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Abstract

The online matching problem was introduced by Karp, Vazirani and Vazirani (STOC
1990) on bipartite graphs with vertex arrivals. It is well-known that the optimal com-
petitive ratio is 1 — 1/e for both integral and fractional versions of the problem. Since
then, there has been considerable effort to find optimal competitive ratios for other
related settings. In this work, we go beyond the graph case and study the online match-
ing problem on k-uniform hypergraphs. For k = 3, we provide an optimal primal-dual
fractional algorithm, which achieves a competitive ratio of (e — 1) /(e + 1) = 0.4621.
As our main technical contribution, we present a carefully constructed adversarial
instance, which shows that this ratio is in fact optimal. It combines ideas from known
hard instances for bipartite graphs under the edge-arrival and vertex-arrival models.
For k > 3, we give a simple integral algorithm which performs better than greedy
when the online nodes have bounded degree. As a corollary, it achieves the optimal
competitive ratio of 1/2 on 3-uniform hypergraphs when every online node has degree
at most 2. This is because the special case where every online node has degree 1 is
equivalent to the edge-arrival model on graphs, for which an upper bound of 1/2 is
known.
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1 Introduction

Online matching is a classic problem in the field of online algorithms. It was first
introduced in the seminal work of Karp, Vazirani and Vazirani [2], who considered the
bipartite version with one-sided vertex arrivals. In this setting, we are given a bipartite
graph where vertices on one side are known in advance (offline), and vertices on the
other side arrive sequentially (online). When an online vertex arrives, it reveals its
incident edges, at which point the algorithm must decide how to match it (or not)
irrevocably. The goal is to maximize the cardinality of the resulting matching. Karp
et al. [2] gave an elegant randomized algorithm RANKING, which achieves the optimal
competitive ratio of 1 — 1/e.

In certain applications, each offline vertex may be matched more than once. Exam-
ples include matching online jobs to servers, or matching online impressions to
advertisers. This is the online b-matching model of Kalyanasundaram and Pruhs [3],
where b > 1 is the maximum number of times an offline vertex can be matched. As
b and the number of online vertices tend to infinity, it in turn captures the fractional
relaxation of the Karp et al. [2] model. This means that the algorithm is allowed to
match an online node fractionally to multiple neighbours, as long as the total load on
every vertex does not exceed 1. For this problem, it is known that the deterministic
algorithm BALANCE (or WATER- FILLING) achieves the optimal competitive ratio of
1—1/e.

1.1 Online hypergraph matching

The online bipartite matching problem can be naturally generalized to hypergraphs
as follows. For k > 2, let H = (V, W, H) be a k-uniform hypergraph with offline
vertices V, online vertices W and hyperedges H. Every hyperedge & € H contains
k — 1 elements from V and 1 element from W. Just like before, the online vertices
arrive sequentially with their incident hyperedges, and the goal is to select a large
matching, i.e., a set of disjoint hyperedges. The greedy algorithm is 1/k-competitive.
On the other hand, no integral algorithm can be 2/k-competitive.'

For the fractional version of the problem, Buchbinder and Naor [5] gave a determin-
istic algorithm which is €2 (1/log k)-competitive. They also constructed an instance
showing that any algorithm is O(1/log k)-competitive. In fact, their results apply to
the more general setting of online packing linear program (LP), in which variables
arrive sequentially. In the context of hypergraphs, this means that the hyperedges arrive
sequentially. Note that for k-uniform hypergraphs, there is a trivial reduction from this
edge-arrival model to our vertex-arrival model on (k + 1)-uniform hypergraphs, by
adding degree 1 online nodes.

The aforementioned results show that asymptotically, both integral and fractional
versions of the online matching problem on k-uniform hypergraphs are essentially
settled (up to constant factors). However, our understanding of the problem for small

I [4], it is shown that no algorithm can be (2 + f(k))/k-competitive for some positive function f with
f(k) = o(1). In Appendix D, we give a simple construction showing that no integral algorithm can be
2 /k-competitive.
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values of k (other than k = 2) remains poor. Many applications of online hypergraph
matching in practice have small values of k. For instance, in ride-sharing and on-
demand delivery services [6], k — 1 represents the capacity of service vehicles, which
is often small. Another example is network revenue management problems [7]. In this
setting, given a collection of limited resources, a sequence of product requests arrive
over time. When a product request arrives, we have to decide whether to accept it
irrevocably. Accepting a product request generates profit, but also consumes a certain
amount of each resource. The goal is to devise a policy which maximizes profit. In
this context, k — 1 represents the maximum number of resources used by a product.
As Ma et al. [7] noted, many of these problems have small values of k. In airlines,
for example, k — 1 corresponds to the maximum number of flight legs included in an
itinerary, which usually does not exceed two or three.

1.2 Our contributions

Motivated by the importance of online hypergraph matching for small values of k, we
focus on 3-uniform hypergraphs, with the goal of obtaining tighter bounds. Our main
result is a tight competitive ratio for the fractional version of this problem.

Theorem 1 For the online fractional matching problem on 3-uniform hypergraphs,
there is a deterministic (e — 1)/(e + 1)-competitive algorithm. Furthermore, every
algorithm is at most (e — 1) /(e + 1)-competitive.

The deterministic algorithm in Theorem 1 belongs to the class of WATER- FILLING
algorithms. It uses the function f(x) := e*/(e+1) to decide which hyperedges receive
load. In particular, for every online vertex w, the incident hyperedges & = {u, v, w} €
8(w) which minimize ¢ (h) := f(x(5(u))) + f(x(8(v))) receive load until ¢ (h) > 1.

Our main contribution is proving a matching upper bound in Theorem 1. For this,
it suffices to consider deterministic algorithms because every randomized algorithm
induces a deterministic fractional algorithm with the same expected value. This, in
turn, allows us to construct an instance which is adaptive to the actions of the algorithm.
The key idea is to combine two hard instances for online matching on bipartite graphs
[2, 8].

We start with the instance in [8], designed for the edge-arrival model. In this
instance, edge arrivals are grouped into phases, such that the size of an online max-
imum matching increases by one per phase. At the end of every phase, as long as
the total fractional value on the revealed edges exceeds a certain threshold, the next
phase begins. Otherwise, the instance terminates. For our purpose, we want a more
fine-grained control over the actions of the algorithm. So, we apply thresholding at
the node level instead, based on fractional degrees, to determine which nodes become
incident to the edges arriving in the next phase.

In our construction, we will have multiple copies of this modified edge-arrival
instance. The edges in these instances are connected to the online nodes to form
hyperedges. The way in which they are connected is inspired by the instance in [2],
originally designed for the vertex-arrival model. The idea behind this vertex-arrival
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instance is to obfuscate the partners of the online nodes in an offline maximum match-
ing, which is also applicable in our setting.

Our next result concerns the online integral matching problem on k-uniform hyper-
graphs. We show that one can do better than the greedy algorithm if the online nodes
have bounded degree. It is achieved by the simple algorithm RANDOM: for every online
vertex w, uniformly select a hyperedge among all the hyperedges incident to w which
are disjoint from the current matching.

Theorem 2 For the online matching problem on k-uniform hypergraphs where online
vertices have maximum degree d, the competitive ratio of RANDOM is at least

. 1 d
min , .
k—1 (d-Dk+1

Note that in Theorem 2, the first term is at most the second term if and only if
d < k — 1. Moreover, RANDOM is at least as good as the greedy algorithm, since
the latter is 1/k-competitive. For 3-uniform hypergraphs, the bound becomes 1/2 for
d <2and 1/(3 — 2/d) otherwise, thus interpolating between 1/3 and 1/2. Note that
for d < 2, the bound is optimal, since the online matching problem on graphs under
edge arrivals is a special case of this setting (with k = 3, d = 1), for which an upper
bound of 1/2 is known even against fractional algorithms on bipartite graphs [8].

Since every randomized algorithm for integral matching induces a deterministic
algorithm for fractional matching, the upper bound of (e — 1)/(e + 1) =~ 0.4621 in
Theorem 1 also applies to the integral problem on 3-uniform hypergraphs. However,
the best known lower bound is 1/3, given by the greedy algorithm. An interesting
question for future research is whether there exists an integral algorithm better than
greedy on 3-uniform hypergraphs.

1.3 Related work

Since the online matching problem was introduced in [2], it has garnered significant
interest, leading to extensive follow-up work. We refer the reader to the excellent survey
by Mehta [9] for navigating this rich literature. The original analysis of RANKING [2]
was simplified in a series of papers [10-13]. Many variants of the problem have been
studied, such as the online b-matching problem [3], and its extension to the AdWords
problem [14—17]. Weighted generalizations have been considered, e.g., vertex weights
[18, 19] and edge weights [20]. Weakening the adversary by requiring that online nodes
arrive in a random order has also been of interest [21-23]. Another line of research
explored more general arrival models such as two-sided vertex arrival [24], general
vertex arrival [8], edge arrival [8, 25], and general vertex arrival with departure times
[26-28].

In contrast, the literature on the online hypergraph matching problem is rela-
tively sparse. Most work has focused on stochastic models, such as the random-order
model. Korula and Pal [29] first studied the edge-weighted version under this model.
For k-uniform hypergraphs, they gave an Q (1/k?)-competitive algorithm. This was
subsequently improved to €2(1/k) by Kesselheim et al. [23]. Ma et al. [7] gave a 1/k-

@ Springer



Online matching on 3-uniform hypergraphs

competitive algorithm under ‘nonstationary’ arrivals. Pavone et al. [6] studied online
hypergraph matching with delays under the adversarial model. At each time step, a
vertex arrives, and it will depart after d time steps. A hyperedge is revealed once all of
its vertices have arrived. Note that their model is incomparable to ours because every
vertex has the same delay d.

In the prophet IID setting, every online node has a weight function which assigns
weights to its incident hyperedges, and these functions are independently sampled
from the same distribution. For this problem, [30] gave a O (log(k)/k) upper bound
on the competitive ratio. We refer to [30] for an overview of known results in related
settings.

Hypergraph matching on k-uniform hypergraphs is a well-studied problem in the
offline setting. It is known to be impossible to approximate within a factor of 2 (1/k)
in polynomial time, unless NP C BPP [31]. Moreover, the factor between the optimal
solution and the optimal value of the natural LP relaxation is at least 1 /(k — 1 + 1/k)
[32].

A special case that has also been studied is the restriction to k-partite graphs, where
the vertices are partitioned into & sets and every hyperedge contains exactly one vertex
from each set. This setting is called k-dimensional matching, and the optimal solution
is known to be at least 1/(k — 1) times the optimal value of the standard LP relaxation
[32]. For k = 3, the best known polynomial time approximation algorithm gives a
(3/4 — ¢)-approximation [33].

1.4 Paper organization

In Section 2, we give the necessary preliminaries and discuss notation. Section 3
presents the optimal primal-dual fractional algorithm for 3-uniform hypergraphs,
which shows the first part of Theorem 1. Section 4 complements this with a tight
upper bound, proving the second part of Theorem 1. The proof of Theorem 2 is shown
in Section 5.

2 Preliminaries

Given ahypergraph H = (V, H) with vertex set V and hyperedge set H, the maximum
matching problem involves finding a maximum cardinality subset of disjoint hyper-
edges. The canonical primal and dual LP relaxations for this problem are respectively
given by:

max Z Xp min Z Yy

heH veV
Yo <1 VeV Y yw=1 VheH
hed(v) veh

x, >0 Vhe H vy >0 YveV.
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We denote by OPT p(H) the offline optimal value of these two LPs. We denote by
OPT(H) the objective value of an offline optimal integral solution to the primal LP,
which clearly satisfies OPT(H) < OPT p(H).

The online matching problem on k-uniform hypergraphs under vertex arrivals is
defined as follows. An instance consists of a k-uniform hypergraph H = (V, W, H),
where V is the set of offline nodes and W = (wq, wy, .. .) is the sequence of online
nodes. The ordering of W corresponds to the arrival order of the online nodes. Every
hyperedge 4 € H has exactly one node in W and k — 1 nodes in V. When an online
node w € W arrives, its incident hyperedges § (w) are revealed. A fractional algorithm
is allowed to irrevocably increase x;, for every & € §(w), whereas an integral algorithm
is allowed to irrevocably pick one of these hyperedges, i.e., setting x, = 1 for some
h € §(w).

Given an algorithm A and an instance H, we denote by V(A, H) := >,y X
the value of the (fractional) matching obtained by .4 on H. An integral algorithm is
p-competitive if for any instance H, V(A, H) > p OPT(H). Similarly, a fractional
algorithm is p-competitive if for any instance H, V(A, H) > p OPT p(H).

In this paper, we focus on 3-uniform hypergraphs. For a 3-uniform instance H =
(V,W, H), we denote by I'(H) = (V, E) the graph on the offline nodes with edge
set

E::{(u,v)erV, EIweWs.t.{u,v,w}eH]. (1)

We remark that I (/) is not a multigraph. In particular, an edge (4, v) € E can have
several hyperedges in H containing it. A fractional matching x on the hyperedges
H naturally induces a fractional matching x’ on the edges E, i.e., x, = Y ,..c;, Xi
for every e € E. The value obtained by an algorithm A can thus also be counted as
VA, H) =Y jep Xh = Y_pcp X, For an offline node u € V, we denote its load (or
fractional degree) as £, = x(§(u)) € [0, 1].

3 Optimal fractional algorithm for 3-uniform hypergraphs

In this section, we present a primal-dual algorithm for the online fractional matching
problem on 3-uniform hypergraphs under vertex arrivals. This algorithm will turn out
to be optimal with a tight competitive ratio of (e — 1)/(e + 1) =~ 0.4621. We define
the following function f : [0, 1] — [0, 1]:

e
f(X)-=e+1. 2

When an online node w arrives, our algorithm chooses to uniformly increase the primal
variables of the hyperedges {u, v, w} for which f(x(6(x))) + f(x(8(v))) is minimal.
We note that this belongs to the class of water-filling algorithms [3]. For this reason,
we define the priority of a hyperedge h = {u, v, w} as:

¢(h) = f(x (@) + f(x(E())). 3)

@ Springer



Online matching on 3-uniform hypergraphs

Figure 3 shows the possible values of x(8(«)) and x(§(v)) such that ¢ (h) < 1. We
now present the algorithm. The dual updates are shaded in gray since they are only
needed for the analysis.

Algorithm 3.1 Water-filling fractional algorithm for 3-uniform hypergraphs

Input : 3-uniform hypergraph H = (V, W, H) with online nodes W.
Output : Fractional matching x € [0, l]H

when w € W arrives with §(w) C H:
set xj, = 0 for every h € §(w)
increase x, for every h = {u, v, w} € arg minp sy {¢(h)} atrate 1
increase y, and y, atrates f(x(8(u))) and f(x(8(v)))
increase yy, atrate 1 — f(x(8(u))) — f(x(5(v)))
until x(§(w)) = 1 or ¢p(h) > 1 for every h € §(w).
return x

Theorem 3 Algorithm 3.1 is (e — 1)/(e + 1)-competitive for the online fractional
matching problem on 3-uniform hypergraphs.

Proof of Theorem 3 We first show that the algorithm produces a feasible primal solu-
tion. Note that the fractional value of a hyperedge % is only being increased if ¢ (h) < 1.
If x(8(v)) = 1 for some offline node v then for any hyperedge 4 > v, we have:

e+ 1

¢(h) = f(x@) + f(x(@E)) = f(1)+ f(0) = P

1»

where u denotes the second offline node belonging to 4. The value of the hyperedge
h will thus not be increased anymore, proving the feasibility of the primal solution.

In order to prove the desired competitive ratio, we show that the primal-dual solu-
tions constructed during the execution of the algorithm satisfy:

VA=) xn= Y y and “)

heH veVUW
e—1

>y zpi= VheH. 5)
e+1

veh

This is enough to imply the desired competitiveness of our algorithm, since y/p € ]R_Y_
is then a feasible dual solution, giving:

VA = Dy = pOPTip.
veVUW

Note that (4) holds at the start of the algorithm. Let us fix a hyperedge & =
{u,v, w} € H. When xj, is continuously being increased at rate one, the duals on
the incident nodes y,, y, and y,, are being increased at rate f(x(5(u))), f(x(5(v)))
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and 1 — f(x(8(u))) — f(x(8(v))) respectively. Observe that these rates sum up to one.
Hence, V(A) = ) ey xn and ),y w Yo are increased at the same rate, meaning
that (4) holds at all times during the execution of the algorithm.

We now show that (5) holds at the end of the execution of the algorithm. Let us
fix an online node w € W. For a given hyperedge & € §(w), note that the algorithm
only stops increasing xj,, as soon as either ¢ (h) > 1 or x(6(w)) = 1 is reached. We
distinguish these two cases for the analysis.

Let us first focus on the first case, meaning that ¢ () > 1 has been reached for every
h € 6(w). Consider an arbitrary & = {u, v, w} € 6(w). For every unit of increase in
x(8(u)), y, will have been increased by f (x(5(u))). If we denote by £,, := x(§(u)) and
£y := x(8(v)) the fractional loads on u and v after the last increase on the hyperedges
adjacent to w, then:

£y

Ly
Yu = /0 f(s)ds = f,)— f(©0) and y, = | f()ds = f(&y) — f(0), (6)
where we have used the fact that f is an antiderivative of itself. Therefore,

Yut Yo+ Yw = Yu+yo=fll) — fO)+ f(&y) — f(0)

—1
=6 =2f(0) = 1-2f(0) = .

Suppose now that x(6(w)) = 1 has been reached. In particular, this means that for
each {u, v, w} € §(w), the rate at which y,, was increased must have been at least
1— f(¢,) — f(£,y) at all times, where £,, and £, denote the fractional loads on u and
v after that the algorithm has finished increasing the edges incident to the online node
w. Hence, we have:

yw = - (1= fly) = f(t)).

By using (6) we see that:

e—1
e+ 1

Yutyotyw= )+ ) —2f0)+0A— flw) — fl)=1-2f0) =

This proves (5), and thus completes the proof of the theorem. O

We note that the above algorithm and its analysis are very similar to those of
[5]. Here we optimized the choice of f for the case of 3-uniform hypergraphs. By
choosing f(x) := (k log(k))x’1 and setting ¢ (h) := Y, ), f(x(8(u))) for every k-
uniform hyperedge #, it can be shown that the natural generalization of Algorithm 3.1
to k-uniform hypergraphs is €2(1/log(k))-competitive [4].
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Fig. 1 The hard instance for bipartite graphs under vertex-arrivals. The kth online node connects to the
n — k + 1 offline nodes with the highest fractional degree at that point in time. In this figure, the offline
vertices on the left side of the bipartition are drawn in decreasing order of their fractional degrees. The
perfect matching consists of all the horizontal edges

(6]
o

(0]

4 Tight upper bound for 3-uniform hypergraphs

We now prove the second part of Theorem 1, i.e., every algorithmis at most (e—1)/(e+
1)-competitive for the online fractional matching problem on 3-uniform hypergraphs
under vertex arrivals.

4.1 Overview of the construction

We construct an adversarial instance that is adaptive to the behaviour of the algorithm.
The main idea is to combine the vertex-arrival instance of Karp et al. [2] and the edge-
arrival instance of Gamlath et al. [8] for bipartite graphs. We first briefly describe these
two instances, and then give a high-level view of our construction.

Bipartite hardness under vertex-arrivals. An illustration of this construction is given
in Figure 1. This instance consists of a bipartite graph, where one side of the bipartition
has size n € N and is known upfront. The other side of the bipartition arrives online,
with n online nodes arriving in total. The kth online node has degree n — k + 1, with
the edges incident to it connecting to the n — k + 1 offline nodes with the highest
fractional degree at that point in time.

Note that, after all online nodes have arrived, the instance contains a perfect match-
ing of size n. It can however be shown that no fractional algorithm can achieve a
competitive ratio better than 1 — 1/e & 0.63 for this instance, due to the uncertainty
about the edge adjacent to each online node in the perfect matching, since it is a
decision made online by the adversary. This construction can easily be adapted to our
model on 3-uniform hypergraphs under vertex arrivals, by replacing each offline node
by a pair of two identical offline nodes, and replacing each edge of the graph by a
hyperedge of size three.

Bipartite hardness under edge-arrivals. An illustration of this construction is given
in Figure 2. Each side of the bipartition has cardinality T and the nodes on both sides
are denoted by {1, ..., T'}. This instance now consists of 7’ < T phases, where T’
is unknown a priori and determined online by the adversary given the choices of the
algorithm. At each phase ¢ € [T'], the following ¢ new edges, which form a matching,
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Fig.2 The hard instance for bipartite graphs under edge-arrivals. The adversary can terminate the instance
at any phase if the algorithm does not generate enough value. The optimal matching consists of all the edges
which arrived in the last phase

are revealed:
[(i,t—i+1):ie {1,...,;}].

Observe that these become the optimal matching at that point in time. If the value
generated by the algorithm exceeds «t at the end of phase ¢ for some « € [0, 1], the
instance continues to the next phase. Otherwise, the instance terminates. It is shown in
[8] that no fractional algorithm can achieve a competitive ratio better than 1/2 for this
instance. The hardness is due to the uncertainty about the time horizon: the adversary
can always make a new set of edges arrive if the algorithm gains enough value in
each phase. This construction can easily be adapted to our vertex-arrival model on
3-uniform hypergraphs, by appending an online node with degree 1 to each edge of
the bipartite graph.

Our construction. We now give a high-level overview of our construction, which
combines both hard instances described above. The offline vertices of the hypergraph
are partitioned into m sets C1, ..., Cp,,, which we call components. Each component
will induce a bipartite graph with bipartition C; = U; U V;, where U; and V; are both
ordered vertex sets of size T € N.

The instance consists of T phases. In each phase ¢ € {1, ..., T}, the adversary first
selects a bipartite matching /\/llm on each component C;. Taking the union of these
matchings gives a larger matching on the offline nodes: M® := UL, M l@.

After selecting the matching M (@) at phase 7, the adversary selects the online nodes,
with their incident hyperedges, arriving in that phase. The set of online nodes arriving
in phase ¢ is denoted by W®. Each node w € W connects to a subset of edges
E(w) € M®, meaning that the hyperedges incident to w are {{w}Ue : e € E(w)}.

We briefly explain how the matchings ./\/ll@ are constructed and how the edges
E(w) are picked:

1. On each component C;, the matching M[m is constructed based on the behaviour
of the algorithm in phase ¢ — 1. It draws inspiration from the edge-arrival instance
in [8], together with the function f(x) = ¢*/(e + 1) defined in (2). The exact
construction is described in Section 4.3 and illustrated in Figure 4.

2. Forevery onlinenode w € WO the edgeset E(w) C M® igselected based on the
behaviour of the algorithm during phase ¢. This part can be seen as incorporating
the vertex-arrival instance in [2]. The exact construction is described in Section
4.5 and illustrated in Figure 7.
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0 ln(%) 1

Fig. 3 An illustration of the region R = {(a, b) € [0, 12 f(a) + f(b) < 1}. The symmetric point at
the boundary of the region has both coordinates In((e + 1)/2) ~ 0.62. When an online node w arrives, a
threshold respecting algorithm ensures that the fractional matching x satisfies (x(8(«)), x(8(v))) € R for
every hyperedge h = {u, v, w} € §(w) with x;, > 0 at the end of that iteration

To summarize, the instance is a hypergraph H = (V, W, H) with offline nodes V,
online nodes W and hyperedges H given by

m m T T
v=Ja=uuvvi w=Jw" H=] | ttwUe:eec Ew)).
i=I i=1 t=1

t=1 wew®
4.2 Assumptions on the algorithm

To simplify the construction and analysis of our instance, we will make two assump-
tions on the algorithm. First, we need the following definition, which relates the
behaviour of an algorithm to the priority function ¢ defined in (3).

Definition 1 Fix ¢ > 0. Let x be the fractional solution given by an algorithm .4
after the arrival of an online node w. We say that A is e-threshold respecting on w
if p(h) = Zveh\{w} f(x(8(w))) <1+ ¢ for all incident hyperedges h € §(w) with
xp > 0. We also call A threshold respecting if ¢ = 0.

Remark 1 We emphasize that the property in Definition 1 only needs to hold for the
fractional solution x after w has arrived, and before the arrival of the next online node.
In particular, it is possible that ¢ (h) > 1 + ¢ in later iterations. For a hyperedge
h = {u,v, w} € §(w), Figure 3 shows the possible values of x(§(«)) and x(6(v))
such that ¢ (h) < 1.

The two assumptions that we make are the following. In Appendix B, we show that
they can be made without loss of generality.

1. The algorithm is e-threshold respecting on all online nodes in the first 7 — 1 phases
for some arbitrarily small ¢ > 0.

2. The algorithm is symmetric on each component C; = U; U V;. In particular, for
everyt € {1, ..., T}, thetth vertices of U; and V; have the same fractional degrees
throughout the execution of the algorithm.
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4.3 Constructing the matching M ®

In this section, we construct the matching Ml@ for every component i € [m] and
phase ¢t € [T]. We will only describe the matchings for a single component C;, i.e.,
./\/ll(]), M 52), e, M ET), because the same construction applies to other components.
Intuitively, the value obtained by the algorithm in the first 7 — 1 phases is already
limited by Assumption 1. So, the goal of this construction is to prevent the algorithm
from gaining too much value in the last phase 7. In particular, we will show that it
can only obtain O(T) + ¢ O(T?) in the last phase on every component C;.

The matchings ./\/ll(»l), ey M ET) are adaptive to the behaviour of the algorithm in
every phase. It is essentially the instance of [8] with our threshold function incor-
porated. The vertex set of these matchings is on a bipartite graph, with 7' nodes
on both sides of the bipartition. Let us denote this bipartition as U; = {1,..., T}
and V; = {1,..., T}. We index them the same way due to the symmetry assump-
tion of the algorithm (Assumption 2). Each matching M l(t) satisfies the invariant that
(u,v) € MEU if and only if (v, u) € /\/ly).

For an offline node u € V, we denote its load (or fractional degree) at the end of
phase t as Eff) = xO ) € [0, 1], where x© is the fractional matching generated
by the algorithm at the end of phase ¢.

° Mfl) is a matching of size one that consists of the single edge (1, 1).

e At the end of phase ¢, we will call a node active if it is incident to an edge
e = (u,v) € M satisfying ¢ (e) = £(£4) + £(£1) > 1. All other nodes are
said to be inactive and will not be used in any of the matchings of later phases. Let
or(1) < 04(2) < ... < oy(ry) be the active nodes in U; at the end of phase ¢, where
r; denotes the number of such active nodes. By the aforementioned invariant and
Assumption 2, the active nodes in V; are also 0 (1) < 0:(2) < ... < 07 (7¢).

e The matching at phase 7 + 1 is then of size r; 4 1 and is defined as:

M = a0, o +2-0) ke (Lo + 1,

where we define o;(r; + 1) := ¢ 4+ 1 for convenience. In particular, note that
t+1e€U; andt + 1 € V; are two fresh nodes with zero load, which are always
part of the matching M §'+1), but not part of any matching from a previous phase.
Clearly, the invariant is maintained. Figure 4 illustrates the construction.

Let us denote ¢g; := (r; + 1)/2. Observe that the nodes o;(k) € U; and o;(k) € V;
for every k € {1,..., [g/]} form a vertex cover of the matching MEIH), meaning
that every edge of the matching in phase ¢ 4 1 is covered by one of these active nodes
at phase . Intuitively, this construction ensures that as ¢ gets large, these nodes have
a high fractional degree. Consequently, the algorithm does not have a lot of room to
increase the fractional value on any edge of MEZH), due to the degree constraints. In
order to upper bound the value that the algorithm can get in phase ¢ + 1, we will thus
lower bound the fractional degree of the active nodes o; (i) fori € {1, ..., [g;]}. For
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MPD M3 MB® M@ MB®
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(6] o ©) ©) (6] ©) ©) (6]

Fig. 4 In this example, the algorithm does not increase the edge (1, 3), and thus by symmetry the edge

(3, 1), up to the threshold during phase + = 3. Hence, f(2(13)) + f(£§3)) < 1 and nodes 1 and 3 become
inactive from that point on. The maximum matching at the end of phase 5 still has size five and consists of

MES) , in addition to the two edges (1, 3) and (3, 1) that are below the threshold

this reason, we define:

0 i) :=x<’>(a(a,(i)))= 3.

ecd (01 (i)

In words, this is the fractional degree of the i’ active node at the end of phase .
One can now see {€(¢, i)}, ; as a process with two parameters, which depends on the
behaviour of the algorithm. To analyze this process, we will relate it to the CDF of the
binomial distribution B(z, 1/2). We will in fact show that

lgr-11
Z 201 — T —1,i)) = OWT) + & O(T?). 7
i=1
Since the left-hand side is the residual capacity of the vertex cover of M;T) , this will
yield an upper bound on the value obtained by the algorithm in component C; during

the last phase. For intuition, Figure 5 provides an example of £(¢, i) if the algorithm
exactly reaches the threshold for every edge.

4.4 Bound for the last phase T
In this section, we prove the following theorem by showing (7).

Theorem 4 During the last phase T, the value gained by the algorithm in each com-
ponent C; is at most O(ﬁ) +e O(T?).

In order to be able to get a lower bound on £(z, i), we now relate it to a process which
is simpler to analyze, defined as follows on N x Z/2:

t 1 t
X~B(.3) 2 2 x~Ba.}) 2

@ Springer



S.Borst et al.
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Fig.5 Plot of the £(¢, i) process for two different values of ¢ if the algorithm exactly matches the threshold

at every phase. Observe that, since ¢ is odd, (o7(g;), 0¢(qr)) € M;t) with the load of node oy (gq;) staying
atIn((e +1)/2) = 0.62

10 Les e 1.0 p—
.
0.8 . 0.8
0.6 ° 0.6
0.4 . 0.4
0.2 . 0.2
.
O e o o ® 0 o
-4 2 0 2 4 20 10 0 10 20
(a) t =11 (b) t =101

Fig.6 Plot of ¥ (¢, y) for two different values of ¢, the horizontal axis represents y € Z/2. Here € = 0, as
it should be thought of as a very small constant

where B (¢, %) is the binomial distribution with parameters ¢ and % (see Figure 6 for
an illustration). This process has the following crucial properties, whose proofs are
given in Appendix C.

Lemma 4.1 The function  satisfies:

1. Forallt, (¢, y) is nondecreasing in y with ¥ (t,0) = % and Y (t, #) =1
2. Forallt andy, we have: Yr(t +1,y) = 3y (t,y — ) + 1wt y + 3).
3. Forallt, we have 3 72 (1 — ¥ (t, %y)) <14+t

We then relate the process £(¢, i) to a linear transformation of the process ¥ (¢, i),
by defining:
Et,i):=a ¥y (t,qr—i)+b—ect.

We choose a and b such that whenever the algorithm exactly hits the threshold for
every edge, we have &£(t,1/2) + et = In((e + 1)/2) = £(t, t/2) for all even ¢ and
limy— o0 £(t, x)+€t = 1 = lim;—, o £(¢, x) for all x. Hence, we seta := 2—21n ((e+
1 /2)) ~ 0.76 and b := 21n ((e T /2) — 1 ~ 0.24. This choice will allow us to
lower bound £(¢,i) by £(¢,i) foralli € {1, ..., [¢;]} in Lemma 4.3.
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We first need one more lemma. As a reminder, r; is the number of active nodes on
each side of the bipartition at the end of phase ¢ and ¢; := (r; + 1) /2. For every active
node u = o;(i), where i < r;, let us define d;(u) = |i — ¢;|, the distance of u to the
middle point g; of the active nodes at time ¢.

Lemma4.2 Letu = o;(i) fori < ry, then the following holds:
1. .
dt(u)idt—l(u)+§ ifi <q: and dt(”)fdt—l(u)_z ifi>q.

Proof Let S bethesetofindicesi < r,—;+1 suchthato,_; (i) is not active after phase ¢.

Let j besuchthato;_1(j) = u.Considerthe casethati < g;.Letc =|s € S:i <s <
ri—1+2—il. Wehaved; (u) = ¢, —i = i1+ 3 —3c—i < q—1+3—i = di_ (W) +3.

The proof fori > g, is similar. O
We are now ready to prove the desired lower bound on the loads.

Lemma4.3 Foreveryt € {l,...,T —1}andi € {1, ..., [q/]}, we have

Ut i) = §(1,0),

where q; = (r; + 1) /2 and r; is the number of active nodes at the end of phase t, when
ry > 1.

Proof We will prove this statement by induction on 7.

Base case. For the base case, consider ¢+ = 1. There are two possibilities, either
the edge (1, 1) does not make it to the threshold, i.e. 2 f (Zgl)) < 1, in which case
rr = 0, ¢; = 0, and the statement is then trivially satisfied. If the edge (1, 1) makes it
to the threshold, then 2.£(¢\"”) = 2£(£(1, 1)) > 1, which is equivalent to £(1, 1) >
In((e+1)/2) by definition of f(x) = e*/(e+1). Observe thatinthiscaser;, = q; = 1,
leading to

a

td, HzIn(e+1D/2) =5 +b=ayd.0)+b=511+e = &1 D),

where we have used the fact that ¥ (1,0) = 1/2.

Inductive step. Suppose now by induction that the statement holds for r — 1, let r,
be the number of active nodes at the end of phase 7, let ¢; := (r; +1)/2 and consider an
arbitrary i € {1, ..., [g;]}. We consider the cases wherei = ¢, and i < g, separately.

Let us first consider the case where i = ¢g; = (r;+1)/2, which can only occur when
r; is odd. Observe that this means the edge (o7 (i), 0+(i)) belongs to the matching /\/l,@
and exceeds the threshold,i.e. £(¢, i) > In((e+1)/2). Using the factthaty (¢, 0) = 1/2
for all ¢, i = g; and the exact same arguments as above, we get

L(t,i) > In((e+1)/2) = % +b=ay(t,0)+b=avy(t,q—i)+b=E&i)+et =&, i)
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Consider now the case where i < ¢;. Lete = (u,v) = (0:(i),0:(r; + 1 — 1)) €
/\/ll@ and observe that e exceeds the threshold, i.e. f(ﬁ,(f)) + f(&(f)) = (i) +
f(t,rs +1 —1)) > 1. Let us pick indices j, k such that u = o;_1(j) and v =
o;_1(r;—1 + 1 — k). We have:

et iy=€t—1, ) +x and €@, r+1—i)=€0—1,r—1+1—k +x.

If kK = 0, then v has not appeared in any of the prior matchings, so E,(f_l) =0.In
particular, we have £(¢/™D) = £(0) =1— f(1) < 1+e— FEE—1,k).
Otherwise, we have (o;_1(k), v) € My_l) and by using the fact that the algorithm
is e-threshold respecting, we get f(£(t — 1,k)) + f(fo*l)) < 1 + ¢. By using the
inductive hypothesis £(t — 1, k) > &(t — 1, k), we get F(¢'™ V) < 14+e— fE@ -
1, k)). Since edge e exceeds the threshold at the end of phase 7, we have f (zif‘” +
x4 Fe8Y 4%y > 1, which leads to
0z =i (£ + )
> _In (1 Ye— fEGl—1,k)+ f(e;’*”)) (by induction hypothesis)
> fEC—10)— fef™") —e¢ (since In(1 + x) > x)
= el (g -1k —67V) = (by convexity of /(x) = 2X)

= el (e -1 —ta—1, ) e
Finally, since we have /(¢ ") = £(¢/™") = f(In((e + 1)/2)) = 172, so that
5" = 1(8¢ = 1K) = £G 1, j)) — &, and hence:
1
0, i) = 607D 4 xO > gi=D 4 5(5@ k) — (-1, j)) —e
1 1
=—Lt—-1,))+=6¢—-1,k) —
7 ( J)+ 25( ) —¢€
1 1
>-E@t—-1,))+ Eé(t —1,k)—¢ (by induction hypothesis)

2
_ %(1//<t . l,dt,l(u)) +w(: _ 1,d,,1(u))) T

1 1
> g<1ﬂ<t —1.du) + 5) + I/I(t —1.d,®) — 5)) +b—st
(by Lemma 4.2)
=ay(t,q —i)+b—¢t (by property (2) in Lemma 4.1)
=&, 1)
This concludes the proof of the inductive step and thus of the lemma. O
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We are now ready to bound the value obtained by the algorithm in the last phase
and thus prove Theorem 4.

Proof of Theorem 4 Consider the end of phase T — 1. Observe that the nodes o7 (k) €
Ujandor_1(k) € Vifork € {1, ..., [gr—1]} form a vertex cover of the final matching
M;T). Because of the degree constraints, this means that the value the algorithm can
gain on the last phase 7 is at most twice the following expression:

[qr-11 [qr-11

- (1—6(T—1,k)>§ - (l—g(T—l,k))

k=1 k=1
f[qr-11

=a Y (1= ¥(T = 1.gr1 =) +eT = Dlgr-1]
k=1

(definitionof £ and 1 — b = a)

eT?+a i (1— w(T—l,%))

y=—1

IA

(by change of variables y := 2(g7—1 — k))
eT*+a (2 + VT — 1) (by property (3) of Lemma 4.1)
= OWT)+¢e O(T?).

IA

4.5 Connecting the matching M ® to the online nodes

In this section, we connect the matching MO = U;."ZIMEI) to the online vertices to
form hyperedges, for every phase ¢ € [T]. The way in which they are connected is
similar to the vertex-arrival instance of [2] for bipartite graphs. The main idea is to
obfuscate the partners of the online nodes in the optimal matching.

The following construction is an adaptation of the vertex-arrival instance for bipar-
tite graphs [2] to tripartite hypergraphs. Given a graph matching M on the offline
nodes, the first online node connects to every edge in M. After the algorithm sets
fractional values on every edge of M, the second online node connects to M \ {e;},
where e is the edge in the matching with the lowest fractional value. More generally,
for every k € {1, ..., | M]}, the k™ online node connects to the | M| — k + 1 edges
M\ {e1, ..., ex—1}, and ¢ is defined as the edge having the lowest fractional value
among them at the end of the k’" iteration. This instance is illustrated in Figure 7.

We now state the guarantee obtained by this construction, parametrized by the
maximum (fractional) degree A € [0, 1] attained by an offline node. The proof of the
following lemma is shown in Appendix A.

Lemma 4.4 For any graph matching M = (V, E), there exists an online tripartite
hypergraph instance H = (V, W, H) such that T (H) = M and OPT(H) = |M|.
Moreover, for any fractional algorithm A whose returned solution x satisfies x (8 (v)) <
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w1 w2 w3 Wn,

M: 0

€1 €9 (&3 €En

Fig.7 An illustration of the instance constructed in Lemma 4.4

A for all offline nodes v € V, we have
VAH) < (1 —e H)IM|+3/2.

The way now in which we apply this construction is by partitioning the matching
M® into submatchings based on the load (or fractional degree) of the vertices, and
applying Lemma 4.4 on each submatching separately. More precisely, let us fix n :=
IM® =13 and N := [2/7].

We partition the edges of the matching M into N2 submatchings as follows

O . o . i—1 i =17
M (l,]).—{(u,v)e/\/l .éue|: N ,N],Eve[ N N]}

for all i, j € [N]. Then, we apply the construction illustrated in Figure 7 to each
submatching M ® (i, j). This finishes the description of our instance.

4.6 Bound for the first T — 1 phases

Recall from Section 4.1 that our instance consists of 7 phases. For ease of analysis, we
will split the total value gained by the algorithm into the value gained in each phase.
For an algorithm .4, let V) (A) denote the value obtained by A in phase . The next
lemma upper bounds V") (A) for a threshold-respecting algorithm A, in terms of the
loads of the offline nodes at the end of phase r — 1. Recall that W) is the set of online
nodes which arrive during phase .

Lemma 4.5 If A is threshold-respecting on W®, then
VO = Y (1= D) = FED)) + 15 MO PR,
(u,v)eM®

Proof Since we are considering a threshold-respecting algorithm, we can compute an
upper bound on the amount that the algorithm can put on an edge e € M (i, j) while
staying below the threshold:

. i—1 Jj—1
A, j) :=max{x:f( —l—x)—l—f(T—i-x) 51}

N
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e+ 1

exp (54 )—l—exp( )

=In

A simpler way to write this equation is as follows:

 — 1 i — 1
exp(—A(i, j) = f (’T> v f (JT> .

By Lemma 4.4, we know that there exists sets of online nodes wOq, J) which,
together with the matchings M@ (i, j), form online hypergraphs H® (i, j) such that

V(A D) = (1 o806 D) [MOGp[+5 vioj e

Now, observe that for an edge {u, v} € MO, j) with loads fo*l) and fo*l), we

have )
f (’ ;1) > f (zif‘” - %) = fef —

The first inequality follows from the fact that f is a non-decreasing function. The
second inequality follows from the fact that f/(x) = f(x) < 1 for every x € [0, 1].

Similarly, we have
J—1 (t—1)
— > fl - —.
f( N ) z &) N

Hence, the value gained by the algorithm in phase # can be upper bounded as

N
V(’)(A) — Z V(A, 'H(t)(i, J))
ij=1
ad i—1 j—1 3
_ — _ J GOy 2 ar2
() (sl
al 2\ 3
pept=1\ _ popt=1)y , = a2
< Z > (1 Fed=y = fe >+N)+2N
i j=1 (u,v)eMOG,j)
= Z (1 _ f(g(tfl)) _ f(g(ﬁh)) + EIM(”I + §N2
" v N 2
(u,v)eM®
= 2 (1T = FEET) MO+ 14
(u,v)eM®

For the last inequality, since N = [2/], we have used the bounds 2/N < nand N> <
Q/n+ D% = @4 +4n+ 1% /1% < 9/52 because 5 € (0, 1]. In fact, n = |MD|~ 1/3
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so the bound becomes

VO = Y (1= fel D) - £l D) +1simMOPE.
(u,v)eM®

O

From the definition of f and the construction of the matching M), we can convert
the previous bound into the following expression. We remark that the threshold-
respecting property is only used in the proof of Lemma 4.5.

Lemma 4.6 If A is threshold-respecting on W, then
) e—1 2/3.2/3
VYA < ——m + 157" m~/".
T e+1

Proof By splitting the matching M) based on the m components, we can rewrite the
bound in Lemma 4.5 as

VO =Y 3 (1=l = fED)) +15 MO @®)
i=1 (u,v)e./\/l,@

Fix a component i € [m], and let & := ie € /\/ll(t_l) | f(ﬁg_l)) + f(E,(f_l)) > 1}

be the subset of edges in the matching ./\/lgt_l) which exceed the threshold at the end

of phase ¢+ — 1. By the construction of M;’) in Section 4.3, we know that its node set
consists of the nodes incident to &;, in addition to two new fresh nodes whose load is
0 at the end of phase t — 1. This allows us to expand the inner sum in (8) as:

D= @) = fEETy =1=2fO)+ D 1= felTD) = fedY)
w,vyem? (u,v)€&;
e—1
e+1

=1-2f0) =

where the inequality follows from definition of &;. Plugging this into (8) with the
bound |[M¥| < tm (which is immediate by the construction in Section 4.3) yields
the desired result. O

For an e-threshold-respecting algorithm, we pick up an extra efm term.

Corollary 4.1 If A is e-threshold-respecting on W® for some ¢ > 0, then

—1
VO < 15 am)? + etm.
e+1

@ Springer



Online matching on 3-uniform hypergraphs

Proof Fix an edge e € M® . Let hy, hy, ..., h; be the hyperedges arriving in phase
t which contain e, denoted such that h; arrives before i if and only if i < j. Let
Jj € [k] be the smallest index such that ¢ (7 ;) > 1 immediately after A assigns Xp; 1O
h;.Let Zh; = 0 be the largest value such that ¢ (h;) > 1if A were to assign Xh; = Zh;
to hj instead. Define z;, := O for alli < j, and z;;, := xj, for all i > j. Since A
is e-threshold-respecting on W®  we have Zle Zp; < € because f is convex and
fr=1r.

Let z be the vector obtained by repeating this procedure on every edge ¢ € M®.
Then, 17z < etm as |./\/l(’)| < tm. Moreover, observe that the algorithm which
assigns x — z in phase ¢ is threshold-respecting on W), Thus, we can apply Lemma
4.6 to obtain the desired upper bound on 17 (x — z). O

4.7 Putting everything together

In this section, we complete the proof of Theorem 1. Since we assumed that the
algorithm is e-threshold respecting in the first 7 — 1 phases, we can apply Corollary4.1
to upper bound the value obtained in the first 7 — 1 phases as

T—1
-1 -1

E: ¢ m+8mr+0<0mfﬁ) 55——Tm+8T%%+0(Ty%ﬂB)
+ 1 e+1

e
t=1

By Theorem 4, the value gained by the algorithm on each component C; during the last
phase T is at most O («/T+£ T2).Hence, the algorithm gains at most O(«/Tm +e& sz)
in the last phase.

We now argue that our instance H = (V, W, H) has a perfect matching.

Lemma 4.7 Our adversarial instance H = (V, W, H) satisfies OPT(H) = Tm.

Proof We prove that for every ¢ € [T], there exists a hypergraph matching of size tm
at the end of phase 7. Let C; be a component with bipartition U; = [T]and V; = [T].
It suffices to show that there exists a graph matching M;t) with vertex set [¢] on each
side. This is because M® := UL 1/\7,@ can be extended to a hypergraph matching
in H by our construction (see Lemma 4.4). Let Eim - ./\/llm be the edges whose
endpoints are not active at the end of phase ¢. Then, a simple inductive argument on
t > 1 shows that Ug;ll E l.(s) U M:@ is a graph matching with vertex set [¢] on each side
(see Figure 4 for an example). O

By Lemma 4.7, the competitive ratio of the algorithm is at most

e—1
e+1

+O0ET +T*Pm™ 13177172,

Hence, letting m — oo, picking T = o(y/m) such that T — oo and setting ¢ =
o(1/T), we conclude that the competitive ratio is upper bounded by (e — 1) /(e + 1),
thus finishing the proof of Theorem 1.
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5 Integral algorithm for bounded degree hypergraphs

In this section, we show that RANDOM (Algorithm 5.1) performs better than the greedy
algorithm when the online nodes have bounded degree.

Algorithm 5.1 RANDOM algorithm for bounded degree hypergraphs
Input : k-uniform hypergraph H = (V, W, H) with online arrivals of each w € W with [§(w)| < d.
Output : Matching M € H

set M < ¢
when w € W arrives with §(w) C H:
pick uniformly at random & € §(w) among the hyperedges that are disjoint from M

set y, = min (ﬁ m) forallv e b\ {w}
set yy = max (O, %)

return M

We prove Theorem 2, restated below.

Theorem 5 Algorithm 5.1 is p-competitive for k-uniform hypergraphs whose online
nodes have degree at most d, where

) 1 d
0 = min , .
(k—l (d—l)k+l>

Proof Let the algorithm be denoted by .A. We prove the result via a primal-dual
analysis, where the random primal solution is given by x, := lyenq) for every
h € H and the random dual solution is the vector y € [0, 11VYW constructed during
the execution of the algorithm. Observe that the objective values of both solutions are
equal at all times during the execution of the algorithm:

VA =M= m= ) wn ©)

heH veVUW

This holds since every time a hyperedge & € H is matched by the algorithm, increasing
the primal value V(A) by one, the dual objective increases by Y, _, yv. Two easy
computations that we omit show that the latter is also equal to one in both cases where
d<k—1landd >k —1.

We will now show that, in expectation, the dual constraints are satisfied up to a
factor of p, i.e.

E [Z yvj| >p VheH. (10)

veh

This will imply the theorem, since the random vector [E[y]/p will then be a feasible
dual solution, leading to E[V(A)] = E[Y_,cyuw ¥v] = 0 OPTLp by (9) and (10).
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To show this inequality, let 7 € H be an arbitrary hyperedge incident to some online
node w € W. We now consider the following probabilistic event upon the arrival of
w:

&= {Hv € h \ {w} which is already matched at the arrival of w}.

We will show (10) by conditioning on £ and on its complementary event &, which
states that all nodes in / \ {w} are unmatched when w arrives, and that the hyperedge
h is thus available and considered in the random choice of the algorithm in this step.
In the first case, if £ happens, then some offline node u € & \ {w} has already had its

dual value set to y, = min (ﬁ, m) = p in a previous step of the algorithm,

]E|:Zyu

veh

leading to

5} =Y Ely | €1=E[y | €] = p.

veh

Otherwise, if £ happens, we know that with probability at least 1/d, the algorithm
adds & to the matching. Summing the dual values of the offline nodes contained in £
gives

_ 1 ) 1 d
> E[y,,lf,’]z—-(k—l)~m1n<k_l,(d_l)k+1).

veh\{w}

Furthermore, since the algorithm will always match w to a hyperedge in this case, we
have:

E[yw|g]:max<0 d—k+1 >

"d—Dk+1

Adding those terms together, we get:

ZE[yv|5]2*'("_1)'m‘“<k_1’(d—l)k+1>+maX(O’M)

veh

B ,(1 k—1 )+ (0 d—(k—1)
TN @ k1) T Y @ Dkt 1

/1 k—1 d—k&—1)
> min ( —, + > p.
dd—Dk+1 " @d-Dk+1

This shows that (10) holds, and hence proves that the algorithm is p-competitive. O

6 Concluding remarks

Our main contribution was a tight result for the online fractional matching prob-
lem under vertex arrivals for 3-uniform hypergraphs, with matching upper and lower
bounds of (e — 1)/(e + 1) =~ 0.46. The biggest open question raised by this work is
the integral setting, where the best known algorithm is still the 1/3-competitive simple
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greedy algorithm. Possible directions to get an improvement would be to develop new
rounding techniques of fractional algorithms on hypergraphs, or by trying to find an
analogue of the randomized RANKING algorithm for bipartite graphs. This hypergraph
setting adds additional difficulties to the online matching problem, for which new
techniques seem to be required. Another interesting direction would be to study this
problem in different online arrival models, for instance edge-arrivals.

For k-uniform hypergraphs with k > 3 under vertex arrivals, the integral setting
admits upper and lower bounds of 1/k and 2/k, whereas the fractional setting has
upper and lower bounds of ®(1/logk). It would still be interesting to derive the
optimal closed form solution depending on k for both of these settings, under either
vertex or edge arrivals. Note that for large k, both models are very similar, as there is a
simple reduction from k-uniform hypergraphs under edge-arrivals to (k 4+ 1)-uniform
hypergraphs under vertex-arrivals by appending degree one online nodes.

For both the integral and fractional settings, an additional direction would be to
study the variant in which previously added hyperedges can be removed from the
matching. This is a natural question, as both our upper bound constructions for the
fractional and integral settings rely on the fact that an algorithm cannot revoke previous
decisions.
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A Proof of Lemma 4.4

Proof Let us fix a fractional algorithm A and let us fix a matching M = (V, E) of
size n, meaning that |E| = n. The adversarial online 3-uniform hypergraph instance
‘H consists of n online nodes W = {wy, ..., w,} arriving and connecting to a subset
of edges of the matching M. For every w;, we denote by E(w;) C E the edges of the
matching the online node w; is connected to, meaning that the 3-hyperedges incident
to w; are 6(w;) = {w; Ue : e € E(w;j)}. Let us denote by x € RE the fractional
solution generated online by algorithm .4, and note that this is in fact the induced
fractional solution on E.
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1. The first online node w; connects to every edge of the matching, i.e. E(w;) = E
The algorithm A now assigns fractional value x(e) to every edge e € E, and we
denote by e; € E the edge with the lowest fractional value x(e1). Observe that
x(e1) < 1/n.

2. The second online node w; connects to E(wy) = E \ {e1}. The algorithm 4 can
thus increase the fractional values x(e) for every e € E(w;). We then denote by
e the edge in E(w;) with the lowest fractional value after this iteration, and it is
easy to check that x(e1) + x(e2) <2/n+1/(n — 1).

3. More generally, for every k € {1, ..., n}, the online node wy connectston —k + 1
edges E(wg) = E\{ey, ..., ex—1}, and e is defined as the edge having the lowest
fractional value at the end of the iteration of wi. We thus get a bound of

4 4 k
k;x(ek)gkgg _l+1 Ve ell,... n). (11)

The inner sum in (11) reaches A approximately when k &~ (1 — e~%)n. For higher
values of k, it is thus better to use the bound x(e;) < A, which holds by assumption.
By defining p := e ®n] and ¢ := n — p, we can now compute a precise upper
bound on the total value generated by the algorithm using (11):

n

q k q
V(A,H):Zx(ek)522ﬁ+ Y A=Yy

k=1 k=1 i=1 k=q+1 i=1 k=i
—i+1 d 1
n—1+1+p q—n q)l,_ln—i—l—l—i_p

n
1
=pA+(n—p)—p§ lf=pA+n—p—p(Hn—Hp) (12)
i=n—q+1

In order to get the desired result for every value of n > 1, we now need to tightly
approximate the difference of the harmonic numbers H, — H),. In particular, the well
known bounds In(n) + 1/n < H, < In(n + 1) for every n € N are not enough in this
case. We use the equality

1
H,=In(n)+y +e(@m) forsome0 < e(n) < 7 (13)
n

where y = lim, . o (H, — In(n)) & 0.58 is Euler’s constant. Moreover, recall that

e Pn—1 <p< e 2n. (14)

Using (13) and (14) together gives:

H, Hp—1n<p>+6(n)—e(p)>ln( ”An)—i=A—l
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15)

Finally, plugging (14) and (15) into (12) gets us the desired result for every value of
neN:

1 1 3
VA H) <pA+n—p—p|lA—— :n—p—i——f(l—e*A)n—}——.
2p 2 2

B Justification of assumptions in Section 4.2

In this section, we justify the two assumptions made on the algorithm in Section 4.2.

B.1 Assumption 1: Symmetry

We start by justifying the symmetry assumption. For a vertex-arrival hypergraph H,
we denote V (H) as the set of offline nodes, W(H) as the set of online nodes, and
H (H) as the set of hyperedges.

Definition 2 For a vertex-arrival hypergraph H = (V, W, H), an automorphism is a
permutation o of the offline nodes V' such that forevery S € Vand w € W,

SU{w}e H < {o(v):ve S}U{w} e H.

Forasubset S C V,wewriteo (S) := {o(v) : v € S}. Forahyperedge h = SU{w}
where S C V and w € W, we also write o (h) := o (S5) U {w}.

Definition 3 For a vertex-arrival hypergraph H = (V, W, H), let X be a subset of its
automorphisms. We say that a fractional matching x of H is X-symmetric if xp, = X5 ()
forallh € Hando € X.

Since the construction of our vertex-arrival instance depends on the actions of the
algorithm, we will overload the notation H as follows. A (adaptive) vertex-arrival
instance is a function H which takes as input an algorithm .4 and outputs a vertex-
arrival hypergraph H(A). For concreteness, the reader can think of H as the instance
constructed in Section 4. For i > 1, let H; be the subinstance of H that ends with the
arrival of the ith online node w;. We can assume that H(A) = H;(A) for any pair
of algorithms A and A’, as algorithms do not take any actions before the first online
node arrives. So, the subinstance HH; can be thought of as a hypergraph.

Definition 4 For a vertex-arrival instance  and an algorithm A, let ¥ be a subset
of automorphisms of H(A). We say that A is X-symmetric on H if it returns a X-
symmetric fractional matching of H(.A4) given H.

Fix a vertex-arrival instance H, and let X be a subgroup of automorphisms of H.
For an algorithm A, we define its X-symmetrization symsy. (A) as follows. We first run
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A on H; to obtain a fractional matching x’. Then, symy (A) sets

1
xXp = = fo/f(h) Y h e H(Hy).

geX

This in turn determines the next set of hyperedges in the hypergraph Ha (symy, (A)).
Note that Ha (symy, (A)) may not be equal to H2(A). As long as ¥ remains a subgroup
of automorphisms of H», we repeat the process above. So, for any i > 2, if x’ is the
fractional matching obtained by running A on H; (symsy. (A)), then symy, (A) sets

1
= D oxbay  Yhe HHi(symg(A)).

oeX

Note that symy, (A) is well-defined if and only if ¥ is a subgroup of automorphisms
of the full hypergraph H(symy; (A)).

Lemma B.1 If symy, (A) is well-defined, then it is X-symmetric on 'H.

Proof Let x be the fractional matching obtained by running symy, (A) on H(symy, (A)),
and let x’ be the fractional matching obtained by running .4 on H(symsy, (A)). For any
hyperedge & in H(symy, (A)) and any permutation v € X, we have

1 1
Xh = [B]] Z Xony = = Z X (e(hy) = Xr(h)-

oEX oEX

where the second equality is due to ¥ being a group. O

The following lemma shows that in order to construct a worst-case instance for
all algorithms, it suffices to construct a worst-case instance H for algorithms that are
> -symmetric on H. That is, H can be extended to an instance H’ for all algorithms
on which every algorithm has the same performance as its X-symmetrization.

LemmaB.2 For a vertex-arrival instance 'H, let ¥ be a subgroup of automorphisms
of H1. Suppose that & remains a subgroup of automorphisms of H; (A) for any i > 2
and any algorithm A that is Z-symmetric on H;_1. Then, there exists a vertex-arrival
instance H' such that for every algorithm A:

e H'(A) = H(symy (A)),
o V(A H) = V(symy (A), H).

Proof Let A be any algorithm. Observe that symsy (A) is well-defined due to our
assumption. Hence, symy, (A) is E-symmetric on H by Lemma B.1,. We define
H'(A) = H(symyx(A)). Let x be the fractional matching obtained by running
symy, (A) on H(symy (A)), and let x’ be the fractional matching obtained by run-
ning A on H’(.A). By definition, we have xj := Dé_l Y sex XL ) for every hyperedge
h € H(H(symsy (A))). Hence,

1 1
D= Zﬁ D Ym = = DD =2
oeX

h h oeX h h
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O

In Section 4.2, we assumed that the algorithm treats the kth vertex in U;, say u; ,
and the kth vertex in V;, say v; x, symmetrically. If our constructed hypergraph ‘H was
symmetric with respect to these vertices, i.e. if the permutation o swapping u; ; and
v; x for all i and k was an automorphism of ‘H, then Lemma B.2 would show that this
assumption can be made without loss of generality. In particular, using the subgroup
¥ = ({o, e}, o) where e is the identity permutation, it shows that 7 can be extended
to all algorithms .4 so that .4 and symy, (A) have the same performance.

However, one part of the instance that breaks this symmetry is the construction
given in the proof of Lemma 4.4 and illustrated in Figure 7. As a reminder, this
construction is repeatedly applied to submatchings of M in Section 4.5. Let us fix
one such submatching and denote it by M := M® (i, j). As described in Section 4.3
and illustrated in Figure 4, if some u; x € M, then v; y € M and the submatching is
symmetric with respect to this pair, i.e. o (¢) € M for every edge e in M. However,
due to the Lemma 4.4 construction, e U {w} might be a hyperedge in H for some online
vertex w, while o (e U {w}) = o (e) U {w} might not be a hyperedge in H.

To fix this, the construction can be slightly tweaked in the following way. An
important observation is that the horizontal edges in M (between u;  and v; ) are
not isomorphic to any other edge in the hypergraph, whereas each of the diagonal
edges (non-horizontal edges) are isomorphic to exactly one other edge in M. For this
reason, we can first apply the Lemma 4.4 construction on just the horizontal edges of
M.

We can then apply a slightly modified construction to the diagonal edges, where
the pairs of isomorphic edges are treated in the same way. In the original construction,
a newly arriving online vertex w would be connected to all edges in M that were
incident to the previous online vertex, except for the one with the smallest fractional
value. In the modified construction, we instead consider the online vertices in groups
of two. For every two consecutive online vertices, we connect them to all edges in M
that were incident to the previous online vertex, except for the diagonal pair with the
smallest total fractional value. This ensures that the symmetry between the diagonal
edges is respected.

This modified construction would slightly worsen the upper bound in Lemma 4.4.
Let Mpor be the set of horizontal edges in M and M ;g be the set of diagonal edges
in M. By applying Lemma 4.4 to the horizontal edges, we get that the value of the
matching is at most (1 —e™2)| Mpor| +3/2. The value of the diagonal edges is at most
twice the value of the original construction from Lemma 4.4 applied to a transversal
of the pairs of diagonal edges, which is at most (1 —e™2) - % | Mdiag| +3/2 by Lemma
4.4. So the total value of the matching is at most:

1
(1= e )| Mpor| +3/2+2- ((1 —e™%) - S Maing| + 3/2) =(1—e M)IM|+9/2.

This results in a constant of 9/2 instead of 3/2 in Lemma 4.4, and a constant of
42 instead of 15 in Lemmas 4.5 and 4.6 and Corollary 4.1. This does not affect the
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asymptotic upper bound for large m. Hence, it shows that Theorem 1 also holds for
non-symmetric algorithms.

B.2 Assumption 2: There is an optimal &-threshold respecting algorithm

Next, we justify that we restrict to e-threshold respecting algorithms in our proof. Let
‘H be the instance constructed in Section 4.1. Let f be the function given by
ex

f()C)ZZele

and recall the definition of e-threshold respecting with respect to f (Definition 1).

For any algorithm .A and ¢ > 0, we now show that there exists an algorithm .A” which
is e-threshold respecting on all online nodes before the last phase. Moreover, there
exists an instance H’ such that the performance of A on H’ matches the performance
of A" on H.

LemmaB.3 Let H be the instance constructed in Section 4.1. For any algorithm A
and ¢ > 0, there exists an algorithm A’ which is &-threshold respecting on all online
nodes before the last phase. Furthermore, there exists an instance H' such that

V(A H(A) VA, HA))
OPT(H/(A)) ~ OPT(H(A))

Proof From H, we construct a new instance H’ as follows. Let N = [2/¢]. For every
offline node v in H, create N offline copies in 7, denoted v}, v5, ..., vy,. The new
algorithm A’ will be defined based on the behaviour of A on H’. When the ith online
node w; arrives in H(A’) for i > 1, at most N copies of w; arrives sequentially
in H'(A), denoted w; |, w; ,,.... When the jth copy w;’j arrives, for every edge
h = SUw; in 'H;(A"), add the edge h/j = {v} ‘v e S}le/.’j to H'(A). Now, letxlfyj
denote the solution given by .4 in H' after the arrival of w; e Consider the following
averaged solution

1
xi, () = > ) Vh € H(H;(A)).
k

If j = N, or w; appeared before the last phase and there exists a hyperedge h € §(w;)
such that
PR IEHICIONERE

veh\{w;}

then w), JIETY w;  will not arrive in ', In this case, A’ sets x(h) < x; ;(h) for

all h € §(w;) in H. Otherwise, we proceed to let the (j + 1)th copy wlf’jH arrive in
‘H'. This completes the description of A’
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Clearly, x is a fractional matching in H(.A’). Moreover,

/ / V(A, H'(A))

VA, HA)) = Xh:x(h) = T

Next, we claim that N - OPT(H(A’)) = OPT(H’'(A)). Based on the construction of
'H, the offline optimal matching in 7 (A") covers all the online nodes in the last phase,
and the online nodes on which A’ is strictly threshold respecting. Let Wopr denote the
union of these two sets. For each w; € Wopr, observe that w;_; is present in ‘H'(A) for
all j € [N] by our construction of H’. Hence, the offline optimal matching in H’(A)
covers the following online nodes

{wi,j : wi € Wopr, j € [N]}.

So, N - OPT(H(A")) = OPT(H'(A)) as desired.

It is left to show that A’ is e-threshold respecting on all online nodes before the last
phase. Pick such an online node w; and let w; ; be its last copy in H'(A). Note that
x;,j is the output of A’ in H; (A"). For any h € §(w;), we have

1
PR ICHUONENDY f(x,-,,-l(5<v>>+ﬁ) (] ;B D) < 1)
veh\{w;} veh\{w;}

Z (f(xi,j_l((?(v)) + %) (f is 1-Lipschitz)

veh\{w;}

IA

2
<14+ N (due to |k| = 3 and the construction of H')

<l+e

C Properties of y(t, y)

Proof of Lemma 4.1 The first two statement follow directly from the definition and
the symmetry of B(r, %) around % For the second statement, let X ~ B(t, %) and

Y ~ B, %) be independent. Then, we have:
t+1 1 t+1
y(E+1,y)=Pr X+Y<T+y +§Pr X+Y= 5 +y

t 1 t 1
=Pr[Y =1]Pr|{X < = - = Pr[Y =0]Pr [ X < = =
r[ ] r|: <2+y 2]+ [ ] r[ <2+y+2]

1 t 1 1 t 1
—Pr[Y =0]Pr|X == “lecpPy=1Pr|X=2+y—2
+2 r[ O]r[ 2+y+2i|+2 r[ ]r|: 2+y 2]

_1 (, l)+l (, +l>
REAAUREEY R YA URREY E
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Now, let us prove the last statement. Let X ~ B(z, %) and observe that 1 — (¢, y) <
Pr[X > £ + ], leading to:

ygo(l—l/f(f, 5)’)) =< ZPT[X— 5 > 5:| SZPF HX— 5’ = §i|

y=0 y=0
o0 o0

! y y t y
Yo+ ore[[x- 7= ] =1+2 L fee[[x- 7] ]

2
t t
=1+2E |:|X — §|:| <1+2 |E |:<X — 5) ] (by Jensen’s inequality)

=142y/Var[X] =1+ 1.

D Integral upper bound for k-uniform hypergraphs

In this section, we prove a strong upper bound against any randomized integral
algorithm, showing that the greedy algorithm is almost optimal, since it achieves
a competitive ratio of 1/k.

Theorem 6 For the online matching problem on k-uniform hypergraphs, no random-
ized integral algorithm can be 2 /k-competitive.

Proof We prove that any randomized integral algorithm is at most (2 — 27%+1) /k-
competitive. To do so, we make use of Yao’s principle [34]: it suffices to construct
a randomized instance for which any deterministic integral algorithm is at most
(2 — 27%*1) /k-competitive in expectation. Let us now describe our randomized con-
struction H = (V, W, H) for any k € N.

e The offline nodes are partitioned into k — 1 blocks: V. = Cy U - - U Cg_1, where
|Ci| =2(k — i) foreachi € {1, ...,k — 1}, meaning that |V| =k (k — 1).

e The instance first consists of k — 1 phases with online nodes wy, . .., wi_ arriving,
all of which are incident to 2 hyperedges. For every i € {1,...,k — 1}, both
hyperedges incident to w; are disjoint on the offline nodes V and they will both
contain (k—i) nodes from C;, as well as 1 node fromeach C; for j € {1,...,i—1}.

e We now construct a random subset of hyperedges H; € H in the following way.
At the arrival of w; for every i < k — 1, pick one of the two incident hyperedges
uniformly at random and put it in H;. We denote by V (H]) the offline nodes
spanned by Hj.

e Our construction will now satisfy the following property. Foreveryi € {1, ..., k—
1}, after the arrival of w; and the random choice described above, we have that

ICi\VH) | =k—i Vje{l,... i} (16)
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After a certain phase i — 1 < k — 2, the two hyperedges incident to w; in the
next iteration are then both constructed as follows: take k — i nodes from C; and
complete it by arbitrarily picking one node from C; \ V (H;) forevery j <i —1.

o After phase k — 1, we have that |C; \ V(Hy)| = 1 forevery j < k— 1, by invariant
(16). The instance now makes one more online node wy, incident to one hyperedge
arrive, whose offline nodes are C; \ V(H;) forevery j € {1,...,k — 1}. Let us
also add this hyperedge to Hj.

Let us first show that (16) holds by induction. In the first phase, both hyperedges
partition C; on the offline nodes, since |C1| = 2(k — 1). One of them is chosen to
enter Hi, meaning that C1 \ V(H;) = k — 1 after phase 1. Let us now fix a phase
i <k — 1 and suppose that (16) holds for all previous phases. By construction, C; is
completely covered by the two hyperedges arriving at phase i, since |C;| = 2(k — i)
and both of these hyperedges contain k — i nodes from C;. One of these hyperedges
enters Hj at the end of phase i, meaning that |C; \ V(H;)| = k — i indeed holds. For
any other C; with j < i, note that |C; \ V(H;)| = k — i + 1 at the beginning of
phase i, by induction hypothesis. Both hyperedges coming at phase i intersect C; at
two different nodes, one of which enters V (H}) by the random choice, meaning that
|C;j \ V(H)| drops by 1 and equals k — i, thus showing (16).

Observe that, by construction, the hyperedges in H; are all disjoint from each other.
Since we add one hyperedge to H; for every online node, we get that OPT(H) = k.

Let us now upper bound the value that any deterministic algorithm can get on this
randomized instance. The key observation is that, if the algorithm picks a hyperedge
h € &(w;) which is not placed in H; for some phase i € {l,...,k — 1}, then it
cannot pick any hyperedge arriving in later iterations. This holds, since in that case,
C; \ V(H1) C h, and any hyperedges arriving in later iterations necessarily intersect
C; \ V(H1) by construction.

Let us denote by V; the maximum expected value that a deterministic algorithm can
get if we were to start the instance from phase i and go up to phase k. Clearly, Vi = 1.
Foraphasei € {1, ..., k — 1}, the algorithm can either choose not to select anything,
or it picks a hyperedge and cannot pick anything in later iterations with probability
1/2. We thus get the following recurrence relation:

1 1 1
V; = max {V,‘.H, z + 5(1 + Vi+l)} = max {V,’.H, 14+ EV,'_H}.
It is easily checked that the solutior} to this recurrence is a geometric series Vy_; =
> =027/ and thus V; = ZI;;(I) 27/ =2 — 27K+ We have therefore just shown that
any algorithm is at most (2 — 27%1) /k competitive. O
E Rounding algorithm for online hypergraph b-matching
In this section, we consider the online b-matching problem on k-uniform hypergraphs,
in which every (offline and online) node v can be matched to at most b hyperedges. We
show that, for b = Q2 (log k), any fractional algorithm can be converted to arandomized

integral algorithm while incurring a small loss in the competitive ratio.
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Let A be a fractional algorithm that is p-competitive and let H = (V, W, H) be
an online k-uniform hypergraph instance. We denote by x e [0, 1] the fractional
solution constructed by A on the instance H. The rounding algorithm is now quite
simple and is similar to the methods used in [35-37].

Fix some small 0 < € < 1 and initialize two empty sets of hyperedges S, M <« .
Upon the arrival of an online vertex w € W with §(w) € H and x;, € [0, 1] for every
h € §(w), the rounding algorithm is as follows:

e Forall i € §(w), independently add 4 to S with probability x; := (1 — €)xj.

e If i wasaddedto S, add itto M as long as it does not violate the degree constraints.

The solution outputted is M C H. Let us denote this rounding algorithm by R(A, €).
LemmaE.1 Let A be a p-competitive fractional algorithm. The randomized integral
algorithm R (A, €) achieves a competitive ratio of at least (1—¢)(1—k exp(—ezb/3)) .
0.
Proof Consider an arbitrary node v € V U W. To bound the probability that v is
matched to more than b hyperedges in S, we use a Chernoff bound [38, Theorem
1.10.1]. Fix a node v and a hyperedge &, and let Xo.n = Y jes0)\ny Lines)- Note
that u == E[X, 5] < (1 —€)b. If u = 0, it is clear that x,, , < b, so assume p > 0.
We now have:

2
Pr[X,n > b] <exp (— min (<u> , ﬂ) u/3>
w w
2
exp (— min <¥, b— u) /3)

< exp (— min (ezb, eb) /3) < exp(—e2b/3),

IA

where the second inequality follows from b — u > €b and the last inequality from
b/ > 1. We now upper bound the probability that a hyperedge /& cannot be included
in M because of the degree constraints:

Prih e S\M | heS| <) Pr[X,s>b] <kexp(—€’b/3).

veh

Hence, we have:

E[M|l= Y Prlhe Ml=y Prlh eS| (1 —Prlhe S\M|heS)

heH heH
>3, (1 - kexp(—ezb/3)>
heH
- (1 —k exp(fezb/3)) 1-0Y x

heH

> (1 —k exp(—ezb/3)) (1 —€)p OPT.p.

]
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If b = C - log(k) for some C > 6, then by choosing ¢ = ,/6/C we get that the

competitive ratio is at least (1 —/6/C) (1 — %)p. By using the 2(1/ log k)-competitive
fractional algorithm from [5], this gives an €2(1/ log k)-competitive integral algorithm
for this setting.
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