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Abstract. We consider the computational model of the Queue Automaton. An 
old result is that the deterministic queue automaton is equally expressive as the 
Turing machine. In a previous paper, we introduced the Reactive Turing Machine, 
enhancing the Turing machine with a notion of interaction. The Reactive Tur-
ing Machine defines all executable processes. In this paper, we prove that the 
non-deterministic queue automaton is equally expressive as the Reactive Turing 
Machine. Together with finite automata, pushdown automata and parallel push-
down automata, queue automata form a nice hierarchy of executable processes, 
with stacks, bags and queues as central elements. 

1 Introduction 

Replacing, in a pushdown automaton, the (last-in first-out) stack memory by a (first-in 
first-out) queue memory yields the computational model of the queue automaton. This 
computational model, sometimes also called a Post machine or a pullup automaton, has 
not raised a lot of attention in the literature, but it is a known result that the deterministic 
queue automaton is equally expressive as the Turing machine of [24], so that it defines 
all computable languages and all computable functions. Implicitly, this result is already 
mentioned in [21], and further given in [18,25]. 

In this paper, we investigate the (non-deterministic) queue automaton. We do not 
define the language of a queue automaton directly, but instead, we define its process 
graph or transition system. A state of this process graph is given by the state of the 
queue automaton together with the contents of the queue and a transition is given by the 
label of the transition of the queue automaton. By considering the language equivalence 
class of the process graph, we obtain again the language, but we can also divide out 
other equivalence relations. Notable among these is branching bisimilarity (see [14]). 
By dividing out branching bisimilarity, we obtain the process of the queue automaton, 
incorporating a notion of interaction or communication. These notions of process and 
communication come from process theory or concurrency theory [1,20]. We prove that 
several variants of the queue automaton yield the same set of languages and the same 
set of processes, and prove that a queue automaton with two queues also yields the same 
set of languages and the same set of processes. 

Also the Turing machine can be extended to incorporate processes and communica-
tion, but this is not so straightforward as we just sketched for the queue automaton. We 
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achieved this, nonetheless, in [8], where we introduced the Reactive Turing Machine. 
Whereas the classical Turing machine defines the class of computable languages and 
computable functions, the reactive Turing machine also yields a process graph that can 
be used to define the class of executable processes. In this paper, we prove that the non-
deterministic queue automaton is equally expressive as the reactive Turing machine. 
This shows again that the notion of executability we introduced is robust: it is given by 
different computational models and also by the π-calculus, see [17]. 

The queue automaton has certain advantages over the reactive Turing machine: it is 
mathematically simpler, the extension with interaction is easier, and we get a better pro-
cess hierarchy, as we explain now. In the queue automaton, we can make the interaction 
between the finite control and the queue memory explicit, by proving that every exe-
cutable process is branching bisimilar to a regular process communicating with a queue. 
In earlier papers [5,6], we proved that every pushdown process is branching bisimilar 
to a regular process communicating with a stack, and every parallel pushdown process 
is branching bisimilar to a regular process communicating with a bag. Thus, the queue, 
stack and bag are the central elements in this Chomsky-Turing hierarchy. 

This paper contributes to our ongoing project to integrate the theory of automata 
and formal languages on the one hand and concurrency theory on the other hand. The 
integration requires a more refined view on the semantics of automata, grammars and 
expressions. Instead of treating automata as language acceptors, and grammars and 
expressions as syntactic means to specify languages, we propose to view them both 
as defining process graphs. The great benefit of this approach is that process graphs 
can be considered modulo a plethora of behavioural equivalences [11]. One can still 
consider language equivalence and recover the classical theory of automata and formal 
languages. But one can also consider finer notions such as bisimilarity, which is better 
suited for interacting processes. 

Note 1. This paper is dedicated to Sjouke Mauw, our friend and colleague, on the occa-
sion of his 65th birthday. Sjouke was one of the first to see that information security 
would become an important area, in practice and research, and that formal methods can 
play an important role in this area. Sjouke does not stop at borders in order to realise 
his ambition. 

As we said, this paper is part of our ongoing project to integrate automata theory 
and concurrency theory. In this project, we looked at context-free processes in, e.g., 
[4,5]. Here, we considered the place of context-free processes in the Chomsky-Turing 
hierarchy. Sjouke already considered context-free processes in [19]. 

2 Preliminaries 

As a common semantic framework we use the notion of a labelled transition system. 

Definition 1. A labelled transition system is a quadruple (S, A, →, ↓), where
1. S is a set of states ;
2. A is a set of actions, τ ∈  A  is the unobservable or silent action;
3. →  ⊆  S  ×  (A  ∪  {τ }) ×  S is an A ∪ {τ}-labelled transition relation; and
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4. ↓  ⊆  S  is the set of final , accepting or terminating states.

A process graph is a labelled transition system with a special designated root state or 
initial state ↑, i.e., it is a quintuple (S, A, →, ↑, ↓) such that (S, A, →, ↓) is a labelled 
transition system, and ↑  ∈  S. We write s a−→ s for (s, a, s ) ∈ → and s↓ for s ∈ ↓. We
write Aτ for A ∪ {τ}.

For w ∈  A∗ we define s w→−→ t inductively, for all states s, t, u: first, s ε→−→ s, and 
then, for a ∈  A,  if  s a−→ t and t w→−→ u, then s aw→−→ u, and if s τ−→ t and t w→−→ u, 
then s w→−→ u. We see that τ -steps do not contribute to the string w. We write s −→ t 
for there exists a ∈  Aτ such that s a−→ t. Similarly, we write s →−→ t for “there exists 
w ∈  A∗ such that s w→−→ t” and say that t is reachable from s. Finally, we write s

(a)−→ t
for “s

a−→ t or a = τ and s = t”.
By considering language equivalence classes of process graphs, we recover lan-

guage equivalence as a semantics, but we can also consider other equivalence relations. 
Notable among these is bisimilarity. 

Definition 2. Let (S, A, →, ↓) be a labelled transition system. A binary relation R on 
S is a strong bisimulation iff it is symmetric and satisfies the following conditions for 
every s, t ∈  S  such that s R t and for all a ∈ Aτ :

1. if s a−→ s for some s ∈  S, then there is a t ∈  S  such that t a −→ t and s R t ; and
2. if s↓, then t↓. 
If there is a strong bisimulation relating s and t we write s ↔ t.

Sometimes we can use the strong version of bisimilarity defined above, which does 
not give special treatment to τ -labelled transitions. In general, when we do give special 
treatment to τ -labeled transitions, we use (some form of) branching bisimulation [14]. 

Definition 3. Let (S, A, →, ↓) be a labelled transition system. A binary relation R on 
S is a branching bisimulation iff it is symmetric and satisfies the following conditions 
for every s, t ∈  S  such that s R t and for all a ∈ Aτ :

1. if s a−→ s for some s ∈  S, then there are states t ,  t  ∈  S  such that t ε→−→ t (a )−→ t ,
s R t and s R t ; and

2. if s↓, then there is a state t ∈  S  such that t ε→−→ t and t ↓.
If there is a branching bisimulation relating s and t, we write s ↔b t.  If  s τ−→ t and 
s ↔b t, we say this τ -step is inert.

Again, a non-symmetric relation is never a branching bisimulation. 

Theorem 1. Strong bisimilarity and branching bisimilarity are equivalence relations 
on labeled transition systems. 

Proof. See [9] and [12].
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Now suppose we are given a labelled transition system and two states s, t in this 
labelled transition system. These states give rise to two process graphs with the given 
states as initial states. We say the two process graphs are strongly bisimilar or branching 
bisimilar if there is a strong bisimulation or a branching bisimulation on the labelled 
transition system that relates s and t.

A process is a branching bisimilarity equivalence class of process graphs. We say 
a process is regular if its branching bisimilarity equivalence class contains an element 
with finitely many states and finitely many transitions. 

Finally, we define when a labelled transition system is deterministic. 

Definition 4. A labelled transition system (S, A, → , ↓) is deterministic iff for all s ∈  S  
and for all a ∈  Aτ there is at most one t ∈  S  with s a−→ t. Moreover, whenever s τ−→ t,
there is no a ∈ A and u ∈ S with s

a−→ u.
A process graph (S, A, →, ↑, ↓) is deterministic if the labelled transition system 

(S, A, → , ↓) is deterministic.

3 Queue Automata 

We define queue automata, prove that their type of transitions can be restricted without 
losing expressiveness, and prove that having two queues instead of one does not increase 
their expressiveness. 

Definition 5 (Queue automaton). A queue automaton Q is a sixtuple (S, A, D, →, ↑ 
, ↓) where:
1. S is a non-empty finite set of s tates,
2. A is a non-empty finite action a lphabet,
3. D is a non-empty finite data a lphabet,
4. →  ⊆  S  ×  Aτ × (D  ∪  {ε, ∗}) ×  D  ∗ × S is a finite set of transitions or steps,
5. ↑  ∈  S  is the root state or initial state,
6. ↓  ⊆  S  is the set of final, accepting o r terminating states.

If (s, a, d, δ, t) ∈  →  with d ∈  D, we write s a[d/δ] −−−−→ t, and this means that the machine, 
when it is in state s and d is the head element of the queue, can execute action a, dequeue 
this d and enqueue the string δ and thereby move to state t. Likewise, writing s a[ε/δ] −−−−→ t 
means that the machine, when it is in state s and the queue is empty, can execute action 
a, enqueue the string δ and thereby move to state t. Writing s a[∗/δ] −−−−→ t means that the 
machine, when it is in state s, can execute action a, enqueue δ and thereby move to 
state t, irrespective of the contents of the queue and without dequeueing anything. In 

steps s τ [d/δ] −−−−→ t, s τ [ε/δ] −−−−→ t and s τ [∗/δ] −−−−→ t, no action is executed, only the queue is 
modified. The semantic interpretation of the elements of the action alphabet can be left
unspecified, but often they stand for some kind of interaction with the automaton.

In definitions of queue automata appearing in the literature, the set of transitions is 
sometimes defined a little differently, but all of them are equally expressive, in the sense
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that they all give rise to the same set of languages and the same set of processes. For 
instance, in [16], the a[∗/δ]-labeled transitions do not occur, but there are two variants 
of the a[d/δ]-labeled transitions: one where d is dequeued, and one where d is not 
dequeued. Moreover, instead of using general sequences δ, only singleton sequences or 
empty sequences are used. We show some of these expressiveness results in the sequel.

We believe the present definition fits in best with the definitions of a pushdown 
automaton (in [5]) and parallel pushdown automaton (in [6]). 

The notion of queue automaton is very similar to the classical notion of a pushdown 
automaton (see, e.g., [15]), only there, a stack is used instead of a queue, and in a 
stack, push and pop (as enqueue and dequeue are called) occur according to the last-in 
first-out principle. Therefore, in a pushdown automaton, we do not need the separate 

s a[∗/δ] −−−−→ t transitions, as they can be replaced by a s a[ε/δ] −−−−→ t transition in combination 

with s a[d/δd] −−−−→ t transitions for all d ∈  D. Further on, we will see that the expressivity 
of the queue automaton does not change when we omit these transitions, using a r ecycle
operation and working modulo branching bisimulation.

Now we could proceed to define the language of a queue automaton, but instead, 
we take an intermediate step and first define the process graph of a queue automaton. 
By considering the language of this process graph, we find the language of the queue 
automaton again, and by considering its branching bisimulation equivalence class, we 
obtain the process of the queue automaton. 

Definition 6. Let Q =  (S, A, D, →, ↑, ↓) be a queue automaton. The process graph of 
Q is defined as follows, for all δ ∈ D∗:

1. the set of states is {(s, δ) | s ∈  S  , δ ∈ D∗};
2. the set of actions is A; 
3. the transition relation is generated by the following clauses: 

– if s a[ε/δ] −−−−→ t then (s, ε) a−→ ( t, δ);
– if s a[d/δ] −−−−→ t then (s, ζd) a−→ (t, δζ), f or all ζ ∈ D∗;

– if s a[∗/δ] −−−−→ t then (s, ζ) a−→ (t, δζ), f or all ζ ∈ D∗;
4. the initial state is (↑,  ε) ; and
5. (s, δ) ↓ if s ↓.

Usually, we consider only those states (s, δ) that are reachable from the initial state. 
According to this definition, a state (s, δ) can be final also when the queue contents δ 
is non-empty. Defining that only states (s, ε) can be final is more limiting, and yields 
a smaller set of processes that are the process of a queue automaton. We can still code 
in a queue automaton that only states of the form (s, ε) can be final, by only allowing 
to enter such a state by means of a transition labeled by a[ε/ε]. This i s illustrated in
Examples 1 and 3. For an extensive treatment of termination conditions for pushdown 
automata and parallel pushdown automata, see [23]. 

Definition 7. Let Q =  (S, A, D, →, ↑, ↓) be a queue automaton. The language 
accepted by Q, L(Q), is the language of its transition system, i.e.

L(Q)  =  {w ∈  A∗ |  ∃s ∈  S  ∃δ ∈  D∗ such that s ↓ and (↑,  ε) w→−→ (s, δ)}.
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The process of Q, P(Q), is the branching bisimulation equivalence class of its transi-
tion system, often represented by its minimal element (identifying all branching bisimi-
lar states). 

Example 1. Let us construct a queue automaton for the language {ww | w ∈  {a, b}∗}. 
This language is not a pushdown language and also not a parallel pushdown language. 
We use a, b also as data symbols, so D = {a, b}. In the initial state, a string can be 
read and enqueued. At some point (non-deterministically) it will switch to dequeue 
elements of the string again by moving to the second state, using the same order (the 
queue is first-in-first-out). Acceptance or termination takes place when the queue is
empty again. See Fig. 1. In the figure, we represent the states by circles, the initial state 
by a small incoming arrow and a final state by a double circle. An arrow that is labeled 
with multiple labels means that there is such a transition for each of these labels. 

Fig. 1. Queue automaton for the language {ww | w ∈  {a, b}∗}.

Example 2. Figure 2 shows a queue automaton for the language {an bn cn | n  >  0};  it  
uses data symbols 1, 2. The language is not a pushdown language and also not a parallel
pushdown language.

Fig. 2. Queue automaton for the language {an bn cn | n  >  0}.

Example 3. We can define the behaviour of the (first-in first-out) queue itself. Given a 
finite data set D, the queue process can execute the following actions: 

– i?d, enqueue data element d (input at port i );
– o!d, dequeue data element d, if this is the element at the head of the queue (output 
at port o);
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– o!ε, show that the queue is empty. 

We consider two variants: either the queue can always terminate, or it can terminate 
only when empty. We can define queue automata for these two queues, see Fig. 3:  for  
all d ∈  D, there are the edges shown. The queue automaton on the left has only one 
state and can always terminate, irrespective of the contents of the queue the behaviour 
of which it represents. The queue automaton on the right has an additional τ -transition, 
that can only be executed when the queue the behaviour of which it represents has 
become empty: for this queue automaton, termination can only take place when the 
queue is empty.

Fig. 3. Queue automata of the queue. 

We stated before that the a[∗/δ]-labeled transitions are not really needed in the 
definition of queue automata. We prove this in the following lemma. 

Lemma 1. Let Q =  (S, A, D, →, ↑, ↓) be a queue automaton. Then there is a queue 
automaton Q that does not have any a[∗/δ]-labeled transitions and has the same p ro-
cess as Q.

Proof. We construct the queue automaton Q as follows. The data set is D plus an extra 
data element $ ∈  D. The state set is S plus fresh states s∗ for each s ∈  S. Q has 
the same initial state and the same final states as Q, and the same a[ε/δ]-labeled and 

a[d/δ]-labeled transitions. Finally, whenever Q has a transition of the form s a[∗/δ] −−−−→ t, 
Q has a transition s a[ε/δ] −−−−→ t and, for all d ∈  D, transitions s a[d/d$] −−−−→ s ∗ τ [$/δ]−−−−→ t and

s∗ τ [d/d]−−−−→ s∗.
Now we show that the process graphs of Q and Q are branching bisimilar. We start 

out from the identity relation on all common states. Note that, whenever s a[∗/δ] −−−−→ t in 
Q, then we have (s, ε) a−→ (t, δ) in the process graph of Q but also in the process graph 
of Q . For nonempty memory contents, say of the form ζd for some ζ ∈  D∗,  d  ∈  D, 
we have (s, ζd) a−→ (t, δζd) in the process graph of Q, and (s, ζd) a−→ (s∗,  d$ζ) ε→−→ 
(s∗,  ζd$) τ−→ (t, δζd) in the process graph of Q , so it is enough to relate s∗ to t.  Note  
that all of the added τ -steps are inert because whenever some state in the process graph
has an outgoing τ -transition, then this τ -transition is the unique outgoing transition.
Therefore, the source and target states of the τ -transition are branching bisimilar.
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We use the a[∗/δ]-labeled transitions, nonetheless, because they allow for concise 
descriptions of interesting processes such as the queue of Example 3. In the following 
proofs, it will be useful on occasion to restrict the transitions in a queue automaton to 
only singleton enqueues, and to separate enqueues and dequeues. 

Definition 8. A transition in a queue automaton is a singleton enqueue iff it has a label 
of the form a[∗/d] for some d ∈  D;  it  is  a  separate dequeue iff it has a label of the form 
a[ε/ε] or a[d/ε] for some d ∈ D.

Notice that the queue automata of the queue of Example 3 have only singleton 
enqueues and separate dequeues. 

Lemma 2. Let Q =  (S, A, D, →, ↑, ↓) be a queue automaton. Then, there is a queue 
automaton Q with only singleton enqueues and separate dequeues with the same pr o-
cess and language.

Proof. Let N be the maximum length of a data sequence occurring in any transition of 
Q, and enumerate the transitions of Q in a sequence u1,  .  .  .  ,  uK . The queue automaton 
Q uses an extra data element $ ∈  D  and has the set of states of Q plus new states 
{sik | i ≤ N, k ≤ K}  ∪  {sd 

1k | d ∈  D,  k  ≤ K}. Q has the same action set, initial state
and final states as Q. The transitions of Q are defined as follows:

1. For each transition in Q of the form s a[∗/ε] −−−−→ t, if this is transition uk, then Q has 
transitions s a[∗/$] −−−−→ s1k 

τ [$/ε] −−−−→ t, and transitions s1k 
τ [d/ε] −−−−→ sd 

1k 
τ [ ∗/d]−−−−→ s1k for all

d ∈ D;

2. For each transition in Q of the form s a[∗/δ] −−−−→ t with δ = ε, if this is transition uk 

and δ = d1 .  .  .  dn with n  >  1, then Q has transitions s a[∗/dn] −−−−−→ s1k 
τ [∗/dn−1 ]−−−−−−→

· · · s(n−1)k
τ [∗/d1]−−−−→ t;

3. For each transition in Q of the form s a[ε/δ] −−−−→ t with δ = ε, if this is transition 

uk and δ = d1 .  .  .  dn with n ≥ 1, then Q has transitions s a[ε/ε] −−−−→ s1k 
τ [ ∗/dn]−−−−−→

· · · snk
τ [∗/d1]−−−−→ t;

4. For each transition in Q of the form s a[d/δ] −−−−→ t with δ = ε, if this is transition 

uk and δ = d1 .  .  .  dn with n ≥ 1, then Q has transitions s a[d/ε] −−−−→ s1k 
τ [ ∗/dn]−−−−−→

· · · snk
τ [∗/d1]−−−−→ t.

In the process graph of Q , all the added τ -steps are inert, so it is branching bisimilar to 
the process graph of Q .

We see that the notion of the queue automaton is quite robust, as different variants 
of the queue automaton yield the same set of processes and the same set of languages. 
As a final illustration of the robustness of the notion of a queue automaton, we show 
that we can code a memory of two queues into one queue. In order to show this, we first 
define what a queue automaton with two queues is, and then show that its behaviour 
can also be obtained by a queue automaton with one queue.
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Definition 9 (Queue automaton, two queues). A queue automaton with two queues Q 
is a sixtuple (S, A, D, →, ↑, ↓) that is just like a queue automaton, only the transition 
relation → is now a subset of S×Aτ ×(D∪{ε, ∗})2×(D∗)2×S, i.e. a pair of elements 
of D  ∪{ε, ∗} and a pair of sequences from D∗ is considered. We write s a[(d,e)/(δ,ζ)] −−−−−−−−→ t 
for (s, a, d, e, δ, ζ, t ) ∈ → (here, s, t ∈ S, a ∈ Aτ , d, e ∈ D ∪ {ε, ∗}, δ, ζ ∈ D∗).

From this definition, we get a process graph as expected: the states of the process 
graph are the triples (s, δ, ζ) reachable from initial state (↑,  ε,  ε) by means of the tran-
sition relation generated from the following clauses:

1. if s a[(ε,ε)/(δ,δ )] −−−−−−−−→ t then (s, ε, ε) a−→ ( t, δ, δ );

2. if s a[(ε,∗)/(δ,δ )] −−−−−−−−−→ t then (s, ε, ζ) a−→ (t, δ, δ ζ) for all ζ ∈ D∗;

3. if s a[(∗,ε)/(δ,δ )] −−−−−−−−−→ t then (s, ζ, ε) a−→ (t, δζ, δ ) for all ζ ∈ D∗;

4. if s a[(∗,∗)/(δ,δ )] −−−−−−−−−→ t then (s, ζ, ζ ) a−→ (t, δζ, δ ζ ) for all ζ, ζ ∈ D∗;

5. if s a[(d,ε)/(δ,δ )] −−−−−−−−−→ t then (s, ζd, ε) a−→ (t, δζ, δ ) for all ζ ∈ D∗;

6. if s a[(ε,d)/(δ,δ )] −−−−−−−−−→ t then (s, ε, ζd) a−→ (t, δ, δ ζ) for all ζ ∈ D∗;

7. if s a[(d,∗)/(δ,δ )] −−−−−−−−−→ t then (s, ζd, ζ ) a−→ (t, δζ, δ ζ ) for all ζ, ζ ∈ D∗;

8. if s a[(∗,d)/(δ,δ )] −−−−−−−−−→ t then (s, ζ, ζ d) a−→ (t, δζ, δ ζ ) for all ζ, ζ ∈ D∗;

9. if s a[(d,e)/(δ,δ )] −−−−−−−−−→ t then (s, ζd, ζ e) a−→ (t, δζ, δ ζ )for all ζ, ζ ∈ D∗.

Theorem 2. Let Q be a queue automaton with two queues. Then there is a queue 
automaton with one queue M such that the process graphs of Q and M are br anching
bisimilar.

Proof. Let Q be a queue automaton with two queues. We define the queue automaton 
with one queue M in the following. As in the proof of Lemma 1,  we  use  an  extra  
data element $ to be able to traverse the contents of a queue. A state in Q will contain 
the contents of two queues, two sequences δ and ζ.  In  M , this will be encoded as the 
contents of one queue: δ ζ, where extra data element is the separator between 
the two sequences. A state (s, δ, ζ) in Q will correspond to the state (s, δ ζ) in M . 
Enumerate all transitions of Q in a sequence u1,  .  .  .  ,  uK . For each transition uk we add 
four new states s1 k,  s2 k,  s3 k,  s4 k in M , moreo ver, there is a new initial state ↑ in M . The
further elements are as follows.

1. M has the same action set and the same final states as Q ;
2. M has the data set D of Q and in addition the symbols , $;
3. M has initial state ↑ and a transition labelled τ [ε/ ] to the initial state of Q;

4. if transition s a[(∗,∗)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are transitions 
s a[∗/$] −−−−→ s1 k 

τ [ / ζ] −−−−→ s2 k 
τ [$/δ] −−−−→ t, and for all d ∈  D  transitions s1 k 

τ [d/d] −−−−→ s1 k and 

s2 k 
τ [d/d] −−−−→ s2 k; note that in this case, in the process graph of M , there is always an

a-step possible, irrespective of the contents of the queues in the state;
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5. if transition s a[(∗,ε)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are transitions 
s a[ / ζ$] −−−−−→ s1 k 

τ [$/δ] −−−−→ t and for all d ∈  D  transitions s1 k 
τ [d/d] −−−−→ s1 k; in this case, 

in the process graph of M , there is only an a-step possible if the second queue is
empty, which can be checked by seeing at the head of the queue;

6. if transition s a[(ε,ε)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M , there is only an 
a-labeled transition if both queues are empty. We can check whether the second 
queue is empty by seeing at the head of the queue, for the first queue we have to 
traverse the queue. The succeeding transitions in M (i.e., the transitions that corre-
spond to the situation that the checks that both queues are empty are successful) are 

s τ [ / $] −−−−→ s1 k 
τ [$/ε] −−−−→ s2 k 

a[ /δ ζ] −−−−−→ t and the failing transitions (i.e., the transitions 
that correspond to the situation that the check revealed that one of the queues is not 

empty) are, for all d ∈  D, s1 k 
τ [d/d] −−−−→ s3 k and s

3 
k 

τ [d/d]−−−−→ s3k and, finally, s3k
τ [$/ε]−−−−→ s;

7. if transition s a[(ε,∗)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then again, we need to check 

whether the first queue is empty. In M , we add the succeeding transitions s τ [∗/$] −−−−→ 
s1 k 

τ [ /ε] −−−−→ s2 k 
a[$/δ ζ] −−−−−→ t and for all d ∈  D  transitions s1 k 

τ [d/d] −−−−→ s1 k; moreover, we 

add in M the failing transitions s3 k 
τ [$/ε] −−−−→ s and for all d ∈  D  transitions s2k

τ [d/d ]−−−−→
s3k and s3k

τ [d/d]−−−−→ s3k;

8. if transition s a[(∗,d)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are transitions 
s a[d/$] −−−−→ s1 k 

τ [ / ζ] −−−−→ s2 k 
τ [$/δ] −−−−→ t and for all f ∈  D  transitions s1 k 

τ [f  /f  ]−−−−→ s1k and

s2k
τ [f/f ]−−−−→ s2k;

9. if transition s a[(ε,d)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are succeed-
ing transitions s τ [d/$] −−−−→ s1 k 

τ [ /ε] −−−−→ s2 k 
a[$/δ ζ] −−−−−→ t and for all f ∈  D  transitions 

s1 k 
τ [f  /f  ] −−−−→ s1 k; moreover, there are failing transitions s3 k 

τ [$/ε] −−−−→ s and, for all f ∈  D  ,
s2k

τ [f/f ]−−−−−→ s3k and s3k
τ [f/f ]−−−−→ s3k;

10. if transition s a[(d,ε)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are succeeding 
transitions s τ [ /$] −−−−→ s1 k 

a[d/ ζ] −−−−→ s2 k 
τ [$/δ] −−−−→ t and for all f ∈  D  transitions s2 k 

τ [f  /f  ] −−−−→ 
s2 k; moreover, there are failing transitions s1 k 

τ [$/ε] −−−−→ s and s3 k 
τ [$/ε] −−−−→ s and, for all 

e ∈  D,  e  = d, s1k
τ [e/e ]−−−−→ s3k and, for all f ∈ D, s3k

τ [f/f ]−−−−→ s3k;

11. if transition s a[(d,∗)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are succeeding 
transitions s τ [∗/$] −−−−→ s1 k 

τ [ /ε] −−−−→ s2 k 
a[d/ ζ] −−−−→ s3 k 

τ [$/δ] −−−−→ t and for all f ∈  D  transitions 
s1 k 

τ [f  /f  ] −−−−→ s1 k and s
3 
k 

τ [f  /f  ] −−−−→ s3 k; moreover, there are failing transitions s1 k 
τ [$/ε] −−−−→ s 

and s4 k 
τ [$/ε] −−−−→ s and, for all e ∈ D, e = d, s2k

τ [e/e ]−−−−→ s4k and, for all f ∈ D,

s4k
τ [f/f ]−−−−→ s4k;

12. if transition s a[(d,e)/(δ,ζ)] −−−−−−−−→ t is transition uk in Q, then in M there are succeeding 
transitions s τ [e/$] −−−−→ s1 k 

τ [ /ε] −−−−→ s2 k 
a[d/ ζ] −−−−→ s3 k 

τ [$/δ] −−−−→ t and for all f ∈  D  transitions 
s1 k 

τ [f  /f  ] −−−−→ s1 k and s
3 
k 

τ [f  /f ]−−−−→ s3k; moreover, there are failing transitions s2k
τ [$/ε]−−−−→ s
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and s4 k 
τ [$/ε] −−−−→ s and, for all g ∈  D,  g  = d, s2 k 

τ [g/g ] −−−−→ s4 k and, for all f ∈  D  ,
s4k

τ [f/f ]−−−−→ s4k.

Finally, it is straightforward to check that in the process graph of M , all the extra τ -steps 
are inert. 

We see that the set of processes and the set of languages given by a queue automaton 
is not enlarged by adding another queue memory. Further on, we use this to show that 
the the composition of two interacting processes both given by queue automata is again 
given by a queue automaton. 

4 Comparison with Reactive Turing Machines 

We use the definition of the Reactive Turing Machine (RTM) from [8]. 

Definition 10 (Reactive Turing machine). A reactive Turing machine M is a sixtuple 
(S, A, D, →, ↑ , ↓) where:
1. S is a non-empty finite set of s tates;
2. A is a non-empty finite action a lphabet;
3. D is a non-empty finite data a lphabet;
4. →  ⊆  S  × Aτ × (D  ∪ {  }) × (D  ∪ {  }) × {L,R} × S is a finite set of transitions

or steps;
5. ↑  ∈  S  is the initial state;
6. ↓  ⊆  S  is the set of final states.

The blank represents an empty tape cell. Henceforth, we will write D instead of 

D  ∪  {  }.  If  (s, a, d, e, T, t) ∈  →, we write s a[d/e]T −−−−−→ t, and this means that the 
machine, when it is in state s and d is the data element read by the tape head, can 
execute action a, replace d by e, can move one position left (L) or right (R) and end up
in state t.

It requires quite some notational overhead to define the transition relation and the 
process graph associated to an RTM. The states of the process graph are the configu-
rations of the RTM, consisting of a state of the RTM, the contents of the tape, and the 
position of the read/write head on the tape. We represent the tape contents by an element 
of (D )∗, replacing exactly one occurrence of a tape symbol d by a marked symbol ď, 
indicating that the read/write head is on this symbol. We denote by Ď = { ̌d | d ∈  D  } 
the set of marked tape symbols; a tape instance is a sequence δ ∈ (D ∪ Ď )∗ contain-
ing exactly one element of Ď . Note that we do not use δ exclusively for tape instances; 
we also use δ for sequences over D. A tape instance thus is a finite sequence of symbols 
that represents the contents of a two-way infinite tape. Henceforth, we do not distin-
guish between tape instances that are equal modulo the addition or removal of extra 
occurrences of the blank symbol at the left or right extremes of the sequence. That 
is, we do not distinguish tape instances δ and ζ if ωδ ω = ωζ ω .

A configuration of an RTM M is a pair (s, δ) where s ∈  S  is a state of the RTM 
and δ is a tape instance.
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We define an Aτ -labelled transition system for each RTM such that a transition 

s a[d/e]T −−−−−→ t corresponds to a transition (s, δ) a−→ (t, ζ), where in δ some occurrence 
of d is marked, and in ζ this marked d is replaced by e, and the symbol to the left in ζ 
is marked (if T = L) or the symbol to the right in ζ is marked (if T = R). If necessary, 
a blank is added. For this, we use the following notation: if δ ∈  D∗ , then δ< = ˇ if 
δ = ε and δ< = ζ ď if δ = ζd for some d ∈  D  ,  ζ  ∈  D∗ . Likewise, if δ ∈ D∗ , then
>δ = ˇ if δ = ε and >δ = ďζ if δ = dζ for some d ∈ D , ζ ∈ D∗ .

Definition 11. Let M =  (S, A, D, →, ↑, ↓) be an RTM. The process graph associated
with M is defined as follows:

1. the set of states is the set of configurations (s, δ) of M ;
2. the set of actions is A; 
3. the transition relation → is the least relation satisfying, for all a ∈  Aτ ,  d,  e  ∈ 

D ,  δ,  ζ  ∈  D∗ : 

(s, δ ̌dζ) a−→ (t, δ< eζ) ⇐⇒ s a[d/e]L −−−−−→ t

and

(s, δďζ) a−→ (t, δe>ζ) ⇐⇒ s
a[d/e]R−−−−−→ t

4. the initial state is (↑, ˇ ) ;
5. the set of final states is {(s, δ) | s ↓}.
A process is executable iff its branching bisimulation equivalence class of process 
graphs contains a process graph associated with an RTM. A language is computable iff 
it is the language of a process graph associated with an RTM. 

Theorem 3. A process is executable if and only if it is the process of a queue automa-
ton. 

Proof. Let M =  (S, A, D, →, ↑, ↓) be an RTM, and suppose M has n transitions 
T1,  .  .  .  ,  Tn. For each transition Ti, we have 5 new states s1 i ,  s2 i ,  s3 i ,  s4 i ,  s5 i . In addition, 
we have an extra state ↑ . A configuration (s, δ ̌dζ) of the RTM will correspond to the 
state (s, ζR δd) of the queue automaton to be constructed, where the symbol is 
a separator and ζR is the reverse of the string ζ. Note that we have to treat as an
extra data element, because the RTM uses blanks in this way. Now we define the queue
automaton Q as follows:

1. the set of states is S, extended with new states {s1 i ,  s2 i ,  s3 i ,  s4 i ,  s5i | i ≤ n} ∪ {↑ };
2. the set of actions is A; 
3. the set of data is D  ∪  {  , , $} ($ is a new data element used as a bookmark);

4. if s a[d/e]L −−−−−→ t is the transition Ti in M , then in Q there are transitions s a[d/$] −−−−→ 
s1 i 

τ [ /e ] −−−−−→ s2 i 
τ [$/ε] −−−−→ t and, for each f ∈  D  , transitions s1 i 

τ [f  /f  ] −−−−→ s1 i and 

s2 i 
τ [f  /f  ] −−−−→ s2 i ; moreover, if s a[d/e]R −−−−−→ t is transition Tj in M , then there are tran-

sitions s a[d/$e] −−−−→ s1 j 
τ [ / ] −−−−→ s2 j 

τ [$/ $] −−−−−→ s4 j 
τ [$/ε] −−−−→ t and, for each f, g ∈  D  , 

transitions s2 j 
τ [g/ε] −−−−→ s3j

τ [$/g$]−−−−→ s4j , s
1
j

τ [f/f ]−−−−→ s1j , s
3
i

τ [f/f ]−−−−→ s3i and s4j
τ [f/f ]−−−−→ s4j

in Q.
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5. the initial state is ↑ and add a transition ↑ τ [ε/ ] −−−−−→↑ in Q.
6. the set of final states is ↓. 
Then, we can establish that the process graph of Q is branching bisimilar to the process 
graph associated with M .

For the other direction, suppose a process has a process graph given by a queue 
automaton Q =  (S, A, D, →, ↑, ↓). Without loss of generality, we can suppose Q 
has only singleton enqueues and separate dequeues. Suppose Q has n transitions 
T1,  .  .  .  ,  Tn. For each transition Ti, we have a new state si.  A  state  (s, δd) of the 
queue automaton will correspond to the configuration (s, δ ̌d ) of the RTM to be 
constructed, and state (s, ε) to configuration (s, ˇ ). Now define an RTM M as follows:

1. the set of states is S, extended with new states {si,  si | i ≤ n};
2. the set of actions is A, the set of data is D; 

3. if s a[d/ε] −−−−→ t is a transition in Q, then s a[d/ ]L −−−−−→ t is a transition in M ; further, 

if s a[ε/ε] −−−−→ t is a transition in Q, then s a[ / ]L −−−−−→ t is a transition in M ; lastly, if 

s a[∗/d] −−−−→ t is the transition Ti in Q, then s a[ /d]R −−−−−→ si 
τ [ / ]L −−−−−→ t are transitions in 

M and, for each e ∈  D, s a[e/e]L −−−−−→ si and si 
τ [e/e]L −−−−−→ si and si 

τ [ e/e]R−−−−−→ siare also

transitions in M ; finally, also si

τ [ /d]R−−−−−→ si is a transition in M ;
4. the initial state is ↑, and the set of final states is ↓. 
Again, we can establish that the process graph of M is branching bisimilar to the pro-
cess graph of Q .

Corollary 1. A language is computable if and only if it is the language of a queue 
automaton. 

A Turing machine can also be used to define when a function is computable. In [8], 
we defined this also for the Reactive Turing Machine. Here, we do this for the queue 
automaton, and give a couple of examples. We designate an input port i and an output 
port o .

Definition 12. We say a queue automaton performs a computation if 

1. the process graph of the queue automaton is deterministic; 
2. every string in the language of the queue automaton consists of a sequence of inputs 

i?d1 · · ·  i?dn and a sequence of outputs o!e1 · · ·  o!em interleaved (so not necessarily 
all outputs after all inputs) for some n, m ≥ 0,  di,  ej ∈  D. Note t hat the length of
input and output may differ.

In this case, we say the queue automaton computes the function f on a domain of 
data strings D (D ⊆  D∗) if for all input w ∈ D it has output f(w) ∈ D∗.

Example 4. By an adaptation of Example 1, we can define the function f(w)  =  ww on 
D∗. See Fig. 4.
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Fig. 4. Queue automaton for the function f (w)  =  ww on {a, b }∗.

Example 5. There is a queue automaton that compares quantities. Suppose we have two 
numbers in binary notation and we want to know whether the first number is larger than 
the second. For simplicity, we assume the numbers have an equal number of digits, 
adding leading zeroes if necessary. The input consists of the two numbers separated by 
a >-sign, and D = {0, 1,  >,  yes ,no}. Figure 5 explains the rest. Note that no τ -steps 
are needed. 

Thus, a queue automaton can be used to program a conditional branching in a pro-
gram. In the same way, we can find queue automata for other program constructs, and 
other mathematical functions. Notice that there is a clear separation between input and 
output on the one hand, and memory use on the other hand. In this case, we only need 
to store the first number in memory, not the second one. Also notice that as soon as we 
have a difference between the two numbers, we can determine the output, and there is 
no need for the rest of the input. 

Fig. 5. Queue automaton comparing quantities. 

In the following, we use some basic recursion theory. The reader is refered to, e.g., 
[22]. In [8], we characterised the set of executable processes as follows. We call a pro-
cess graph effective if its transition relation and its set of final states are recursively
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enumerable (with some suitable encoding of these into natural numbers), see [10]. A 
process is effective if its branching bisimulation equivalence class contains an effective 
process graph. We proved in [8] that a process is effective if and only it is executable. 
In this result, it is needed to abstract from divergencies (infinite sequences of inert τ -
steps). Also note that the process graph of a queue automaton is always boundedly 
branching, but the minimal element of its branching bisimulation equivalence class can 
be infinitely branching. This is the case for the queue automaton shown in Fig. 6. 

Fig. 6. Queue automaton, of which the process graph is branching bisimilar to an infinitely 
branching process graph. 

5 Process Algebra 

In this section, we express the executable processes in a mathematical formalism. In the 
theory of automata and formal languages, such a notation is often called a grammar.  In  
concurrency theory or process theory, such a notation is often called a process algebra. 
In this process algebra, we can concisely express communication between executable 
processes.

A queue automaton can be thought of as a finite automaton extended with queue 
memory. In this section, we shall formalise this idea using process algebra, by proving 
that every executable process can be specified as a regular process interacting with the 
queue process. Thereafter, we will also briefly consider universal queue automata. 

In [3], it was proven that every executable process can be defined as the solution 
of a finite recursive specification over the process algebra ACPτ ;  in [1], this result was 
updated to the process algebra BCPτ with standard communication. We proceed to 
present this process algebra here.

Definition 13. The syntax of BCPτ with standard communication has the following 
ingr edients:

1. there is a constant 0 denoting inaction or deadlock: it denotes the finite automaton 
with a single state that is initial but not final and that has no transitions; 

2. there is a constant 1 denoting termination or acceptance: it denotes the finite 
automaton with a single state that is initial and final and that has no transitions; 

3. there is a finite set of constants X of process identifiers or process variables; we use 
capital letters X,  Y,  .  .  . to range over X ;
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4. there is a set A of actions, a finite set D of data and a finite set C of communication 
ports: for each d ∈  D,  c  ∈  C  there are actions c!d (send or output d at c), c?d 
(receive or input d at c) and c(d) (communicate d at c); in addition, there is the 
unobservable action τ ; for each action a ∈ Aτ , there is the unary action prefix a._;

5. there is the binary operator + denoting choice or alternative composition; 
6. there is the binary operator denoting merge or parallel composition; 
7. for each communication port c, there is the unary operator ∂c(_) denoting restric-

tion or encapsulation of all actions c?d, c!d for d ∈ D;
8. there is the unary operator τC(_) denoting hiding or abstraction of all actions c(d) 

for d ∈  D  , c ∈ C.
A recursive specification over BCPτ is a mapping Γ from X to the set of BCPτ 

expressions. The idea is that the process expression p associated with a process identi-
fier X ∈  X  by Γ defines the behaviour of X . We prefer to think of Γ as a collection of 
defining equations X def = p, exactly one for every X ∈  X  . We shall, in the sequel, pre-
suppose a recursive specification Γ defining the process identifiers in X , and we shall 
usually simply write X def = p for Γ ( X) = p. Note that, by our assumption that X is
finite, Γ is finite too.

Fig. 7. Operational semantics for BCPτ with standard communication (a ∈  Aτ ,  c  ∈ C, d ∈
D, X ∈ X ).

We associate behaviour with process expressions by defining, on the set of process 
expressions, a unary acceptance predicate ↓ (written postfix) and, for every a ∈  Aτ ,  a  
binary transition relation 

a−→ (written infix), by means of the transition system specifi-
cation presented in Fig. 7.
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By means of these rules, the set of process expressions turns into a labelled tran-
sition system, so we have strong bisimilarity and branching bisimilarity on process 
expressions. Suppose p is a BCPτ expression (possibly containing variables from X ). 
Then the process of p is the branching bisimulation equivalence class of the process 
graph generated by the operational rules.

We explicitly state the result in [1]: 

Theorem 4. The process of every BCPτ expression is executable. For every executable 
process, there is a BCPτ expression with this process.

Corollary 2. Let p, q be two BCPτ expressions, and c ∈  C  a communication port. Then 
p q, ∂c(p q) and τC(∂c(p q )) denote executable processes.

In this way, we can express the communication of two processes. Using Theorem 2, 
we can also obtain this result directly for queue automata. 

Example 6. We give the following finite specification of the queue process of Exam-
ple 3, adapted from [13]: 

Qio def = 1 + o!ε.Qio + 
d∈D 

i?d.τC(∂ (Q (1 + o!d.Q ))) 

Q def = 1 + !ε.Q + 
d∈D 

i?d.τC(∂o(Qio (1 + !d.Qoi))) 

Q def = 1 + o!ε.Q + 
d∈D 

?d.τC(∂i(Q (1 + o!d.Qio))) 

Q def = 1 + !ε.Q + 
d∈D 

o?d.τC(∂i(Qoi (1 + !d.Q ))) 

Q def = 1 + i!ε.Q + 
d∈D 

?d.τC(∂o(Q (1 + o!d.Qoi))) 

Qoi def = 1 + i!ε.Qoi + 
d∈D 

o?d.τC(∂ (Q (1+ i!d.Q )))

This specification uses data set D ∪ {ε}.
Recall that a regular process has a process graph with finitely many states and tran-

sitions. 

Theorem 5. Let p be an executable process. Then there is a regular process q such that 
p ↔b τC(∂io(q Q io)).

Proof. Let p be an executable process. Then by Theorem 3 there is a queue automaton 
Q =  (S, A, D, →, ↑, ↓) that defines p. By Lemma 2, we can assume without loss of 
generality that Q has singleton enqueues and separate dequeues. In order to define q, 
we have to remember the head of the queue or remember that the queue is empty, in 
order to be able to know which following step is possible.
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1. for each state s ∈  S  and d ∈  D  ∪  {ε}, q has states sd , s
1
d, s

2
d, s

3
d;

2. the queue Qio uses data set D  ∪  {  $};
3. the initial state of q is ↑ε, and state sd is final whenever s is final in Q;

4. whenever Q has s a[ε/ε] −−−−→ t, then q has sε 
a −→ tε;

5. whenever Q has s a[∗/d] −−−−→ t for some d ∈  D, then q has se 
a−→ t1 e 

i!d−→ te for all 

e ∈  D and sε
a−→ t1d

i!d−→ td;

6. whenever Q has s a[d/ε] −−−−→ t for some d ∈  D, then q has sd 
a−→ s1 d 

o?d−→ s2 d 
o?ε−→ tε; 

moreover, for all e ∈  D  q has steps s2 d 
o?e−→ t3 e 

i!$−→ t2 e 
i!e−→ t 1e

o?$−→ te and for all

f ∈ D steps t1e
o?f−→ t1e.

All input and output steps in q will successfully communicate with the queue, and be 
turned into τ -steps by the abstraction operator. All will turn out to be inert.

Note that the converse of this theorem is also true, as every process defined by a 
finite specification over BCPτ with standard communication is ex ecutable.

Just like we did in [8], we can prove a universal queue automaton U exists. For an 
arbitrary queue automaton M ,  let  M be the deterministic queue automaton that outputs 
the Gödel number of M (in some appropriate representation) along a special commu-
nication port u, then terminates with empty queue, and has no other behaviour. Then a 
universal queue automaton U is such that τC(∂u(M U)) has the same process as M 
for all queue automata M (here, we use the BCPτ -expressions of these queue automata
to define this process).

6 A Hierarchy 

A computer shows interaction between the finite control and the memory. The finite 
control can be represented by a regular process (a finite automaton). In this article, we 
considered a memory in the form of a queue. 

In [5], we considered a memory in the form of a stack, and we established that 
a pushdown process can be characterised as a regular process communicating with a 
stack. This work was continued in [4] and [7] to find the process algebra TSP;sc that 
is associated with pushdown automata. TSP;sc is obtained from the process algebra 
BCPτ of the previous section by leaving out parallel composition, encapsulation and 
abstraction, and adding sequencing with sequential value passing.

In [6], we considered a memory in the form of a bag, and we established that a 
parallel pushdown process can be characterised as a regular process communicating 
with a bag. We found the process algebra associated with parallel pushdown automata. 
This process algebra is obtained from the process algebra BCPτ of the previous section 
by leaving out the abstraction operator and adding the priority operator of [2]. 

We see that the queue is the prototypical executable process, as all executable pro-
cesses can be realised as a regular process communicating with a queue. Likewise, the 
bag is the prototypical parallel pushdown process. A bag is an executable process, but 
not a pushdown process. Further, the stack is the prototypical pushdown process, but 
not a parallel pushdown process.
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A counter can be realised as a stack with a singleton data set, and also as a bag with 
a singleton data set. Thus, it is in the intersection of pushdown processes and parallel 
pushdown processes. It is not a regular process, as it has infinitely many different states 
that are not bisimilar. We conjecture that every process in the intersection of pushdown 
processes and parallel pushdown processes can be realised as a regular process com-
municating with a counter, but have no proof of this yet. Figure 8 provides a complete 
picture. 

Fig. 8. Classification of Executable, Pushdown, Parallel Pushdown, and Regular processes and 
the prototypical processes Queue, Bag, Stack and Counter. 

7 Conclusion 

We considered the computational model of the Queue Automaton, and have proved that 
it is equally expressive as the Reactive Turing Machine of [8]. Thus, a process is exe-
cutable if and only if it is the process of a queue automaton, and a language or function 
is computable if and only if it is the language or function of a queue automaton. Every 
executable process can be defined as a regular process communicating with a queue. 
This fits in very well with earlier results, that every pushdown process can be defined 
as a regular process communicating with a stack, and a parallel pushdown process can 
be defined as a regular process communicating with a bag. We think that a pushdown 
automaton can be better called a stack automaton, and a parallel pushdown automaton 
a bag automaton, in order to emphasise the relation to the queue automaton. As gram-
mar for executable processes we use the process algebra BCPτ , Basic Communicating 
Processes with abstraction and standard communication.
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