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 A B S T R A C T

Generative models have demonstrated remarkable success in domains such as text, image, and video synthesis. 
In this work, we explore the application of generative models to fluid dynamics, specifically for turbulence 
simulation, where classical numerical solvers are computationally expensive. We propose a novel stochastic 
generative model based on stochastic interpolants, which enables probabilistic forecasting while incorporating 
physical constraints such as energy stability and divergence-freeness. Unlike conventional stochastic generative 
models, which are often agnostic to underlying physical laws, our approach embeds energy consistency in a soft 
manner by making the parameters of the stochastic interpolant learnable coefficients. We evaluate our method 
on a benchmark turbulence problem – Kolmogorov flow – demonstrating superior accuracy and stability over 
state-of-the-art alternatives such as autoregressive conditional diffusion models (ACDMs) and PDE-Refiner. 
Furthermore, we achieve stable results for significantly longer roll-outs than standard stochastic interpolants. 
Our results highlight the potential of physics-aware generative models in accelerating and enhancing turbulence 
simulations while preserving fundamental conservation properties.
. Introduction

Recently developed generative models for scientific applications [1–
] mark a ground-breaking era in simulating complex systems. A natu-
al question is therefore to what degree generative models can be used 
o support or replace simulation codes that have been classically used to 
odel problems arising in domains like physics, chemistry, or biology. 
n particular, our interest lies in generative models for fluid dynamics 
roblems. Fluid dynamics simulation codes have been developed in 
he last decades based on known physical principles (e.g. conservation 
aws), but with the main limitation that they are computationally 
ery expensive to run. Pre-trained generative models offer promising 
lternatives for physics simulations by significantly accelerating com-
utations. These models also provide uncertainty quantification and 
an model unresolved scale processes [6].
Neural network surrogate models, trained to replace PDEs within 

ertain configurations, are a first step in this direction [7–9]. Later, 
ore widely applicable ‘‘foundation models’’ have been developed for 
.g. weather prediction [10–13]. These foundation models [14] are very 
arge neural networks (sometimes having more than 1 billion parame-
ers [10]), that are pre-trained on vast (re-analysis) datasets, and can 
e finetuned to specific tasks such as regional or seasonal forecasting. 

I This article is part of a Special issue entitled: ‘fusing data and physics’ published in Computers and Fluids.
∗ Corresponding author.
E-mail address: nikolaj.mucke@cwi.nl (N.T. Mücke).

Such models have shown the potential to accelerate classical numerical 
weather predictions to the point that a 5-day forecast can be made 
in less than a minute [10]. The foundation model approach has also 
been applied to computational chemistry [15], biology [16], and fluid 
mechanics [17–23]. In [23], a foundation model was pre-trained on 
certain PDEs (compressible Euler and incompressible Navier–Stokes) 
and gave accurate results on PDEs that were not in the pre-training 
set.

These foundation models are pre-trained, but unlike their coun-
terparts in text, video and image generation, they are still usually 
deterministic in nature and mainly focus on forecasting the mean of 
the possible trajectories [3,10,13,23]. This can lead to blurred forecast 
states [13,24]. A few stochastic machine learning approaches have 
recently been introduced to address this issue [3,25,26]. Moreover, 
stochasticity naturally arises when developing reduced models of fluid 
dynamics problems, in which the state is typically split into large 
(resolved) and small (unresolved) scales, and the purpose is to infer 
models for only the large scales. An example is through the Mori–
Zwanzig formalism, in which the effect of the initial condition of 
the unresolved scales is typically modeled by a noise term. Similarly, 
one can argue that the evolution of the large scales is not deter-
ministic, even when the evolution of the full model is deterministic. 
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This manifests itself in non-uniqueness of the problem (different small 
scale realizations can have the same effect on the large scales), which 
warrants the use of a stochastic approach [27]. We note here that, 
outside the realm of machine learning, stochastic approaches have 
been long in use to model unresolved processes, typically known as 
‘stochastic parameterizations’ [6,28]. The stochastic approach that we 
are considering is in line with those approaches, but benefits from the 
advanced approximation capabilities of neural networks.

Previous research has explored the approximation of SDEs using 
neural networks. In [29] neural networks are trained with gradients 
computed via adjoint methods. While such methods alleviate some 
of the computational burden compared with naively backpropagat-
ing through a solver, it is still prohibitively expensive for very high-
dimensional problems. Specifically, systems of up to 50 dimensions are 
studied in [29]. In [1] similar approaches are utilized for learning a 
neural SDE as a closure term for LES simulations. To minimize the 
computational restrictions of high-dimensional systems, the discrete 
state dimension is reduced via an autoencoder and the SDE is trained 
in the latent space. While this approach is indeed promising, the use 
of autoencoders makes it difficult to infuse physics knowledge into the 
model due to the non-physical nature of the latent space. Furthermore, 
this approach relies on an LES solver, as the neural network only 
approximates a closure term. It is unclear how this approach would fare 
as a full non-intrusive surrogate model. In this work, as an alternative to 
the expensive adjoint-based training methods, we will draw inspiration 
from the field of generative models.

The current state-of-the-art in stochastic generative models for 
fluid flows relies mainly on denoising diffusion probabilistic models 
(DDPMs) [2–4] – similar to what is used in machine learning models 
for image generation [30,31], video generation [32], and diffusion 
language models [33]. DDPMs are based on sampling from a Gaussian 
distribution and transforming it through a sequence of steps into an 
image resembling one from the data distribution. In the context of 
time-dependent problems, one deals with a sequence of time steps, 
and a realistic ‘image’ (e.g. a flow field) needs to be created at each 
time step. This significantly complicates the process compared to image 
generation. An example of how this can be achieved is given in [3]: 
sample from a Gaussian at each time step, denoise, and condition on 
the state at the previous time step. A similar approach is used in [2]. 
Denoising at each time step is rather involved and not in line with 
the actual physical process. In general, a common issue with existing 
stochastic generative models is that they are agnostic of the underlying 
physical processes that are being modeled. For example, conservation 
of mass and energy are fundamental physical principles in fluid flows, 
but are not obeyed by existing generative models. This can lead to 
issues with the stability of predictions, especially when considering 
long prediction horizons.

In this work, we develop a pre-trained, stochastic generative model 
for stable simulation of physical processes. Our approach is built 
upon two key components: stochastic interpolants and energy stabil-
ity. Stochastic interpolants, introduced in [34,35], possess the crucial 
ability to bridge two arbitrary probability distributions over a finite 
time interval. This property enables their use in time-dependent simu-
lations for time stepping, as demonstrated in [5], without requiring the 
sampling and transformation of Gaussian distributions [2,3].

The main novelty of our work lies in the second component: en-
ergy stability through the imposition of a carefully designed stochastic 
interpolant (and, consequently, the drift term). Energy stability plays 
a dual role: it not only improves numerical stability [36,37], but also 
promotes physical correctness in the generative process. By designing 
an interpolant that respects energy conservation, we ensure that the 
drift term is trained on physically consistent data, leading to generated 
samples that softly adhere to this constraint. See Fig.  1 for a visual 
representation of our energy-consistent stochastic interpolant frame-
work. Our work can be seen as a new approach to achieve stability 
with neural SDEs, which is known to be difficult to achieve with neural 
2 
ODEs, requiring either specialized equation forms [36], specialized 
filters [38], clipping [39], noise addition [40], or online learning [41] 
(for an overview, see [42]).

This paper is structured as follows. In Section 2, we introduce the 
problem setting and provide an overview of the stochastic interpolant 
framework for probabilistic forecasting. Section 3 details our proposed 
modifications to the stochastic interpolant framework, emphasizing 
energy consistency, divergence-freeness, and efficient sampling. Imple-
mentation details, including the neural network architecture, training 
procedures, and inference strategies, are discussed in Section 4. In 
Section 5, we evaluate our methodology on a Kolmogorov flow test case 
and compare its performance with state-of-the-art alternatives. Finally, 
in Section 6, we summarize our findings and outline potential directions 
for future research.

2. Preliminaries

Stochastic variables are denoted with capital letters, 𝑋, and time-
dependent stochastic variables, 𝑋𝑡, are denoted with a subscript. We 
assume the existence of a probability density function, 𝑝, associated 
with the probability measure, 𝑃 , and will refer to the density when 
referring to the underlying distribution. Furthermore, to simplify no-
tation we identify the densities through the arguments rather than by 
using subscripts. Thus, we will write 𝑋 ∼ 𝑝(𝑥) when 𝑋 is distributed 
according to 𝑃 (𝑋) and 𝑋 ∼ 𝑝(𝑥|𝑦) when 𝑋 is distributed according to 
𝑃 (𝑋|𝑌 ).

2.1. Problem setting

In this work we are interested in stochastic approaches to ap-
proximate the solution of (deterministic) PDEs, and in particular the 
incompressible Navier–Stokes equations: 
𝜕𝒖
𝜕𝑡

+ ∇ ⋅ (𝒖⊗ 𝒖) = −∇𝑝 + 1
Re

∇2𝒖 + 𝒇 (𝒖), (1)

supplemented with the divergence-free constraint 
∇ ⋅ 𝒖 = 0. (2)

Here 𝒖(𝒙, 𝑡) is the velocity field, 𝑝(𝒙, 𝑡) is the (scaled) pressure, and Re
is the Reynolds number. Discretization in space and time leads to the 
fully discrete equation 
𝒖𝑛+1ℎ = 𝑭 ℎ

(

𝒖𝑛ℎ;𝜇
)

. (3)

Here 𝒖𝑛ℎ ∈ R𝐷 ≈ 𝒖(𝒙, 𝑡𝑛) and 𝑭 ℎ is the discrete right-hand side incor-
porating both the spatial and temporal discretization, and 𝜇 represents 
physical parameters such as the Reynolds number and parameterized 
initial and boundary conditions. We assume that the discretized model 
can resolve all relevant scales of motion present in (1), at the cost of 
computation time. Therefore, we refer to Eq. (3) as the high-fidelity 
model, also known as Direct Numerical Simulation (DNS).

The high-fidelity model is often computationally prohibitive to 
solve, and a common approach is to reduce the range of scales present 
in (3) by a model reduction step. For the case of the Navier–Stokes 
equations, a common model reduction step that we will also employ 
in this work is filtering. Filtering aims to remove the smallest scales of 
the flow through a low-pass filter 𝐴, 𝒖∗ℎ ∶= 𝐴𝒖ℎ, such that 𝒖∗ℎ ∈ R𝑑

can be represented and simulated on a much coarser grid than 𝒖ℎ
(𝑑 ≪ 𝐷) [43]. However, 𝒖∗ℎ does not satisfy the Navier–Stokes equations 
because the filter does not commute with the PDE operations.

A main ongoing challenge is thus to find a parameterized evolution 
equation that approximates the (exact) large scales 𝒖∗ℎ [42], i.e. an 
equation of the form 
𝒖̄𝑛+1ℎ = 𝑮ℎ,𝜃

(

𝒖̄𝑛ℎ;𝜇
)

, (4)

such that 𝒖̄ℎ ≈ 𝒖∗ℎ and 𝜃 are learnable parameters. Many existing 
approaches formulate the parametric model 𝑮  in terms of 𝑭  with 
ℎ,𝜃 ℎ
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Fig. 1. Visualization of the various steps and components in the energy-consistent stochastic interpolant framework. At the top, the existing framework presented 
in [5] is visualized. The training is performed by sampling two consecutive physical states and interpolating between them via the stochastic interpolant in 
pseudo-time. The interpolant is used to train a drift term in an SDE that will be solved in pseudo-time during inference to generate new states conditioned 
on the initial state. Choosing the interpolant without including physics knowledge can result in inconsistencies in energy with respect to the physical energy, 
as visualized in the lower left part of the figure. In this paper, we propose to optimize the interpolant for energy-consistency by minimizing a loss over the 
interpolant coefficients as shown in the lower right part of the figure.
an additional correction term, also known as a closure model [42]. 
Usually, these models are deterministic, which corresponds to the fact 
that Eq.  (1) is deterministic. However, there are good reasons to model 
the reduced dynamics instead with a stochastic approach as highlighted 
in the introduction [27,44,45]. SDEs are therefore a natural fit for 
turbulence, and neural SDEs are in particular interesting, given their 
combination of stochasticity, time continuity, and the expressive capa-
bility of neural networks. So far, neural SDEs seem under-explored for 
turbulent flows, most likely due to the costs of training and simulating 
stochastic systems. We address this issue through recent developments 
in training SDE-based generative models, and in particular by using 
so-called stochastic interpolants (SIs). For some very recent related 
contributions that use DDPMs, see [46–48].

In our stochastic approach we replace the deterministic state, 𝒖̄𝑛ℎ, 
with a stochastic variable, 𝑼̄ 𝑛

ℎ. Due to the stochastic nature, the time 
evolution of the state can be rewritten in terms of sampling from a 
conditional distribution: 
𝑼̄ 𝑛+1

ℎ ∼ 𝑝(𝒖̄𝑛+1ℎ |𝒖̄𝑛ℎ). (5)

We typically assume that the initial density, 𝑝(𝒖̄0ℎ), is known or that the 
initial condition is simply given 𝑼̄ 0

ℎ = 𝒖̄0ℎ. The conditional distribution 
in (5) is generally not available and is approximated via ensembles. The 
task is thus to find a stochastic version of (4) that produces ensemble 
members that are distributed according to 𝑝(𝒖̄𝑛+1ℎ |𝒖̄𝑛ℎ).

2.2. Stochastic interpolants for probabilistic forecasting

In this section, we present the principles of the generative model 
for probabilistic forecasting trained via the stochastic interpolant (SI) 
framework. The aim is to generate samples from the conditional dis-
tribution, 𝑝(𝒖̄𝑛+1ℎ |𝒖̄𝑛ℎ), via a stochastic differential equation (SDE) that 
transforms samples from a base distribution to samples from the target 
distribution. In the standard version of the SI framework, the SDE is not 
trained to mimic the physical evolution of the state. It should rather be 
interpreted as a means of transforming samples from one distribution 
3 
to another. Hence, the SDE is not solved with respect to physical time, 
𝑡, discussed in the previous section, but it is solved in pseudo-time, 𝜏, 
introduced with the sole purpose of facilitating the transformation. The 
pseudo-time interval can therefore be chosen freely, but is typically 
chosen to be [0, 1] for simplicity.

SIs are a type of generative models introduced in [34] and expanded 
upon in [5,35]. The general idea is similar to SDE-based denoising 
diffusion models where a normal distribution is being transformed 
into the target distribution. In the SI framework, however, one can 
transform samples from an arbitrary distribution into samples from 
another arbitrary distribution. This property makes it a suitable choice 
for physics-based modeling. In this section, we summarize the findings 
from [5], which focuses on utilizing SIs for probabilistic forecasting.

Consider the densities 𝑝(𝒙0) and 𝑝(𝒙1|𝒙0), with 𝒙0,𝒙1 ∈ R𝑑 . Given 
a sample 𝒙0, the aim of the generative model is to sample from the 
conditional distribution: 

𝑝(𝒙1|𝒙0) =
𝑝(𝒙0,𝒙1)
𝑝(𝒙0)

> 0. (6)

With the SI framework, such samples are generated by solving an SDE 
with initial condition 𝒙0 on the pseudo-time interval 𝜏 ∈ [0, 1]: 

d𝑿𝜏 = 𝒃𝜃(𝑿𝜏 ,𝒙0, 𝜏)d𝜏 + 𝛾𝜏d𝑾 𝜏 , 𝜏 ∈ [0, 1], 𝑿0 = 𝒙0. (7)

The drift term, 𝒃𝜃 , is modeled as a neural network with weights, 𝜃. The 
SI framework provides a way of training it such that solutions of the 
SDE at 𝜏 = 1, are distributed according to the conditional distribution, 
𝑿𝜏=1 ∼ 𝑝(𝒙1|𝒙0). The diffusion term 𝛾𝜏 1 and Wiener process 𝑾 𝜏 form 
the source of stochasticity. In this work 𝛾𝜏 = 0.1(1 − 𝜏) is chosen 
as recommended in [5]. As mentioned earlier, the SDE is solved in 
pseudo-time, 𝜏, in contrast to the physical time, 𝑡.

1 Not to be confused with the diffusion term 𝜈∇2𝒖 in the Navier–Stokes 
equations.
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The key element in training the drift term is the so-called stochastic 
interpolant: 
𝑰𝜏 (𝒙0,𝒙1) = 𝛼𝜏𝒙0 + 𝛽𝜏𝒙1 + 𝛾𝜏𝑾 𝜏 = 𝒙𝜏 . (8)

The Wiener process, 𝑾 𝜏 , can be sampled at a specific pseudo-time 
point, 𝜏𝑖, with 𝑾 𝜏=𝜏𝑖 =

√

𝜏𝑖𝒛, where 𝒛 ∼ 𝑁(0, 1). There is freedom in 
the choice of the 𝜏-dependent functions 𝛼𝜏 , 𝛽𝜏 , and 𝛾𝜏 , but they need 
to satisfy the temporal boundary conditions, 𝛼0 = 𝛽1 = 1 and 𝛼1 = 𝛽0 =
𝛾1 = 0. This ensures that 𝑰𝜏=0(𝒙0,𝒙1) ∼ 𝑝(𝒙0) and 𝑰𝜏=1(𝒙0,𝒙1) ∼ 𝑝(𝒙1|𝒙0). 
The dynamics of the interpolant in Eq. (8) given an initial condition 𝒙0
can be written as 

d𝑰𝜏 (𝒙0,𝒙1) =
(

𝛼̇𝜏𝒙0 + 𝛽̇𝜏𝒙1 + 𝛾̇𝜏𝑾 𝜏
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=𝑹𝜏 (𝒙0 ,𝒙1)

d𝜏 + 𝛾𝜏d𝑾 𝜏 , 𝜏 ∈ [0, 1], 𝑿0 = 𝒙0,

(9)

where ̇( ) denotes differentiation with respect to 𝜏. Hence, solving the 
SDE from 0 to 𝜏 can be seen as a mapping of a samples, 𝒙0, to a sample 
from 𝑿𝜏 ∼ 𝑝(𝒙𝜏 |𝒙0). In particular, solving Eq. (9) from 0 to 1 maps a 
sample, 𝒙0, to a sample from 𝑿1 ∼ 𝑝(𝒙1|𝒙0). Solving the SDE in Eq. (9) 
requires that both 𝒙0 and 𝒙1 are available. However, the goal is to 
generate samples, 𝒙1, when only having access to 𝒙0. Therefore, we 
train 𝒃𝜃 , which only takes in 𝒙0, 𝜏, and the intermediate state, 𝑿𝜏 , to 
match 𝑹𝜏 . With proper training the solution of Eq. (7) approximates 
the solution of Eq. (9), 𝑿𝜏 ≈ 𝑰𝜏 (𝒙0,𝒙1) for all 𝜏, including the endpoint 
of interest, 𝑿1 ≈ 𝑰1(𝒙0,𝒙1) = 𝒙1. This enables generation of samples 
from 𝑝(𝒙1|𝒙0) by using 𝒙0 alone via Eq. (7).

Given choices of 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 , and training data (𝒙0,𝒙1) ∼ 𝑝(𝒙0,𝒙1), the 
interpolant can be evaluated and the drift term is trained by minimizing 
the following loss function with respect to the model weights, 𝜃 [5]: 

𝐿(𝜃) = ∫

1

0
E(𝒙0 ,𝒙1 ,𝒛)

[

‖

‖

𝒃𝜃(𝑰𝜏 (𝒙0,𝒙1),𝒙0, 𝜏) −𝑹𝜏 (𝒙0,𝒙1)‖‖
2
2

]

d𝜏. (10)

‖⋅‖2 denotes the standard 𝑙2-norm. During training, the integral in 
(10) is approximated by sampling 𝜏 uniformly. The expected value is 
approximated using the samples (𝒙0,𝒙1) ∼ 𝑝(𝒙0,𝒙1) from a training set 
and samples from the Wiener process are sampled via 𝑾 𝜏 =

√

𝜏𝒛, 
𝒛 ∼ 𝑁(0, 1). In practice this is minimized by sampling mini-batches of 
(𝒙0,𝒙1) and 𝜏. We found that sampling a single 𝜏-value for each pair 
(𝒙0,𝒙1) did not hurt the training when compared to sampling several 𝜏-
values for each state pair. It is important to note that this setup enables 
training a model to approximate a drift term via a simple mean squared 
error-type loss without ever solving any SDEs during the training stage. 
See Alg. 1 for pseudo-code of the training stage. Note that Alg. 1 is a 
simplified algorithm. In practice, there are additional considerations to 
be taken into account, and we refer to Section 4.2 for details.

An important property of the SI framework is that we learn the drift 
term of a continuous SDE that generates new samples. This means that 
one can choose an SDE solver and number of pseudo-time steps after 
training. Such choices determine the computational time and the qual-
ity of the samples. This trade-off between accuracy and computation 
time can be made based on the application at hand.

After training, new samples, 𝑿1 ∼ 𝑝(𝒙0|𝒙1), can be generated by 
solving (7) with the trained drift term and an appropriate SDE solver. 
In particular, by choosing 𝒙0 = 𝒖̄𝑛ℎ and 𝒙1 = 𝒖̄𝑛+1ℎ  the model learns 
to sample from the distribution of interest, 𝑝(𝒖̄𝑛+1ℎ |𝒖̄𝑛ℎ) – namely the 
distribution of the next physical state given the current state. This 
operation represents a single application of the generative model. The 
transition from 𝒖̄𝑛ℎ to 𝒖̄𝑛+1ℎ  is referred to as a physical time step, denoted 
by superscripts. This notation and terminology serve to distinguish 
physical time from pseudo-time (𝜏), which is indicated by subscripts. 
Then, by setting 𝒙0 = 𝒖̄𝑛+1ℎ  and solving (7) again, we can obtain samples 
from 𝑝(𝒖̄𝑛+2ℎ |𝒖̄𝑛+1ℎ ). Thus, we can obtain arbitrarily long trajectories in 
the physical space by repeatedly solving the trained SDE, provided the 
solution is stable. Typically, at each physical time step we solve the SDE 
4 
Algorithm 1: Training drift term in stochastic interpolant frame-
work

Input: 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 , untrained 𝒃𝜃 , training data, 𝑁𝑒𝑝𝑜𝑐ℎ𝑠, Optimizer
1 for 𝑖 = 1 ∶ 𝑁𝑒𝑝𝑜𝑐ℎ𝑠 do
2 for (𝒙0,𝒙1) in training data do
3 Sample pseudo time, 𝜏 ∼ 𝑈 [0, 1];
4 Sample Wiener process, 𝑾 𝜏 =

√

𝜏𝒛, 𝒛 ∼ 𝑁(0, 1);
5 Evaluate interpolant, 𝑰 𝜏 (𝒙0,𝒙1) = 𝛼𝜏𝒙0 + 𝛽𝜏𝒙1 + 𝛾𝜏𝑾 𝜏 ;
6 Evaluate 𝑹𝜏 (𝒙0,𝒙1) = 𝛼̇𝜏𝒙0 + 𝛽̇𝜏𝒙1 + 𝛾̇𝜏𝑾 𝜏 ;
7 Compute drift loss, 𝐿(𝜃), via Eq.  (10);
8 Update drift model weights: 𝜃 ← Optimizer(𝜃, 𝐿(𝜃));
9 end for 
10 end for 

Output: Trained 𝒃𝜃

in pseudo-time several times in order to get an ensemble representation 
of the distribution. A visualization of this process is given at the top of 
Fig.  1.

The SI framework for probabilistic time stepping does not neces-
sarily generate physically plausible trajectories. As an example, we 
visualize the kinetic energy of the state as a function of physical 
time, as well as the distribution of the energy for a Kolmogorov flow 
approximated with the SI framework in Fig.  2. In the Kolmogorov flow 
the energy should remain constant in expectation. However, we see that 
after 300–400 physical time steps, the energy starts to grow. This is 
reminiscent of instabilities that have been reported when using neural 
networks and neural ODEs to represent turbulence [36,38,49].

Furthermore, the distributions clearly do not match. Solving the 
SDE with more time steps improves this slightly, but not enough to a 
satisfactory degree. In the following section, we outline improvements 
to the SI setup that mitigates these issues. For more details on the 
Kolmogorov flow, see Section 5.

3. A new energy-consistent stochastic interpolant

3.1. Physics consistency in generative models

With proper training and neural network architecture, it is theoret-
ically possible to generate samples that resemble the true conditional 
distribution, including quantities of interest such as energy. However, 
in practice this is not an easy task due to various sources of errors 
including, but not limited to, suboptimal training resulting in local min-
ima, insufficient training data limiting generalization to unseen data, 
and numerical integration errors leading to inaccurate SDE solutions. 
These potential errors become even more detrimental during long roll-
outs where errors can accumulate, leading to inaccurate or unstable 
simulations, similar to what has been observed for neural ODEs [50]. 
This is largely due to the time-dependent nature of the problem, which 
gives an additional complexity that is not present in image generation. 
While this is theoretically alleviated with bigger neural networks and 
more training, it is in practice difficult to achieve the long-term stability 
with such approaches alone.

As a consequence, with current SIs only short roll-outs have been 
considered. For example, [5] considered roll-outs of two physical steps. 
In this paper, we aim to generate significantly longer trajectories by 
promoting stability through physical consistency of the SI.

To achieve physical consistency in the generation procedure there 
are several steps that can be modified in the SI framework. Firstly, 
the interpolant in Eq. (8) can be adjusted to have desired properties. 
Secondly, the loss function in Eq. (10) can be extended. Thirdly, the 
neural network architecture used to approximate the drift term can be 
designed with physics consistency in mind. Lastly, the generative SDE 
in Eq. (7) can be modified, to impose desired properties after training.

In general, physical consistency can either be imposed as soft or
hard constraints. When imposing soft constraints, one typically adds 
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Fig. 2. Energy results when simulating Kolmogorov flow with the stochastic interpolants as presented in Section 2.2. (a) shows the energy evolution of the 
physical state and (b) shows the energy distribution of an ensemble of states over multiple time steps and trajectories. 𝑆𝐼 10, 𝑆𝐼 25, and 𝑆𝐼 50 refer to the 
generated trajectories using 10, 25, and 50 SDE steps in the SI SDE respectively.
additional terms to the loss function during training. Although this 
does not guarantee exact adherence to the constraints, it is often easier 
to implement. Imposing hard constraints, on the other hand, ensures 
adherence to the constraint. This is typically done via the architec-
ture [51] or additional computations in shape of projections [38], 
constraint optimization [52], or by modifying the equations of in-
terest [36]. The choice between hard constraints or soft constraints 
depends on the problem at hand. Additional computations sometimes 
associated with hard constraints can lead to high computational costs. A 
specific architecture might make the training easier and the predictions 
more stable, but it could also impose limitations as one does not allow 
the neural network to potentially find an optimal representation. In 
addition, in a stochastic setting, there are additional considerations 
to be taken into account. The system under consideration might only 
conserve certain properties in distribution, while other properties are 
conserved for all realizations.

For the specific case of the incompressible Navier–Stokes Eqs. (1)–
(2), arguably the most important physical structures are the divergence-
freeness of the flow field and the conservation of kinetic energy (in the 
absence of boundaries and viscosity) [36,37,53]. This is further detailed 
in Appendix  A. Our aim is therefore to ensure that the generated 
trajectories are energy-consistent and divergence-free. Energy-consistency 
will be promoted in distribution via a soft constraint which determines 
the parameterization of the SI in Section 3.2. Divergence-freeness will 
be enforced via a hard constraint while time-stepping the SDE in 
Section 3.3.

3.2. Energy-consistent interpolant

The interpolant defines the stochastic paths between 𝒖̄𝑛ℎ and 𝒖̄𝑛+1ℎ . 
The drift term is trained directly on the interpolated states, such that 
the generating SDE approximates these paths. Therefore, the specific 
choice of interpolant plays a major role in the training and by extension 
also the generation. When generating data without any immediate 
need for physics-consistency, it typically does not matter if these paths 
adhere to any physical laws. However, when physics-consistency is 
of importance, the choice of interpolant should adhere to the desired 
properties so the model is trained on physics-consistent data.

As mentioned above, some properties should only be enforced on 
average. Energy-consistency is one such property where individual 
trajectories should not necessarily adhere to the constraint, but an 
ensemble of realizations should be energy-consistent (see Appendix  A). 
Therefore, we choose to impose energy-consistency in a soft manner. 
5 
In this section, we show how one can optimize the choice of 𝛼𝜏 and 𝛽𝜏
to achieve such properties.

The following theorem forms the basis of the optimization: 

Theorem 3.1 (Energy Evolution of the Interpolant).  For a stochastic 
interpolant defined as in Eq. (8) and energy defined by 12 ‖‖𝑰𝜏‖‖

2
2, the time 

evolution of the interpolant energy is given by: 

d
[1
2
‖

‖

𝑰𝜏 (𝒙0,𝒙1)‖‖
2
2

]

= (𝑰𝜏 (𝒙0,𝒙1)⋅𝑹𝜏 (𝒙0,𝒙1)+
𝑑
2
𝛾2𝜏 )d𝜏+𝛾𝜏𝑰𝜏 (𝒙0,𝒙1)⋅d𝑾 𝜏 .

(11)

Furthermore, the expected time evolution is given by: 

E(𝒙0 ,𝒙1 ,𝑾 )

[

d
( 1
2
‖

‖

𝑰𝜏 (𝒙0,𝒙1)‖‖
2
2

)]

= E(𝒙0 ,𝒙1)
[

𝐻𝜏 (𝒙0,𝒙1; 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 )
]

d𝜏,

(12)

where

𝐻𝜏 (𝒙0,𝒙1; 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 ) = 𝛼̇𝜏𝛼𝜏 ‖‖𝒙0‖‖
2
2 + 𝛽̇𝜏𝛽𝜏 ‖‖𝒙1‖‖

2
2

+ (𝛽̇𝜏𝛼𝜏 + 𝛼̇𝜏𝛽𝜏 )⟨𝒙0,𝒙1⟩ + 𝛾̇𝜏𝛾𝜏𝜏𝑑 + 𝑑
2
𝛾2𝜏 . (13)

See Appendix  B for the proof of the theorem. Note that the energy 
depends on the grid size, ℎ. As ℎ is assumed constant, it does not change 
any of the results above nor the derivations below besides a scalar 
multiplication. See Appendix  C for more details.

With Eq. (12), we can control the expected rate of change of the 
kinetic energy of the SI through the choice of its parameters 𝛼𝜏 and 𝛽𝜏 . 
Despite 𝛾𝜏 being present in Eq. (12), and thereby affecting the energy 
evolution, we do not choose to control the expected rate of change via 
𝛾𝜏 . 𝛼𝜏 and 𝛽𝜏 determine the mean flow from 𝒙0 to 𝒙1 and 𝛾𝜏 only controls 
the noise levels. Therefore, 𝛼𝜏 and 𝛽𝜏 have a greater effect on the 
trajectory. In earlier stages of this research, we conducted experiments 
including 𝛾𝜏 in the optimization and we did not see improved results, 
confirming our intuition. Furthermore, as presented in [5], the diffusion 
term in the generating SDE does not have to be 𝛾𝜏 , but can be tuned 
after training. Including 𝛾𝜏 in the fitting of the interpolant coefficients 
would limit that flexibility. Future research will examine how adjusting 
noise levels post-training influences the energy of generated samples.

The key idea is that in many physical systems we have a-priori 
knowledge about the rate of change of kinetic energy between 𝒙0 and 
𝒙1 – see Appendix  A for the Navier–Stokes equations. This knowledge 
can be used to determine 𝛼𝜏 and 𝛽𝜏 . Denoting the known rate of change 
by 𝑘 (𝒙 ,𝒙 ), the loss function quantifying the expected discrepancy 
𝜏 0 1
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between the desired rate of change and the actual rate of change 
induced by the interpolant reads: 

𝐿energy(𝛼𝜏 , 𝛽𝜏 ) = ∫

1

0
E(𝒙0 ,𝒙1)

[

|

|

𝐻𝜏 (𝒙0,𝒙1; 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 ) − 𝑘𝜏 (𝒙0,𝒙1)||
2
]

d𝜏

= ∫

1

0 ∫R𝑑 ∫R𝑑
|

|

𝐻𝜏 (𝒙0,𝒙1; 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 ) − 𝑘𝜏 (𝒙0,𝒙1)||
2 𝑝(𝒙0,𝒙1)d𝒙0d𝒙1d𝜏

≈ 1
𝑁𝜏𝑁𝑠

𝑁𝜏
∑

𝑖=1

𝑁𝑠
∑

𝑗=1

|

|

|

𝐻𝜏 (𝒙0,𝑗 ,𝒙1,𝑗 ; 𝛼𝜏𝑖 , 𝛽𝜏𝑖 , 𝛾𝜏𝑖 ) − 𝑘𝜏 (𝒙0,𝑗 ,𝒙1,𝑗 )
|

|

|

2
.

(14)

In this expression, 𝜏𝑖, 𝑖 = 1,… , 𝑁𝜏 are pseudo-time samples between 
0 and 1, and 𝒙0,𝑗 and 𝒙1,𝑗 , 𝑗 = 1,… , 𝑁𝑠 are samples from the training 
set. In our simulations we are interested in the case where energy is 
conserved on average. This corresponds to choosing 𝑘𝜏 (𝒙0,𝒙1) = 0, 
optimizing the interpolant such that the change in energy is zero in 
expectation.

Minimizing 𝐿energy(𝛼𝜏 , 𝛽𝜏 ) with respect to 𝛼𝜏 and 𝛽𝜏 requires param-
eterizing 𝛼𝜏 and 𝛽𝜏 . In order to do so, we write 𝛼𝜏 and 𝛽𝜏 as Fourier 
series and optimize with respect to the coefficients, 𝛼̂𝑖 and 𝛽𝑖: 

𝛼𝜏 = cos
( 1
2
𝜋𝜏

)

+
𝑁𝛼
∑

𝑖=1
𝛼̂𝑖 sin (𝑖𝜋𝜏) , 𝛽𝜏 = sin

( 1
2
𝜋𝜏

)

+
𝑁𝛽
∑

𝑖=1
𝛽𝑖 sin (𝑖𝜋𝜏) . (15)

Note that these expressions satisfy the temporal boundary conditions 
by construction. While Fourier series have been chosen for this study, 
they are not the only option. Other basis functions, such as Legendre or 
Chebyshev polynomials are also a potential option, as well as nonlinear 
representations such as neural networks, similar to what is considered 
in [54]. Further investigation of these approaches will be pursued in 
future work. Choosing 𝛼𝜏 and 𝛽𝜏 to minimize (14) is effectively a soft
constraint on the training data: on average, the resulting trajectories 
will conserve energy, but each individual trajectory can still have lo-
cally increasing or decreasing energy. This is in line with the properties 
of the incompressible Navier–Stokes equations with body force (see 
Appendix  A).

The minimization of 𝐿energy with respect to 𝛼̂𝜏 and 𝛽𝜏 will be 
performed in a pretraining step, i.e., before the training of the drift term 
as described in Section 2.2. The optimization problem to be solved is 
of dimension 𝑁𝛼 +𝑁𝛽 . Our experiments indicate that 𝑁𝛼 = 𝑁𝛽 < 10 is 
sufficient. Hence, higher-order optimization methods, such as Newton 
methods, can be used without computational issues.

The general idea of optimizing the interpolant coefficients is similar 
to what is presented in [54]. The three key differences are that (i) 
in [54] they optimize a parameterized noise schedule in a diffusion 
model jointly with the neural network weights, (ii) they parameterize 
the noise schedule as a neural network, and (iii) they only have the 
standard diffusion model loss and no additional targets like physics 
consistency in this paper. The difference in target is natural as they 
consider image generation and not physical processes. We have chosen 
Fourier series instead of neural networks due the simplicity, number of 
trainable parameters, and smoothness properties. However, we expect 
that similar results can be achieved by parameterizing 𝛼𝜏 and 𝛽𝜏 as neu-
ral networks in the context of this paper. The choice of separating the 
training of the interpolant coefficients and the neural network in this 
work is due to the differences between the standard SI objective and 
the physics consistency objective. Firstly, the interpolant coefficient 
optimization is a simpler problem with significantly fewer parameters 
to be fitted, which allows for higher order optimization methods such 
as Newton methods. Secondly, by decoupling the two stages we avoid 
the issues of weighing the two objectives which could result in poor 
performance if not done properly.

3.2.1. Minimizing path complexity
If one only minimizes the energy discrepancy, there is a chance that 

the resulting interpolant can be complex and include high-frequency 
6 
oscillations. Therefore, we also want to promote low complexity in the 
trajectories. In this section we describe further improvements to be 
made to the interpolant like an additional loss term for fitting the 𝛼𝜏
and 𝛽𝜏 . The aim is to reduce the complexity of the paths defined by the 
interpolant connecting 𝒙0 and 𝒙1. In this context, ‘‘complexity’’ refers 
to factors that make the paths difficult to learn and integrate. Hence, 
reducing complexity must simplify the training stage, and reduce the 
number of necessary pseudo-time steps when generating new data. To 
this end, we use the transport cost as a metric for complexity. In [34] 
the connection between the SI framework for normalizing flows and 
the optimal transport problem in the framework of [55] is established. 
The transport cost is defined by [55]: 

𝐶transport(𝑹𝜏 ) = ∫

1

0
E(𝒙0 ,𝒙1)

[

‖

‖

𝑹𝜏 (𝒙1,𝒙0)‖‖
2
2

]

d𝜏

= ∫

1

0 ∫R𝑑 ∫R𝑑
‖

‖

𝑹𝜏 (𝒙1,𝒙0)‖‖
2
2 𝑝(𝒙1,𝒙0)d𝒙0d𝒙1d𝜏.

(16)

The transport cost measures the cost of transforming one distribution to 
another. Minimizing the transport cost minimizes the traveled distance 
between 𝑝(𝒙0) and 𝑝(𝒙1|𝒙0).

In [34], it is briefly discussed how one can minimize the transport 
cost while training the drift term by solving a max–min problem. 
However, max–min problems are typically difficult to handle due to the 
saddle point structure of the optimum. In this paper, we take a slightly 
different approach and perform this optimization before training the 
drift term. By decoupling the training of the drift term and the identifi-
cation of the energy-consistent interpolant we avoid solving a max–min 
problem which is generally more difficult to deal with. However, we 
now have to solve two optimization problems where the outcome of 
the first problem is used in the second. This does add some complexity 
in the implementation.

To minimize the transport cost, we use the same approach as 
discussed in Section 3.2. Using the parameterization from Eq. (15) we 
simultaneously minimize the transport cost as well as 𝐿energy. This gives 
the full loss term for the interpolant: 
𝐿interpolant(𝛼𝜏 , 𝛽𝜏 ) = 𝐿energy(𝛼𝜏 , 𝛽𝜏 ) + 𝐿transport(𝛼𝜏 , 𝛽𝜏 ), (17)

where 

𝐿transport(𝛼𝜏 , 𝛽𝜏 ) = ∫

1

0 ∫R𝑑 ∫R𝑑
‖

‖

𝑹𝜏 (𝒙0,𝒙1)‖‖
2
2 𝑝(𝒙0,𝒙1)d𝒙0d𝒙1d𝜏
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2
2 𝑝(𝒙0,𝒙1)d𝒙0d𝒙1d𝜏

≈ 1
𝑁𝜏𝑁𝑠
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𝑁𝑠
∑

𝑗=1

‖

‖

‖

𝛼̇𝜏𝑖𝒙0,𝑗 + 𝛽̇𝜏𝑖𝒙1,𝑗 + 𝛾̇𝜏𝑖𝑾 𝜏𝑖
‖

‖

‖

2

2
,

(18)

with (𝒙0,𝑗 ,𝒙1,𝑗 ) ∼ 𝑝(𝒙0,𝒙1) for 𝑗 = 1,… , 𝑁𝑠 being training samples. Note 
that 𝐿transport is simply 𝐶transport considered as a function of 𝛼𝜏 and 𝛽𝜏
instead of 𝑹𝜏 . See Algorithm 2 for the pseudo-code of the interpolant 
optimization procedure.

Note that the two terms, 𝐿energy and 𝐿transport, in Eq. (17) are not 
weighted. In this work we did not observe a necessity for this, as 
the two losses are dimensionally consistent and of the same order of 
magnitude. However, this might be different in other settings. In that 
case, a hyperparameter that weighs the two terms could be introduced. 
Similarly, a regularization term can be added if necessary.

In Fig.  3, we visually compare the quadratic interpolant proposed 
in [5], 𝛼𝜏 = 1 − 𝜏, 𝛽𝜏 = 𝜏2, with the interpolant optimized with respect 
to the transport and energy loss. In Fig.  3(a) it is apparent that the 
optimized interpolant and the quadratic interpolant are visually similar. 
However, the drift terms, 𝑹𝜏 (𝒙0,𝒙1), vary quite a lot as shown in Fig. 
3(b).

Fig.  4 compares various interpolant coefficients alongside their 
corresponding energy discrepancies and transport loss. Specifically, we 
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Fig. 3. Comparison of the optimized interpolant and the interpolant proposed in [5] with 𝛼𝜏 = 1 − 𝜏 and 𝛽𝜏 = 𝜏2.
Algorithm 2: Optimize interpolant
Input: training data, 𝑁𝛼 , 𝑁𝛽 , 𝑁𝑒𝑝𝑜𝑐ℎ𝑠, Optimizer

1 for 𝑖 = 1 ∶ 𝑁𝑒𝑝𝑜𝑐ℎ𝑠 do
2 Evaluate 𝛼𝜏 and 𝛽𝜏 via Eq.  (15);
3 Compute interpolant loss, 𝐿interpolant(𝛼, 𝛽), via Eq.  (17);
4 Update 𝛼𝜏 and 𝛽𝜏 : (𝛼𝜏 , 𝛽𝜏 ) ← Optimizer(𝛼𝜏 , 𝛽𝜏 , 𝐿(𝛼𝜏 , 𝛽𝜏 ));
5 end for 
Output: Trained 𝛼, 𝛽

compare our optimized results against the quadratic interpolant and the 
linear interpolant, used in the rectified flow formulation [56], with 𝛼𝜏 =
1 − 𝜏 and 𝛽𝜏 = 𝜏. Note that the rectified flow is originally formulated 
for ODEs rather than SDEs. Moreover, the original paper does not 
address the specific case of sampling from a target distribution that is 
conditioned on the base. The comparison in Fig.  4 uses samples from 
Kolmogorov flow trajectories, where energy is constant on average. 
Hence, we set 𝑘𝜏 (𝒙0,𝒙1) = 0. While the optimized coefficients 𝛼𝜏
and 𝛽𝜏 appear visually similar to the linear formulation, they yield 
quite different performance metrics. Notably, the linear interpolant 
maintains strong energy conservation but incurs high transport costs, 
whereas the quadratic interpolant performs poorly across both metrics.

The optimized interpolants consistently achieve superior perfor-
mance, whether the objective function only targets transport,2 only 
targets energy, or both. As anticipated, joint optimization produces 
the most favorable results, yielding the best balance between lowest 
transport and energy conservation. These findings underscore the clear 

2 The transport-optimized interpolant was trained with 𝑙2-regularization on 
the Fourier coefficients to ensure stability. This was found to be unnecessary 
for the other cases.
7 
advantages of tailoring the interpolant via optimization rather than 
relying on fixed, heuristic formulations.

It is worth noting that despite the linear interpolant’s strong energy 
conservation, the resulting SI model has been shown to perform poorly 
in practical applications (see [5] and Appendix  D).

3.3. Divergence-consistency

For incompressible fluid flows the velocity field is divergence-free. 
However, a generative model does generally not adhere to this prop-
erty, despite being trained on divergence-free data. This is especially 
the case when dealing with long roll-outs due to accumulation of errors.

In contrast to energy-consistency, divergence-freeness in the incom-
pressible Navier–Stokes equations is an algebraic constraint and not 
an evolution equation. In other words, every realization arising from 
solving the SDE in Eq. (7) should be divergence-free. For this reason 
we impose divergence-consistency as a hard constraint on every single 
realization.

Ensuring that the generated velocity fields are divergence-free can 
be done in several ways. For example, it can be done on the neural net-
work architecture level [36]. Another approach is to learn an SDE for 
the stream function 𝝍 instead of the velocity, such that 𝒖 = ∇×𝝍 , and 
its divergence is by construction zero. As an alternative, we will make 
use of projections and the face-averaging filter as presented in [38], 
which are designed to keep the filtered velocity field divergence-free. 
The projection operator 𝛱 ∶ R𝑑 → R𝑑 , projects any field onto its 
divergence-free part. In [38] the projection is performed at every stage 
of the Runge–Kutta method by solving a Poisson equation. We use the 
same projection in this work — for details on 𝛱 , see Eqs. (A.8)–(A.9) 
in Appendix  A.2.

Ideally, all interpolated states should be divergence-free both during 
training and inference. However, this would require projecting the state 
after every single pseudo-time step when solving the generating SDE. 
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Fig. 4. Profiles of 𝛼𝜏 and 𝛽𝜏 optimized for energy conservation, transport cost, and both are shown. These are compared against the linear (rectified flow) and 
quadratic formulation proposed in [5]. Legends in (a) and (b) report the energy discrepancy and transport loss, respectively. Note that for the quadratic interpolant 
in (a), the energy discrepancy exceeds the plotted range, indicating significantly poorer conservation compared to the optimized and linear interpolants.
Algorithm 3: Trajectory generation with drift term learned via 
the stochastic interpolant

Input: Initial condition 𝒖̄0ℎ, 𝑁𝑡, 𝑁𝜏 , 𝒃𝜃 , 𝛾𝜏 , 𝛱 , SDE integrator
1 for 𝑛𝑡 = 0 ∶ 𝑁𝑡 do
2 𝑿0 = 𝒖̄

𝑛𝑡
ℎ ;

3 for 𝑛𝑗 = 0 ∶ 𝑁𝜏 do
4 𝑿𝑛𝜏+1 = SDE step(𝑿𝑛𝜏 , 𝒃𝜃 , 𝛾𝜏 ) ;
5 end for 
6 𝒖̄𝑛𝑡+1ℎ = 𝛱𝑿1

7 end for 
Output: {𝒖̄𝑛ℎ

}𝑁𝑡

𝑛=1

As the projection requires solving a Poisson equation, it adds significant 
computational time. Therefore, we propose to project the state once 
during each physical time step, i.e. after the SDE has been solved in 
pseudo-time. Hence, the generation of samples is given by: 
d𝑿𝜏 = 𝒃(𝑿𝜏 , 𝒖̄𝑛ℎ, 𝜏)d𝜏 + 𝛾𝜏d𝑾 𝜏 , 𝑿0 = 𝒖̄𝑛ℎ, 𝜏 = 0…1, (19a)

𝒖̄𝑛+1ℎ = 𝛱𝑿1. (19b)

The projection operator is such that any (discretized) velocity field 
becomes divergence-free. Any noise present before projection will be 
affected by this step, and could be redistributed over the domain, due 
to the non-local nature of the projection operator. Hence, the projection 
is commenced regardless of the noise level.

4. Implementation

Besides the general framework presented in the previous sections, 
there are still several decisions regarding implementation to make. 
Here, we briefly discuss such considerations.
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All implementations are done in Julia. The source code can be found 
on GitHub.3 All trainings are performed on a single Nvidia RTX 3090 
GPU.

4.1. Neural network architecture

The SI framework does not require a specific family of models to 
parameterize 𝒃𝜃 . However, due to the universality of neural networks, 
they are generally chosen for approximating the drift term. This choice 
of family of models naturally leads one to ask what architecture to 
use. In this regard, previous work on SIs for image generation have 
taken inspiration from work on DDPMs [5]. We do the same and take 
inspiration from work using DPPMs for fluid dynamics [46,57].

We make use of a UNet architecture, originally introduced in [58], 
with ConvNeXt layers instead of normal residual layers [59]. A sketch 
of the architecture is shown in Fig.  5. The pseudo-time, 𝜏, is first 
embedded and then passed to the ConvNeXt layers as a bias term. It is 
embedded via a sinusoidal positional embedding followed by a shallow 
neural network and then passed onto the convolutional layers.

The downsampling is performed via strided convolutions and trans-
posed convolutions are used for the upsampling. It is generally known 
that up- and downsampling via convolutional layers rather than pooling 
and interpolating gives better and less smoothed results [60,61].

In the bottleneck we use a diffusion transformer [62] to compute 
attention globally while also incorporating embedded time. We add 
a trainable positional encoding to the tensor before passing it to the 
diffusion transformer. The transformer layer ensures a global receptive 
field and the specific choice of diffusion transformer is made due to the 
efficient incorporation of parametric dependence.

3 https://github.com/nmucke/StochasticInterpolants.jl.git

https://github.com/nmucke/StochasticInterpolants.jl.git
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Fig. 5. Drift term neural network architecture. 
Instead of only inputting the current physical state as conditions 
for the model, we make use of several previous states. While this has 
not been included in discussions and derivations in previous sections, 
it does not change the approach, as this only requires changing the 
conditioning in the drift term. It has been shown that providing a 
history as conditioning to the model and not just the current state 
results in higher accuracy [8,9,63]. The drift term and corresponding 
SDE in Eq. (7) change to: 

d𝑿𝜏 = 𝒃𝜃(𝑿𝜏 , 𝒖̄𝑛−𝑙∶𝑛ℎ , 𝜏)d𝜏 + 𝛾𝜏d𝑾 𝜏 , 𝑿0 = 𝒖̄𝑛ℎ, 𝜏 = 0…1, (20)

where 𝒖̄𝑛−𝑙∶𝑛ℎ = (𝒖̄𝑛−𝑙ℎ ,… , 𝒖̄𝑛ℎ) and 𝑙 is the length of the history to be 
included.

Throughout the network we use the GELU activation function [64]. 
In the ConvNeXt layers and diffusion transformer, we use layer normal-
ization. Lastly, we do not make use of dropout as experiments did not 
show improved performance.

See Fig.  5 for a visualization of the UNet architecture.

4.2. Training considerations

In this section we briefly describe the specific implementation of the 
training of the SI drift term and the interpolant coefficients.

The training states are standardized per channel. Each channel cor-
responds to a physical field, e.g. velocity in 𝑥-direction and 𝑦-direction. 
Each field is standardized to have zero mean and unit standard devi-
ation. For the optimization, we use the AdamW optimizer [65] with 
a cosine annealing learning rate scheduler with a warmup [66]. The 
weights are regularized with L2-regularization. To further prevent over-
fitting, we make use of early stopping based on a validation dataset. The 
validation loss is computed by time-stepping via the generating SDE 
for multiple physical time steps. This ensures that the trained model 
actually performs well for the task it is intended for.

Optimizing the interpolant is performed using a batched Newton 
optimization algorithm with a backtracking line search for determining 
how much to update in the optimal search direction.

4.3. Inference

One of the key advantages of the SI method, and SDE-based gen-
erative models in general, is the flexibility it provides in the inference 
stage. As the drift term of a (continuous) SDE is learned, any numerical 
SDE solver can be used after training. Furthermore, the amount of 
pseudo-time steps used can also be chosen according to quality and 
time restrictions. In this work, we use the Heun SDE integrator [67].
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5. Results

We present results for a Kolmogorov flow test case. The governing 
equations are the incompressible Navier–Stokes equations in two di-
mensions given by Eq. (1). For an overview of the test case settings, 
see Table  1.

We evaluate the proposed framework on a series of metrics and 
quantities of interest serving different purposes. We compute the mean 
squared error (MSE), the Pearson correlation, and LSiM [68], which 
measures how well the generated trajectories match the filtered DNS 
trajectories directly. Since the underlying dynamics are chaotic in 
nature, it is only to be expected that the generated trajectories match 
the filtered DNS trajectories in the short-term. Therefore, we also 
compute the kinetic energy, the energy spectrum, and the rate of 
change of the states, to assess if the generated trajectories have the 
same characteristics in terms of energy and rate of change as the filtered 
DNS trajectories. Such metrics are more suitable for assessing long-term 
behavior. Furthermore, we compare the distributions of some of these 
quantities to ensure that the statistics match. See Appendix  C for details 
on the metrics and quantities of interest.

We compare our proposed methodology with three other appro-
aches. Namely, the PDE-refiner [57] (referred to as Refiner from 
hereon), the Autoregressive Conditional Diffusion Model (ACDM) [46], 
and the original version of the SI for probabilistic forecasting without 
the proposed improvements [5]. These methods are generative models 
for probabilistic forecasting of states governed by PDEs. The Refiner 
and the ACDM utilize the DDPM framework. For the implementation 
of the ACDM and the Refiner, we use the code from the GitHub 
repository associated with [46].4 The specific models used are taken 
directly from that repository and are slightly modified to approximately 
match the amount of model weights that we use for the stochastic 
interpolant. Note that a key difference between the ACDM and the 
Refiner compared to the SI framework is that the ACDM and Refiner 
need to be trained for a specific amount of diffusion steps. Hence, the 
number of generation steps must be chosen before training, unlike for 
the SI where the number of SDE generation steps can be chosen freely 
after training.

We generate 5 trajectories per test trajectory. That is, for a given 
initial condition, we generate 5 realizations with the generative models. 
All 5 realization are compared with the filtered DNS solution using the 
same initial condition. Since we are testing against 5 test trajectories, 
we generate a total of 25 realizations.

4 https://github.com/tum-pbs/autoreg-pde-diffusion

https://github.com/tum-pbs/autoreg-pde-diffusion
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Fig. 6. Kinetic energy results for various generative models.
5.1. Kolmogorov flow

In this test case we assess the models ability to perform accurate 
and stable long-horizon simulations with respect to the statistics of the 
fluid flow.

Kolmogorov flow is a type of forced turbulent flow that obeys the 
Navier–Stokes equations. Specifically, we use the forcing: 

𝒇 (𝒖) = sin(4𝑦)
[

1
0

]

− 0.1𝒖. (21)

We consider the domain, 𝛺 = [0, 2𝜋]2, and the time horizon 𝑇 = 62.5. 
The first term in the forcing injects energy into the system and the 
second is a dissipative term that depends on the velocity. In total, 
the two terms ensure that the flow converges towards a statistically 
stationary state.

We simulate the Kolmogorov flow using a finite volume method 
on a staggered grid implemented in the IncompressibleNavierStokes.jl 
library [69].5 The high-fidelity simulations are performed on a 2048 ×
2048 grid and are downsampled to a 128 × 128 grid using face-
averaging. We refer to those trajectories as the filtered DNS solutions 
and consider those to be the ground truth. For more details, see [38]. 
Each trajectory is initiated with a random initial condition. To ensure 
that the flow is fully developed and has reached the stationary distribu-
tion, we discard the first 𝑡 = 25 seconds of the trajectories. Furthermore, 
for the training of the models we use every 100th state from the high-
fidelity simulations in time. Hence, the models take significantly larger 
time steps than the high-fidelity simulations. We train on 250 time 
steps and predict up to 750 steps, starting from the same time step, 
which corresponds to training on the time interval 𝑡 ∈ [25, 37.5] and 
predicting on the time interval 𝑡 ∈ [25, 62.5]. The choice of temporal 
resolution is a trade-off between one-step accuracy and rollout stability: 
a larger physical step size increases the error of the individual one-step 
prediction but reduces the total number of autoregressive steps required 
to reach the final horizon 𝑇 . Conversely, a smaller step size simplifies 
the one-step mapping but increases the risk of error accumulation 
through more frequent rollouts. To characterize the dynamics within 
our chosen regime, we show the temporal autocorrelation of the state 
in Fig.  D.9. We see that after approximately 50 time steps the mean 
autocorrelation has dropped below 0.25 after which it stays close 
to zero. This rapid decay demonstrates that our model must handle 
significant dynamical changes per step, validating the difficulty of the 
chosen time horizon despite the reduced number of total rollout steps. 
In general, the trade-off between physical time step size and number of 
pseudo steps per physical time steps needs careful consideration, and 
an important suggestion for future work.

5 https://github.com/agdestein/IncompressibleNavierStokes.jl
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Table 1
Overview of Kolmogorov test case and parameter settings.
 Re 103  
 Forcing Yes  
 # Train trajectories 45  
 # Test trajectories 5  
 # Train time steps 250  
 # Test time steps 750  
 # High-fidelity DOFs 20482 ⋅ 2 = 8388608  
 # Reduced DOFs 1282 ⋅ 2 = 32768  
 High-fidelity step size 5 ⋅ 10−4  
 Generative model step size 100 ⋅ 5 ⋅ 10−4 = 5 ⋅ 10−2 
 Boundary conditions Periodic  

Note that this problem is similar to that considered in [5], where 
the authors examine a stochastic variant of the Navier–Stokes equations 
in vorticity formulation. However, they consider significantly fewer 
rollouts although they have longer physical time steps. Variants of this 
test case are also examined in other works, such as [70], which employs 
a different Reynolds number and physical time step size of 0.002 s with 
up to 9999 time steps resulting in prediction horizons up to 20.0 s.

We perform several tests using various settings of the models. We 
train three ACDM models with 10, 25, and 50 diffusion steps, and three 
Refiner models with 2, 4, and 8 diffusion steps. These choices were 
made based on the recommendations in the respective papers and for 
the purpose of comparison with the SI framework. For the SI frame-
work, we train and compare two models. One without the optimized 
interpolant, and one with the optimized interpolant. The non-optimized 
interpolant uses 𝛼𝜏 = 1 − 𝜏 and 𝛽𝜏 = 𝜏2 as recommended in [5]. 
Additionally, we also trained an SI model with the linear interpolant, 
𝛼𝜏 = 1−𝜏 and 𝛽𝜏 = 𝜏, referred to as SIlin. However, this model appeared 
to be unstable and the generated trajectories immediately diverged. 
This corresponds with the empirical findings in [5]. A theoretical study 
of this phenomenon, as well as more practical studies involving more 
test cases, are subject to future work. Results with the linear interpolant 
model are shown in Appendix  D. For the optimized interpolants we 
found that 𝑁𝛼 = 𝑁𝛽 = 5 was sufficient to achieve the desired energy 
distribution properties of the interpolant. We will refer to the optimized 
SI model as SIopt and the non-optimized as SI. Furthermore, we test SI 
framework with divergence projection and without. As this is not im-
posed until after training, no additional models need to be trained. We 
refer to the models with divergence-free projection as SIdiv and SIopt,div.

To simplify the presentation of results, we only show the best 
results from each model class (ACDM, Refiner, SI, SIopt,div). We refer to 
Appendix  D for additional results. Furthermore, in Appendix  D we also 
visualize the vorticity and showcase rollouts of up to 10000 physical 
time steps with the SIopt,div model, emphasizing the long stability of 
the model.

https://github.com/agdestein/IncompressibleNavierStokes.jl
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Fig. 7. Energy spectra for various generative models at three different physical time steps.
Table 2
Results for Kolmogorov. The arrow next to the metric denotes whether larger is better (↑) or smaller is better (↓). Note that we 
show results for MSE and LSiM averaged over 50 and 750 times steps. Since the Kolmogorov flow is highly chaotic, the long-term 
performance with respect to those metrics are not representative for the model performance alone. The number following the 
model is the amount of diffusion/SDE steps in the generation procedure. we highlight the best results in boldface. In cases where 
there is no significant difference between several results, we highlight all values that are approximately similar.
 Energy W-1 ↓ LSiM ↓ MSE ↓ Corr > 0.8 time ↑ 
 50 steps 750 steps 50 steps 750 steps  
 ACDM, 10 >100 0.52 0.18 >100 >100 0.02  
 ACDM, 25 16.87 0.18 0.15 0.23 1.32 0.39  
 ACDM, 50 13.14 0.19 0.15 0.20 1.38 0.41  
 Refiner, 2 >100 0.35 0.17 0.40 17.3 0.33  
 Refiner, 4 >100 0.36 0.20 4.94 >100 0.27  
 Refiner, 8 21.30 0.20 0.17 0.44 2.38 0.31  
 SI, 10 80.17 0.13 0.18 0.13 3.51 0.48  
 SI, 25 44.46 0.14 0.17 0.14 2.59 0.48  
 SI, 50 37.87 0.13 0.17 0.13 2.44 0.48  
 SIopt,div, 10 4.87 0.09 0.15 0.04 1.56 0.70  
 SIopt,div, 25 2.69 0.06 0.15 0.02 1.638 0.82  
 SIopt,div, 50 2.60 0.05 0.15 0.02 1.65 0.84  
In Fig.  6(a) we see that the alternative methods either over- or 
undershoot the energy. Furthermore, in Fig.  6(b) we clearly see that 
the distribution for the SIopt,div method matches the filtered DNS energy 
significantly better. In Fig.  7, this is further emphasized as we see that 
the energy spectra are much better matched for both the low and high 
frequencies. Despite the better performance of the SIopt,div model, we 
still see a small bump in the high frequencies after a series of physical 
time steps. This suggests that high-frequency errors accumulate slightly 
with time. However, the difference between 100 and 750 time steps is 
small which supports the claim of stable long rollouts. In Fig.  D.15 we 
also see that with more SDE pseudo-time steps this problem becomes 
smaller.

In Fig.  8 we see the velocity magnitude for various methods at 6 
different physical time steps. Qualitatively, we see some differences 
between the various models. The ACDM and the SI seem generate 
slightly smoothed states. On the other hand, the Refiner results in states 
with significantly larger magnitudes. The SIopt,div, however, generates 
trajectories that visually look physically plausible when comparing with 
the characteristics of the filtered DNS states. This is backed by the 
results in Figs.  6 and 7.

We summarize the results in Table  2. Here we see that SIopt,div
model also performs quantitatively better than the alternatives. We see 
that the SIopt,div model approximates the energy distribution at least an 
order of magnitude better than all the alternatives. In particular, the 
SIopt,div model with only 10 SDE steps outperforms the rest. Further-
more, we see that the SIopt,div method achieves better LSiM accuracy 
for the first 50 time steps by an order of magnitude. For 750 steps, 
however, we see that all methods achieve similar accuracy. Since the 
system is chaotic, this is to be expected for long roll-outs. We see similar 
behavior for the MSE. Lastly, we see that the SIopt,div method remains 
correlated with the filtered DNS solution for longer time than the other 
approaches.
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6. Conclusion

In this work, we introduced a novel stochastic generative model 
for turbulence simulation, leveraging stochastic interpolants to enable 
probabilistic forecasting while maintaining physical consistency. Un-
like conventional generative models, which often fail to incorporate 
physical constraints, our approach ensures energy-stable time stepping 
and divergence-free velocity fields, thereby improving both numerical 
stability and physical reliability. In particular, we have tuned the 
parameters of the stochastic interpolant in such a way that it is conserv-
ing kinetic energy, which is a crucial property in the incompressible 
Navier–Stokes equations. By training the interpolant on single time 
steps, we do not need unrolling over multiple time steps.

We demonstrate the effectiveness of our framework on Kolmogorov 
flow, where it outperforms state-of-the-art generative models, includ-
ing autoregressive conditional diffusion models (ACDMs) and PDE-
Refiners, in terms of energy conservation, spectral accuracy, and long-
term stability. Our model not only achieves more accurate statistical 
properties but also allows for flexible inference, overcoming the rigid 
step-size constraints of the ACDM and PDE-refiner.

Overall, our findings suggest that stochastic interpolants provide a 
promising foundation for physics-aware generative modeling in fluid 
dynamics. Two important limitations are: (i) our framework needs 
knowledge of 𝑘𝜏 (the average change of energy of the system), which 
in this article could be set to zero; (ii) we embed energy conservation 
as a soft constraint through parameterizing the interpolant, and not 
in a strong way (e.g. through parameterizing the SDE or the NN). 
Future work will focus on applying the framework to more complex 
cases, including cases that do not necessarily reach a statistically sta-
tionary distribution. Furthermore, we will extend the framework to be 
able to handle to other relevant physical properties such as entropy, 
momentum, and symmetries.
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Fig. 8. Velocity magnitude for the various models at different time steps. The same initial condition is used for all realizations. From left to right: 𝑛 = 10, 𝑛 = 50, 
𝑛 = 100, 𝑛 = 200, 𝑛 = 400, 𝑛 = 750.
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Appendix A. Energy conservation and divergence-freeness for the 
filtered incompressible Navier–Stokes equations

A.1. Kinetic energy conservation

The Navier–Stokes equations, (1)–(2) describe conservation of mass 
and momentum of a fluid. In the incompressible case, conservation 
of kinetic energy is a consequence of conservation of mass and mo-
mentum, and not a separate conservation law. Conservation of ki-
netic energy has been used for example to construct stable discretiza-
tion schemes for turbulent flows [71,72] and stable reduced order 
models [37].

The kinetic energy is naturally defined as 𝐸 ∶= 1
2‖𝒖‖

2
2, where the 

𝐿2 norm is given by ‖𝒖‖22 ∶= ⟨𝒖, 𝒖⟩, which is induced by the standard 
inner product ⟨𝒖, 𝒗⟩ ∶= ∫𝛺 𝒖 ⋅ 𝒗 d𝛺. An equation for the evolution of 𝐸
is derived by differentiating 𝐸 in time and substituting the momentum 
equation: 

d𝐸
d𝑡

=
d 1
2 ⟨𝒖, 𝒖⟩
d𝑡

= −⟨𝐶(𝒖, 𝒖), 𝒖⟩ − ⟨∇𝑝, 𝒖⟩ + ⟨𝐷𝒖, 𝒖⟩ + ⟨𝒇 (𝒖), 𝒖⟩, (A.1)

where we introduced the convection and diffusion operators 𝐶(𝒖, 𝒖) ∶=
∇ ⋅ (𝒖⊗𝒖) and 𝐷𝒖 ∶= 1

Re∇ ⋅ (∇𝒖+ (∇𝒖)𝑇 ). The equation simplifies due to 
three symmetry properties. These symmetry properties will be guiding 
in designing an energy-consistent SDE. First, due to the fact that 𝐶(𝒖, 𝒖)
can be written in a skew-symmetric form (using divergence-freeness), 
we have ⟨𝐶(𝒖, 𝒖), 𝒖⟩ = 0 for periodic or no-slip boundary conditions. 
Second, the pressure gradient contribution disappears because ⟨∇𝑝, 𝒖⟩ =
⟨𝑝,∇ ⋅ 𝒖⟩ = 0, again using divergence-freeness. Third, due to the sym-
metry of the diffusive operator we can write ⟨𝐷(𝒖, 𝒖), 𝒖⟩ = −⟨∇𝒖,∇𝒖⟩. 
The kinetic energy balance then reduces to 
d𝐸 = − 1

‖∇𝒖‖2 + ⟨𝒇 (𝒖), 𝒖⟩. (A.2)

d𝑡 Re 2
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Consequently, in the absence of boundaries and body forces 𝒇 , the 
kinetic energy of the flow can only decrease in time, and in inviscid 
flow it is exactly conserved. The divergence-freeness of the flow field 
is key in deriving this result. In presence of body forces, like in the 
Kolmogorov flow from Section 5.1, the dissipation term 1

Re‖∇𝒖‖
2
2 on 

average balances the work done by the body force ⟨𝒇 (𝒖), 𝒖⟩.

A.2. Filtering the Navier–Stokes equations

Upon filtering the Navier–Stokes equations with a convolutional 
filter, the velocity field stays divergence-free: 

∇ ⋅ 𝒖̄ = 0, (A.3)

because the filter and the divergence operator commute. For the dis-
cretized Navier–Stokes equations and a discrete filter, this is in general 
not true, as the discrete divergence operator and discrete filter do not 
commute. In [38] we developed a so-called face-averaging filter which 
is such that (A.3) also holds in a discrete sense (provided that 𝒖ℎ is 
divergence-free): 

𝑀ℎ𝒖̄ℎ = 0, (A.4)

where 𝑀ℎ is a matrix representing the discretized divergence operator 
(on the coarse grid), and 𝒖̄ℎ ∶= 𝐴𝒖ℎ. In this way, the discrete filter and 
discrete divergence operator still commute.

For the momentum equations, filtering does not commute with 
the nonlinear terms, and the filtered equations feature a so-called 
commutator error (𝒖, 𝒖̄): 
𝜕𝒖̄
𝜕𝑡

+ ∇ ⋅ (𝒖̄⊗ 𝒖̄) = −∇𝑝̄ + 1
Re

∇2𝒖̄ + 𝒇 (𝒖̄) + (𝒖, 𝒖̄), (A.5)

where (𝒖, 𝒖̄) = ∇ ⋅ (𝒖̄⊗ 𝒖̄) −∇ ⋅ (𝒖⊗ 𝒖) + 𝒇 (𝒖) − 𝒇 (𝒖̄). As a consequence, 
the energy balance is affected, and instead of Eq.  (A.2) we have the 
following evolution for the kinetic energy 𝐸̄ ∶= 1

2‖𝒖̄‖
2
2 of the filtered 

field: 
d𝐸̄
d𝑡

= − 1
Re

‖∇𝒖̄‖22 + ⟨𝒇 (𝒖̄), 𝒖̄⟩ + ⟨(𝒖, 𝒖̄), 𝒖̄⟩. (A.6)

Note that we have omitted the explicit dependence on the grid size 
in the norm and the inner product. Including the grid size only adds 
a scaling factor and does not change the outcome of the derivations. 
In the absence of body forces, viscosity and boundary contributions, 𝐸̄
is not a conserved quantity (in contrast to 𝐸), due to the additional 
term (𝒖, 𝒖̄) which can be both positive and negative, and accounts for 
exchange of energy with unresolved scales. In statistically stationary 
flow, the terms on the right hand side balance each other on average.

During time-stepping such as with the explicit schemes in [73,74], 
first a tentative velocity field is computed as a solution to the momen-
tum equations, and then a projection is performed to make this velocity 
field divergence-free. This projection of any non-divergence-free field 
𝒖̄∗ℎ can be written as 

𝒖̄ℎ = 𝛱 𝒖̄∗ℎ, (A.7)

where 𝛱 = 𝐼 − 𝑀𝑇
ℎ 𝐿

−1
ℎ 𝑀ℎ, and 𝐿ℎ = 𝑀ℎ𝑀𝑇

ℎ  is a Poisson matrix. In 
practice, Eq. (A.7) is solved in a two-step process:

𝐿ℎ𝜙 = 𝑀ℎ𝒖̄∗ℎ, (A.8)

𝒖̄ℎ = 𝒖̄∗ℎ −𝑀𝑇
ℎ 𝜙. (A.9)

Appendix B. Proof of Theorem  3.1

Here, we provide a proof of Theorem  3.1.

Proof.  To ease the notation, we omit the explicit dependence on 
𝒙0 and 𝒙1 and write 𝑰𝜏 ∶= 𝑰𝜏 (𝒙0,𝒙1) and 𝑹𝜏 ∶= 𝑹𝜏 (𝒙0,𝒙1), where 
(𝒙 ,𝒙 ) ∼ 𝑝(𝒙 ,𝒙 ).
0 1 0 1
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We remind the reader that the dynamics of the interpolant is 
governed by the SDE: 
d𝑰𝜏 = 𝑹𝜏d𝜏 + 𝛾𝜏d𝑾 𝜏 , 𝜏 ∈ [0, 1], 𝑿0 = 𝒙0, (B.1)

where 
𝑹𝜏 = 𝛼̇𝜏𝒙0 + 𝛽̇𝜏𝒙1 + 𝛾̇𝜏𝑾 𝜏 (B.2)

For any quantity of interest 𝑄(𝑰𝜏 ), we can define a process, 𝑌𝜏 =
𝑄(𝑰𝜏 ). The time evolution of 𝑌𝜏 is given by Itô’s lemma (Theorem 7.3.1 
in [67]): 

d𝑌𝜏 =
[

𝜕𝑄
𝜕𝜏

d𝜏 + ∇𝑰𝑄 ⋅𝑹𝜏 +
1
2
𝛾2𝜏 (∇𝑰∇

𝑇
𝑰𝑄)

]

d𝜏 + 𝛾𝜏∇𝑰𝑄 ⋅ d𝑾 𝜏

=
[

∇𝑰𝑄 ⋅𝑹𝜏 +
1
2
𝛾2𝜏 (∇𝑰∇

𝑇
𝑰𝑄)

]

d𝜏 + 𝛾𝜏∇𝑰𝑄 ⋅ d𝑾 𝜏 .
(B.3)

Note that 𝜕𝑄𝜕𝜏 = 0 as 𝑄 is not explicitly dependent on 𝜏. By setting the 
quantity of interest to be the kinetic energy, 𝑄(𝐼𝜏 ) =

1
2
‖

‖

𝑰𝜏‖‖
2
2, and using

∇𝑋 ‖𝑋‖

2
2 = 2𝑋, ∇𝑋∇𝑇

𝑋 ‖𝑋‖

2
2 = 2𝑑, (B.4)

for any 𝑋 ∈ R𝑑 , we get the first result 

d𝑌𝜏 =
[

𝑰𝜏 ⋅𝑹𝜏 +
𝑑
2
𝛾2𝜏
]

d𝜏 + 𝛾𝜏𝑰𝜏 ⋅ d𝑾 𝜏 . (B.5)

For the second result, the expression for the expected energy evolution, 
we start by expanding the dot product, 𝑰𝜏 ⋅𝑹𝜏 : 
𝑰𝜏 ⋅𝑹𝜏 =𝛼̇𝜏𝛼𝜏 ‖‖𝒙0‖‖

2
2 + 𝛽̇𝜏𝛽𝜏 ‖‖𝒙1‖‖

2
2 + 𝛾̇𝜏𝛾𝜏 ‖‖𝑾 𝜏

‖

‖

2
2

+(𝛽̇𝜏𝛼𝜏 + 𝛼̇𝜏𝛽𝜏 )⟨𝒙0,𝒙1⟩ + 𝛼𝜏 𝛾̇𝜏⟨𝒙0,𝑾 𝜏⟩ + 𝛽𝜏 𝛾̇𝜏⟨𝒙1,𝑾 𝜏⟩.
(B.6)

Taking the expected value with respect to 𝒙0, 𝒙1, and 𝑾 𝜏 gives:

E(𝒙0 ,𝒙1 ,𝑾 𝜏 )
[

𝑰𝜏 ⋅𝑹𝜏
]

= E𝒙0 ,𝒙1
[

𝛼̇𝜏𝛼𝜏 ‖‖𝒙0‖‖
2
2

+ 𝛽̇𝜏𝛽𝜏 ‖‖𝒙1‖‖
2
2 + (𝛽̇𝜏𝛼𝜏 + 𝛼̇𝜏𝛽𝜏 )⟨𝒙0,𝒙1⟩

]

+ 𝛾̇𝜏𝛾𝜏𝜏𝑑.

(B.7)

Here, we used that 𝒙0 and 𝒙1 are independent with respect to 𝑾 𝜏 and 
that E[‖

‖

𝑾 𝜏
‖

‖

2
2] = 𝜏𝑑. Lastly, by taking the expected value of d𝑌𝜏 and 

using that E [

𝑰𝜏 ⋅ d𝑾 𝜏
]

= 0, we get: 
E(𝒙0 ,𝒙1 ,𝑾 )

[

d𝑌𝜏
]

=
(

E(𝒙0 ,𝒙1)

[

𝛼̇𝜏𝛼𝜏 ‖‖𝒙0‖‖
2
2 + 𝛽̇𝜏𝛽𝜏 ‖‖𝒙1‖‖

2
2 + (𝛽̇𝜏𝛼𝜏 + 𝛼̇𝜏𝛽𝜏 )⟨𝒙0,𝒙1⟩

]

+ 𝛾̇𝜏𝛾𝜏𝜏𝑑 + 𝑑
2
𝛾2𝜏
)

d𝜏.

(B.8)

It does not make a difference whether we include the last two terms in 
the expected value in Eq. (B.8), as they are independent from 𝒙0 and 𝒙1. 
Hence, by including the last two terms in the expected value, we get: 
E(𝒙0 ,𝒙1 ,𝑾 )

[

d𝑌𝜏
]

= E(𝒙0 ,𝒙1)
[

𝐻𝜏 (𝒙0,𝒙1; 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 )
]

d𝜏, (B.9)

with

𝐻𝜏 (𝒙0,𝒙1; 𝛼𝜏 , 𝛽𝜏 , 𝛾𝜏 )

= 𝛼̇𝜏𝛼𝜏 ‖‖𝒙0‖‖
2
2 + 𝛽̇𝜏𝛽𝜏 ‖‖𝒙1‖‖

2
2 + (𝛽̇𝜏𝛼𝜏 + 𝛼̇𝜏𝛽𝜏 )⟨𝒙0,𝒙1⟩ + 𝛾̇𝜏𝛾𝜏𝜏𝑑 + 𝑑

2
𝛾2𝜏 ,

(B.10)

which was what we wanted to show. □

Appendix C. Metrics and quantities of interest

Mean squared error. The mean squared error (MSE) is computed as: 

MSE(𝒖̄ℎ, 𝒗̄ℎ) =
1

𝑁𝑇𝑁𝑥

𝑁𝑇
∑

𝑛=1

‖

‖

‖

𝒖̄𝑛ℎ − 𝒗̄
𝑛
ℎ
‖

‖

‖

2

2
, (C.1)

where 𝑁𝑇  is the number of physical time steps and ‖⋅‖22 is the squared 
𝑙2-norm. We compute the MSE between each generated trajectory and 
a filtered DNS trajectory simulated with the same initial condition and 
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Fig. D.9. Temporal autocorrelation for 5 filtered DNS trajectories. The line is the mean autocorrelation and the shaded area shows the standard deviation.
Fig. D.10. Velocity magnitude at different time steps for the stochastic interpolant model with linear coefficients. The same initial condition and color bar range 
as in Fig.  8 are used. Time steps from left to right: 𝑛 = 10, 𝑛 = 50, 𝑛 = 100, 𝑛 = 200, 𝑛 = 400, 𝑛 = 750.
compute the average over all computed MSEs. Note that the MSE is 
not a useful metric for long-term predictions when dealing with chaotic 
systems.

Kinetic energy. The kinetic energy for at a time step 𝑛 is computed by: 

𝐸(𝒖̄𝑛ℎ) =
1

2ℎ2
‖

‖

‖

𝒖̄𝑛ℎ
‖

‖

‖

2

2
, (C.2)

where ℎ is the equidistant spatial grid size in 𝑥- and 𝑦- direction. We 
are especially interested in assessing whether the generative models 
generate data that follows the same kinetic energy distribution as the 
filtered DNS trajectories.

Rate of change. The rate of change (RoC) at time step 𝑛 is computed as 
in [2] by: 

𝑅𝑜𝐶(𝒖̄𝑛ℎ) =
‖

‖

‖

(𝒖̄𝑛ℎ − 𝒖̄
𝑛−1
ℎ )∕𝛥𝑡‖‖

‖1
, (C.3)

where 𝛥𝑡 is the physical step size. The RoC measures whether a tra-
jectory follows the expected evolution. For example, if a trajectory 
explodes, the RoC grows substantially and if the RoC goes to zero the 
trajectory goes to a steady state. This metric is particularly useful for 
long roll-outs where the predictions are not expected to follow the true 
state exactly, but are expected to follow the general evolution. This is 
especially relevant when dealing with chaotic trajectories.

Wasserstein-1 distance. To assess the quality of the approximations of 
the energy distributions, we compute the Wasserstein-1 (W-1) distance. 
This is computed by: 

𝑊 (𝑝, 𝑞) = inf E(𝑥,𝑦)∼𝛾(𝑥,𝑦)
[

‖𝑥 − 𝑦‖1
]

(C.4)

𝛾∈𝛤 (𝑝,𝑞)
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where 𝛤 (𝑝, 𝑞) is the set of all couplings between the distributions 𝑝
and 𝑞 and ‖⋅‖1 is the 𝑙1 norm. We compute the Wasserstein metric 
between the total kinetic energy of the filtered DNS simulations and 
the generated simulations. For a trajectory, the total kinetic energy is 
computed at each time-step. Then, the collection of energies from each 
time step is used to make the empirical distribution.
LSiM. LSiM is a similarity metric designed for numerical simulations. 
The metric is computed by encoding the data with a trained neural 
network and then comparing the latent representations. For details, 
see [68]. We compute the LSiM between each trajectory in the ensem-
ble of generated states and the filtered DNS state at each time step. 
Then, the mean and standard deviation over all time steps and trajec-
tories are reported. For a state with multiple fields, such as velocity 
in x-direction and y-direction, we consider each channel separately 
and report the mean. For a field, we convert the values into an RGB 
representation, as the LSiM is designed to handle RGB images. This is 
done following the same procedure as in [68].
Pearson correlation. We compute the Pearson correlation coefficient 
between the generated state and the filtered DNS state at each time 
step. In the beginning the correlation is approximately 1, but will 
deteriorate with time. We report the time it takes for the correlation 
to drop below 0.8.

Appendix D. Additional results - Kolmogorov flow

See Figs.  D.9–D.19.
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Fig. D.11. Five velocity magnitude realizations at time step 100 and 750 for various models.
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Fig. D.12. Five vorticity realizations at time step 100 and 750 for various models.
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Fig. D.13. Vorticity for the various models at different time steps. The same initial condition is used for all realizations. From left to right: 𝑛 = 10, 𝑛 = 50, 𝑛 = 100, 
𝑛 = 200, 𝑛 = 400, 𝑛 = 750.

Fig. D.14. Vorticity for a high-fidelity trajectory and a trajectory generated with the optimized and divergence-free SI model at different time steps. The same 
initial condition is used for all realizations. From left to right: 𝑛 = 500, 𝑛 = 1000, 𝑛 = 2500, 𝑛 = 5000, 𝑛 = 7500, 𝑛 = 10000, corresponding to physical times 𝑡 = 25 s, 
𝑡 = 50 s, 𝑡 = 125 s, 𝑡 = 250 s, 𝑡 = 375 s, and 𝑡 = 500 s.
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Fig. D.15. Energy spectra for the stochastic interpolants.
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Fig. D.16. Energy spectra for the linear stochastic interpolant, ACDM, and PDE-Refiner.

Computers and Fluids 314 (2026) 107098 

19 



N.T. Mücke and B. Sanderse

Fig. D.17. Probability density function of the energy. Note that the distributions for the ACDM with 10 steps and the PDE-refiner are not in the figures, since 
they are centered far away from the true distribution.
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Fig. D.18. Energy evolution.
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Fig. D.19. Rate of change.
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