology leads to more accurate results than the conventional
methods for this type of application. Furthermore, when extrapolating in space and time,
the advantage of including the SGS variables and embedding structure-preserving properties
became even more apparent: Our method is much better at capturing the delicate energy
balance between the resolved and SGS energy. This, in turn, yielded better long-term error
behavior.

Based on these results, we conclude that including the SGS variables, as well as adherence
to the physical structure, has the important advantages of stability and long-term accuracy.
In addition, it also leads to more consistent performance. This work, therefore, serves as
an important starting point for building physical constraints into machine learning-based
turbulence closure models. More generally, our framework is potentially applicable to a
wide range of systems that possess multiscale behavior, while also possessing a secondary
conservation law, for example, incompressible pipe flow [110]. Currently, our efforts are mainly
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directed towards the incompressible Navier-Stokes equations. For instance, Kolmogorov flow
would be a good starting point [111].



3
Energy-Conserving Neural Network Closure

Model for Long-Time Accurate and Stable LES

Machine learning-based closure models for large eddy simulation (LES) have shown
promise in capturing complex turbulence dynamics but often suffer from instabilities and
physical inconsistencies. In this work, we develop a novel skew-symmetric neural architec-
ture for closure modeling that enforces stability while preserving key physical conservation
laws. The work in this chapter extends the work presented in Chapter 2 to multiple spatial
dimensions. Our approach leverages a discretization that ensures mass, momentum, and
energy conservation, along with a face-averaging filter to maintain mass conservation in
coarse-grained velocity fields. We compare our model against several conventional data-driven
closures (including unconstrained convolutional neural networks), and the physics-based
Smagorinsky model. Performance is evaluated on decaying turbulence and Kolmogorov flow
for multiple coarse-graining factors. In these test cases, we observe that unconstrained
machine learning models suffer from numerical instabilities. In contrast, our skew-symmetric
model remains stable across all tests, though at the cost of increased dissipation. Despite this
trade-off, we demonstrate that our model still outperforms the Smagorinsky (both standard
and dynamic variant) model in unseen scenarios. These findings highlight the potential of

This chapter is based on [13].
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structure-preserving machine learning closures for reliable long-time LES.

3.1 Introduction

The incompressible Navier-Stokes equations are a set of partial differential equations (PDEs)
that describe conservation of mass and momentum of fluid flows. They are used to model a
multitude of flow phenomena, such as for the design of aircraft and ships, weather modeling,
and even the formation of galaxies [82, 112]. To simulate these phenomena, we solve the
Navier-Stokes equations on a computational grid. This requires discretizing the differential
operators present in the PDE. This can be done with various techniques, such as finite
difference, finite volume, and finite element methods [24, 106, 113]. In this work we employ
a structure-preserving finite difference scheme, introduced in [25]. The advantage of this
scheme is that it not only satisfies mass and momentum conservation, but also conserves
the global kinetic energy (in absence of viscosity and boundary contributions). We refer to
conservation of mass, momentum and kinetic energy collectively as the physical ‘structure’ of
the system, and we refer to such conservative discretization schemes as ‘structure-preserving’
or ‘symmetry-preserving’ [23, 114]. Such schemes have the advantage of being unconditionally
stable without relying on artificial diffusion, such as upwind schemes [115]. This makes them
more suitable for long-time simulations, where correct physical energy behavior is crucial.
However, problems arise when considering high Reynolds number flows [6]. For such flows
we require very fine computational grids to resolve the smallest eddies in the system. This
places a large (often insurmountable) burden on the computational resources.

A common approach to reduce computational requirements is large eddy simulation
(LES). In LES, the system is coarse-grained by applying a filter to the velocity field, so that
the dimension of the problem is effectively reduced. In this work, we take the ‘discretize first,
filter next’ approach [15, 54, 55]. This means that coarse-graining is done on the discrete level
by applying a discrete filter to a fine-grid discretization. In particular, we use a face-averaging
filter, which has the advantage that the filtered velocity field still satisfies mass conservation
[40]. The latter is necessary to preserve the energy-conserving properties of the convection
operator. This provides substantial stability benefits, see [40]. From the coarse-graining
procedure, a commutator error arises. In the ‘discretize first, filter next’ framework, this
commutator error also includes the discretization error. Modeling the commutator error is
referred to as closure modeling, and the corresponding models are closure models. Closure
modeling is a main subject in LES research [6].

The most commonly used closure models are eddy-viscosity (functional) models [26, 47].
Their primary job is to remove (dissipate) energy from the system to account for energy
transfer from the resolved scales to the unresolved scales. These models approximate the
subgrid stress solely from the resolved scales by assuming proportionality between the subgrid-
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scale stress tensor and the rate-of-strain tensor [2, 6]. The classical Smagorinsky model is the
best-known example, but it is strictly dissipative [2, 6, 26] and therefore cannot represent
backscatter, i.e., energy transfer from unresolved to resolved scales. Backscatter, however,
plays an important role in many flows, including geophysical turbulence relevant for weather
and climate modeling [84, 116, 117].

To address this limitation, structural models, such as scale-similarity closures, aim to
reproduce the actual structure of the subgrid-scale stress tensor rather than parameterize its
dissipation. While these models can, in principle, capture backscatter, they lack inherent
dissipation. Consequently, they are often numerically unstable, requiring stabilization
procedures such as explicit filtering or averaging. This need for both physical fidelity and
numerical robustness motivated the development of mixed models, which combine a structural
component with a dissipative functional component to achieve the accuracy of the former and
the stability of the latter [29]. The dynamic Smagorinsky model [32] represents a related effort
to increase flexibility within functional closures by adapting the eddy-viscosity coefficient
based on resolved-scale information. Although it can produce limited backscatter, it too
can suffer from numerical instabilities [10]. Several physics-based strategies have since been
proposed to improve backscatter representation while maintaining stability. These include
enforcing a consistent subgrid-scale energy budget [118], introducing filter-based artificial
dissipation [119], and imposing explicit dissipation constraints [120, 121]. Nevertheless,
state-of-the-art subgrid-scale closures used in global climate models still exclude backscatter
[122], primarily due to concerns over robustness. In response, the machine-learned closure
models that we will propose aim, in a somewhat similar spirit as mixed models, to combine
the best of functional and structural approaches: we keep the structure of the subgrid stress
tensor, while at the same time ensuring that the models are energy dissipative (but not as
much as existing functional models).

Shifting our attention to such machine learning algorithms, neural networks have shown
great potential in accurately modeling the closure term, while accounting for backscatter
[14, 39, 45–51]. Offline testing often shows good agreement of the neural network outputs
with the true closure term. However, when using the closure term in an actual simulation,
problems arise and instabilities occur [14, 38, 39, 45, 48, 51]. One approach to handle this
issue is by clipping the neural network such that the output becomes strictly dissipative,
for example by projecting onto an eddy-viscosity basis [14, 38, 51]. However, this results
in closure models which are generally too dissipative [51], which will be confirmed by our
results. Another way to deal with instabilities is to add artificial noise to the training [12].
However, in [12] it was shown that this only delays the instability and does not prevent it
entirely. Stochastic approaches have also been suggested, e.g. [50] combines idealized LES
with neural stochastic differential equations and show increased stability.

Stability issues are often combatted by introducing some form of a posteriori learning
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[16, 39, 46, 52–56]. In this way, a closure model is trained based on reproducing the solution
trajectory rather than reproducing the closure term itself. This aids in the stability of the
LES. In [39], it was shown that by increasing the number of solver steps one unrolls during
training, the stability and performance are improved. [55] shows that there is an optimum in
the number of unrolled steps, related to the chaotic nature of the system. However, in [51] it
is shown that limited training data still causes instabilities for neural network-based closure
models.

In [123], a strictly local small neural network approach is suggested for the representation
of the subrid-scale stress tensor. Here, a small set of carefully chosen Galilean invariant
and non-dimensionalized inputs are used such that the resulting closure model is symmetric,
Galilean invariant, rotationally and reflectionally invariant, and unit invariant. The authors
show that training on a single snapshot is enough to obtain a closure model which generalizes
well to their considered test cases, even without clipping. However, in [47] it is shown
that convolutional neural networks (CNNs), combined with Fourier neural operators, with
non-invariant inputs, is capable of outperforming such approaches. For an overview on
machine learning-based closure modeling see [16].

However, while the aforementioned references observed improved stability, none of the
discussed approaches guarantees stability, without applying some form of backscatter clipping,
or other ad-hoc measures, such as e.g. trial-and-error by changing input features [14] or data
augmentation [12]. This makes long-time LES with a data-driven closure model unreliable.
Given that we are especially interested in the statistics of turbulent flows, e.g. the average
energy spectrum obtained over long time horizons, it is of crucial importance that the
combination of discretization and closure model yields stable simulations. Hence, the main
aim and novelty of this article is to derive a machine-learned LES closure model, where
stability is guaranteed by design, independent of the network weights or amount of training
data. To achieve this, we propose to build upon our earlier work presented in [15] (see Chapter
2). In this work, the closure model was represented by an energy-conserving skew-symmetric
term and a dissipative symmetric negative-definite term. This was accomplished by using a
set of compressed subgrid-scale variables that allow the transfer of energy from unresolved
scales to resolved scales. In this work, we extend this approach from one to two spatial
dimensions. While it is certainly true that turbulence is fundamentally a 3D phenomenon, we
reiterate that the main aim of our article is focused on the stability issue, which has largely
been studied in the context of 2D turbulence, see [39, 45, 47–49, 51, 52] among others.

As a first step, we exclude the compressed subgrid variables, introduced in our earlier
work, as their precise meaning and definition in multiple dimensions is still an open question.
Instead, we show that the skew-symmetric framework without subgrid variables already offers
significant stability advantages over existing approaches. Although this means we do not
explicitly account for backscatter, the skew-symmetric term is still capable of redistributing
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energy throughout the domain. This extends the predictive capability of the closure model
beyond an eddy-viscosity basis. The work presented in [124] discusses similar ideas regarding
structure-preserving neural networks, although outside the realm of LES.

The outline of this chapter is as follows: In Section 3.2, we start with introducing the
incompressible Navier-Stokes equations, the physical structure present in the system, and
the structure-preserving discretization. In Section 3.3, we discuss coarse-graining of the
discrete system of equations by applying a discrete spatial filter, we derive the exact closure
term, and discuss closure modeling approaches. In Section 3.4, we introduce the machine
learning-based closure models: using a CNN to model the closure term, using a CNN to model
the subgrid-scale stress tensor, and finally our skew-symmetric neural network architecture.
An extended motivation for this architecture can be found in Appendix B.3. Next, we
discuss the test cases and the results in Section 3.5, regarding closure model performance
and stability. We conclude our work in Section 3.6.

3.2 Preliminaries

3.2.1 Navier-Stokes equations

In conservative form, the incompressible Navier-Stokes equations read as follows:

∂u

∂t
+∇ · (uuT ) = −∇p+ ν∇2u+ f , (3.1a)

∇ · u = 0. (3.1b)

This PDE describes the evolution of a fluid velocity field u(x, t) ∈ Rd in d-dimensional space

x ∈ Rd and time t. Here we restrict ourselves to 2D such that u(x, t) =
[
u(x, t) v(x, t)

]T
.

The different forces acting on the velocity field are due to convection, the gradient of the
pressure p(x, t), and friction (for a nonzero viscosity ν ≥ 0), appearing from left to right in
the equation. In addition, there is f(x, t) ∈ R2 which represents body-forces, such as gravity.
In this text we refrain from discussing boundary conditions, as we consider a periodic spatial
domain Ω.

3.2.2 Physical structure

This set of equations represent a set of fundamental physical laws, namely: conservation of
mass, momentum P =

∫
Ω
udΩ, and (kinetic) energy E := 1

2

∫
Ω
u ·udΩ (for ν = 0). These are
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collectively referred to as the system’s physical structure. In equation form, these laws read

∇ · u = 0, (3.2)
dP
dt

=

∫
Ω

∂u

∂t
dΩ =

∫
Ω

f(x, t)dΩ, (3.3)

dE
dt

=

∫
Ω

u · ∂u
∂t

dΩ = −
∫
Ω

ν||∇u||22dΩ+

∫
Ω

u · f(x, t)dΩ, (3.4)

Derivations of these conservation laws are presented in Section 1.1.1. From these laws, we
can see that momentum and energy (for zero dissipation) are conserved in the absence of
forcing.

3.2.3 Discretization

To simulate practical use cases, we require discretizing the set of equations (3.1) on a
computational grid. Here we employ a structure-preserving second-order accurate finite
difference discretization on a staggered grid [24, 25]. This discretization is chosen as it
satisfies the energy-conserving properties of the convective term. The employed discretization
consists of in total Nx ×Ny = N cells Ωij with i = 1, . . . Nx and i = 1, . . . Ny for a 2D flow
case. The semi-discrete set of equations are written as

Ωh
duh
dt

+Ch(uh)uh = −Ghph + νDuh +Ωhfh, (3.5a)

Mhuh = 0, (3.5b)

where uh ∈ R2N contains the approximations of u and v on the cell faces and ph ∈ RN the
approximation of p in the cell centers. A schematic representation of the employed uniform
staggered grid is displayed in Figure 3.1. The grid-spacing in each direction is indicated by
hx and hy. Furthermore, Ωh contains the cell volumes on the diagonal. The operators in
(3.1) are now represented by matrices. Ch(uh) ∈ R2N×2N represents the convection operator,
Gh ∈ R2N×N the gradient operator, Dh ∈ R2N×2N the diffusion operator, Mh ∈ RN×2N

the divergence operator, and fh ∈ R2N the forcing at the cell faces.

3.2.4 Structure of the discretization

This discretization preserves the physical structure in a discrete sense. Discretely, the total
momentum and energy are approximated as

Ph =

[
1h 0h

0h 1h

]T
︸ ︷︷ ︸

=:1h

Ωhuh, (3.6)
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Figure 3.1: Staggered grid discretization of Navier-Stokes equations. The pressure points are
indexed with whole numbers, while for the velocity components we have an offset of 1

2 in the
appropriate direction.

Eh =
1

2
uThΩhuh, (3.7)

where 0h,1h ∈ RN are column vectors of zeros and ones, respectively. The change of these
quantities for this discretization are given by

dPh

dt
= 1h

duh
dt

= 1hΩhfh, (3.8)

dEh
dt

= uTh
duh
dt

= −ν||Qhuh||22 + uThΩhfh, (3.9)

where we used the fact that the diffusion operator Dh can be Cholesky decomposed as
−QT

hQh [67]. As the discrete energy is solely decreasing, in the absence of forcing, this
discretization provides stability. The convective contribution disappears due to the skew-
symmetry of the discrete operator, however this requires the discrete solution uh to be
divergence-free, i.e., Mhuh = 0h. A more elaborate discussion is presented in Appendix B.1.

3.2.5 Pressure projection

The divergence-freeness can also be written as a projection of the right-hand side (RHS) of
the PDE discretization (3.5) on a divergence-free basis. We introduce this formulation of the
discrete system because it is more convenient for closure modeling [40], as it combines (3.5a)
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and (3.5b) into a single equation. The projection looks as follows:

Ωh
duh
dt

= Phmh(uh), (3.10)

where mh(uh) ∈ R2N contains the operators on the RHS of (3.5a), i.e.,

mh(uh) = −Ch(uh)uh + νDhuh +Ωhfh, (3.11)

and Ph ∈ R2N×2N projects the RHS on a divergence-free basis. Ph is defined as

Ph := (I−Gh(MhΩ
−1
h Gh)

−1MhΩ
−1
h ). (3.12)

A derivation of this operator is presented in Appendix B.2.

3.3 Closure modeling

3.3.1 Filtering

As stated earlier, carrying out a direct numerical simulation (DNS) is often infeasible for
practical use cases. This is why we aim to solve a coarse-grained set of equations. Coarse-
graining is done by applying a filter to the velocity field. In our case, we take the ‘discretize
first, filter next’ approach [54, 55]. This means we start by discretizing our velocity field on
an adequately fine grid, such that we resolve the relevant scales of the flow. Next, we apply
a linear filter W2N̄×2N to obtain the filtered velocity field:

ūH = Wuh, (3.13)

where the filtered velocity ūH ∈ R2N̄ lives on a coarse grid consisting of N̄ = N̄x × N̄y
grid cells. In our case we employ a face-averaging filter, as suggested in [40]. A schematic
representation of the filter is shown in Figure 3.2. The advantage of this filter, as opposed to,
for example, a volume-averaging filter, is that the filtered velocity satisfies divergence-freeness
on the coarse grid. This ensures skew-symmetry of the coarse-grid convection operator, which
aids in stability of the coarse-grained system of equations [40].

3.3.2 System of equations

To model the behavior of the filtered velocity field, we take the following ansatz:

ΩH
dūH
dt
≈ PHmH(ūH) + c̃(ūH , θ), (3.14)
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ūH

uh

Figure 3.2: Schematic representation of the face-averaging filter. In this example, a single
coarse-grained cell contains nine fine-grid cells. Three fine-grid velocity components in uh on
each of the coarse cell faces are averaged to obtain the filtered velocity field ūH .

where the subscript H indicates a coarse-grid equivalent to the operators discussed in
Section 3.2.3 and c̃(ūH , θ) is a (neural network-based) closure model with parameters θ. The
projection on a divergence-free basis is achieved through PH , which is justified due to the
face-averaging filter. The closure model is required as the coarse discretization does not
resolve all the relevant scales of the flow. In addition, the coarse grid results in a discretization
error. Both of these are captured in the commutator error with respect to the fine-grid
discretization. The true evolution of ūH is given by

ΩH
dūH
dt

= PHmH(ūH) + (WPhmh(uh)− PHmH(ūH))︸ ︷︷ ︸
=:c(uh)

, (3.15)

where the commutator error ch(uh) includes both sources of error. As the true filtered
velocity field is divergence-free on the coarse grid, we include the closure model in the
projection to preserve divergence-freeness, as suggested by [40]. This changes ansatz (3.14)
to

ΩH
dūH
dt
≈ PH(mH(ūH) + c̃(ūH , θ)). (3.16)

The energy contribution of the closure model is computed as

energy contribution = ūTH c̃(ūH , θ), (3.17)
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where the resolved energy is given by

ĒH =
1

2
ūTHΩH ūH . (3.18)

In addition, the total momentum P̄H = 1HΩHuH is conserved if

1H c̃(uH , θ) =

[
0

0

]
(3.19)

holds for the closure model.

3.3.3 Energy analysis of the closure term

Based on training data, we analyze the energy contribution of the true closure term, see
(3.17), for different levels of coarse-graining. In this case, the reference simulation was carried
out on a 2048× 2048 grid. Exact simulation conditions are discussed in Section 3.5.1. The
resulting energy contributions, in addition to the resolved energy trajectories, are presented
in Figure 3.3. We observe that for a resolution of 32 × 32 the closure term produces a
significant amount of backscatter, as the energy contribution is mostly positive. Also, in the
resolved energy trajectory we observe that the decay is less smooth, as opposed to larger
resolutions. This means dissipative models will likely perform poorly for this resolution. For
a resolution of 64× 64, we find the energy contribution to be mostly dissipative, whereas for
128 × 128 it is strictly dissipative for this test case. This motivates the use of dissipative
closure models, such as the skew-symmetric neural network architecture we will introduce in
Section 3.4.3

3.3.4 Fitting of the model parameters

To find the optimal set of parameters θ, one can take different approaches. The most
straightforward approach would be to match the true commutator error as best as possible.
However, this often results in inaccurate simulations or even instabilities [12, 38, 39, 45, 46,
54, 55]. This is why we resort to optimizing the parameters in order to accurately reproduce
the filtered direct numerical simulation (FDNS) solution, also known as ‘trajectory fitting’ or
‘solver in the loop’. The corresponding loss function is:

Ln(X; θ) =
∑

uh∈X

n∑
i=1

||S̄iθ(Wuh)−WSi(∆t/∆t)(uh)||22, (3.20)

where X is a snapshot matrix consisting of samples of uh as columns, representing the
training data set. The notation S̄iθ(Wuh) represents the predicted coarsened velocity field
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Figure 3.3: Resolved energy contributions for the true closure term, computed for five
decaying turbulence simulations which constitute the training data for the machine learning
closure models. The trajectories are presented for different levels of coarse-graining. The
reference grid has a resolution of 2048 × 2048. See Section 3.5.1 for the exact simulation
conditions. (Bottom-right) Resolved energy trajectories for one of the simulations.
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after applying an explicit time integration scheme for i steps, each with a step size of ∆t,
starting from the initial condition Wuh, incorporating the closure model. The corresponding
DNS solution is denoted by Si(∆t/∆t)(uh), using a smaller step size ∆t and initialized with
uh. The ratio ∆t/∆t arises because the coarse grid permits larger time steps [98]. Note that
S̄θ is the solver that works on the coarse grid and incorporates the closure model, while S is
the DNS solver that works on the fine grid. The Adam optimization algorithm [41] will be
used to minimize the loss. Further details on the training procedure are discussed in Section
3.5.1.

3.4 Methodology

As explained in Section 3.3, a main challenge in closure modeling is deriving an expression
for c̃(ūH , θ). In this section, we propose a skew-symmetric framework that results in a new
expression for c̃(ūH , θ), providing stability. In sections 3.4.1 and 3.4.2 we first introduce the
Smagorinsky model and CNNs, respectively. These not only serve as something to compare
our framework to, but also as necessary preliminaries. In Section 3.4.3 the new framework is
derived.

3.4.1 Smagorinsky model

We start off with the Smagorinsky model, which is an eddy-viscosity model. As stated earlier,
the main assumption in eddy-viscosity models is that this subgrid-scale stress tensor is
proportional to the rate-of-strain tensor S̄ = 1

2

(
∇ū+ (∇ū)T

)
,, where ū ∈ R2 is a continuous

representation of the resolved velocity field. Eddy-viscosity type closure models, for 2D
turbulence, are of the following form:

c̃(ū) = ∇ · (νtS̄), (3.21)

where νt ≥ 0 is the eddy-viscosity. The Smagorinsky model assumes the following form for
νt:

νt = (Cs∆)2
√

2tr(S̄2), (3.22)

where ∆ is often chosen as the grid-spacing, i.e. ∆ =
√
hxhy. The model contains only

a single parameter Cs, which can be tuned. In practice, we use a discretization of the
Smagorinsky model. This yields a discrete closure model:

c̃SMAG(ūH , Cs) = (Cs∆)2
√
2tr(S̄2

H)∇H · S̄H , (3.23)
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where the subscript H indicates a discretization of the derivative operators. We employ a
central difference scheme for these derivatives. The global energy contribution, see (3.17),
of the Smagorinsky model is always negative, i.e., it is strictly dissipative. In addition, the
momentum conservation constraint (3.19) is satisfied for the Smagorinsky model.

3.4.2 Neural network closure

A straightforward machine learning approach is to use a CNN as a closure model, i.e.

c̃CNN(ūH , θ) = CNN(ūH , θ). (3.24)

These models are well-suited to Cartesian grids [39, 40, 49], such as the one we employ
here. In addition, they are translation equivariant. Here a CNN is used to map the filtered
solution ūH ∈ R2N̄ to c̃ ∈ R2N̄ by chaining a series of convolutions with non-linear activation
functions σn, where n indicates which layer of the CNN is considered. A single layer of such
a network is represented as

zn+1 = σn(Anzn + bn), (3.25)

where each vector zn contains a set of fields, typically referred to as ‘channels’ in CNN
literature. The matrix A contains sn+1 × sn submatrices encoding convolutional stencils,
where sn is the number of channels represented in zn. By choosing sn+1 > sn, the data is
effectively lifted to a higher-dimensional space. The vector bn contains sn+1 bias channels,
which are constant fields each determined by a single parameter. For example, a single
convolution A (parameterized by weights αjk) of a single channel z, with bias vector b

(parameterized by bias β), is represented as

(Az+ b)ij =

r∑
k,l=−r

(αklzi+k,j+l) + β (3.26)

The double index notation is used to indicate the location on the 2D grid (one index for each
spatial dimension), see Figure 3.1. Moreover, r represents the radius of the convolution in
both spatial directions. On the edge of the domain, one uses padding of z to keep the size of
the channels constant. In our case, we use circular padding to represent periodic boundary
conditions (BCs). For intermediate layers, we use a ReLU activation function σn, and for
the final layer, we take σn to be the identity [42]. Using a CNN as a closure model does
allow for modeling backscatter as its energy contribution, see (3.17), can be both negative
and positive. However, it violates momentum conservation, see (3.19).

A straightforward way to resolve the latter is to use a CNN to predict a stress tensor
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τCNN. The closure model is then obtained by taking the divergence of this tensor [14, 55]:

c̃DIV(ūH , θ) = ∇H · τCNN(ūH , θ). (3.27)

This ensures that momentum conservation, see (3.19), is satisfied. This formulation will be
referred to as DIV. However, neither of these formulations is guaranteed to be stable and
can therefore result in poor simulation results.

3.4.3 Skew-symmetric framework

For our novel closure modeling approach we build on earlier work which we presented in [15]
(see Chapter 2). In this work a skew-symmetric neural network architecture was introduced
and applied to 1D equations. Moreover, a coarse-grid representation of the subgrid-scale
energy was included in the coarse-grained system. However, as stated earlier in Section 3.1,
it is unclear how to extend this representation to multiple dimensions. On the other hand,
applying the proposed neural network architecture, without this subgrid-scale representation,
to 2D problem does not require any modifications to the architecture.

In this skew-symmetric framework, the closure model is represented as the sum of a
skew-symmetric and negative-definite term:

c̃SKEW(ūH , θ) = (K −KT )ūH −QTQūH , (3.28)

where K(ūH , θ),Q(ūH , θ) ∈ R2N̄×2N̄ are build from CNN outputs. The different terms in
this closure model are represented by matrix multiplications of the velocity vector. Model
flexibility stems from the fact that these matrices depend nonlinearly on the solution vector
via neural network outputs. The closure model is always dissipative:

ūTH c̃SKEW(ūH , θ) = ūTH(K −KT )ūH − ūTHQTQūH = −||QūH ||22 ≤ 0, (3.29)

as the skew-symmetric contribution cancels. This means the closure model is guaranteed to
be stable, unlike the previously presented machine learning approaches. Note that stability
is only guaranteed up to a time discretization error. Analyzing stability while accounting for
the time discretization error would require knowledge of the Jacobian of the system. This
makes formal analysis rather cumbersome, due to non-linearity of the neural network [125].
Therefore, we consider this outside the scope of this research.

To ensure stability, ignoring the time discretization, the closure model does not allow for
backscatter, but does increase modeling freedom beyond an eddy-viscosity basis through the
skew-symmetric term. To see this, we note any real square matrix A can be decomposed
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uniquely into the sum of a symmetric and a skew-symmetric matrix [126, 127]:

A = S+R, S = 1
2 (A+AT ), R = 1

2 (A−AT ). (3.30)

By constraining the symmetric part S to be negative definite, we restrict ourselves to the
space of stable linear operators, since for any nonzero x,

xTSx < 0 ⇒ xTAx = xTSx < 0, (3.31)

implying strictly decreasing energy in all directions. Diagonalizing the symmetric operator S

yields real, strictly negative eigenvalues and an orthogonal eigenbasis. Hence, the system’s
energy decays independently along these orthogonal modes. This negative-definite term can
thus be interpreted as a generalized eddy-viscosity model that captures dissipative effects.
However, a purely negative-definite formulation cannot represent conservative or rotational
behaviors, since those correspond to energy-preserving dynamics for which xTAx = 0.
The skew-symmetric component R addresses this limitation: it represents interactions that
conserve energy, such as rotations, couplings, or advective terms in fluid dynamics [128]. By
combining both components, we obtain the representation

A = (K−KT )−QTQ, (3.32)

which spans the entire space of stable linear operators while remaining expressive enough to
capture both dissipative and conservative effects. This serves as motivation for the proposed
decomposition of the neural network architecture. This decomposition is not unique, since A

remains the same if K is perturbed by an arbitrary symmetric matrix.

During our testing, we observed the effect of the skew-symmetric term to be much larger
than that of the negative-definite term, see Figure 3.8. This further motivates its presence.
From the computed energy contributions of the true closure term (see Figure 3.3), we believe
backscatter is limited for reasonable coarse-graining factors. This means such a constrained
closure model should be able to capture the energy behavior of the true closure term. In the
upcoming sections, we will explain how the operators in this skew-symmetric architecture
are built.

3.4.3.1 Skew-symmetric term

As described in [15] (see Chapter 2), K is constructed as follows:

K(ūH , θ) = BT1 k(ūH , θ)B2, (3.33)
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where k(ūH , θ) = diag(k1,k2) ∈ R2N̄×2N̄ is a matrix containing the neural network outputs
k1,k2 ∈ R2N̄ on the diagonal. Here we choose to represent each matrix in the decomposition
to be square. However, one is free to choose the dimensions of the matrices, as long as the K
is square. Also, the sparsity of the matrices can be varied. In our case, the underlying neural
network architecture is a CNN, as we employ a uniform grid. This means a CNN is used
to map ūH to output channels k1 and k2. The matrices B are linear convolutional layers
mapping from two input channels to two output channels, similarly to the convolutional
layers introduced in Section 3.4.2. The B matrices thus contain four submatrices encoding
convolutions. A clear motivation for this specific decomposition of K, besides sparsity
and computational efficiency, is outlined in Appendix B.3. The main idea is that the
proposed decomposition resembles a simple advection operator for specific choices of B
matrices, where the matrix k supplies enough degrees of freedom to freely traverse the energy-
conserving solution space, by locally controlling the advection in each direction. Another
option would be to use more output channels, i.e., k1, . . . ,kn and construct a larger matrix
k = diag(k1, . . . ,kn), where n would be a hyperparameter. This would require the B matrices
to be non-square and contain more submatrices encoding different convolutions. Such an
extended architecture could possibly lead to faster convergence of the training procedure and
more expressive power. In addition, a smaller k matrix, i.e. k ∈ Rc×c with c << N̄ , could
also be considered. This would effectively apply the non-linear neural network operations in
a reduced latent space, encoded by the B matrices [65]. We consider both options outside
the scope of the current work, but view them as interesting future research directions.

To satisfy momentum conservation, see (3.19), we require the sum of the convolution
weights in the submatrices to be zero such that both B and BT are in the nullspace of 1H .
To achieve this, we let the weights b̄kl of such a convolution depend on a set of parameters
bkl:

b̄kl = bkl −
1

(2r + 1)2

r∑
k,l=−r

bkl, (3.34)

such that
∑r
k,l=−r b̄kl = 0 holds. To extend the architecture to unstructured grids, the

convolutions in the CNN and in the B matrices can simply be replaced by graph convolutions.

3.4.3.2 Negative-definite term

As described in [15], Q is constructed as follows

Q(ūH , θ) = q(ūH , θ)B3, (3.35)

where q(ūH , θ) = diag(q1,q2) is also constructed from outputs of the CNN q1,q2 ∈ R2N̄ .
This means the CNN has in total four output channels to build the fields k1,k2,q1,q2.
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Table 3.1: Overview of the different closure models and their properties when combined with
the coarse discretization. These closure models consist of the Smagorinsky model (Chapter
3) (SMAG), a CNN, the divergence of a CNN (DIV), our skew-symmetric neural network
architecture (SKEW), and no closure (NC).

SMAG CNN DIV SKEW (ours) NC

Mass conservation ✓ ✓ ✓ ✓ ✓
Momentum conservation ✓ ✗ ✓ ✓ ✓
Dissipative ✓ ✗ ✗ ✓ ✓

The parameters of the model include both the CNN weights and the parameters of the B
matrices. As these are all sparse operations, the model remains computationally efficient.
Because the model only contains convolutions, it is translation equivariant. Furthermore,
it can be safely applied to larger grids because it uses only local information. Similarly to
the skew-symmetric term, this decomposition could be adjusted by extending the matrix
containing the neural network outputs to multiple channels, i.e. q = diag(q1, . . . ,qn) A
more in-depth motivation behind the proposed neural network architecture is presented
in Appendix B.3, where we relate the choice of n = d, where d is the number of spatial
dimensions, to a diffusion operator. In this way, the diagonal elements of q locally control
the diffusivity.

3.4.4 Overview of the closure models

In this section, we introduced a set of four closure models, namely the standard Smagorinsky
model (Chapter 3) (SMAG), a CNN, using a CNN to predict a stress tensor and then taking
the divergence (DIV), and finally our skew-symmetric neural network architecture (SKEW).
In addition, we also compare to no closure (NC), i.e. c̃ = 0H . An overview of the closure
models and their properties is depicted in Table 3.1.

3.5 Results

3.5.1 Experimental setup

To evaluate the closure models„ we consider two test cases: 2D decaying turbulence and
Kolmogorov flow. The test cases are inspired by those considered in [47]. For both test cases
we consider a periodic domain of Ω = [−π, π] × [−π, π] and a viscosity of ν = 1

1000 . Each
velocity component of the flow is initialized by a random initial condition only containing
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energy in the low wavenumbers (below κmax = 10):

u(x, 0) = Re

([∑
{κ∈Z2|0<||κ||2<κmax} c

u
κe
iκ·x∑

{κ∈Z2|0<||κ||2<κmax} c
v
κe
iκ·x

])
, (3.36)

where the real and complex components of the coefficients cuκ, cvκ ∈ C are sampled uniformly
from the interval (−1, 1). Finally, the coefficients are scaled such that the normalized kinetic
energy at t = 0, namely

1

2|Ω|

∫
Ω

||u(x, 0)||22 dΩ,

equals 1.2. Increasing this initial energy amplifies the characteristic velocity scales of the flow,
thereby increasing the effective Reynolds number Reeff = UL/ν, where U is a representative
velocity magnitude and L a characteristic length scale of the largest eddies. A higher Reeff

leads to a broader separation of scales and stronger non-linear interactions, which make
closure modeling more challenging. The chosen value of 1.2 was found, through preliminary
numerical tests, to yield sufficiently rich turbulent dynamics while remaining numerically
stable and allowing meaningful comparison between closure models. Before the simulation
starts, the sampled initial condition is projected onto a divergence-free basis.

The training data set consists of five simulations starting from an initial condition sampled
in this manner. For the DNS we use a computational grid of resolution 2048 × 2048 and
a time step size ∆t = 2 × 10−4, as in [47]. For the time integration of both the DNS and
the closure model-based simulations, we use a 4th-order Runge-Kutta integration scheme
[96, 129]. For training purposes, we save a snapshot every 10 time steps until t = 5. Regarding
coarse-graining, we consider three different resolutions, namely 32×32, 64×64, and 128×128,
and a time step size of ∆t = 10∆t, as coarser grids allow for larger time steps [98, 130].
For each coarse-graining factor, the machine learning models are trained to reproduce the
true solution, i.e., minimize (3.20), for n = 5 time steps. To optimize the closure model
parameters, we use the ADAM optimization algorithm [41] with a learning rate of 10−3,
decay rates for the first and second momentum estimates at 0.9 and 0.999, respectively, and
a mini-batch size of 20. We optimize for in total 500 epochs. These hyperparameter settings
resulted in smooth convergence, see Appendix B.4. We consider further hyperparameter
studies to be outside the scope of this research, as this research focuses on the neural network
architecture. We implemented the closure models in the Julia programming language [99]
using the Flux.jl package [100, 101]. For each of the CNN-based closure we use four input
channels, namely ūH and mH(ūH), each containing two channels. The intermediate layers
of the CNNs each contain 32 channels, with a total of four intermediate layers (same amount
as in [40]). The convolutions in each layer have a radius of r = 2. The number of parameters
is dominated by the number of hidden layers and channels, which is the same for each of the
neural network-based closure models. In this way, the comparison is carried out as fairly as
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possible. In between the hidden layers, we employ a ReLU activation function and a linear
activation function at the final layer [42]. The purely CNN-based closure simply has two
output channels to model the closure term in each spatial direction. For DIV we have three
output channels, two for the diagonal elements of the stress tensor and one for the off-diagonal
ones, due to the symmetry of the true stress tensor [2, 6]. For SKEW the underlying CNN
has four output channels corresponding to k1,k2,q1,q2. The convolutions in the B matrices
are chosen to have a convolution radius of r = 2. Training of a single neural network takes
roughly two hours on an A100 GPU of the Dutch National supercomputer Snellius [131].
Regarding the optimization of the Smagorinsky constant, we choose the constant value that
minimizes the L2-norm of the energy spectra for the training data at t = 2 in log10 space.
The energy spectra are determined by computing a fast Fourier transform (FFT) of the
velocity field. The wavenumbers are then divided into dyadic bins, and the energy belonging
to the wavenumbers in the bin is summed to produce the spectrum. This procedure is
described in [40, 132]. The considered values for the Smagorinsky constant are 0.0 to 0.30 in
intervals of 0.01. The obtained optimal values for Cs at each resolution are 0.23, 0.22, and
0.18 for 32× 32, 64× 64, and 128× 128, respectively. These values are within the range of
what is typically used for 2D turbulence, namely around 0.18 [133, 134].

3.5.2 Decaying turbulence

The first test case we consider is decaying turbulence, i.e., there is no forcing. Here we
consider a single simulation starting from a randomly generated initial condition, generated
according to (3.36). The simulations are carried out up to the final time t = 10. Note this is
twice as long as present in the training data. Therefore, the second half of the simulation
corresponds to extrapolation in time. For each coarse-graining factor, the resolved energy
and error trajectories are presented in Figure 3.4. The error is defined as

error :=

√
||ūH − ūmodel

H ||22
||ūH ||22

, (3.37)

where ūH is the FDNS result and ūmodel
H is the model prediction. We observe that initially

the unconstrained machine learning approaches (CNN and DIV) produce the best energy
trajectories for resolutions 64 × 64 and 128 × 128, whereas SKEW is too dissipative and
the Smagorinsky model is even more dissipative. However, as the simulation progresses, the
unconstrained machine learning methods often suddenly become unstable. For a resolution
of 32× 32, these approaches tend to diverge rather quickly, whereas finer resolutions can stay
stable over a more extended time period. That said, this seems merely a postponement of
the inevitable, as unconstrained machine learning acting on a finer resolution remains highly
prone to a sudden and unpredictable catastrophic failure. One can hope for a one-off stable
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Figure 3.4: (Left) Error for each coarse-graining factor as a function of time for the decaying
turbulence test case. (Right) Resolved energy trajectories for each coarse-graining factor. For
an overview of the methods, see Table 3.1. The black vertical line indicates t = 5. Everything
to the right of this line corresponds to extrapolation in time.
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simulation, as shown by the 128× 128 resolution CNN. This particular simulation remained
stable during the entire considered time period, producing a good energy trajectory and an
improved error with respect to NC and SMAG. However, in the vorticity fields presented in
Figure 3.5, we already notice a build-up of numerical noise for the CNN at the end of the
simulation, which may well result in instabilities in the future. In fact, in Section 3.5.3 we
show that this is indeed the expected outcome. As such, the purely data-driven, physics-
blind machine learning methods considered here are unsuitable as a viable closure modeling
approach for long-term predictions, incapable of outperforming existing physics-based closure
models.

On the other hand, for our constrained approach SKEW, we find it consistently provides
improved error trajectories with respect to NC, except at a resolution of 32× 32. However,
it is too dissipative, as stated earlier. This likely comes from the fact that it is constrained
to not create energy. This means energy is solely redistributed through the skew-symmetric
term and dissipated through the negative-definite term. Especially at large coarse-graining
factors, this becomes more problematic, see resolution of 32× 32. This is likely caused by
the fact that backscatter is more prevalent, see Figure 3.3, as more information is being
discarded to the subgrid scales. At a resolution of 64 × 64 SKEW is also too dissipative,
however, it does produce an improved error trajectory with respect to the other closures,
even in the extrapolation region t ∈ (5, 10]. However, near the end of the simulation, the
error becomes larger than for NC and SMAG. Later in this section, we consider the energy
spectra to compare the velocity fields in a more statistical fashion, see Figure 3.6 and Figure
3.7.

Carrying out the DNS simulation took roughly 45 minutes on an A100 GPU, whereas
the closure model-based simulations took between 3 and 4 minutes (with a training time of
roughly two hours), for all closure models, see Table 3.2. This amounts to a computational
speed-up of more than 10× with respect to the DNS. For these coarse resolutions, the
evaluation time seems to be dominated by computational overhead, as we did not observe
a big difference in computation time between the different closure models and resolutions.
All closure model-based simulations require more computation time than NC, where SKEW
consistently takes the most time. This is likely caused by the additional convolutions in the B
matrices. Next, we look at the scalar vorticity field ω = (∇× u)3, at different points in time,
produced by the closure models. For a resolution of 64× 64, these are depicted in Figure
3.5. The other resolutions are depicted in Appendix B.5. For the remainder of this text,
we will stick to a resolution of 64× 64, as we believe this is a nice middle ground between
the poor results obtained for 32× 32 and almost perfect reproduction for 128× 128. This
coincides with the coarse-graining factor applied in [47]. Regarding the vorticity fields, we
find that initially all three machine learning closures nicely match the FDNS result. However,
as the simulation progresses, we observe a build-up of numerical noise for the unconstrained
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Figure 3.5: Vorticity fields at each point in time for each of the closure models on a 64× 64
grid. Simulations correspond to the decaying turbulence test case. Blank boxes indicate an
unstable simulation.
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Table 3.2: Computation time in seconds for the different closure models for the decaying
turbulence test case. For an overview of the methods, see Table 3.1.

N̄ SMAG CNN DIV SKEW NC DNS

32× 32 182.69 186.64 189.99 211.39 170.42 2559.88
64× 64 210.46 216.26 203.76 225.79 165.27 2559.88
128× 128 195.29 200.06 217.75 243.32 187.82 2559.88

machine learning closures. This eventually leads to unstable simulations. For SKEW this
does not happen. Even after diverging from the FDNS, it still produces smooth results
which seem to match the FDNS on a qualitative level. The instabilities in the unconstrained
machine learning approaches can possibly be alleviated by adding more training data or
adding noise to the training [12, 51]. However, we argue that given the same amount of
training data, using SKEW has clear stability benefits.

To assess the physical consistency of the produced trajectories, we compare the energy
spectra at different points during the simulation.This is done, as a pointwise error, such as
presented in Figure 3.4, no longer provides relevant information after the solutions diverge
from the FDNS [47]. The spectra are depicted in Figure 3.6. Here we observe that SMAG
is too dissipative at the large scales, but nicely reproduces the κ−3 decay of the energy
spectrum expected from 2D turbulence [135]. Regarding SKEW we find it has a better
overall fit with the FDNS, as compared to SMAG, for both the high and low wavenumbers.
Regarding the unconstrained machine learning approaches, we observe a clear buildup in
energy in the large wavenumbers. From the depicted vorticity fields, we can clearly see the
numerical noise responsible for this.

In Figure 3.4, we observed that SKEW reaches a larger error than NC and SMAG at
the end of the simulations. To assess whether or not the simulation produced by SKEW is
still physically consistent, we consider the energy spectrum at this point. This is depicted in
Figure 3.7. Here we observe that even though the error, see (3.37), is larger, SKEW still
produces an energy spectrum that more closely matches the FDNS spectrum, as compared
to SMAG and NC. It also produces the expected κ−3 slope. SMAG also achieves this,
but underestimates the energy in all wavenumbers, whereas NC suffers from a build-up of
energy in the large wavenumbers. The latter likely corresponds to numerical noise, due to
the coarseness of the grid. After a while SKEW diverges from the FDNS. This behavior
is expected given the characteristic sensitivity on initial conditions of the two-dimensional
Navier–Stokes equations in the turbulent regime [136]. Nevertheless, the SKEW model
continues to produce physically consistent statistics and spectra, even when extrapolating in
time.

Finally, we consider the contributions of both the skew-symmetric and negative-definite



84
3. Energy-Conserving Neural Network Closure Model for Long-Time Accurate and Stable

LES

Figure 3.6: (Left) Two snapshots where we see numerical oscillations occurring for DIV and
CNN. The oscillations eventually result in instabilities. (Right) Energy spectra at the time
of these snapshots. The numerical oscillations cause a clear increase in energy in the high
wavenumbers.

Figure 3.7: Energy spectra at the end of the decaying turbulence simulation at t = 10. Both
the CNN and DIV have become unstable at this point and are therefore omitted from the
figure.
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Figure 3.8: (Left) Energy contribution for each of the terms in the SKEW architecture along
with the contribution of the coarse discretization. (Right) Magnitude of each of the terms.
The black vertical line indicates t = 5. Everything to the right of this line corresponds to
extrapolation in time.

term in the SKEW architecture. We consider both the energy contribution and the magnitude
of the terms. This is depicted in Figure 3.8. The first observation is that the energy
contribution of the skew-symmetric term is indeed zero, as it should be. Furthermore, we find
that the negative-definite term is slightly less dissipative than the coarse discretization. The
trajectory also has a different shape; the dissipation coming from the negative-definite term
peaks around t = 1, whereas the dissipation from the coarse discretization decreases smoothly
over time. The shape of the dissipation trajectory of the negative-definite term might arise
from the transition of the flow from one physical regime to another. More specifically, the
initial condition contains energy only at low wavenumbers. This means the flow undergoes a
transient period before the formation of its characteristic slope, see Figure 3.6. Next, we
look at the magnitude of the different terms. Here we find that the skew-symmetric term
has a larger magnitude than the negative-definite term. This means it has a more significant
impact on the simulation. This supports the use of a skew-symmetric term in the closure
model.

To conclude this section, we also examine the effect of omitting either the skew-symmetric
term or the negative-definite term from the SKEW architecture. To this end, we perform
the decaying turbulence simulation with one of the two terms set to zero. The resulting
resolved energy trajectories and energy spectra are shown in Figure 3.9. We observe that
omitting the negative-definite term leads to markedly less dissipative behavior, as expected.
The resulting energy trajectory is nearly identical to that of NC. The corresponding energy
spectrum matches the FDNS result well at low wavenumbers; however, at high wavenumbers,
a clear build-up of energy appears, resembling the NC spectrum and indicating numerical
noise. Conversely, omitting the skew-symmetric term produces more dissipative behavior
and yields physically consistent energy levels at high wavenumbers, with the characteristic
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Figure 3.9: (Left) Resolved energy trajectories for the full SKEW closure model, SKEW-K
(skew-symmetric term only), and SKEW-Q (dissipative term only). The black vertical line
indicates t = 5. Everything to the right of this line corresponds to extrapolation in time.
(Right) Energy spectra halfway through the decaying turbulence simulation at t = 5.

κ−3 slope accurately recovered. Nonetheless, this variant over-dissipates energy at the low
wavenumbers.

From these simulations, we conclude that the skew-symmetric term is essential for
accurately capturing the energy at low wavenumbers, whereas the negative-definite term
plays a crucial role in suppressing numerical noise and recovering the characteristic κ−3 slope.
This means both terms make significant and complementary contributions to the accuracy
and physical consistency of the simulation.

3.5.3 Consistency of closure model performance

Training neural networks is inherently random, due to the selection of mini-batches, initial-
ization of the weights, etc. This is why we instantiate multiple replicas of each network to
fully assess their potential as a closure model. For this purpose, we train an ensemble of five
replicas for each neural network architecture. This allows us to evaluate the consistency of
the training procedure in terms of producing good closure models. Before evaluating the
networks, we ensured no convergence issues occurred during training. The resulting error and
energy trajectories, for each neural network, evaluated on the decaying turbulence test case,
are depicted in Figure 3.10. Regarding the plain CNN architecture, we observe that two out of
five networks result in unstable simulations, and for DIV, three out of five. Hence, it is worth
pointing out that, therefore, simply retraining exactly the same machine-learning architecture
can be the difference between a stable simulation and a numerical failure, highlighting the
fickle nature of these methods. For SKEW, no ensemble members became unstable.

Regarding the error trajectories, we observe similar performances for all the networks
that remained stable, whereas the energy trajectories were best reproduced by some of the
unconstrained machine learning closures. However, to evaluate the build-up of numerical noise
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Figure 3.10: (Top-left) Error over time for each closure model in the ensemble of five. (Top-
right) Resolved energy trajectories for each closure model in the ensemble of five. (Bottom)
Error of the energy spectrum over time calculated by computing the spectrum in log10 space,
then computing the mean squared error (MSE) with respect to the FDNS spectrum, and
finally reporting the log10 of this value. These trajectories are also depicted for each closure
model in the ensemble of five. The black vertical line indicates t = 5. Everything to the right
of this line corresponds to extrapolation in time.
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and physical consistency, we computed the error in energy spectrum during the simulation.
This is also depicted in Figure 3.10. Here we find that the SKEW architecture consistently
outperforms the other architectures. From this, we conclude that our SKEW neural network
architecture is not only guaranteed to be stable, but also consistently produces physical
results, without a build-up of numerical noise.

3.5.4 Kolmogorov flow

Next, we aim to evaluate the long-term performance of the closure models and their extrapo-
lation capabilities. To do this, we require a different test case, as decaying turbulence from
the previous test case eventually decays to zero. We therefore consider Kolmogorov flow,
with the same viscosity ν = 1

1000 and periodic domain Ω = [−π, π]× [−π, π]. Kolmogorov
flow is characterized by the following forcing:

f(u,x, t) =

[
sin(4y)

0

]
− 0.1u, (3.38)

and is often used to evaluate machine learning closure models [40, 47, 49]. The machine
learning models are not retrained for this test case. This means the models will have to
extrapolate from the decaying turbulence training data to a test case that includes forcing.
To initialize the simulation, we first carry out a DNS on a 2048 × 2048 grid until t = 25,
starting from initial condition (3.36). This serves as a warm-up of the system, such that it
reaches a statistical equilibrium. The final velocity field then serves as an initial condition to
evaluate the closure models. We then simulate for 500 model time units starting from this
initial condition. This is a significant extrapolation, as the training data was for the interval
t ∈ [0, 5] and for a test case without forcing. In addition to the previously introduced closure
models, we apply backscatter clipping to the trained CNN to obtain a stable closure model
by removing backscatter. This is done by projecting the CNN output on an eddy-viscosity
model. From this, we obtain an eddy-viscosity value νclipping

t (x) such that the CNN output
is matched as close as possible in the L2-norm. Negative values for νclipping

t (x) are then set
to zero to provide stability. The clipping procedure is described in [38]. We will refer to
this closure model with the acronym CNN-C. Vorticity snapshots from the simulations are
depicted in Figure 3.11. Snapshots for CNN and DIV are not depicted, as these simulations
become unstable quickly after their initialization, see Figure 3.12. For NC we observe a
lot of numerical noise, whereas in SMAG (to a lesser extent), SKEW, and CNN-C this is
smoothed out. Regarding the snapshot at t = 5, we find the filtered DNS results are most
closely matched by SKEW.

To make a more thorough comparison, we consider the resolved energy trajectories, along
with an average energy spectrum for the simulation, see Figure 3.12. The first thing we
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Figure 3.11: Vorticity fields at each point in time for each of the closure models on a 64× 64
grid. Simulations correspond to the Kolmogorov flow test case.
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Figure 3.12: (Top-left) Resolved energy trajectories for each of the closure models in the
Kolmogorov flow test case. (Top-left) Corresponding distributions of the resolved energy
for the entire simulation. Dashed vertical lines correspond to the mean. (Bottom) Energy
spectra were obtained by first computing the energy spectrum for each snapshot and then
computing the average value for each wavenumber. Both the CNN and DIV closure models
resulted in unstable simulations, so their spectrum is omitted from the figures.
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observe from the resolved energy trajectories is that the unconstrained machine learning
approaches both become unstable at the start of the simulation. The remaining closure
models remain stable, as they are strictly dissipative. To make a statistical comparison of
the resulting flow fields, we consider the distribution of the resolved energy for the entire
simulation and the average energy spectra. Here we find that SMAG and CNN-C are too
dissipative, as the distributions are shifted to the left with respect to FDNS. For CNN-C,
this phenomenon is reported in [51]. Both NC and SKEW seem to give a good prediction of
both the mean and shape of the distribution.

Looking at the energy spectra, we find that NC indeed produces numerical noise, looking
at the energy in the large wavenumbers. In addition, we find that SKEW performs the
best in the low and intermediate wavenumbers, while SMAG performs the best in the high
wavenumbers. Overall, we find that for this extrapolation test case SKEW performs, at
worst, as well as SMAG. From this, we conclude that SKEW is both stable and accurate,
and is capable of extrapolating to different test cases, without being retrained.

3.5.5 Comparison to the dynamic Smagorinsky model

To provide a comparison between our SKEW architecture and a more robust physics-based
closure model, we consider the dynamic Smagorinsky model. The formulation and underlying
theory of this model are described in [32]. The main idea is that the Smagorinsky constant
in (3.22) is determined dynamically and depends on space, time, and the resolved velocity
field, i.e. Cs = Cs(x, t, ū).

The dynamic procedure builds on the assumption that the subgrid-scale stresses are
self-similar across filter scales and that the same eddy-viscosity ansatz holds at both the grid
filter and a larger test filter. By enforcing consistency between these two levels, the model
computes Cs from the resolved flow itself rather than prescribing it a priori. This allows
the model to reduce dissipation in laminar or well-resolved regions while increasing it where
subgrid activity is strong. Its main strength is therefore that it provides dissipation only
where it is needed, making it significantly less dissipative than the standard Smagorinsky
model.

The resulting energy trajectory and energy spectrum for the dynamic Smagorinsky model
in the decaying turbulence test case are shown in Figure 3.13, together with the results from
our SKEW architecture.

For the energy trajectory, we find that the dynamic Smagorinsky model is indeed less
dissipative than the standard Smagorinsky model (Chapter 3) (SMAG). However, it remains
slightly more dissipative than our SKEW architecture, which matches the FDNS result
the closest. Regarding the energy spectrum, the dynamic Smagorinsky model provides a
substantial improvement over SMAG and NC. Nonetheless, it still underpredicts energy



92
3. Energy-Conserving Neural Network Closure Model for Long-Time Accurate and Stable

LES

Figure 3.13: (Left) Resolved energy trajectories for the decaying turbulence test case, where
DYN-SMAG corresponds to the dynamic Smagorinsky model. The black vertical line indicates
t = 5. Everything to the right of this line corresponds to extrapolation in time. (Right)
Energy spectra halfway through the decaying turbulence simulation at t = 5.

at low wavenumbers and overpredicts energy at high wavenumbers, whereas our SKEW
architecture does not exhibit these deficiencies.

3.5.6 Limitations of Machine Learning Closure Models

Note that a neural network is not strictly necessary to enforce a skew-symmetric framework.
Traditional calibration or data assimilation approaches could be used, which typically assume
a fixed functional form and tune a limited set of coefficients to DNS data. In contrast, a neural
network provides a flexible functional representation capable of capturing complex, non-linear
dependencies of the closure term on local flow features, dependencies that are difficult to
express or calibrate explicitly using fixed parametric forms. While the skew-symmetric
structure enforces energy conservation, the entries of the skew-symmetric matrix (as well
as those of the dissipative term) are learned functions of the flow state, allowing the model
to adapt dynamically to local flow conditions rather than relying on globally calibrated
coefficients.

Finally, it should be noted that fundamental challenges exist when employing machine
learning within the context of LES (or any physics-based simulation) [137]. Neural networks
easily have millions (or more) tunable parameters with no physical meaning, are data-hungry,
and act as black boxes, making them more complex than their physics-based counterparts.
They are also prone to instabilities over long integration times, an issue that we have explicitly
addressed in the present manuscript. Our proposed framework, therefore, represents a step
towards embedding physical constraints (in this case, guaranteed energy conservation) directly
into the architecture of a data-driven model. This combination of physical structure and
data-driven flexibility embodies a key advantage of physics-informed machine learning: it
ensures physical consistency while retaining the expressive power of modern machine-learning
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methods. That said, many of the aforementioned issues remain and require further study.

3.6 Conclusion

In this work, we started off by exploring the conservation laws inherent in the incompress-
ible Navier-Stokes equations, specifically, mass, momentum, and energy conservation. We
employed a discretization that preserves these laws in a discrete sense. To coarse-grain
the simulation, we used a face-averaging filter, ensuring that the resulting coarse-grained
velocity field continues to satisfy mass conservation. We then examined different approaches
to modeling the commutator error introduced by coarse-graining. We first considered the
Smagorinsky model, which is strictly dissipative, followed by more advanced machine learn-
ing approaches based on convolutional neural networks, capable of modeling backscatter.
However, these unconstrained models lack stability guarantees. To address this limitation, we
introduced our skew-symmetric neural architecture [15]. This architecture enforces stability
while increasing model freedom from the negative-definite eddy-viscosity basis by introducing
a skew-symmetric term. A change from our previous work [15] (see Chapter 2) is that the
subgrid-scale energy is no longer explicitly modeled. In addition, we tackled much more
challenging 2D turbulence applications, as opposed to simple 1D test cases considered in
[15]. Based on offline analysis on the training data, we hypothesized that dissipative closure
models, such as the skew-symmetric architecture we introduce, are likely to perform well for
the considered test cases.

We evaluated our closure models across three coarse-graining factors, from a 2048× 2048

grid down to resolutions of 128×128, 64×64, and 32×32. The closure models were tested in
a decaying turbulence simulation with an initial condition different from those in the training
data and over an extended simulation time. We found that none of the models performed
well at the largest coarse-graining factor (from 2048× 2048 down to 32× 32). Initially, the
unconstrained machine learning models provided promising results, even outperforming our
skew-symmetric model in kinetic energy predictions. However, numerical errors accumulated,
leading to instability. Trajectory fitting, i.e., training the closure models to reproduce the
filtered DNS solution, alone is therefore not enough to guarantee stable closure models. In
contrast, our skew-symmetric model remained stable throughout, albeit at the cost of a larger
dissipation rate. Despite the increased dissipation, we argue that stability is a worthwhile
trade-off. In addition, our skew-symmetric architecture outperformed the Smagorinsky model
in this test case and reproduced the expected k−3 in the energy spectrum for 2D turbulence.
Furthermore, our architecture also outperformed the dynamic Smagorinsky model, a widely
used and well-established physics-based closure model, in this test case.

To account for the inherent randomness in training neural networks, we trained five
instances of each model with different weight initializations and mini-batch selections. All
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instances of the skew-symmetric model remained stable and accurate, while conventional
machine learning models exhibited significant instabilities. This highlights the improved
consistency of our approach in training robust closure models.

We further assessed the models on the Kolmogorov flow test case, which was not rep-
resented in the training data. The unconstrained machine learning models again suffered
from instabilities, whereas our skew-symmetric closure model successfully captured the
correct energy spectrum when averaged over time. In this regard, it performed comparably
to the Smagorinsky model, which proved to be well-suited to this test. We also applied
backscatter clipping to the trained CNN. This resulted in a stable simulation; however, it
did not outperform the skew-symmetric architecture or the Smagorinsky model.

Overall, our results demonstrate that the skew-symmetric architecture we introduced
here significantly enhances the stability of machine-learning-based closure models, albeit at
the cost of increased dissipation. We believe this work represents a step toward enabling
long-time simulations with machine learning closures.

For future work, several directions merit exploration. The treatment of boundary con-
ditions, particularly the padding used for convolutional neural networks, requires careful
attention. Extending our approach to unstructured grids is another promising avenue, where
graph neural networks could provide a useful framework [107]. Finally, introducing an
additional energy source to counteract the absence of backscatter from the skew-symmetric
architecture could be beneficial, though careful clipping mechanisms would be needed to
prevent instabilities. Explicitly modeling the subgrid-scale energy, as in [15], is another
logical extension.



4
A New Data-Driven Energy-Stable

Evolve-Filter-Relax Model for Turbulent Flow

Simulation

We present a novel approach to define the filter and relax steps in the evolve-filter-relax
framework for simulating turbulent flows. The main advantages of this framework, as
compared to the large eddy simulation (LES) framework considered in Chapter 2 and Chapter
3, are its ease of implementation and computational efficiency. However, as it only contains
two parameters (one for the filter step and one for the relax step) its flexibility is rather
limited. In this work, we propose a data-driven approach in which the optimal filter is found
based on direct numerical simulation data in the frequency domain. The optimization step
is computationally efficient and only involves one-dimensional least-squares problems for
each wavenumber. Across both decaying turbulence and Kolmogorov flow, our learned filter
decisively outperforms the standard differential filter and the Smagorinsky model, yielding
significantly improved accuracy in energy spectra and in the temporal evolution of both energy
and enstrophy. In addition, the relax parameter is determined by requiring energy and/or
enstrophy conservation, which enforces stability of the method and reduces the appearance

This chapter is based on [138]. The first two authors, Anna Ivagnes and Toby van Gastelen, contributed
equally to this publication.

95



96
4. A New Data-Driven Energy-Stable Evolve-Filter-Relax Model for Turbulent Flow

Simulation

of numerical wiggles, especially when the filter is built in scarce data regimes. Applying the
learned filter is also more computationally efficient compared to traditional differential filters,
as it circumvents solving a linear system.

4.1 Introduction

It is well known that modeling turbulent flows poses significant challenges for traditional
numerical discretization methods due to the emergence of turbulent eddies [139]. In in-
compressible flows, this complexity is primarily governed by the Reynolds number, which
dictates the scale of the smallest eddies present in the flow [2]. Accurately capturing these
features requires a computational grid fine enough to resolve all relevant scales. As the
Reynolds number increases, so does the need for finer resolution, leading to a substantial rise
in computational cost. This often renders direct numerical simulation (DNS) impractical for
high Reynolds number flows [140]. To address this, various modeling strategies have been
developed. These include Reynolds-averaged Navier-Stokes (RANS) methods [141], which
model all turbulent fluctuations through additional transport equations for the averaged
quantities, and LES [6], which resolves the large, energy-containing eddies while modeling
only the smaller, subgrid-scale motions. The two approaches thus differ not only in the
degree of resolution but also in their underlying treatment of turbulence and computational
requirements. Beyond turbulence modeling, numerical stabilization techniques [142, 143],
such as the streamline upwind/Petrov–Galerkin (SUPG) method, are often employed to miti-
gate numerical oscillations in convection-dominated or under-resolved flows. This improves
stability without explicitly modeling turbulence.

One of the most popular numerical stabilization techniques is the evolve-filter-relax (EFR)
framework [17, 57]. It is a widely used approach for stabilizing numerical simulations by
suppressing spurious oscillations. It has proven its worth in a multitude of applications such
as nuclear engineering design, simulation of ocean circulation, and cardiovascular modeling
[17, 18, 144–148]. It consists of three steps: (1) evolving the solution using a coarse spatial
discretization, (2) applying a differential filter to the evolved state to dampen high-frequency
numerical noise, and (3) computing a convex combination of the evolved and filtered states
to mitigate excessive diffusion introduced by the filter. This process is repeated at each
time step to maintain stability and accuracy throughout the simulation. Key advantages of
EFR are its computational efficiency and ease of implementation. It only requires access
to a discrete diffusion operator to construct the filter, making it compatible with a variety
of numerical methods, including finite volumes, finite elements, and reduced-order models
(ROMs) [18, 58, 59, 149–153]. In ROM applications, the filter is typically projected onto the
reduced basis. In this work, however, we focus on the application of the EFR framework in
LES context [17, 18], where the differential filter is constructed using a coarsened or modified



4.1. Introduction 97

diffusion operator. This allows the method to effectively emulate subgrid-scale dissipation
while remaining flexible and easy to integrate into existing simulation codes.

Applying the differential filter involves solving a linear system, where the filtered field is
obtained by applying the inverse of a differential operator to the original field. In [17], it is
shown that solving an elliptic filter equation is equivalent to applying an eddy-viscosity model
in the LES context using a backward Euler scheme. In the context of EFR, different eddy-
viscosity models are referred to as indicator functions. These functions act as spatially-varying
weights that determine where and to what extent the filter is applied [60]. Furthermore,
they are designed to identify regions within the domain with strong gradients or under-
resolved features, such as near sharp interfaces or turbulent structures. This allows the
differential filter to act locally rather than globally. This adaptive approach improves the
accuracy and efficiency of the EFR method, making it suitable for complex flow simulations.
Moreover, although it is sparse, the filter step still requires solving a linear system to apply
the differential filter, which is computationally expensive.

The EFR framework only contains two parameters, namely the filter radius δ and the
relaxation parameter χ [17, 57]. Choosing the values for these parameters requires careful
consideration. If the filter radius is too large, the solution fields become too diffused, while a
too small value might fail in adequately suppressing the noise. Different ways of choosing
these parameters have been suggested: e.g. setting the filter radius either equal to the
mesh size [18, 63], or equal to the Kolmogorov lengthscale [62], and setting the relaxation
parameter proportional to the size of the time step [62, 63]. The sensitivity of regularized
and Leray-type models to the choice of the filter radius has also been analyzed in detail
[154], while the impact of filtering parameters in patient-specific LES simulations has been
investigated through global sensitivity analysis [155].

However, these approaches for choosing the parameters do not fully alleviate the limited
flexibility of the model, as highlighted by recent results in [64]. In that work, it was shown
that the optimal values of the parameters are highly variable during the course of a simulation.
By introducing a data-driven approach to determine the optimal parameters at each time step,
the results more closely resembled the DNS results. However, the extrapolation capabilities
of such an approach are limited, as DNS data for each time step is required to determine the
optimal parameter settings. Making use of different indicator functions has been shown to
improve the performance of the EFR framework. Different indicator functions are available,
which effectively make the differential filter non-linear [62]. An overview of such functions
can be found here [17] specialized to different use cases.

While traditional EFR approaches rely on physically or mathematically motivated in-
dicator functions to control dissipation and filter strength, recent years have seen growing
interest in data-driven alternatives. These data-driven approaches are especially researched
in the LES community. The LES and EFR frameworks are related in the fact that both
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aim to suppress spurious oscillations during simulation time and do this in a similar manner
[17]. In particular, machine learning approaches have come forward as a way to improve the
accuracy of LESs [14, 40, 45, 48, 49, 51, 89, 156, 157]. An example of this is the work in
[39], where a convolutional neural network was added to the right hand side of the system to
improve LES. It was found that the accuracy of the resulting models relies heavily on the way
the neural network parameters are optimized. Using a differentiable solver, gradient-based
optimization techniques can be applied to optimize these parameters with respect to how well
the coarsened DNS solution is reproduced. This is often required, as training neural networks
to solely reproduce the right-hand side, although requiring significantly less computational
effort, often displays inaccuracies and instabilities [39, 52–55]. The clear downside of the
machine learning approach is the required computational effort to generate the training
data and train the neural networks, and the required access to a differentiable solver. The
latter makes the approach incompatible with many of the existing codebases and requires
specialized solvers such as [158]. Furthermore, the neural networks are less interpretable
than the differentiable filter used in the EFR framework.

In this chapter, we aim to combine the increased flexibility of data-driven approaches with
the modularity and computational efficiency of the EFR framework. We therefore propose
the following idea: learn the optimal data-driven linear filter which is trained on DNS data.
This allows us to construct a filter that is tailored to the problem at hand. We combine the
learned filter with an energy-conserving finite volume discretization such that we can analyze
the stability of the method. Next to being more flexible than the differentiable filter, this
approach has some other key advantages: Making use of a fast Fourier transform (FFT) the
filter can be applied in a computationally efficient manner and no longer involves solving
a linear system. Furthermore, computing the optimal filter coefficients involves only the
solution of one-dimensional least-squares problems for each coefficient. This makes finding
the optimal coefficients much more efficient than training a neural network [41]. Furthermore,
we introduce a clever way to use the relax parameter χ to preserve both energy and enstrophy.
This is done with the goal of ensuring both accuracy and stability when little DNS data is
available. A flowchart of our developed methodology is shown in Figure 4.1.

The chapter is structured as follows: In Section 4.2 we start off by introducing the
incompressible Navier-Stokes equations, discuss the used spatial discretization, and introduce
the EFR framework. These are regarded as preliminaries. Furthermore, in Section 4.3 we
introduce our data-driven methodology and the way we impose the energy and enstrophy
constraints. After this, we present our results in Section 4.4, where we compare to existing
approaches. We conclude our work in Section 4.5.
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Figure 4.1: Workflow of the DD-EFR framework presented in the article. An optimal filter
F⋆ is learned offline from filtered DNS data. The relax parameter is tuned online at each
time step to control energy and/or enstrophy dissipation.

4.2 Preliminaries

In this section, we introduce the Navier-Stokes equations and describe the discretization in
space and time. Moreover, we introduce the evolve-filter-relax (EFR) framework to account
for coarse grids.

4.2.1 The Navier-Stokes equations

We model the dynamics of an incompressible fluid using the incompressible Navier-Stokes
equations (NSE). Let Ω ⊂ Rd be a fixed spatial domain, where d = 2 or 3. The fluid velocity
is denoted by u

.
= u(x, t) ∈ U, and the pressure by p .

= p(x, t) ∈ Q. The governing equations
for the fluid motion are:

∂u

∂t
+ (u · ∇)u− ν∆u+∇p = f in Ω× (t0, T ),

∇ · u = 0 in Ω× (t0, T ),
(4.1)

with the initial condition u = u0 in Ω × t0. Here, f denotes external forcing, ν is the
kinematic viscosity, and U and Q are appropriate Hilbert spaces for velocity and pressure,
respectively. The simulation runs over the time interval (t0, T ).
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In this study, we adopt periodic boundary conditions and therefore omit an explicit
discussion of boundary terms. The incompressibility condition, ∇ · u = 0, enforces mass
conservation. The nature of the flow is characterized by the dimensionless Reynolds number:

Re
.
=
UL

ν
, (4.2)

where U and L are the characteristic velocity and the length scale of the system, respectively.
A high Reynolds number indicates that inertial effects outweigh viscous effects, leading to a
convection-dominated regime.

4.2.2 Finite volume discretization

In the numerical tests, we employ a finite difference discretization on a staggered grid
presented in [24, 25], and an explicit fourth-order Runge-Kutta time integration scheme.
Using this discretization, the velocity field is approximated on the cell-faces and is discretely
represented by the vector uh ∈ RNu , whereas the pressure field is approximated in the
cell-centers as ph ∈ RNp . Nu and Np are the number of discrete points for the velocity field
and the pressure, respectively. Using the finite difference discretization (4.1) is written in
matrix representation as

duh
dt

= −Ch(uh)uh + νDhuh + fh −Ghph, (4.3)

where Ch(uh) ∈ RNu×Nu represents the nonlinear convection operator, Dh ∈ RNu×Nu the
linear diffusion operator, and fh ∈ RNu the external forces. Moreover, Gh ∈ RNu×Np is the
pressure gradient operator. In matrix representation, the divergence-freeness condition is
written as

Mhuh = 0h, (4.4)

where Mh ∈ RNp×Nu represents the divergence operator and 0h ∈ RNp represents a vector
of zeros. The staggered grid discretization is chosen as it preserves the kinetic energy in the
inviscid limit. To see this, we start by defining the (kinetic) energy as

E :=
1

2|Ω|

∫
Ω

u · udΩ. (4.5)

Discretely, we represent this as

Eh :=
h2

2|Ω| ∥uh∥
2
2, (4.6)

where
∥uh∥22:= uThuh, (4.7)
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assuming a uniform 2D grid with grid spacing h in each direction, as used in this work. The
appearance of h2 is such that the unit of the discrete energy is the same as its continuous
counterpart, i.e. (4.6) discretely approximates the integral in (4.5). The discretization in
(4.3) produces the following energy behavior:

dEh
dt

=
h2

2|Ω|u
T
h

duh
dt

=
h2

2|Ω| (−ν∥Qhuh∥22+uThfh). (4.8)

The energy behavior in (4.8) is derived by using the product rule, starting from (4.6), and
using the fact that Dh can be Cholesky decomposed as Dh := −QhQh, while the pressure
gradient and convective term contributions cancel, see [24, 25]. From (4.8) it is clear that this
discretization provides stability, as in the absence of forcing, the energy can never increase.
Note that this energy behavior is true for periodic boundary conditions. In the case of
boundary conditions of different type, boundary contributions will appear in the energy
equation.

4.2.3 Evolve-Filter-Relax

In under-resolved or marginally-resolved simulations, central spatial discretization schemes,
such as the one adopted in this work, tend to produce spurious oscillations in convection-
dominated regimes. To mitigate these artifacts, we employ the EFR algorithm. Let the
time step be denoted by ∆t, with tn = t0 + n∆t for n = 0, . . . , N , and total simulation time
T = t0 +N∆t. We write yn to denote the numerical approximation of a generic quantity y
at time tn.

The EFR procedure consists of the following three steps:

(I) Evolve:


wn+1
h − unh
∆t

= −Ch(u
n
h)u

n
h + νDhu

n
h + fh −Ghp

n
h,

Mhw
n+1
h = 0h,

(II) Filter: (I− 2δ2Dh)w
n+1
h = wn+1

h

(III) Relax: un+1
h = (1− χ)wn+1

h + χwn+1
h

Here, wn+1
h is the velocity field obtained from the evolve step, wn+1

h is its filtered counterpart,
and un+1

h is the final relaxed velocity field. The parameters δ and χ denote the filter radius
and relaxation parameter, respectively, with χ ∈ [0, 1].

In step (I), the velocity field is advanced in time using a standard temporal discretization
of the NSE. For simplicity, a forward Euler method is shown here, though in practice
higher-order schemes are commonly used to enhance accuracy and stability [24, 96].
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Step (II) applies a differential filter to smooth the velocity field. The filter is defined
via an elliptic operator involving the discrete Laplacian Dh and an explicit spatial scale
δ. This step removes small-scale (high-frequency) components and has been shown to be
mathematically robust [60]. The filtered field wn+1

h is obtained by solving a linear system.
Step (III) combines the evolved and filtered velocities using a convex combination

controlled by the relaxation parameter χ. The extremes of this procedure are:

(i) χ = 1: the fully filtered velocity is used, i.e., un+1
h = wn+1

h . We will refer to this
approach as EF;

(ii) χ = 0: no filtering is applied, and un+1
h = wn+1

h , and we refer to this as noEFR.

Thus, the parameter χ modulates the influence of filtering, allowing one to tune the
balance between stability and accuracy [59, 159, 160]. This is particularly useful when
filtering leads to excessive numerical diffusion, as discussed in [62].

The filter radius δ is typically chosen in relation to either the minimum grid size hmin

or the Kolmogorov length scale η = LRe−3/4, and usually η ≃ hmin for well-resolved DNSs
[62, 63].

4.2.3.1 Stability of the differential filter

In Section 4.2.2 we discussed the stability of the spatial discretization. In this section, we
do the same for the EFR algorithm. In order to derive stability of the differential filter, we
consider the relaxed velocity field at time step n+ 1 as

un+1
h = (1− χ)wn+1

h + χFwn+1
h , (4.9)

where F = (I− 2δ2Dh)
−1 represents the filter such that wh

n+1 = Fwn+1
h . In order to prove

stability, we aim to show the following:

∥un+1
h ∥22≤ ∥wn+1

h ∥22, (4.10)

i.e. the relax step dissipates energy from the system. Since the relax parameter satisfies
0 ≤ χ ≤ 1, expression (4.9) is a convex combination of vectors, and the following holds [161]:

min(∥wn+1
h ∥22, ∥Fwn+1

h ∥22) ≤ ∥un+1
h ∥22≤ max(∥wn+1

h ∥22, ∥Fwn+1
h ∥22). (4.11)

From this, we find that
∥Fwh∥22≤ ∥wh∥22 (4.12)

is the required condition for the filter to be dissipative, where we omitted the superscripts n
and n+ 1 for ease of notation.
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To show this for the differential filter, we express the diffusion operator Dh in terms of
its eigenvalues Λii = λi and orthonormal eigenvectors P and use this to rewrite the filter:

F = (I− 2δ2Dh)
−1 = (PIP† − 2δ2PΛP†)−1 = (P(I− 2δ2Λ)P†)−1

= (P†)−1(I− 2δ2Λ)−1P−1 = P(I− 2δ2Λ)−1P†,
(4.13)

where the eigenvectors form an orthogonal basis due to the symmetry of Dh, i.e. P†P =

PP† = I, with the superscript † indicating the Hermitian conjugate. Note that for periodic
boundary conditions and uniform grids, the eigenvectors in P simply correspond to the
Fourier modes [162]. Next, we express the filtering procedure in eigenvector space:

Fwh = P(I− 2δ2Λ)−1P†wh. (4.14)

The diagonal entries of this matrix, which correspond to the eigenvalues of F , are given by

F̂ii = f̂i :=
1

1− 2δ2λi
∈ C, i = 1, . . . , Nu. (4.15)

Next, we use (4.14) to rewrite the stability inequality (4.12):

∥PF̂P†wh∥22= (wh)
†PF̂

†
P†PF̂P†wh = (wh)

†PF̂
†
F̂P†wh =

∑
i=1

|f̂i|2|ŵh,i|2 ≤
∑
i=1

|ŵh,i|2,

(4.16)

where
P†wh = ŵh ∈ CNu (4.17)

and
|f̂i|2 := f̂†i f̂i. (4.18)

In order for this inequality to be satisfied we require |f̂i|2 ≤ 1∀i = 1, . . . , Nu. Looking
at (4.15), this is satisfied as the eigenvalues for the diffusion operator are both real and
negative [67]. This condition is therefore sufficient to show diffusivity/stability of the
EFR formulation, and independent of the value of δ. An alternative viewpoint is that the
filter F = (I− 2δ2Dh)

−1 is the discrete analogue of the resolvent of the Laplace operator
Jα = (I − α∆)−1 [163], which satisfies ∥Jα∥L2→L2 ≤ 1 for α ≥ 0. Since Dh is a symmetric
negative semidefinite discretization of ∆, the same nonexpansive property holds in the
discrete setting, i.e. ∥F∥2 ≤ 1.
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4.3 Methods

In this section, we aim to increase the flexibility of the EFR framework with a data-driven
approach and suggest a structure-preserving extension using the relaxation parameter χ. A
graphical version of the methodological pipeline can be found in Figure 4.1.

4.3.1 Data-driven linear filter

In the previous section, we expressed the filter in the EFR framework as the matrix vector
product P†F̂P, where F̂ is a diagonal matrix. In this section, we present the following idea,
which is one of the key novelties of our work: We can derive the diagonal elements f̂i using a
data-driven approach. We will indicate with F̂

⋆
the optimal filter, fitted to some reference

data, and with f̂⋆i , i = 1, . . . , Nu its diagonal elements. It is important to emphasize that
the optimal filter needs to be computed only once, serving as the offline stage in the typical
surrogate modeling fashion, as depicted in the red dashed box of Figure 4.1.

For periodic boundary conditions and uniform grids, the eigenvectors in P simply corre-
spond to the Fourier modes. Using the notation .̂ for the Fourier coefficients, we can use a
FFT to efficiently obtain ŵh [164], i.e.

ŵh = P†wh = FFT(wh), (4.19)

wh = Pŵh = FFT−1(ŵh), (4.20)

For non-periodic boundary conditions, this is more complicated as we require the eigenvectors
to satisfy the boundary conditions. This can possibly be done through the use of lifting
functions, like in [69]. However, in this chapter, we restrict ourselves to the periodic case for
simplicity.

To derive the values for the complex filter coefficients f̂⋆i we use reference data Utrue and
Wtrue, collected within the time window [0, Ttrain].

In particular, we consider a parametrized flow case with parameter µ, given in our
numerical tests by different initial conditions. For the derivation of the optimal filter, we
consider:

• µ(j), j = 1, . . . , Itrain different initial conditions;

• n = 1, . . . , Ntrain time instances for each configuration, where Ntrain corresponds to the
training time Ttrain.

Matrix Utrue contains in its columns the snapshots of the true velocity field untrue(µ
(j)),

n = 2, . . . , Ntrain; j = 1, . . . , Itrain. Then, Utrue ∈ RNu×M , with M = Ntrain (Itrain − 1).
The true velocity fields are obtained from fine-grid DNS data that is coarse-grained using a
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face-averaging filter, as described in [40]. Matrix Utrue may be written as:

Utrue =

 | | | |
u2

true(µ
(1)) . . . uNtrain

true (µ(1)) . . . u2
true(µ

(Itrain)) . . . uNtrain
true (µ(Itrain))

| | | |

 .
(4.21)

On the other hand, matrix Wtrue is obtained by evolving each true velocity field untrue,
n = 1, . . . , Ntrain − 1 for a single time step with the coarse grid solver, namely:

Wtrue =

 | |
w2

true(µ
(1)) . . . wNtrain

true (µ(Itrain))

| |



= evolve


 | |
u1

true(µ
(1)) . . . u

Ntrain−1

true (µ(Itrain))

| |


 .

(4.22)

Note that for the initial state u1
true = w1

true, which is why it is omitted from the snapshot
matrices. In the numerical results, we will consider two different data regimes to find the
optimal filter: the scarce data regime (Itrain = 1), and the full data regime (Itrain = 10).

In this subsection, we focus on the filter step (equivalent to choosing χ = 1 in the relax
step). The goal is to find filter coefficients such that the filtered coarse-grid solution is close
to the reference solution Utrue:

Utrue ≈ FWtrue. (4.23)

A suitable error to satisfy this approximation is

Lf̂ (Wtrue,Utrue) := ∥FWtrue −Utrue∥2F , (4.24)

where the subscript F indicates the Frobenius norm. As P† is orthogonal, we can place it
inside the norm

Lf̂ (Wtrue,Utrue) = ∥P†FWtrue −P†Utrue∥2F= ∥F̂Ŵtrue − Ûtrue∥2F , (4.25)

where .̂ indicates the Fourier coefficients and we use the fact that F = PF̂P†. As F̂ is
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diagonal Equation (4.25) can be rewritten as

Lf̂ (Wtrue,Utrue) = ∥F̂Ŵtrue − Ûtrue∥2F=
∑
i

∥f̂iŴtrue
i − Ûtrue

i ∥22

=
∑
i

(|f̂i|2(Ŵtrue
i )†Ŵtrue

i − f̂†i (Ŵtrue
i )†Ûtrue

i − (Ûtrue
i )†f̂iŴ

true
i

+ (Ûtrue
i )†Ûtrue

i ,

(4.26)

where the subscript i represents the i-th row of the matrices. The optimal values for f̂i can
be found by computing the gradient of Lf̂ with respect to f̂†i and setting it to zero:

∂Lf̂ (Wtrue,Utrue)

∂f̂†i
= 2f̂i(Ŵ

true
i )†Ŵtrue

i − 2(Ŵtrue
i )†Ûtrue

i = 0. (4.27)

Note we take the gradient with respect to f̂†i and not f̂i, to obtain an equation which
solely depends on f̂i and not f̂†i . Solving (4.27) yields

f̂∗i =
(Ŵtrue

i )†Ûtrue
i

(Ŵtrue
i )†Ŵtrue

i

(4.28)

for the optimal values f̂∗i , i = 1, . . . , Nu. As Utrue is real-valued the resulting F⋆ is also real.
Simulations are carried out using this filter and setting χ = 1, such that we effectively skip
the relax step. This will be referred to as DD-EF. The filtered velocity field will be denoted
as

wh := F⋆wh = P†F̂
⋆
Pwh, (4.29)

which is computed efficiently in the frequency domain using a FFT, as F̂
⋆

is diagonal.
We finally remark that this data-driven filter can be built offline from a limited amount

of data, and then employed in online simulations in extrapolation regimes, both in time and
with respect to varying parameters such as initial conditions or forcing terms. This separation
between offline training and online deployment enables fast and flexible evaluations across
multiple scenarios, without the need for recomputing the filter.

4.3.2 Conservation of energy using χ

As discussed in 4.2.3.1, one of the desirable properties of the existing differential filter is that
it guarantees stability of the system by dissipating kinetic energy. This is guaranteed by the
fact that |f̂i| ≤ 1, ∀i for this filter.

However, this condition is in general not met by the filter in (4.28). Requiring the same
bound on the DD-EF approach seems natural, but can lead to overdiffusive behavior, as
it enforces energy dissipation for each frequency. In fact, |f̂⋆i |2 ≤ 1 is a sufficient but not
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a necessary condition to achieve stability. Instead, we therefore impose a global constraint
on the energy, which ensures stability while still allowing for some frequencies to have an
increasing energy.

This constraint can be enforced by a smart choice of the relaxation parameter χ at each
time step tn, as follows:

Enh ∝ ∥unh∥22 = ∥(1− χ)wn
h + χwn

h∥22 ≤ ∥wn
h∥22, (4.30)

where Enh is the discrete global energy at tn. In these expressions, wn
h , wn

h, and unh correspond
to the online solution approximations at time step tn, and not to the snapshot matrices
Wtrue and Utrue used in the offline computation of F̂

⋆
in Section 4.3.1.

One effective approach to enforce the global dissipativity constraint is to compute the
filter offline, as in equation (4.28), and adaptively tune χn = χ(tn) at each online time step,
as represented in the blue dashed box in Figure 4.1. From the constraint (4.30), we derive
the following inequality:

(χn)2ãn + 2χnb̃n ≤ 0, (4.31)

where
ãn = ∥wn

h −wn
h∥22 and b̃n = (wn

h)
Twn

h − ∥wn
h∥22.

Given that 0 ≤ χn ≤ 1, to remain consistent with the relax step in the EFR approach (see
Section 4.2.3), inequality (4.31) yields the bound:

 χn ≤ − 2b̃n

ãn if b̃n ≤ 0,

χn = 0 otherwise.
(4.32)

Accordingly, during the online phase, we select the optimal relaxation parameter (we
refer to it as χE-opt) at each time step tn as follows:

• If constraint (4.30) is satisfied for χ = 1:

χE-opt = 1,

i.e., we only perform a filtering step. Relaxation is not needed since the filtered solution
satisfies the global energy inequality.

• If constraint (4.30) is not satisfied:

– χE-opt = − 2b̃n

ãn , if b̃n ≤ 0 (the least dissipative value that ensures the constraint);

– χE-opt = 0, if b̃n > 0. This means that we simply use the coarse grid solution
without applying any filtering or relaxation. While this yields an energy-stable
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result, it may exhibit spurious oscillations due to the coarse resolution, making it
a less desirable option in practice.

This approach will be referred to as E-DD-EFR. Note that these computations are all carried
out in physical space, as the FFT is only required to efficiently apply the data-driven filter.
Moreover, computing the inner products in this procedure in the frequency domain does not
offer any computational speedup.

4.3.3 Conservation of enstrophy using χ

The derivation in Section 4.3.2 does not inherently ensure a monotonic decrease in enstrophy,
a property that should hold for the viscous 2D NSE [165]. Preserving this property is
important, as an increase in enstrophy often indicates the emergence of unphysical oscillations
the numerical solution. This occurs because enstrophy is sensitive to high-frequency modes,
as it involves the squared vorticity norm:

Z :=
1

2|Ω|

∫
Ω

∥∇ × u∥22 dΩ. (4.33)

In section 4.4, and specifically in Figure 4.8, we demonstrate that enforcing this physical
constraint improves simulation accuracy, particularly in data-scarce training regimes.

To satisfy this physical constraint, we impose the following inequality at each online time
step tn:

Znh :=
h2

2|Ω| ∥Bhu
n
h∥22 ≤

h2

2|Ω| ∥Bhw
n
h∥22, (4.34)

where Bh ∈ RNp×Nu is a discrete curl operator, such that Znh approximates the global
enstrophy. The above expression may be rewritten in a form similar to the one found for the
energy-preserving inequality, namely:

(χn)2 ãnZ + 2χnb̃nZ ≤ 0, (4.35)

where
ãnZ = ∥Bhw

n
h −Bhw

n
h∥22 and b̃nZ = (Bhw

n
h)
TBhw

n
h − ∥Bhw

n
h∥22.

Exactly as for the energy inequality, the optimal χ satisfying inequality (4.35) is χZ-opt =

−2 b̃
n
Z
ãnZ

. Also in this case, we have:

 χn ≤ − 2b̃nZ
ãnZ

if b̃nZ ≤ 0,

χn = 0 otherwise.
(4.36)
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As for b̃n, b̃nZ may also be negative. In that case, one would simply retain χZ−opt = 0. This
approach can easily be combined with the energy-conserving approach by simply setting χ to
χEZ-opt = min{χE-opt, χZ-opt} to minimize dissipation. While conceptually straightforward,
its implementation is slightly more involved due to the need to compute discrete gradients
within the staggered grid framework. We refer to this approach as EZ-DD-EFR.

4.4 Numerical results

The methodology presented in Section 4.3 is tested here on two test cases: 2D decaying ho-
mogeneous turbulence (4.4.1), and the 2D Kolmogorov flow (4.4.2). Both cases are performed
in a square domain Ω = [0, 1]2 at Reynolds number Re = 4 × 104, with periodic bound-
ary conditions. Time integration is performed using a fourth-order explicit Runge–Kutta
method [166].

The DNS is carried out on a refined grid, whereas both the proposed and state-of-the-art
methods are implemented and compared on a coarse grid. The goal is to find a filtering
strategy that allows us to obtain accurate results despite the reduced resolution. More details
on the different methods compared in the article and on the corresponding mesh sizes are
available in Table 4.1. We will refer to the DNS simulation on the coarse grid as noEFR.

The performance of the proposed methodology is compared with state-of-the-art ap-
proaches with respect to the filtered DNS on the coarse grid, where the filter is a simple
face-average [40]. The accuracy is measured as the discrepancy with respect to the filtered
DNS in the global kinetic energy Enh , in the global enstrophy Znh , for n = 1, . . . , N , and in
the energy spectrum. More in detail, we employ a range of initial conditions to evaluate
the robustness of the methods, and we analyze the results in terms of averages and 95 %

confidence intervals across multiple initializations.

Table 4.2 shows train and test settings adopted for the different methodologies, specifying
the training time window Ttrain, the simulation time T , the number of training and test
initializations (Itrain and Itest, respectively), and the corresponding results’ sections. We also
specify that Ttrain has different meanings for DD-EF(R) methods and for state-of-the-art
approaches (Standard EFR, Standard EF, and Smagorinsky). On the one hand, in the
DD-EF(R) methods, [0, Ttrain] is the simulation time window used to collect the snapshots’
matrices Utrue and Wtrue employed in the optimization problem (Section 4.3.1). On the
other hand, for state-of-the-art approaches, it is the simulation time window considered to
perform hyperparameter tuning. For more details about the state-of-the-art approaches, we
refer the reader to Appendix C.1.
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Simulation
type Description Resolution Mesh size

DNS Fully-resolved simulation of all turbulence
scales 5122 1.95× 10−3

Filtered
DNS

DNS with small scales removed via explicit
filter

1282 7.81× 10−3

noEFR DNS on coarse grid (i.e., no filter, no
regularization)

Standard
EF

Standard approach for Evolve–Filter using the
differential filter in Equation (4.13) (with

optimized δ)

Standard
EFR

Standard approach for Evolve–Filter–Relax
using the differential filter in Equation (4.13)

(with prescribed δ = h and optimized χ)

Smagorinsky Smagorinsky model (with optimized
parameter θ)

DD-EF Evolve–Filter using the data-driven filter
introduced in Section 4.3.1

E-DD-EFR

Energy-conserving Evolve–Filter–Relax with:
• the data-driven filter introduced in Sec-

tion 4.3.1;
• the relax parameter adjusted to ensure

energy dissipation, as in Section 4.3.2.

EZ-DD-EFR

Energy and enstrophy-conserving
Evolve–Filter–Relax with:

• the data-driven filter introduced in Sec-
tion 4.3.1;

• the relax parameter adjusted to ensure
energy dissipation as in Section 4.3.2 and
enstrophy dissipation as in Section 4.3.3.

Table 4.1: Brief description of the different types of simulation, including the details on the
grids employed.
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Method Train Test Section(s)
Ttrain Itrain T Itest

State-of-the-art methods 1 s 10

10 s 5

Appendix C.1

DD-EF, E-DD-EFR
1 or 3 s 10 (full data) 4.4.1.1, 4.4.2.1

DD-EF, E-DD-EFR, EZ-DD-EFR 1 (scarce data) 4.4.1.2, 4.4.2.2

Table 4.2: Train and test setup for DD-EF(R) and for state-of-the-art approaches, and the
corresponding results’ sections where the methods are applied.

4.4.1 Test case 1: two-dimensional decaying homogeneous turbu-
lence

The first test case is decaying homogeneous isotropic turbulence, already treated in [40, 49,
156]. The initial DNS velocity is sampled from a random velocity field with prescribed energy
spectrum, as in [167, 168]. More in detail, as in [40], the velocity field is initialized with the
following procedure:

1. The velocity is sampled in spectral space to match a prescribed energy Êκ at each
wave number κ. Each component of the spectral velocity is indeed initialized such that
∥ûκ∥ = |aκ|, where aκ =

√
2Êκe2πiτκ and τκ is a random phase shift.

2. The velocity is then projected to make it divergence-free: ûκ = aκP̂κeκ

P̂κeκ
, where P̂κ is a

projector: P̂κ = I− κκT

κTκ
and eκ is a random unit vector. In 2D eκ = (cos (θκ), sin (θκ))

with θκ ∼ U [0, 2π].

3. The velocity field is finally obtained by a transformation into physical space (u1
h =

FFT−1(û)), and a further projection step such that Mhu
1
h = 0.

Following the notation in subsection 4.3.1, the initial velocity field can be written as
u1
h(µ

(j)), where the superscript j represents the random seed used to generate θκ and τκ for
each wavenumber κ. Three examples of random initializations are represented in Figure 4.2.

4.4.1.1 Data-driven EFR in the case of full data

This part of the manuscript is dedicated to the results of DD-EF and E-DD-EFR approaches
(presented in Sections 4.3.1 and 4.3.2, respectively).

The first offline step involves constructing the filter matrix in the frequency domain
(Equation (4.28)), considering a full data regime (Itrain = 10 random initializations). Addi-
tionally, we remark that the snapshot data is subsampled by retaining one snapshot every 10
time steps to reduce the computational burden.
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(a) Bhu
1
h(µ

(1)) (b) Bhu
1
h(µ

(5)) (c) Bhu
1
h(µ

(10))

Figure 4.2: Vorticity fields for initial time step, at different random initializations.

We analyze the effect of the filter on the velocity field in Figure 4.3 by considering the
2D average of the filter elements F̂

⋆
for both x and y components. We first associate an

average filter value to all modes κ with wavenumber magnitude κ = ∥k∥ =
√
k2x + k2y. Such

an average value is computed as the mean magnitude of the filter coefficients f̂⋆i across all
modes:

⟨|F̂⋆
(κ)|⟩ = 1

|Bκ|

|Bκ|∑
i=1

f̂⋆iMi(κ), (4.37)

where Bk collects the modes satisfying κ− 0.5 < ∥k∥ < κ+ 0.5, while Mi is a mask defined
as:

Mi(κ) =

1 if κ− 0.5 < ∥ki∥ < κ+ 0.5,

0 otherwise,

and |Bκ| =
∑
iMi(κ) is the number of Fourier modes in Bκ.

Figure 4.3: 2D average of components x and y of matrix F̂
⋆
, for the cases Ttrain = 3 s and

Itrain = 10 (full data), and Ttrain = 1 s and Itrain = 1 (scarce data).

Values greater than one indicate that the filter amplifies the corresponding frequency
components, while values smaller than one correspond to attenuation. A magnitude close to
one implies that the filter leaves those frequencies mostly unchanged. The plot shows that
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the filter slightly amplifies the low frequencies, which are the highest-energy ones, while it
attenuates the medium-to-high frequencies. The data-driven filter is highly influenced by
the amount of data considered in the least squares problem. Indeed, the plot highlights that
the filter built in the data scarcity regime presents more oscillations and the optimization
may converge to values bigger than one, also at medium frequencies (κ = 9, 10, 14 for the y
component). The energy injection at medium scales may increase the velocity magnitude
significantly, and the simulation might blow up. This instability may be overcome by
introducing the energy and/or enstrophy dissipation constraints in the relax step, as presented
in Section 4.3.2 and 4.3.3. We will analyze the combined effect of such constraints in Section
4.4.1.2.

After building the filter, we perform the online EFR simulations. In particular, Figure
4.4 shows the performance of the method in terms of the total kinetic energy and enstrophy
trend in time, and of the energy spectrum at fixed time t = 1 s. In Figures 4.5 and 4.6 we
can see the corresponding vorticity fields at fixed times t = 0.3 and t = 1 s.

Figure 4.4: Time evolution of total kinetic energy, total enstrophy, and spectrum of the
kinetic energy at time t = 1 s, for the proposed methodologies (DD-EF and E-DD-EFR)
and for state-of-the-art approaches. In particular, we show the case Ttrain = 3 s. For each
method, the figure shows the average values (solid lines) and the 95% confidence interval
among 5 test configurations, in the decaying turbulence test case.

From the plots, we can draw the following conclusions:

• DD-EF and E-DD-EFR outperform all existing methods in terms of kinetic energy,
global enstrophy, and spectrum. The DD-EF and E-DD-EFR vorticity fields at initial
times are close to the filtered DNS in local features (Figure 4.5b and 4.5c), while being
qualitatively similar to the reference at later times (Figure 4.6b and 4.6c).

• The DD-EF and E-DD-EFR methods exhibit comparable performance when trained
in the full data regime. Using multiple random initializations and a long training
time window helps stabilize the filter’s effect. In fact, this approach inherently yields
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decaying energy and enstrophy, without the need for explicit constraints.

• The most accurate methods in the spectrum are the DD-EF(R) approaches and standard
EF (at fixed δ = δopt).

• All state-of-the-art methods appear overdiffusive (as seen in the analysis in Figure
7.10), while the data-driven filter successfully retrieves the dissipated energy. From a
qualitative point of view, the vorticity fields look all close to the reference at initial
times (Figure 4.5f, 4.5g, and 4.5h), but overdiffusive at later time t = 1 s (Figure 4.6f,
4.6g, and 4.6h).

• The noEFR simulation exhibits large enstrophy values in the time window [0, 3] s. This
is also reflected in the presence of noise and wiggles in the vorticity field (Figures 4.5e
and 4.6e). As time evolves and turbulence is dissipated, the noEFR enstrophy decreases
and closely follows the filtered DNS behaviour. However, the noEFR energy is the
closest one to the filtered DNS in the global kinetic energy with respect to traditional
filters. Therefore, relying solely on global kinetic energy as a metric can be misleading,
as it may conceal deficiencies in accurately capturing the flow’s fine-scale structures and
local dynamics, which are better reflected in enstrophy and vorticity-related quantities.

(a) Filtered DNS (b) DD-EF
Ttrain = 3

(c) E-DD-EFR
Ttrain = 3

(e) noEFR (f) Smagorinsky (g) Standard EFR (h) Standard EF

Figure 4.5: Vorticity fields at t = 0.3 for different methodologies in a test configuration, in
the decaying turbulence test case.

It is also useful to analyze the online time evolution of the optimal relaxation parameter
χE-opt. Figure 4.7 shows the distribution and time history of χE-opt in the case of Ttrain = 3

s, for a specific test initialization. χE-opt is mostly oscillating between its admissible lower
and upper bounds, namely 0 and 1. As pointed out in Section 4.3.2, the enforcement of the
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(a) Filtered DNS (b) DD-EF
Ttrain = 3

(c) E-DD-EFR
Ttrain = 3

(e) noEFR (f) Smagorinsky (g) Standard EFR (h) Standard EF

Figure 4.6: Vorticity fields at t = 1 for different methodologies in a test configuration, in the
decaying turbulence test case.

energy constraint implies that, whenever b̃n > 0, we impose χE-opt = 0, which is the only
admissible value satisfying the constraint and corresponds to noEFR. Additionally, we can
see that the most frequent value (∼ 85%) is χE-opt = 1, which coincides to DD-EF. This
confirms the similar performances of the methods observed in Figure 4.4.

When analyzing the qualitative features at later times (Figure 4.6), we observe more coher-
ent vortex structures in DD-EF and E-DD-EFR with respect to state-of-the-art approaches.
This is confirmed by the spectral analysis at t = 1 s in Figure 4.4. DD-EF and E-DD-EFR
models show a better match with the filtered DNS in terms of energy at intermediate-to-high
wavenumbers, indicating reduced numerical dissipation and improved preservation of vortex
structures. Smagorinsky retains excessive energy at the large wavenumbers, while standard
EFR exhibits a steeper decay in the spectrum at intermediate wavenumbers.

Figure 4.7: Distribution and time history of the optimal relax parameter χE-opt for a test
initialization. The plots refer to the case Ttrain = 3 s, Itrain = 10 in the decaying turbulence
test case.

Additional results about the data-driven approaches in the full data regime in case of a
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smaller training time window (Ttrain = 1 s), are available in Appendix C.2.1.

4.4.1.2 Data-driven EFR in the case of scarce data

We now analyze the performance of the methods for scarce data, namely when the filter is
computed from a single random initialization (Itrain = 1).

Figure 4.8 presents the statistics for kinetic energy, enstrophy, and energy spectrum at
fixed time, and we focus on the case Ttrain = 1 s, which is the most challenging one.

Figure 4.8 highlights the following aspects:

• DD-EF is unstable both in terms of energy and enstrophy, which increase and blow up
after t = 5 s. It confirms the fact that the scarce-data-filter can be unstable, as it can
also inject energy at medium wave numbers, as previously shown in Figure 4.3.

• E-DD-EFR, which satisfies the energy dissipation constraint, presents a stable de-
creasing energy behaviour, but it is inaccurate in the global enstrophy after t = 6

s.

• EZ-DD-EFR is stable both in the energy and in the enstrophy. It provides an accurate
approximation of the filtered DNS in the enstrophy. However, both E-DD-EFR and
EZ-DD-EFR lead to overdissipative results in the energy at large times. This is a
consequence of using too little training data for the filter construction.

Figure 4.8: Time evolution of total kinetic energy, total enstrophy, and spectrum of the kinetic
energy at time t = 1 s, for the proposed DD-EF(R) methodologies and for state-of-the-art
approaches. In particular, we show the case Ttrain = 1 s and Itrain = 1. For each method,
the Figure shows the average values (solid lines) and the 95% confidence interval among 5
test configurations, in the decaying turbulence test case.

Figure 4.9 illustrates the time evolution of χE-opt and χEZ-opt for a test initialization.
χE-opt exhibits stronger temporal oscillations with respect to the previous full data case.
Indeed, the use of a reduced amount of data leads to increasing instability and error of the
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filtering approach in terms of kinetic energy and enstrophy, as previously noticed from the
analysis of the filter in Figure 4.3.

Moreover, since χEZ-opt fulfills both energy and enstrophy dissipation constraints, it
has more temporal variability. χEZ-opt also assumes more values within the interval (0, 1)
especially at t > 5 s, while χE-opt mostly converges to either 0 (noEFR) or 1 (DD-EF).

We can conclude that the scarce-data filter may lead to unstable results due to the small
amount of data, but the imposition of the energy and/or enstrophy constraints (Equations
(4.32) and (4.36), respectively) stabilizes the simulation. It is worth remarking that such
constraints are only imposed online during the simulation by modifying the relax step, and
without affecting the filter itself. This highlights the flexibility of the approach, allowing
stability to be enforced without altering the underlying filter design.

Figure 4.9: Distribution and time history of the optimal relax parameter χE-opt and χEZ-opt
for a test initialization. The plots refer to the case Ttrain = 1 s, Itrain = 1 in the decaying
turbulence test case.

Additional results on data-driven approaches in the scarce data regime in the case of a
larger training time window (Ttrain = 3 s), are available in Appendix C.2.1.

Given the observed differences in performance between filters trained with full and scarce
data, the questions we will try to address are: (i) “How do the scarce-data and full-data filters
compare in terms of overall accuracy across different physical metrics?", and (ii) “To what
extent can constraints bridge the gap in terms of overall error?". To answer these questions,
we analyze the following error metrics.

• Relative errors in global energy and enstrophy averaged in time, computed as:

errE(µ(i)) =
1

Nt=3

Nt=3∑
n=1

∣∣∣∣Enh (µ(i))− Enref(µ(i))

Enref(µ(i))

∣∣∣∣ ,
errZ(µ(i)) =

1

Nt=3

Nt=3∑
n=1

∣∣∣∣Znh (µ(i))−Znref(µ(i))

Znref(µ(i))

∣∣∣∣ ,
(4.38)

where µ(i) represents the i-th test random initialization, Enref and Znref are the energy
and enstrophy of the filtered DNS solution at time step tn.
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• Absolute logarithmic errors in the energy spectrum averaged in the wave numbers and
in time, computed as:

errspectrum =
1

Nt=3

Nt=3∑
n=1

1

K

K∑
κ=1

log10

( Enh (κ)(µ(i))

Enref(κ)(µ(i))

)
. (4.39)

The value Nt=3 in expressions (4.38) and (4.39) is the number of time steps corresponding
to t = 3 s. We choose the time window [0, 3] for error computation because in the first
test case, the energy dissipates significantly at later times, and the flow loses its turbulent
characteristics.

The plots in Figure 4.10 display the above-mentioned errors in their average value and
confidence interval among Itest = 5 initializations.

Figure 4.10: Relative error of the total kinetic energy, total enstrophy, and absolute error in
logarithmic scale of the spectrum, of the different methodologies with respect to the filtered
DNS. The errors are averaged in the time interval [0, 3], and then evaluated as average values
and confidence intervals (error bars) among Itest = 5 test configurations. This figure refers
to the decaying turbulence test case.

From Figure 4.10, we can draw the following conclusions:

• DD-EF(R) approaches with Ttrain = 3 s are the best performing methods in all the
metrics considered.

• Among the data-driven methods, DD-EF and E-DD-EFR with Ttrain = 3, Itrain = 10

(full data) reach the highest precision with respect to the filtered DNS in terms of
global energy and spectrum.

• As previously noticed from Figure 4.8, E-DD-EFR and EZ-DD-EFR when Ttrain =

1, Itrain = 1 (scarce data) significantly improve the DD-EF results, especially in
the enstrophy. On the other hand, only a slight improvement is observed when
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Ttrain = 3, Itrain = 1, likely because the filter, built from a larger dataset, exhibits
greater stability.

• In both full and scarce data, we obtain the largest accuracy in energy and spectrum
when Ttrain = 3 s, as it aligns with the increased amount of data. However, we have
more accurate results in enstrophy when Ttrain = 1 s. A possible explanation is that the
system exhibits more chaotic behavior in the initial phase, while dissipation dominates
as time progresses. Therefore, a filter built using data from a shorter time window may
be more accurate in capturing gradients compared to those constructed over longer
time intervals.

Hence, we can conclude that the answers to the previous questions are:
(i) In general, full-data filters are more accurate in terms of kinetic energy and energy
spectrum.
(ii) In the scarce-data regime, the constraints significantly improve the global enstrophy
accuracy, reaching even better results than full-data regimes.

4.4.2 Test case 2: two-dimensional Kolmogorov flow

The second test case has a similar setting to the first one, but in the presence of a forcing
term. To prevent energy decay during long simulations, we add a Kolmogorov-type body
force to inject energy into the system at specific wave numbers, as in [39, 40, 49, 111]. This
force is only characterized by a horizontal component

fx(y) = cf sin (2πkfy),

where kf = 4 is the wave number at which the energy is injected. The forcing amplitude cf
is selected to ensure that the system attains a statistically stationary energy level sufficiently
high to sustain turbulence without leading to unbounded energy growth. In our case
cf = 0.65.

To test extrapolation of our approach across test cases, in the DD-EF(R) we keep the
filter matrix F̂

⋆
computed in the first test case, effectively performing extrapolation in this

test scenario as well.
For the state-of-the-art methods, we also consider the optimal parameters computed in

the first test case.

4.4.2.1 Data-driven EFR in the case of full data

As done for the first test case in Section 4.4.1.1, we dedicate this Section to discuss the
DD-EF and E-DD-EFR approaches in the full data regime (Itrain = 10). For the sake of
brevity, we only consider the case Ttrain = 3 s.
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In particular, we analyze the time evolution of the global energy and enstrophy, and
the spectrum at fixed time t = 1 s, comparing such metrics with the filtered DNS reference
(Figure 4.11).

The figure shows that:

• The DD-EF and E-DD-EFR provide the best-performing solutions in all metrics
considered. While both have similar accuracy in energy and enstrophy, E-DD-EFR is
closer to the reference in the spectrum, especially at large wave numbers.

• As expected, the reference kinetic energy in the Kolmogorov case remains stable in
time, while state-of-the-art methods provide overdiffusive solutions, as in the first test
case.

• The reference global enstrophy has a similar trend as before, mostly decreasing in time.
As for the previous test case, the noEFR solution is characterized by larger gradients
and enstrophy at the initial time, which is dissipated at t > 3 s.

Figure 4.11: Time evolution of total kinetic energy, total enstrophy, and spectrum of the
kinetic energy at time t = 1 s, for the proposed DD-EF(R) methodologies and for state-
of-the-art approaches. In particular, we show the case Ttrain = 3 s, Itrain = 10. For each
method, the figure shows the average values (solid lines) and the 95% confidence interval
among 5 test configurations, in the Kolmogorov test case.

The time evolution of χE-opt in the E-DD-EFR approach is similar to the one obtained
in the previous test case (Figure 4.7). The same holds for the qualitative behavior of the
solutions, which the reader can find in Appendix C.2.2.

4.4.2.2 Data-driven EFR in the case of scarce data

In this part, we show the results when training the filter with scarce data (one random
initialization), and we focus on Ttrain = 3 s.
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Figure 4.12: Time evolution of total kinetic energy, total enstrophy, and spectrum of the
kinetic energy at time t = 1 s, for the proposed DD-EF(R) methodologies and for state-of-
the-art approaches. In particular, we show the case Ttrain = 3 s, Itrain = 1. For each method,
the figure shows the average values (solid lines) and the 95% confidence interval among 5
test configurations, in the Kolmogorov test case.

Different from what was observed in Section 4.4.1.2, where we considered the case
Ttrain = 1 s, Figure 4.12 shows more accurate and less dissipative DD-EF(R) solutions. This
is consistent with the increased amount of time instances used to compute the filter. More in
detail, DD-EF and E-DD-EFR have similar energy and enstrophy time evolution. However,
DD-EF exhibits instabilities and inaccuracies in the global enstrophy, especially at t > 6 s.
The addition of the energy and enstrophy constraints stabilizes the enstrophy at large time
and better matches the energy spectrum at medium wave numbers. The further addition of
the enstrophy constraint improves the accuracy in the kinetic energy, especially after t = 5 s.

Figure 4.13: Distribution and time history of the optimal relax parameter χE-opt and χEZ-opt
for a test initialization. The plots refer to the case Ttrain = 3 s, Itrain = 1 in the Kolmogorov
test case.

The time evolution of the optimal χE-opt and χEZ-opt is displayed in Figure 4.13. As in
Figure 4.9, in both cases the optimal value is mostly χ = 1, but χEZ-opt has more oscillations
in time, especially at large simulation time.

From the comparison between Figure 4.9 (Ttrain = 1 s) and 4.13 (Ttrain = 3 s), we can
notice that a larger training window leads to increased stability, reduced oscillations in the
optimal χ, and fewer intermediate values.
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Based on the observed results, we can conclude that the novel filtering approach, originally
computed on a different configuration, retains its effectiveness in the current test case, both
in full and scarce data regimes. This validates the method’s capability to extrapolate and
adapt to qualitatively similar flow conditions.

As done for the first test case, we now compare the full and scarce data regimes in terms
of global errors (expressions (4.38) and (4.39)). Figure 4.14 depicts the global error analysis
for the Kolmogorov test case, which is similar to the one shown in 4.10. We specify that
the total number of time steps considered in this case for error computation is N instead
of Nt=3, and we only show the errors related to the best-performing DD-EF(R) strategies
(namely, those with Ttrain = 3 s).

Figure 4.14: Relative error of the total kinetic energy, total enstrophy, and absolute error in
logarithmic scale of the spectrum, of the different methodologies with respect to the filtered
DNS. The errors are averaged in the time interval [0, 10], and then evaluated as average
values and confidence intervals (error bars) among 5 test configurations. This figure refers to
the Kolmogorov test case.

The main difference with respect to Figure 4.10 lies in the noEFR accuracy, which
improves when considering N instead of Nt=3. As it no longer exhibits spurious oscillations
and noisy behavior at later times, it is qualitatively closer to the reference solution and has a
smaller error.

4.4.3 Computational time considerations

In this Section, we discuss the computational cost required to construct the proposed methods
and compare their efficiency with that of state-of-the-art approaches .

The offline and online wall times are reported in Table 4.3. We call offline wall time the
time needed to perform the parameters’ optimization in the case of state-of-the-art approaches

The simulations have been performed on an Apple M2 chip (8-core), 16GB unified memory.
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(standard EFR/EF and Smagorinsky), and the time used to compute the filter matrix F̂
⋆

in
DD-EF(R) methods. We refer to Appendix C.1 for more details on the parameters’ tuning.

The offline wall time in DD-EF(R) includes:

• the time needed to evolve the filtered DNS solutions of one time step, namely to obtain
the snapshot matrix W true;

• the time needed to solve the least squares minimization problem and find the filter
components as in Equation (4.28).

We refer to online wall time as the time needed to perform the simulation at T = 3 s,
with fixed ∆t = 5× 10−4 s, to have a fair comparison among the methods.

As from Table 4.3, the offline time needed to perform parameter tuning in state-of-the-art
methods may be large, depending on the optimization strategy and the amount of data
considered in the optimization. Here, we used an approximate gradient descent, although
one may also rely on literature-based parameter choices to avoid this step.

On the other hand, the cost to compute the data-driven filter matrix is relatively small,
as it only involves the resolution of a least-squares problem. We remark that the filter is the
same in DD-EF, E-DD-EFR and EZ-DD-EFR approaches and the offline time only depends
on the given amount of data (Ttrain and Itrain) used to compute it, as specified in Table 4.3.

Method Offline wall time [s] Online wall time [s]

Filtered DNS - 224.9

noEFR - 13.5

Standard EFR/EF O(105) 213.4

Smagorinsky O(102) 20.6

DD-EF 3.8 (Ttrain = 1, Itrain = 1)
42.7 (Ttrain = 1, Itrain = 10)
12.1 (Ttrain = 3, Itrain = 1)
145.4 (Ttrain = 3, Itrain = 10)

18.3

E-DD-EFR 25.7

EZ-DD-EFR 33.9

Table 4.3: Offline and online wall times for the strategies considered. The wall time is
measured for online simulations with T = 3 s, at fixed time step ∆t = 5× 10−4 s.

The online cost is significantly large for standard EFR/EF, since it involves the solution
of the differential filter equation. As one would expect, noEFR is the fastest approach,
since it does not include any filtering operation or closure terms, followed by DD-EF and
Smagorinsky. The addition of the energy and enstrophy constraints in data-driven approaches
slightly increases the computational time, but still remains in the same order of magnitude of
DD-EF. It is important to note that the energy and enstrophy dissipation constraints depend
solely on the data from the online simulation, and not on the reference filtered DNS. As
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a result, the optimization of χ(t) in E-DD-EFR and EZ-DD-EFR introduces no significant
computational overhead, since it only involves computing the system’s energy and enstrophy.

Figure 4.15: Average energy-enstrophy accuracy of the simulations, where the radius of
circles is proportional to the average wall time needed to perform online simulations. The
errors are measured in the decaying turbulence test case.

We include Figure 4.15 as a graphic comparison between the methods. The plot shows
the energy and enstrophy errors on the x and y axis, respectively, as presented in (4.38).
The average error points are surrounded by circles whose size is proportional to the online
simulations’ wall time. The most accurate methods are located in the bottom-left part of
the plots, while the cheapest simulations have the smallest circles. Hence, an ideal approach
is located in the bottom left part (high accuracy) and is characterized by a small circle (low
wall time).

We can see that all DD-EF(R) methods, except for the case Ttrain = 1 s and Itrain = 1 s
(pink circles in the plot), exhibit good accuracy in both energy and enstrophy and are ∼ 10

times faster with respect to standard EFR and EF, as already formalized in Table 4.3.
The DD-EF(R) simulations in the case of scarce data and Ttrain = 1 (pink circles) are less

accurate with respect to the other data-driven approaches. However, the results highlight a
large improvement in the enstrophy accuracy in the presence of energy and/or enstrophy
constraints (E-DD-EFR and EZ-DD-EFR), while keeping a similar CPU time.

Based on the observed results, we can conclude that the novel DD-EF(R) methods
outperform all the existing methods, not only in the accuracy but also in the computational
effort.

4.5 Conclusion and Outlook

In this work, we proposed a novel data-driven extension of the EFR framework for coarse-grid
simulation of turbulent flows.
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First, we propose a new learned filter operator, computed through efficient offline least-
squares optimization from filtered DNS data, and integrated into a structure-preserving
staggered grid finite-volume discretization.

Second, we propose a novel way to choose the relaxation parameter χ(t), by enforcing
global dissipation of energy and/or enstrophy during online simulations. The resulting
E-DD-EFR and EZ-DD-EFR approaches ensure numerical stability and preserve key physical
properties of the flow. Specifically, E-DD-EFR enforces global energy dissipation at each
time step, while EZ-DD-EFR extends this approach by additionally enforcing enstrophy
dissipation. These constraints act directly on the online simulation data and help stabilize
the learned filtering strategy, making the methods robust, especially when the training data
is scarce.

The proposed methodology was tested on two benchmark cases: decaying homogeneous
isotropic turbulence and the Kolmogorov flow. In both scenarios, we employed the same
filter operator, which was computed solely from the first test case. Despite this, the approach
yielded excellent results also in the second case, clearly demonstrating the capability of the
learned filter to successfully extrapolate across different flow configurations.

The proposed data-driven method led to significant improvements over traditional ap-
proaches, such as Smagorinsky and standard EFR strategies, particularly in terms of accuracy
in energy spectra, global energy, and enstrophy.

Moreover, the methodology maintains low computational cost: the learned filter avoids
the need for solving linear systems (as in the traditional differential filter framework), and
the adaptive computation of the relaxation parameter relies solely on online simulation data.
As such, the method proves both accurate and efficient, especially when compared with
classical differential filtering techniques.

Future work will focus on extending the approach to non-periodic boundary condi-
tions, unstructured grids, and three-dimensional flows, as well as integrating alternative
learning strategies and uncertainty quantification tools to further enhance robustness and
generalization.

Regarding three-dimensional flows, the presented methodology can be directly extended,
as the formulation itself is dimension-independent. The main challenge lies in the increased
computational cost associated with adding another spatial dimension.

For unstructured or non-uniform grids, the use of FFTs must be revised, as it relies heavily
on the Cartesian nature of the grid. In the current implementation, the filter is learned and
applied in Fourier space. For unstructured discretizations, a natural alternative is to express
the filter in the eigenbasis of the discrete diffusion operator, whose eigenfunctions generalize
the Fourier modes. However, projecting onto the full eigenbasis at each time step can be
computationally expensive. To alleviate this cost, a reduced spectral basis can be employed,
for example, obtained via singular value decomposition or by selecting a subset of dominant
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eigenmodes. This approach significantly reduces the number of operations required to apply
the filter, thereby mitigating the added computational burden.

Finally, to handle non-periodic boundary conditions, one could take inspiration from
the approach proposed in [69], where lifting functions are used to satisfy the boundary
constraints.
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5
Modeling Advection-Dominated Flows with

Space-Local Reduced-Order Models

Reduced-order models (ROMs) are often used to accelerate the simulation of large physical
systems. However, traditional ROM techniques, such as proper orthogonal decomposition
(POD)-based methods, often struggle with advection-dominated flows due to the slow decay of
singular values. This results in high computational costs and potential instabilities.

This chapter proposes a novel approach using space-local POD to address the challenges
arising from the slow singular value decay. Instead of global basis functions, our method
employs local basis functions that are applied across the domain, analogous to the finite
element method, but with a data-driven basis. By dividing the domain into subdomains and
applying the space-local POD, we obtain a sparse representation that generalizes better outside
the training regime. This allows the use of a larger number of basis functions compared
to standard POD, without prohibitive computational costs. To ensure smoothness across
subdomain boundaries, we introduce overlapping subdomains inspired by the partition of unity
method.

Our approach is validated through simulations of the 1D and 2D advection equation. We
demonstrate that using our space-local approach, we obtain a ROM that generalizes better to

This chapter is based on [169].
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flow conditions not included in the training data. In addition, we show that the constructed
ROM inherits the energy conservation and non-linear stability properties from the full-order
model. Finally, we find that using a space-local ROM allows for larger time steps.

5.1 Introduction

Simulating large physical systems is an ongoing challenge in the field of computational sciences.
This especially becomes challenging when dealing with multiscale systems. Such systems
exhibit interesting behavior at various spatial and temporal scales. A prominent example
and our main incentive for this work are turbulent flows described by the incompressible
Navier-Stokes equations. Systems described by these equations feature the formation of
turbulent eddies of a range of different sizes. The significant difference in size between the
largest and the smallest eddies gives rise to the multiscale nature of the problem. The
problem with simulating such systems is that they require high-resolution computational
meshes to obtain accurate simulations and small time steps. This places a significant burden
on the available computational resources [40, 82].

To make simulation of turbulent flows feasible, one typically resorts to Reynolds averaged
Navier-Stokes [9], large eddy simulation [6], and reduced-order models (ROMs) [7, 170].
Here we focus on the latter approach. In reduced-order modelling, data is used to speed up
simulations. The data can be obtained from simulations or experiments. The collected data
is then used to identify the most critical features of the flow. This is typically done by a
proper orthogonal decomposition (POD) of the collected flow data. The resulting features are
then used to construct a reduced basis. By projecting the fluid flow equations on this basis
one obtains the widely used POD-Galerkin ROM [68, 170, 171]. However, two common issues
with POD-Galerkin ROMs are their stability and their accuracy for convection-dominated
systems. In [67], it is shown that the stability issue can be resolved by making sure that the
energy-conserving property of the Navier-Stokes equations is still satisfied under Galerkin
projection. For the incompressible Navier-Stokes equations, the only prerequisite for an
energy-conserving ROM is that the discretization is structure-preserving, i.e. it is such that
it inherits the energy conservation property from the continuous equations.

However, the stability property derived in [67] does not guarantee accuracy; it is possible
to have energy-stable simulations that are highly inaccurate. This issue can already be
observed on academic test cases such as the linear advection equation. For example, in
[7], the authors discuss the problem of a single traveling wave through a periodic domain.
Even though it is clear that a one-dimensional representation of the system exists, it is not
recovered by the POD algorithm. The result is a slow decay in singular values of the snapshot
matrix. This means that many POD modes are required to accurately describe the flow. The
slow decay in singular values is often related to the Kolmogorov N -width. This is a measure
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of how well the solution space of a partial differential equation (PDE) can be represented by
a linear combination of N basis functions [66, 70]. Advection-dominated flows are notorious
for displaying a slow Kolmogorov N -width decay, requiring a large N for accurate simulation.
The resulting ROM is then expensive to evaluate [19, 20]. When not including a sufficient
number of basis functions, inaccurate results are obtained, e.g., they contain oscillations
[71, 72].

Different approaches to deal with this problem have been suggested. One way of dealing
with this is by taking a local in time approach [73]. In this approach, the ROM switches
basis for different time intervals. This means that the ROM can employ a smaller basis, since
each basis is specialized to deal with a specific time interval. Switching between bases during
simulation can also be done in a structure-preserving (energy-conserving) manner [74]. A
related approach is to update the basis during the ROM simulation to make it more robust
to changes in simulation conditions [75]. In [76], a Petrov-Galerkin approach is suggested,
which leads to more stable ROMs when using a small POD basis than the standard Galerkin
approach. In [77], it is suggested to add a closure model to the ROM to account for a small
POD basis. The closure model is then tasked with modeling the interaction between the part
of the flow that is covered by the POD basis and the part that is removed. Another suggestion
is to construct ROMs on non-linear reduced subspaces instead of linear ones. In [78], a more
accurate representation of the solution space is obtained using rational quadratic manifolds.
Here, the ROM construction was also performed in a structure-preserving (entropy-stable)
manner, yielding stability of the ROM.

Machine learning approaches have also gained traction for the construction of ROMs. In
[79], a long short-term memory (LSTM) neural network is used instead of Galerkin projection,
as the computational complexity of LSTM is more favorable than Galerkin projection-based
ROMs. They also allow one to take larger time steps [80]. In [80], this approach is combined
with an autoencoder to reduce the dimensionality of the system. It is demonstrated that
a significantly greater reduction in degrees of freedom (DOF) can be achieved using this
approach compared to the standard POD-Galerkin approach. In [66], an advection-aware
autoencoder is suggested to reduce the dimensionality of this system. This is achieved by
introducing an additional decoder which is trained to reconstruct a “shifted" version of the
encoded snapshots. This shift can, for example, be a snapshot taken at a later time. This
forces the latent space of the autoencoder to become aware of the dominant advective features
of the flow.

In this work, we focus on an alternative approach to address the issue of ROM accuracy
in advection-dominated flows. Namely, we propose to use the idea of a space-local POD to
tackle the slow singular value decay of advection-dominated flows. The idea is as follows:
instead of obtaining a set of global basis functions that span the entire domain, we obtain
a set of space-local basis functions. These basis functions are repeated across the entire
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domain, similarly to how a finite element basis covers the domain [172]. Furthermore, they
are only nonzero on their designated subdomain. The advantage of this is that the resulting
Galerkin projected operators are sparse. This makes them much cheaper to evaluate when
simulating the ROM. For example, in [173] a speedup of up to 1.5 orders of magnitude is
reported with respect to a standard POD-Galerkin ROM. Our approach differs from the
one presented in [173]. In our approach, the solution data in each subdomain is treated
with the same local POD basis, rather than obtaining a different local POD basis for each
subdomain. This approach ensures that a feature observed in part of the domain can also
be represented in a different part of the domain using the same basis. In this way, less
data is required to obtain a POD basis that generalizes well. Note that this approach is
designed specifically for problems where the dynamics are similar throughout the domain,
such as a traveling wave. For problems where the dynamics are more variable throughout
the domain, the approach suggested by [173] is likely still superior, as it builds a specialized
basis for each subdomain. For diffusion-dominated problems the standard space-global POD
approach is likely still superior due to the rapid Kolmogorov N -width decay [174]. Note that
while our approach does not directly solve the slow Kolmogorov N -width decay (we still
use linear approximations), the sparsity of the basis allows us to use a much larger number
of basis functions. Sparsity and generalizability are therefore key features of our approach.
Furthermore, the authors note this approach is similar to the methodology described in [175]
where different types of subdomains were specified, each with a shared POD basis. These
subdomains were then used as building blocks to extrapolate the POD basis obtained from
small spatial domains to larger domains. The work in this chapter differs in the fact that
it focuses on temporal extrapolation for time-dependent PDEs, as opposed to steady-state
problems. In addition, we introduce another novel idea in this work: the use of overlapping
subdomains (to avoid discontinuities at the subdomain boundaries). Lastly, we show that
our space-local ROMs satisfy energy conservation if the full-order model (FOM) does. In
this way, stability of the ROM is guaranteed.

This chapter is structured in the following way. In Section 5.2 we introduce the FOM,
namely a central difference discretization of the 1D advection equation. The central difference
discretization ensures the scheme is energy conserving. In Section 5.3 we introduce the
POD approaches. We begin with the standard POD approach and then introduce two
space-local approaches, one with and one without overlapping subdomains. In Section 5.4
we use Galerkin projection to project the FOM onto the POD basis and show that the
resulting ROMs satisfy energy conservation. Finally, in Section 5.5, we evaluate the different
POD-based approaches in numerical experiments using a set of different metrics. In addition,
we assess the performance of the ROMs on a case where we extrapolate beyond the data used
to construct the POD basis. Furthermore, we investigate the energy-conserving properties
of the ROMs. To conclude this section, we apply the introduced methodologies to a 2D
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advection equation test case and evaluate the computational efficiency, among other metrics.
Finally, in Section 5.6, we present our main findings and suggest future research topics.

5.2 Full-order model

5.2.1 Advection equation

In this work, we focus on developing a reduced-order model for the linear advection equation
in both one-dimensional (1D) and two-dimensional (2D) settings. This equation is chosen as
it exhibits similar difficulties as the incompressible Navier-Stokes equations when applying
model reduction. For the sake of simplicity, we discuss the properties of the system for 1D,
but the ideas easily carry over to 2D. To start, we consider a scalar solution u(x, t) to the
linear advection equation

∂u

∂t
= −c∂u

∂x
, (5.1)

with initial condition u(x, 0) = u0(x) and constant c. In this work, we stick to periodic
boundary conditions (BCs). An important property of this equation is that the total energy
of the system

E :=
1

2
(u, u), (5.2)

is conserved, where

(a(x), b(x)) :=

∫
Ω

a(x)b(x)dΩ (5.3)

on the spatial domain Ω. This can easily be shown using the product rule of differentiation:

dE
dt

=
1

2

d
dt

(u, u) =

(
u,
∂u

∂t

)
= −c

(
u,
∂u

∂x

)
= c

(
∂u

∂x
, u

)
= 0. (5.4)

In the final step, we carried out integration by parts and used the fact that the boundary
term cancels on periodic domains. The energy-conserving property of this equation will be
mimicked by the discretization and by the ROMs developed in this work. This leads to
unconditionally stable methods, as in [67].

5.2.2 Finite difference discretization

Although equation (5.1) can be easily solved exactly, for more complex equations, this is not
the case. In general, we approximate the solution by representing u(x, t) on a grid. In this
case, we employ a uniform grid with grid spacing h = |Ω|

N such that ui(t) ≈ u(xi, t). The
approximated solution is contained within the state vector u(t) ∈ RN . To approximate the
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spatial derivative, we use a central difference approximation:

∂u

∂x
|xi ≈

ui+1 − ui−1

2h
. (5.5)

This leads to the following semi-discrete system of equations

du
dt

= −cDu, (5.6)

where the linear operator D ∈ RN×N is skew-symmetric and encodes the stencil in (5.5).
For the time integration, we use a classic Runge-Kutta 4 (RK4) scheme [96]. This time
integration scheme introduces a small energy conservation error, which is negligible in our test
cases. Alternatively, one can use the implicit midpoint method for exact energy conservation
in time [176]. Equation (5.6) will be regarded as the full-order model (FOM). We note that
other discretization techniques, such as the finite element method, can also be employed to
derive a FOM; our framework in Section 5.3 is also applicable in this context.

5.2.3 Energy conservation of the FOM

It is well known that this FOM mimics the energy-conservation property (5.4) in a discrete
setting. This can be shown by defining the discretized energy as

Eh :=
h

2
uTu, (5.7)

where the inclusion of h is such that this definition discretely represents the inner product in
(5.2).

Using the product rule, we obtain the following evolution equation for the energy

dEh
dt

=
h

2

duTu
dt

= huT
du
dt

= −chuTDu = chuTDTu = 0. (5.8)

In the final step, we used the fact that D is skew-symmetric, i.e., D = −DT , to see that the
energy is conserved using this stencil. This yields both stability and consistency with the
continuous equation.

5.3 Local and global POD

To reduce the computational cost of solving the FOM, we construct a ROM. For this purpose,
we use simulation data to build a data-driven basis. This basis is obtained through a POD of
the simulation data [7, 170]. The most common approach is to employ a global POD basis,
defined over the entire simulation domain, similar to a Fourier basis. An alternative is a
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local basis, as proposed in [173, 175]. In this section, we discuss both approaches. We will
present our version of the space-local POD framework for finite difference discretizations, see
(5.5). However, the ideas can also be applied to different discretization techniques, as shown
in [175]. Our space-local approach has some key differences from the one presented in [173],
which will be highlighted.

5.3.1 Global POD

In the global approach we first express the discrete solution uh(x, t) in terms of an orthogonal
basis {ψi}:

u(x, t) ≈ uh(x, t) =
N∑
i=1

ci(t)ψi(x). (5.9)

Here ψi can represent, for example, a Fourier basis or a localized box function in the case of
the presented finite difference discretization. In the finite difference case we have c(t) = u(t)

and

ψi(x) =

1 if xi − h
2 ≤ x < xi +

h
2 ,

0 elsewhere.
(5.10)

For finite element discretizations, one could use, e.g., Löwdin orthogonalization to express
the solution in terms of an orthogonal basis [177].

The snapshot matrix X is constructed from the coefficient vector at different points in
time

X =
[
c(t1) c(t2) . . . c(ts)

]
∈ RN×s, (5.11)

where s is the number of snapshots. We decompose this snapshot matrix using a singular
value decomposition (SVD) [178]

X = Φ̃ΣVT . (5.12)

We use the first r left-singular vectors in Φ̃ ∈ RN×N to obtain a reduced set of orthonormal
basis vectors Φ ∈ RN×r. This basis minimizes the projection error in the Frobenius norm:

Φ = argmin
M∈RN×r

||X−MMTX||2F , (5.13)

under the orthonormality constraint ΦTΦ = I [7, 68, 170, 171]. We can project the coefficient
vector onto this basis as follows:

a(t) = ΦT c(t) ∈ Rr, (5.14)
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such that projecting back onto the FOM space yields the approximation

c(t) ≈ cr(t) := Φa(t). (5.15)

By substituting this into (5.9) we obtain the approximated solution ur(x, t):

uh(x, t) ≈ ur(x, t) =
N∑
i=1

cr,i(t)ψi(x). (5.16)

We can also write this approximation in terms of the POD basis expansion:

ur(x, t) =

N∑
i=1

cr,i(t)ψi(x) =
N∑
i=1

(Φa(t))iψi(x) =

N∑
i=1

(

r∑
j=1

Φijaj(t))ψi(x)

=

N∑
i=1

r∑
j=1

Φijaj(t)ψi(x) =
r∑
j=1

aj(t)
N∑
i=1

Φijψi(x) =

r∑
j=1

aj(t)ϕj(x),

(5.17)

where the reduced POD basis {ϕj} is obtained by applying the following transformation:

ϕj(x) =

N∑
i=1

Φijψi(x). (5.18)

As the obtained basis functions span the entire domain, we refer to this approach as space-
global proper orthogonal decomposition (G-POD).

5.3.2 Space-local POD

In space-local proper orthogonal decomposition (L-POD) we take a different approach from
G-POD. We start by assuming a uniform finite difference discretization for the discrete FOM
solution uh(x, t). Once the solution is represented on this grid, we subdivide the domain
Ω into I non-overlapping subdomains Ωi = [αi, βi), i = 1 . . . I, such that αi < βi = αi+1 <

βi+1. Later in this section, these subdomains will be used to construct the L-POD basis.
Furthermore, we assume each of these subdomains contains exactly J grid points. This
means the total number of grid points N has to equal the product N = I ·J . This is essential
for our methodology to work, as for the L-POD procedure, each subdomain is treated equally
in the snapshot matrix, which is only possible if they contain the same number of grid
points. This helps us obtain a basis that generalizes better outside the training data for
advection-dominated problems, where the dynamics are similar throughout the domain. This

If uh(x, t) would stem from a simulation on an unstructured grid, one could potentially first project
the discrete solution on a uniform grid, after which the presented methodology could still be applied. We
consider this outside the scope of this research.
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approach is fundamentally different from what is presented in [173], where each subdomain
has its own POD basis. The latter is more suitable for problems where the dynamics differ
throughout the domain, such that the local bases can be specialized to these dynamics. If
N/I is not an integer, one could possibly resolve this by projecting the FOM solution on a
compatible grid of M grid points for which M/I is an integer.

As stated earlier, we use a common finite difference basis {χij} of size J within each
subdomain Ωi to describe the solution:

uh(x, t) =

I∑
i=1

J∑
j=1

Uij(t)χij(x), (5.19)

where χij is only nonzero within Ωi and U(t) ∈ RI×J contains the coefficient values. Note
that in this case U(t) is simply a reshaped version of the solution vector u(t). The finite
difference basis functions are defined as

χij(x) =

1 if αi + (j − 1
2 )h ≤ x < αi + (j + 1

2 )h,

0 elsewhere,
(5.20)

similarly to (5.10). An example for a Gaussian solution profile for I = 3 and J = 8 is given
in Figure 5.1.

Figure 5.1: A Gaussian wave discretized by a finite difference scheme represented by a local
basis of box functions for I = 3 subdomains and J = 8 points per subdomain. The edges of
the subdomains are indicated by the vertical grey lines.

After obtaining U(t) at different points in time, the snapshot matrix is constructed as
follows

Xℓ =
[
UT (t1) UT (t2) . . . UT (ts)

]
∈ RJ×Is. (5.21)
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In this way, each subdomain is treated equally in the snapshot matrix. This is what
differentiates our work from [173] and similar to what is done [175]. A schematic representation
of this is shown in Figure 5.2, where the G-POD snapshot matrix X is reshaped into the
L-POD snapshot matrix Xℓ. Using a single common snapshot matrix allows us to obtain a

Ω3

Ω2

Ω1

X ∈ RN×s

Reshape

Ω1 Ω2 Ω3

Xℓ ∈ RJ×Is

Figure 5.2: Schematic representation of the G-POD snapshot matrix X being reshaped into
the L-POD snapshot matrix Xℓ for I = 3.

space-local POD basis that generalizes well outside the training data. The way we divide the
domain into subdomains is decided by what results in an L-POD basis that generalizes best
on a validation data set, see Section 5.5.2.

Note that this matrix has fewer rows but more columns than the G-POD snapshot matrix,
see (5.11). This makes the SVD cheaper to compute for a large number of snapshots s [178].
As in the global case, we use a SVD of the snapshot matrix to obtain a truncated basis
Γ̂ ∈ RJ×q with q < J from the left-singular vector. In terms of the local basis {χij} the
POD basis is written as

γij(x) =

J∑
k=1

χik(x)Γ̂kj , (5.22)

analogous to (5.18). In this basis, the approximated solution uℓ is obtained as

uh(x, t) ≈ uℓ(x, t) =
I∑
i=1

q∑
j=1

Aij(t)γij(x), (5.23)

similarly to the global case, see (5.17). The coefficients Aij are obtained as

aℓ = ΓTu, (5.24)

where

Γ =


Γ̂

. . .

Γ̂

 ∈ RN×r. (5.25)
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This matrix, containing non-overlapping blocks, is constructed such that multiplying by its
transpose projects u onto the L-POD basis. For the mapping from aℓ ∈ RIq to A ∈ RI×q

we follow the same convention as for u and U. The effective number of basis functions for
L-POD is Iq = r with q < J . This basis is orthonormal, i.e. ΓTΓ = I. The sparsity of Γ,
as opposed to Φ, is what yields a ROM which is cheaper to evaluate than a G-POD-based
ROM [173].

An example of an L-POD approximation uℓ to a Gaussian wave is shown in Figure 5.3.
For the L-POD we used I = 10 subdomains with q = 6 basis functions per subdomain. The
training data used to obtain the basis is discussed in Section 5.5, as shown in Figure 5.5.
Although the L-POD approximation is accurate in most of the domain, some oscillations
appear near the boundaries. In addition, the approximation is not guaranteed to be smooth
on the edges of the subdomains, see Figure 5.3. Discontinuities appear when transitioning
from one subdomain to the next. In Section 5.5, we will show that these discontinuities tend
to grow increasingly severe when using the L-POD basis to construct a ROM, see Figure
5.8. To remedy this issue, we introduce space-local POD with overlapping subdomains in
the next section.

Figure 5.3: L-POD and LO-POD representation of a Gaussian wave. The data used to
obtain the local POD basis is explained in Section 5.5. The depicted snapshot is part of the
snapshot matrix used to obtain the POD basis. The edges of the subdomains are indicated
by the vertical grey lines. Only part of the domain Ω = [0, 2π) is shown.

5.3.3 Local POD with overlapping subdomains

In finite element discretizations, similar discontinuities are resolved by imposing continuity
of the approximation, while using a local basis. In this work, we aim to achieve the same by
introducing a novel space-local POD formulation with overlapping subdomains. We will refer
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to this approach as LO-POD. To start off, we subdivide the domain Ω into I overlapping
subdomains Ωi = [αi, βi). This means βi−2 = αi < βi−1 = αi+1 < βi = αi+2. Once again,
each subdomain contains J grid points. Note that due to the overlap, each grid point is now
located in two subdomains. This means I·J

2 = N , as opposed to I · J = N for L-POD.

To obtain a smooth approximation uℓ, we require the LO-POD basis to smoothly decay
to zero on the edge of the subdomain. This is enforced through a post-processing step of the
local snapshot matrix given by (5.21). For this purpose, we introduce a kernel ki(x) to divide
the solution between the subdomains. This places the following constraint on the kernels:

I∑
i=1

ki(x) = 1, (5.26)

such that this set of functions forms a partition of unity. Here, we propose the following
kernel

ki(x) =


sin2( 12

x−αi

αi−αi+1
π) if αi ≤ x < αi+1,

sin2( 12
x−αi+1

αi+2−αi+1
π + 1

2π) if αi+1 ≤ x < αi+2,

0 elsewhere,

(5.27)

which is chosen as it smoothly decays to zero at the subdomain boundaries. This approach
is inspired by the partition of unity method [179]. Here, the right half of each subdomain is
overlapped by the subdomain to its right, and the left half by the subdomain to its left. A
visualization of the kernels is displayed in Figure 5.4. Different kernels and different amounts

Figure 5.4: Kernels ki for a subdivision of the periodic domain into five overlapping subdo-
mains of equal size.

of overlap between subdomains can also be considered. However, we consider this outside
the scope of the work presented in this chapter.
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Using the introduced kernel, the coefficients U for the local expansion in (5.19) are
obtained as

Uij(t) =
(χij(x), ki(x)uh(x, t))

(χij(x), χij(x))
. (5.28)

These integrals can simply be approximated using the midpoint rule for integration [180].
The remaining procedure stays the same as for L-POD, i.e., we build the snapshot matrix in
(5.21) and carry out a SVD to obtain Γ̂. However, what changed is that the blocks in Γ, see
(5.25), are now overlapping. This means the basis is no longer orthonormal, i.e. ΓTΓ ̸= I.
Due to the non-orthonormality, the coefficients aℓ for the expansion in (5.23) are obtained
by solving the following linear system

(ΓTΓ)aℓ = ΓTu, (5.29)

as opposed to (5.24). Obtaining the coefficients from the FOM solution is therefore more
expensive. In addition, evaluating the resulting ROM requires solving a linear system, as
will be discussed in Section 5.4. This makes the LO-POD ROM more expensive to evaluate
than its non-overlapping counterpart L-POD, see Sections 5.4.2 and 5.5.5. However, looking
at Figure 5.3, we find that using the LO-POD results in a much smoother approximation of
the Gaussian wave. Note that the parameters are kept the same, i.e., I = 10 and q = 6. In
Section 5.5.2, the associated error will be quantified more precisely.

5.4 Space-local, energy-conserving reduced-order model

5.4.1 Projection on reduced basis

Consider again c, the state vector of the full-order model, and Φ ∈ RN×r a reduced basis
where r < N , obtained from either G-POD, L-POD, or LO-POD. For the space-local
approaches, this operator was referred to as Γ, see Section 5.3.2. The corresponding ‘Gram’
matrix S ∈ Rr×r of this basis is computed as

S = ΦTΦ. (5.30)

We can project c onto the subspace spanned by the POD basis as

cr = ΦS−1ΦT︸ ︷︷ ︸
=:P

c. (5.31)

Note that for both G-POD and L-POD, computing the inverse of S is trivial, as it is simply
the identity. This is because the basis is orthonormal. However, for LO-POD the basis is
non-orthogonal, which makes computing its inverse less trivial. As stated earlier, this is a
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downside to LO-POD and increases its computational cost. It is quite straightforward to see
that P is idempotent as P2 = P. The POD coefficient vector is obtained as

a = S−1ΦT c. (5.32)

5.4.2 Galerkin projection

Having obtained a reduced basis, we construct a ROM for the advection equation as follows
[7, 68, 170, 171]: based on (5.6) we define the residual r ∈ RN as

r(ur) :=
dur
dt

+ cDur ̸= 0, (5.33)

where we replaced u by the POD approximation ur = Φa. As u comes from the finite
difference discretization of the advection equation, we have c(t) = u(t). Next, we carry out
the Galerkin projection of the residual on the POD basis, according to (5.32), and set this to
zero:

S−1ΦT r(ur) = 0. (5.34)

This ensures the residual is orthogonal to the basis. This results in the following ROM:

daROM

dt
:= −cS−1AaROM, (5.35)

where the ROM operator A ∈ Rr×r is defined as

A := ΦTDΦ. (5.36)

Note that we introduced aROM here as the POD state vector predicted by ROM. This is
typically not equal to the true a, see (5.32), past t = 0. Going from the FOM to the ROM,
we reduced the DOF in the system from N to r. In the G-POD case A is typically dense,
whereas in the L-POD/LO-POD it is sparse. The sparsity decreases the cost of evaluating
the ROM [173]. The amount of nonzero entries in the G-POD ROM operator scales with
O(r2). For L-POD it scales with O(((n+ 1)q)2I), where n is the number of neighbors per
subdomain. This accounts for the interaction between the subdomains. For LO-POD, the
neighbors of the neighbors have to be included in the interactions due to the overlap. This
results in a scaling of O(((ñ+ 1)q)2I), where ñ is the number of subdomains that can be
reached by crossing at most one subdomain starting from one of the subdomains. For 1D
problems n = 2 and ñ = 4. For a large number of subdomains I and a small number of
POD basis functions per subdomain q, with the total number of POD modes being I · q = r,
this scales more favorably than G-POD. This allows us to include a larger number of basis
functions in the POD basis without sacrificing computational efficiency. Hyper-reduction
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techniques, including energy-conserving ones, can also be employed to further sparsen the
ROM operators [74, 181, 182].

5.4.3 Energy conservation of the ROM

To ensure stability of the ROMs, we aim to mimic the energy conservation property of the
FOM, see (5.8). To investigate if the constructed ROMs satisfy this property we define the
ROM energy EROM

r as

EROM
r =

h

2
(uROM
r )T (uROM

r ), (5.37)

where uROM
r := ΦaROM. Employing (5.35) we obtain the ROM evolution of uROM

r as

duROM
r

dt
= Φ

daROM

dt
= −cΦS−1AaROM. (5.38)

The evolution of the ROM energy follows as

dEROM
r

dt
= h(uROM

r )T
duROM

r

dt
= −ch(uROM

r )TΦS−1AaROM

= −ch(aROM)T ΦTΦ︸ ︷︷ ︸
=S

S−1ΦTDΦaROM

= −ch(aROM)TΦTDΦaROM = −ch(uROM
r )TDuROM

r = 0,

(5.39)

employing the product rule of differentiation. From the final expression, we conclude that a
ROM based on Galerkin projection inherits energy conservation and stability from the FOM.
This is true for both orthogonal and non-orthogonal projections. This means that not only
the G-POD ROM inherits this property, as shown in [67], but also the newly introduced
space-local approaches L-POD and LO-POD.

5.5 Results & discussion

5.5.1 Test case setup

To construct a ROM, we first require data from the FOM. As stated earlier, we use the finite
difference discretization of the advection equation, detailed in Section 5.2.2, for this purpose.
The system is simulated on a periodic domain Ω = [0, 2π) discretized with N = 1000 grid
points for t = [0, 5] and constant c = 1. A time step size of ∆t = 0.01 is used for the time
integration, using a RK4 scheme. This is the largest time step size that still yielded stable
simulations. Snapshot data for the ROM construction is collected in the interval t = [0, 1].
We refer to this as the training data. Data generated in the interval t = (1, 2] will be referred
to as validation data. This data is used to evaluate the generalization of the POD basis. The
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remaining part of the simulation data, t = (2, 5], will be used to evaluate the extrapolation
capabilities of the ROMs. As an initial condition, we use a Gaussian wave centered around
x = 1

4π, namely

u(x, 0) = exp(−50(x− 1

4
π)2). (5.40)

A visualization of this simulation is displayed in Figure 5.5.

Figure 5.5: Reference simulation of a Gaussian wave being advected throughout the domain.
White bars separate the training data from the validation data and the validation data from
the extrapolation data, respectively.

For the ROMs we consider the three bases discussed in this work: the global POD
basis G-POD, the space-local POD basis L-POD, and the space-local POD basis with
overlapping subdomains LO-POD. For the space-local approaches, the domain is subdivided
into I subdomains. For the local basis {χij}, we use J box functions contained within each
subdomain, such that IJ = N . In this way, the local basis aligns with the FOM finite
difference basis, see (5.10). The integrals in the LO-POD post-processing step, equation
(5.28), are approximated using the midpoint rule for integration [180]. For the ROM time
integration, we use the same RK4 scheme as for the FOM.

To evaluate the ROMs we evaluate the difference between the ROM solution uROM
r :=

ΦaROM and the FOM solution uFOM:

uROM
r (t)− uFOM(t)

||uFOM(t)||2︸ ︷︷ ︸
:=solution error

=
uROM
r (t)−PuFOM(t)

||uFOM(t)||2︸ ︷︷ ︸
:=ROM error

+
PuFOM(t)− uFOM(t)

||uFOM(t)||2︸ ︷︷ ︸
:=projection error

, (5.41)

where P projects the solution on the POD basis, see (5.31). This difference will be referred
to as the solution error. In (5.41), this error is decomposed as the sum of the ROM error
(the error made by the ROM during the time integration) and the projection error (the
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error made by the reduced basis approximation). Our implementation, in Julia [99], of
the introduced methodologies and experiments is freely available on Github, see https:

//github.com/tobyvg/local_POD_overlap.jl.

5.5.2 Projection error

For the construction of the L-POD and LO-POD ROMs, we have to determine the number
of subdomains I and the number of modes per subdomain q, with Iq = r, which results in a
basis that generalizes best outside the training data. To do this, we evaluate the projection
error, see (5.41), on both the training and validation data. The results are depicted in Figure
5.6 for different I, averaged over both the training (solid line) and validation data (dashed
line). A basis that generalizes well should perform well on both the training and validation

Figure 5.6: (Top) Projection error evaluated over the training (solid line) and validation
(dashed line) data for different I for the space-local approaches. (Bottom) Projection error
for I = 10 for L-POD and LO-POD evaluated over the training (solid line) and validation
(dashed line) data. The projection error for G-POD is also depicted.

data. We observe that for I = 5, the training error is lowest, but the validation error is
rather large, indicating that the basis does not generalize well. For higher values of I, the
training and validation errors are much closer, but tend to increase with increasing I. In
this case, I = 10 is considered optimal, as the training and validation errors are small and of

https://github.com/tobyvg/local_POD_overlap.jl
https://github.com/tobyvg/local_POD_overlap.jl
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similar size. This is true for both L-POD and LO-POD. For the remainder of this text, we
will therefore stick to I = 10 for the construction of the local ROMs. In general, the choice
of I is likely problem-dependent, and an a priori study similar to Figure 5.6 needs to be
performed to determine an optimal value.

Next, we compare the performance of the space-local approaches against each other,
as well as to G-POD. This is also displayed in Figure 5.6 (bottom plot). We observe that
the projection error converges faster for LO-POD, as compared to L-POD. This can be
explained by the fact that the LO-POD basis functions are constructed from twice as many
finite difference points as for L-POD, due to the overlapping subdomains. This means
the fit is carried out over twice as many DOF, which yields a lower projection error. The
difference between convergence on the training and validation data is slight for both space-
local approaches. On the other hand, for G-POD, the convergence of the projection error on
the training data is very fast, see (5.13). However, on the validation data, the error hardly
converges. This is because the G-POD is only suited for representing the wave on the left side
of the domain, as detailed in the next section. We conclude that the space-local approaches
yield a basis that generalizes better than the global approach for this particular problem.

5.5.3 Resulting basis

The resulting local basis functions for q = 6 are displayed in Figure 5.7 along with the first
six G-POD modes. We find that the G-POD modes are only nonzero where the traveling
wave is represented in the training data. This explains why the error on the validation data
hardly converged in Figure 5.6. For the space-local approaches, where a common basis is
“copied/pasted" across the entire domain, this is not an issue. Regarding L-POD, we observe
that the obtained basis functions do not smoothly decay to zero at the edge of the subdomain,
but instead end abruptly. Finally, we observe that for LO-POD the post-processing procedure
in (5.28) indeed results in a basis that smoothly decays on the edge of the subdomains.

5.5.4 Accuracy and energy conservation of ROM

Having obtained a basis for each of the POD approaches we construct a set of ROMs. Based
on the results in Section 5.5.2, we select r = 60, I = 10, and q = 6 for the space-local
approaches. To keep the size of the basis the same, we choose r = 60 for G-POD. The ROM
results are obtained by evaluating (5.35) from the initial condition in (5.40). The resulting
simulations up to t = 5 are presented in Figure 5.8. For G-POD we find that after the training
data the performance degrades significantly. This exposes the limitations of G-POD, as it is
unable to adapt to wave traveling outside the training range. The space-local approaches
perform better in this regard. Both L-POD and LO-POD are capable of extrapolating
the traveling of the wave past the training region. However, L-POD seems to suffer from
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Figure 5.7: The first six G-POD modes and the first six space-local POD modes for L-POD
and LO-POD. For visualization purposes, the space-local POD modes are displayed on
adjacent subdomains.

discontinuities in uROM
r , as the edges of the subdomains become increasingly visible as the

simulation progresses. LO-POD does not suffer from this issue and smoothly extrapolates
the solution past the training region. This means the smooth reconstruction coming from
LO-POD indeed improves the quality of the simulation for the same number of DOF.

Next, we evaluate the ROMs on a set of performance metrics. The first metric is the
solution error, see (5.41). The other metrics (defined on the figure axes) focus on how well
the energy is conserved during the simulation, namely the total change in energy and the
instantaneous change in energy. The results are shown in Figure 5.9. The results are depicted
for both the FOM time step size ∆t (solid line) and a five times larger time step 5 ·∆t (dashed
line). This larger time step is based on an eigenvalue analysis of the ROM operator, also
presented in Figure 5.9. For this analysis, we determined the eigenvalues of the operator D

projected on the ROM basis. This operator is given by PDP. It can be shown that replacing
D in the FOM, see (5.6), by this projected operator is equivalent to integrating the ROM, see
(5.35). The eigenvalues λi are ordered according to the magnitude of their absolute values.
We observe that the largest eigenvalue for the space-local approaches is roughly five times
smaller than that of G-POD and the FOM. This is likely due to the fact that the G-POD
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Figure 5.8: Trajectories of ur for the different ROMs, along with the FOM trajectory.
From left to right, the white lines indicate the end of the training data and validation data,
respectively.

basis functions contain higher frequencies than the space-local basis functions, see Figure 5.7.
Using a smaller G-POD basis could alleviate this. Based on this analysis, we also evaluate
the performance of the ROMs for a five times larger time step [183].

Looking at the solution error, we observe that G-POD performs best in the training
region (the error is so small that it is outside the plotting range). However, after leaving
the training region (t > 1), the performance degrades rapidly. On the other hand, for the
space-local approaches, we do not observe this jump of error outside the training region, but
rather a steady increase. Importantly, outside the training region, the space-local approaches
are much more accurate than G-POD. In particular, LO-POD improves by more than one
order of magnitude upon both G-POD and L-POD outside the training region.

When increasing the time step size by fivefold, the simulation quickly becomes unstable
for G-POD. For L-POD, both time steps yield stable simulations, giving results that are
very close to each other. For LO-POD and a smaller time step size, the error seems to
converge to an equilibrium. However, for a larger time step, it increases steadily. This means
there is likely still a benefit to taking a smaller time step. An interesting continuation of
this research would be to find a way to systematically determine the “sweet spot" between
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Figure 5.9: (Top-left) Solution error for each of ROMs during the simulation, presented
for both ∆t = 0.01 and ∆t = 0.05. From left to right, the black lines indicate the end of
the training data and validation data, respectively. (Top-right) Relative change in energy
with respect to the start of the simulation. (Bottom-left) Instantaneous change in energy,
computed by evaluating (5.39). (Bottom-right) Eigenvalues of the projected FOM operator.

increasing the time step and maintaining accuracy of the ROM. This could for example, be
done by considering several different time step sizes and both implicit and explicit integration
methods, or adaptive time-stepping based on an error estimator [184].

In terms of energy conservation, we observe that all ROMs conserve the energy as
predicted by the theoretical analysis, except for a time discretization error incurred by the
use of RK4. This error increases when the time step size is increased. Only for G-POD with
an increased time step size, the simulation becomes unstable. For LO-POD, the numerical
error in the instantaneous change in energy, see (5.39), is the largest. This is likely due to the
linear system that needs to be solved to evaluate the ROM for a non-orthogonal basis, see
(5.35). However, the time discretization error is the primary source of error, as the change in
energy during the simulation is roughly the same for L-POD and LO-POD.
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5.5.5 Convergence with increasing ROM dimension

Next, we look at the convergence of the solution error as we increase the size of ROM basis
r. In addition, we compare the ROMs to a finite difference discretization with the same
number of DOF. Note that for the ROMs DOF = r. For the finite difference simulations, we
first project the solution on the FOM grid using linear interpolation. We then compute the
difference, such as in (5.41), and compute the L2-norm to quantify the error. For the local
ROMs we stick to I = 10 subdomains, while increasing the number of basis functions per
subdomain q to increase r. We consider a maximum of r = 100 for the ROMs.

The results are depicted in Figure 5.10. Regarding the local ROMs, we observe rapid

Figure 5.10: (Top-left) Solution error averaged over a simulation up to t = 5. Results are
presented for the different ROMs, as well as a finite difference discretization (FD) with the
same number of DOF. (Bottom-right) Number of nonzero entries in the ROM operator A.

convergence of the solution error as we increase the number of DOF, with LO-POD consistently
outperforming L-POD. This is in line with the projection error convergence discussed in
Section 5.5.2. Regarding G-POD, we observe no convergence of the solution error. Regarding
the finite difference discretization, we find it converges at a much slower rate than the
space-local ROMs.

To obtain a conclusive answer about the scaling of the ROMs, we considered the number
of nonzero entries in the ROM operator A. This is also depicted in Figure 5.10. Here we find
that the number of nonzero entries scales according to a power law, with L-POD scaling the
most favorably. This is in line with the discussion presented in Section 5.4.2. Hyper-reduction
can be carried out to further reduce the computational cost of the ROMs [74, 181, 182].
Finally, one could also increase the time step size, as discussed in Section 5.5.4, to further
decrease the computational cost of the space-local ROMs.
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5.5.6 2D advection-diffusion equation

To further evaluate the viability of the space-local ROMs, we consider the 2D advection-
diffusion equation:

∂u(x, t)

∂t
= −∇ · (V(x)u(x, t))︸ ︷︷ ︸

advection

+ ν∇2u(x, t)︸ ︷︷ ︸
diffusion

, (5.42)

where some quantity u(x, t) ∈ R is advected through space x =
[
x y

]T
∈ R2 by a stationary

velocity field V ∈ R2 which is divergence free, i.e. ∇ ·V = 0. The fact that the velocity
field is now space-dependent, as opposed to the 1D case where it was uniform, adds to the
difficulty of the test case. As opposed to the 1D case this system also contains diffusion. This
results in a passive spread of u throughout the domain. The diffusion rate is determined
by the scalar viscosity ν ≥ 0. In our case, we employ a finite volume discretization with a
staggered grid for the velocity field [24]. This is done to preserve the skew-symmetry of the
operator. The diffusive term is discretized using a simple second-order scheme.

For the FOM we consider the following setting: A periodic domain Ω = [−π, π]× [−π, π],
a velocity field given by V =

[
cos(x− y) cos(x− y)

]T
discretized on a 256× 256 uniform

grid, and a viscosity of ν = 10−3. The initial condition is given by the sum of three Gaussians,
each centered on one of the streamlines of the flow where the velocity is highest:

u(x, 0) =− exp(−2x2 − 2y2) + exp(−2
(
x− π

2

)2
− 2

(
y +

π

2

)2
)

+ exp(−2
(
x+

π

2

)2
− 2

(
y − π

2

)2
).

(5.43)

The FOM is integrated in time using a RK4 scheme with ∆t = 0.025. Every 16 time steps, we
save a snapshot of u(x, t) for the construction of the ROM basis. Note that the performance
of the ROMs converge to the FOM, when doing the Galerkin projection. To resolve this
closure, models can be included in the ROM [185]. The snapshots collected in the interval
t = [0, 12] are used as training data, the interval t = (16, 20] is used as validation data, and
the interval t = (20, 40] is used to test the extrapolation capabilities of the ROMs. The
ROMs are also integrated in time explicitly using a RK4 scheme. However, for the LO-POD
ROM we resort to the implicit Crank-Nicolson method, see [172], to limit the computational
cost. This scheme enables us to achieve second-order accuracy in time, while solving only a
single linear system at each time step, rather than at each evaluation of (5.35) in the RK4
scheme. To solve the resulting system efficiently, we employ an LU-decomposition [186]. This
is required, as the LO-POD basis is non-orthogonal, i.e. S ̸= I.

Regarding the subdomain decomposition, we use the fact that the FOM is discretized on
a uniform grid. In this way, we can simply subdivide the domain uniformly into subdomains.
For L-POD, this results in a straightforward decomposition. For LO-POD the decomposition
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is chosen such that each subdomain overlaps with its four neighboring subdomains which
share a vertex in the middle of the considered domain. This is depicted in Figure 5.11.

Ωi

Figure 5.11: Subdomain Ωi and its overlapping subdomains for LO-POD in 2D.

The number of subdomains I for the space-local approaches and the number of modes q
is chosen according to the performance on the validation set. This is presented in Appendix
D.2. Based on this, we settle on I = 8× 8 and q = 20 for L-POD and q = 15 for LO-POD.
We settle on these values for q as these are the lowest values which surpass a projection error
threshold of 10−2 on the validation set for this value of I. The value of I is chosen as it
generalizes well from the training data set to the validation data set. For G-POD, we choose
r = q = 31, as the snapshot matrix contains 31 snapshots for G-POD such that the SVD
only produces 31 basis functions. For the size of the time step, we choose the largest value
that does not degrade the ROM performance. This is presented in Appendix D.3. The time
step sizes used are presented in Table 5.1.

5.5.6.1 2D basis

The resulting basis computed with the SVD for each of the POD approaches is depicted in
Figure 5.12. From the basis functions, we can see that the flow runs diagonally across the
domain. This is expected from the prescribed velocity field for which V1 = V2. The G-POD
modes contain information on the most dominant features of the flow. From these modes, we
can see that some interesting dynamics occur in the region where the flow changes direction.
The second and the third modes also seem to be quite similar, but slightly shifted. This is
common for advection-dominated flows and results in a slow singular value decay [7]. For
the space-local approaches, we find that the basis functions contain less information about
the flow, but seem more similar to a generic basis. This likely allows them to generalize
better on the validation set. We provide more insight on this in Appendix D.2. For LO-POD
we find that the basis functions smoothly decay to zero at the edge of the subdomain, as
enforced by the kernel introduced in Appendix D.1. This allows LO-POD to produce smooth
approximations. The basis resulting from L-POD does not guarantee this.
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Figure 5.12: The first three G-POD (top) modes and the first three space-local POD modes
for L-POD (middle) and LO-POD (bottom) for the 2D advection test case.

5.5.6.2 ROM performance

In this section, we discuss the performance of different ROMs and compare to both the FOM
and a finite volume discretization, which is twice as coarse as the FOM in each direction
(128× 128 as compared to 256× 256 for the FOM). This will be referred to as coarse FOM.
The results are summarized in Table 5.1 for a full simulation up to t = 40 (including the
training, validation, and extrapolation region).

For the G-POD ROM we find a short computation time, due to the limited number of
modes, but also a large solution and gradient error. The latter is defined as

gradient error :=
GuROM

r (t)−GuFOM(t)

||GuFOM(t)||2
, (5.44)

where G ∈ R2N×N is a forward difference approximation of the gradient operator, such
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Table 5.1: Computation times (comp time) in seconds on a standard laptop CPU and
average solution errors (sol err) computed for the entire simulation t ∈ [0, 40] for each of the
ROMs for the 2D advection test case. A coarse FOM with a resolution of 128× 128 is also
included for comparison. For the space-local approaches, the number of DOF is reported
as the multiplication I × q = r. Reported computation times are an average of 5 replica
simulations. The average error for the gradient of the solution (grad err) is also depicted.

DOF (I × q) comp time ||sol err||2 ||grad err||2 ∆t

G-POD 31 2.5× 10−3 0.267 0.636 0.2
L-POD 82 × 20 = 1280 0.207 0.0353 0.213 0.2

LO-POD 82 × 15 = 960 1.02 0.0354 0.164 0.05
coarse FOM 1282 = 16384 4.57 0.226 0.514 0.1

FOM 2562 = 65536 25.9 - - 0.025

that the elements of GuROM
r approximate ∇u in different parts of the domain. These large

errors are likely the result of the G-POD basis’s limited generalization capabilities. For
the space-local approaches, we observe that the computation time is roughly two orders of
magnitude larger than for G-POD. As we have access to more space-local POD modes than
global ones, we choose to include enough to accurately represent the solution, see Appendix
D.2 for details. This increases the computation time with respect to G-POD, see Table 5.1
for the exact number of DOF for each ROM. However, using the space-local approaches, we
still obtain a speedup between one and two orders of magnitude with respect to the FOM.
The L-POD ROM is roughly 5 times faster than the LO-POD ROM. This is mostly because
the explicit RK4 scheme (fourth order accurate) used for L-POD allows for larger time steps
without loss of accuracy, as compared to the Crank-Nicolson scheme (only second-order
accurate) used for LO-POD, see Appendix D.3 for an analysis on the time step size. As
mentioned earlier, the Crank-Nicolson scheme is used for LO-POD as it limits the number of
linear systems needed to be solved per time step to one. L-POD and LO-POD both produce
a similar solution error. However, looking at the gradient error LO-POD obtains a lower
error. This is likely because LO-POD does not suffer from discontinuities at the subdomain
boundaries, while L-POD does, see Figure 5.3. Both space-local approaches outperform the
coarse grid finite volume discretization, both in computation time and error metrics.

Next, we consider the solution at the end of the simulation (t = 40), see Figure 5.13. Here
we find that G-POD does not capture the solution well and contains unphysical artifacts,
whereas the space-local approaches do reproduce the solution well. The coarse-grid finite
volume discretization also captures the solution quite well, but is slightly smoothed and
shifted (due to numerical diffusion and dispersion).

Finally, we consider the solution error and energy trajectory for each of these models, see
Figure 5.14. We find that the G-POD ROM performs well within the training region, but it
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Figure 5.13: Solution at the end of the simulation at t = 40 for the 2D advection test case
produced by the different ROMs as well as a coarse FOM.

does not extrapolate well. For the space-local approaches, this is not an issue as both perform
comparably, both inside and outside the training region, and for both the solution error and
the energy. These approaches also outperform the coarse FOM, which slowly accumulates
error during the simulation.

5.5.7 Applicability to 2D Navier-Stokes

As a final test case, we evaluate the applicability to the 2D incompressible Navier-Stokes
equations by assessing how well the POD bases generalize to representing the solution. The
incompressible Navier-Stokes equations read:

∂V

∂t
+ (V · ∇)V = −1

ρ
∇p+ ν∆V + f , (5.45a)

∇ ·V = 0, (5.45b)

for a 2D velocity field V(x, t) ∈ R2. For the density we choose ρ = 1 and for the kinematic

viscosity ν = 1
1000 . For the forcing we take f(V,x, t) =

[
sin(4y) 0

]T
− 0.1V, as to simulate

Kolmogorov flow. This setup is often used for evaluating data-driven turbulence modeling
strategies [40, 47, 49]. The PDE is solved numerically using the second-order accurate scheme
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Figure 5.14: (Left) Solution error for each of the ROMs during the simulation of the 2D
advection test case. (Right) Energy trajectories during the simulation. Energy trajectories
from L-POD and LO-POD overlap with the FOM trajectory. From left to right, the black
lines indicate the end of the training data and validation data, respectively.

presented in [25] on a periodic domain Ω = [−π, π]× [−π, π]. The computational grid consists
of 2048 × 2048 grid cells. The simulation is initialized with energy content in the large
wave-numbers, and a warm-up period of 25 time units is employed before collecting the
training data. After the warm-up period, training data is collected on the interval t = [0, 10]

and validation data on the interval t = [100, 110], to remove any temporal correlation. Both
the validation and training data consist of 50 snapshots of the vorticity ω = ∇×V ∈ R3.
For 2D, only the third component of this vector is nonzero, which we shall refer to simply as
ω. We choose to represent the vorticity as for periodic domains in 2D, all the information of
the flow is contained within this scalar field [187].

To begin our analysis, we examine the projection error for both the training and validation
datasets using an 8× 8 decomposition of subdomains, which is identical to the 2D advection-
diffusion case, see Figure 5.15. Similar to the previous test cases, we find that the projection

Figure 5.15: Projection error evaluated over the training (left) and validation (right) data set
for the 2D Navier-Stokes test case. I = 1× 1 corresponds to G-POD. Solid dots correspond
to L-POD, stars to LO-POD.
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error of the G-POD converges fast on the training set. However, upon examining the
validation set, we find that the space-local approaches generalize significantly better.

In Figure 5.16, we display the reconstruction of the first snapshot of the validation
set produced by the different bases. We depict the reconstructions for both q = 10 and
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Figure 5.16: First vorticity snapshot of the validation data projected on the different POD
bases with varying number of modes per subdomain q for the space-local approaches.

q = 50 modes per subdomain for the space-local approaches, and all the available POD
modes, i.e. r = 50, for G-POD. We find that the space-local approaches capture the flow
characteristics quite well, with 8× 8× 50 = 3200 DOF, whereas G-POD does not capture
any of the characteristics. Regarding L-POD, we find that using a lower number of modes
per subdomain q worsens the discontinuities at the subdomain boundaries, whereas LO-POD
suffers from noisier reconstructions for low q.

5.6 Conclusions

In this work, we presented a novel way of constructing ROMs for PDEs describing advection-
dominated problems. The key properties of our proposed ROM are: sparsity and general-
izability through a space-local ROM with overlapping subdomains; stability by embedding
energy conservation in the ROM. The space-local ROMs are achieved by building a POD basis
within each subdomain, as compared to a single common basis for the standard space-global
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approach. In [173], it was shown that such a basis results in a sparse and computationally
efficient ROMs. As suggested in [175], we modified this approach to generate a common local
basis for the entire domain, similar to a finite element basis. The work in this chapter differs
from [175] in that we applied this to time-dependent PDEs, as opposed to steady-state prob-
lems. In addition, we introduced overlapping subdomains to ensure a smooth representation
of the solution within the space-local POD basis. By generating a common basis, we achieve
generalizability in time, as in this way, a feature observed in one subdomain can now be
represented in any of the subdomains. In addition, we introduced overlapping subdomains to
prevent discontinuities at the subdomain boundaries. To test our methodologies, we made
use of the linear advection equation in both 1D and 2D. One of the properties of this system
is that the energy is conserved. Our space-local ROMs satisfy this property exactly, even
when the basis is non-orthogonal (as is the case for the overlapping approach).

We observed that the resulting space-local ROMs generalize much better for advection-
dominated problems than the standard space-global approach. We also demonstrated that
such a space-local approach yields sparser and, consequently, more computationally efficient
ROMs. In addition, we showed that the space-local ROMs also satisfy energy conservation
and allow for larger time steps. The latter further decreases the computational cost of the
ROMs. Regarding computational time, we observed an improvement of one to two orders
of magnitude with respect to the FOM in the 2D test case. By introducing overlapping
subdomains, we demonstrated that we obtain smoother approximations of the solution and
require fewer basis functions to represent it compared to the non-overlapping approach.
However, this comes at the cost of solving a linear system at each time step. Depending on
the application, either overlapping or non-overlapping subdomains might be most suitable.
If smoothness of the solution is required, overlapping subdomains might be more suitable,
while if computational efficiency is of higher priority, non-overlapping subdomains are likely
preferred.

To further evaluate the generalizability of the space-local POD approaches, we applied it
to the 2D incompressible Navier–Stokes equations in a Kolmogorov flow setup. In this case
we solely considered the ability of POD basis to represent the solution, without building the
ROMs. We consider constructing the actual ROM for this non-linear 2D test case outside
the scope of this research, as it requires dealing with the divergence-freeness condition, and
possibly introducing hyperreduction methods for the non-linear term [181, 182]. Regarding
the representation of the solution space-local methods (L-POD and LO-POD) clearly out-
performed G-POD, which showed strong overfitting to the training data. In contrast, the
local variants maintained low projection errors and accurately reproduced flow features on
unseen, temporally decorrelated data. These results indicate that the space-local framework
generalizes well for advection-dominated systems and holds strong potential for reduced-order
modeling of turbulent flows.
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For future research, we consider constructing a space-local ROM for an actual turbulence
test case described by the Navier-Stokes equations. To achieve energy conservation, one
can make use of the observation presented in [67], where it was shown that carrying out a
Galerkin projection on an energy-conserving FOM (with quadratic non-linearity) resulted in
an energy-conserving ROM. However, one important requirement is that the POD basis needs
to be divergence-free, meaning that the space-local POD basis also needs to be divergence-free.
Currently, this is still being actively researched in our group. To resolve this, we could take
inspiration from [175] and construct a POD basis, not only for the velocity, but also for
the pressure [69]. Another possible research direction would be to circumvent or speed up
the solution of the linear system required in LO-POD. For this purpose, one could possibly
take inspiration from the finite element community [172]. Finally, the application of the
space-local POD methods to steady-state problems could be investigated. The work in [175]
offers an interesting starting point for this, as they investigated the generalization of the
space-local POD basis when increasing the size of the domain for steady-state problems. An
interesting research avenue would be to compare the space-local ROMs to space-global ones,
when the spatial domain is kept the same and one of the model parameters is varied.





6
Conclusion

For flows at high Reynolds numbers, the onset of turbulent fluctuations imposes increasing
demands on the resolution of the computational grid. To address this challenge, this thesis
introduces a set of novel data-driven methods designed to accelerate fluid flow simulations.
The core idea is to embed physical structure into machine learning models, with the aim of
enhancing both the accuracy and stability of the simulations. In addition, such approaches
aim to improve the generalizability of the resulting models. The presented methodologies
were tested on 1D problems and then extended to 2D flows, with test cases being mostly
limited to flows with periodic boundary conditions on Cartesian grids.

6.1 Conclusions

In Chapter 1, we formulated a set of research topics, where each topic contributes to the
overarching theme of this thesis from a different perspective. When introducing these topics,
we formulated a set of research questions. These will be answered here.
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6.1.1 Topic I: Machine learning-based closure models for large eddy
simulation (Chapters 2 & 3)

In Chapters 2 and 3, we aimed to develop machine learning–based large eddy simulation
(LES) closure models with structure-preserving properties, with a primary focus on energy
conservation as a means of ensuring stability. This approach was motivated by the instability
issues commonly observed in physics-agnostic machine learning closures, as well as by the
limited flexibility and excessive dissipation associated with classical functional LES models.

To address these challenges, we introduced a novel closure modeling paradigm that
explicitly represents the subgrid-scale (SGS) energy and incorporates a neural network
architecture with built-in energy-conserving properties. Its performance was evaluated on
different test cases, ranging from 1D to 2D applications. The following research questions
were answered in Chapters 2 and 3:

• RQ1: How can a stable and physically consistent machine learning-based
closure model be formulated and how does its performance compare to
existing approaches?

A stable and physically consistent machine learning-based closure model can be for-
mulated by explicitly embedding conservation laws into the learning framework. In
Chapter 2, this is achieved by introducing compressed SGS variables that reintro-
duce unresolved kinetic energy, while substantially reducing the number of degrees of
freedom compared to the direct numerical simulation (DNS). A novel neural network
architecture is proposed that enforces conservation of the total energy, thereby guar-
anteeing stability of the resulting dynamical system. This prevents the introduction
of unphysical energy into the system. This, while still allowing for backscatter to
be modeled. This is done by constraining the neural network architecture to be of
skew-symmetric form, which allows for an exchange of energy between the resolved
scales and the SGS variables, emulating backscatter. Numerical experiments on Burgers’
and Korteweg-de Vries equations demonstrate stable and robust performance of the
proposed architecture, consistently improving upon simulations without closure. Com-
pared to standard convolutional neural network (CNN)-based closures, the proposed
method achieved comparable or improved accuracy, significantly enhanced stability,
and greater consistency across training realizations and extrapolation scenarios. We
also observed a substantial improvement in accuracy, compared to the Smagorinsky
model.

• RQ2: Can machine learning-based closure models with stability guarantees,
developed for simplified systems, be successfully extended to more complex
fluid dynamics problems?
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In Chapter 3, we extended the neural network architecture developed in Chapter 2
to the 2D incompressible Navier–Stokes equations and compared its performance
against existing machine-learning and physics-based closure modeling approaches. To
enable the extension to 2D, we removed the SGS variables from the framework, since
their representation in multiple spatial dimensions remains an open problem. As a
consequence, the resulting closure model no longer explicitly represents backscatter.

When evaluating the numerical experiments, we observed that unconstrained machine
learning models, although initially accurate, accumulated numerical errors and ulti-
mately became unstable during long-time integrations. In contrast, our architecture
remained stable throughout the entire simulation and did not exhibit such numerical
artifacts. When compared with established physics-based LES models, including the
standard and dynamic Smagorinsky models, our neural network–based closure pro-
duced more accurate flow fields and energy spectra. This shows that, even without
the inclusion of the SGS variables, the energy-conserving neural network architecture
introduced in Chapter 2 serves as a stable and accurate closure model.

6.1.2 Topic II: Data-driven extensions of the evolve-filter-relax
framework (Chapter 4)

In Chapter 4, we focused on the evolve-filter-relax (EFR) framework for coarse-grained
fluid simulations. The main goal was to alleviate the limited flexibility and improve the
computational efficiency of the differential filter using data-driven approaches. To do this, we
proposed the use of a linear data-driven filter in Fourier space. In this way, the filter is applied
efficiently using fast Fourier transforms (FFTs). This formulation keeps the optimization
problem simple while also facilitating stability analysis and interpretability of model weights.
The approach was evaluated on its performance for the 2D incompressible Navier-Stokes
equations. The following research questions were answered in Chapter 4:

• RQ3: Can introducing a data-driven linear filter into the EFR framework
enhance both computational efficiency and accuracy?

The learned filter yielded substantial improvements with regard to the accuracy of
energy spectra, global energy, and enstrophy when compared to standard EFR, using
a differential filter, and the Smagorinsky model in LES. Moreover, computational
efficiency was improved by removing the need to solve a linear system, as required by
traditional differential filtering approaches.

• RQ4: How does one explicitly embed physical structure into the data-driven
EFR framework, and how does this affect stability and performance?
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Embedding physical structure in the form of global energy and enstrophy dissipation
constraints can be done through adaptive computation of the relaxation parameter,
which enforces physically consistent dissipation. This stabilizes the learned filtering
strategy during online simulations. This structure-preserving design showed improved
stability and generalization, particularly in regimes with limited training data.

6.1.3 Topic III: Reduced-order modeling for advection-dominated
flows (Chapter 5)

The aim of Chapter 5 was to address two key limitations of standard space-global proper or-
thogonal decomposition (POD) basis reduced-order models (ROMs) for advection-dominated
flows: their high computational cost and poor generalizability. Both issues stem from the
slow Kolmogorov N -width decay characteristic of such flows. To overcome these challenges,
we exploit the self-similar nature of turbulence and propose a space-local POD basis. Unlike
conventional POD modes, the proposed basis functions have local support, yielding sparse
Galerkin projection-based ROMs. The following research questions were answered in Chapter
5:

• RQ5: Can space-local reduced-order modeling strategies address the limited
generalizability and high computational cost, and stability issues of classical
space-global POD-Galerkin approaches while preserving accuracy?

The effectiveness of our space-local POD approach was demonstrated on both the
1D and 2D advection(-diffusion) equation. We found that using a space-local POD
basis improves generalizability by reducing overfitting to the training data. This
allowed the space-local ROMs to extrapolate in time, while the space-global ROMs
were not able to do so. In addition, this approach yields significantly sparser and
more computationally efficient ROMs than the space-global approach, for the same
number of POD modes. This allows the use of a larger number of POD modes, without
sacrificing computational efficiency. Furthermore, stability was derived by building
the ROMs from a structure-preserving, and therefore stable, full-order model (FOM).
Furthermore, it was found that space-local ROMs allow for larger time steps, while
maintaining accuracy. This further improves their computational efficiency. Finally,
the space-local approach yields a substantial speedup relative to the FOM.

• RQ6: To what extent are the proposed space-local reduced-order models
applicable to multi-dimensional fluid flows?

The applicability of the proposed space-local POD framework to multi-dimensional fluid
flows was assessed using solutions of the 2D incompressible Navier-Stokes equations.
The analysis focused on the ability of the resulting POD bases to represent flow states
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outside the training data, thereby directly evaluating their generalization capabilities.
The results show that the space-local POD bases generalize significantly better to
evolving flow scenarios than their space-global counterpart. Although the construction
of fully nonlinear space-local ROMs for turbulent flows remains an open research
challenge, these findings demonstrate strong potential for extending the proposed
methodology to complex multi-dimensional fluid dynamics problems.

After answering these research questions, we return to answering the central question of
this thesis posed in Chapter 1:

• RQ0: How can physical structure be embedded into data-driven approaches
for modeling fluid flows, and does doing so lead to more stable, accurate,
and generalizable models?

Based on the answers to RQ1-RQ6, we find that embedding physical structure through
(I) energy conservation in machine learning-based closure models for LES, (II) controlled
dissipation for data-driven filters within the EFR framework, and (III) leveraging the local,
self-similar nature of turbulence for POD-based ROMs yields data-driven fluid flow models
that are consistently more stable, accurate, and generalizable than existing approaches.

6.2 Outlook and future work

Finally, we discuss the outlook and potential directions for future research for each topic,
and conclude by placing the findings within the broader context of the field.

Topic I: Machine learning-based closure models for large eddy simulation The
integration of machine learning closures into LES remains an active and rapidly develop-
ing field, with many open challenges. An immediate extension of the compressed SGS
representation introduced in Chapter 2 is its generalization from one to multiple spatial
dimensions [15]. Such an extension would allow the energy conservation law derived in
that chapter to be applied more broadly. Promising opportunities also lie in combining the
proposed structure-preserving methodology with advanced neural network architectures, such
as Fourier neural operators [93], which have demonstrated strong predictive capabilities and
reduced dependence on the training mesh. Graph neural networks [107] further provide a
pathway toward extending the framework to unstructured grids. Additionally, incorporating
spatial symmetries [188] may enhance data efficiency and improve extrapolation performance.

Topic II: Data-driven extensions of the evolve-filter-relax framework This thesis
has shown that the use of FFTs enables the efficient learning of data-driven filters in
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Fourier space, which is particularly effective for periodic domains. For non-periodic domains
with boundary conditions, however, the choice of filter requires reconsideration. Moreover,
the current diagonal matrix representation of the filter could be enriched by introducing
additional parameters, potentially enhancing expressiveness. Further improvements may also
be achieved by incorporating physical constraints more effectively. Finally, the methodologies
developed here could also be applied within a ROM framework [189].

Topic III: Reduced-order modeling for advection-dominated flows A natural
continuation of the work on space-local POD-Galerkin ROMs is to apply the methodology
to the incompressible Navier–Stokes equations. As demonstrated in [67], such ROMs can
preserve the energy-conserving properties of the quadratic advection operator. However,
ensuring that the space-local basis remains divergence-free is crucial, as this condition is
necessary for energy conservation. Another promising direction is the extension of this
approach to unstructured domains, where techniques from the finite element community
[106] may provide valuable insights. An additional challenge lies in addressing discontinuities
between subdomain boundaries in the space-local formulation. Current strategies rely on
overlapping subdomains, which mitigate discontinuities but reduce computational efficiency.
Developing more efficient alternatives remains an open problem.

6.2.1 General outlook

The data-driven methodologies presented in this thesis provide a foundation for accelerating
fluid flow simulations. However, their practical adoption, particularly for industrial-scale prob-
lems involving complex geometries and boundary conditions [190, 191], requires addressing
several fundamental challenges:

One aspect that has not received much attention in this thesis is parametric extrapolation.
While Chapter 2 examined the effect of varying viscosity, the ability to generalize across a
wide range of physical parameters, such as Reynolds number, inflow conditions, or geometric
variations, is essential for practical application of the method. Transfer learning offers a
pathway to adapt pre-trained models to new parameter regimes with minimal additional cost
[51]. Another solution may lie in building parametric dependencies directly into the model
architecture, for instance, by using the physical parameters as inputs for a neural network.
This approach could be integrated with the structure-preserving neural network architecture
discussed in Chapters 2 and 3.

Closely related is the issue of grid dependence. Models trained on one discretization
are often incompatible with different grids. Although Chapter 2 demonstrated that CNNs
can accommodate different grid sizes, they remain tightly coupled to a specific grid spacing.
Emerging architectures offer a path toward true grid independence: Fourier neural operators
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[93] learn mappings in frequency space, making them naturally resolution-invariant.
Underpinning both of these challenges is the question of data efficiency [2, 6]. Generating

high-fidelity DNS data for training is inherently expensive. This makes it important to extract
the most information from the fewest samples. In Chapter 4, we showed that embedding
physical structure directly into the approach can significantly improve data efficiency. Chapter
5 further demonstrated that a space-local approach to ROM construction can generalize
to flow regimes where space-global methods fail, by exploiting the self-similar nature of
turbulence. In this way, we effectively learn more from the same data. In that regard,
building spatial symmetries into the method can potentially also lead to better data efficiency
[188, 192, 193]. In addition, generative models may offer a promising avenue to address this
limitation by synthesizing physically consistent flow fields for unseen parameter regimes or
geometric configurations. This can serve as augmented training data for other data-driven
approaches [194, 195]. Future work should not only pursue novel architectures that reach
higher levels of accuracy, but also evaluate them based on data efficiency. Treating data
efficiency as a primary design criterion rather than an afterthought.

Ultimately, the path toward industrially relevant data-driven simulation lies at the
intersection of these challenges. Progress will require moving beyond proof-of-concept
demonstrations on canonical problems toward methods that are grid-agnostic, generalizable,
and data-efficient. By leveraging structure-preserving principles, this thesis provides a good
starting point for addressing the latter two criteria.

After further development, the methodologies introduced in this thesis could be applied
to a wide range of applications where repeated or real-time fluid simulations are required.
Examples of such application areas include the automotive, maritime, and aerospace sectors,
where design optimization tasks require repeated simulations [81, 82]. These simulations are
needed to accurately assess the interaction of a structure with its environment. Fast surrogate
models, such as those presented in this thesis, could substantially reduce computational costs
and shorten design cycles [170]. Furthermore, one could consider environmental applications,
such as urban wind flow modeling, spatial pollution dispersion, and flood prediction, where
rapid simulations can greatly assist decision-making. From such applications, one can
naturally make the link to digital twins, for example, of large cities, for which the digital
twin model is continuously updated with sensor data [196]. Another application would be
in the energy sector, where the developed methodologies could aid in wind farm design as
well as real-time control [24]. A final application would be in climate studies, which require
long-time simulations. The presented methodologies could be particularly useful here, as
their stability properties support such long-time simulations [102].
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Appendix

A Appendix Chapter 2

A.1 Filter properties

Here, we derive important properties of the spatial averaging filter. We first show that
equation (2.27) holds:

(Rā,Rb̄)ω = āTRTωRb̄ = āTΩWω−1ωRb̄ = āTΩWR︸︷︷︸
=I

b̄ = (ā, b̄)Ω, (7.1)

where we used the fact that
ΩWω−1 = RT . (7.2)

Next, we proof that Rū is orthogonal to u′:

(Rū,u′)ω = (Rū,u−Rū)ω = (Rū, (I−RW)u)ω = ūTRTω(I−RW)u

= ūTΩW(I−RW)u = (ū, (W −WR︸︷︷︸
=I

W)u)Ω = (ū, (W −W)u)Ω = 0. (7.3)
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Finally, we show that equation (2.31) holds:

(1ω,u)ω = 1Tωωu = 1TΩR
Tωu = 1TΩΩWω−1ωu = 1TΩΩWu = (1Ω,Wu)Ω = (1Ω, ū)Ω,

(7.4)
where we used the fact that 1ω = R1Ω.

A.2 Comparing coarse and fine-grid dissipation

Here we compare the rate of dissipation induced by the 1D diffusion operator discretized
on the coarse grid, D̄ ∈ RI×I (for grid-spacing H), with the dissipation induced by the
same operator but discretized on the fine grid, D ∈ RN×N (for grid-spacing h = H

J ). The
difference in dissipated energy between these two quantities ∆D is given by:

∆D = (u,Du)ω − (ū, D̄ū)Ω = uTωDu− (Wu)TΩD̄Wu = uT
H

J
Du− uTHWT D̄Wu

=
J

H
uT (

H2

J2
D− H2

J
WT D̄W)u =

J

H
uT (h2D− 1

J
WT (H2D̄)W)︸ ︷︷ ︸
=:D∆

u,

(7.5)

for periodic boundary conditions (BCs). Here we have written D∆ such that it is independent
of the grid-spacing, but only depends on the ratio J = H

h . Note that D∆ is a symmetric
matrix and as such its eigenvalues λ∆N ≤ . . . ≤ λ∆1 are real and its eigenvectors can be chosen
to form an orthogonal basis. Furthermore, λ∆1 = 0 for periodic boundary conditions. We can
bound ∆D by noting that

∆D ≤ max
i

J

H
λ∆i ||u||22. (7.6)

If the eigenvalues are all strictly nonpositive, it follows that the difference in dissipation ∆D

is always less than or equal to zero. In other words, D extracts more (or equal) energy from
the reference system as D̄ does from the filtered system. To prove that the eigenvalues of
D∆ are indeed nonpositive turns out to be a difficult problem, which we circumvent with a
numerical ‘proof’. In Figure 7.1 we display the largest non-zero eigenvalue λ∆2 for different
values of I and J , indicating that λ∆i ≤ 0 for realistic values of I and J .

A.3 SGS compression

In this section, we outline how we obtain the SGS compression parameter values t ∈ RJ such
that s ≈W(u′)2. This can be achieved by using a singular value decomposition (SVD). The
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Figure 7.1: Largest non-zero eigenvalue λ∆2 of D∆ for different values of I and J .

SVD minimizes the following loss function for t̂ ∈ RJ (here we assume a uniform grid):

Ls(Xµ;Θ) =
1

pI

∑
µ∈Xµ

|J−1µTµ− µT ttTµ| = 1

pIJ

∑
µ∈Xµ

|µTµ− µT t̂t̂Tµ|

=
1

pIJ

∑
µ∈Xµ

|µTµ+ µT t̂t̂T t̂t̂Tµ− 2µT t̂t̂Tµ|

=
1

pIJ

∑
µ∈Xµ

(t̂t̂Tµ− µ)T (t̂t̂Tµ− µ)

subject to t̂T t̂ = 1,

(7.7)

where µ refers to a column vector of snapshot matrix Xµ ∈ RJ×Ip and t = J−1/2t̂. The last
expression for Ls is a projection error. Such an error is typically minimized in a reduced-order
modeling setting to obtain a proper basis, see [67]. For this one typically uses an SVD.
Conveniently, minimizing this error is equivalent to minimizing our required energy error
(first expression). In this expression the prefactor J−1 accounts for W in the SGS energy
(2.38). The snapshot matrix Xµ is constructed from the training data set Xu ∈ RN×p,
which contains p DNS snapshots as the columns. From this matrix we compute the SGS
content: Xu′ = (I−RW)Xu. Finally, this matrix is reshaped into Xµ such that each column
corresponds to the SGS content in a coarse cell, i.e. u′ → [µi, . . . ,µI ] for each column in
Xu′ . The SVD of Xµ is given by

Xµ = UµΣµV
T
µ , (7.8)
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where Uµ ∈ RJ×J and Vµ ∈ RIp×Ip are unitary matrices containing the left and right-
singular vectors, respectively, and Σµ ∈ RJ×Ip contains the singular values on the diagonal.
The values for t̂ that minimize (7.7) correspond to the first column of Uµ.

A.3.1 Non-periodic boundary conditions

To extend our method to different types of BCs we resort to what the machine learning
community refers to as padding [44] and the scientific computing community refers to as the
ghost-cell method [197]. We will treat both inflow and outflow BCs, on uniform 1D grids, as
this is relevant for Burgers’ equation.

Implementation for the fine grid

The ghost-cell method enhances the discretization with ghost cells beyond the domain
boundary ∂Ω (with domain Ω = [a, b]), as displayed in Figure 7.2. Here we present the
implementation for the fine grid.

The inflow (Dirichlet) BC is given by u(x = a, t) = α(t). Based on this, we compute
ghost value u0 as

u(x = a, t) = α(t) =
u1 + u0

2
→ u0 = 2α(t)− u1. (7.9)

This corresponds to the first ghost cell outside the left boundary, see Figure 7.2. For the
outflow BC we use a symmetric BC at the right boundary, given by ∂u

∂x |x=b,t = 0. This is
implemented by taking uN+1 = uN , where uN+1 corresponds to the first ghost cell outside
the right boundary, see Figure 7.2.

x=a x=b

x−1 x0 x1 x2 x3 x4 x5 x6 x7

Figure 7.2: 1D grid enhanced with ghost cells beyond the domain boundaries, indicated by
the hollow circles.

Implementation for the filtered system

Our structure-preserving closure modeling framework is effectively a nonlinear stencil,
due to the presence of a convolutional neural network. It therefore takes information from
k neighboring grid cells on each side. This means we require k ghost cells on either side
of the domain boundary ∂Ω. To find appropriate choices for the ghost values ūi and si
(i = −k + 1, . . . , 0, I + 1, . . . , I + k) we consider the fine-grid solution u and appropriately
extend this past the domain boundary, see Figure 7.3.
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Inflow BC

For the left inflow BC we extend (7.9) to

u−i+1 = 2α(t)− ui, i = 1, 2, . . . (7.10)

We can rewrite this as a function of ūi and SGS content µi:

(ū−i+1 + µ−i+1,J−j) = 2α(t)− (ūi + µi,1+j), 1 ≤ i ≤ k, 0 ≤ j ≤ J − 1. (7.11)

This can be split into a filtered part:

ū−i+1 = 2α(t)− ūi, 1 ≤ i ≤ k, (7.12)

which yields the ghost values for ū past the left boundary, and a SGS part:

µ−i+1,J−j = −µi,1+j , 1 ≤ i ≤ k, 0 ≤ j ≤ J − 1. (7.13)

The latter can be simplified as

µ−i+1 = −Pµi, 1 ≤ i ≤ k, (7.14)

where P ∈ RJ×J is the permutation matrix that represents the reflection across the boundary.

Outflow BC

For the symmetric outflow BC we extend the fine-grid solution past the domain as

uN+i = uN−i+1, i = 1, 2, . . . (7.15)

In terms of ūi and µi this becomes

ūI+i + µI+i,1+j = ūI−i+1 + µI−i+1,J−j , 1 ≤ i ≤ k, 0 ≤ j ≤ J − 1, (7.16)

which can again be split into an equation for the ghost values for ū:

ūI+i = ūI−i+1, 1 ≤ i ≤ k, (7.17)

and a SGS part
µI+i = PµI−i+1, 1 ≤ i ≤ k. (7.18)
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Figure 7.3: An example solution u with N = 1000 filtered onto a coarse grid with I = 5
extended past ∂Ω, according to (7.10) (α = 7

10 ) for the left boundary and (7.15) for the right
boundary. ∂Ω is indicated by the dashed vertical lines. ū is extended past ∂Ω according to
(7.12) and (7.17) and u′ is extended according to (7.14) and (7.18).

BCs for the SGS variables

After extending the solution using the ghost-cell method, we aim to find the value for s

beyond the boundary. In order to find these ghost values, we make use of the fact that we
can interpret the operation tT t as the back and forth projection from a reduced basis to the
physical SGS basis and back. This means that

µi ≈
√
Jtsi

and
si = JtT tsi.

The idea is to project si back onto physical SGS space, apply the P operator, and then
project back to find the appropriate ghost values. Using this idea we obtain the following
relations for the left and right boundary, respectively:

µ−i+1 = −Pµi → s−i+1 = −JtTPtsi, 1 ≤ i ≤ k, (7.19)

µI+i = PµI−i+1 → sI+i = JtTPtsI−i+1, 1 ≤ i ≤ k. (7.20)

Note that tTPt is a scalar which only needs to be computed once.
A simulation for this input/output (I/O) BCs implementation is shown in Figure 7.4. Here
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we simulate Burgers’ equation with I/O BCs, and some additional forcing, see Appendix A.3.2.
We depict the solution produced by our structure-preserving closure modeling framework
and compare it to the DNS.

Figure 7.4: A simulation of Burgers’ equation with I/O BCs and forcing using our trained
structure-preserving closure model for DOF = 40 (left), along with the DNS solution for
N = 1000 (right).

A.3.2 Training procedure

In order to train our machine learning-based closure models we first require DNSs to generate
reference data. This reference data serves as a target for our machine learning models to
reproduce. In this section we describe how we randomly generate simulation conditions
(initial conditions, BCs, and forcing) for closure model training and testing. In addition, we
describe the training procedure and the chosen hyperparameter values, obtained from the
hyperparameter tuning procedure.

Generating training data

To generate initial conditions, forcing, and unsteady Dirichlet BCs we make use of the
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following parameterized Fourier decomposition (with parameters α1, α2, α3 ∈ R):

ξ(y;α1, α2, α3) = α1 +
α2√
M

M∑
i=2

Ci1 sin

(
i
2π

α3
y

)
+ Ci2 cos

(
i
2π

α3
y

)
, (7.21)

where M is uniformly sampled from {2, 3, . . . , 8} and Cij ∼ p from

p(y) =

1, for 1
2 ≤ |y| ≤ 1,

0, elsewhere.
(7.22)

In the case of Burgers’ equation, we carry out 100 reference simulations on a uniform grid
with N = 1000 on the domain Ω = [0, 2π] for ν = 0.01. To march the solution forward in
time, we employ an Runge-Kutta 4 (RK4) scheme with a time step size of ∆t = 2.5× 10−3

and simulate up to T = 10 [96]. 50 simulations are carried out using periodic BCs and 50 with
I/O BCs. For the periodic case, the initial condition is given by u(x, t = 0) = ξ(x; 2, 1, |Ω|).
For the I/O case, the inflow condition is given by u(0, t) = ξ(t, 2, 1, 2π) and the outflow
condition by a symmetric BC on the right side of the domain. The implementation of the
BCs is described in Appendix A.3.1. The initial condition is given by a constant-valued
function, equal to the inflow condition at t = 0. In addition, we also add a steady forcing
term F (x) = ξ(x; 0, 12 , |Ω|) to the right-hand side (RHS) of (2.5) for the I/O case.

With regards to the Korteweg de-Vries (KdV) equation, we employ a uniform grid with
N = 600 on the domain Ω = [0, 32] for ε = 6 and µ = 1. The solution is marched forward in
time using an RK4 scheme with a time step size of ∆t = 10−4, up to T = 10. In this case we
only consider periodic BCs, with the initial condition given by u(x, 0) = ξ(x; 0, 35 , |Ω|), and
perform 100 reference simulations.

For both Burgers’ and KdV, reference data is saved at each time interval of 5 × 10−3.
We randomly sample 10% of the data from these datasets to generate the two datasets used
for training (one for each equation). Both of these are split into a training (70%) and a
validation set (30%). For testing purposes, the unseen simulation conditions are generated in
a similar manner, but with different randomly sampled M and Cij .

Hyperparameters and tuning

The chosen hyperparameters for our structure-preserving neural network architecture
(SP) closure and the vanilla CNN are displayed in Table 7.1. The weights and biases are
initiated using the Glorot normal initialization algorithm [198]. They are optimized using
the Adam optimization algorithm with parameters α (learning-rate), β1 (decay rate for the
first momentum estimates), β2 (decay rate for the second momentum estimates), ϵ (small
constant to combat numerical instability) [41]. Hyperparameters are selected based on how
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well the trained closure models reproduce the RHS for the solution snapshots present in the
validation set, corresponding to DOF = 60. For this purpose, models are trained without
trajectory fitting. For the hyperparameter optimization, we opt to vary the number of hidden
layers, for which we consider {0, 1, 2}, and the number of channels per hidden layer, for which
we consider {10, 20, 30}. The performance of each of the trained closure models is shown in
figure 7.5. The best performing combination of hyperparameters (displayed in Table 7.1), for

0 2,000 4,000 6,000
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100

# parameters

N
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S
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Burgers’

CNN: dū
dt

SP: dū
dt

SP: ds
dt
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10−2

10−1

# parameters

N
R
M
S
E

KdV

CNN: dū
dt

SP: dū
dt

SP: ds
dt

Figure 7.5: NRMSE for reproducing the RHS for each of the considered hyperparameter
configurations for Burgers’ (left) and KdV (right) averaged over the validation set for
DOF = 60.

each equation, is selected to train the final closure models. This time, trajectory fitting is
included.
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Table 7.1: Hyperparameters for the trained closure models

Hyperparameter CNN SP

α 10−3 10−3

β1 0.9 0.9
β2 0.999 0.999
ϵ 10−8 10−8

Mini-batch size 20 20
# iterations derivative fitting 100 100
# iterations trajectory fitting 20 20
Trajectory fitting ∆t (Burgers’) 0.01 0.01
Trajectory fitting ∆t (KdV) 5× 10−3 5× 10−3

Trajectory fitting # time steps (Burgers’) 5 5
Trajectory fitting # time steps (KdV) 20 20
Nonlinear activation function (underlying CNN) ReLU ReLU
Final activation function (underlying CNN) linear linear
Kernel size 7 5
Stride 1 1
# hidden layers 2 2
# channels per hidden layer (Burgers’) 20 20
# channels per hidden layer (KdV) 20 30
Total # parameters (Burgers’) 3261 2780
Total # parameters (KdV) 3261 5352
B (Burgers’) - 1
B (KdV) - 2
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B Appendix Chapter 3

B.1 Stucture-preserving finite volume discretization

For the employed finite difference discretization, presented in [25], the physical structure of
the Navier-Stokes equations is preserved in a discrete sense. Discretely, the total momentum
and energy are approximated as

Ph = 1hΩhuh, (7.23)

Eh =
1

2
uThΩhuh. (7.24)

The change in momentum for this discretization is given by

dPh

dt
= 1hΩh

duh
dt

= 1h(−Ch(uh)uh −Ghph + νDhuh +Ωhfh)

= 1hΩhfh,

(7.25)

as the discrete operators are carefully constructed such that the column vectors sum up
to zero. This means momentum conservation is satisfied by this discretization. Using the
product rule, we obtain the change in energy as

dEh
dt

= uThΩh
duh
dt

= uTh (−Ch(uh)uh −Ghph + νDhuh +Ωhfh)

= −uThQT
hQhuh + uThΩhfh = −||Qhuh||22 + uThΩhfh,

(7.26)

where we used the fact that the diffusion operator Dh can be Cholesky decomposed as
−QT

hQh [24, 67]. The convective contribution disappears due to the skew-symmetry of the
discrete operator:

Ch(uh) = −CT
h (uh) → uThCh(uh)uh = −uThCT

h (uh)uh = 0, (7.27)

where we used the symmetry of the inner product. Note that the skew-symmetry of the
convection operator is only true for a divergence-free uh [40]. The pressure term disappears
because the discretization satisfies Gh = −MT

h [67]. Writing the energy contribution we
obtain:

−uThGhph = uThM
T
hph = pThMhuh = 0, (7.28)

where we used the divergence-free constraint on the velocity field.
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B.2 Pressure projection

The divergence-freeness can also be written as a projection of the partial differential equation
(PDE) discretization (3.5) on a divergence-free basis [40]. To see this, we compute the
divergence of the non-pressure related terms in (3.5) as

MhΩ
−1
h (−Ch(uh)uh + νDhuh +Ωhfh) = MhΩ

−1
h mh(uh), (7.29)

where we grouped the different terms into mh(uh). The purpose of the gradient of the
pressure is to remove this divergence from the RHS of (3.5). To obtain the pressure that
achieves this, we solve the following linear system:

MhΩ
−1
h mh(uh)−MhΩ

−1
h Ghph = 0 →

MhΩ
−1
h mh(uh) = MhΩ

−1
h Ghph →

ph = (MhΩ
−1
h Gh)

−1MhΩ
−1
h mh(uh).

(7.30)

By filling this in to (3.5) we obtain

Ωh
duh
dt

= mh(uh)−Gh(MhΩ
−1
h Gh)

−1MhΩ
−1
h mh(uh) →

Ωh
duh
dt

= (I−Gh(MhΩ
−1
h Gh)

−1MhΩ
−1
h )︸ ︷︷ ︸

:=Ph

mh(uh) →

Ωh
duh
dt

= Phmh(uh),

(7.31)

where Ph ∈ R2N×2N projects mh(uh) onto a divergence-free basis. This transforms the
discretized PDE into a single equation. Note that in practice, we typically solve for the
pressure rather than performing the projection in this manner. However, this formulation is
more convenient for closure modeling.

B.3 Motivation behind skew-symmetric architecture

To motivate the proposed neural network architecture we consider a simple 1D system for
which the equation is unknown. The neural network is tasked with predicting the evolution
of this system. The system consists of some quantity w(x, t) which evolves on a periodic
domain x ∈ Ω. We know it satisfies the following conservation laws:∫

Ω

dw
dt

dx = 0, (7.32)∫
Ω

w
dw
dt

dx = 0, (7.33)
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which resemble momentum and energy conservation in the Navier-Stokes equations. w(x, t) is
discretized on a finite volume grid, such that w(xi, t) ≈ wi(t), where xi is the center of finite
volume cell Ωi. The grid contains N grid cells such that the discrete solution is described by
the state vector w(t) ∈ RN . We consider the case in which the evolution equation for w(x, t)
is unknown; however, we do have data for w(x, t) at different points in space and time. The
challenge is finding the RHS for dwh

dt , with (7.32) and (7.33) being satisfied discretely, i.e.

1ThΩh
dwh

dt
= 0, (7.34)

wT
hΩh

dwh

dt
= 0, (7.35)

are satisfied. As an ansatz for the RHS we use our proposed skew-symmetric neural network
architecture

Ωh
dwh

dt
≈ (∆cdiag(k)∆f −∆T

f diag(k)∆T
c )︸ ︷︷ ︸

=:Y

wh, (7.36)

where ∆c,∆f ∈ RN×N are central and forward difference stencils, respectively, such that
(∆cwh)i = wh,i+1−wh,i−1 and (∆fwh)i = wh,i+1−wh,i. Note that these are specific choices
for B1 and B2. During testing, we found that predefining the convolutions in B1 and B2
resulted in poor performance of the closure model. However, we choose to do so here to ease
the analysis. Note that (7.34) is satisfied due to ∆c and ∆f being in the nullspace of 1h and
(7.35) is satisfied due to the skew-symmetry of Y. We are free to choose k ∈ RN without
violating the conservation laws. In our case, it is represented by the output of a CNN, such
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that k = k(wh, θ) ∈ RN . Writing out the matrix-vector product in (7.36) gives us

Ywh =



. . .

. . . ki−1

. . . . . . . . . −ki−1 − ki
. . .

−ki−1 ki + ki−1 0 −ki − ki+1 ki+1

. . . ki+1 + ki
. . . . . . . . .

−ki+1
. . .
. . .





...

...

...
wh,i

...

...

...



=



. . .
. . . . . . wh,i+1 − wh,i

wh,i−1 − wh,i−2 wh,i−1 − wh,i+1 wh,i+2 − wh,i+1

wh,i − wh,i−1
. . . . . .
. . .





...

...
ki
...
...


,

where it is clear that for both matrices the columns lie in the nullspace of 1h. This gives
us two perspectives: the first is that of a highly parameterized skew-symmetric matrix
multiplied by the solution vector wh. The second is that of the parameterized vector k(wh, θ)

being multiplied by a matrix for which each column lies in the nullspace of wh. Therefore,
by training k(wh, θ) on reference data we effectively learn a highly parameterized, and
non-linear, momentum and energy conserving discretization. This formulation allows the
neural network to freely explore the energy-conserving vector space. By choosing ki = 1/(2h)

and ki−1 = ki+1 = 0, where h is the grid spacing, we simply obtain a central difference
approximation of the first derivative, which corresponds to linear advection. The skew-
symmetric term can therefore be viewed as highly parameterized advection.

For dissipative systems, i.e. (7.33) is negative, we require an additional term in our
parameterized discretization, as introduced in Section 3.4.3.2. This extends (7.36) to

Ωh
dwh

dt
≈ Ywh−∆T

f diag(q)2∆f︸ ︷︷ ︸
=:Z

wh, (7.37)

where q = q(wh, θ) ∈ RN is also an output of the CNN. In this case we choose B3 = ∆f .
This specific choice is once again made to ease the analysis, whereas in the actual neural
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Figure 7.6: Relative loss, see (3.20), with respect to NC for each of the different closure
models and coarse-graining factors.

network B3 is a parameterized operator. Writing out the corresponding stencil gives:

(Zwh)i = q2
i (wh, θ)(wh,i+1 − wh,i) + q2

i−1(wh, θ)(wh,i−1 − wh,i).

By choosing qi = 1/h, we obtain a second-order approximation of the second derivative. Our
dissipative term can therefore be thought of as highly parameterized and non-linear diffusion.

B.4 Training of the neural networks

In Figure 7.6 we depict the loss of the different closure model architectures with respect to
no closure (NC). The choice of hyperparameters is discussed in Section 3.5.1.
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B.5 Vorticity fields

In Figure 7.7 and Figure 7.8, we display the vorticity fields of the decaying turbulence
simulation, using the trained closure models.
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Figure 7.7: Vorticity fields at each point in time for each of the closure models on a 32× 32
grid. Simulations correspond to the decaying turbulence test case. Blank boxes indicate an
unstable simulation.
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Figure 7.8: Vorticity fields at each point in time for each of the closure models on a 128× 128
grid. Simulations correspond to the decaying turbulence test case. Blank boxes indicate an
unstable simulation.
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C Appendix Chapter 4

C.1 Parameter optimization in state-of-the-art approaches

This section is dedicated to describing additional details about the selection of optimal
parameters in well-known state-of-the-art approaches to deal with underresolved turbulence
simulations. In particular, we consider:

• Smagorinsky model [10, 26, 199], which is one of the earliest and most widely used
subgrid-scale models in the LES of turbulent flows. It belongs to the class of eddy
viscosity models and introduces an eddy viscosity given by:

νt = θ2∆
2
√
2 tr(S S),

where ∆ is the filter width, typically related to the grid size, S = 1
2 (∇u+∇uT ) is the

strain rate tensor, and θ ∈ [0, 1] is the Smagorinsky coefficient. Such a parameter is
typically fitted to reference data [89, 200], in our case the filtered DNS.

• Standard EFR model, introduced in Section 4.2.3, which relies on two additional
steps after the evolve one (corresponding to discretized Navier–Stokes):

– A differential filter step, depending on the filter radius δ. Common choices for δ
are either the minimum mesh size hmin or the Kolmogorov length scale η [201].

– A relax step depending on a parameter χ. A standard choice is χ ∼ ∆t [159],
where ∆t is the time step of the simulation, but other choices have been explored
in [18, 62, 189].

In this case, we select δ = h = 7.81× 10−3 and only optimize χ.

• Standard EF model, which corresponds to EFR with χ = 1. In this case, we optimize
the filter radius δ.

Each of the above-mentioned models depends on one or more parameters that require
careful calibration. Here, we use a gradient-based optimization to determine the optimal
values. In particular, we employ a finite-difference stochastic gradient descent, where the
loss function is derived from Itrain = 10 ensemble-averaged simulations, and the optimization
seeks to minimize the enstrophy mismatch by adjusting the parameter of interest.

The gradient descent algorithm used for the gradient descent is proposed in 1. In the
proposed algorithm, we consider a generic parameter α that needs to be optimized, and we
callM(α) the numerical simulation depending on it. For example, in the EF model,M(α)

is the EF simulation and α coincides with δ.
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The loss function is the relative mean squared error (RMSE) in the global enstrophy.
More in detail, the enstrophy is evaluated for Itrain = 10 different train simulations which
differ only in the random initialization µ(j) (j = 1, . . . , Itrain), and then averaged.

We selected the enstrophy error as objective function because other metrics, like the
energy error, do not provide significant insights into the performance of the method. The
global enstrophy, instead, is a meaningful metric in fluid dynamics because it quantifies the
intensity of vorticity in a flow field, providing direct insight into small-scale structures and
dissipative mechanisms.

Figure 7.10 confirms that noEFR is indeed the least overdiffusive method. In fact, if
the kinetic energy error is taken as the objective function, the state-of-the-art approaches
effectively reduce to noEFR — that is, setting δ = 0, χ = 0 in the standard EF/EFR
formulations, and θ = 0 in the Smagorinsky model. This observation supports the fairness of
the comparison between the enstrophy-based state-of-the-art approaches and the proposed
data-driven methods.

Figure 7.9 shows how the parameters and the objective function are updated during the
iterations of the gradient descent. We emphasize that each state-of-the-art method involves
parameters with different orders of magnitude. For a fair comparison, we manually tune
the tolerance η, the step size β, and the admissible range [αmin, αmax] based on the typical
scale of the corresponding quantity. The seemingly slower convergence of standard EF in
Figure 7.9b is due to the fact that δ ∼ O(1 × 10−4), whereas in standard EFR we have
χ ∼ O(1× 10−3), and in the Smagorinsky model θ ∼ O(1× 10−1). As a result, the tolerance
used in standard EF is slightly higher in relative terms, which can influence the perceived
convergence rate.

(a) Smagorinsky model (b) Standard EF model (c) Standard EFR model

Figure 7.9: Parameter tuning of state-of-the-art approaches using approximate gradient
descent method.

Table 7.2 shows an overview of the optimal values obtained for the parameters, and the
corresponding admissible range considered in the optimization.

Figure 7.10 represents the kinetic energy, global enstrophy trends in time, and the energy
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Algorithm 1 Gradient descent for optimizing a parameter α in a method of typeM(α).

Require: Initial parameter α0; step size β; perturbation ε; max iterations Nmax; tolerance
η; bounds [αmin, αmax]; µ(i), i = 1, . . . , Itrain random initializations; n = 1, . . . , Ntrain
training time steps.

1: Set α← α0

2: for k = 1 to Nmax do
3: for i = 1 to Itrain do
4: Znh (µ(i))←M(α,µ(i)) ▷ Run simulation for each initialization

5: RMSE(i)(α) = 1
Ntrain

∑Ntrain
n=1

(Zn
h (µ(i))−Zn

ref(µ
(i)))

2

(Zn
ref(µ

(i)))2
▷ Compute RMSE in global

enstrophy
6: end for
7: L(α)← 1

Itrain

∑Itrain
i=1 RMSE(i)(α)

8: αperturbed ← clamp(α+ ε, αmin, αmax) ▷ Restrict parameter to the bounds
9: for i = 1 to Itrain do

10: Znh, perturbed(µ
(i))←M(αperturbed,µ

(i))

11: RMSE(i)(αperturbed) =
1

Ntrain

∑Ntrain
n=1

(Zn
h, perturbed(µ

(i))−Zn
ref(µ

(i)))
2

(Zn
ref(µ

(i)))2

12: end for
13: L(αperturbed)←

1

Itrain

∑Itrain
i=1 RMSE(i)(αperturbed)

14: g ← L(αperturbed)− L(α)
ε

▷ Gradient estimation
15: αnew ← clamp(α− βg, αmin, αmax) ▷ Gradient descent update
16: if |αnew − α| < η then
17: Converged; break
18: end if
19: α← αnew
20: end for
21: return α

Model Parameter Parameter range Optimal value

Smagorinsky θ [0, 1] 0.085

Standard EF δ [0.1 η, 10 η] 1.64× 10−4 ≃ 0.5η

Standard EFR χ (δ = h) [0.1∆t, 10∆t] 2.3× 10−3 ≃ 4.5∆t

Table 7.2: Optimized parameters in traditional approaches methodologies.
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Figure 7.10: Time evolution for kinetic energy and global enstrophy, spectrum at t = 1. The
plot represents the average and 95% confidence intervals over Itrain = 10 initializations, in
the decaying turbulence test case.

spectrum at t = 1., corresponding to the final time used for the optimization. The results
indicate good agreement in the global enstrophy, as this quantity is directly targeted during
the optimization process. However, the energy time history reveals that all methods exhibit
excessive dissipation, with noEFR showing the closest match to the filtered DNS.

This motivates the development of our data-driven filtering approach in the following
part.

C.2 Additional results on data-driven EFR strategies

This part of the supplementary material is dedicated to additional results related to the
data-driven approaches presented in the paper.

C.2.1 Decaying homogeneous turbulence test case

This section outlines extra results on the data-driven techniques using Ttrain = 1 s in the full
data regime (Figure 7.11) and Ttrain = 3 s in the scarce data regime (Figure 7.12).

In the first case (Figure 7.11), we can notice good accuracies of DD-EF before t = 5 s,
and an overdissipative behaviour for larger times. This is due to the fact the model takes as
input less data and has less extrapolation capability.

In the second case (Figure 7.12), even in the scarce regime, the DD-EF(R) methods are
approximating well the solution also at large times, due to the larger training time. Moreover,
DD-EF is characterized by some instabilities in the kinetic energy, which are alleviated by
the addition of the energy constraint.

The solution fields at t = 1 s for DD-EF, E-DD-EFR, and EZ-DD-EFR in scarce data
regimes are represented in Figure 7.13. The vorticity solutions are qualitatively very similar,
and exhibit some spurious oscillations in the case Ttrain = 1.
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Figure 7.11: Time evolution of total kinetic energy, total enstrophy, and spectrum of the
kinetic energy at time t = 1 s, for the proposed DD-EF(R) methodologies and traditional
approaches. In particular, we show the case Ttrain = 1 s. For each method, the figure shows
the average values (solid lines) and the 95% confidence interval among 5 test configurations,
in the decaying turbulence test case.

Figure 7.12: Time evolution of total kinetic energy, total enstrophy, and spectrum of
the kinetic energy at time t = 1 s, for DD-EF(R) methodologies and for state-of-the-art
approaches. In particular, we show the case Ttrain = 3 s. For each method, the figure shows
the average values (solid lines) and the 95% confidence interval among 5 test configurations,
in the decaying turbulence test case.

(a) DD-EF
Ttrain = 3 s

(b)
E-DD-EFR
Ttrain = 3 s

(c)
EZ-DD-EFR
Ttrain = 3 s

(d) DD-EF
Ttrain = 1 s

(e)
E-DD-EFR
Ttrain = 1 s

(f)
EZ-DD-EFR
Ttrain = 1 s

Figure 7.13: Vorticity fields at t = 1 s, for different methodologies in a test configuration, in
the decaying turbulence regime.
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C.2.2 Kolmogorov test case

This section is dedicated to extra results in the Kolmogorov test case, specifically in the case
Ttrain = 1, both for full and scarce data (Figures 7.14 and 7.15, respectively).

Figure 7.14: Time evolution of total kinetic energy, total enstrophy, and spectrum of the
kinetic energy at time t = 1 s, for the proposed methodologies and for state-of-the-art
approaches. In particular, we show the case Ttrain = 1 s, Itrain = 10. For each method, the
figure shows the average values (solid lines) and the 95% confidence interval among 5 test
configurations, in the Kolmogorov test case.

As noticed in the decaying turbulence case, when Ttrain is smaller, the DD-EF result
either in stable but overdiffusive solutions (full data) or in unstable solutions (scarce data).
The energy and enstrophy constraints alleviate such oscillations and instabilities.

Figure 7.15: Time evolution of total kinetic energy, total enstrophy, and spectrum of the
kinetic energy at time t = 1 s, for the proposed methodologies and for state-of-the-art
approaches. In particular, we show the case Ttrain = 1 s, Itrain = 1 (scarce data). For each
method, the figure shows the average values (solid lines) and the 95% confidence interval
among 5 test configurations, in the Kolmogorov test case.

The solutions at fixed time instance t = 1 s are represented in Figure 7.16.
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(a) Filtered
DNS

(b) noEFR (c) Smagorin-
sky

(d) Standard
EFR

(e) Standard
EF

(g) DD-EF
Ttrain = 3

(h)
E-DD-EFR
Ttrain = 3

(i) DD-EF
Ttrain = 1

(j)
E-DD-EFR
Ttrain = 1

Figure 7.16: Vorticity fields at t = 1 s, for different methodologies in a test configuration.
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D Appendix Chapter 5

D.1 2D Bump kernel

Here we discuss the kernel used to construct the LO-POD basis for the 2D advection test
case. This kernel is required to obtain basis functions that smoothly decay to zero at the
edge of the subdomain. To achieve this, we use a standard bump function:

ψ̃(x) =

exp( −1
1−|x| ) if |x| < 1,

0 elsewhere,
(7.38)

to construct the kernel [202]. This function, along with its derivatives, smoothly decays to
zero as |x| approaches 1. Next, we apply normalization

ψ(x) =


ψ̃(x)

ψ̃(x)+ψ̃(1−|x|) if |x| < 1,

0 elsewhere,
(7.39)

to ensure the kernels form a partition of unity, see (5.26). The 2D kernel is built using a
product of two normalized bump functions

k(x) = ψ(x)ψ(y), (7.40)

where x = (x, y)T ∈ R2 are the spatial coordinates. For the presentation of this kernel, we
exploit the fact that we use a uniform grid. This allows us to conveniently subdivide the
domain into square subdomains Ωi of the same size. Let αi,βi ∈ R2 denote the coordinates
of the bottom-left and top-right vertex. Each subdomain overlaps with its four neighboring
subdomains, which share a vertex in the middle of the considered domain. The kernel
associated with subdomain Ωi is

ki(x) = ψ(x̂i)ψ(ŷi), (7.41)

where x̂i = 2
x−αi

1

βi
1−αi

1
− 1 and ŷi = 2

x−αi
2

βi
2−αi

2
− 1 are the normalized coordinates. The kernel is

depicted in Figure 7.17.

D.2 Choice of subdomains and modes for 2D test case

In this section, we present the projection error on the training and validation sets for the 2D
advection test case. This is presented in Figure 7.18. Based on these results, we select the
number of modes q which first surpasses the projection error of 10−2 for I = 8 × 8. This



D. Appendix Chapter 5 217

Figure 7.17: Bump kernel used to construct the LO-POD basis for the 2D advection test
case.

value of I is chosen as it generalizes well, i.e., the performance on the validation set is similar
to the training set and the resulting ROM is sparser than for I = 4 × 4. For L-POD this
corresponds to q = 20 and for LO-POD to q = 15.

D.3 Time step size

In Figure 7.19, we present the error of ROMs integrated using different time step sizes. The
maximum time step sizes are selected so that performance degradation or the occurrence of
instabilities is avoided. These are presented in Table 5.1.
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Figure 7.18: Projection error evaluated over the training (left) and validation (right) data
set for the 2D advection test case. I = 1× 1 corresponds to space-global proper orthogonal
decomposition (G-POD). Solid dots correspond to space-local proper orthogonal decomposi-
tion (L-POD) and stars to LO-POD. The horizontal black line corresponds to a projection
error of 10−2.

Figure 7.19: Solution error averaged over the simulation for the 2D advection test case, the
ROMs for each time step size. Results for a finite volume (FV) discretization on a coarser
grid than the FOM resolution (256× 256) are also depicted. Absence of markers indicates
an unstable simulation. The LO-POD ROM is integrated using a Crank-Nicolson scheme, as
opposed to RK4 for the others, and is therefore unconditionally stable.
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