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Given an algorithm that outputs the correct answer with bounded error, say
1{3, it is sometimes desirable to reduce this error to some arbitrarily small ε –
for example, if one wants to call the algorithm many times as a subroutine. The
usual method, for both quantum and randomized algorithms, is a procedure
called majority voting, which incurs a multiplicative overhead of Oplog 1

ε q from
calling the algorithm this many times.

A recent paper [8] introduced a model of quantum computation called trans-
ducers, and showed how to reduce the “error” of a transducer arbitrarily with
only constant overhead, using a construction analogous to majority voting
called purification. Even error-free transducers map to bounded-error quan-
tum algorithms, so this does not let you reduce algorithmic error for free,
but it does allow bounded-error quantum algorithms to be composed without
incurring log factors.

In this paper, we present a new highly simplified construction of a purifier,
that can be understood as a weighted walk on a line similar to a random walk
interpretation of majority voting. Our purifier has much smaller space and
time complexity than the previous one. Indeed, it only uses one additional
counter, and only performs two increment and two decrement operations on
each iteration. It also has quadratically better dependence on the soundness-
completeness gap of the algorithm being purified. We prove that our purifier
has optimal query complexity, even down to the constant, which matters when
one composes quantum algorithms to super-constant depth.

Purifiers can be seen as a way of turning a “Monte Carlo” quantum algo-
rithm into a “Las Vegas” quantum algorithm – a process for which there is no
classical analogue – leading to phenomena like the above-mentioned composi-
tion of bounded-error quantum algorithms without log factors. Conceptually,
our simplified construction sheds light on this strange quantum phenomenon,
and, more practically, could have implications for the time and space complex-
ity of composed quantum algorithms.

1 Introduction
Error reduction is one of the most fundamental algorithmic primitives in both the ran-
domized and quantum settings. It transforms a program that evaluates a function f with
bounded error, say 1{3, into a program that evaluates the same function with much smaller
error ε. In both the quantum and randomized cases, the conventional procedure is based
on majority voting.
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If we want to reduce the error of a complete quantum algorithm that ends with a
measurement outputting a classical string, then we can treat it as a randomized process
and apply majority voting just as we would in a randomized algorithm: execute the
quantum algorithm together with the final measurement a number of times, and output
the majority.

Somewhat more interesting is error reduction of a coherent quantum subroutine. If
the subroutine is executed several times, such as when it is employed as an input oracle
for another quantum algorithm, then its error must be driven down in order to keep the
total error of the whole algorithm sufficiently small.1 As quantum subroutines may be
called in superposition, the error-reduced subroutine cannot use measurements, but must
instead be a coherent subroutine.

Let us formulate the settings more formally. We will assume the binary case for most
of the paper. This is without loss of generality, as the general case can be obtained from
the binary case using the Bernstein-Vazirani trick as we explain in Section 7. We treat
the subroutine whose error has to be reduced as an input oracle O to the error reduction
procedure. The most natural choice is to take the following state-generating oracle

O : |0⟩A|0⟩W ÞÝÑ |ϕ⟩AW “
a

1 ´ p|0⟩A|ϕ0⟩W `
?
p|1⟩A|ϕ1⟩W , (1.1)

where the first register A is the output qubit (answer register), and the second register W
contains some internal state of the subroutine (workspace), and both states ϕ0 and ϕ1 are
normalised. The error reduction procedure R, given this input oracle, must perform the
transformation

RpOq : |0⟩A ÞÝÑ

#

|0⟩A, if p ď 1
2 ´ δ;

|1⟩A, if p ě 1
2 ` δ;

(1.2)

with sufficiently high accuracy. Here 2δ ą 0 is the gap between the accepting and the
rejecting probabilities of the subroutine O. That is, the error of the subroutine is 1{2 ´ δ.
The space complexity of the subroutine is the number of qubits used by A and W.

In the remaining part of the introduction, we first recall the traditional approach to
error reduction, that literally performs the transformation in (1.2). Then, we consider ap-
proaches that improve on the traditional approach by avoiding the transformation in (1.2).
They are based on idealised models of computation like span programs, dual adversary,
and transducers.

1.1 Traditional Approach to Error Reduction
The most well-known approach to quantum error reduction is still majority voting.

Theorem 1.1 (Quantum Majority Voting, folklore). Let ε, δ ą 0 be real parameters.
Quantum majority voting ε-approximately performs the transformation (1.2) for any input
oracle of the form (1.1). It executes the input oracle O and its inverse O˚ each ℓ “

O
` 1
δ2 log 1

ε

˘

times. Its space complexity is ℓs` Oplog ℓq, where s is the space complexity of
O. Besides executions of O and O˚, it uses Opℓ log ℓq other 1- or 2-qubit operations.

One difference between the classical and quantum case, is that we cannot näıvely reuse
the space used by the subroutine in the quantum case, but must instead make ℓ copies of
the whole state |ϕ⟩AW (in contrast to classical majority voting, which can just keep track
of how many 1s have been seen so far). This gives the ℓs term in the space complexity of
Theorem 1.1. Let us give a short proof in order to demonstrate this.

1If the best upper bound we can prove on an algorithm’s error probability is 1
2 or larger, the algorithm

is widely considered to be useless.
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Proof. Let r be the required output of the algorithm in (1.2), i.e., r “ 0 if p ď 1
2 ´ δ, and

r “ 1 if p ě 1
2 ` δ. We also assume that ℓ is a power of 2. The algorithm works as follows.

The input oracle O is executed ℓ times, each time on a new pair of registers Ai, Wi. This
gives a state of the form

ÿ

bPt0,1uℓ

p1 ´ pq
ℓ´|b|

2 p
|b|

2 |b1⟩A1
¨ ¨ ¨ |bℓ⟩Aℓ

|ϕb1⟩W1
. . . |ϕbℓ

⟩Wℓ
,

where |b| is the Hamming weight of b. Evaluation of the sum of the bits b1, . . . , bℓ into a
new register R gives the state

|ψ⟩ “
ÿ

bPt0,1uℓ

p1 ´ pq
ℓ´|b|

2 p
|b|

2 |b1⟩A1
¨ ¨ ¨ |bℓ⟩Aℓ

|ϕb1⟩W1
. . . |ϕbℓ

⟩Wℓ

ˇ

ˇ|b|
〉

R.

Let Rhigh be the most significant qubit of R. We rewrite the state |ψ⟩ as

|ψ⟩ “ |r⟩Rhigh
|ψr⟩ ` |1 ´ r⟩Rhigh

|ψ1´r⟩,

where |ψr⟩ and |ψ1´r⟩ are non-normalized states on the remaining registers. Now we copy
the qubit Rhigh into the output qubit A, which gives the state

|r⟩A|r⟩Rhigh
|ψr⟩ ` |1 ´ r⟩A|1 ´ r⟩Rhigh

|ψ1´r⟩, (1.3)

and run the whole preceding computation in reverse.
If, instead of (1.3), we had the state

|r⟩A|r⟩Rhigh
|ψr⟩ ` |r⟩A|1 ´ r⟩Rhigh

|ψ1´r⟩, (1.4)

we would get the required state |r⟩A at the end exactly. Since the difference between the
states in (1.3) and (1.4) is of norm

?
2}ψ1´r}, the imprecision of the algorithm is also

?
2}ψ1´r} by unitarity (see Section 2.2).

Let us estimate }ψ1´r}. We consider the case r “ 0 for concreteness, the second case
being similar. The norm squared of ψ1´r equals the probability of |b| ě ℓ{2 when b is the
sum of ℓ i.i.d. Bernoulli random variables with expectation p. By Hoeffding’s inequality:

}ψ1´r}
2 “ Pr

”

|b| ě ℓ{2
ı

ď Pr
”

|b| ´ E
“

|b|
‰

ě ℓδ
ı

ď e´2ℓδ2
ď
ε2

2

for some ℓ “ O
` 1
δ2 log 1

ε

˘

.
The registers Ai and Wi use ℓs qubits together, and R uses additional Oplog ℓq. Time

complexity of the algorithm is easy to check.

Another approach uses quantum amplitude estimation. For this primitive, it is suffi-
cient to use a less powerful reflecting oracle:

Oref “ ORef|0⟩|0⟩O
˚, (1.5)

where Ref |0⟩|0⟩ is the reflection about the state |0⟩A|0⟩W in A b W. This oracle reflects
about the state |ϕ⟩ in A b W. It is easy to implement Oref using two oracle calls and
s ` Op1q additional operations. The latter are usually majorized by the time complexity
of implementing O, since a subroutine using s qubits will generally have time complexity
at least s. On the other hand, implementing O using Oref is complicated. (See [1, 10] for
some lower bounds involving the reflecting oracle.)
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Even more, it suffices for Oref to act as ORef|0⟩|0⟩O
˚ only on the span of the vectors

|0⟩A|ϕ0⟩W and |1⟩A|ϕ1⟩W , and it can be arbitrary on its orthogonal complement. That is,
we may assume that Oref satisfies the following weaker conditions:

Oref :
#?

1 ´ p|0⟩|ϕ0⟩ `
?
p|1⟩|ϕ1⟩ ÞÑ

?
1 ´ p|0⟩|ϕ0⟩ `

?
p|1⟩|ϕ1⟩

?
p|0⟩|ϕ0⟩ ´

?
1 ´ p|1⟩|ϕ1⟩ ÞÑ ´

?
p|0⟩|ϕ0⟩ `

?
1 ´ p|1⟩|ϕ1⟩.

(1.6)

Theorem 1.2 (Quantum Amplitude Estimation [13]). Let ε, δ ą 0 be real parameters.
There exists a quantum algorithm that, given a copy of the state |ϕ⟩ as in (1.1) and query
access to an oracle Oref satisfying (1.6), outputs 0 if p ď 1

2 ´ δ and outputs 1 if p ě 1
2 ` δ

except with error probability ε. It makes ℓ “ Op 1
δεq (controlled) queries to the oracle Oref ,

has space complexity s` Oplog ℓq, and time complexity Opℓ log ℓq.

While amplitude estimation is typically stated in terms of calls to the state-generating
oracle O from (1.1), it actually uses the reflecting oracle Oref defined as in (1.5), and it is
simple to show that it is in fact sufficient for Oref to satisfy (1.6).

Majority voting has better dependence on ε, and amplitude estimation on δ. It is
possible to combine the two procedures to obtain the following result.

Corollary 1.3 (Quantum Error Reduction). Let ε, δ ą 0 be parameters. There exists a
quantum algorithm that ε-approximately performs the transformation (1.2) for any input
oracle of the form (1.1). It executes the input oracle O and its inverse O˚ both O

`1
δ log 1

ε

˘

times. Its space complexity is O
`

log 1
ε

˘`

s ` log 1
δ

˘

, where s is the space complexity of O.
Besides executions of O and O˚, it uses rO

`1
δ log 1

ε

˘

other 1- or 2-qubit operations.

Proof. We first construct an error reduction algorithm V with constant error ε “ 1{10
using Theorem 1.2. It requires one copy of |ϕ⟩ and Op1{δq executions of Oref , which can
be performed using Op1{δq invocations of O and O˚ due to (1.5). The space complexity
of V is s` O

`

log 1
δ

˘

. Its time complexity is rO
`1
δ

˘

.
To get the imprecision down to ε, we use V as an oracle in Theorem 1.1 with δ being

Ωp1q. This requires O
`

log 1
ε

˘

executions of V and V ˚, and its space complexity is O
`

log 1
ε

˘

times the space complexity of V plus negligible O
`

log 1
ε

˘

. Its time complexity is dominated
by O

`

log 1
ε

˘

times the time complexity of V .

The number of queries made by this algorithm has optimal dependence on ε by [14] as
well as on δ by [33]. However, this algorithm is not optimal in terms of memory usage. It
is possible to reuse the memory of the subroutine O as shown by Marriott and Watrous in
the context of QMA [31] – see also [32] – but this construction still uses additional qubits.
Alternatively, one can use Quantum Signal Processing (QSP) [30] for similar results [20].
For instance, we can get the following result, which, to the best of our knowledge, has not
been previously stated explicitly.

Theorem 1.4 (QSP-based Error Reduction). Let ε, δ ą 0 be real parameters. There
exists a quantum algorithm that, given query access to any oracle Oref satisfying (1.6),
ε-approximately performs the following transformation

|ϕ⟩ ÞÝÑ

#

|ϕ⟩, if p ď 1
2 ´ δ;

´|ϕ⟩, if p ě 1
2 ` δ;

(1.7)

for any normalised |ϕ⟩ P span
␣

|0⟩|ϕ0⟩, |1⟩|ϕ1⟩
(

(including, but not limited to, the specific
vector |ϕ⟩ from (1.1)). The algorithm makes ℓ “ O

`1
δ log 1

ε

˘

queries to the oracle Oref ,
and uses Opℓq other 1- or 2-qubit gates. The algorithm uses no additional qubits compared
to Oref .
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We prove Theorem 1.4 in Section 6. The proof is similar to a construction in [20,
Section 3], used there for QMA amplification. See Section 6 for a more detailed comparison.

1.2 Span Programs, Dual Adversary, Transducers, and Error Reduction
Given the lower bounds from [14] and [33], the algorithm in Theorem 1.4 seems to be the
best possible technique for error reduction. Also, often δ “ Ωp1q, so the query complex-
ity is only logarithmic, which might seem negligible. However, imagine a bounded-error
subroutine that executes itself recursively many times. In this case, error reduction for
each level of recursion gives a multiplicative logarithmic factor, resulting in something like

O
`

log 1
ε

˘d
, where d is the depth of recursion. If d is super-constant, this might be quite

significant.
There exist several approaches to deal with error reduction by avoiding the transfor-

mation in (1.2) altogether. They all use similar ideas, and we first explore the one based
on span programs [37], which was directly inspired by quantum algorithms for the iter-
ated NAND tree [19, 16, 3]. The span program model is an idealised computational model
(meaning that it does not correspond to any actual computational device) for evaluating
Boolean functions, with the following three key properties:

1. Any bounded-error quantum query subroutine evaluating a Boolean function can be
converted into an exact span program whose complexity (called witness size) is the
same as the query complexity of the subroutine up to a constant factor.2

2. Span programs can be composed. More precisely, a span program for a function f
with witness size Wf can be composed with a span program for a function g with
witness size Wg resulting in a span program for the composed function f ˝ g with
witness size WfWg.

3. Any span program can be converted into a quantum query algorithm with the same
(up to a constant factor) complexity, introducing some small error.

Thus, having two bounded-error quantum query algorithms evaluating functions f and
g in Qf and Qg queries, respectively, we can first lift them to the idealised (error-free)
world of span programs (Point 1), combine them there (Point 2), and then bring them
back (Point 3) resulting in a bounded-error quantum query algorithm for the function f ˝g
with query complexity OpQfQgq. This improves on OpQfQg logQgq, which we would get
by composing the programs for f and g directly using Theorem 1.1 or 1.4 to reduce the
error of the latter. Of course, this approach also works in more complicated settings, like
the recursive procedure mentioned in the first paragraph of this section.

Point 1 above holds, for one reason, because span programs just do not have a notion
of error.3 The transformation from the quantum query algorithm to the span program in
Point 1 is due to [36] and it is indirect. It goes by proving that span programs are dual
to an important quantum lower bound technique: the adversary bound [22]. Because of
the latter, generalisations of span programs beyond evaluation of Boolean functions are
generally called dual adversary bounds.

2This constant factor is unavoidable here, and it depends on the permitted error probability of the
subroutine. We revisit this question in Section 5.

3We are talking about the original version of span programs from [37] here. There exists a version of
span programs capable of approximate evaluation of functions [23], but this is just for convenience. We
know by [36] that there is always an exact span program with optimal witness complexity.

Accepted in Quantum 2026-03-02, click title to verify. Published under CC-BY 4.0. 5



Span programs allow composition without log factors, but they only work for Boolean
functions. Further research focused on generalising this to other settings like evaluation
of arbitrary functions [28], state generation [4], and state conversion [28]. In [6], a version
of the dual adversary for state conversion was constructed that allowed the input oracle
to be an arbitrary unitary, not just encoding some input string like in [28]. This made
it possible to construct idealised counterparts to the whole spectrum of quantum unitary
transformations, and a direct reduction from the quantum query algorithm to the dual
adversary was shown (building on [28]).

This generality caused some problems with Point 1 above (with span programs replaced
by the dual adversary). If one takes a subroutine for evaluating a function, and converts it
into the dual adversary for state conversion, the resulting dual adversary will have precisely
the same action, and, consequently, precisely the same error! If the algorithm had bounded
error, the adversary would have the same error. The remedy proposed in [6] was a purifier.
It is a dual adversary that has input oracle of the form (1.1), and which performs the
transformation (1.2) exactly in constant complexity (assuming δ “ Ωp1q). Of course, the
exactness only holds in the idealised world. If one were to directly implement the purifier
as a real quantum algorithm (like in Point 3), this would bring the bounded error back.
Composing it with the dual adversary obtained from the bounded-error algorithm above,
yields a dual adversary for exact evaluation of the function with only Op1q multiplicative
increase in complexity. The purifier can be used in other settings as well. For instance, it
can be applied to the input of the algorithm, covering the case when the input oracle is
noisy.

The span programs and the dual adversaries described above only consider query com-
plexity of quantum algorithms. In [8], the model of transducers was introduced. Transduc-
ers are a relaxation of both the usual model of quantum algorithms and the dual adversary
in the form of [6]. We will describe them in detail in Section 2. For now, let us note that a
transducer is a unitary S in a larger space H ‘ L that yields a certain unitary S

ù

H on the

subspace H, called the transduction action of S. For ξ, τ P H, we write ξ
S

ù τ and say
that S transduces ξ into τ if S

ù

Hξ “ τ . The transduction action of the transducer is its
idealised action (in the same sense as above), and it can be approximately implemented
by executing S several times in a row (see Theorem 2.6 below). More precisely, OpW q

iterations suffice, where W is the so-called transduction complexity.
As an example, if S is the walk operator, representing one step of an electric quantum

walk [5] on a graph G, and s is the initial vertex of the walk, then we have exact transduc-

tions |s⟩ S
ù |s⟩ or |s⟩ S

ù ´|s⟩, depending on whether the graph contains marked vertices
or not. For details, see [8, Section 6] or [7]. Here S is the easy-to-implement unitary, H is
spanned by |s⟩, and S ù

H is the action we are interested in.
Since transducers are unitary transformations themselves, they naturally capture time

and space complexity as well, not only query complexity.4 The iteration time complexity
T pSq is just the number of gates necessary to implement S (as a usual unitary), and its
space complexity is the required number of qubits. The query complexity LpSq is defined
directly and it is based on the notion of quantum Las Vegas query complexity from [11].
We define the latter formally in Section 2.1, but for now it suffices to note that it can
depend on the input oracle and the initial state, and it is always smaller than the number

4Span programs also capture space rather naturally [24], but they only capture time complexity in the
sense that it is possible to convert a quantum algorithm into an approximate span program, and then back
to an algorithm, in a way that more or less preserves time complexity – there is no clean way to reason
about the time complexity within the span program itself [17].
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of queries made by the algorithm.
Again, we can transform any quantum algorithm into a transducer (corresponding

to Point 1 above) preserving Las Vegas query complexity, and we can implement the
transduction action of any transducer introducing some error (corresponding to Point 3
above). It is also possible to compose transducers in various ways (corresponding to
Point 2 above). See Table 1.1 for an informal comparison between complexity measures
of a transducer S and an algorithm A performing the same transformation.

Table 1.1
Transducer S Algorithm A

ξ
S

ù τ A|ξ⟩ « |τ⟩
T pSqW pSq Ø time complexity of A

LpSq Ø query complexity of A
space complexity of S Ø space complexity of A

Transducers have some notions of complexity that correspond to time, query and
space complexity, and we can map back and forth between bounded-error quantum
algorithms and transducers in a way that preserves these complexities. More than
that: we can compose transducers to get much better complexity than we would
obtain by directly composing the algorithms, which makes them a useful model.

Some remarks related to the exactness condition in Point 1 above are in order. On one
hand, as mentioned above, transducers automatically give exact transduction action for
any algorithm based on electric quantum walks. This includes such important algorithms
as Grover’s search [21] and Ambainis’ algorithm for element distinctness [2]. On the other
hand, given an arbitrary quantum algorithm, what we can build is a transducer whose
transduction action is precisely equal to the action of this algorithm. If the algorithm has
bounded error, the transducer inherits it. This is completely analogous to the situation
with the dual adversary mentioned above. Ref. [8] applied a similar solution as for the
dual adversary and constructed an explicit implementation of the purifier from [6] as a
transducer.

1.3 Main Results
In [8], a purifier was constructed as a transducer with query and transduction complexity
Op1{δ2q. Note that in contrast to majority voting, this is independent of the target error
ε, and therefore already allows composition of bounded-error quantum algorithms without
log factor overhead. However, the iteration time and space complexity of this purifier were
comparable to that of majority voting from Theorem 1.1.

The main contribution of this paper is a better and simpler construction of a purifier.
It turns out that the most convenient way to cast our results is in a form similar to the
one used by the QSP-based error reduction from Theorem 1.4. The most natural way to
state our main result is to use infinite-dimensional space (see Theorem 3.7 for the formal
statement of the next theorem):

Theorem 1.5 (Main Result, Infinite-Dimensional Version). There exists a transducer
(purifier) that uses infinite-dimensional space and that, given query access to any input
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oracle Oref satisfying (1.6), performs the following transduction exactly:

|ϕ⟩ ù

#

|ϕ⟩, if p ă 1
2 ;

´|ϕ⟩, if p ą 1
2 ;

(1.8)

for any normalised |ϕ⟩ P span
␣

|0⟩|ϕ0⟩, |1⟩|ϕ1⟩
(

(including the original vector |ϕ⟩ of (1.1)).
The query complexity of the transducer is 1{p2δq and the transduction complexity is Op1{δq,
where δ “ |1

2 ´ p|.

Of course, it is not possible to implement this construction directly. We will explain
in a moment how to solve this issue, but for now let us note that our new purifier is ex-
tremely simple: besides executions of the input oracle, it only uses two increment and two
decrement operations! Like the QSP-based error reduction procedure from Theorem 1.4,
it uses the reflecting oracle Oref , and a copy of the state |ϕ⟩. Contrary to Theorem 1.4,
the purifier need not know δ in advance. In other words, the same transducer works for
all values of δ, and the query complexity is input-dependent.

In Section 5, we prove that this transducer is optimal: every transducer with transduc-
tion action (1.8) must have query complexity at least 1{p2δq even if δ is known in advance
and there are only two admissible input oracles. Note that this bound is tight including
the constant factors! The latter are important in this context as they matter for recursions
with super-constant depth. On the other hand, the constant factors in the transduction
and time complexities are not so important as they do not multiply during composition.

The following corollary (formal version in Corollary 3.8) states the same result in the
spirit of Theorem 1.1 with the state-generating input oracle O and the initial state |0⟩.

Corollary 1.6. There exists a transducer that uses infinite space and, given query access
to any input oracle O : A b W Ñ A b W as in (1.1), performs the following transduction
exactly:

|0⟩ ù

#

|0⟩, if p ă 1
2 ;

|1⟩, if p ą 1
2 .

The query complexity is 1 ` 1{p2δq, and the transduction complexity is Op1{δq, where
δ “

∣∣1
2 ´ p

∣∣.
The transducer from Theorem 1.5 is exact, but it uses infinite space. Luckily, allowing

small perturbations, it is not hard to restrict it to finite (and small!) space. The following
result states our main result in the form close to Theorem 1.4 (see Theorem 4.4 for the
formal statement):

Theorem 1.7 (Main Result, Informal). Let ε, δ ą 0 be real parameters. There exists
a transducer (purifier) that, given query access to any input oracle Oref satisfying (1.6),
performs the following transduction with perturbation ε:

|ϕ⟩ ù

#

|ϕ⟩, if p ď 1
2 ´ δ;

´|ϕ⟩, if p ě 1
2 ` δ;

for any normalised |ϕ⟩ P span
␣

|0⟩|ϕ0⟩, |1⟩|ϕ1⟩
(

(including, but not limited to, the specific
vector |ϕ⟩ from (1.1)). The transducer has query complexity at most 1{p2δq and trans-
duction complexity Op1{δq. It uses Opℓq additional qubits and its iteration time is Opℓq,
where ℓ “ log 1

δ ` log log 1
ε .
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Table 1.2

Complexity Purifier from [6] Purifier from [8] Purifier of Theorem 1.7 (new)
Space - Ops 1

δ2 log 1
ε q s` Oplog 1

δ ` log log 1
ε q

Iteration time - Ops 1
δ2 log 1

ε q Oplog 1
δ ` log log 1

ε q

Query Op 1
δ2 q Op 1

δ2 q 1
2δ

Transduction - Op 1
δ2 q Op1

δ q

A side-by-side comparison of our purifier in Theorem 1.7 with the ones from [6]
and [8]. The one from [6] is in the form of dual adversary, and only query complexity
applies to it. Ref. [6] does not explicitly evaluate the query complexity, only men-
tioning that it is Op1q for all δ “ Ωp1q, but it is not hard to work out the required
estimate. Iteration time for both transducers in the last two columns is with respect
to the circuit model.

Here, the perturbation is a technical term similar to the ε-approximation in Theo-
rem 1.1 and 1.4. Also, iteration time here is with respect to the circuit model, that means
that time is defined as the number of 1- and 2-qubit operations. Indeed, as we mentioned
previously, we only have to make two increment and two decrement operations on each
iteration. Table 1.2 provides a side-by-side comparison of the new purifier and the pre-
vious ones from [6] and [8]. The purifiers from [6] and [8] use the state-generating input
oracle, but this does not affect the asymptotics in the corresponding columns. The in-
verse quadratic dependence on δ in [6] and [8] was not such a crucial issue, as the purifier
could be composed with amplitude estimation like in Corollary 1.3, but that would further
increase space and iteration time complexity.

There is another subtle difference between the purifiers from [8] and Corollary 1.6.
The purifier from [8] only executed the input oracle on the initial state |0⟩. The purifier
from Corollary 1.6 achieves quadratic improvement by executing the input oracle on ini-
tial states different from |0⟩. This is not unlike the distinction between majority voting
of Theorem 1.1 and amplitude estimation from Theorem 1.2, the latter also obtaining
quadratic improvement by executing the input oracle on non-|0⟩ initial states. This is
not an issue if the input oracle O is implemented by a usual quantum subroutine, whose
complexity is the same from every initial state. On the other hand, if O is a transducer
itself, this might cause some complications as it is not sufficient to estimate its complexity
only on the initial state |0⟩.

We can also compare the new purifier in Theorem 1.7 with the QSP-based error re-
duction procedure of Theorem 1.4. The main advantage of the purifier is that its query
complexity does not depend on ε. For a fair comparison, it makes sense to assume that
the QSP-based error reduction has O

`1
δ log 1

ε

˘

iterations, each iteration taking Op1q time,
and the number of iterations of the purifier is given by its transduction complexity (see
Theorem 2.6). In this sense, the query complexity and the number of iterations in both
approaches has the same inverse linear dependence on δ. The space and iteration time
complexities of the QSP-based error reduction is clearly impossible to beat, but these
complexities of the new purifier are so small that they are effectively negligible.

The main drawback of the purifier is that in order to get it working, the program and
the subroutine have to be converted into transducers and composed similarly to Point 2
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on Page 5. The QSP-based algorithm is advantageous if the overhead of this conversion
kills the benefits of smaller query complexity. See also discussion in Section 1.4.

Another minor drawback of transducers is that implementation of their transduction
action (like in Point 3 on Page 5, see also Theorem 2.6) has bad inversely quadratic
dependence on the required precision ε. Therefore, a natural solution is to implement the
transduction action with constant precision, resulting in bounded error, and then either
measure the output and use classical majority voting, or, if this is not possible, use the
QSP-based error reduction to reduce the error to tolerable value. The benefit is that this
error reduction is needed only once for the whole algorithm, and not for each individual
subroutine.

1.4 Consequences and Open Problems
One set of consequences of our results are similar to the ones obtained in [8]. We will
mention one simple application, Theorem 1.8 below, which is proven in [8] using the old
purifier construction. The proofs go through in exactly the same way, only the transducer
gets replaced, so we do not repeat them here.

Theorem 1.8 ([8, Theorems 3.15 and 3.16]). Let A and B be quantum algorithms in the
circuit model that evaluate the functions f and g, respectively, with bounded error. Let L
be the query complexity of A, and T pAq and T pBq be the time complexities of A and B.
Then,

(a) there exists a quantum algorithm in the circuit model that evaluates the composed
function f ˝ g with bounded error in time complexity

OpLq
`

T pAq ` T pBq
˘

. (1.9)

(b) There exists a quantum algorithm using quantum random access memory that eval-
uates the composed function f ˝ g with bounded error in time complexity

O
`

T pAq ` L ¨ T pBq
˘

(1.10)

assuming random access and elementary arithmetic operations on memory addresses
(word RAM operations) can be done in time Op1q.

Not only does our new purifier improve the space complexity of the composed quantum
algorithm referred to in Theorem 1.8, our improved dependence on δ gives better constant-
factor overhead, which could matter a lot in algorithms that are obtained from super-
constant-depth composition (using extensions of Theorem 1.8 for larger recursion depth).
Also, iteration time complexity of our new purifier is so small that it is dominated by
other terms in (1.9) and (1.10).

While the expression in (1.10) seems very natural, the one in (1.9) is not so, which is a
consequence of the way iteration time behaves under composition of transducers. Eq. (1.9)
is optimal if T pAq ď T pBq, though.

Open Problem A. Is it possible to improve (1.9) to O
`

T pAq ` L ¨ T pBq
˘

in the circuit
model?

Another application of our main result, Theorem 1.5, is a proof that QMA “ QMA1
assuming that the one-sided-error variant of QMA is allowed to use infinite space [26]. More
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generally, it seems quite useful to have an effectively exact representation of bounded-error
quantum algorithms, and we suspect this has implications beyond composition.

Let us mention another open problem, of a more technical nature. We demonstrated
that the query complexity of the transducer with the reflecting oracle in Theorem 1.5 is the
best possible, including the constant factor. For the state-generating variant Corollary 1.6,
the picture is not so clear. Since reflection can be implemented using state generation, the
former is more powerful than the latter. On the other hand, the latter is more relevant
from the practical point of view. It is clear that Ωp1{δq query complexity is necessary,
otherwise it would break the lower bound in [33] mentioned above, but the precise value
is not clear.

Open Problem B. Find out the exact value of the query complexity required to solve the
problem of Corollary 1.6. The same question can be also asked if we require the purifier
to query the state-generating input oracle only on the initial state |0⟩.

For a high-level didactic overview of some of the concepts of this paper, as well as
previous related work, we refer the reader to [25].

1.5 Intuition
In this section, we give an informal overview of the construction behind Theorem 1.5 and
its connection to the usual classical majority voting (see also [25]). We construct our
purifier as an electric quantum walk on a line. Indeed, as mentioned in Section 1.2, every
electric quantum walk gives rise to a transducer whose transduction action is exact, which
we take advantage of here.

Before describing our quantum walk, let us revisit classical majority voting. Assume
we are given a biased coin that outputs ´1 with probability 1´p, and `1 with probability
p. We want to decide whether p ď 1

2 ´ δ (negative case), or p ě 1
2 ` δ (positive case).

We toss the coin a total of K times. If the sum of all the outcomes is positive, we accept;
otherwise, we reject. By Hoeffding’s inequality, the error probability is exponentially small
in K (similar to Theorem 1.1).

Figure 1.3

´4 ´3 ´2 ´1 0 1 2 3 4¨ ¨ ¨ ¨ ¨ ¨

Majority voting can be seen as a random walk on the infinite line.

This can be seen as a random walk on the infinite line (see Figure 1.3), where we start
in the vertex 0, and, on each step, move to the left with probability 1 ´ p and to the
right with probability p. The current vertex stores the total sum of all the outcomes. At
the end, we accept if we are to the right of the vertex 0. Using the standard convention
that the probability of following an edge is proportional to its weight, this random walk
is captured by assigning the weight

wj “

ˆ

p

1 ´ p

˙j

(1.11)
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to the edge between the vertices j and j ` 1. Indeed, the probability of going right with
this assignment of weights is precisely p{p1 ´ pq times the probability of going left.

Of course, this random walk still has error, albeit exponentially small. Informally, we
get exactness by running this walk for infinitely long time. Then, if p ă 1{2, we will be at
´8; and if p ą 1{2, we will be at `8; both with probability 1.

For simplicity of implementation, we cut the line in half, only considering the vertices
with non-negative labels. They form an infinite ray (see Figure 1.4). In this graph, the
informal exactness statement, made above for the infinite line, can be made precise using
transience in the sense of Pólya [34] (see also [18, Chapter 2]). If p ă 1{2, which is
equivalent to p{p1 ´ pq ă 1, this walk is recurrent, meaning that it returns to the vertex 0
infinitely many times with probability 1. If p ą 1{2, which corresponds to p{p1 ´ pq ą 1,
this walk is transient, meaning that it will escape to infinity with probability 1. Our
quantum walk can be seen as deciding which is the case.

Figure 1.4

0 1 2 3 4 5
|1⟩
γ2

|2⟩
γ4

|3⟩
γ6

|4⟩
γ8

|0⟩
1

¨ ¨ ¨

The quantum walk on the infinite ray used by our purifier. The number above
the edge specifies its weight as in (1.11), where we use the same parameter γ “
a

p{p1 ´ pq we will be using in Section 3 and beyond. Below each edge, the corre-
sponding state of the quantum walk is written.

Let us briefly describe the construction of the quantum walk, more detail being post-
poned till Section 3.1. The quantum walk happens on edges. The state |j⟩ corresponds
to the edge between the vertices j and j ` 1. The quantum walk is composed of local
reflections. Each vertex j ą 0 corresponds to the local reflection about the state

?
wj´1|j ´ 1⟩ `

?
wj |j⟩,

which is proportional to
a

1 ´ p|j ´ 1⟩ `
?
p|j⟩. (1.12)

This state is similar to the state ϕ in (1.1), except it does not have the “garbage” states
ϕ0 and ϕ1. For simplicity, we will assume that we can perform a reflection about the
state (1.12). This is not just to gain intuition: we will make the same assumption in
Section 3.1, where we analyse the same quantum walk with the same simplified oracle
formally. The general case of Theorem 1.5 turns out to follow quite easily from this
special case, see Section 3.2.

Returning to quantum walk, one iteration thereof is given by R2R1, where R1 is the
composition of all local reflections about the odd vertices, and R2 about the even vertices.
To upper bound the number of times the algorithm should call R2R1 – that is, the hitting
time – while ensuring that the algorithm distinguishes between the transient (positive)
and recurrent (negative) cases, we need to upper bound the corresponding complexity for
each case (for details, see [5]). We will assume here for simplicity that δ “ Ωp1q. The
complexity of the quantum walk in the negative case p ď 1

2 ´δ is given by the total weight
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W of the graph. It equals

W “

8
ÿ

j“0
γ2j “ Op1q

since γ “ 1 ´ Ωp1q in this case.
In the positive case p ě 1

2 ` δ, the complexity is given by the effective resistance R
between the initial and the marked vertices, where resistance of each edge is given by the
inverse of its weight. The marked vertex in this case is infinity, hence, the total resistance
is the sum of the resistances of all edges:

R “
ÿ

e

1
we

“

8
ÿ

j“0

1
γ2j “ Op1q

since γ “ 1 ` Ωp1q in this case.
Quite remarkably, the number of iterations of the quantum walk is finite despite the

graph being infinite and the corresponding random walk requiring infinitely many steps to
reach `8. Thus, this gives an instance of a 1-vs-infinity separation between quantum and
classical hitting times. This seems to contradict the popular belief that electric quantum
walks cannot give better than quadratic speed-up compared to random walks. This belief
is rooted in the observation that the classical hitting time is bounded by OpWRq. However,
there is a difference between classical and quantum W s and Rs. In the classical case, the
product WR is computed for each graph, and then maximised over all graphs. In the
quantum case, W is maximised over all negative cases, and R over all positive cases, and
only then they are multiplied. This might cause significant problems in the design of
quantum walks [9]. But in this paper, this distinction works to our advantage.

1.6 Organisation of the Paper
Let us explain the organisation of the remainder of this paper. In Section 2, we formally
define and give the necessary background on transducers. In Section 3, we analyse the
quantum walk on the infinite ray from Figure 1.4. At first, in Section 3.1, we assume we
have access to an input oracle implementing a reflection about the states in (1.12). In
Section 3.2, we assume the input oracle Oref from (1.6) with the “garbage” states ϕ0 and
ϕ1. It turns out that the garbage states can be taken care of by performing two quantum
walks isomorphic to the simple one from Section 3.1.

In Section 4, we describe how the above purifier can be adopted to work in the finite-
dimensional settings. First, in Section 4.1, we consider a time-efficient implementation that
introduces some small error. Next, in Section 4.2, we describe a variant of the purifier that
remains exact, but only works in the settings of the state conversion problem as defined
in [6]. In Section 5, we show that the query complexity of the purifier from Theorem 1.5
cannot be improved. In Section 6, we describe error reduction procedure based on quantum
signal processing, proving Theorem 1.4. Finally, in Section 7, we describe how to extend
the results to non-Boolean functions using the Bernstein-Vazirani algorithm [12].

2 Preliminaries
In this section, we describe the key notions on quantum Las Vegas query complexity
from [11] and transducers from [8].
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2.1 Quantum Query Algorithms and Las Vegas Query Complexity
We define quantum query algorithms following the standard form of alternating queries
and unitaries [15], but we allow the input oracle to be an arbitrary unitary [6, 11].

Definition 2.1. A quantum query algorithm is a unitary transformation A “ ApOq in
some space H that has the form

ApOq “ UQ rOUQ´1 rOUQ´2 rO ¨ ¨ ¨ U2 rOU1 rOU0. (2.1)

Here, O : M Ñ M is the input oracle, which can be an arbitrary unitary; Ut are arbitrary
unitaries in H, and rO is the query operator defined as follows.

The space of the algorithm is decomposed as H “ H˝ ‘ H‚, where the input oracle
acts only on H‚. For that, we assume H‚ “ HÒ b M for some space HÒ. Then, the query
operator is

rO “ I˝ ‘ pI bOq, (2.2)

where I˝ and I are the identities on H˝ and HÒ, respectively.

We call the resulting unitary ApOq in (2.1) the action of the algorithm (for the partic-
ular input oracle), while we usually reserve the term algorithm to the specific product on
the right-hand side of the same equation.

Not all query algorithms follow this strict form. For instance, it is not always the case
that all queries are equal to rO. Sometimes, the controls are different, or the input oracle
is applied to different registers. However, all such algorithms can be converted into the
form (2.1) using standard techniques.

Note that in Definition 2.1 we only consider queries to O, but not to its inverse O˚,
i.e., the algorithm has unidirectional access to the input oracle. This does not matter for
oracles that are self-inverse, like the reflecting oracle Oref from (1.5). However, for other
oracles, like the state-generating oracle O from (1.1), we would like to allow bidirectional
access. We achieve this by replacing the input oracle O with O ‘ O˚. This allows the
algorithm to apply either O or O˚ based on the value of some control register. In this
paper, we allow bidirectional access to the state-generating input oracle.

Now we define several complexity measures related to quantum query algorithms. The
usual definition of the query complexity of the algorithm A is the number of queries it
makes, i.e., Q in (2.1). In particular, it does not depend on the input oracle O, nor the
initial state ξ P H of the algorithm.

We now define Las Vegas query complexity [11], which introduces dependence on both
O and ξ. Assume ApOq is executed on some initial state ξ P H. Let

ψt “ Ut´1 rOUt´2 ¨ ¨ ¨ U1 rOU0 ξ P H

be the state of the algorithm right before the t-th query. We decompose ψt “ ψ˝
t ‘ ψ‚

t

with ψ˝
t P H˝ and ψ‚

t P H‚. Then, the Las Vegas query complexity of the algorithm A on
the input oracle O and the initial state ξ is defined as

LpA,O, ξq “

Q
ÿ

t“1

∥∥ψ‚
t

∥∥2
. (2.3)

In other words, the Las Vegas query complexity is the sum, over all queries, of the squared
norms of the parts of the state to which the query is actually applied. In particular,
LpA,O, ξq ď Q for all normalized ξ.
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Figure 2.1

ξ

U0

I b O

U1

ψ˝
1

ψ‚
1

I b O

U2

ψ˝
2

ψ‚
2

I b O

U3

ψ˝
3

ψ‚
3

τ

A graphical illustration of a quantum query algorithm from (2.1) with Q “ 3 queries.
The algorithm interleaves input-independent unitaries Ut with queries rO “ I˝ ‘ pI b

Oq. The intermediate state ψt after Ut´1 and before the t-th query is decomposed as
ψ˝
t ‘ ψ‚

t , where only the second half is processed by the input oracle.
(Everywhere in this paper, arrowed wires in parallel represent systems combined via
direct sum, rather than tensor product.)

For intuition, note that the Las Vegas (i.e. expected) query complexity of a randomized
classical algorithm is the sum over all steps, where a query might be made, of the proba-
bility of making a query at that step. Moreover, this notion of quantum query complexity
is meaningful in the sense that we can convert A to a (bounded-error) quantum algorithm
that makes OpLq queries, where L is the maximum of LpA,O, ξq over all admissible pairs
of O and ξ. (This follows from Corollary 2.12 and Theorem 2.10 below.)

A more precise description of the work performed by the input oracle is given by the
total query state defined as

qpA,O, ξq “

Q
ÿ

t“1
|t⟩|ψ‚

t ⟩ “

Q
à

t“1
ψ‚
t P CQ b H‚ “ CQ b HÒ b M. (2.4)

In particular, LpA,O, ξq “
∥∥qpA,O, ξq

∥∥2
. For fixed A and O, the mapping ξ ÞÑ qpA,O, ξq

is linear.
The time complexity of the algorithm A is defined as the total number of elementary

operations (gates) required to implement all the unitaries U0, U1, . . . , UQ used by the algo-
rithm. This complexity depends on the particular model of quantum computation. In this
paper we consider the circuit model, where elementary operations are all 1- and 2-qubit
operations.

2.2 Perturbations
We say that an algorithm performs the required transformation ε-approximately or it has
imprecision ε if the distance between the actual final state of the algorithm and the desired
final state is at most ε. The following folklore lemma is useful in estimating imprecision [8].

Lemma 2.2. Assume we have a collection of unitaries U1, . . . , Um all acting in the same
vector space H. Let ψ1

0, . . . , ψ
1
m be a collection of vectors in H such that

ψ1
t “ Utψ

1
t´1
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for all t. Let ψ0, . . . , ψm be another collection of vectors in H such that ψ0 “ ψ1
0 and∥∥ψt ´ Utψt´1

∥∥ ď εt

for all t. Then, ∥∥ψm ´ ψ1
m

∥∥ ď

m
ÿ

t“1
εt.

In applications of this lemma, Ut stand for sequential sections of a quantum algorithm.
The vectors ψ1

t form the sequence of states the algorithm goes through during its execution.
The vectors ψt form an idealised sequence, which we use instead of ψ1

t in the analysis. More
precisely, the analysis looks like

ψ0
U1

ÞÝÑ U1ψ1
ε1
« ψ2

U2
ÞÝÑ U2ψ2

ε2
« ψ3

U3
ÞÝÑ ¨ ¨ ¨

εm´1
« ψm´1

Um
ÞÝÑ Umψm´1

εm
« ψm.

(2.5)
Here

ε
« stands for a (conceptual) perturbation of size ε, where we are allowed to arbitrarily

move the state of the algorithm by a distance at most ε.
Lemma 2.2 states that m small perturbations in (2.5) result in one big perturbation

ψm
ε
« Um ¨ ¨ ¨U1U0ψ0

of size ε “
řm
t“1 εt. If ψm is the desired final state, the algorithm has imprecision ε.

We can define a perturbed algorithm A “ ApOq as an algorithm of the form (2.1)
where in addition to Ut it is allowed to use perturbations. The total perturbation of the
algorithm A is

ηpA,O, ξq “ ApOqξ ´ ĀpOqξ, (2.6)

where Ā is the same algorithm as A but with all the perturbations removed.
The analysis like the one in (2.5) is ubiquitous in quantum algorithms, where, for

example, perturbations are used after executions of bounded-error subroutines (with errors
reduced using Theorem 1.1) to replace the actual final state of the subroutine with the final
state of the ideal subroutine. Introducing perturbations inside the algorithm is helpful as
it allows better control on the total query state and the Las Vegas query complexity. In
particular, we can avoid subroutines being called on some gibberish initial states whose
Las Vegas complexity is hard to estimate. However, we will not pursue this angle in this
paper.

2.3 Transducers
The transducer is a new paradigm for quantum algorithms where a single unitary — often
simple to implement in some desired sense — gives rise to some target unitary, which we
are interested in. A transducer is very easy to define.

Definition 2.3. A transducer is a unitary S acting on a direct sum H‘L of vector spaces,
called its public and its private space, respectively.

We will usually just write “a transducer S in H ‘ L” understanding that the first one
is its public, and the second one is its private space. As one can see from the naming,
we have a case of encapsulation here: an outside algorithm only has access to the public
space. The private space is only modified by executions of S.

Definition 2.3 is somewhat empty as it only specifies the easy-to-implement unitary S.
The following theorem yields the corresponding target unitary in H.
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Theorem 2.4 ([8, Theorem 5.1]). Let S be a transducer in H ‘ L. For any ξ P H, there
exist unique τ “ τpS, ξq P H and v “ vpS, ξq P L such that

S : ξ ‘ v ÞÑ τ ‘ v. (2.7)

Moreover, for a fixed S, the transformation ξ ÞÑ τpS, ξq is unitary.

Definition 2.5 (Transduction). For a transducer S in H ‘ L, its transduction action is
the unitary S

ù

H : H Ñ H defined by the mapping ξ ÞÑ τpS, ξq from Theorem 2.4. We
say that S transduces ξ into τ and write ξ S

ù τ or S : ξ ù τ . The vector vpS, ξq is
called the catalyst of this transduction. Its norm squared W pS, ξq “ ∥vpS, ξq∥2 is called
transduction complexity. As in Section 2.1, we call ξ the initial state, and we use the name
initial coupling for ξ ‘ v.

In general, the catalyst v is not uniquely defined. This is not an issue since we prove

that ξ
S

ù τ using specific v that satisfies (2.7), and we call this specific v the catalyst and
use it to define transduction complexity (and later query complexity in Definition 2.7).

The following result states that we can approximately implement the transduction
action S

ù

H using black-box access to S.

Theorem 2.6 (Implementation of Transduction Action [8, Theorem 5.5]). Fix a positive
integer K, and spaces H and L. There is a quantum algorithm that, for any transducer S
in H ‘ L and initial state ξ P H, produces a state τ 1 such that

∥∥τ 1 ´ τpS, ξq
∥∥ ď 2

c

W pS, ξq

K
(2.8)

using K controlled calls to S, and OpKq other elementary operations. The algorithm uses
OplogKq additional qubits (besides H and L).

Proof sketch. The space of the algorithm is pCK b Hq ‘ L. The algorithm starts in the
initial state |ξ⟩. As the first step, we attach the uniform superposition over K elements,
resulting in the state

ˆ

1
?
K

K
ÿ

i“1
|i⟩

˙

b |ξ⟩ “

K
à

i“1

ξ
?
K

P CK b H. (2.9)

We perform a conceptual perturbation in the sense of Section 2.2 and assume that we are
in the state

ˆ K
à

i“1

ξ
?
K

˙

‘
v

?
K

(2.10)

instead. Now we execute S in total K times, each time to map ξ?
K

‘ v?
K

into τ?
K

‘ v?
K

.
On each of these executions, we take a fresh copy of ξ?

K
from (2.10) and the same v?

K
from the register L that does not change in the entire process. At the end, we get the
state

ˆ K
à

i“1

τ
?
K

˙

‘
v

?
K
. (2.11)

We perform another conceptual perturbation and assume that we are in the state

K
à

i“1

τ
?
K

“

ˆ

1
?
K

K
ÿ

i“1
|i⟩

˙

b |τ⟩ (2.12)
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instead. We end the algorithm by detaching the uniform superposition in the first register.
By Lemma 2.2, the imprecision of the algorithm is bounded by the sum of two per-

turbations — between (2.9) and (2.10), and between (2.11) and (2.12). Each of the
perturbations is of size

∥∥∥ v?
K

∥∥∥ “

b

W pS,ξq

K .

2.4 Complexities of Transducers
A transducer S yields a unitary S

ù

H on the public space H via Theorems 2.4 and 2.6.
However, S is also a unitary in H ‘ L itself, which can be implemented by a quantum
algorithm. We will assume we have some fixed implementation of S by an algorithm,
which we will denote by AS in this section to distinguish from the unitary S per se. (In
other parts of the paper, we will usually identify S with its implementation like we do it
for A in Section 2.1.)

The transducer S “ SpOq can also use an input oracle O. In this case, we may assume
that its implementation AS “ ASpOq is in the form of Section 2.1. To save brackets, we
will write vpS,O, ξq and τpS,O, ξq instead of v

`

SpOq, ξ
˘

and τ
`

SpOq, ξ
˘

, respectively.
Now we can easily define various complexities of a transducer.

Definition 2.7 (Complexities of a transducer). Let S be a transducer. Its iteration time5,
T pSq, is the time complexity (number of elementary operations) used by its implementation
AS . Its space complexity is the space complexity of AS .

For fixed input oracle O and initial state ξ, we already defined transduction complexity
by W pS,O, ξq “ }v}2, where v “ vpS,O, ξq is the corresponding catalyst as in (2.7). We
also define the total query state and the query complexity by

qpS,O, ξq “ qpAS , O, ξ ‘ vq and LpS,O, ξq “ LpAS , O, ξ ‘ vq. (2.13)

Note that the state ξ ‘ v above is not normalised, but the definitions in (2.3) and (2.4)
still make sense.

Iteration time is precisely where we marry the model-dependent notion of “time com-
plexity” with the nice clean mathematical model of transducers. The notion of time
complexity we use for AS might be with respect to a particular gate set; it might include
random access gates (or not); it might be the depth. The time complexity of the algorithm
we get in Theorem 2.6 will inherit this model. Note that neither the iteration time nor
the space complexity depend on the initial state or the input oracle.

We have the following simple principle that proves the linearity part of Theorem 2.4:

Claim 2.8 (Linearity). If S transduces ξ1 into τ1 with catalyst v1 and ξ2 into τ2 with
catalyst v2, then S transduces αξ1 ` βξ2 into ατ1 ` βτ2 with catalyst αv1 ` βv2 for all
α, β P C. In particular,

q
`

S,O, αξ1 ` βξ2
˘

“ αqpS,O, ξ1q ` βqpS,O, ξ2q. (2.14)

Also, for every ξ P H and α P C:

W pS,O, αξq “ |α|2W pS,O, ξq and LpS,O, αξq “ |α|2LpS,O, ξq. (2.15)

5In [8], this was called time complexity of S, which we now find misleading, as it might suggest that
such is the total complexity of the algorithm in Theorem 2.6.
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2.5 Canonical Transducers
We mentioned in the previous section, that we may assume that a transducer S “ SpOq,
as an algorithm in H ‘ L, is in the standard form of (2.1). However, if we näıvely applied
the algorithm from Theorem 2.6 to this transducer, this would result in the number of
queries OpW ¨Qq, where W is the transduction complexity and Q is the number of queries
made by the transducer.

This can be improved. First, it turns out that transducers admit a much simpler
canonical form: it is just one(!) execution of the input oracle on a part of the private
space, followed by a unitary independent of the input oracle. Second, there exists a more
refined implementation of the transduction action that brings the total number of queries
down to the query complexity of the transducer as defined in (2.13). The canonical form
of transducers is also important in their composition, which we consider in Section 2.7.

This section is organised as follows. First, we define the canonical form. Then, we
state a refined variant of Theorem 2.6 for canonical transducers. Finally, we describe how
any transducer can be put into canonical form.

Definition 2.9 (Canonical transducer). A transducer S “ SpOq with an input oracle
O : M Ñ M is in canonical form if it satisfies the following conditions. First, its private
space is decomposed into a direct sum L “ L˝ ‘ L‚ with L‚ “ LÒ b M. Second, the
transducer itself is in the form

SpOq “ S˝
rO,

where rO “ IH‘I˝ ‘pIbOq is the query operator and S˝ is an arbitrary input-independent
work unitary. Here I˝ and I are identities on L˝ and LÒ, respectively.

We call L˝ and L‚ the work and the query part of the private space L, respectively.
Decomposing the catalyst v appropriately: v “ v˝ ‘ v‚, the action of S looks like (see also
Figure 2.2)

SpOq : ξ ‘ v˝ ‘ v‚ rO
ÞÝÑ ξ ‘ v˝ ‘ pI bOqv‚ S˝

ÞÝÑ τ ‘ v˝ ‘ v‚. (2.16)

All the vectors (except ξ) in the above equation depend on S, O, and ξ; i.e, we have
τ “ τpS,O, ξq, and similarly for v, v˝, and v‚.

Figure 2.2

S˝

I bO
v‚

v˝

ξ

v‚

v˝

τ

A schematic depiction of a transducer in canonical form. It consists of one application
of the input oracle O and an input-independent work unitary S˝. The catalyst v P L
is separated into two parts v “ v˝ ‘ v‚ with v˝ P L˝ and v‚ P L‚. The first one is
not processed by the oracle, and the second one is. Note that the input oracle is not
applied to the public space.
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The total query state and the query complexity take particularly simple form:

qpS,O, ξq “ v‚pS,O, ξq and LpS,O, ξq “
∥∥v‚pS,O, ξq

∥∥2
.

The transduction complexity is as before

W pS,O, ξq “
∥∥vpS,O, ξq

∥∥2
“

∥∥v˝pS,O, ξq
∥∥2

`
∥∥v‚pS,O, ξq

∥∥2
.

We have the following refinement of Theorem 2.6, which justifies Table 1.2.

Theorem 2.10 (Refined Implementation of Transduction Action [8, Theorem 3.3]). Fix
spaces H and L “ L˝ ‘ L‚ with L‚ “ LÒ b M, and positive real parameters W , L, and
ε. Then there exists a quantum algorithm with query access O : M Ñ M that, for any
canonical transducer S “ SpOq in H ‘ L and any initial state ξ P H, transforms the state
ξ into τ 1 such that ∥∥τ 1 ´ τpS,O, ξq

∥∥ ď ε

assuming that W pS,O, ξq ď W and LpS,O, ξq ď L. The algorithm uses O
`

LpS,O, ξq{ε2˘

queries to O, K “ O
`

1 ` W pS,O, ξq{ε2˘ controlled calls to S˝, OpKq other elementary
operations, and OplogKq additional qubits.

Thus, in particular, the time complexity of the algorithm described in Theorem 2.10
(including executions of S˝, but excluding executions of O) is O

`

1`W pS,O, ξq{ε2˘ ¨T pSq,
where T pSq, is the iteration time of S, which, in agreement to Definition 2.7, is the time
complexity of the algorithm implementing S˝.

When designing a transducer, treating it as a usual quantum query algorithm from
Section 2.1 is very convenient, and we will continue doing so in this paper. It is not hard to
transform any such transducer into the canonical form with a slight increase in complexity.

Theorem 2.11 (Conversion to Canonical Form [8, Proposition 10.4]). Assume S “ SpOq

is a non-canonical transducer with public space H making Q queries to the input oracle O.
We also assume that S, as a query algorithm, is strictly in the form of (2.1), in particular,
all its queries to the input oracle are identical. Then, there exists a canonical transducer
S1 “ S1pOq with the same public space H and the same input oracle that has exactly the
same transduction action as S. Moreover,

qpS1, O, ξq “ qpS,O, ξq, LpS1, O, ξq “ LpS,O, ξq,

and
W pS1, O, ξq “ W pS,O, ξq ` LpS,O, ξq.

The transducer S1 uses OplogQq additional qubits and its iteration time is at most Op1q

times the iteration time of S.

Note that any algorithm A “ ApOq as in (2.1) can be considered as a transducer
SA “ SApOq with the same transduction action if we just let the private space L to be
empty and assume v “ 0 in (2.7). This gives the following corollary of the above theorem:

Corollary 2.12. Assume A is a quantum query algorithm as in (2.1), working in space H
and making Q queries. Then, there exists a canonical transducer SA with the public space
H, whose transduction action is identical to the action of A. Moreover, for any ξ P H and
input oracle O:

qpSA, O, ξq “ qpA,O, ξq and W pSA, O, ξq “ LpSA, O, ξq “ LpA,O, ξq.

Iteration time complexity of SA is equal to the time complexity of A up to a constant
factor, and SA uses OplogQq additional qubits.
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2.6 Relation to the Adversary Bound
In this section, we describe the relation between transducers and the dual adversary bound
for state conversion [28, 6]. Before we describe the connection, we have to define the latter
two objects.

Definition 2.13. A state conversion problem is specified by two Hilbert spaces M and
H together with a collection of unitaries Ox in M and pairs of states ξx ÞÑ τx in H, where
x ranges over some set X. We say that an algorithm A (respectively, transducer S) solves
the problem (exactly) if ApOxqξx “ τx (respectively, ξx

SpOxq
ù τx) for all x P X.

Definition 2.14. The dual adversary bound corresponding to the state conversion problem
of Definition 2.13 is given by the optimisation problem to minimise maxxPX }vx}2, where
vx P HÒ b M, as x ranges over X, are some vectors satisfying the constraint

xξx, ξyy ´ xτx, τyy “
@

vx, I b
`

IM ´O˚
xOy

˘

vy
D

for all x, y P X. (2.17)

Here HÒ can be an arbitrary space, and I is the identity on that space.

Note that (2.17) can be rewritten in a possibly friendlier equivalent form

xξx, ξyy ´ xτx, τyy “ xvx, vyy ´
@

pI bOxqvx, pI bOyqvy
D

for all x, y P X. (2.18)

The optimal value of the dual adversary problem lower bounds the worst-case query
complexity of any algorithm solving the corresponding state conversion problem. This is
a corollary of the following result connecting dual adversary to transducers.

Theorem 2.15. Let ξx, τx, Ox for x P X define a state conversion problem as in Defini-
tion 2.13, and let vx for x P X be vectors in HÒ b M. Consider the following statements:

(a) There exists a quantum query algorithm A “ ApOq such that ApOxqξx “ τx and
vx “ qpA,Ox, ξxq for all x P X.

(b) There exists a transducer S “ SpOq such that ξx
SpOxq
ù τx and vx “ qpS,Ox, ξxq for

all x P X.

(c) There exists a canonical transducer satisfying (b).

(d) The vectors vx satisfy the constraints (2.18).

Then, the statements (b), (c), and (d) are equivalent. The statement (a) implies all of
them.

Proof. The implication (a)ùñ(c) is the content of Corollary 2.12, while the implication
(b)ùñ(c) is the content of Theorem 2.11. Implication (c)ùñ(b) is trivial as any canonical
transducer is a transducer. It remains to establish equivalence of (c) and (d).

Assume there exists a canonical transducer as in Definition 2.9 performing the required
transduction. Then, by (2.16), there exists a unitary S˝ such that

S˝ : ξx ‘ v˝
x ‘ pI bOxqv‚

x ÞÝÑ τx ‘ v˝
x ‘ v‚

x

for all x P X, where v‚
x are the corresponding total query states. Existence of such unitary

is equivalent to the condition

xξx, ξyy`
@

v˝
x, v

˝
y

D

`
@

pIbOxqv‚
x, pIbOyqv‚

y

D

“ xτx, τyy`
@

v˝
x, v

˝
y

D

`
@

v‚
x, v

‚
y

D

for all x, y P X,
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which implies (2.18) with vx replaced by v‚
x.

On the other hand, if (2.18) is satisfied, then there exists a unitary S˝ such that

S˝ : ξx ‘ pI bOxqvx ÞÝÑ τx ‘ vx (2.19)

for all x P X. This is an instance of a canonical transducer with L˝ being empty, v˝
x equal

to zero, and where the total query states are given by vx.

This result immediately implies the following corollary.

Corollary 2.16. The optimal value of the dual adversary problem lower bounds all of the
following:

(a) Worst-case query complexity maxxPX LpS,Ox, ξxq of any transducer S such that
ξx

SpOxq
ù τx for all x.

(b) Worst-case Las Vegas query complexity maxxPX LpA,Ox, ξxq of any algorithm A such
that ApOxqξx “ τx for all x P X.

(c) The number of queries made by any algorithm from (b), assuming }ξx} “ 1 for all
x.

Lower bounding the optimal value of the dual adversary is the content of the usual
(primal) adversary bound. Note though that Theorem 2.15 gives much tighter connection
between the dual adversary and the transducers solving the corresponding state conversion
problem than just worst-case Las Vegas complexity.

Corollary 2.16 only considers algorithms and transducers solving the state conversion
problem exactly. In Section 4.2, we briefly explain how to use purifiers in order to lower
bound complexity of bounded-error algorithms in the case of function evaluation.

2.7 Composition of Transducers
We can compose transducers similar to how we can compose quantum algorithms, and
the complexity of these compositions follows some natural rules. In this section, we cover
parallel and functional composition. Ref. [8] also considers sequential composition.

Algorithms To get some intuition, we start with composition of query algorithms as
in Section 2.1. We first consider parallel composition, which corresponds to performing
algorithms in superposition. Let Ai “ AipOiq with Oi : Mi Ñ Mi be quantum algorithms
for i “ 1, . . . ,m. Their parallel composition

À

iAi is a quantum algorithm with input
oracle O acting in

À

i Mi whose action satisfies

p
à

i

Aiq
´

à

i

Oi

¯

“
à

i

AipOiq (2.20)

for all unitaries Oi : Mi Ñ Mi. Its total query state is

q
´

à

i

Ai,
à

i

Oi,
à

i

ξi

¯

“
à

i

qpAi, Oi, ξiq. (2.21)

If all Ai are equal to some A, we can replace
À

iAi with Im bA, however, we often drop
Im in this context. If all Oi are equal to some O, we can replace

À

iOi with just O.
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(It is easy to see from (2.2) that O and Im b O are equally powerful.) Finally, the most
important case is when all Ai are equal, and all Oi are equal. In this case, we just write

qpA,O, ξq instead of qpIE bA,O, ξq (2.22)

for every ξ P E b H in arbitrary E , since the space E can be deduced from ξ. We use the
same convention for LpA,O, ξq.

Now let us move to functional composition, where one algorithm implements the input
oracle of another algorithm. Assume A is a quantum algorithm as in (2.1) with the
input oracle O : M Ñ M, and let B be an algorithm that acts in M. Their functional
composition A ˝B is the algorithm A, where each execution of O is replaced by execution
of B. The action of A ˝B is ApBq, and it does not have the input oracle.

The above description is simple, but it omits a large number of important details.
First, we usually have some global input oracle, which is unrelated to the subroutine B.
From now on, we will denote it by O : M Ñ M. Thus, the algorithm A has access to
two input oracles: the global input oracle O, and O1 : M1 Ñ M1 that gets replaced by
B. The subroutine B now acts in M1, and it also has access to O, as does the functional
composition A ˝B.

Modelling A’s oracle access to two input oracles O and O1 in the framework of Sec-
tion 2.1 is easy. We assume it has access to one combined input oracle O ‘ O1 acting in
M ‘ M1. We can also measure the query complexity of each of the oracles separately by
decomposing the total query state from (2.4) as

qpA,O ‘O1, ξq “ qp0qpA,O ‘O1, ξq ‘ qp1qpA,O ‘O1, ξq,

where qp0qpA,O ‘ O1, ξq P CQ b HÒ b M and qp1qpA,O ‘ O1, ξq P CQ b HÒ b M1 denote
the parts processed by the oracles O and O1, respectively.

With these conventions, we can write the action of A ˝ B as A
`

O ‘ BpOq
˘

. It is also
not hard to describe the total query state of A ˝B by the following expression [11]:

q
`

A ˝B,O, ξ
˘

“ qp0q
`

A,O ‘BpOq, ξ
˘

‘ q
´

B,O, qp1q
`

A,O ‘BpOq, ξ
˘

¯

. (2.23)

Although this expression is lengthy, it is quite natural. It says that the queries made by
A ˝B fall into the queries made by A to O directly (the first term), and the queries made
by the subroutine B (the second term). For the latter, we use the convention (2.22), and
we assume that B is executed on the entire total query state in one go, instead of dividing
it into Q chunks as A does. Finally, BpOq replaces O1 since B implements this input
oracle.

Transducers Both parallel and functional composition of transducers mimics the case
of algorithms very closely. Parallel composition

À

i Si of transducers Si “ SipOiq can
be implemented as parallel composition of their implementations

À

ASi , where we used
notation of Section 2.4. For canonical transducers, it boils down to implementing

À

S˝
i ,

where S˝
i are the corresponding work unitaries. Similarly to (2.21), we have

q
´

à

i

Si,
à

i

Oi,
à

i

ξi

¯

“
à

i

qpSi, Oi, ξiq (2.24)

and
W

´

à

i

Si,
à

i

Oi,
à

i

ξi

¯

“
ÿ

i

W pSi, Oi, ξiq. (2.25)
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For every transducer S “ SpOq and every space E , we can define transducer IE b S,
which corresponds to the special case of parallel composition when all Si are equal to S, and
all Oi are equal to O. As in (2.22), we will write, e.g., qpS,O, ξq instead of qpIE bA,O, ξq

for every ξ P E b H.

Functional composition is slightly more subtle, but similar. Let SA and SB be canonical
transducers with public spaces H, and M1, respectively. We assume SA has input oracle
O ‘O1 acting in M ‘ M1, and SB has input oracle O acting in M. Let UApO ‘O1q and
UBpOq denote the transduction actions of SA and SB on H and M1, respectively. As for
algorithms, we can decompose the total query state of A as

qpA,O ‘O1, ξq “ qp0qpA,O ‘O1, ξq ‘ qp1qpA,O ‘O1, ξq

into the parts processed by O and O1, respectively.

Theorem 2.17. In the above assumptions, there exists a canonical transducer SA ˝SB on
the public space H and with the input oracle O : M Ñ M. Transduction action of SA ˝SB
equals UA

`

O ‘ UBpOq
˘

. The total query state of SA ˝ SB satisfies

qpSA ˝ SB, O, ξq “ qp0q
`

SA, O ‘ UBpOq, ξ
˘

‘ q
´

SB, O, q
p1q
`

SA, O ‘ UBpOq, ξ
˘

¯

, (2.26)

and the transduction complexity is

W pSA ˝ SB, O, ξq “ W
`

SA, O ‘ UBpOq, ξ
˘

`W
´

SB, O, q
p1q
`

SA, O ‘ UBpOq, ξ
˘

¯

. (2.27)

The iteration time of SA ˝ SB is T pSAq ` T pSBq, and its space complexity is the sum of
space complexities of SA and SB.

The logic behind formulae (2.26) and (2.27) is the same as behind (2.23).

2.8 Perturbed Transducers
In Section 2.4, we assumed that the algorithm AS implementing S does its job exactly.
Most of the results in this section hold if we allow small perturbations in the implemen-
tation of S.

A perturbed transducer S is a transducer whose implementation AS is a perturbed
algorithm in the sense of Section 2.2. The requirement for S to transduce ξ into τ is
still that S maps ξ ‘ v into τ ‘ v (with the help of the perturbations). We define the
perturbation of the transducer as

ηpS,O, ξq “ ηpAS , O, ξ ‘ vq,

where v is the corresponding catalyst, and the right-hand side is as in (2.6).
All the definitions made for usual transducers can be adopted for perturbed transduc-

ers, and the implementations in Theorem 2.6 and 2.10 hold for them as well. For example,
the right-hand side of (2.8) in Theorem 2.6 estimates the perturbations used in implemen-
tation of the transduction action, and Eq. (2.8) still holds (assuming each execution of S
in the theorem is still an execution of the perturbed version of S). The perturbations in S
amount to K total perturbations, each equal to ηpS,O, ξq{

?
K, which allows to estimate

the total perturbation of the resulting algorithm using Lemma 2.2. It is also possible to
estimate the perturbation of the composed transducer like in Section 2.7, but will not go
into detail as it is outside the scope of this paper. For more detail, see [8].
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3 Infinite-Dimensional Construction
In this section, we describe a version of the purifier in infinite-dimensional space. In
Section 3.1, we start with a formal analysis of the quantum walk on the infinite ray from
Section 1.5, which uses a simplified input oracle. In Section 3.2, we generalize it to the
real input oracle Oref from (1.6), thus proving Theorem 1.5. In Section 3.3, we prove
Corollary 1.6.

Although the purifiers constructed in this section cannot be implemented directly due
to their infinite space requirements, they can still be analysed and they demonstrate all
the main ideas in the clearest way. In Section 4, we will modify the purifiers so that they
use finite space.

3.1 Special Case
In this section, we perform a formal analysis of the quantum walk on the infinite ray
described in Section 1.5. As there, we assume a simplified input oracle Op : C2 Ñ C2

reflecting about the state
φp “

a

1 ´ p|0⟩ `
?
p|1⟩, (3.1)

which is similar to the state in (1.1), but without the “garbage” parts ϕ0 and ϕ1. In this
section, we use parameter

γ “

c

p

1 ´ p
. (3.2)

The two extreme cases p “ 0 and p “ 1, corresponding to γ “ 0 and γ “ 8, respectively,
are also covered by the analysis, where we use the usual convention that 0´1 “ 8 and
8´1 “ 0.

The purifier transducer S “ SpOpq acts in one register N which stores a non-negative
integer, usually denoted by j in this section. However, to make the increment and the
decrement operations in N unitary, we have to assume that N can contain an arbitrary
integer, both positive or negative. We use A to denote the least significant qubit of N ,
and K for the remaining qubits of N . Thus, |i⟩K|b⟩A “ |2i` b⟩N for an integer i and
b P t0, 1u. The public space of S is spanned by |0⟩N , and the private space by |j⟩N with
j ą 0. As mentioned above, the states |j⟩N with j ă 0 are not used. The transducer

S “ R2R1, (3.3)

is a product of two reflections as defined in Figure 3.1.

Figure 3.1

R1 :
K

A Op
R2 :

K
`1 ´1

A Op

Two reflections comprising the transducer S “ R2R1. Both reflections act in the
register N “ A b K, where A stores the least significant qubit of N . The `1 and
the ´1 operators increment and decrement the register N , respectively. The control
for Op in R2 is on K being non-zero.
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As we will shortly see in Claim 3.1, R1 and R2, restricted to the span of |j⟩N for j ě 0,
are the local reflections around the odd and even vertices in Figure 1.4. This includes the
local reflection corresponding to the vertex 0, which reflects about the state |0⟩.

The following vectors will be important in the analysis, where j is a positive integer:

uj “ |j ´ 1⟩ ` γ|j⟩
9
a

1 ´ p|j ´ 1⟩ `
?
p|j⟩

and
uK
j “ |j ´ 1⟩ ´ γ´1|j⟩

9
?
p|j ´ 1⟩ ´

a

1 ´ p|j⟩.
(3.4)

In the extreme case of γ “ 8, we define uj “ |j⟩ and uK
j “ |j ´ 1⟩, which still satisfy the

proportionality claims in (3.4). Similarly, if γ “ 0, we let uK
j “ ´|j⟩, which also satisfies

the proportionality claim.

Claim 3.1. For all odd j, we have R1uj “ uj and R1u
K
j “ ´uK

j . For all even j ą 0, we
have R2uj “ uj and R2u

K
j “ ´uK

j . Also, R2|0⟩ “ |0⟩.

Proof. By construction, for every non-negative integer i, R1 acts as identity on |i⟩K b

|φp⟩A “
?

1 ´ p|2i⟩ `
?
p|2i` 1⟩, and flips the phase of (multiplies by ´1) its orthogonal

complement in the span of |2i⟩ and |2i` 1⟩. The state u2i`1 is proportional to the former,
and uK

2i`1 to the latter. The case of R2 is proven similarly.

We can now prove that S “ R2R1 is an exact transducer with the desired transduction
action, and query complexity precisely 1{p2δq “ |1 ´ 2p|´1.

Theorem 3.2. In the above notation, S “ R2R1 performs the following transduction:

SpOpq : |0⟩ ù

#

|0⟩, if p ă 1
2 ;

´|0⟩, if p ą 1
2 .

(3.5)

The query complexity of the transducer is LpS,Op, |0⟩q “ 1{p2δq, and the transduction
complexity is W pS,Op, |0⟩q “ Op1{δq, where δ “ |1

2 ´ p|.

Proof. If p ă 1
2 , then γ ă 1, and we define the catalyst |v⟩ “

ř8
j“1 γ

j |j⟩. The action of
the transducer on the initial coupling is given by

|0⟩ ` |v⟩ “

8
ÿ

j“0
γj |j⟩ “

8
ÿ

i“0
γ2i`|2i⟩ ` γ|2i` 1⟩

˘

R1
ÞÝÑ

8
ÿ

j“0
γj |j⟩ “ |0⟩ `

8
ÿ

i“0
γ2i`1`|2i` 1⟩ ` γ|2i` 2⟩

˘

R2
ÞÝÑ

8
ÿ

j“0
γj |j⟩ “ |0⟩ ` |v⟩,

(3.6)

where we used Claim 3.1. Therefore, |0⟩ SpOpq
ù |0⟩. The input oracle is applied to the states

in the brackets above, therefore, by (2.3), the Las Vegas query complexity is given by

8
ÿ

i“0

∥∥∥γ2i`|2i⟩ ` γ|2i` 1⟩
˘

∥∥∥2
`

8
ÿ

i“0

∥∥∥γ2i`1`|2i` 1⟩ ` γ|2i` 2⟩
˘

∥∥∥2

“

8
ÿ

j“0
γ2j `

8
ÿ

j“1
γ2j “

2
1 ´ γ2 ´ 1 “

1
2δ .
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Now, if p ą 1
2 , then γ ą 1, and we define |v⟩ “

ř8
j“1p´γq´j |j⟩. The action of the

transducer on the initial coupling is given by

|0⟩ ` |v⟩ “

8
ÿ

j“0
p´γq´j |j⟩ “

8
ÿ

i“0
γ´2i`|2i⟩ ´ γ´1|2i` 1⟩

˘

R1
ÞÝÑ ´

8
ÿ

j“0
p´γq´j |j⟩ “ ´|0⟩ `

8
ÿ

i“0
γ´2i´1`|2i` 1⟩ ´ γ´1|2i` 2⟩

˘

R2
ÞÝÑ ´ |0⟩ ´

8
ÿ

i“0
γ´2i´1`|2i` 1⟩ ´ γ´1|2i` 2⟩

˘

“ ´|0⟩ `

8
ÿ

j“1
p´γq´j |j⟩ “ ´|0⟩ ` |v⟩.

(3.7)

Therefore, |0⟩ SpOpq
ù ´|0⟩. The Las Vegas query complexity is

8
ÿ

j“0
γ´2j `

8
ÿ

j“1
γ´2j “

2
1 ´ γ´2 ´ 1 “

1
2δ .

By a similar computation, we can show that
∥∥v∥∥2

ď 1
2δ in both cases, showing that the

transduction complexity is at most 1
2δ .

Remark 3.3. Note that Theorem 3.2 holds for S “ R1R2 as well. The sequence (3.6) is
similar with the same catalyst; in the sequence (3.7), we should replace the catalyst with
´
ř8
j“1p´γq´j |j⟩.

3.2 General Case
In this section, we prove Theorem 1.5. For that, we define the purifier transducer S1 “

S1pOrefq for the general case when the reflecting oracle Oref in A b W satisfies (1.6). We
first describe the transducer, and then explain its relation to the purifier from Section 3.1.

The transducer uses the register J for storing an index, which can be an arbitrary
non-negative integer. Again, in order to make the increment and decrement unitary, we
assume that J can store an arbitrary integer, but we will not use the negative values. The
transducer also uses the registers A and W acted on by the input oracle. Note that this
time, contrary to Section 3.1, A is not a part of the register J , but a separate register.
When describing the states, the registers are listed in this order. The public space of the
transducer is |0⟩J b A b W, which we identify with A b W. The purifier transducer is
given by

S1 “ R1
2R

1
1 (3.8)

for reflections R1
1 and R1

2 defined as in Figure 3.2. Each of R1
1 and R1

2 makes precisely one
query to Oref , thus, S

1 makes two queries.
The implementation (3.8) of S1 is in the form of (2.1), which can be achieved by break-

ing the controlled-p´Orefq operation in R1
2 into the controlled phase and the controlled-Oref

operations.
The following claim is similar to Claim 3.1.

Claim 3.4. The operator R1
1 acts as identity on the states

|0⟩|1⟩|ϕ1⟩ and |j ´ 1⟩|0⟩|ϕ0⟩ ` γ|j⟩|1⟩|ϕ1⟩ (3.9)
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Figure 3.2

R1
1 :

J `1 ´1

A
Oref

W

R1
2 :

J `1 ´1

A
´Oref

W

Two reflections that give the transducer S1 “ R1
2R

1
1. Closed controls (‚), including

the one from the register J , are controlled on the wire being non-zero, whereas open
controls (˝) are controlled on the wire being 0. The gates `1 and ´1 denote increment
and decrement in J , respectively.

for all positive integers j. The following states get reflected for all positive integers j:

|j ´ 1⟩|0⟩|ϕ0⟩ ´ γ´1|j⟩|1⟩|ϕ1⟩. (3.10)

The operator R1
2 acts as identity on the states

|0⟩|0⟩|ϕ0⟩ and |j ´ 1⟩|1⟩|ϕ1⟩ ´ γ|j⟩|0⟩|ϕ0⟩ (3.11)

for all positive integers j. It reflects the following states for all positive integers j:

|j ´ 1⟩|1⟩|ϕ1⟩ ` γ´1|j⟩|0⟩|ϕ0⟩. (3.12)

Proof. We prove the statements for R1
1, as those for R1

2 are virtually identical. Since
|0⟩|1⟩|ϕ1⟩ has |0⟩|1⟩ in the first two registers, none of the controls gets activated, and so
all gates act as the identity. For any j ą 0, using γ “

a

p{p1 ´ pq, and the fact that Oref
fixes

?
1 ´ p|0⟩|ϕ0⟩ `

?
p|1⟩|ϕ1⟩,

|j ´ 1⟩|0⟩|ϕ0⟩ ` γ|j⟩|1⟩|ϕ1⟩ `1
ÞÝÑ

|j⟩
?

1 ´ p

´

a

1 ´ p|0⟩|ϕ0⟩ `
?
p|1⟩|ϕ1⟩

¯

Oref
ÞÝÑ

|j⟩
?

1 ´ p

´

a

1 ´ p|0⟩|ϕ0⟩ `
?
p|1⟩|ϕ1⟩

¯

´1
ÞÝÑ |j ´ 1⟩|0⟩|ϕ0⟩ ` γ|j⟩|1⟩|ϕ1⟩.

Similarly, using the fact that Oref reflects ?
p|0⟩|ϕ0⟩ ´

?
1 ´ p|1⟩|ϕ1⟩,

|j ´ 1⟩|0⟩|ϕ0⟩ ´ γ´1|j⟩|1⟩|ϕ1⟩ `1
ÞÝÑ

|j⟩
?
p

´

?
p|0⟩|ϕ0⟩ ´

a

1 ´ p|1⟩|ϕ1⟩
¯

Oref
ÞÝÑ ´

|j⟩
?
p

´

?
p|0⟩|ϕ0⟩ ´

a

1 ´ p|1⟩|ϕ1⟩
¯

´1
ÞÝÑ ´

`

|j ´ 1⟩|0⟩|ϕ0⟩ ´ γ´1|j⟩|1⟩|ϕ1⟩
˘

.

The purifier S1 “ R1
2R

1
1 can be interpreted as a quantum walk on a graph consisting

of two disjoint rays, as described in Figure 3.3. Concretely, in Lemma 3.5, we show

|0⟩|0⟩|ϕ0⟩ S1pOrefq
ù p´1qr|0⟩|0⟩|ϕ0⟩, where r “ 0 if p ă 1{2 and r “ 1 if p ą 1{2; and a

similar statement for |0⟩|0⟩|ϕ1⟩ in Lemma 3.6; and finally, in Theorem 3.7, we combine

these to show that |0⟩|ϕ⟩ S1pOrefq
ù p´1qr|0⟩|ϕ⟩, proving the main theorem of this section.
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Figure 3.3

0 1 2 3 4 5

0 1 2 3 4 5

|0⟩|0⟩|ϕ0⟩ |1⟩|1⟩|ϕ1⟩ ´|2⟩|0⟩|ϕ0⟩ ´|3⟩|1⟩|ϕ1⟩ |4⟩|0⟩|ϕ0⟩ |5⟩|1⟩|ϕ1⟩
¨ ¨ ¨

|0⟩|1⟩|ϕ1⟩ ´|1⟩|0⟩|ϕ0⟩ ´|2⟩|1⟩|ϕ1⟩ |3⟩|0⟩|ϕ0⟩ |4⟩|1⟩|ϕ1⟩ ´|5⟩|0⟩|ϕ0⟩
¨ ¨ ¨

|0⟩N0
|1⟩N0

|2⟩N0
|3⟩N0

|4⟩N0
|5⟩N0

|0⟩N1
|1⟩N1

|2⟩N1
|3⟩N1

|4⟩N1
|5⟩N1

As shown in Lemmata 3.5 and 3.6, the purifier in this section can be seen as a quantum
walk on two copies of the ray graph from Figure 1.4. Just as in Figure 1.4, the weight
of the edge between vertices j and j ` 1, in either copy, is γ2j (not pictured). The
top ray represents Lemma 3.5, and the bottom one Lemma 3.6. Below each edge,
the state that encodes it in the quantum walk is written. The pattern repeats with
period 4. All these states are pairwise orthogonal. Above the edge, the corresponding
basis state of the register N0 or N1 from the proof of the corresponding lemma is
given.

Lemma 3.5. In the above notation, the transducer S1, given an input oracle Oref satisfy-
ing (1.6), has the following transduction action:

S1pOrefq : |0⟩|0⟩|ϕ0⟩ ù

#

|0⟩|0⟩|ϕ0⟩, if p ă 1
2 ;

´|0⟩|0⟩|ϕ0⟩, if p ą 1
2 .

(3.13)

The query complexity and the transduction complexity of S1 are LpS1, Oref , |0⟩|0⟩|ϕ0⟩q “

1{p2δq and W pS1, Oref , |0⟩|0⟩|ϕ0⟩q “ Op1{δq, where δ “ |1
2 ´ p|.

Proof. We will construct an invariant subspace N0 of the operator S1pOrefq that contains
the vector |0⟩|0⟩|ϕ0⟩. We will define an isometry from N as defined in Section 3.1 onto
N0 such that |0⟩N gets mapped into |0⟩|0⟩|ϕ0⟩, and the action of S1pOrefq in N0 is iden-
tical (under this isometry) to the action of SpOpq in N . The result then follows from
Theorem 3.2.

To describe the isometry we will define an orthonormal system of vectors |j⟩N0
such

that the isometry maps |j⟩N into |j⟩N0
for all non-negative integers j. These vectors are

defined by

|4i⟩N0
“ |4i⟩|0⟩|ϕ0⟩,

|4i` 1⟩N0
“ |4i` 1⟩|1⟩|ϕ1⟩,

|4i` 2⟩N0
“ ´|4i` 2⟩|0⟩|ϕ0⟩,

|4i` 3⟩N0
“ ´|4i` 3⟩|1⟩|ϕ1⟩,

as i ranges over non-negative integers (see Figure 3.3, the top ray). It is easy to check,
using (3.9) and (3.10), that, for all positive odd values of j, R1

1 acts as identity on the
states

|j ´ 1⟩N0
` γ|j⟩N0

(3.14)

and reflects the states
|j ´ 1⟩N0

´ γ´1|j⟩N0
. (3.15)
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Similarly, using (3.11) and (3.12), we get that R1
2 acts as identity on |0⟩N0

, and, for all
positive even values of j, R1

2 acts as identity on the states in (3.14) and reflects the states
in (3.15).

Comparing this with Claim 3.1, we get that the action of R1
2R

1
1 in N0 is identical to

that of R2R1 in N , which proves the lemma.

Lemma 3.6. In the above notation, the transducer S1, given an input oracle Oref satisfy-
ing (1.6), has the following transduction action:

S1pOrefq : |0⟩|1⟩|ϕ1⟩ ù

#

|0⟩|1⟩|ϕ1⟩, if p ă 1
2 ;

´|0⟩|1⟩|ϕ1⟩, if p ą 1
2 .

(3.16)

The query complexity and the transduction complexity of S1 are LpS1, Oref , |0⟩|1⟩|ϕ1⟩q “

1{p2δq and W pS1, Oref , |0⟩|1⟩|ϕ1⟩q “ Op1{δq, where δ “ |1
2 ´ p|.

Proof. The idea is similar to Lemma 3.5. This time we define an invariant subspace N1
and an isometry from N onto N1 that maps |j⟩N into |j⟩N1

for all non-negative integers
j. The vectors are defined by

|4i⟩N1
“ |4i⟩|1⟩|ϕ1⟩,

|4i` 1⟩N1
“ ´|4i` 1⟩|0⟩|ϕ0⟩,

|4i` 2⟩N1
“ ´|4i` 2⟩|1⟩|ϕ1⟩,

|4i` 3⟩N1
“ |4i` 3⟩|0⟩|ϕ0⟩,

as i ranges over non-negative integers (see Figure 3.3, the bottom ray). Using (3.11)
and (3.12), it is not hard to check that, for all positive odd values of j, R1

2 acts as identity
on the states

|j ´ 1⟩N1
` γ|j⟩N1

(3.17)

and reflects the states
|j ´ 1⟩N1

´ γ´1|j⟩N1
. (3.18)

Similarly, we get that R1
1 acts as identity on |0⟩N1

and, for all positive even j, R1
1 acts as

identity on the states in (3.17) and reflects the states in (3.18).
Comparing this with Claim 3.1, we get that the action of R1

2R
1
1 in N1 is identical to

that of R1R2 in N . The lemma follows by Remark 3.3.

Theorem 3.7. The transducer S1 defined in (3.8), given an input oracle Oref satisfy-
ing (1.6), has the following transduction action:

S1pOrefq : |ϕ⟩ ù

#

|ϕ⟩, if p ă 1
2 ;

´|ϕ⟩, if p ą 1
2 ;

(3.19)

for any normalised |ϕ⟩ P span
␣

|0⟩|ϕ0⟩, |1⟩|ϕ1⟩
(

(including the original vector |ϕ⟩ of (1.1)).
The query complexity of the transducer is LpS1, Oref , ϕq “ 1{p2δq, and the transduction
complexity is W pS1, Oref , ϕq “ Op1{δq, where δ “ |1

2 ´ p|.
The transducer uses infinite space. It can be put into canonical form (still using infinite

space) so that its query complexity stays the same, and its transduction complexity remains
Op1{δq.
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Proof. Recall that we identify |0⟩ b A b W, which is the public space of the transducer
S1, with A b W. Let r “ 0 if p ă 1{2; and r “ 1 if p ą 1{2. By Lemma 3.5, we have

|0⟩|ϕ0⟩ S1pOrefq
ù p´1qr|0⟩|ϕ0⟩. (3.20)

Let q0 be the corresponding total query state q0 “ qpS1, Oref , |0⟩|ϕ0⟩q. By the proof, we
have that S1 acts in N0, hence, q0 P C2 bN0 as S1 makes two queries. Also, }q0}2 “ 1{p2δq.
Similarly, by Lemma 3.6,

|1⟩|ϕ1⟩ S1pOrefq
ù p´1qr|1⟩|ϕ1⟩. (3.21)

Let q1 “ qpS1, Oref , |1⟩|ϕ1⟩q. Similarly as above, q1 P C2 b N1 and }q1}2 “ 1{p2δq.
By linearity Claim 2.8, for all α, β P C, we get from (3.20) and (3.21):

α|0⟩|ϕ0⟩ ` β|1⟩|ϕ1⟩ S1pOrefq
ù p´1qr

`

α|0⟩|ϕ0⟩ ` β|1⟩|ϕ1⟩
˘

, (3.22)

and the corresponding total query state is αq0 `βq1. Since q0 and q1 belong to orthogonal
subspaces, we have that the query complexity of this transduction is∥∥αq0 ` βq1

∥∥2
“ |α|2}q0}2 ` |β|2}q1}2 “ 1{p2δq

assuming |α|2 ` |β|2 “ 1. The bound on the transduction complexity is proven simi-
larly. The final statement about conversion into the canonical form follows directly from
Theorem 2.11.

3.3 Purifier for the State-Generating Input Oracle
In Theorem 3.7, we established that the purifier S1 exactly encodes the value of the Boolean
function into the phase, given one copy of the state |ϕ⟩. It is good enough for applications.
For completeness though, we obtain a purifier in the usual form similar to the one stated
in Eqs. (1.1) and (1.2).

Corollary 3.8. There exists a transducer Spur with bidirectional access to an input oracle
O : A b W Ñ A b W as in (1.1), which performs the following transduction exactly:

SpurpO ‘O˚q : |0⟩ ù

#

|0⟩, if p ă 1
2 ;

|1⟩, if p ą 1
2 .

(3.23)

The query complexity L
`

Spur, O ‘ O˚, |0⟩
˘

“ 1 ` 1{p2δq, where δ “
∣∣1

2 ´ p
∣∣, and the

transduction complexity is W
`

Spur, O ‘ O˚, |0⟩
˘

“ Op1{δq. The transducer uses infinite
space.

Proof. In the proof, we again denote r “ 0 if p ă 1{2, and r “ 1 if p ą 1{2.
Let us first assume temporarily that we have algorithms (not transducers) performing

the required actions, and we will explain how to combine them. The transducer result
then follows by using compositions of transducers instead of algorithms.

Let U 1 “ S1pOrefq

ù

H, which is given by (3.19). Assume we have an algorithm (not
transducer) performing U 1. Then, it is straightforward to obtain the transformation as
in (3.23) as follows. (In the transformation below, the first register is the qubit used
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in (3.23), and the second register is A b W as in (1.1).)

|0⟩|0⟩ ÞÝÑ
1

?
2
`

|0⟩|0⟩ ` |1⟩|0⟩
˘

Hadamard on the first register

ÞÝÑ
1

?
2
`

|0⟩|0⟩ ` |1⟩|ϕ⟩
˘

controlled application of O

ÞÝÑ
1

?
2
`

|0⟩|0⟩ ` p´1qr|1⟩|ϕ⟩
˘

controlled application of U 1

ÞÝÑ
1

?
2
`

|0⟩|0⟩ ` p´1qr|1⟩|0⟩
˘

controlled application of O˚

ÞÝÑ |r⟩|0⟩ Hadamard on the first register

(3.24)

One problem, though, is that S1 uses the input oracle Oref , not O. But it is simple to
simulate the former with the latter, as by (1.5) we have Oref “ ORef|0⟩|0⟩O

˚.
Let A “ ApO ‘ O˚ ‘ O1q be the algorithm in (3.24), where O1 is the placeholder for

U 1. We have
Lp0qpA,O ‘O˚ ‘ U 1, |0⟩|0⟩q “

1
2 `

1
2 “ 1, (3.25)

where the superscript p0q corresponds to the input oracle O‘O˚. This is because O‘O˚

is called twice, each time on a vector of norm 1{
?

2. Also, we have

qp1qpA,O ‘O˚ ‘ U 1, |0⟩|0⟩q “
p´1qrϕ

?
2

, (3.26)

where the superscript p1q corresponds to the input oracle O1. By Corollary 2.12, there
exists a canonical transducer SA whose transduction action is identical to the action of A,
and that has the same total query state as A. Its transduction complexity is Op1q.

Similarly, let Aref “ ArefpO‘O˚q be the algorithm from (1.5) whose action is equal to
Oref . It satisfies

LpAref, O ‘O˚, ξq “ 2 (3.27)

for every normalised ξ P E b A b W, where we use the convention from (2.22). Again, by
Corollary 2.12 there exists a canonical transducer Sref whose transduction action is equal
to the action of Aref and that has query and transduction complexity equal to 2 on every
normalised initial state.

We get the required transducer Spur as SA ˝ S1 ˝ Sref. Using Theorem 2.17 to evaluate
query complexity of composed transducers, we have

LpSpur, O ‘O˚, |0⟩|0⟩q “ Lp0q
`

SA, O ‘O˚ ‘ U 1, |0⟩|0⟩
˘

` L
`

S1 ˝ Sref, O ‘O˚, p´1qrϕ
?

2

˘

by (3.26)

“ 1 `
1
2LpS1 ˝ Sref, O ‘O˚, ϕq by (3.25) and (2.15)

“ 1 `
1
2L

`

Sref, O ‘O˚, qpS1, Oref , ϕq
˘

since S1 only queries Oref

“ 1 `
1
2 ¨ 2 ¨ }qpS1, Oref , ϕq}2 by (3.27) and (2.15)

“ 1 `
1
2 ¨ 2 ¨

1
2δ “ 1 `

1
2δ by Theorem 3.7.

In a similar way, we get that the transduction complexity of Spur is Op1{δq.
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4 Finite-Dimensional Implementations
The purifiers of Theorems 3.2 and 3.7 cannot be implemented directly because they use
registers (N and J , respectively) of infinite dimension. In this section, we consider two
different variants of restricting the purifier to finite-dimensional space.

The first one is quite obvious: we replace the infinite-dimensional register with a
D-dimensional register storing values between 0 and D ´ 1. This introduces small per-
turbation, but the overall structure of the algorithm is preserved. In particular, it can be
implemented time-efficiently using the circuits from Figures 3.1 and 3.2.

The second one is restricted to the special case of the state-conversion problem defined
in Section 2.6, where we have to implement the transformation ξx ÞÑ τx for a finite number
of pairs. In this case, we just restrict the infinite-dimensional space of the transducer to
the finite-dimensional space spanned by the vectors used by these transformations.

4.1 Time-Efficient Implementation
As mentioned above, to obtain a time-efficient implementation, we replace the infinite-
dimensional register with a D-dimensional register CD with the basis |0⟩, . . . , |D ´ 1⟩. We
will call it the truncated version (at depth D) of the purifier. We assume D ě 4 is a power
of 2, which makes implementation easier.

The truncated version SrDs “ SrDspOrefq of the purifier S from Section 3.1 is similarly
to (3.3) defined by

SrDs “ R
rDs

2 R
rDs

1 ,

where R
rDs

1 and R
rDs

2 are defined as R1 and R2 in Figure 3.1, but where the register N
stores an integer between 0 and D ´ 1 and the operations are performed modulo D.

The truncated version S1rDs “ S1rDspOrefq of the purifier S1 from Section 3.2 is defined
similarly to (3.8) by

S1rDs “ R
1rDs

2 R
1rDs

1 ,

where R
rDs

1 and R
rDs

2 are defined as R1
1 and R1

2 in Figure 3.2 with the same replacement
for the register J . The following claim is obvious.

Claim 4.1. Both truncated purifiers SrDs and S1rDs use at most logD qubits besides the
space used by the input oracle Oref . Iteration times T

`

SrDs
˘

and T
`

S1rDs
˘

are OplogDq.

From now on, we will concentrate on SrDs, as the arguments for S1rDs are similar. For
the former, we have the following simple claim.

Claim 4.2. The actions of RrDs

1 and R1 are the same on all vectors in the span of
t|0⟩, . . . , |D ´ 1⟩u. The actions of RrDs

2 and R2 are the same for all vectors in the span of
t|0⟩, . . . , |D ´ 2⟩u. Also, RrDs

2 |D ´ 1⟩ “ |D ´ 1⟩ (contrary to R2).

Proof. Indeed, repeating the argument from the proof of Claim 3.1, RrDs

1 and R1 act in
the same way on all uj and uK

j for j “ 1, 3, 5, . . . , D´ 1, which are defined in (3.4). These
vectors span the subspace spant|0⟩, . . . , |D ´ 1⟩u, which proves the claim for RrDs

1 .
Using similar reasoning, RrDs

2 and R2 act in the same way on |0⟩ and all uj and uK
j

for j “ 2, 4, 6, . . . , D ´ 2. These vectors span the subspace spant|0⟩, . . . , |D ´ 2⟩u. The
equality RrDs

2 |D ´ 1⟩ “ |D ´ 1⟩ is proven directly.
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There are two ways to show that the truncated purifiers still work if D is large enough.
The first one is based on the idea that the quantum walk will not get to the vertex D if
the number of iterations is small enough.

Proposition 4.3. Consider either the purifier S from Section 3.1 or the purifier S1 from
Section 3.2. Consider also the algorithm implementing the transduction action of the
purifier, either from Theorem 2.6 or 2.10. Then, if D ą 2K, the action of the algorithm
stays the same if we replace the actual purifier with its truncated version at depth D.

Proof. We consider the transducer S, the case of S1 being similar. We also consider the
algorithm from Theorem 2.6 because we gave its proof in Section 2.3. The argument for
the second algorithm is similar.

Recall that S acts in the space N , its public space H is spanned by |0⟩N , and its
private space L by |j⟩N with integer j ě 1. We consider the execution of the algorithm
from Theorem 2.6. Note that we do not apply any perturbations as in the proof of the
said theorem.

Let ζt be the content of the register L in this algorithm after the t-th application of S.
We claim that

ζt P spant|1⟩N , . . . , |2t⟩N u. (4.1)

We prove this by induction on t. For the base case, ζ0 “ 0 because the algorithm starts
in the state (2.9).

The algorithm repeatedly couples the content of the register L with a fresh copy of
ξ{

?
K, where ξ is the initial state. In the case of the purifier S, the initial state ξ “ |0⟩.

For the inductive step, assume that (4.1) holds for a particular value of t. Consider the
next application of S. Since R1 and R2 perform local reflections on the infinite ray in
Figure 1.4 (more formally, by Claim 3.1), we have that

R1

ˆ

|0⟩
?
K

‘ ζt

˙

P span
␣

|0⟩N , . . . , |2t` 1⟩N
(

(4.2)

and
S

ˆ

|0⟩
?
K

‘ ζt

˙

“ R2R1

ˆ

|0⟩
?
K

‘ ζt

˙

P span
␣

|0⟩N , . . . , |2t` 2⟩N
(

. (4.3)

This proves (4.1) with t increased by 1.
By Claim 4.2, for all t ă D{2 ´ 1, the action of R1 in (4.2) is identical to the action of

R
rDs

1 , and the action of R2 in (4.3) is identical to that of RrDs

2 . This proves the proposition.

A similar proof goes through also if the transducer S in Proposition 4.3 is obtained
via functional composition as in Section 2.7 (or any other form of composition from [11]),
where some of the constituents are purifiers S or S1.

The second way of justifying transition to the truncated purifier is based on perturba-
tions as defined in Section 2.8. Theorem 1.7 from the introduction is a corollary of this
result.

Theorem 4.4. The statements of Theorems 3.2 and 3.7 hold after replacing S and S1

by their versions truncated at depth D if we allow for a perturbation of size 2p1 ´ δqD´1

in the transducer, and claim that the query complexity is smaller than 1{p2δq (instead of
being exactly equal).
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Proof. We start with the purifier S from Section 3.1, and we mimic the proof of The-
orem 3.2 using Claim 4.2. For p ă 1

2 , we have the following version of (3.6), with no
perturbations

D´1
ÿ

j“0
γj |j⟩ “

D{2´1
ÿ

i“0
γ2i`|2i⟩ ` γ|2i` 1⟩

˘

R
rDs

1
ÞÝÑ

D´1
ÿ

j“0
γj |j⟩ “ |0⟩ `

D{2´2
ÿ

i“0
γ2i`1`|2i` 1⟩ ` γ|2i` 2⟩

˘

` γD´1|D ´ 1⟩

R
rDs

2
ÞÝÑ

D´1
ÿ

j“0
γj |j⟩.

For p ą 1
2 , we have the following version of (3.7):

D´1
ÿ

j“0
p´γq´j |j⟩ “

D{2´1
ÿ

i“0
γ´2i`|2i⟩ ´ γ´1|2i` 1⟩

˘

R
rDs

1
ÞÝÑ ´

D´1
ÿ

j“0
p´γq´j |j⟩ “ ´|0⟩ `

D{2´2
ÿ

i“0
γ´2i´1`|2i` 1⟩ ´ γ´1|2i` 2⟩

˘

` γ´D`1|D ´ 1⟩

R
rDs

2
ÞÝÑ ´ |0⟩ ´

D{2´2
ÿ

i“0
γ´2i´1`|2i` 1⟩ ´ γ´1|2i` 2⟩

˘

` γ´D`1|D ´ 1⟩

« ´ |0⟩ ´

D{2´2
ÿ

i“0
γ´2i´1`|2i` 1⟩ ´ γ´1|2i` 2⟩

˘

´ γ´D`1|D ´ 1⟩

“ ´ |0⟩ `

D´1
ÿ

j“1
p´γq´j |j⟩,

where the “«” represents a perturbation (in the sense of Section 2.2) of size

2γ´D`1 “ 2
ˆ

1 ´ p

p

˙
D´1

2
“ 2

˜

1
2 ´ δ
1
2 ` δ

¸
D´1

2

ď 2p1 ´ 2δq
D´1

2 ď 2p1 ´ δqD´1.

The rest of the proof of Theorem 3.2 stays the same except that the query and transduction
complexities in both cases become slightly smaller.

The proof of Theorem 3.7 follows the logic of Section 3.2. We prove that (3.13) holds
with S1 replaced by S1rDs and perturbation 2p1 ´ δqD´1 using a similar reduction as in
Lemma 3.5 but to the truncated and perturbed version of the purifier S. Similarly, we
show the same for (3.16).

In the proof of Theorem 3.7, we use the above two equations to derive (3.20) and (3.21)
with the same modifications. In (3.22), we use that perturbations in (3.20) and (3.21)
act in orthogonal spaces N0 and N1, to get that the total perturbation is still of size
2p1 ´ δqD´1.

4.2 Query-Efficient Implementation
As explained in Section 2.6, in terms of query complexity, transducers have close connection
to the adversary bound for state conversion. The state conversion problem is usually finite.
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This means that it is given by pairs ξx ÞÑ τx in H and unitaries Ox : M Ñ M where x
runs through a finite set of labels X, and the spaces H and M are finite-dimensional.
For instance, one can consider evaluation of a Boolean function, where x runs through
the finite set t0, 1un for some n. This motivates the following general result, which can be
applied to all transducers in this paper.

Theorem 4.5. Consider a state conversion problem given by pairs ξx ÞÑ τx in H and input
oracles Ox : M Ñ M as x ranges over a finite set X, and H and M are finite-dimensional.
Let S “ SpOq be a transducer with infinite-dimensional private space that solves this
problem, i.e., ξx

SpOxq
ù τx for every x P X. Then, there exists a canonical transducer S1 “

S1pOq in a finite-dimensional space such that ξx
S1pOxq
ù τx and LpS1, Ox, ξxq “ LpS,Ox, ξxq

for every x P X.

Proof. By Theorem 2.15, the total query states vx of S give a feasible solution to the ad-
versary bound (2.18). One complication is that vx P HÒ bM for some infinite-dimensional
HÒ. Since the space M has finite dimension, we have, by Schmidt decomposition, that
vx P Hx b M for some finite-dimensional subspace Hx Ă HÒ. Let HÓ “ spanxPX Hx. It
is a finite-dimensional subspace of HÒ and vx P HÓ b M for all x P X. By Theorem 2.15
again, this implies existence of the transducer S1 that uses finite-dimensional space.

Applying this to Corollary 3.8, we get the following result.

Corollary 4.6. Let A be a qubit, and W a finite-dimensional subspace. Consider a
collection of states similar to the ones in (1.1)

ϕx “
a

1 ´ px|0⟩A|ϕx,0⟩W `
?
px|1⟩A|ϕx,1⟩W , (4.4)

where x ranges over a finite set X, ϕx,0 and ϕx,1 are normalised, and px ‰ 1{2. Let,
for each x P X, Ox be a unitary such that |0⟩ ÞÑ |ϕx⟩ in A b W. Then, there exists a
finite-dimensional purifier Spur such that

SpurpOx ‘O˚
xq : |0⟩ ù

#

|0⟩, if px ă 1
2 ;

|1⟩, if px ą 1
2

with query complexity 1 ` 1{p2δxq, where δx “

∣∣∣1
2 ´ px

∣∣∣.
Note that the construction in the proof of Theorem 4.5 requires restriction to the

subspace HÓ, which means that the corresponding transducer is not time-efficient. On the
other hand, it yields exact purification. The new purifier has query complexity Op1{δq,
whereas the one from [6] has complexity Op1{δ2q, see Table 1.2.

This purifier can be used to convert bounded-error algorithms into exact dual adversary
in the following way [6]. Let A be a quantum query algorithm computing a function
f : X Ñ t0, 1u with bounded-error, and let Ox be the action of A on the input string x P X.
Then, composing it with the purifier Spur from Corollary 4.6, we get a finite-dimensional
transducer that evaluates the function f exactly and whose query complexity is equal to
the Las Vegas query complexity of A up to a constant factor (dependent on the gap δ).
The latter transducer also yields the corresponding dual adversary via Theorem 2.15.
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5 Lower Bound
In this section, we show that query complexities of the purifiers S and S1 from Sections 3.1
and 3.2 are optimal. We prove this via an adversary lower bound for a very simple state
conversion problem in the sense of Definition 2.13. Assume 0 ă δ ă 1{2 is fixed. Let
X “ t0, 1u, M “ C2, and H “ C. Consider two input oracles O0, O1 : C2 Ñ C2 reflecting
around the states

φ0 “

b

1
2 ` δ |0⟩ `

b

1
2 ´ δ |1⟩ and φ1 “

b

1
2 ´ δ |0⟩ `

b

1
2 ` δ |1⟩, (5.1)

respectively. I.e., Oi “ 2φiφ˚
i ´ I. In notation of Section 3.1, these are precisely the states

φ 1
2 ˘δ from (3.1), and the oracles are O 1

2 ˘δ, but we use 0 and 1 here for conciseness.

Let ξ0 “ ξ1 “ τ0 “ |0⟩, and τ1 “ ´|0⟩. This state conversion problem is a restriction
of the settings of Theorem 3.2 for p “ 1

2 ˘ δ, so the purifier of that theorem solves this
problem in query complexity 1{p2δq. This state conversion problem also falls into the
settings of Theorem 3.7 since the space M is 2-dimensional, and the vector |0⟩ belongs
to span

␣

|0⟩|ϕ0⟩, |1⟩|ϕ1⟩
(

from the statement of the theorem. The transducer of the latter
theorem also has query complexity 1{p2δq. The next result shows that this cannot be
improved.

Theorem 5.1. For any 0 ă δ ă 1{2, any transducer S “ SpOq solving the above state
conversion problem satisfies max

!

LpS,O0, ξ0q, LpS,O1, ξ1q

)

ě 1{p2δq.

Proof. We prove that any feasible solution v0, v1 to the corresponding dual adversary
bound satisfies max

␣

}v0}2, }v1}2( ě 1{p2δq. This proves the theorem by Corollary 2.16(a).
Eq. (2.17) with x “ 0 and y “ 1 read as

xξ0, ξ1y ´ xτ0, τ1y “
@

v0, I b
`

IM ´O˚
0O1

˘

v1
D

.

This implies ∣∣∣xξ0, ξ1y ´ xτ0, τ1y

∣∣∣ ď ∥v0∥ ¨
∥∥I b

`

IM ´O˚
0O1

˘∥∥ ¨ ∥v1∥. (5.2)

The left-hand side of the above equation is 2, and for the right-hand side, we have∥∥I b
`

IM ´O˚
0O1

˘∥∥ “ ∥IM ´O˚
0O1∥ “ ∥O0 ´O1∥ “ 2∥φ0φ

˚
0 ´ φ1φ

˚
1∥.

Plugging this into (5.2), we get

max
␣

}v0}2, }v1}2( ě }v0} ¨ }v1} ě
1

∥φ0φ˚
0 ´ φ1φ˚

1∥
. (5.3)

It is easy to check that

φ0φ
˚
0 ´ φ1φ

˚
1 “

ˆ

2δ 0
0 ´2δ,

˙

,

which gives the required lower bound by (5.3).

6 Error Reduction using Quantum Signal Processing
In this section, we describe an error reduction algorithm using quantum signal processing.
To the best of our knowledge, this particular version has not been previously stated ex-
plicitly, however, very similar constructions have been considered in previous work – see
[20, Section 3]. We were particularly inspired by the discussion in [35]. Note that we are
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using usual Quantum Signal Processing [30] directly here like in [29], and not the more
elaborate framework of Quantum Singular Value Transformation [20]. This streamlined
construction uses no additional ancillary qubits, whereas Ref. [20] requires a small number,
and our construction works with reflecting oracles of the form in (1.6), whereas Ref. [20]
requires state-generating oracles of the form (1.1).

6.1 Quantum Signal Processing Preliminaries
Let x and y be real numbers satisfying

´1 ď x, y ď 1 and x2 ` y2 “ 1.

Define the following unitary transformation6

W “ W px, yq “

ˆ

x y
y ´x

˙

. (6.1)

Let α “ pα0, α1, . . . , αkq be a sequence of unimodular complex numbers: |αj | “ 1 for
all j. Then, the quantum signal processing algorithm (QSP) corresponding to α is the
following k-query quantum algorithm Uα “ UαpW q with an input oracle W : C2 Ñ C2:

UαpW q “

ˆ

αk
´α˚

k

˙

W

ˆ

αk´1
´α˚

k´1

˙

W ¨ ¨ ¨W

ˆ

α1
´α˚

1

˙

W

ˆ

α0
´α˚

0

˙

. (6.2)

Here α˚ stands for the complex conjugate of a complex number α.

Theorem 6.1 ([20]). For any sequence α “ pα0, α1, . . . , αkq of unimodular complex num-
bers, there exist complex polynomials P pxq and Qpxq satisfying the following conditions:

degP ď k, degQ ď k ´ 1, (6.3)
P p´xq “ p´1qkP pxq, Qp´xq “ p´1qk´1Qpxq, (6.4)

P pxqP ˚pxq `QpxqQ˚pxqp1 ´ x2q “ 1 (6.5)
and such that

Uα
`

W px, yq
˘

“

ˆ

P pxq yQ˚pxq

yQpxq ´P ˚pxq

˙

. (6.6)

And vice versa: for every pair of complex polynomials P pxq and Qpxq and non-negative
integer k satisfying (6.3), (6.4) and (6.5), there exists a sequence α “ pα0, α1, . . . , αkq of
unimodular complex numbers such that (6.6) holds.
Theorem 6.2 ([20]). Let R be a real polynomial and k a positive integer satisfying

degR ď k, Rp´xq “ p´1qkRpxq,

and
|Rpxq| ď 1 for all ´1 ď x ď 1.

Then, there exist complex polynomials P and Q satisfying (6.3)–(6.5) and such that Rpxq “

ℜpP pxqq, where ℜ stands for the real part.
Theorem 6.3 ([29]). Let 0 ă ε1, δ1 ă 1 be parameters. There exists an odd real polynomial
Rpxq of degree O

` 1
δ1 log 1

ε1

˘

such that

|Rpxq| ď 1 for all ´1 ď x ď 1;
Rpxq ě 1 ´ ε1 for all δ1 ď x ď 1; and (6.7)
Rpxq ď ´1 ` ε1 for all ´1 ď x ď ´δ1. (6.8)

6Traditionally, a more complex matrix
`

x iy
iy x

˘

is used. The two are equivalent up to a simple change of
basis.
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6.2 Proof of Theorem 1.4
We will work in the two-dimensional subspace H given by the basis vectors |0⟩H “

|0⟩A|ϕ0⟩W and |1⟩H “ |1⟩A|ϕ1⟩W . By (1.6), the operator Oref performs reflection about
?

1 ´ p|0⟩H `
?
p|1⟩H in this space, and is given by the matrix

Oref “

ˆ

1 ´ 2p 2
a

pp1 ´ pq

2
a

pp1 ´ pq 2p´ 1

˙

.

This matrix is in the form (6.1) with x “ 1 ´ 2p and y “ 2
a

pp1 ´ pq. Thus, x ě 2δ if
p ď 1

2 ´ δ, and x ď ´2δ if p ě 1
2 ` δ.

Take the real polynomial R of Theorem 6.3 with δ1 “ 2δ and ε1 to be fixed later. Find
the complex polynomials P and Q by Theorem 6.2 applied to R and k “ degR. Plug them
into Theorem 6.1 to get a sequence α “ pα0, . . . , αkq such that (6.6) holds. We apply the
Quantum Signal Processing algorithm Uα from (6.2) in H by replacing W with Oref and

applying the intermediate operations
´ αj

´α˚
j

¯

to the register A. After that, we apply

the Z operator to A. By Theorem 6.1, the resulting action of this algorithm on H is

Uppq “

ˆ

P pxq yQ˚pxq

´yQpxq P ˚pxq

˙

.

Let P pxq “ Rpxq ` iSpxq for a real polynomial S. Since the matrix Uppq is unitary
(alternatively, by (6.5)), we have

Rpxq2 ` Spxq2 ` |yQpxq|2 “ 1. (6.9)

If p ď 1
2 ´ δ, then by (6.7), 1 ´ ε1 ď Rpxq ď 1, and, by (6.9), Spxq2 ` |yQpxq|2 ď

1 ´ p1 ´ ε1q2 ď 2ε1. Using that the spectral norm is bounded by the Frobenius norm, we
get

∥Uppq ´ I∥2
“

∥∥∥∥∥
ˆ

Rpxq ´ 1 ` iSpxq yQ˚pxq

´yQpxq Rpxq ´ 1 ´ iSpxq

˙

∥∥∥∥∥
2

ď 2
´

pRpxq ´ 1q2 ` Spxq2 ` |yQpxq|2
¯

ď 6ε1.

Similarly, using (6.8), we have that if p ě 1
2 ` δ, then

∥Uppq ` I∥ ď
?

6ε1.

Letting r “ 0 if p ď 1
2 ´ δ and r “ 1 if p ď 1

2 ` δ, we obtain

∥Uppq|ϕ⟩ ´ p´1qr|ϕ⟩∥ ď
?

6ε1.

Therefore, we can take ε1 “ ε2{6 to obtain the required precision of the algorithm.
The number of queries and time complexity of the algorithm is OpdegRq, which is

O
` 1
δ1 log 1

ε1

˘

“ O
`1
δ log 1

ε

˘

as required.

7 Non-Boolean Case
In this section, we briefly describe the non-Boolean error reduction case, which we reduce
to the Boolean case using the “Bernstein-Vazirani” trick from [27, Section 4]. In the non-
Boolean case, we can always assume the output register A “ pC2qbm is a tensor product
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of m qubits. We denote basis elements of A by bit-strings in the vector space Fm2 over the
field F2 “ t0, 1u. For a “ pa1, . . . , amq and b “ pb1, . . . , bmq in Fm2 , we denote by

ad b “ a1b1 ` ¨ ¨ ¨ ` ambm P t0, 1u

their inner product, where the operations are in F2. The work register W is still arbitrary.
We assume the input oracle Oref reflects about some state

ϕ “
ÿ

aPFm
2

?
pa|a⟩A|ϕa⟩W (7.1)

for normalised ϕa. Moreover, we assume there exists a (unique) r such that pr ě 1
2 ` δ.

The task is to perform the transformation

|0⟩B|ϕ⟩AW ÞÝÑ |r⟩B|ϕ⟩AW , (7.2)

where B is a register isomorphic to A.

Theorem 7.1. Let R be a Boolean error reduction subroutine that, given the oracle as
in (1.5), performs the transformation in (1.7) (possibly with imprecision ε). Then, there
exists an algorithm that, given an input oracle Oref reflecting about the state (7.1), imple-
ments the transformation in (7.2) (with the same imprecision ε). The algorithm makes
one execution of R, uses one additional qubit and Opqmq additional elementary operations,
where q is the query complexity of R.

Proof. We use the following transformation, where C is a qubit:

T : |b⟩B|c⟩C |a⟩A ÞÑ |b⟩B
ˇ

ˇc‘ pad bq
〉

C |a⟩A.

It evaluates the inner product of a and b into the register C, and can be efficiently imple-
mented. We can decompose T as T “

À

bPFm
2
Tb, where Tb : |c⟩C |a⟩A ÞÑ

ˇ

ˇc‘ pad bq
〉

C |a⟩A.
Consider the following state

ϕ1
b “ Tb|0⟩C |ϕ⟩AW “

ÿ

aPFm
2

?
pa|ad b⟩C |a⟩A|ϕa⟩W

“

b

1 ´ p1
b |0⟩C

ˇ

ˇϕ1
b,0

〉
AW

`

b

p1
b |1⟩C

ˇ

ˇϕ1
b,1

〉
AW

,

where all ϕ1
b,c are normalised. The main idea is that

p1
b ě

1
2 ` δ, if r d b “ 1; and p1

b ď
1
2 ´ δ, otherwise. (7.3)

Thus, the output of the error reduction subroutine R encodes r d b into the phase. From
that, we can obtain b using the Bernstein-Vazirani algorithm [12].

Let us fill in the technical details. We will first assume that R is exact. It is easy to
see that the circuit O1 in Figure 7.1 on the left implements the transformation

O1 “
à

bPFm
2

O1
b, (7.4)

where O1
b reflects about the state ϕ1

b in C bAbW. Thus, using parallel composition (2.20)
over the register B, where all composed subroutines are equal to R, and taking (7.3) into
consideration, we have

pIB bRq
`

O1
˘

: 1
?

2m
à

bPFm
2

ϕ1
b ÞÝÑ

1
?

2m
à

bPFm
2

p´1qrdbϕ1
b, (7.5)
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Figure 7.1

O1

B

T ˚ TC Z

A
Oref

W

|0⟩B Hbm

T T ˚

Hbm |r⟩B

|0⟩C

RpO1q

|0⟩C

|ϕ⟩AW |ϕ⟩AW

Implementation of the oracle O1 and the algorithm in Theorem 7.1. Assuming R is
exact, the operations in the dashed box effectively implement the Bernstein-Vazirani
oracle for r the hidden string: |b⟩B|0⟩C |ϕ⟩AW ÞÝÑ p´1qrdb|b⟩B|0⟩C |ϕ⟩AW .

which implies

T ˚
”

pIB bRq
`

O1
˘

ı

T : 1
?

2m
ÿ

bPFm
2

|b⟩B|0⟩C |ϕ⟩AW ÞÝÑ
1

?
2m

ÿ

bPFm
2

p´1qrdb|b⟩B|0⟩C |ϕ⟩AW .

(7.6)
Using the same analysis as in the Bernstein-Vazirani algorithm [12], we get that the
algorithm in Figure 7.1 on the right implements the transformation in (7.2). The subcircuit
in the dashed box implements the transformation in (7.6).

The above analysis assumed that R worked exactly. If R has imprecision ε, then the
whole algorithm also has imprecision ε because the perturbations in different copies of R
in IB bR occur in pairwise orthogonal subspaces.

This result can be combined with any Boolean error reduction or purification proce-
dure. Combining with Theorem 1.4, we obtain the following result.

Corollary 7.2. Let ε, δ ą 0 be parameters. There exists a quantum algorithm that, given
query access to the oracle Oref reflecting about the state (7.1), ε-approximately performs
the transformation in (7.2). The algorithm makes ℓ “ O

`1
δ log 1

ε

˘

queries to the oracle
Oref , uses one additional qubit, and has time complexity Opℓ`mq.

Similarly, we can combine this result with a purifier S1 from Theorem 3.7 to obtain
the following result improving on Theorem 13.3 of [8].

Corollary 7.3. Let the registers A and W be fixed as at the beginning of this section.
There exists a transducer S2 “ S2pOrefq with the following properties. If the input oracle
Oref reflects about the state |ϕ⟩ as in (7.1), S2 performs the transduction

S2pOrefq : |0⟩B|ϕ⟩AW ù |r⟩B|ϕ⟩AW .

The query complexity of the transduction is at most 1{p2δq, where δ “ pr ´ 1{2, its trans-
duction complexity is Op1{δq, and its iteration time complexity is Opmq.
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Proof. Let O1 “ O1pOrefq and A “ ApRq be the algorithms in Figure 7.1 on the left and
on the right, respectively. We can write the algorithm of Theorem 7.1 as the functional
composition

A ˝R ˝O1. (7.7)

We adhere to the same proof strategy as in Corollary 3.8: We obtain the required trans-
duction action by replacing R by S1, and A and O1 by the corresponding transducers.

Let SO “ SOpOrefq and SA “ SApRq be canonical transducers as in Corollary 2.12
whose transduction action and query complexity is identical to the action of O1 and A.
Let S1 “ S1pO1q be the purifier from Theorem 3.7 acting in C b A b W. Then, the purifier
S2 “ S2pOrefq can be written as the same functional composition as in (7.7):

S2 “ SA ˝ S1 ˝ SO.

The correctness of the transducer then follows immediately from the proof of Theorem 7.1.
We analyse query complexity of the transduction using Theorem 2.17, the analysis of

transduction complexity being similar. Since SA and SO have the same query complexity
as A and O1, respectively, it suffices to evaluate query complexities of the latter. The
algorithm O1 uses just one query, hence, LpSO, Oref , ξq ď 1 for every normalised initial
state ξ. As SA ˝ S1 only accesses Oref through O1, we have

L
`

SA ˝ S1 ˝ SO, Oref , |0⟩B|0⟩C |ϕ⟩AW
˘

“ L
´

SO, Oref , q
`

SA ˝ S1, O1, |0⟩B|0⟩C |ϕ⟩AW
˘

¯

ď L
`

SA ˝ S1, O1, |0⟩B|0⟩C |ϕ⟩AW
˘

,

where we used (2.15) on the second step. Since A only accesses O1 through its only query
to R given in (7.5), we have

L
`

SA ˝ S1, O1, |0⟩B|0⟩C |ϕ⟩AW
˘

“ L

˜

S1, O1,
1

?
2m

à

bPFm
2

ϕ1
b

¸

“
1

2mL
˜

S1,
à

bPFm
2

O1
b,

à

bPFm
2

ϕ1
b

¸

using (7.4) and (2.15)

“
1

2m
ÿ

bPFm
2

L
`

S1, O1
b, ϕ

1
b

˘

by (2.25)

ď
1
2δ by Theorem 3.7 and (7.3).

Time- and query-efficient implementations from Sections 4.1 and 4.2 are applicable
here as well. Note that the estimate 1{p2δq in Corollary 7.3 is not tight. For instance,
it is not necessary to execute R for b “ 0, since r d b “ 0 for every r. In addition, the
inequalities in (7.3) will be strict for many values of b. We leave investigation of the precise
value of the query complexity in the non-Boolean case as future work. Another interesting
problem is error reduction when it is promised that there exists a unique r with somewhat
large pr, but whose value is less than 1{2.
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