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ARTICLE INFO ABSTRACT

Keywords: Pipeline transport of dense-phase CO,-rich mixtures is a crucial component in carbon capture and storage
Two-phase flow (CCS). Accurate modeling requires coupling of fluid dynamics and thermodynamics, especially during transient
Multicomponent mixtures events such as depressurization. In this work, we present a unified framework for two-phase multicomponent

Pipeline transport
Phase equilibrium
Thermodynamic modeling
Multicomponent transport

transport in pipelines that integrates both aspects. Specifically, we employ the homogeneous equilibrium model
(HEM) for modeling the transport of two-phase CO,-rich mixture, with thermodynamic closure provided by
a Helmholtz energy-based equation of state. Phase equilibrium calculations are performed using UVN-flash,
supplemented with a stability analysis procedure to detect phase separation and generate initial guesses for
the phase-equilibrium calculations. Specifically, we introduce a novel tailored UVN-flash routine that aligns
with the fluid dynamics formulation. This is achieved by introducing an alternative and better-scaled set of
variables for the phase-equilibrium calculations. The proposed framework is applied to the depressurization of
tanks and pipelines containing CO,-rich mixtures, demonstrating its effectiveness for CCS-relevant applications.

1. Introduction mixtures. Cosham et al. [7] presented 14 shock-tube experiments,
including tests with pure CO, as well as CO, containing impurities, to

According to the IEA [1], carbon capture and storage (CCS) is ex- study decompression behavior. Botros et al. [8] reported experimental
pected to play an important role in addressing the challenge of reducing data for CO,—CH, mixtures to determine decompression wave speeds.
greenhouse gas emissions. In CCS, CO, is captured from industrial Two-phase flow of fluid mixtures is described by the Navier-Stokes
sources and transported to storage sites, e.g., depleted gas fields, where equations. For general two-phase flow models, the reader is referred
it is injected underground for permanent storage. A major share of to Stewart et al. [9], and for CO, transport specifically, to the review
this transport is expected to be carried out via pipelines. The captured by Munkejord et al. [10] and the references therein. For pipeline

CO, from industries is generally not pure and can contain varying
levels of impurities such as methane, nitrogen, amines, sulfur oxides,
and water etc. [2]. These impurities can significantly affect phase
behavior, thermophysical properties, and consequently, the design and
safe operation of pipeline systems.

One of the extreme events in pipeline operations is depressurization,
which can be required following a shut-in operation [3-5]. In such
events, the temperatures and pressures can reach extreme values with
the risk of exceeding the material operational limit of the pipe wall.
Accurately predicting this behavior is essential for safe pipeline design.
In this paper, we investigate the depressurization from a pipeline o 3 : .
carrying CO, with impurities. quantities .a.re expressed 1%1 terms of mixture properties. .

Some experimental studies have investigated decompression behav- In addition to the fluid dynamics, the phase behavior of the real
ior of CO,-rich mixtures, providing valuable reference data for model fluids plays a crucial role and is governed by thermodynamic principles.
validation. Drescher et al. [6] provided experimental data for CO,—Ny Depending on the operating conditions, CO, transport in pipelines

applications, cross-sectional averaging is typically applied to obtain
one-dimensional two-fluid models [11]. Such averaging may render
the system of equations ill-posed. To avoid these issues and focus
more on the integration between the fluid dynamics and thermody-
namics, we employ the Homogeneous Equilibrium Model (HEM), which
is hyperbolic and guarantees well-posedness. In HEM, the fluid is
treated as a homogeneous mixture of two well-mixed phases, with
the Navier-Stokes equations formulated directly in terms of mixture
density, velocity, and energy. For an inviscid flow in a frictionless
pipe, this formulation reduces to Euler’s equations, where all conserved
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can either be single-phase or two-phase. To describe two-phase flow
accurately, a real-gas equation of state (EOS) is required. Often, the
Mie-Griineisen stiffened gas EOS is used; see [12-16]. However, to
accurately describe the real fluid behavior, more advanced EOSs are re-
quired. These advanced EOSs are defined in terms of the Helmholtz free
energy function: given the temperature, volume, and composition of a
single-phase, they allow calculation of all thermodynamic properties. It
is important to note that such EOSs are defined at the single-phase level;
thermodynamic properties cannot be directly evaluated from overall
mixture quantities in a two-phase system without first performing a
phase-split calculation. In a fluid dynamic simulation, the mixture
properties, namely the volume (mesh size), velocity, and energy, are
known at each time step. From these quantities, one intends to compute
the mixture pressure. Naturally, this leads to a phase-split calculation,
commonly referred to in thermodynamic literature as a flash calculation.

A substantial body of literature exists on flash calculations. The
majority focuses on the PTN-flash (pressure—temperature specified)
problem, (see [17-20]). The second most documented case is the
VTN-flash (volume-temperature specified), (see [21-24]). Both PTN
and VTN are isothermal flash problems. The literature, however, is
rather scarce on the non-isothermal flashes, for instance, the PHN-
flash (pressure-enthalpy specified), the UVN-flash (internal energy—
volume specified), or the SVN-flash (entropy—volume specified). For
fluid dynamical simulations, UVN-flash provides a natural formulation,
since the internal energy, specific volume, and molar composition are
available in each computational cell. Before carrying out the flash
calculation, it is essential to know whether the fluid mixture is in a
single-phase or two-phase condition. This is determined via stability
analysis. If stability analysis predicts the existence of a two-phase
state, the flash calculation is performed. Moreover, the outcome of
the stability analysis often provides an excellent initial guess for the
subsequent flash calculation.

Some researchers have investigated the numerical simulation of
CO,—transport in pipelines. Elshahomi et al. [25] presented numerical
simulations of decompression-wave speeds using ANSYS software. Over
the past several years, SINTEF Energy Research in Norway has been a
leading contributor in this area. They have developed a dedicated CO,
flow loop for experiments and have published a steady stream of work
on CO, transport; see [3,10,26]. Their work covers both numerical
modeling of CO, transport with and without impurities and detailed
studies of thermodynamic behavior. Most studies focus either on the
fluid dynamics; see [3,26-28] and use an existing thermodynamic
library as-is, or they focus on the thermodynamic behavior [29-31].

In this paper, we present a comprehensive treatment of two-phase
multicomponent transport of fluid mixtures in pipelines that addresses
both the fluid dynamics aspects as well as the thermodynamic aspects
with a UVN-flash framework. In particular, we focus on the robustness
of the flash problem for challenging inputs from the fluid dynamics
solver. To address these challenges, we propose a reformulation of
the UVN-flash problem through an alternative set of variables. This
transformation improves the robustness of phase-equilibrium calcula-
tions. The key contribution of this paper is the development and testing
of the flash routine tailored for dynamic pipeline transport models.
The proposed methodology is tested using both tank and pipeline
depressurization cases.

The paper is structured as follows. We begin with the governing
equations for HEM model and the dynamics of Tank depressurization in
Section 2. In Section 3, we discuss the thermodynamic aspects including
the calculation of the thermodynamic properties and the choice of the
EOS. Stability analysis and flash calculations for phase-split problems
are discussed in Sections 4 and 5, respectively. The time discretization
method is addressed in Section 6. Finally, Section 7 presents the results
and compares them with literature data, followed by the conclusions in
Section 8.

Computers and Fluids 314 (2026) 107108
2. Governing equations
This section describes the governing equations for the fluid flow.
2.1. Fluid flow equations in pipeline

The Navier-Stokes (NS) equations describe the dynamics of fluid
flow. In principle, one could solve the 3D equations; however, for prac-
tical applications where a pipeline could be many kilometers long, it
becomes computationally prohibitive. For these situations, a more effi-
cient approach is to use a cross-sectionally averaged 1D equations [32].
For a fully dispersed two-phase fluid flow, the governing equations
can be written in terms of average mixture quantities, leading to the
Homogeneous Equilibrium Model (HEM). For inviscid flow through a
horizontal frictionless pipe, neglecting heat transfer effects, the HEM
can be expressed as:

o,V +d,F(U)=S), (€D)]

where U'(x, t) is the vector of conserved variables, (V") the flux vector
and S(V) the source terms. These terms have the following form:

p pu 0
U=|pu|, FO)=| p>+p |, SW)=|0]. 2)
pE (pE + p)u 0

Here, p,u, E, p denote the mixture mass density, mixture velocity, spe-
cific total energy, and the pressure, respectively. The HEM model as-
sumes instantaneous thermodynamic equilibrium and that both phases
travel at the same speed. The total specific energy E can be expressed
as

E=e+ %uz, 3)

where e is the specific internal energy. The mixture properties can be
written in terms of the phasic properties as follows

pi=apg+(1—ap, (4a)
pe i=apge, + (1 —a)pe, (4b)

where a denotes the volume fraction of the gas phase, p, and p; denote
the mass density of the gas and liquid phase, respectively, e, and ¢,
denote the specific internal energy (mass basis) of the corresponding
phases.

The system of Egs. (1) is closed by incorporating an equation of
state(EOS), which relates pressure to the other thermodynamic quan-
tities. The role of the EOS in closing the system will be discussed in
detail in Section 3. Furthermore, for the problem to be well-posed,
appropriate initial and boundary conditions must be specified; these
aspects will be discussed in Section 7.

2.2. Spatial discretization

The HEM model described in Section 2.1 is solved using the Finite
Volume Method (FVM). As a first step, we discretize the system (1) in
space, which yields the following semi-discrete form:

W L, —p
dr i i

A_x 1+% 17%
where U;(t) € R3 ~ U'(x;,1), represents the cell-averaged conserved

variables in cell i, A x is the spatial grid spacing, f’H 1 denote the
-2

numerical fluxes at the cell interfaces i+ + and N is the total number of

finite volume cells. System (5) for the full computational domain can

be expressed compactly in vectorial notation as:

dU(r)
dr

where U(f) € RV is the global vector of conserved quantities for the

entire domain(pipe), defined as:

) i=1...N, 5)

= fpipe (U@, V), (6)

U@ =[U,@), ..., U@, ..., Uy®I", U, = [p;, (pu);, (pE)1T,
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Here, U(¢) is composed of N individual cell vectors U;(¢), and p;, (pu);
and (pE); denote the mass density, momentum, and the total energy in
the ith cell. The vector V() contains the non-conservative (algebraic)
variables associated with the thermodynamic state in each cell. Its
precise definition will be provided in Section 6.

The right-hand side fj;,. depends on both the conservative variables
U(?) and the associated non-conservative variables V(¢), and is defined
as

B (U@, VO) 1= [Fpipe, 10 - Bpipe 10 B, w7 %)
where each local ;. ; is expressed as

1 {4 .
fPipe, i(Ui—r:i+r’Vi—r:i+r) = _A_x <Fi+% - T)—%) : ®)

where r denotes the stencil radius (half-width), U
and similarly for V

I‘*V:,IL‘FV = (Uifr’ ’Ui+r)’
i—r:ivr- The numerical fluxes 7, 1 are computed
using data from a stencil of width 2r + 1, and hence depend on
the conservative variables U; and the corresponding non-conservative
variables V g for j=i—r,...,i+r. We adopt a first-order finite-volume
method with the HLLC Riemann solver to compute the numerical
fluxes. The use of a first-order scheme was primarily motivated by
robustness considerations. In simulations involving strong depressur-
ization, phase transitions, and complex thermodynamic models such
as the Peng-Robinson equation of state, higher-order reconstructions
may lead to non-physical intermediate states (e.g., negative densities
or pressures) that can cause flash calculations to fail. For a first-order
scheme, we put r = 1. To compute the inter-cell numerical fluxes f”_i L

we employ the HLLC scheme; (see Appendix B).
2.3. Tank depressurization

The tank model can be regarded as a pipeline discretized with a
single computational cell. Many researchers have previously considered
the dynamic simulation of the tank in the context of UVN-flash [33-36].
Furthermore, this model has also been employed by [37-39] in the
context of pipeflows. The governing equations describing the evolution
of the molar composition and internal energy of the tank are given by:

dNi \7in \jout :
o S NN fori=1n (9a)
% = B~ O 40, (9b)

where n denotes the total number of components in the mixture. The
variable N; represents the moles of component i in the tank, while U
is the total internal energy. The terms Ni" and N denote the molar
flow rates of component i in the input and output streams, respectively.
Likewise, H™ and H°" denote the enthalpy flow rates associated with
the input and output streams, and Q is the rate of heat supplied to the
tank. The Egs. (92)—(9b) can be written in compact vector form as:

dU

P Fran (U, V(@)), 10
where the state vector U(r) € R™! is defined as
Ni@®)
uo=| ol an
U

and the vector V(¢) contains the variables associated with the thermo-
dynamic state. This will be revisited in Section 6. The right-hand side
fr..c(U, V) is given by

\7in \out
Nl Nl

fra(U, V) = 12)

N’iln _ N:l)ul
Hin _ Hout + Q
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3. Thermodynamical aspects
3.1. Definitions

For the sake of clarity, we define the following thermodynamic
constructs under specified constraints of total internal energy (U),
volume (V'), and mole numbers N.

Reference phase: The reference phase (x) represents a hypothetical
single-phase state characterized by the total internal energy U™, volume
V* and total mole numbers N* = (N *,...,NJ).

Trial phase: The trial phase is an incipient (very small amount) phase
introduced to assess the thermodynamic stability of a system. The
system is perturbed by adding this phase and if the total entropy
increases, the system is considered unstable as a single phase, and phase
separation is favorable.

Stability analysis: Stability analysis determines whether a given fluid
at specified U, V and N will remain stable as a single phase or separate
into two phases, i.e., into a gas-liquid mixture. If the single-phase state
is unstable, this analysis provides estimates of its temperature, molar
concentration (moles per unit volume), and molar internal energy
density. These estimates are used to obtain initial guesses for the
subsequent flash calculation. Please see the 4 for more details.

Flash: A flash calculation determines the equilibrium phase split of a
multicomponent mixture. Under specified thermodynamic constraints
(e.g., UVN), it computes the distribution of extensive quantities among
the coexisting phases, i.e., the enthalpy, internal energy, entropy, and
volume of each phase, and the common intensive quantities, e.g., tem-
perature, pressure, and component-wise chemical potential, which sat-
isfy the conditions of thermal, mechanical, and chemical equilibrium.

3.2. Equation of state

To close the HEM model and the tank model, we need a constitutive
relation to compute the pressure in the pipe model and the enthalpy
flow rate in the tank model. This constitutive model is based on
the thermodynamic properties of the fluid mixture and is commonly
referred to as the Equation of State (EOS). The EOS for the fluid mixture
is specified in terms of any two thermodynamic variables, such as
pressure and temperature or volume and temperature, etc., in addition
to the mole numbers of the components in the mixture. Thus, for an
n-component mixture, n + 2 variables are required to fully specify the
thermodynamic state of the system. Based on the choice of the two
input thermodynamic variables, the EOS can be classified into two
categories: pressure-based and volume-based. Typically, the real fluid
EOS is defined in terms of the Helmholtz free energy A as a function
of volume V, temperature T, and the molar composition vector N:

A=A(T,V,N), 13)

where N := {Nj,...,N,} and N; denote the number of moles of the
ith component in the fluid mixture. We use Peng-Robinson EOS [40]
in this work. The various thermodynamic properties can be computed
directly from the Helmholtz energy as below.

—_(94
r= (aV )m (14a)
9A
- (_ (14b)
6T)V,N
U=A+TS (14c)
H=A+TS+pV (14d)
U
c, = (a_T)V,N (14e)
(146)

u = (ﬂ)
' ONi Jv Ny
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where p, S,U, H,C, and y; denote the pressure, entropy, internal en-
ergy, enthalpy, heat capacity at constant volume, and the chemical po-
tential of the ith component. Here, it is understood that all derivatives
and functions are evaluated as functions of T, V, and N.

An EOS is defined for individual homogeneous phases and must
be applied to phasic variables, namely, the temperature, volume, and
molar composition of each phase. It cannot be applied directly to
mixture-averaged quantities in a multiphase system. However, in prac-
tical scenarios, only the extensive properties such as the total volume
and the overall molar composition are known, and the distribution of
the total volume and the mole numbers among the individual phases
is not available. This necessitates a phase-split computation whereby
one determines the distribution of the extensive quantities among the
coexisting phases and the common intensive quantities (more on this
later). The phase-split calculations are commonly referred to in the
thermodynamic literature as the flash calculations.

3.3. Choice of flash

Different types of flash problems arise depending upon which two
thermodynamic variables are specified. The most common flash prob-
lem addressed in the literature is the PTN-flash [17], in which the
pressure, temperature, and the overall molar composition are specified.
The objective of the PTN-flash is to find the equilibrium phase split and
compute the extensive properties of each phase, such as the internal
energy, enthalpy, and volume etc. Another important flash problem is
the VTN-Flash, where the total volume of the mixture is specified along
with the temperature and overall composition, see for example [41].
Both PTN and VTN-flashes are commonly referred to as isothermal
flashes since the temperature is fixed.

In closed systems, for example, the energy balance calculation in
process design, the relevant specification often includes the total in-
ternal energy U, total volume V, and overall molar composition N.
This non-isothermal specification corresponds to the so-called UVN-
flash problem. In our tank model and the HEM model, we typically
have access to the total volume (fixed for the tank, cell volume for
the pipe), total internal energy, and molar composition at each time
step of the simulation. Thus, UVN-flash formulation provides a natural
approach to determine equilibrium phase-split and, consequently, the
pressure in such scenarios.

4. Stability analysis

In this section, we briefly review the stability analysis procedure.
For a detailed account on this topic, we refer the interested reader to
the existing literature [18,24,42,43].

4.1. UVN stability

To assess the thermodynamic stability of a single-phase system with
fixed total internal energy U*, volume V*, and mole numbers N* =
(NF,....NY), we consider a hypothetical phase separation into two
phases: a bulk phase g and an incipient (infinitesimal) phase e. The
total entropy of the resulting two-phase system is given by:

Stwo»phase =SWU’, V' N+ SU*,V*,N°) (15)

subject to conservation constraints:

U* =U’+U", (16)
=V Ve, a7
N}Y=N/+NE, i=l..n (18)

The entropy of the reference phase is:

Sef = S(U*, V*,N*). 19
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The bulk phase entropy can be computed by performing a first-order
Taylor expansion of the entropy around the reference state (U*, V*,N*),
treating the incipient phase contribution as an infinitesimal perturba-
tion:

SP 1= S(U* —US,V* =V, Nf = N&,...,N = N©), (20)
1 n n

U v N U (95 e (95 N e (95
=sw VN -u (55) v (57, Z{N,. <0N,->U,V,N'
(©19)]
This leads to
_ * UK NKY 7€ E) _ é(E)
Stwo»phase =SU™V* N )-U <0U VN 14 o Jun
- ZNE ( ) + S(UE, Ve N°). 22)
UVN

The entropy difference AS = Syyophase = Sref 1S then:

IS IS
AS = U (22 U*, V* N* g( * VX N*
U (50 Dy VNV (G ) VRN
- ZN“' < ) (U*,V* N*) + S(U*, V¢, N). (23)
UV N

Using the standard thermodynamic identities

(25) =L () =k (&) 1)
oUlyn 1T \ov)uxn~ T \oN;)yyn T

into Eq. (23), we get

as=-Y ——V£+ZN£—i+S(UE VN (25)

T i T
Furthermore, since entropy is homogeneous of degree one, Euler’s
theorem gives the incipient phase entropy as:

n £
Pt H;
SWU*¢,VENS) = — + FVE JTng (26)

i=

Substituting Eq. (26) into Eq. (25) yields:

13
AS:(L_L>US+<P__P_>VS
T T* Te T*
If AS > 0, the single-phase state is unstable, and the mixture will split

into two phases. Dividing by V¢, we obtain the famous tangent plane
distance (TPD) function

i=1

n £3 *
H; W’
> Nf <T— - F) 27)

D(cf,...,c;,uf): ?/—f
:ue(L_L>+<E_P_*)_ S C_e<”_f_£>,
Te  T* e T*) &T\Te T*
(28)
where u® := U¢/V*® is the molar internal energy density and ¢ :=

N /V¢ is molar concentration of ith component in the incipient trial
phase. Note that, the independent variables are u¢ and cf sy CEL The
intensive properties of the incipient phase temperature T¢, pressure
P¢, and chemical potentials y; can be obtained as follows. First, the
temperature is determined by inverting the internal energy relation:
ut =U(T*, 1. 0,c1, ,c;).

Once T*¢ is known, the pressure can be computed as:

P¢ = P(T®, l.O,cf, )

and the chemical potentials follow similarly:

yf:y,—(T lO,cl,...,cn), i=1,...,n

The TPD function D can be used for stability testing for a system
with a specified UVN. If D < 0 for all admissible { cf, .o co,ut}), then
the system is stable as single-phase. To find out a state {cf s Co Ut}
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for which D > 0, one seeks to find the local maxima of the function
D. Differentiating D with respect to its independent variables u* and
{c{,....c;} and applying the Gibbs—Duhem relation yields (for details,
see [42,44])
1 1
e =0 (29)
1 .

F(ﬂf—u,-*)=0, i=1,...,n (30)
Eq. (29) implies that the temperature of the incipient phase is equal to
that of the reference phase temperature; Eq. (28) simplifies to

PC PP\ _ o.M _H
DZ(F'F>_205<F'F ’

i=1

n
- ((Pf =P - B - u,f)) . 31
=

Interestingly, this is identical to the TPD function obtained in VTN-
stability analysis [22]. Therefore, in principle, one can solve a VIN-
stability problem instead of a UVN-stability problem. The system of n
Egs. (30), can be solved for the incipient phase concentrations c;, i =
1,...,n and if the resulting TPD for this set of concentrations is greater
than zero, then the system is thermodynamically unstable and will split
into multiple phases. Note that the temperature of the incipient phase,
T¢, is the same as the reference phase temperature T*. Furthermore,
a good initial guess is critical to obtaining convergence of the stability
analysis test, which is discussed next.

4.2. Initial guess for stability analysis

We employ three different types of initial guesses for the stability
analysis test:

+ Simplex-based approach, as discussed by [42,43].

+ Saturation pressure-based approach, as discussed by [18,44].

+ Gaussian random perturbations added to the hypothetical single-
phase concentrations.

These three sets of initial conditions provide a diverse and well-
distributed coverage of the solution space, which improves the robust-
ness of the stability analysis. By exploring multiple starting points,
we increase the likelihood of detecting incipient phase formation and
obtaining a reliable estimate for the concentrations c, ..., ¢, and molar
internal energy density u¢ of the trial phase. A practical consideration
in implementing the stability analysis is to skip the trivial solutions,
i.e., solutions where the computed trial phase molar concentration is
identical to the input molar concentration.

4.3. Initial guess from stability results

A good initial guess is crucial for achieving convergence in flash
calculations. Stability analysis provides the trial phase concentration
and internal energy density. To initiate the flash calculations, we also
need the volumetric phase split. Following Kumar et al. [43], the trial
phase volume is initially set to half of the total volume and then
iteratively halved until a phase split is found that yields a two-phase
entropy greater than that of the corresponding single-phase state. The
energy density and molar concentration can then be scaled by this trial
volume to obtain initial estimates of the trial phase internal energy
and mole numbers, and the corresponding bulk-phase quantities are
determined by subtracting from the total quantities.

5. Reformulation of the UVN-flash for fluid dynamics
If stability analysis indicates that the mixture will split into two

phases, flash is performed to determine the equilibrium phase split. At a
given time step in a computational cell, the available fluid variables are
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the total mass density p, the specific internal energy e, and the overall
mixture composition expressed as mole fractions z := {z,, ..., z,}. From
these quantities, the total internal energy, U** and the total number of
moles of i component, N[°* can be computed as

U™ = peV, (32)
oV .
Nt'=z,———, i=1,...,n, (33)
LM
where V is the cell volume and M, denotes the molecular weight of

component j. The flow diagram for the flash calculation is provided
in Fig. 1. It is worth noting that flash calculations can potentially
fail or converge to non-physical solutions, such as negative volume
fractions, typically when the initial guess is poor. In such situations,
a more robust but computationally more expensive PT-flash can be
employed in an internal loop, as suggested by [3,33]. However, we did
not encounter such difficulties in the test cases considered in this work.
This is likely due to the high-quality initial guesses obtained from the
stability analysis results and the use of well-scaled variables in the UVN-
flash formulation tailored for fluid dynamics applications. The details
of the tailored flash will be introduced and discussed in the following
subsections.

5.1. UVN-flash in TVN-space

For a closed system whose total internal energy, volume, and mass
(i.e., the number of moles) are fixed, the entropy tends to be at a
maximum at equilibrium. Let the system exist in two phases, say gas
and liquid. The total entropy of the system, S** can be expressed as

St = SUS,VE,NE + SU', VI Nh. (34)

The liquid phase quantities can be expressed in terms of the total
and the gas phase quantities, i.e. U/ = U® — U8, V! = V — V¢ and
N{ = NP - ng, ... NI'= Nt — N¥ Eq. (34) can be rewritten as

S = S(US,VE,NE) + S(U - US,V — V8 NF), (35)
where

& L _
N° 1= (N[ = N¥, .. N* = N§}. (36)

The entropy function (35) can be maximized, using the gas—phase
variables as optimization variables, to determine the equilibrium phase
split. This approach has been employed by Castier [45] and Smejkal
et al. [42]. However, the EOS allows us to compute the entropy and
other thermodynamic quantities as a function of 7,V and N. Thus,
at every sub-iteration of the maximization, the temperature must be
obtained by solving

U=UT,V,N), (37)

for a given internal energy U, volume V, and composition N. In
a pipeline or a compositional reservoir simulation, where thousands
or even millions of such computations need to be performed, these
additional Newton iterations associated with this inversion step for de-
termining the temperature, can become a bottleneck. This motivates the
reformulation of the entropy maximization problem directly in terms
of the natural EOS variables 7,V and N. Using the thermodynamic
relation U = A + TS, the entropy for a given internal energy U™ can
be expressed as
TN _ Utot — ATVN
T

where the superscript TVN indicates that the function arguments are
T,V,Ny,...,N, and

. (38)

AT = Z A(T, V¥, N").

kefg.l}
When the UVN flash is performed in TVN space, the total volume
V and mole numbers N;** can be poorly scaled: V may range from
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) No
Return failed Success?
Yes

Return Two-phase results

Fig. 1. Flow chart for flash calculations.

millimeters to Kilometers and N/* can vary several from nearly zero
to thousands, depending on the composition. To improve numeri-
cal stability, we instead employ the gas-phase component densities
p¢ = {5 ....p}} together with the gas-phase volumetric fraction
a8 € [0, 1] as primary variables. These variables remain naturally well-
scaled across a wide range of compositions and phase splits, thereby
improving the robustness of the flash calculations.
The gas-phase volume is related to the total volume by

VE=adV, (39)

and the mole numbers in each phase are obtained from the species
densities according to

Ve .
Nf:M . N/ =N -NE,  i=1l...n (40)
iLw
with the inverse relation
M, N§
pf = —'i'/‘g L. (41)
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With these variables, the entropy function can be expressed as
Ut — ATer

T

where the superscript T«p indicates that the function arguments are
T,ag,p‘ig, ...,ps and

STer —

(42)

AT® = AS 4 AL
The phasic Helmholtz energies are defined by

AS = AT, a8, 0, pf), Al i= ATl o)), (43)

where p! = (N; - N¥)M, ,,/(V - V¥) and «' = 1 — af. The liquid-phase
densities pﬁ can be expressed in terms of gas-phase variables as

M, N; at

w9 & i, .n 44
-ty 1—aefi® ! " 44

plpf a8) =
Thus, A’ can be expressed entirely as a function of (T, a8, p?):
A= A(T, @), 5} (5, a®), ..ol 0 ).

From thermodynamics, we know that the entropy should be maxi-
mized under the prescribed UVN constraints, irrespective of the par-
ticular choice of variables used to represent the entropy function.
Consequently, the critical points of the entropy defined in Eq. (42)
must coincide with the thermodynamic equilibrium for given UVN
constraints, as will be verified in the next subsection. The critical points
of the entropy function are obtained as:
oSTap

98T 98T
=0, =0, =0 (i=1,...n), 45
oT das o’ ¢ " “9)

which yields system of n + 2 non-linear equations.

5.2. Thermodynamic consistency check

In this section, we show that the critical points of the entropy
function as defined by Eq. (45), coincide with the thermodynamic
conditions for phase equilibrium. Specifically, it suffices to show that
these critical points correspond to equality of pressure, equality of
chemical potential for each component across the phases, a common
temperature, and recovery of the prescribed internal energy constraint.
The condition of equal temperature is trivially satisfied, as a common
temperature is imposed in the formulation from the outset. We recall
that

¢ _ NigMi,w _ NigMi,w aﬂf _ M, ﬂ __1 NigM[,w _ _i
Pi Vs asV ONE | as  asV as’
(46)

Furthermore, the inverse relations are given by

OND _ veoet_ o ove_ ¥E

pf M, opf i op¥ o

(47)

(1) The stationarity condition with respect to the mass densities reads:

<aST"ﬂ(T,ag,p’f, mi))
0=
g
@pi T,ag,(ﬂflj;bi

| [(OAT(T.a.p}.....0})
=—= . (48)
i T,ag,{ﬂf)

T op ”
J#i

We therefore focus on the derivative of the total Helmholtz free energy
with respect to pf. Using A" = A% + A/, we obtain

Tap g !
dA _ dA + 0A . (49)
opf e 0pt e opt «
T.a8.(p; )i b/ T p) ) i T/ Ta8.0p; )i
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As pf is a function of N ig and V¢ (see Eq. (46)); using the chain rule
gives

oAt) _oveoaty s NG (oas 50)
055 | 7 0% \ove /)TNt d0p% \ ON? ’
p,’ pi A k} k pi k Tng,(N,li,)m#(

I I I oN! I
()20, 3 ()
P P TN Tk 9P K/ TVLIND Vi

In Egs. (50) and (51), only terms inside the summation where k = i con-

_ [ o4
oN}

tribute. Using the chemical potential definition, uf
T,Vg,(Nf}j#,-
and rearranging, we get

oAt \ _ o ON[ ON; ot (24) LoV (oal
e ) TH e TH e \gve g g\ gpi ‘
9p; 9p; 9p;  9p; T.(NG) - 0 T.{N;}
———

_pg 7111
(52)
1
Since V! = V — V3, it follows that % = —%. From Eq. (46), we have
g
ove ON;
=-VE&/p5, ——=V8/M,,.
4 ’ z i,w
9p; ! op;
Moreover, using mass balance relation, N’.’ = N, - Nf, we obtain
aN! o . . .
W; = -V$/M, ,. Substituting these expressions in Eq. (52) and using

qu (49) gives

QAT c VE Ve N VE
=u—— - u +(p5-0') —,
( 5/"? ) ' Mi,w lMi,w ) Pf

(e VE < Ve 53
(=) 3+ (F = 1) e ©3)
The stationarity condition (48) then yields:
ot
0= = pupg—+ @ =p),  Vie(l,...n). (54

iw

Note that Eq. (54) is system of n equations, which in expanded form
reads:

g
p
uf =) ——+ (p* = p) =0, (55a)
Ml,w
(55b)
o8
g = m) ==+ =) =0, (55¢)
n,w

(2) The stationarity condition with respect to the gas phase fraction a8
reads:

0AT™ (T, a8, p%, ..., p%)
3aE =0. (56)
T.p5,...0%

Substitute A7 = A¢ + A! and differentiate with respect to a8, we get

QAT _ 9AS  9A!

= + . 57

das da&  das (57)
Since a® = V& /V, the partial derivative with respect to a# is

0A8 dA8 V'8 1 0A8
LS A e 58
da&  0VE das V ovs (58)
For the liquid phase, using V! = V — V¢, we obtain

oAl _ oAl ov! 1 94!
L 2 59
das  oV! oas Voov! (59)
Combining the two and recalling % = —p, it follows that

Tap ! _ p8
oA™ _ o' —pf 60)

dat V¥V
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Ta,
At the stationarity point dgagﬂ

corresponding to the condition of mechanical equilibrium.
Substituting p¢ = p' in Eq. (55) yields

=0, which implies

u=np VE(l..on}| (62)

which is the condition of chemical equilibrium. (3) Stationarity with
respect to temperature T reads:

0ST (T, a8, p%, ..., p%)
< ! - =0. (63)
oT
at ooy

Recall that S7* = (U™ — A"*)/T. Differentiating with respect to T
gives:
asTap Utm 1 0ATap ATap

(64)

=— - = + .
oT T2 T oT T?
Substituting A”* = A¢ + A' and differentiating with respect to T yields:

AT 9As | 9A!

= 4 = 65
oT oT + oT (65)
Using thermodynamic identity g—; = —.S, we obtain
Ta,
AT _ _se- s, (66)
aoT
Substituting this in Eq. (64), we obtain
oSTw U™  SE+S' Af+ A
=— , 67
oT T2 et T2 7
g g 1 I _ yrtot
=A +TSS+A'+TS'-U ' (68)
T2
Applying the relation U = A + T'S for each phase yields
Tap g I _ prtot
a5 _ Us+U' -U ) (69)

oT T2

. . Ta,
The stationary condition 25 d

which is the desired constraint on the internal energy. Egs. (61),
(62), and (70) together constitute the conditions of thermodynamic
equilibrium under UVN specifications.

= 0 therefore gives

6. Temporal discretization

We consider the differential-algebraic system (DAE) that arises
from the pipe flow Egs. (6) and tank model (10) along with the flash
problem (45). With the state variables partitioned into differential
(conservative) variables U and algebraic (non-conservative) variables
V, the resulting DAE system can be expressed as

dU
i f(U,V), (71)

0=g(U,V). (72)

The precise form of U and V for the pipe and tank model is discussed
below.

Pipe flow

For spatially discretized pipe flow, we define:
U= [Ul, aUN]T,
V=[V,...VyI",

U,‘ = [p;, (l’u)i’(l’E)i]T,
Vi =16 of T

P20
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where pi, a8, and T are the partial mass density of component k in gas
phase, volumetric phase fraction of gas, and temperature, respectively.
The subscript i refers to the ith cell. A first-order spatial discretization
of the conservation laws yields the semi-discrete form:

1 (4 .
fi(U’ V) =—— <FI-+%(U,'+1»U,'5 V,‘+1,Vl') -F. 1 (Ui, Ui_]aVis V,‘-])) B

Ax =3

where f’i+ 1 denotes the numerical flux function, and f; represents the
discretized2 right-hand side of the system (1).

Tank model
For the tank, the differential variables are defined as:

U=[N,,...,N,,UI",

where N; denotes total number of moles of component i in the mixture
and U is the total internal energy. The algebraic variables V are defined
as:

V=[N¢ ... NEVETI,

where Nf is the number of moles of component i in the gas phase, V¢
is the volume occupied by the gas phase, and T is the temperature. The
function f for the tank is defined by Eq. (12).

Time integration scheme

To integrate the DAE system (71) in time, we employ a half-explicit
forward Euler scheme [46]. This method consists of an explicit update
for the differential variables, followed by a nonlinear solve to enforce
the algebraic constraints. First, the differential update is computed as:

Un+l =U"+ Alf(Un,Vn),
followed by the solution of the nonlinear constraint:
0= g(Un+l Vn+l)

to determine V"*!. Solving this constraint corresponds to a flash calcu-
lation as formulated by system of Egs. (45), in Section 5.

7. Numerical experiments

In this section, we discuss the results. First, we discuss the results for
the tank model, followed by the results for the pipeline depressuriza-
tion. We use PR-EOS for all the results; see Appendix D for details. The
diagonal elements of the binary interaction parameters (BIP) matrix of
PR are set to zero, and the off-diagonal terms are specified in Tables 1
and 3.

7.1. Tank model

We validate our approach on the two problems from Castier [33].
The specifications of the problem are summarized in Table 1.

7.1.1. Problem 1: Light components

In this problem, we consider a mixture of methane(CH,) and hydro-
gen sulfide (H,S). The fluid in the tank is in a single-phase state at r =
0 s. There is one input stream feeding the tank, which is in a two-phase
state. Since the stream conditions are given in terms of temperature
and pressure, we need to perform a PTN-flash [17] only once at the
beginning of the simulation to determine the phase split and hence,
the enthalpy of individual phases. Total enthalpy is obtained by adding
up these individual phasic contributions. The results are shown in Fig.
2. An excellent match with the results reported in the Castier [33] is
obtained. Initially, there is a sharp drop in the temperature reaching
a minimum temperature (~ 260 K) around 680 s after which the
temperature starts to rise and there is an onset of the second phase
around 1792 s. We see a change in the temperature slope at this point.
Pressure, on the other hand, keeps on increasing linearly as more mass
is being added to the tank.
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Table 1
Initial conditions, stream data for Castier Problems 1 and 2.
Quantity Units Problem 1 Problem 2
Components (in order) - {CH,, H,S} {CO,, Ci3Hyg, Cy3Hyg, Ci4Hsg, CisHaod
Tank initial conditions
Pressure P, MPa 0.10106 0.001
Temperature T, K 300.0 373.15
Total moles N, mol {500, 500} {1x107%, 0.1, 0.6, 0.2, 0.1}
Volume V m? 24.5708 4714 x 1074
Initial phase state - Single-phase Two-phase
Inlet stream
Pressure P, MPa 5 20
Temperature T;, K 300.0 310.0
Molar flow f;, mol {4.0, 6.0} {1x 1072, 0.0, 0.0, 0.0, 0.0}
Heat input Q J/s 0.0 -100.0
Phase state (inlet) - Two-phase Single-phase
Outlet stream(s) None None
BIP ({6 }i2)) 0.083 0.0
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Fig. 2. Tank simulation results for Castier [33] problem 1. Final # = 3600 s.

7.1.2. Problem 2: CO, loading

In this example, we have a mixture of medium-heavy hydrocar-
bons. Initially, there is a very small amount of CO, in the tank. The
tank is being fed with CO,. For a given pressure, temperature, and
feed composition, we can solve the PR-EOS for volume and thereby
obtain the enthalpy flow rate. Initially, the fluid in tank is in two-
phase state. Throughout the process, the heat is removed at a constant
rate of 100 J/s. Fig. 3 shows the results obtained in the current
work and compares them with those by Castier [33]. Again, a very
good match can be observed. Until around 341 seconds, there are
two phases in the tank; beyond this point, only a single phase re-
mains. The temperature then becomes relatively constant, but the
pressure exhibits a sharp increase, indicating that the fluid has tran-
sitioned to a liquid state, which behaves almost as an incompressible
fluid.

To summarize, for both tank depressurization problems, our ap-
proach was able to handle the transition from single-phase to two-phase
and vice versa without any difficulty. We now turn to a more challeng-
ing scenario and apply the approach to pipeline depressurization.

7.2. Pipeline depressurization

Having validated our flash solver for transient simulation for the
tank model, we now apply it to pipeline transport of a two-phase multi-
component fluid. We consider six different mixtures: 4 two-component
mixtures; a five-component mixture; and a single-component fluid.
Such numerical experiments have been previously considered in pre-
vious studies; see Refs. [27,38,39] for single-component fluids and
Munkejord et al. [3] for multicomponent mixtures.

In Munkejord et al. [3], an outflow boundary condition is prescribed
at the open end (right) of the pipe. In contrast, in our simulations, we
avoid imposing this boundary condition directly. Instead, we extend the
computational domain to twice the original pipe length and formulate
the problem as a shock tube with the initial discontinuity located at
the midpoint. The reason for adopting this approach is that the flow
conditions at the open end will be choked, and hence, the information
from outside the pipe cannot propagate upstream into the computa-
tional domain. The simulation is terminated before the fastest traveling
wave reaches the end of the pipe.
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Fig. 3. Tank simulation results for Castier [33] problem 2. Final r = 388.3 s.

In all simulations, a grid of 800 cells was used (i.e., 400 cells per
side), whereas Munkejord et al. [3] used 2400 cells. Furthermore, we
employed a CFL value of 0.9, while Munkejord et al. [3] used a CFL of
0.85. Due to the presence of initial discontinuities, an initial time-step
of 1x 107'2 is used to begin the simulation. Subsequent time steps are
determined based on the fastest traveling waves:

M= —2 73)
max;(|u; + a;|)

where subscript i corresponds to the it cell and g; represents the
speed of sound. To compute the HEM sound speed (cygyp), derivatives
along the saturation curve are required. However, for multicomponent
systems, a two-phase envelope replaces the single-component satura-
tion curve, making the evaluation of cygy considerably more involved.
For this reason, we employ the Wood speed of sound (cyo0q) as a
practical alternative (see Appendix C). While the HEM assumes full
thermodynamic equilibrium, the Wood speed of sound corresponds to
a “frozen” state in which the phases are in mechanical equilibrium but
not in thermal and chemical equilibrium. However, as noted by Picard
et al. [47], during the passage of a pressure wave, insufficient time
is available for mass or heat transfer between the phases, suggesting
that cy,oq is a physically reasonable approximation in this context.
Furthermore, following the subcharacteristic condition discussed by
Flétten et al. [48], the equilibrium sound speed is always bounded from
above by the frozen sound speed, i.e., cypy < cwood- Therefore, using
Cwood to determine the time step provides a conservative estimate of
the maximum signal velocity, ensuring the stability of the numerical
scheme without risk of violating the CFL condition.

Furthermore, as discussed in Section 2.2, we use a first-order accu-
rate HLLC scheme for spatial discretization. To ensure grid-independent
solutions that capture the essential flow features, a sufficiently refined
mesh was employed. To verify the accuracy of the implementation, a
spatial convergence study was performed (see Appendix A).

The initial conditions are provided in Table 2 and the mixture
composition is given in Table 3. To obtain the density and the number
of moles, the compressibility factor Z is first computed. The total
number of moles N is then calculated using the relation

-V
" NRT’
where V is the total volume of the computational cell, R is the universal

gas constant. The mole vector is subsequently obtained by multiplying
N by the composition vector specified in Table 3.

10

7.3. Verification

Here, we focus on the validation with the results reported by
Munkejord et al. [3] for CO,-rich mixtures, with specifications pro-
vided in Tables 2 and 3. It is important to highlight the differences
between the setup considered here and that of Munkejord et al. [3]
as these distinctions may contribute to the discrepancies in the results.
The main differences are: (i) we consider a shock-tube setup, whereas
Munkejord et al. imposed a boundary condition, and (ii) the Peng-
Robinson (PR) coefficients may differ, since they are not explicitly
reported in Munkejord et al. Despite the differences in modeling
choices, our results show good agreement with the literature, as can be
seen in Fig. 4, where the HEM trajectory in the pressure-temperature
(PT) plane is shown for the binary and the five-component mixtures.
Notably, since we did not take into account the heat transfer and
friction, the simulation path in the left section of the pipe corresponds
to an isentropic process.

Fig. 5 presents the results for pressure and temperature along the
pipe length for a binary mixture of CO, and CH, at r = 0.1 s. Around
x ~ 120 m, a slight change in the slope in the temperature profile is
observed as highlighted by an orange rectangle. This phenomenon is
intrinsic to multicomponent mixtures and absent in single-component
systems, as illustrated in Fig. 10 where the evaporation wave ends
abruptly into the contact wave. This difference can be explained by
considering the topology of the phase diagram: for pure substances, the
saturation points form a single curve in PT-space; see Fig. 6(a), where
each pressure-temperature point can correspond to multiple values of
phase fraction. For multicomponent mixtures, however, the two-phase
region forms an envelope bounded by bubble and dew lines; see Fig.
6(b). Within this envelope, the iso-quality lines (where phase fraction
remains constant) span the envelope from the bubble curve (vapor
fraction 0) to the dew curve (vapor fraction 1). Consequently, each
pressure-temperature condition inside the envelope corresponds to a
unique value of vapor fraction.

Fig. 7(a) presents the velocity profile. Note that the fluid velocity
changes across the contact wave, unlike the single-phase case. This has
also been observed in [39,49]. Fig. 7(b) shows the spatial variation of
the (wood’s) speed of sound along the pipeline. The speed of sound is an
important component for calculations of wave speeds in approximate
Riemann solvers (HLLC in this case); see Appendix B. A sharp drop in
sound speed can be observed in the two-phase region when compared
to the single-phase regions. This phenomenon is attributed to the
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Table 2
Summary of Riemann problem initial conditions.
Case Fluids L [m] Pressure [MPa] Temperature [K]
Left Right Left Right
1 {CO,, CH, } 200.0 28.568 2.0 313.65 293.15
2 {CO,, H,, N,, 0,, CH, } 288.0 15.0 4.5 283.15 283.15
3 {CO, } 200.0 10.0 3.0 300.0 300.0
4 {CO,, N, } 283.8 11.99 2.0 292.65 291.55
5 {CO,, N, } 283.8 12.08 2.0 292.85 292.65
6 {CO,, N, } 283.8 12.0 2.0 290.45 292.35
Table 3
Compositions for different problems.
Case a ag BIP ({5}, co, CH, H, N, o,
1 0.0 1.0 0.15 0.726 0.264 - - -
2 0.0 1.0 0.0 0.9103 0.0195 0.0115 0.04 0.0187
3 0.0 1.0 - 1.0 - - - -
4 0.0 1.0 —-0.041 0.9 - - 0.1 -
5 0.0 1.0 —-0.041 0.8 - - 0.2 -
6 0.0 1.0 —0.041 0.7 - - 0.3 -

increased compressibility of the fluid when both liquid and gaseous
phases are present, and the gas bubbles dampen pressure disturbances.

The results for the five-component mixture are presented in Fig. 8.
The overall wave structure is very similar to that of the binary case.
The slight differences in wave amplitudes and slopes (highlighted with
an orange rectangle) can be observed and arise due to differences in
the initial conditions, composition, and the EOS coefficients. Fig. 9(a)
provides a magnified view of the sloping region. Notably, as is shown
in Fig. 8(b), the pressure does not change across this region. Moreover,
as illustrated in Fig. 9(b), this region corresponds to a transition from
the two-phase to the single-phase regime. Finally, Fig. 10 presents the
spatial pressure temperature (Fig. 10(a)) and (Fig. 10(b)) profiles for
the single-component CO,, case.

To summarize, the proposed unified framework has been tested on
multiple benchmark problems of varying complexity. It consistently
shows a very good agreement with results from the literature, thereby
demonstrating its robustness. It is important to emphasize that stability
analysis and flash calculations are computationally demanding, and
their corresponding routines are therefore natural candidates for future
optimization.

7.4. Wave structure

For all three test cases, the solution exhibits a wave structure
consistent with the typical wave patterns of a two-phase Riemann
problem:

1. Left-moving rarefaction wave: This smooth wave corresponds
to the expansion of the fluid in the pipeline, leading to a drop
in pressure and temperature across the wave. It is a genuinely
non-linear wave in the context of the Riemann problem [50].

. Evaporation front: Liquidvapour phase change occurs across
this region. Notably, this wave is absent in the Riemann problem
for a single-phase case. Moreover, this region, together with the
left-moving fast rarefaction fan, forms a composite rarefaction
wave. Specifically, for

(a) Pure component: The evaporation front ends abruptly and
transitions into the single-phase region with a contact
discontinuity.

(b) Multicomponent: The evaporation front exhibits a sloping
region that corresponds to varying values of vapor phase
fractions in the phase envelope in PT space. Thereafter,
it transitions into the single-phase region with a contact
discontinuity.
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. Right-moving contact discontinuity: This wave follows the
shock wave and marks material separation. No fluid mixing
occurs across this wave. Unlike in single-phase fluids, it is ac-
companied by a change in fluid velocity.

. Right-moving shock wave: This wave corresponds to fluid
compression, is accompanied by entropy production, and results
in an increase in temperature and pressure.

8. Conclusion

In this paper, we have developed a unified framework that inte-
grates fluid dynamics and thermodynamics for simulating the transport
of multicomponent fluid in two-phase conditions. The CO,-rich mix-
tures relevant to CCS applications were considered as test cases. We
adopted the homogeneous equilibrium model (HEM) to describe the
flow, and employed a Helmholtz free energy-based equation of state to
model the thermodynamic properties. The key contribution is the de-
velopment and testing of a tailored UVN-flash framework for dynamic
pipeline transport models. The reformulation of the UVN-flash relies
on the introduction of a new set of variables, namely, pf, ..., 5, . T.
This choice aligns seamlessly with the inputs from the fluid dynamics
solver, yielding better-scaled variables when compared to the standard
UVN/TVN variables. Furthermore, we demonstrated that the critical
points of the entropy function, when expressed in these variables,
correspond to the classical thermodynamic equilibrium conditions. Ad-
ditionally, we discussed a formulation of stability analysis for the
UVN-flash which allows us to reliably detect single- and two-phase
states. This is a crucial component for robust multiphase transient
pipeline simulations.

The methodology was tested on a set of depressurization scenarios,
including two tank problems (a binary and a five-component mixture)
as well as pipeline cases for pure CO,, four binary mixtures, and one
five-component mixture. Numerical experiments demonstrate that the
proposed framework provides a consistent and accurate description
of the coupled thermodynamics and fluid dynamics problem, and is
capable of capturing the extreme conditions relevant for safe pipeline
design.

A flowchart of the algorithm and details of the temporal and spa-
tial discretization of the resulting DAE system were also provided.
Since thermodynamics computations are computationally intensive,
exploring strategies for speeding up these calculations is an interesting
research direction. Another promising research direction could be to
investigate the application of SVN-flash in pipeline depressurization,
as it could offer an efficient and accurate method for modeling the
thermodynamics of isentropic flow.
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Fig. 7. Shock tube results at 7 = 0.1 s with 800 cells for CO, and CH, mixture.
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Appendix A. Spatial convergence

To evaluate the spatial convergence in the pipeline simulations, we
consider the binary mixture case. A high-resolution run on a mesh of
6400 cells is used as the reference solution. The L, error in temperature
is reported in Fig. A.11, where the results are plotted on a log-log scale.
We observe increased accuracy as the mesh is refined. The observed
convergence rate lies between first and second-order accuracy.

10_3 |=e=Current
—— 1st order
o —— 2nd order
o
j
o
o 1074
>
2
o
[}
m —
105} /;/ i
- 7
-
10°° 10%°

Ax(m)

Fig. A.11. Pipeline depressurization: Spatial convergence along the pipe at
t=0.07 s.

Appendix B. Spatial discretization of HEM model

To compute the numerical flux f’i+ 1, we employ the HLLC (Harten—
Lax—van Leer-Contact) scheme which is an approximate Riemann solver
[51]. This method exploits the wave structure of the Riemann problem
to compute fluxes at the interfaces between adjacent computational
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cells. For single-phase compressible flow, the Riemann solution typ-
ically consists of three distinct wave types: rarefaction waves, shock
waves, and a contact discontinuity. In the context of two-phase flow,
however, an additional discontinuity, referred to as the evaporation
wave, may arise due to phase transition phenomena. The HLLC scheme
approximates the fluxes associated with each of these waves by enforc-
ing the Rankine-Hugoniot condition. A complete treatment of the HLLC
scheme for Euler’s equations can be found in Toro [51]. Below, we
preslent the final expressions for the numerical fluxes at the interface
i+ E:

Fp, if0o<sS;,
N F*, if §; <0< S*,
Finpp = L* . i (B.1)
Ff, if §* <0< Sg.
Fr, if 0> Sg.
Ff=F +8,(U}-U)p), (B.2)
Ff = Fr+ SgU} - Up). (B.3)
Sp =min(u; —ay,up —ag), (B.4)
Sgp=max(u; +a;,ug +ag), (B.5)
St = PR—PL P up(Sp —up) — prur(Sg —”R)’ (B.6)
(S —up) — pr(Sg —ug)
s 1
—u
Ug =k <ﬁ> S* (B.7)
K~ * _ * Pk
Ex+(S ) [S + P (Sk—uk)
Here, K = L(left state) or K = R(right state), Uy =~ U'(xg,t?),
Fx = F(Ug),ax denotes the local speed of sound computed using

the equation of state [52]. The wave speeds .S; and Sy represent
the velocities of the left and right-propagating waves, respectively,
and S* is the speed of the contact wave. The accuracy of the HLLC
scheme is strongly influenced by the quality of the wave speeds(S;
and Sp) estimates. Here, we have presented one such method for
estimating these wave speeds. For a broader discussion of wave speed
approximation, the interested reader is referred to Toro [51].

Appendix C. Wood’s speed of sound for an n-component, two-
phase mixture

Consider an n-component mixture in mechanical equilibrium be-
tween a gas (g) and a liquid (/) phase. Let the vapor volume fraction
be «¢ € [0,1]. Denote the sound speeds by ag, and mass densities
by p,,p; of the vapor and liquid phase, respectively. Wood’s mixture
relation [53] then reads

1 aé

2T o
Pnl  Pgal

Pm =agpg+(1 —a®)p,, (C.1)

where p,, is the overall mixture density.

Phase densities from N and V

Let N¥ and N, ,1 be the moles of component i in vapor and liquid,
respectively, and M, the molar mass. With phase volumes V¢ and V",
the phasic component mass densities can be written as:

NEM . i
i w,i
P,-g = ‘V—g’ Pg = Pfs (C.2)
i=1
N'M,,; "
| _ i w,i _ |
P = T P = ZI P (€.3)
s
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Phasic speed of sound

Using the thermodynamic identity for the isentropic speed of sound

for each phase
2
(Y V[ o, (o
ow)s p| ovic,\or) |’
where C, is the isochoric heat-capacity and p is the phasic density
(Pg/1)~

(C4

Appendix D. Peng-Robinson equation of state

We employ the Peng-Robinson equation of state (EOS) [42], which
is formulated as follows:
NRT  a(T)N?
V-B V24+2BV - B2
where T is the temperature, V is the volume, N, represents the number
of moles of component i in the system, R is the universal gas constant
and N is the total number of moles in the system. The parameter a(T’)
characterizes the attractive intermolecular forces, while the effective
co-volume B is defined in terms of the parameter b, which characterizes
the repulsive interactions, as:

P(T.V.Nj....,N,) = (D.1)

B =bHN, (D.2a)
n n

a= 2 inxjau, (D.2b)
i=1 j=1

a;; =(1=6;)\/a;a;, (D.2¢)

2T2 5
a(T) = 045724i“ [1 wm (1= )] , (D.2d)
Cl'ltl

n

b= 2 x;b;, (D.2€)

b, = 00778 Neriti (D.26)

crit,i
where x; = N;/N is the mole fraction of component i, Ty ;5 Perir; and
T.; = T /Ty, are the critical temperature, critical pressure and the
reduced temperature of component i, and §;; is the binary interaction
parameter between component i and j. The parameter m; accounts for
the acentric factor w; as:

2
= {0.37464 + 1.542260; — 0.269920)2, w, <05, ©.3)

0.3796 + 1.485w; — 0.16440? + 0.01667w?, w; >0.5.
The residual internal energy, U, in the context of the Peng-Robinson

EOS is expressed as follows.
Tor(a)—a I [V +6IB]
n
2\/§b V+6,B

- NR(T - TO)+Z / cE(@dé+ Nuy,  (D.4)

UT.V,N,,...,N,)=N

where dr(a) is the temperature derivative of a(T), T, is a reference
temperature, a;, are empirical constants, §; = 1+ \/5 and 6, =1— \/5
The residual entropy, .S, is given as

S(T,V,Nl,...,Nn)=NR1n[V—B] aT(ﬂ)ln[V+§1B]

2\/§b V +6,B
RY NI cE @) 5
" Z nNRT+Z / dég, (D.5)

where clg (T) is the ideal gas heat capacity of component i and P, is a
reference pressure. The heat capacity <, ig ~(T) can be written as:

3
OE Z:‘)a,-ka : (D.6)
k=
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Table D.4 )
Correlation coefficients ¢} [42,54].
Component a a a, a
CH, 19.25 5.213x 1072 1.197 x 107° —1.132x 1078
H,S 31.94 1.463 x 1073 2.432x 107 —1.176 x 1078
n-dodecane -9.328 1.149 —-6.347 x 1074 1.359 x 1077
n-tridecane -10.46 1.245 —6.912x 1074 1.490 x 1077
n-tetradecane -10.98 1.338 —7.423 x 107* 1.598 x 1077
n-pentadecane -11.92 1.433 -7.972x 10~* 1.720 x 1077
CO, 19.80 7.344 x 1072 —5.602 x 107% —1.715x 1078
H, 27.143 9.274 x 1073 —1.381 x 107° 7.645 x 1070
N, 31.150 —1.357x 1072 2.6796 x 1073 —1.168 x 1078
0, 28.106 —3.680 x 107° 1.7459 x 1073 —1.065 x 107%
Table D.5
Parameters of Peng—Robinson EOS [42,54].
Component T [K] Py, [bar] o [-]
CH, 190.4 46.0 0.011
H,S 373.2 89.4 0.081
H, 33.19 13.00 -0.218
N, 126.20 33.98 0.039
0, 154.60 50.50 0.025
n-dodecane 658.2 18.2 0.575
n-tridecane 676.0 17.2 0.619
n-tetradecane 693.0 14.4 0.581
n-pentadecane 707.0 15.2 0.706
CO, 304.14 73.75 0.239

Now, we can simplify the integral in (D.4) as

3 Tk+1 _

T
[ caerie= T
To k=0

and the integral in (D.5) as

T 88 - T
AO pvg df_aloln< ) Za,k

The coefficients «j,a;,a,,a; for the fluids considered in this work
are listed in Table D.4, while the parameters of the Peng—Robinson
equation of state are summarized in Table D.5. It is important to
note that the arguments of logarithmic terms must remain positive in
Egs. (D.4) and (D.5). If this condition is violated, the current step should
be rejected or appropriately truncated to maintain physical consistency.
The reference state is specified at T, = 298.15K and P, = 1 bar, where
the molar internal energy is defined as

k+1
TO

>

k+1

k

uy = w(Ty, Py) = h(Ty, Py) — RT, = —RT, = —2478.95687512 T mol~".

This definition ensures that the molar enthalpy of the ideal gas at the
reference conditions is zero [42], i.e., h(T,, Py) = 0. Furthermore, the
molar entropy of each pure component as an ideal gas is also set to
zero at this state, s}deal(To, Py =0

Data availability

No data was used for the research described in the article.
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