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Abstract
Answering a question of Gamarnik and Smedira [15], we give a polynomial time
algorithm that approximately computes the volume of a truncation of a relaxation of
the independent set polytope, improvingon their quasi-polynomial time algorithm.Our
algorithm is obtained by viewing the volume as an evaluation of a graph polynomial
and we approximate this evaluation using Barvinok’s interpolation method.
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polytope
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1 Introduction

Approximately computing the volume of a polytope and more generally a convex
body is one of the success stories of randomized algorithms. Indeed, Dyer, Frieze and
Kannan [12] showed that with access to a membership oracle there is a randomized
polynomial time algorithm to approximately compute the volume of a convex body,
whereas no such deterministic algorithm can exist by a result of Bárány and Füredi [3].
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Partly motivated by the question whether randomized algorithms are superior
over deterministic algorithms in the context of approximately computing volumes
of polytopes, Gamarnik and Smedira [15] considered the question of approximately
computing the volume of a standard relaxation of the independent set polytope of a
graph G = (V , E) which is defined as

PG := {x ∈ [0, 1]V | xu + xv ≤ 1 for all uv ∈ E}.
In fact for a bipartite graph G, PG is equal to the independent set polytope of
G [28]*Theorem 19.7. Since PG is given by inequality constraints, testing member-
ship in PG can be done efficiently and hence there is an efficient randomized algorithm
for approximately computing its volume [12]. As far as we know, no efficient deter-
ministic algorithm is known for this task for bounded degree graphs. For related result
when the girth of G tends to infinity see [16].

The choice of polytope PG may seem a bit arbitrary, but not much appears to be
known about deterministic approximation of the volume of polytopes with high pre-
cision (see [4, 6] for deterministic approximations of the volume of an n-dimensional
bounded polyhedron defined by m > n linear inequalities within a multiplicative
factor of 2O(m−n)) and as such it is as good a choice as any other. Moreover, since
integration can be seen as an idealized form of counting [15], the polytope PG actually
presents itself as a rather natural candidate to test our ability to design efficient deter-
ministic approximation algorithms for computing volumes. Indeed, in the ‘counting
world’ it is known that for the problem of approximately computing the number of
independent sets in a bounded degree graph (and more generally approximately com-
puting evaluations of its independence polynomial) randomized algorithms do not
outperform deterministic algorithms in the sense that for graphs of maximum degree
at most 5 both efficient deterministic and randomized (Markov chain based) polyno-
mial time algorithms exist for this task [1, 31], while if the maximum degree is at least
6 approximating the number of independent sets is NP-hard [14, 29]1. The Markov
chain based randomized algorithms do tend to have faster running times compared
to their deterministic counterparts [1, 10, 27, 31]. Incidentally the randomized algo-
rithm for approximating volumes of Dyer, Frieze and Kannan [12] is also based on
Markov chains and as such it is natural to try to use techniques from approximate
counting to design deterministic approximation algorithms in the context of volume
approximation.

Gamarnik and Smedira [15] in fact considered a truncation of PG , defined as fol-
lows. For δ ∈ [0, 1/2] and a graph G = (V , E) let

PG,δ := {(xv)v∈V ∈ [0, 1/2 + δ]V | xu + xv ≤ 1 for all uv ∈ E} (1.1)

and note that PG,1/2 is equal to PG . Using the successful correlation decay method
from approximate counting [2, 31], Gamarnik and Smedira [15] managed to design
an algorithm that approximately compute the volume of a PG,δ for δ = O(1/�(G)2)

in time nO(log n), where n denotes the number of vertices of G.

1 This transition in the computational complexity of approximate counting in fact extends to evaluating the
independence polynomial on bounded degree graphs.
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Our main result improves on their result, both in terms running time as well as in
terms of the bound on δ.

Theorem 1.1 There exists a constant C > 0 such that for each � > 0 and δ ∈
[0,C/�], there exists an algorithm that on input of an n-vertex graph of maximum
degree at most � and ε ∈ (0, 1) computes a number ξ such that

(1 − ε)ξ ≤ vol(PG,δ) ≤ (1 + ε)ξ

in time polynomial in n/ε.

While we can provide an explicit bound on the constantC in the theorem above, we
choose not to since ideally we would like to be able to take δ to be 1/2 and this appears
to be out of reach for now. Indeed, our approach to proving Theorem 1.1 consists of
viewing the volume of PG,δ as the evaluation of a certain graph polynomial/partition
function and by applying Barvinok’s interpolation method [5, 30] to it. For this we
need to show the polynomial is zero-free on some open region of the complex plane
and and we manage to do this for δ = O(1/�). It appears to be unlikely that this can
be pushed beyond O(1/�); we will say more about this in Section 5.

The remainder of this paper is organized as follows. In the next section we will
indicate how to interpret the volume of PG,δ as the evaluation of a polynomial that
is naturally associated to G and indicate how this leads to a proof of Theorem 1.1
provided two conditions are met. In Sections 3 and 4 we verify these conditions.
Finally, in Section 5 we conclude with some discussion and possible extensions.

2 The Volume as an Evaluation of a Graph Polynomial

In this section we will show how to view Vol(PG,δ) as the evaluation of a certain
generating function and explain how this allows us to employ Barvinok’s interpolation
method to prove Theorem 1.1. To this end we introduce some terminology.

For a total order on the edges of a graph H = (V , E) and a spanning tree (V , T ),
T ⊆ E , we call e ∈ E \ T broken if T ∪ {e} contains a cycle in which e is the largest
edge. We denote by ET the collection of broken edges. A well known combinatorial
lemma, going back to Penrose [26], states the following:

Lemma 2.1 Let H = (V , E) be a graph with a fixed total ordering of the edges. Then
the collection of connected subgraphs of H can be partitioned into intervals of the
form {F | T ⊆ F ⊆ T ∪ ET }, where T is a tree.

Remark 2.2 A simple proof of Lemma 2.1 can be obtained by associating a connected
subgraph (V , F) of H to its minimum weight spanning tree.

We start by rewriting the volume of PG,δ . We have

Vol(PG,δ) =
∫ ∏

uv∈E
1xu+xv≤1dμ, (2.1)
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where μ denotes the Lebesgue measure, where we integrate over [0, 1/2 + δ]V and
where 1xu+xv≤1 denotes the function that on input of x ∈ R

V outputs 1 if xu + xv ≤ 1
and zero otherwise. Inwhat follows it will be convenient to denote I = Iδ := [0, 1/2+
δ]. Note that we can write

1xu+xv≤1 = 1 − 1xu+xv>1

and hence

∏
uv∈E

1xu+xv≤1 =
∑
A⊆E

(−1)|A| ∏
uv∈A

1xu+xv>1 (2.2)

=
∑
A⊆E

∏
C∈C(A)

(−1)|C| ∏
uv∈C

1xu+xv>1,

where we denote by C(A) the collection of edge sets of the components of the graph
(V , A).

We can expand this further by first identifying the support of the connected com-
ponents and then selecting edge sets. To this end denote for k ∈ Z≥0, by πk(V ) the
collection of unordered partitions of V into k nonempty sets. For S ⊆ V we denote
by E(S) the set of edges of G with both endpoints in S. Then (2.2) can be written as

∑
k≥1

∑
P∈πk (V )

∏
S∈P|S|≥2

∑
A⊆E(S)

(S,A) connected

(−1)|A| ∏
uv∈A

1xu+xv>1. (2.3)

Plugging this into the integral we obtain that (2.1) is equal to

∫
I V

∑
k≥1

∑
P∈πk (V )

∏
S∈P|S|≥2

∑
A⊆E(S)

(S,A) connected

(−1)|A| ∏
uv∈A

1xu+xv>1dμ

=
∑
k≥1

∑
P∈πk (V )

∏
S∈P|S|≥2

∫
I S

∑
A⊆E(S)

(S,A) connected

(−1)|A| ∏
uv∈A

1xu+xv>1dμ ·
∏

P∈πk (V )
|P|=1

∫
I
1dμ.

(2.4)

Now focusing on the contribution of a single set S ∈ P of size at least 2 and fixing
some arbitrary ordering of edges of G, denoting by E(S)T ⊆ E(S) the set of broken
edges associated to T , we have by Lemma 2.1,

∑
A⊆E(S)

(S,A) connected

(−1)|A| ∏
uv∈A

1xu+xv>1

=
∑

T⊆E(S)
spanning tree

∑
A⊆E(S)T

(−1)|T∪A| ∏
uv∈T∪A

1xu+xv>1
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=
∑

T⊆E(S)
spanning tree

(−1)|T | ∏
uv∈T

1xu+xv>1 ·
∏

st∈E(S)T

1xs+xt≤1, (2.5)

where for the final equality we use (2.2).
Define for an induced subgraph H = (S, E(S)) of G,

w(H) := 1

(1/2 + δ)|S|
∑

T⊆E(S)
spanning tree

(−1)|T |
∫
I S

∏
uv∈T

1xu+xv>1 ·
∏

st∈E(S)T

1xs+xt≤1dμ.

We note that since the first line of (2.5) does not depend on the ordering of E this
quantity really only depends on the graph H . We moreover note that in case H is not
connected we have w(H) = 0 (since in that case H does not have any spanning trees)
and if H consists of a single vertex we have w(H) = 1.

Let us next define the univariate polynomial pG,δ(x), for an n-vertex graph G, by

pG,δ(x) :=
∑

P∈π(V )

∏
S∈P

w(G[S])x |S|−1, (2.6)

where we denote by π(V ) the collection of all unordered partitions of the set V .
Using that

∫
I 1dμ = 1/2 + δ, we then arrive at the following conclusion.

Proposition 2.3 With notation as above we have

(1/2 + δ)−|V |Vol(PG,δ) = pG,δ(1). (2.7)

The upshot of this proposition is that approximating the volume of PG,δ is equiv-
alent to approximating the polynomial pG,δ(x) evaluated at 1. We will do this using
Barvinok’s interpolation method [5] combined with the refinement due to Patel and
the second author [30]. For this it is convenient to express the coefficients of pG,δ

as induced subgraph counts. More precisely, for a graph H , ind(H ,G) denotes the
number of subsets S of V (G) such that G[S] is isomorphic to H (i.e. for which there
exists a map φ : V (H) → S that for all u, v ∈ V (H): uv ∈ E(H) if and only if
φ(u)φ(v) ∈ E(G)). We note that for k ∈ Z≥0 the coefficient of xk in PG is equal to

∑
H∈G∗

|V (H)|=k+k(H)

ind(H ,G)
∏

C comp. of H

w(C), (2.8)

where k(H) denotes the number of components of H and where G∗ denotes the
family of graphs in which each component has at least two vertices. This implies
that we can write pG,δ(x) = ∑

k≥0 ekx
k , where ek is of the form ek = ek(G) =∑

H λH ,k ind(H ,G) for certain numbers λH ,k that only depend on H and k and not
on G. We refer to λH ,k as the coefficient of ind(H , ·) in pG,δ . We note that λH ,k = 0,
in case k > |V (H)|/2 since k(H) ≤ |V (H)|/2 for any H ∈ G∗.

To be able to apply the interpolationmethodwe then need the following ingredients.
Here G� denotes the family of all graphs of maximum degree at most �.
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• A region U in the complex plane that contains 0 and 1 such that for all z ∈ U and
all G ∈ G�, pG,δ(z) 	= 0, and,

• an algorithm that on input of an m-vertex graph H = (V , E) ∈ G� computes the
coefficient λH ,k of ind(H , ·) in pG,δ in time CO(m) for a constant C > 0.

In the next section we will prove the following result, taking care of the first ingre-
dient.

Theorem 2.4 There exist constants C ∈ (0, 1) and K > 1 such that for any � > 0
if δ < C/� and |x | < K, then pG,δ(x) 	= 0 for all graphs G of maximum degree at
most �.

For experts in the use of statistical physics methods such as the Kotecký-Preiss con-
ditions [22], the Dobrushin conditions [11] or Gruber-Kunz conditions [8, 19], this
should not be a difficult exercise. For completeness wewill however provide a detailed
and self-contained proof below inspired by [21].

In the subsequent section we will prove the following result, addressing the second
ingredient.

Theorem 2.5 Let � > 0. There exists an algorithm that on input of a m-vertex graph
G = (V , E) ∈ G� computes the coefficient λH ,k of ind(H , ·) in pG,δ in time �O(k),
where the implicit constants do not depend on �.

Combining these two ingredients with Theorem 3.2 from [30] we immediately
obtain the desired deterministic algorithm to approximate the volume of the polytope
PG,δ , thereby proving Theorem 1.1.

3 A Zero-Free Disk for pG,ı

In this section we prove the following result implying Theorem 2.4. Here e is the base
of the natural logarithm.

Theorem 3.1 Let � > 1. Suppose K > 1 and δ ∈ (0, 1) satisfy

4δK ≤ log(a)(1 − 1/�)

a�
(3.1)

for some a ∈ (1, e). Then for any graph G of maximum degree at most � and x ∈ C

such that |x | ≤ K, pG,δ(x) 	= 0.

First of all it will be convenient to reformulate pG,δ(x) as a certain forest generating
function. To this end we introduce for a graph G = (V , E) and a tree T ⊆ E (not
necessarily a spanning tree) its weight

wT := (1/2 + δ)−|V (T )|
∫
I V (T )

(−1)|T | ∏
uv∈T

1xu+xv>1 ·
∏

st∈ET

1xs+xt≤1dμ, (3.2)

where we recall from the previous section that ET only depends on T and the graph
induced by V (T ).
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Proposition 3.2 For any graph G = (V , E) and δ 	= −1/2 we have

pG,δ(x) =
∑

F⊆E(G)
F forest

x |F | ∏
T comp. of F

wT , (3.3)

where we write "comp." as a shorthand for connected component.

Proof Expanding the right-hand side of (3.3) by grouping forests according to the
partition of V they induce, we see that

∑
F⊆E(G)
F forest

x |F | ∏
T comp. of F

wT =
∑

P∈π(V )

∏
S∈P

∑
T⊆E(S)

spanning tree

wT x
|T |.

Here we implicitly use that w∅ = 1. We now recognize

∑
T⊂E(S)

spanning tree

wT x
|T | = w(G[S])

and hence the desired equality follows from the definition of PG,δ(x). �

Now that we have the desired reformulation of pG,δ as a forest generating function

we require some preliminary results before we can prove Theorem 3.1. Let us denote
for a graph G and a vertex v ∈ V (G) by TG,v(x) the rooted tree generating function
of (G, v), defined by

TG,v(x) =
∑

T⊆E(G)
v∈V (T )

x |T |,

where the sum is over trees T . We require the following simple lemma, found as
Lemma 4.6 in [25].

Lemma 3.3 Let � > 0 and let G be a graph of maximum degree at most �. Then, for
any a > 1,

TG,v

(
log a
a�

)
≤ a.

The next lemma says we can bound the weights wT .

Lemma 3.4 Let G = (V , E) be a graph and let δ ∈ (0, 1/2). For any tree T ⊆ E
with at least one edge we have

|wT | ≤
(

2δ

1/2 + δ

)|V (T )|
.

Proof Let us denote the number of vertices of T by k ≥ 2. The denominator in the
definition of wT (as found in (3.2)) is equal to (1/2 + δ)k . So it suffices to bound the
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numerator. The numerator can simply be bounded by

∫
[0,1/2+δ]V (T )

∏
uv∈T

1xu+xv>1dμ,

which in turn can be bounded by (2δ)k as it is equal to the volume of a polytope
contained in the box [1/2 − δ, 1/2 + δ]V (T ). This proves the lemma. �

Proof of Theorem 3.1 Wewill prove the theorem by proving inductively on the number
of vertices of G the following two statements:

• pG,δ(x) 	= 0,

• for any vertex v of G,
∣∣∣ pG,δ(x)
pG−v,δ(x)

− 1
∣∣∣ ≤ 1/�.

In case that G consist of a single vertex the two statements are clearly true. Next
assume that |V (G)| > 1. Since 1/� ∈ (0, 1), the second item implies the first by
induction. So we focus on proving the second item.

We have for any vertex v,

pG,δ(x) = pG−v,δ(x) +
∑
T⊆E

v∈V (T )

x |T |wT pG\V (T ),δ(x),

where the sum is over trees T with at least one edge, containing the vertex v. This
follows by considering the forests that have a nontrivial component that contains v

and those that do not. Since by induction pG−v,δ(x) 	= 0, this implies that

pG,δ(x)

pG−v,δ(x)
− 1 =

∑
T⊆E

v∈V (T )

x |T |wT
pG\V (T ),δ(x)

pG−v,δ(x)
.

By induction and a telescoping argument we can bound

∣∣∣∣ pG\V (T ),δ(x)

pG−v,δ(x)

∣∣∣∣ ≤
(

1

1 − 1/�

)|E(T )|
.

Now simply bounding 2δ
1/2+δ

by 4δ we have by Lemma 3.4 that |wT | ≤ (4δ)|V (T )| and
therefore ∣∣∣∣ pG,δ(x)

pG−v,δ(x)
− 1

∣∣∣∣ ≤ 4δ(TG,v(|x | 4δ
1−1/�) − 1).

Next we use that |x |δ ≤ log(a)(1−1/�)
a4� by assumption, in combination with Lemma 3.3

to conclude that
∣∣∣∣ pG,δ(x)

pG−v,δ(x)
− 1

∣∣∣∣ ≤ 4δ(TG,v(
log a
a�

) − 1) ≤ 4δ(a − 1) < 1/�,

as desired. �
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4 Computing the Coefficients of ind(H, ·)
The aim in this section is to give a proof of Theorem 2.5. We recall that for a graph
H and k ∈ N such that |V (H)| = k(H) + k we have that the coefficient λH ,k of
ind(H ,G) is given by (cf. (2.8)),

λH ,k =
∏

C comp. of H

w(H),

provided each component of H has size at least 2; otherwise λH ,k = 0. We use (3.3)
to obtain the following alternative expression:

λH ,k =
∑

F⊆E(H)
sp. forest
|F |=k

∏
T comp. of F

wT . (4.1)

In the next subsection we will outline how to compute the wT , after which we will
give our proof of Theorem 2.5.

4.1 Computation ofwT

Let us recall that

wT = (−1)|T | ∫ ∏
uv∈T 1xu+xv>1 · ∏

st∈ET
1xu+xv≤1 dμ∫

1 dμ
,

where the integrations are over I V (T ).
The denominator in wT is equal to the volume of I V (T ), that is (1/2 + δ)|V (T )|.

Thus we only have to focus on the integral appearing in the numerator, which we will
denote by (−1)|V (T )|ŵT .

Remark 4.1 We note that ŵT can be seen as the volume of a polytope with at most(
�k
k

)
many vertices and as such the geometric algorithm (based on determinants) of

Lawrence [23] (see also [18]) could be used to compute ŵT in time �O(k). We will
however provide a direct/combinatorial algorithm.

Proposition 4.2 For any connected graph G = (V , E) on k ≥ 2 vertices of maximum
degree � and any spanning tree T ⊆ E(G) the quantity

ŵT =
∫ ∏

uv∈T
1xu+xv>1 ·

∏
st∈ET

1xu+xv≤1 dμ

can be computed in �O(k) time, where the implicit constant does not depend on �.

The remainder of this subsection is devoted to provingProposition 4.2. Let us denote
the function appearing in the integral as f (x). To prove the proposition, wewill reduce
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the problem to calculating the integral of f (x)over somenice (but exponentiallymany)
smaller polytopes.

First we have to compute ET . It is clear from the definition that this can be done in
polynomial time in the number of vertices, i.e. poly(k).

Since all the variables appearing in the integral have to be in the interval [0, 1/2+δ]
and T is connected, it means that any variable has to be in J = [1/2−δ, 1/2+δ], thus
we can restrict the integral of f (x) over J V . For later purposes let J− = [1/2−δ, 1/2].

For each S ⊆ V let

PS :=
{
x ∈ J V

∣∣∣ xu ≤ 1/2 if u ∈ S
xu ≥ 1/2 if u /∈ S

}
.

Clearly, this defines a decomposition of J V into 2k pieces, i.e.

J V =
⋃
S⊆V

PS,

If S′ 	= S, then there exists u ∈ S�S′ and thus PS ∩ PS′ ⊆ {x ∈ J V | xu = 1/2}.
Therefore, we have

ŵT =
∑

S⊆V (T )

∫
PS

f (x) dμ.

Someof these integrals are actually zero,whichwecan rule out. Ifuv ∈ T andu, v ∈ S,
then

∫
PS

f (x) dμ = 0, since it is the volume of a polytope with codimension at least
1 (since if f (x) 	= 0 then xu = xv = 1/2). Similarly, if uv ∈ ET and u, v ∈ V \ S,
then

∫
PS

f (x) = 0. We therefore call a set S ⊆ V nice if S is independent in T and
V \ S is independent in ET .

For a given nice set S ⊆ V endow it with a linear ordering. Let us consider two
maps s, t : V \ S → S ∪ {⊕,�}, such that
• if NT (u) ∩ S = ∅, then s(u) = ⊕, otherwise s(u) ∈ NT (u) ∩ S,
• if NET (u) ∩ S = ∅, then t(u) = �, otherwise t(u) ∈ NET (u) ∩ S.

We denote the set of pairs (s, t) of such maps by FS . Then for each (s, t) ∈ FS we
define a polytope

PS,(s,t) :=
{
x ∈ PS | ∀u ∈ V \ S : xi ≥ xs(u) for all i ∈ NT (u) ∩ S

xi ≤ xt(u) for all i ∈ NET (u) ∩ S

}
,

where we set x� = 1/2 − δ, x⊕ = 1/2. Clearly, this defines a decomposition of PS
into at most �2k parts, i.e.

PS =
⋃

(s,t)∈FS

PS,(s,t),

which implies that

∫
PS

f (x) dμ =
∑

(s,t)∈FS

∫
PS,(s,t)

f (x) dμ,
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since for distinct (s, t) and (s′, t ′) the intersection of the polytopes PS,(s,t) and PS,(s′,t ′)
lies in an affine hyperplane.

Order the elements of V \ S as v1, . . . , v	. Then for a fixed (s, t) ∈ FS we have the
equality

∫
PS,(s,t)

f (x) dμ =
∫
J S−

(∫ 1−xt(v1)

1−xs(v1)

. . .

∫ 1−xt(v	)

1−xs(v	)

1 dμ(xv1) . . . dμ(xv	 )

)
· g(s,t)(x) dμ,

(4.2)
where g(s,t)(x) : RS → R is defined as

g(s,t)(x) =
	∏

i=1

1xs(vi )>xt(vi )
·

∏
v∈(NT (vi )∩S)∪{⊕}

1xv>xs(vi )
·

∏
v∈(NET (vi )∩S)∪{�}

1xv<xt(vi )
.

Indeed, this follows from the observation that for a vertex v ∈ V \ S an edge uv

with u ∈ S and we have that if uv ∈ T the condition xu + xv ≥ 1 translates to
xv ≥ 1− xu , while if uv ∈ ET the condition xu + xv ≤ 1 translates to xv ≤ 1− xu (if
v has no T -neighbor in S we have s(v) = ⊕ and the condition xv ≥ 1/2 translates to
xv ≥ 1− 1/2 while if v has no ET -neighbor in S we have t(v) = � and the condition
xv ≤ 1/2 + δ translates to xv ≤ 1 − (1/2 − δ)). ). Using that for each neighbor u
of v we have by definition of the polytope PS,(s,t) that xu ≥ xs(v) and xu ≤ xt(v) the
identity (4.2) follows.

By (4.2) we thus have

∫
PS,(s,t)

f (x) dμ =
∫
J S−

	∏
i=1

(xs(vi ) − xt(vi ))

︸ ︷︷ ︸
p(x)

·g(s,t)(x) dμ, (4.3)

where p(x) has total degree at most k and has at most k variables.
Let us next give an interpretation for g(s,t)(x). For a given (s, t) ∈ FS we define

the digraph D = D(s,t) on S where (u, v) ∈ E(D), if there exists vi ∈ V \ S such that

• either v = s(vi ) and u = t(vi ),
• or u = s(vi ) and v ∈ NT (vi ) ∩ S,
• or v = t(vi ) and u ∈ NET (vi ) ∩ S.

Observe that each term in g(s,t)(x) corresponds to an arc of this digraph, in the sense
that 0 	= g(s,t)(x) if and only if the ordering defined by x on its coordinates is com-
patible with the digraph D, that is, for every (u, v) ∈ D we have xu < xv . We see
immediately that this integral above is 0 if D contains an oriented cycle. Therefore we
may assume that D = D(s,t) is acyclic, i.e. it defines a poset P on S. The next lemma
provides an algorithm for evaluating (4.3).
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Lemma 4.3 LetP a poset on a set S of size k and let a < b ∈ R. Let p(x) a polynomial
in variables {xu}u∈S of total degree d with integer coefficients. Let

g(x) =
∏
u<v

1xu<xv

∏
u∈S

1b>xu

∏
u∈S

1xu>a .

Then ∫
RS

p(x)g(x) dμ

can be computed in O(k2d+3k) time.

Proof Let us define for each ∅ 	= U ⊆ S a function FU : R2 × R
S\U → R by

FU (m, M, {xv}v∈S\U ) :=
∑

u∈minU

∫ M

m
FU−u(m, M, {xv}v∈S\U∪{u})|m=xu dxu,

where minU denotes the set of minimal elements of the poset restricted to U , and
define

F∅(m, M, {xv}v∈S) := p(x).

It is clear that each FU is polynomial in the k + 2 − |U | variables {xv}v /∈U , m and M
and it has total degree at most d + |U |. This means that among all the polynomials
{FU }U⊆S we see at most

(d+2k+2
k+2

)
< 2d+2k+2 many different monomials. This means

that to calculate FU from FU−u for a minimal element u of U (by which we mean
computing the coefficients of each monomial) we need at most O(k2d+2k) time. This
implies that to calculate FS we need at most O(k2d+2k · 2k) = O(k2d+3k) time.

We next claim that

FU (m, M, {xu}u∈S\U )|m=a,M=b =
∫
RU

p(x)gU (a, b, x) dμ, (4.4)

where
gU (m, M, x) =

∏
u,v∈U ,u<v

1xu<xv

∏
u∈U

1xu<M

∏
u∈U

1xu>m .

We will prove this by induction on the size of U . If U = ∅, then it is trivial, so let
us assume that U 	= ∅. Then using that we can partition the space by saying which
minimal element of U is the smallest we have

∫
RU

p(x)gU (a, b, x) dμ =
∫
RU

∑
u∈minU

⎛
⎜⎜⎝

∏
v∈minU

v 	=u

1xv>xu

⎞
⎟⎟⎠ p(x)gU (a, b, x) dμ

=
∑

u∈minU

∫
RU

⎛
⎜⎜⎝

∏
v∈minU

v 	=u

1xv>xu

⎞
⎟⎟⎠ p(x)gU (a, b, x) dμ
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=
∑

u∈minU

∫
RU

⎛
⎝ ∏

v∈minU−u

1xv>xu

⎞
⎠ p(x)gU−u(a, b, x) · 1xu>a1xu<b dμ

=
∑

u∈minU

∫
RU

p(x)gU−u(xu , b, x) · 1xu>a1xu<b dμ. (4.5)

Next we apply Fubini’s theorem to obtain that (4.5) is equal to

=
∑

u∈minU

∫ b

a

(∫
RU−u

p(x)gU−u(xu, b, x) dμ

)
dxu

=
∑

u∈minU

∫ b

a
FU−u(xu, b, {xv}v∈S−U∪{u}) dxu,

where the last step followsbyusing induction.We thus see that
∫
RU p(x)gU (a, b, x)dμ

equals FU (m, M, {xu}u∈S−U )|m=a,M=b by definition, thereby proving (4.4).
As a consequence we obtain that for any a < b we have

∫
RS

p(x)g(x) dμ = FS(a, b).

This finishes the proof, as we have already indicated how to compute the FU for
U ⊆ S. �

Proof of Proposition 4.2 Using the notations above we see that

ŵT =
∑

S⊆V (T )
S is nice

⎛
⎜⎜⎝

∑
(s,t)∈FS

D(s,t) is acyclic

∫
PS,(s,t)

f (x) dμ

⎞
⎟⎟⎠ .

By the previous lemma we can compute

∫
PS,(s,t)

f (x) dμ

in O(k24k) time, thus ŵT can be computed in O(2k · �2k · 24k · poly(k)) = �O(k)

time. �


4.2 Computation of �H,k

We now conclude this section by giving a proof of Theorem 2.5.

Proof of Theorem 2.5 We may assume that the graph H has maximum degree at most
� for otherwise the coefficient of ind(H , ·) in PG,δ will be zero. Since we can also
assume that H has at most 2k vertices, it will have at most �k edges. By (4.1) we
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need to enumerate all forests F of k edges in H and compute the weights wT of each
component T of F . To enumerate all forests with k edges in H we just go over all
subsets of E(H) with k elements, which takes time bounded by

(
�k
k

) ≤ (e�)k , by
Stirling’s formula. For each such a set we identify the components, T1, . . . , T	 and
whether these components are trees with at least one edge, which takes poly(k) time.

By the algorithm of Proposition 4.2 we compute the normalized weights

ŵTi = (−1)|Ti |(1/2 + δ)|V (Ti )|wTi

and hence the weights wTi in �O(|V (Ti )|) time. All together the algorithm takes �O(k)

time. �


5 Concluding Remarks, Open Problems and Discussion

We discuss here some extensions and limitations of our method and mention some
open problems.

Gamarnik andSmedira [15] indicate that theirmethod for approximating the volume
of PG,δ does not extend all the way to δ = 1/2. Even though we improve on their
bound on δ from O(1/�2) to O(1/�), our method also comes with limitations that
we will explain now. As detailed in (3.3) the volume of the polytope PG,δ can be seen
as the evaluation of a multivariate forest generating function, i.e. the volume can be
expressed as

p̃G(x; {wT }) :=
∑

F⊆E(G)
F forest

∏
T comp. of F

wT · x |T |,

where p̃G(x; {wT }) is the multivariate forest generating function with tree weights
{wT }. Crucial for establishing absence of zeros of pG,δ is that the tree weights |wT |
are exponentially small (in our setting they are bounded by (4δ)|V (T )|, see Lemma 3.4).
This is in fact the only property that we use, in the sense that there is a δ′ = O(1/�)

such that if for every tree T the absolute value of its weight is in [0, δ′|E(T )|] then for
any graph of maximum degree at most � the polynomial p̃G(x; {w̃T }) has a zero-free
disk of radius bigger than 1. In particular, it means that

p̃G,δ′(x) :=
∑

F⊆E(G)
F forest

(δ′x)|F |

which is the forest generating function of G evaluated at δ′x , has a zero-free disk
of radius larger than 1 (for the variable x). A result of the first author together with
Csikvári [7] implies that no zero-free disk of radius larger than 1 (for the variable x)
exists when δ′ > 1

�−2 . This suggests that to extend Theorem 2.4 beyond δ = O(1/�)

one needs to devise a proof that uses more information about the weights wT than just
the fact they are exponentially small. We leave it as a challenging open problem to
do so, or to find another approach for deterministically approximating the volume of
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PG,δ for δ � 1/�, remarking that the results from [16] do suggest that this should be
possible.

Now let us turn to possible extensions of our approach. Our approach relies on
three ingredients: 1) express the volume of the polytope as an evaluation of a graph
polynomial, 2) establish a zero-free region for this polynomial and 3) ‘efficiently’
compute the low (logarithmically small) order terms of the Taylor series.

• Volumes of polytopes. Let P be a polytope defined by Ax ≤ b and x ∈ [0, 1]d ,
where A ∈ R

n×d . If each row of A has at most 2 non-zero coefficient, then in a
similar fashion we can express the volume of P as an evaluation of the multivariate
forest generating polynomial. To address the case when the number of non-zero
coefficients in each row of A is bounded by some k > 2, we obtain the volume
as an evaluation of hypergraph polynomial. We expect that the ideas of [13] are
applicable in this scenario to establish a zero-free region for a similarly defined
polynomial when the polytope is appropriately truncated.
To compute the low order terms of the Taylor series of the logarithm one could
use the algorithm of Lawrence [23]. It is not clear to us how to directly generalize
our combinatorial approach.
We note that recently Guo and N [20] designed an algorithm for the volume of the
fractional hypergraph matching polytope based on our approach.

• Homomorphism count. Let H be a weighted graph on [m] = {1, . . . ,m} with
adjacency matrix A. Then the number of homomorphism of G into H can be
expressed as

hom(G, H) =
∑

φ:V (G)→[m]

∏
uv∈E(G)

Aφ(u),φ(v). (5.1)

We can think about this expression as a discretized generalization of (2.1). Indeed,
if we let I be the interval [0,m] and let f : I × I → R be the step function
representing A, that is

f (x, y) =
{
A�x/m�,�y/m� if x, y ∈ I ,

0 otherwise,

then

hom(G, H) =
∫
I V (G)

∏
uv∈E(G)

f (xu, yv) dμ. (5.2)

The approximation of hom(G, H) has already been addressed in case all the entries
of A are close to 1 [5, 30]. It is proved that for any�,m there is a algorithm to give
ε-approximation of hom(G, H) for graphs of maximum degree � (assuming that
the entries of A are 0.35/� close to 1) in polynomial time in |V (G)|/ε, however
the degree of this polynomial depends on m. Our current approach allows to also
treat matrices A for which not all of its entries are close to 1, see our next comment
below.

• Homomorphism densities and general integrals. One could further generalize
(5.2) by simply allowing f to be an arbitrary measurable (symmetric) function
on some measure space (X , μ)2. In particular, if f is [0, 1] valued and (X , μ) is
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a probability space, then f is a graphon and (5.2) expresses the homomorphism
density of G in the graphon f (see [24]). For this setup let us remark the following
observations.
Similarly as in Section 2 we have

hom(G, f ) = pG(x)
∣∣
x=1 =

∑
P∈π(V )

∏
S∈P

w(G[S])x |S|−1
∣∣
x=1,

where

w(H) =
∑
T⊆E

(V (H),T ) tree

(−1)|T |
∫
XS

∏
uv∈T

(1 − f (xu, xv)) ·
∏

st∈E(S)T

f (xs, xt )dμ

︸ ︷︷ ︸
wT

.

For a given graphon f let c( f ) = supx∈X
∫
X (1 − f (x, y)) dy. This parameter

plays a crucial role in [9] to establish the convergence radius of a cluster expansion
for the homomorphism count in the context of sparse graph limits. It is not hard
to see that |wT | ≤ c( f )|T |, thus one can easily obtain that if c( f ) is at most
O(1/�), then pG(x) is zero-free on a disk of radius bigger than 1 (i.e. a variant of
Theorem 2.4 holds). However, it is not clear how to compute the low order terms
of the polynomial in an efficient way for an arbitrary function f . Our main result
(Theorem 1.1) deals with functions of the form f = 1x+y≤1 and we heavily relied
on the combinatorics provided by f .
A different approach to establish an approximation algorithm for computing the
homomorphism density in f would be by to approximate f with a step-function
f̂ . This idea was used in [17] in combination with the correlation decay method to
find a deterministic quasi-polynomial time approximation algorithm for computing
hom(G, f ) (provided that f is smooth enough and close enough to a constant
function). Combining this idea with our approach we can also obtain a quasi-
polynomial time approximation algorithm, but we have to leave it as an open
problem to improve the running time to actual polynomial time.
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