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Method Benchmarked on Real, Limited-Angle, and Blurred Data

Dirk Elias Schut!, Adriaan Graas!, Robert van Liere'2, Tristan van Leeuwen

Abstract—Deep learning has shown impressive results in re-
ducing noise and artifacts in X-ray computed tomography (CT)
reconstruction. Self-supervised CT reconstruction methods are
especially appealing for real-world applications because they re-
quire no ground truth training examples. However, these methods
involve a simplified X-ray physics model during training, which
may make inaccurate assumptions, for example, about scintillator
blurring, the scanning geometry, or the distribution of the noise.
As a result, they can be less robust to real-world imaging
circumstances. In this paper, we review the model assumptions of
six recent self-supervised CT reconstruction methods. Based on
this, we combined concepts of the Robust Equivariant Imaging
and Sparse2Inverse methods in a new self-supervised CT recon-
struction method called Equivariance2Inverse that is robust to
scintillator blurring and limited-angle data. We benchmarked
Equivariance2Inverse and the existing methods on the real-
world 2DeteCT dataset and on synthetic data with and without
scintillator blurring and a limited-angle scanning geometry. The
results of our benchmark show that methods that assume that
the noise is pixel-wise independent do not perform well on data
with scintillator blurring. Moreover, they show that when the
distribution of objects is rotationally invariant, this invariance
can be used to reduce artifacts in limited-angle reconstructions.

I. INTRODUCTION

N X-ray computed tomography (CT), multiple X-ray pro-

jection images are combined to form an image represent-
ing the inside of an object through a process called im-
age reconstruction. Learned image reconstruction techniques
have shown impressive results in reducing noise and artifacts
compared to traditional (non-learned) image reconstruction
techniques [1], [2]. This is very promising for low-dose
(e.g., medical) or high-throughput (e.g., industrial) applica-
tions of CT imaging. Learned image reconstruction was first
demonstrated using supervised learning. However, supervised
learning requires a large dataset of paired input and ground
truth data, which can be challenging or expensive to acquire.
Unsupervised CT reconstruction methods do not require paired
input and ground truth data [3], making these methods more
practical for real-world use.

Several approaches for unsupervised CT reconstruction exist
that use different data and training strategies. Diffusion-based
methods [4]-[7] learn a prior distribution of the reconstructed
volumes, and they have outperformed supervised learning-
based methods for several reconstruction problems. However,
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diffusion-based methods require ground truth data of objects
for training, which still makes it challenging to acquire a
suitable training dataset. Methods based on implicit neural
representations (INRs) [8]-[11] train a separate neural network
for each scan. INR-based methods are particularly useful when
only a single scan of an object is available; however, they
are less suitable for high-throughput applications, as training
a new network for every scan is computationally intensive.
Moreover, these methods do not benefit from the large diver-
sity of image features that large datasets have to offer. INR-
based methods are sometimes referred to as self-supervised.
However, we will use the term self-supervised exclusively
to refer to a different category of methods. Self-supervised
methods are trained on a dataset of measurement data from
multiple scans, where in every loss function call, data from
the same scan is used both as input and as target [12]-[18].
Measurement data is typically simpler to acquire than ground
truth data, making self-supervised methods simpler to train in
practice than diffusion-based methods, while offering better
performance than INR-based methods. Therefore, this paper
focuses on self-supervised methods.

To train a neural network without ground truth data, self-
supervised methods rely on an X-ray physics model. Tradi-
tional CT reconstruction methods also use an X-ray physics
model, which is often highly simplified, for example, as-
suming a dense-view geometry, a linear projection operator,
and additive Gaussian noise [19]. Recent self-supervised CT
reconstruction methods have introduced different assumptions,
such as a sparse-view geometry [13], [15], [17], [18], a
non-linear projection operator with Poisson + Gaussian noise
[13], and correlated noise [16], [20]. The fact that different
reconstruction methods make different assumptions raises the
question of how well these assumptions reflect real-world data.
When the same model assumptions are used for generating
data and for evaluating a reconstruction method on that syn-
thetic data, the results may be unrealistically positive. This is
known as an inverse crime [21], [22]

In this paper, we investigate how limited-angle geometries
[23] and scintillator blurring [24] affect self-supervised CT
reconstruction. These conditions are common in practice, but
they are commonly not considered when developing self-
supervised CT reconstruction methods. We review the model
assumptions of six recent self-supervised CT reconstruction
methods. Based on this, we combine concepts of the Robust
Equivariant Imaging [13] and Sparse2Inverse [15] methods
in a new self-supervised CT reconstruction method called
Equivariance2Inverse that is robust to scintillator blurring
and limited-angle data. Moreover, we benchmark Equivari-
ance2Inverse and the six recent methods to evaluate how their
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model assumptions affect the reconstruction performance. For
this goal, synthetic and real-world data have complementary
strengths. Synthetic data can be generated with any X-ray
physics model, making it possible to change the model as-
sumptions in isolation [25], [26]. Real-world data provides a
good indication of how a method will perform in practice. Our
benchmark uses synthetic data with and without scintillator
blurring and a limited-angle geometry to test the robustness
of each method to these effects. Moreover, our benchmark uses
two datasets of the real-world 2DeteCT dataset [27].

The structure of the paper is as follows: Section II outlines
the six recent self-supervised CT reconstruction methods.
It first describes common assumptions on X-ray physics,
and then describes the different approaches used for self-
supervised training. Section III presents our novel self-
supervised CT reconstruction method Equivariance2Inverse
(E2I). Section IV describes our benchmark and section V
describes an ablation study. Section VI describes the results
of the benchmark and the ablation study and relates them to
the model assumptions of each method. Finally, Sections VII
and VIII are the discussion and conclusion.

II. BACKGROUND
A. Problem formulation

A CT scanner collects multiple X-ray projection images
of an object, and the CT reconstruction algorithm uses this
data to create an image of the X-ray attenuation coefficient
inside that object. In this paper, 2D objects and 1D detectors
are considered. When n X-ray projection images are acquired
with a detector that has m pixels, all measurements can be
represented by a vector y € R™™. The attenuation coefficient
inside the object is discretized into a grid of j by k pixels,
represented by a vector € R/¥, A CT reconstruction algo-
rithm is a function f : R™™ — RI* and it performs the task
of deriving « from the X-ray images y. However, there may
be multiple objects x that produce the same measurements
y because of noise or incomplete measurements. This can be
modeled with random variables (which will be notated as bold
capital letters): X for the objects, and Y for the projection
data. For a given loss function {(-) the reconstruction method
aims to minimize:

f= arg;nin (EL((Y), X)) (D
All expected values in this paper are calculated over all random
variables. The joint distribution between X and Y can be
decomposed into the conditional distribution p(Y'|X = x),
and the prior distribution of X.

B. Forward models

A forward model approximates the conditional distribution
p(Y|X = x) by modeling the X-ray physics. All self-
supervised methods rely on assumptions related to the forward
model, but the assumptions vary between methods, and will
be discussed in Section II-D. A forward model can also be
used to generate synthetic CT projection data.

Fig. 1. Example of scintillator blur in the 2DeteCT dataset. Each horizontal
line corresponds to a detector readout at a given time. The zoomed-in region
corresponds to constant background radiation, so all variations over time are
due to noise. The horizontal correlations in the noise can be attributed to
scintillator blurring.

1) X-Ray physics: Here we will explain several aspects of
X-ray physics and combine them into a forward model. This
model will be used for generating the synthetic benchmark
data:

P ~ Poisson (diag(c) exp (—Ax))
G ~ Gaussian (u, diag(v)) (2)
Y = diag(w)BP + G.

X-rays are emitted by an X-ray source and they decay expo-
nentially, depending on the local attenuation coefficient of the
object x they are propagating through. The linear projection
operator A € R"™*J¥ describes how the X-rays traverse
through the object, so exp (—Ax) is the absorption for each
detector pixel in each projection image. The number of X-
ray photons reaching the detector is modeled as a Poisson-
distributed random vector P, due to the quantum nature of X-
rays [19]. The mean photon count without attenuation ¢ € R7*
is direction-dependent in cone beam CT scanners, because of
the anode heel effect [28].

Energy-integrating X-ray detectors consist of a scintilla-
tor and a sensor layer. The scintillator converts each X-ray
photon into multiple visible light photons, and the sensor
layer measures the visible light. The conversion from X-ray
photons to detector counts can be characterized by a gain
w € R™, which is pixel-dependent [26]. The visible light
photons scatter in the scintillator before reaching the sensor
layer, resulting in blurring [19], [29], [30]. This scintillator
blurring can be approximated as a convolution B € R™"™>7m,
Scintillator blurring not only blurs the signal, but also the
Poisson component of the noise, resulting in correlated noise
(e.g. Figure 1). Moreover, the electronics in visible light
sensors introduce Gaussian noise G into their measurements
with a pixel-wise variance (v € R™™), and even without any
X-rays, there may be a small signal u € R7* [31].

2) Pre-processing: In many CT reconstruction meth-
ods, pre-processing (also called flatfielding [32] and log-
transforming) is applied to the raw data Y to obtain the pre-
processed data Y':

Y = —log (diag(p — q)"'(Y — q)). 3)

The values of p,gq € R"™™ are obtained using simple
calibration measurements. p is obtained by averaging multiple



measurements with no object in the scanner, and it roughly
corresponds to ¢ ® w + u (where ©® is the element-wise
product) in Equation 2. g is obtained by averaging multiple
measurements with the X-ray source turned off, and it roughly
corresponds to u in Equation 2. For Y a linear forward model
with additive Gaussian noise with covariance ¥ € R"™x"™m
is commonly assumed [19], [33]:

Y ~ Gaussian (Axz, ) . “4)

3) The projection operator: The projection operator A is
determined by the scanning geometry, and by the number of
acquired projection images. The scanning geometry is how the
source, detector, and object move relative to each other, and it
is called complete when the ranges of motion are sufficient for
reconstructing any object within the volume of interest [34],
[35]. Circular geometries that cover an insufficient range of
rotations to be complete are called limited-angle geometries.
Reconstructions from incomplete geometries may have blur-
ring or streaking artifacts. Blurring and streaking artifacts may
also appear when the number of projection images is low. Such
reconstruction problems are called sparse-view reconstruction
problems [15], [17], [36].

C. Supervised CT reconstruction (SUP)

Equation 1 can be interpreted as a supervised deep learning
problem. In that setting, the optimization of the reconstruction
function f is performed by drawing paired samples from
(X,Y), and doing stochastic gradient descent over these
samples, which approximates optimizing over the expected
value of the loss.

In this paper, we follow the FBPConvNet approach [1],
where a neural network g : R/ — RI* is applied as a
post-process to a Filtered Backprojection (FBP) reconstruction
[33]. An FBP reconstruction can be represented by a matrix
R e RIkXmm - and it requires pre-processed projection data
Y as input. Together g and R form a learned reconstruction
function for pre-processed data: g(R(Y')). A mean squared
error (MSE) loss is used to optimize the parameters of g,
resulting in the loss function:

E {Hg(m?) - XHz] . )

D. Self-supervised CT reconstruction methods

In this section, we review six recent self-supervised CT
reconstruction methods. Unless otherwise mentioned, pre-
processed projection data was used as input (Y in Equations
3 & 4). The loss functions and the assumptions made by each
method are provided in Table I, and an illustration of how the
methods are calculated is provided in Figure 2.

1) Cross-validation methods: Cross-validation methods
split the projection data into two parts: the network input data
and the target data. The network is trained to predict the target
data from the network input data. Different splits are used in
different training iterations so that all data is assigned both
as network input and as target data. Cross-validation methods
require that the noise is independent and zero mean between

both parts. The network can learn to approximate the signal
of the target data because this information is correlated to the
network input data, but it can not learn to predict the noise
of the target data because the noise is independent. Therefore,
it should converge towards the minimum mean squared error
(MMSE) estimator of the noise-free target data from the noisy
input data [37], [38]. After the network has finished training,
one approach for inference is to average the reconstructions
from multiple input splits [12]. Another approach is to use all
data as input during inference. While this approach may intro-
duce some bias, it has shown good experimental performance
[14], [15], [39], and is less computationally expensive. This
second approach was used for all cross-validation methods in
the benchmark of this paper.

The main benefits of cross-validation methods are that their
required assumptions are often met in practice, and that they
do not require knowing the exact noise level. However, a
downside is that a more efficient or less biased estimator may
be possible because the full data can not be used as the network
input data during training.

We compare three cross-validation CT reconstruction meth-
ods with slightly different loss functions (see Table I): In
Noise2Inverse (N2I) [12] 25% equally spaced projection
images are used as target data, and the remaining projection
images are used as input data. The neural network weights
are optimized to minimize the MSE between the neural
network output and an FBP reconstruction of the target data.
Sparse2Inverse (S2I) [15] uses the same splits between
target and network input data as N2I. However, instead of
performing an FBP reconstruction of the target data, the neural
network output is projected using matrix A, and the MSE is
calculated between the projected neural network output and
the target data. Proj2Proj (P2P) [14] uses pixel-wise instead
of projection-wise splitting between network input and target
data. The network input data is the projection data with every
fourth pixel horizontally and vertically replaced by its local
mean. The loss is calculated in the projection domain, like
S2I, but only over the pixels that were replaced in the neural
network input.

For sparse-view or limited-angle reconstruction problems,
N2I may learn to approximate streaking artifacts, because
the FBP reconstructions of the target data contain streaking
artifacts. S2I was designed to avoid this problem by not
performing an FBP reconstruction of the target data. While
this approach does not incentivize learning streaking artifacts,
the neural network may learn to produce arbitrary components
in the null-space of A, because adding any null-space com-
ponent to the neural network output does not affect the loss.
Nevertheless, in the experiments of the original S2I paper, S2I
consistently outperformed N2I on sparse-view data [15].

Scintillator blurring was not mentioned in the original
publications of any of these methods. However, it is expected
that blurring will negatively affect the denoising performance
of P2P, because blurring introduces correlations in the noise
between neighboring pixels, which for P2P violates the re-
quirement that the noise should be independent between the
network input and target data. Blurring does not cause correla-
tions between projections, so N2I and S21I should be relatively
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matrix multiplications using the same notation as in Table I.

Tllustration of how the loss is calculated in the self-supervised CT reconstruction methods. The arrows with letters correspond to function calls or




TABLE I
LOSS FUNCTIONS AND ASSUMPTIONS OF THE COMPARED SELF-SUPERVISED CT RECONSTRUCTION METHODS.

Assumptions

Method Loss Function
i ~ 2
. 1
Noise2Inverse (N2I) E _Z 286{817“’84} Hg(RScYSc) —R,Y, J
[ ~ ~ 112
1
Sparse2Inverse (S2I) E _Z 236{51“.’54} HASg(RScYSC) -Y, 2}
Proj2Proj (P2P) E | %5 Coctoron) |MeAg(RHY) = M.Y)||
Noisier2Inverse [ = = 2
(NN21) £ |[4g(RY + Nua)) - (¥ ‘NBG)H2]
SURE E[SUREps(a(g(r(Y))), Y)]

Robust Equivariant
Imaging (REI)
Equivariance2Inverse
(E2D)

E[SUREPG(CL(Q(T(Y))), Y) + )\hREI(Y)]

E “(AJ(g(RJC(?JC))) - ?Juz + Mg (Ye, JC)}

Pre-processed noise is projection-wise
independent and zero mean

Pre-processed noise is projection-wise
independent and zero mean

2 Pre-processed noise is pixel-wise

independent and zero mean

|

2
Pre-processed noise is blurred
Gaussian with known parameters
Raw noise is Poisson +
Gaussian with known parameters
Raw noise is Poisson + Gaussian with known
parameters and X is rotation invariant

Pre-processed noise is blurred Gaussian with
known parameters and X is rotation invariant

g is the neural network that is optimized. A is the projection operator, and R is an FBP reconstruction. a(-) and r(-) are non-linear versions of A and R
including the (inverse) pre-processing of Equation 3. Y is the raw projection data, and Y is the pre-processed projection data. In N2I, S2I and E2I, Y are
only the projection images with indices in s, and Ysc are all other projection images in Y. In P2P the sets s represent pixelwise selections, and H is the
operator that replaces the pixels in set s with their local means and M is a mask that only selects the pixels in s. Npg is blurred Gaussian noise that is
randomly generated every time the loss function is calculated. SUREpg is the SURE loss for a Poisson + Gaussian noise distribution. hrgr and hgpy are
equivariance terms and their definitions can be found in Equations 7 and 9, respectively. J is the index of one projection image, randomly sampled every

time the loss function is calculated.

unaffected. This may explain why N2I was not affected by
scintillator blurring when applied to real data [39], while pixel-
wise splitting for X-ray denoising was affected [24].

2) Noisier2Inverse (NN2I): In NN2I [16], new noise is
generated from a blurred Gaussian distribution, which should
approximate the distribution of the noise in the projection
data, and the neural network is trained to remove the noise.
During training, the neural network is applied to the projection
data with new noise added, and an MSE loss is calculated
between this value and the projection data with the same
noise subtracted (see Table I). This converges to the MMSE
estimator of the noise-free projection data from the noisy
projection data with additional added noise (Y +Npg). During
inference, the network is applied to projection data with no
additional added noise, leading to some bias, but producing
good results in practice [16].

The main benefit of NN2I is that it is the only method
in this section that was designed and tested for cases where
correlated noise is present. When correlated noise is assumed,
the added noise should simply be correlated in the same way.
A downside of this is that it requires estimating the noise
correlation and the noise level.

3) Stein’s Unbiased Risk Estimator (SURE): SURE [40] is
a function that uses knowledge of the noise model to provide
an unbiased estimator of the MSE. Variants of SURE exist for
multiple noise models [20], [41]. However, to the knowledge
of the authors, no SURE-based estimator has currently been
derived that matches the physics-based forward model of
Equation 2.

A variant of SURE exists for Poisson + Gaussian noise
with uniform gain v € R and standard deviation ¢ € R [42].
For a given vector of noise-free projection data z € R7¥, the
noisy measurement is assumed to be a random variable Z =
vP+G, with P ~ Poisson(z/v) and G ~ Gaussian (0, 021).

Moreover, let b : R/* — R/ be a weakly differentiable
function. In that case the expectation of the SURE loss equals
the expectation of the MSE between the processed noisy
measurements b(Z) and the noisy-free data z:

E[SUREp(5(2), 2)] = E [[6(2) - 23] . (©)

This SUREpg loss was used for self-supervised CT recon-
struction [13], and we refer to that paper on how to calculate
SUREpg. The Poisson + Gaussian assumption pertains to
the raw data, whereas the intermediate FBP reconstruction
requires pre-processed data. To make this work together, the
FBP reconstruction operator R was replaced with a non-linear
reconstruction operator r : R*"™ — RJ% which includes the
pre-processing done in Equation 3, and the forward operator
A was replaced with a non-linear forward operator a : R/* —
R™™ which includes the inverse of the pre-processing.

The main benefit of SURE is that it converges towards the
MMSE estimator of the noise-free projection data from the
noisy projection data, which is very similar to the supervised
learning loss. The main downside is that SURE requires
modeling of the full forward model and calibration of its model
parameters. SURE can be sensitive to calibration errors [20].

4) Robust Equivariant Imaging (REI): The distribution of
X often contains the same object in multiple orientations.
The distribution of X is said to be invariant to rotations
if for every x in the distribution of X and every rotation
matrix Q € R7¥X7% the probabilities of = and Qz are equal:
P(x) = P(Qx). REI [13] optimizes a loss consisting of the
SUREpg loss (Equation 6), and an additional equivariance



term E [Ahggr (Y)]:

X, = t(g(r(Y)),T)
X5 = g(r(a(X1) + Npg)) (7)
1) =% %

g(r(Y)) is the reconstructed image (where r is the non-linear
version of R). Function () rotates this image by a random
amount T". New projection data is generated from the rotated
image by applying the projection operator a and adding noise
Npg with a Poisson + Gaussian distribution, which is assumed
to be the distribution of the noise in Y. From this projection
data a new image X, is reconstructed. Because X; was
rotated, its sparse-view and limited-angle artifacts should be
in different positions than in X5. Therefore, optimizing over
the MSE between X; and X5 should reduce these artifacts
[43], [44]. The equivariance weight \ specifies the influence
of the equivariance term relative to the SURE term.

III. EQUIVARIANCE2INVERSE (E2I)

Equivariance2Inverse (E2I) is a new self-supervised CT
reconstruction method that combines ideas from existing meth-
ods, with the goals of being accurate, being simple to calibrate,
and being robust to sparsity and correlated noise. Its loss
consists of a projection-wise cross-validation term, similar to
S2I, and an equivariance term, similar to REL.

A. Cross-validation term

A projection-wise cross-validation approach similar to S2I
is used, because it does not have parameters that require
calibration, while still being robust to sparsity and correlated
noise. In every iteration of training of E2I, one angle J will
be randomly sampled, and the projection data from this angle
Y7 will be used as target data. The projection data of all other
angles Y. will be used as input:

~ ~ 12
E {HAJ(Q(RJc(YJc))) - YJHJ . ®)

The expected value over J is the average over all possible
values of J. Therefore, in expectation, this term is the same
as the S2I loss with n splits. Like S2I, all data is used as input
to the neural network during inference, introducing some bias.

B. Equivariance term

An equivariance term similar to REI (Equation 7) is used
to reduce limited-angle and sparse-view artifacts. The equiv-
ariance term of E2I is based on different forward model
assumptions than REL It assumes that the pre-processed
projection data Y has additive blurred Gaussian noise as in
Equation 4. While this does not follow the forward model
in Equation 2 exactly, so it may introduce some bias, the
parameters of this forward model are simpler to calibrate (see

Sections IV-B2 and VII-A). The resulting equivariance term
is E [/\hEQI (YJC, JC)} with Ahgor (YJC, JC) defined as:

Xl = t(g(RJC?JC), T)
X, = g(R(AX1 + Nig)) 9)
~ ~ ~ 2
Mg (YJC,JC) — A HXl _ X2H2

The equivariance term is calculated from Y« instead of from
Y, so that the result of g(Rj<Yj<) can be re-used from the
calculation of the cross-validation term, making the method
more computationally efficient.

The equivariance weight A\ specifies the influence of the
equivariance term relative to the cross-validation term. If A
is set to a low value, the equivariance term will only have a
small effect on the components of X in the range-space of A.
However, it can still improve the estimation of the components
of X in the null-space of A, because these components do not
affect the cross-validation term.

IV. SELE-SUPERVISED CT BENCHMARK

In this benchmark, the existing self-supervised CT methods
were compared with each other, and with E2I, supervised
learning (SUP), and an FBP reconstruction.

A. Datasets

1) Synthetic foam datasets: The goal of using these datasets
is to test whether the image quality of the methods is neg-
atively affected by sparsity and blurring and limited-angle
geometries. Synthetic data was used so that the exact ground
truth and the exact forward model parameters were available.
Moreover, the model assumptions could be changed one at a
time without affecting the further behavior of the model. A
limited-angle and a complete geometry were used, with and
without blurring, resulting in four combinations. The noise-
free projection data and ground truth volume data of a cylinder
of foam were generated using the foam_ct library [45]. 20
volumes of 256 slices of 256 X256 pixels were generated. Two
volumes were used for testing, two volumes were used for
validation, and the remaining volumes were used for training.
512 projections of width 384 were generated over a range of
180° in a parallel beam geometry. In the complete geometry
datasets, all projections were used, and in the limited-angle
datasets, the first 256 projections were used, resulting in a
90° missing wedge. The measurement data was generated
according to the physics-based forward model in Equation 2,
with a constant photon count ¢ of 500, a Gaussian variance v
of 50, and w = 0 and w = 1. In the blurred datasets, B is a
convolution with a Gaussian kernel with a standard deviation
of 0.8, as was used in [26], and in the blurring-free datasets,
B is the identity matrix.

2) Real-world 2DeteCT datasets: The goal of using these
datasets is to provide a good indication of how well the
methods perform in real-world applications. The 2DeteCT
dataset [27] was used, which consists of images of a cardboard
tube filled with dried fruits, nuts, and lava stones. The overall
shape and contrast of the 2DeteCT data approximate those of a



medical abdominal scan [27], and the individual fruits and nuts
have natural variation in shape and texture similar to human
organs. Raw 2D fan-beam projection data is available, with
every image acquired in three modes: (1) high-noise, (2) low-
noise, and (3) no filtering (for testing beam hardening). Data
from two of these modes was used as two benchmark datasets.
The mode 1 (high-noise) data was used with a complete
operator. To limit GPU memory use, the projection images
in this dataset were downscaled by a factor of two, and every
second projection image was used. The mode 2 (low-noise)
data was used with a sparse-view and limited-angle projection
operator. This operator used 136 equally spaced projections
over a range of 136°, which is similar to a low-cost C-arm
acquisition [23].

For both datasets, an FBP reconstruction of all mode 2
data (3600 projections) was used as reference for supervised
learning and for calculating error metrics. While this is not
a perfect ground truth, it does address the main sources of
errors in the 2DeteCT benchmark datasets: The downscaled
high-noise benchmark dataset has significantly higher noise,
because it uses a 30 times lower tube power than the reference
[27]. The limited-angle sparse-view benchmark dataset has
roughly 26.5 times fewer projection images than the reference
dataset.

During the acquisition of 2DeteCT, the detector of the CT
scanner was replaced. Only data from the second detector
was used to ensure that the forward model parameters are
consistent for all scans. The data from four randomly sampled
scanning sessions (200 slices) were used for testing, and four
other random sessions were sampled as validation data. The
remaining 1770 slices were used for training.

B. Implementation

1) Neural network training: A separate neural network was
trained for each combination of method and dataset. The same
U-Net architecture [46] was used in all methods, except that
the depth and number of channels were selected based on the
image resolution of each dataset to limit the GPU memory use.
They were chosen so that at the maximum depth, the resolution
and number of channels of the layers were roughly the same
between the datasets. On the limited-angle 2DeteCT dataset,
the network depth was 7, and the number of channels in the
first layer was 8. On the complete 2x downscaled 2DeteCT
dataset, the network depth was 6, and the number of channels
in the first layer was 16. On the foam datasets, the network
depth was 4, and the number of channels in the first layer was
64.

The optimizer was the ADAM optimizer [47] with a learn-
ing rate of 0.01 and no weight decay. The batch size was
4, which was achieved by parallel training on 4 GPUs (4x
Nvidia TITAN X 12GB, 4x Nvidia GTX 1080Ti 11GB, or
4x Nvidia RTX 2080Ti 11GB). Training was stopped after
1000 epochs or when no improvement was observed on the
validation loss for 250 epochs. The network weights with the
best validation loss were used for inference. PyTorch [48] and
PyTorch Lightning [49] were used for the training, and the
projection operator A was implemented in a differentiable and
matrix-free manner using Tomosipo [50].

2) Forward model parameter calibration: To estimate the
blur convolution kernels used in NN2I and E2I, the approach
from [24] was used. On the foam data, 1024 images with the
same image content but with independent noise were generated
for this task. On the 2DeteCT data, a background region with
no attenuation of 300 sinograms was used. To estimate the
standard deviation of the noise, the projection data was first
deconvolved, and then the pixel-wise standard deviation was
calculated over the same data.

SURE and REI assumed Poisson + Gaussian noise on raw
data. On the synthetic data, the exact gain and Gaussian
standard deviation were used. On the 2DeteCT data, the
gain was estimated by pixel-wise dividing the variance and
mean over 300 sinograms of a background region with no
attenuation, and then averaging the pixel-wise results. The
Gaussian standard deviation was assumed to be zero.

For E2I and REI, networks were trained with multiple
power-of-ten values of the equivariance weight A on each
combination of method and dataset. The network results with
the lowest PSNR on the validation set are reported as the
benchmark results.

C. Metrics

The mean and standard deviation of the PSNR and the
Structural Similarity Index Measure (SSIM) [51] over the
images of the test set were calculated as evaluation metrics.
The PSNR is inversely related to the supervised learning loss
(Equation 5). The SSIM predicts the perceived quality by a
human observer.

V. E2I NOISE MODEL ABLATION STUDY

In this ablation study, the contribution of the noise modeling
in the equivariance term (Equation 9) was investigated. Two
modifications of E2I were tested: In the E2I (no eq. blur)
modification, non-blurred Gaussian noise was added instead of
blurred Gaussian noise in the equivariance term. In the E21 (no
eq. noise) modification, no noise was added in the equivariance
term.

These variants of E2I were compared on the blurred and
non-blurred limited-angle foam datasets, and both 2DeteCT
datasets. The standard deviation of the non-blurred Gaussian
noise was calculated on the same data as the standard deviation
of the blurred Gaussian noise in Section IV-B2, but the
deconvolution of the projection data was not performed. The
same procedures as in the benchmark were used to train and
evaluate the neural networks, including optimizing A over
factors of ten based on the validation-set PSNR.

VI. RESULTS

The benchmark results on the synthetic data and the 2De-
teCT data are shown in Tables II and III, respectively. Figure
3 shows the PSNR for all tested values of the equivariance
weight . The ablation study results are shown in Table IV.
An example of a reconstruction of each method on each dataset
is shown in Figure 4.



TABLE II
BENCHMARK RESULTS ON THE SYNTHETIC DATA.

Complete Limited-Angle Blurred, Complete Blurred, Limited-Angle
PSNR SSIM PSNR SSIM PSNR SSIM PSNR SSIM
FBP 1372 £0.09 043 £0.01 | 731 £0.14 0.19 £0.01 | 16.69 £ 0.11 0.46 £0.01 [ 9.65 £ 0.17 0.22 £ 0.01
SUP 29.89 + 0.36 0.99 + 0.00 | 23.36 + 0.46 0.96 + 0.00 | 28.95 £ 0.36 0.99 + 0.00 | 22.19 + 0.48 0.92 + 0.00
N2I 2490 + 0.16 0.86 +£0.00 | 9.75+0.18 0.23 +0.01 | 18.72 £ 0.12 0.81 £ 0.00 | 10.45 £ 0.19 0.23 £ 0.01
S21 2548 £0.19 0.95+0.00 | 1895 +0.20 0.72 £ 0.01 | 20.46 = 0.13 0.91 + 0.00 | 17.32 + 0.24 0.67 = 0.01
P2P! 21.72 £ 020 091 +£0.01 | 17.87 £0.45 0.77 £0.01 | 16.78 £ 0.61 041 +0.01 | 832 +£0.34 0.13 £0.01
NN2I | 24.10 £ 045 0.74 £0.02 | 17.06 £ 0.36 0.50 £ 0.01 | 20.27 £ 0.17 0.79 £ 0.02 | 16.44 £ 0.26 0.51 £ 0.01
SURE' | 25.74 + 0.21 0.96 + 0.00 | 19.36 £ 0.21 0.73 £ 0.01 | 1.40 £ 0.04  0.12 £ 0.00 | -7.82 £ 0.17  0.03 £ 0.00
REI'? |26.80 + 0.19 0.96 + 0.00 | 20.32 = 0.26 0.81 + 0.01 | 14.44 + 0.27 0.60 + 0.01 | 12.33 + 0.27 0.37 % 0.01
E2I 26.29 = 0.22 0.93 £ 0.00 | 22.42 + 0.38 0.92 + 0.00 | 20.35 = 0.13 0.89 = 0.00 | 19.18 + 0.23 0.86 + 0.01

The best results are shown in underlined boldface, and the second bests in boldface. The methods marked with ! assume that the noise is pixel-wise independent.
The methods marked with 2 use an equivariance loss term, and the table shows the results for the value of A with the highest PSNR.

TABLE III
BENCHMARK RESULTS ON 2DETECT.
2x Downscaled, Limited-Angle, Sparse-
Complete, High-Noise View, Low-Noise
PSNR SSIM PSNR SSIM

FBP 16.39 £ 0.53 0.05 £ 0.00 | 17.00 = 0.49 0.07 = 0.00
SUP 33.67 £ 0.69 0.78 + 0.01 | 30.37 £ 0.63 0.59 + 0.02
N2I 33.66 + 0.69 0.78 + 0.01 | 23.77 + 1.13 0.30 + 0.04
S21 28.60 + 1.21 0.64 +£ 0.03 | 28.05 £ 0.75 0.46 £ 0.02
p2pP! 17.55 £ 0.34 0.08 £ 0.00 | 17.10 £ 0.35 0.06 + 0.01
NN2I | 17.71 £ 1.41 0.08 £ 0.02 | 28.03 + 0.81 0.49 + 0.02
SURE' | 5.45 + 1.43  0.00 £ 0.00 | 21.09 + 0.39 0.09 + 0.01
REI'? | 28.56 £ 0.62 0.58 + 0.01 | 28.50 + 0.81 0.48 + 0.02
E2I? 32.60 + 0.67 0.69 + 0.02 | 29.21 + 0.71 0.51 + 0.02

The best results are shown in underlined boldface, and the second bests in
boldface. The methods marked with ! assume that the noise is pixel-wise
independent. The methods marked with 2 use an equivariance loss term, and
the table shows the results for the value of A with the highest PSNR.

A. Blurring and noise model assumptions

S2I, P2P, NN2I, and SURE calculate the loss in the pro-
jection domain, but make different noise model assumptions.
We will compare these four methods to show the effects of
these noise model assumptions. The synthetic data without
blurring (left two columns of Table II) matches the noise
model assumptions of SURE exactly; in this case, SURE
should be an unbiased estimator, which explains why it
performs best among these four methods. When scintillator
blurring is simulated (right two columns of Table II), the
noise is no longer pixel-wise independent, so the methods
that assumed pixel-wise independence perform worse. Of the
four methods, S2I achieves the second-highest PSNR on the
synthetic datasets without blurring and the highest PSNR on
the synthetic datasets with blurring. On the 2DeteCT data,
blurring is present (Figure 1), which could explain why SURE
had a lower PSNR than S2I, and NN2I. However, it does not
explain the low performance of SURE on the Complete, high-
noise, downscaled data (Table III), because the downscaling
reduces the effects of blurring. Other causes may be calibration
errors or unmodeled effects, such as scattering. S2I again
showed the highest PSNR of these four methods (Table III).
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Fig. 3. The test-set PSNR of neural networks trained with different values
of the equivariance weight . A different line color was used for each dataset,
and a different line style for each method.

B. Limited-angle data and the equivariance loss term

S2I is similar to N2I, but it should be less affected by A
having a non-trivial null space [15]. This explains why the
difference between the performance (PSNR and SSIM) of N2I
and S2I is much bigger on the synthetic limited-angle data
than on the synthetic complete data (Table II, both with and
without blurring). The equivariance term of REI was designed
to make SURE more robust to A having a non-trivial null
space [13]. The effect of the equivariance term can be seen
on the limited-angle 2DeteCT reconstructions (bottom row
of Figure 4), where only the self-supervised methods with
an equivariance term (REI and E2I) correctly reconstructed
the tube as a continuous circle. In all our experiments, REI
outperformed SURE, so the equivariance term may also be
beneficial for complete geometries. On the blurred synthetic
data, it appears that the equivariance term compensates to
some degree for the incorrect noise-model assumptions of the
SURE loss term, because on that data the PSNR and SSIM of
REI are much higher than those of SURE (Table II), and the
resulting images are a lot less noisy (Figure 4). Nevertheless,



TABLE IV

E2I NOISE MODEL ABLATION STUDY RESULTS.

Foam Limited-Angle
PSNR SSIM

Foam Blurred,
Limited-Angle
PSNR SSIM

2DeteCT 2x Downscaled,
Complete, High-Noise
PSNR SSIM

2DeteCT Limited-Angle,
Sparse-View, Low-Noise
PSNR SSIM

E2I
E2I (no eq. blur)
E2I (no eq. noise)

2242 +0.38 0.92 +0.00
N.A. N.A.
21.84 £ 0.35 0.92 + 0.00

19.18 £ 0.23 0.86 + 0.01
19.04 £ 0.23 0.86 + 0.01
18.09 + 0.25 0.76 + 0.01

32.60 £ 0.67 0.69 + 0.02
32.58 £ 0.68 0.67 = 0.02
32.58 £ 0.68 0.68 + 0.02

2921 £0.71 0.51 £ 0.02
29.36 £ 0.69 0.51 + 0.02
29.34 + 0.70 0.51 + 0.03

The E2I results are the same as the corresponding results in Tables II and III.
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Fig. 4. A reconstruction from each method on the first image of the test set of each dataset. The insets provide a two times magnified view of the center-left
side of the objects. The inset on the 2DeteCT data shows a lava stone (white), some dried fruits or nuts (grey), and the edge of the cardboard tube (near the
left edge), which in the limited-angle reconstructions may be incomplete because of limited-angle artifacts.

multiple other methods had better results on the same data.
The E2I loss consists of a loss term similar to S2I and an
equivariance term. On the Blurred, Complete synthetic data,
the performance of S2I was slightly higher than that of E2I,
but on all other datasets in our benchmark, E2I performed
better.

C. The effect of the equivariance weight

Figure 3 shows the test-set PSNR of the networks for the
REI and E2I methods that were trained with different values
of A. The value of A with the highest PSNR was the same
on the validation set as on the test set in all cases, so the
highest point of every curve in Figure 3 corresponds to the
benchmark results in Tables II and III. The fact that the optimal
value of A\ was generally higher for REI than for E2I can be

explained by the fact that the data consistency term of REI is
calculated using the raw data, while the data consistency loss
of E2I is calculated on pre-processed data, which typically
has lower values. When comparing the optimal value of A
with the adjacent power of ten values, the decrease in PSNR
is generally larger for REI than for E2I, showing that E2I is
less sensitive to tuning .

D. E2I noise model ablation study

The results in Table IV show that on the foam datasets,
adding noise in the equivariance term improves the PSNR and
SSIM, but the difference between adding blurred or unblurred
noise is very small. On the 2DeteCT datasets, the PSNR and
SSIM of the three E2I variants are very similar. These results
suggest that the distribution of the added noise in the E2I
equivariance term affects the results only slightly.



E. Computational costs

Table 4 shows the number of calls to the neural network
g. Additionally, it shows the computation time per iteration
and the GPU memory use during training on the synthetic
Foam, Blurred, Complete dataset. The N2I, S2I, P2P, and
NN2I methods all use the same number of neural network
calls and require a similar amount of GPU memory. The use
of an equivariance term in the loss adds one additional neural
network call, which increases the computation time and GPU
memory use. SURE is calculated using a Monte Carlo-based
estimate of the divergence term [13], which requires three
additional calls to the neural network, strongly increasing the
computation time and GPU memory use. When summing up
the time used on different computers, the total training time
of all neural networks in this paper is approximately eleven
months.

TABLE V
THE COMPUTATIONAL COSTS OF TRAINING THE BENCHMARKED
METHODS.
Time per GPU Memor
Method NN Calls W0 (ms) Use (MiB) Y
N21 T §74 912
s21 1 88.0 912
p2p 1 121.6 916
NN2T 1 725 918
SURE 4 236.8 1828
REI 5 2022 2144
E21 2 132.4 1233

The GPU memory use and computation time per iteration are measured for a
batch size of one per GPU on four Nvidia Titan X GPUs on the blurred and
complete synthetic foam dataset.

VII. DISCUSSION
A. The importance of calibration

An inherent difficulty of applying a method to a new
dataset is finding the best parameter values for running the
method. Moreover, none of the methods specified a calibration
approach for their model parameters. On the synthetic foam
data, the data generation parameters were used for SURE
and REI, and extensive additional calibration measurements
were generated to estimate the parameters for NN2I and E2I.
Therefore, we expect that the results on the generated data are
not strongly affected by calibration errors. On the 2DeteCT
data, no exact parameters or calibration measurements were
available. Therefore, calibration inaccuracies may have had a
larger impact on these results.

REI and SURE depend on the parameters of a Poisson
+ Gaussian noise model that would have required many
additional calibration measurements to estimate accurately
[26], [52]. The Poisson component of X-ray detector noise
is typically much larger than the Gaussian component [53],
which led us to configure these methods with ¢ = 0. The
calibration for the parameters of E2I and NN2I on 2DeteCT
was done using a background region with no attenuation, so
no additional calibration measurements were required. The
recently presented UNSURE method [20] proposes to optimize
the model parameters of SURE-type optimizers alongside op-
timizing the neural network, removing the need for calibration.

B. Extending the forward model

There is currently no consensus among self-supervised CT
reconstruction methods on what forward model assumptions to
make. This raises the question whether more aspects of X-ray
physics should be modeled.

Beam hardening [33] is a common artifact, so it would
be interesting future work to study how self-supervised CT
reconstruction methods are affected by it, and if it could be
corrected by self-supervised learning. The 2DeteCT dataset
contains the mode 3 data that was acquired specifically for
benchmarking beam hardening reduction [27].

Scintillator blurring could be modeled in more detail by
taking into account that it is slightly angle dependent [54].
Moreover, the NN2I and E2I methods take into account that
scintillator blurring results in correlated noise, but they do not
account for the fact that the signal component (exp(—Ax)
in Equation 2) is also blurred, which led to slightly blurry
reconstructions on the synthetic blurred data (Figure 4).

The focal spot of the X-ray source [55] and scattering [25]
may also cause blurring. However, both of these effects only
cause blurring of the signal component and not of the noise, so
they can not explain the correlated background noise in Figure
1. Scattering is also material dependent [25], and the radius of
the blur is much larger than that of scintillator blurring [25],
[56], [57].

The modeling of this paper assumes that an energy-
integrating detector is used, which is currently the most widely
used type of X-ray detector in CT scanners. Photon-counting
detectors, which are increasingly being used in CT scanners
[58], [59], do not have a scintillator and therefore do not
exhibit scintillator blurring. Photon-counting detectors might
exhibit other effects that could require separate modeling, but
that is considered outside of the scope of this paper.

C. Estimation using equivariance

The main aim of the equivariance terms in REI and E2I is to
make the network learn how to estimate the components of X
that are in the null-space of A, which should reduce blurring
and streaking artifacts in limited-angle or sparse-view recon-
struction. Necessary and sufficient conditions on the operator
A and the invariance of the distribution of X for learning
to estimate the null-space components using self-supervised
learning were formulated in [44]. No guarantees about the
bias or statistical consistency of REI-like equivariance terms
have been derived, but they have been used successfully in
several inverse problems [13], [43], [60], [61].

The recently introduced Equivariant Splitting (ES) self-
supervised reconstruction method [17] has been proven to
converge to the supervised learning loss of linear inverse
problems with an invariant data distribution even when the
projection operator A has a non-trivial null-space. It works
by using the invariance to interpret data from one operator
as being collected from multiple operators [62]. It would be
interesting future work to combine aspects of ES and E2I into
a method that is both robust to scintillator blurring and an
unbiased estimator of the null-space components.



VIII. CONCLUSION

The benchmark in this paper evaluated recent self-
supervised CT reconstruction methods on synthetic data with
and without scintillator blurring and a limited-angle geometry,
and on two real-world datasets from 2DeteCT. REI, which
is SURE with an additional equivariance term, had a better
performance (PSNR and SSIM) than SURE on all benchmark
datasets (Tables II & III). SURE makes strong model assump-
tions (pixel-wise independent Poisson + Gaussian noise with
known parameters), and it was the best-performing method
without an equivariance term on the non-blurred synthetic
data, where these assumptions were met exactly. However,
on the other datasets, where these assumptions were not met
exactly, SURE was outperformed by multiple other methods.
S2I, on the other hand, had the most general model assump-
tions (projection-wise independent zero-mean noise), and it
performed best or second best of the methods without an
equivariance term on all benchmark datasets. The E2I method
introduced in this paper combines the robustness of S2I with
the performance increase of the equivariance term of REI. The
PSNR of E2I was the best or a close second-best (at most 1.06
lower) on all benchmark datasets.

IX. CODE AND DATA AVAILABILITY

The code is available on Github at:
https://github.com/D1rk123/equivariance2inverse.

The synthetic foam data is available on Zenodo
[63] at: https://zenodo.org/records/16735632. The
2DeteCT dataset [27] 1is available on Zenodo at:
https://zenodo.org/records/8014758.
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