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The Sachdev—Ye—Kitaev (SYK) model is a prominent model of strongly interacting
fermions that serves as a toy model of quantum gravity and black hole physics. In this
work, we study the Trotter error and gate complexity of the quantum simulation of the
SYK model using Lie-Trotter—Suzuki formulas. Building on recent results by Chen and
Brandao [CB24] — in particular their uniform smoothing technique for random matrix
polynomials — we derive bounds on the first- and higher-order Trotter error of the
SYK model, and subsequently find near-optimal gate complexities for simulating these
models using Lie-Trotter—Suzuki formulas. For the k-local SYK model on n Majorana
fermions, at time ¢, our gate complexity estimates for the first-order Lie-Trotter—Suzuki
formula scales with O(n*+3¢2) for even k and O(nF13t2) for odd k, and the gate
complexity of simulations using higher-order formulas scales with @(nk*‘%t) for even k
and O(nF*'t) for odd k. Given that the SYK model has ©(n*) terms, these estimates
are close to optimal. These gate complexities can be further improved upon in the
context of simulating the time evolution of an arbitrary fixed input state |¢), leading
to a O(n?)-reduction in gate complexity for first-order formulas and O(y/n)-reduction
for higher-order formulas.

We also apply our techniques to the sparse SYK model, which is a simplified variant
of the SYK model obtained by deleting all but a ©(n) fraction of the terms in a
uniformly i.i.d. manner. We find the average (over the random term removal) gate
complexity for simulating this model using higher-order formulas scales with @(nH%t)
for even k and O(n?t) for odd k. Similar to the full SYK model, we obtain a O(y/n)-
reduction simulating the time evolution of an arbitrary fixed input state |¢).

Our results highlight the potential of Lie-Trotter—Suzuki formulas for efficiently sim-
ulating the SYK and sparse SYK models, and our analytical methods can be naturally
extended to other Gaussian random Hamiltonians.
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1 Introduction

The Sachdev—-Ye—Kitaev (SYK) model is a randomized model of n strongly interacting fermions
that has recently gained significant interest as a toy model for holography [Kita, Kitb] in the
field of quantum gravity. Notably, it can capture certain characteristics of black holes such as
Hawking radiation [Mon20]. Although this model is solvable in certain limits [Ros19, MS16, JY17],
its behavior at finite n remains nontrivial. Simulating the SYK model on a quantum computer
would help us gain insights into its properties [JZL122|. Out-of-time-order correlators (OTOC),
which are an important measurable quantity that serve as a measure for quantum chaos [HMY17,
GMJW23], can be measured for the SYK model at finite n on a quantum computer [GAEL"17].
Such measurements have already been performed for small numbers of n on noisy superconducting
quantum computers [AJS24].

The main goal of this work is to study the quantum simulation of the SYK model using Lie—
Trotter—Suzuki formulas, also referred to as product formulas. These formulas approximate the
time evolution of an arbitrary Hamiltonian, and the error of these approximations is referred to as
Trotter error. Recently Chen and Brandao [CB24] developed sophisticated tools for bounding the
Trotter error of random Hamiltonians. Using their toolkit, adapted to fermionic Hamiltonians, we
derive error bounds for the first-order and higher-order Trotter errors of the SYK model. Based
on these error bounds, we subsequently estimate the gate complexity of the quantum simulation
of the SYK model using product formulas.

Additionally, we study quantum simulation of the sparse SYK model proposed by Xu, Susskind,
Su, and Swingle [XSSS20]. This is a modified version of the SYK model that requires fewer
resources to simulate, but still captures several essential properties. In particular, it exhibits a
maximally chaotic gravitational sector at low temperature [XSSS20, OGP24]. Moreover, [AGK25]
demonstrates that there exists a certain correspondence between the sparse and dense SYK models
in terms of limiting maximum energy, and similar correspondence can be found across spin glasses
[Cra07, AGK25]. The sparse SYK model can be obtained by probabilistically removing each local
interaction in the SYK model with a given probability, such that on average there are only O(n)
terms left. Due to the probabilistic nature of the removal, we study the Trotter error (and the
corresponding gate complexity) in terms of average-case statements.

1.1 Previous work

The notion of Trotter error dates back to the late 1800s (in the context of Lie algebra theory)
and has been widely studied in the context of quantum computation [CST*21]. In recent years,
significant progress has been made in bounding the Trotter error [CB24, CST*21, BACS06, Som16,
CS19]. In 2019, Childs et al. showed that the I-th order Trotter error for any Hamiltonian in the

form H = 25:1 H; scales with the sum of (spectral) norms of nested commutators [CST21,
Theorem 6]:!

r
e =S| =0 > |Hipuse [Hipo H] -1 £ ] (1)

11,041 =1

With this, they showed that the gate complexity G of simulating the time-evolution operator using
higher-order product formulas scales as

G~ F”HHglobal,lt7 (2)

IHere, e*H* denotes the time-evolution operator where we hide the minus-sign in the Hamiltonian. S;(t) represents
the Trotterized unitary of order [.
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where I' is the number of terms in H = Zle H., [CST*21], and the global 1-norm is defined as

r
1 [ giobars = D | Hil- (3)
i=1

In 2023, Chen and Brandao developed an improved bound on the Trotter error of random k-
local qubit Hamiltonians [CB24]. They studied two cases extensively. First, for a random qubit
Hamiltonian H = Zle H; such that each term is independent, bounded, and has zero mean, i.e.

E(H;) =0, and |/H;| <b; < oo, (4)

the gate complexity G of implementing the time-evolution operator using first-order product for-
mula scales as

G~ FHHHglobal,Q ‘H||loca,l,2t2’ (5)

where the global and local 2-norms are defined as

HH”global,Q = site s

I
Zbg and [ Hl| a1, = max Z b2. (6)
=1

1:H; acts on site s

This result applies even when the Hamiltonian is non-local, but does require each term H; to be
bounded.

The second case applies to random k-local qubit Hamiltonians with Gaussian coefficients

T
H=> gK, (7)
=1

where g¢;’s are i.i.d. standard Gaussian coeflicients and K; deterministic matrices bounded by
I || < b;. Chen and Brandao found that the gate complexity of implementing the time-evolution
operator using higher-order product formulas in this case enjoys an even better scaling:

G ~ || H||jo e ot- (8)

Contrary to the previous case, this result does not require each local term g;K; to be bounded,
as the Gaussian coeflicient g; is an unbounded random variable. However, this result does require
the Hamiltonian to be local. Both cases provide a mean square root improvement over the results
of Childs et al. [CB24].

However, Chen and Brandao’s results [CB24] are not directly applicable to the SYK model,
because their theorems are derived in the context of local qubit Hamiltonians while the SYK
models is a fermionic Hamiltonian. In particular, the Majorana fermions obey a different algebra
than qubits. Contrary to qubits, Majorana fermions anti-commute when they do not collide.
Mapping Majorana fermions to qubit operators (through e.g. the Jordan—Wigner transform) incurs
inevitable locality overheads that make the bounds in [CB24] suboptimal. Still, [CB24] contains
useful theorems and tools, such as uniform smoothness and Rademacher expansions, which apply in
a broader context for operators as opposed to scalars. Using these results directly in the fermionic
setting we can study the Trotter error of the SYK and the sparse SYK model.

There are other works studying the Trotter error of the SYK model. Garcia-Alvarez et
al. [GAELT17] gave a rough estimate of the gate complexity for simulating the SYK model with
k = 4 using the first-order product formula. Their result estimated that the gate complexity
scales as O(n!%?). Asaduzzaman et al. [AJS24] found an improved gate complexity of O(n°t?) by
using a graph-coloring algorithm to minimize the number of commuting clusters of terms in the
qubitized Hamiltonian, although this result seems to be formulated under a norm assumption we
could not verify. Both of these results only consider the first-order product formula specifically
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applied to the SYK model with & = 4. For the SYK model with general k, Xu, Susskind, Su, and
Swingle [XSSS20] give a gate complexity estimate of O(n2k—1+(E+1/Uog(n)t /1) for simulations
using higher-order product formulas (where [ is the degree of the Trotter formula). They have also
given a gate complexity estimate of O(n'+/!log(n)t'+1/!) for simulating the sparse SYK model
using higher-order product formulas. All the works above evaluate the complexity scaling under an
average case statement, i.e. they compute the gate complexity for which the average Trotter error
of the corresponding simulation is sufficiently small. In this work, we present an improved result
in gate complexity using higher-order product formulas for both the SYK model and the sparse
SYK model with general &, formulated under a more precise probability statement to characterize
sufficiently small Trotter error.

Product formulas are not the only way to simulate the SYK model. For instance, asymmetric
qubitization allows one to reach a gate complexity of O(n"/?t+n5/?t-polylog(n/e)) for simulating?
the SYK model with k£ = 4 [BBN19], which is lower than the theoretical limit of product formulas.
However, unlike product formulas, this algorithm is less suitable for current noisy quantum devices
[CB24, AJS24].

1.2 Summary of results for the SYK model
1.2.1 Error bounds

We present a summary of our main results here. First, we have obtained bounds for the first-
and higher-order Trotter error of the SYK model, established in Theorems 3.1 and 4.1 respectively
(we state simplified versions below). In the statements below, n denotes the number of Majorana
fermions, k is the locality of the SYK model, p refers to the Schatten p-norm, while r and [ denote
the number of rounds (also referred to as Trotter number) and the order of the Lie-Trotter—Suzuki
formula, respectively.

Theorem (Simplified version of Theorem 3.1). The first-order Trotter error of the SYK model for
fized locality k and p > 2 is bounded by

lle* — Sy (t/r)
21l

Wep < pgons o)

where
O (p*ynt? [+ L])  ifk is even,
Aclicnsc _ (10)
O (p*nt? [+ nk]) ifk is odd.
Theorem (Simplified version of Theorem 4.1). The (even) l-th order Trotter error of the SYK
model for fixed k and l,p > 2 is bounded by
lle** = Si(t/r)
I,

T
|||*,P < A?ense’ (11)

where
@ (\/ﬁnt ([\/ﬁﬂl +nk [\/ﬁﬂprl)) if k is even,
A?ense — (12)

o (ot ([vomt]' +n* [ypnt] ™)) ifk is odd.

In these theorems the norm |[||A[l], , for a random operator A on a given Hilbert space H is
either the expected Schatten p-norm

Al = (E(IAIZ) 7, (13)

2Here € denotes the accuracy.
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or the LP-expected operator norm

Il Al = st { (EQIAL)1R))” = 19) € H, 1)l = 1} . (14)

1.2.2  Gate complexity

Gate complexity
Even k | Odd k

Orders of product formulas

. 5
First-order nFtz2 | pkt3g2

Higher-order nktit | npktly

Table 1: The gate complexity of simulating the SYK model on a quantum computer such that
‘ et — 8)(t/r)"|| < e. We omitted the big-O notation in the cells. The e-scaling of these bounds go with

1
~ % for first-order formulas and ~ (%) U for I-th order formulas.

Based on the above error bounds, we can estimate the corresponding gate complexity of the
quantum simulation of the k-local SYK model of n Majorana fermions using product formulas.
We define the gate complexity as the number of gates required to approximate the time-evolution
operator of the SYK model using product formulas such that the Trotter error is sufficiently small.
We quantify small Trotter error from two different perspectives. The first is to characterize it by
the spectral norm of the difference between the time-evolution operator and the product formula
approximation, which we can informally write down as

||eth - S’l(t/r)TH < €. (15)

A precise statement of this is given in equation (49). Under this characterization of small Trotter
error, we get the gate complexities shown in Table 1. Notice the different scaling behaviors for the
gate complexities depending on the parity of the locality k of the SYK model, which we indeed
expect as the behavior of the SYK model is different for even k& and odd k.

We find that for the SYK model with k& = 4, the gate complexity using first-order product
formula scales as n%°t2, and the gate complexity using higher-order product formulas scales as
n*5t. This offers an improvement of O(n%) and O(n®) in n respectively compared to the previous
result O(n'%?) obtained by [GAEL*17]. Our higher-order result also offers an improvement of
O(n*?) compared to the O(n"t) result obtained by [XSSS20]?, and a slight improvement of O(y/n)
compared to the O(n’t?) result obtained by [AJS24], although the latter result seems to assume
that the Trotter number r is constant in n, which in general is not the case when simulating the
SYK model.

Moreover, as simulating the SYK model with product formulas of any order requires at least
Q(n*) gates to capture all Hamiltonian terms, our estimated gate complexities O(n**2¢) and
O(n**1t) for implementing the SYK model using higher-order product formulas with even and
odd k respectively, are close to optimal.

The other way to characterize small Trotter error is by the [>-norm deviation of approximating
the time evolution of an arbitrary fixed input state 1)) compared to its real time evolution, which
we can informally write down as

[ = Si(t/r)") 1) | < e (16)

3The original statement is O(n2k—1+(k+1)8 Jog(n)t1+9) but we have dropped log(n) and taken § to be sufficiently
small for simplicity.
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Gate complexity

Orders of product formulas Fven v 0Odd %

. 1
First-order nktz¢? nk+1t2

Higher-order nt nktag

Table 2: The gate complexity of simulating the SYK model on a quantum computer such that for an arbitrary
fixed input state [¢)) we have H(elHt —Si(t/r)") |¢)le < € with high probability. We omitted the big-O

1
notation in the cells. The e-scaling of these bounds go with ~ % for first-order formulas and ~ (%) U for I-th

order formulas.

A precise statement of this is given in equation (50). Under this characterization of small Trotter
error, we get the gate complexities shown in Table 2. As we can see, simulating the SYK model
in this case requires fewer gates, as the gate complexity of using first-order formulas gets reduced
by a factor of O(n?) and the gate complexity using higher-order formulas gets reduced by a factor
of O(y/n) compared to Table 1. Moreover, given that simulating the SYK model requires at least
Q(n*) gates for any order or product formula, we find that higher-order formulas are optimal
for approximating the time evolution of an arbitrary fixed input state |¢) under the even-k SYK
Hamiltonians.

1.3 Summary of results for the sparse SYK model

We also extend our analysis to the sparse SYK model. The probabilistic removal of terms for
obtaining the sparse SYK model can be equivalently achieved by attaching a Bernoulli variable
B; € {0,1} to each term of the SYK model, such that every B; takes the value 1 with a certain
probability pp and the value 0 with probability 1 — pg. The value of pp is tuned in such a way
that on average, there are O(n) terms in the sparse SYK model.

Due to the probabilistic removal, the number of remaining terms in the sparse SYK model
depends on the specific sample of the Bernoulli variables. Hence, both the Trotter error and the
corresponding gate complexity will also depend on the specific sample of the Bernoulli variables.
Therefore, we study the sparse SYK model in the following setting. First, we treat the Bernoulli
variables as coefficients and compute the Trotter error and the gate complexity as functions de-
pending on these coefficients. Then, by averaging over these Bernoulli coefficients, we end up with
average-case statements for both the Trotter error and gate complexity of the sparse SYK model.

We first state the following theorem bounding the average Trotter error:

(DB, ) = (lle o< Bt — 5ya/ryll,, ), (17)
where we use (-) to denote averaging over the Bernoulli variables.

Theorem (Simplified version of Theorem 5.1). Consider the sparse SYK model Hssyk (B). The
I-th order average Trotter error (209) is bounded by

(IpB)ll..,)

< Asparse (].8)
I, :

Accepted in {Yuantum 2026-02-02, click title to verify. Published under CC-BY 4.0. 7



where the error bound AP is given by

- 1 I+1
n¥\/f)t~ < [\/ﬁn%_gﬂ Lk [\/ﬁn%_gﬂ ), if k is even,
_ (19)

3—k e .1t R
Wt | [Vt B ek [yt R ) ik s odd.

sparse
Al

Similarly, we find the following average gate complexity of the simulation of the sparse SYK
model using higher-order product formulas:

(20)

el ni 2 gt if k is even,
n?Jt if k is odd.

such that the spectral norm difference is sufficiently small. This gate complexity, compared to the
(regular) SYK model, is significantly smaller. Similar to the argument made before for the SYK
model, our result for the sparse SYK model is near optimal, since simulating the sparse SYK model
using any order of product formulas requires on average 2(n) gates.

Similar to the full SYK Hamiltonian, if we only aim for a slight deviation when approximating
the time-evolution of an arbitrary fixed input state |1)), we get the following improved average gate
complexity

— nJt if k is even,
AR (21)
n'*t2 7t if k is odd.
which shows that higher-order formulas are also near optimal when it comes to approximating the
time evolution of an arbitrary fixed input state |¢)) under even k sparse SYK Hamiltonians. The
above two results also hold for a general class of sparse Gaussian random Hamiltonians where the
sparsification is regulated by the Bernoulli variables similar to the sparse SYK model.*

1.4 Comparison with numerical simulations

We also study the performance of our bounds relative to actual numerical computations of the
normalized Trotter error,

et — Syt /r)" I,

lle st — Syt /r) I = (22)
I,
for the dense SYK model, and the average normalized Trotter error,
. ) ) <H|eiHSYKt _ Sl(t/T)T|Hp>
(lle st — 5y(2/r)" ) = (23)

1,

for the sparse SYK model. The (---) averages are taken over the Bernoulli variables. We perform
two types of test of our error bounds by comparing their scaling in n, the system size, and in ¢, the
evolution time, with the numerical values. The code we used for the numerics here can be found
in GitHub repository [Che].

1.4.1 Scaling in n

Due to hardware limitations, our simulations could not be performed beyond n = 18. Consequently,
it is not meaningful to compare the asymptotic scaling exponents of the analytical error bounds

4See equation (288).
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Error ratio 17‘]“‘ “forl=1and p=2 Error ratio n}"““ forl=2andp=2

— —22.0
—5.4
—22.5

—6.0

—24.0
6 8 10 12 14 16 18 6 8 10 12 14 16 18
n n

(a) Error ratio of the first-order Trotter error. (b) Error ratio of the second-order Trotter error.

Figure 1: Error ratios of the dense SYK models of different localities for even n from n =6 to n = 18.

Error ratio T/T,‘,);"w fori=1and p=2 Error ratio 7" for | =2 and p = 2

—188

[} 8 10 12 14 16 18 6 8 10 12 14 16 18
n n

(a) Error ratio of the first-order Trotter error. (b) Error ratio of the second-order Trotter error.

Figure 2: Error ratios of the sparse SYK models of different localities for even n from n = 6 to n = 18.

with the numerical results directly. To enable a more reliable comparison at small system sizes,
we introduce the following error ratios:

1 .
nggme = A?ense HezHSYKt =5 (t/T)THE’ (24)

for the dense SYK model, and
sparse 1 3 T
7]15) = N <||6 Hssykt _ Si(t/r) ||ﬁ> ) (25)
!
for the sparse SYK model.

If the analytical bounds correctly capture the finite-n scaling behavior of the actual Trotter
error, these ratios should remain approximately constant as n varies. In particular, a constant n; ,
indicates that the bound differs from the true Trotter error only by a fixed multiplicative factor.
Throughout our numerical analysis, we set p = 2, use r = 10° Trotter steps, and focus exclusively
on the first- and second-order Trotter errors.

For the dense SYK model with & = 2, 3,4, we plot the error ratio ndense for both the first- and
second-order Trotter errors in Figure 1. As shown, the scaling behavior predlcted by our analytical
bounds A?CHSC agrees well with the numerical Trotter errors at small n. Overall, the plots display a
decreasing trend, meaning that we are slightly overestimating the actual Trotter error. We do not
know if this remains the case for larger n, as computing the Trotter error for n > 18 lies beyond
our current computational capabilities. We nevertheless encourage future work to explore higher
n-regime further.

We performed a similar numerical analysis for the sparse SYK model and plotted the corre-
sponding error ratios 77" for the first- and second-order Trotter errors in Figure 2. In this case,

the analytical bounds AP tend to overestimate the actual Trotter errors more than the dense
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case, particularly for the second-order cases with k = 4. It remains uncertain whether these ratios
would approach a constant value at larger n, as our computational resources do not allow us to
probe beyond this regime. We encourage interested readers to explore this question further.

1.4.2 Scaling int

To examine the scaling behavior with respect to t, we fix the system size to n = 10. In this setting,
the operator dimension remains constant as ¢ varies, allowing us to compute the Trotter error for
times up to t ~ 1000, where an asymptotic scaling exponent becomes meaningful.

For the dense SYK model, we plot the first- and second-order normalized Trotter errors together
with the analytical bounds Afense in Figure 3. The scaling exponent in ¢ is obtained via a linear fit
y = ax +b, where y corresponds to either log(||e/s¥x? — G, (t/r)"||5) or log(Afe™®), and = = log(t).
Once again, we find that our error bounds accurately capture the scaling behavior in ¢.

Similarly, for the sparse SYK model, we plot the first- and second-order average normalized
Trotter errors together with the analytical bounds AjP*™® in Figure 4. As in the dense case, the

bounds AjP*"* provide accurate predictions for k = 2,3, 4.
Observed normalized Trotter Error for [ =1 and p =2 Theoretical upper bound A% for | = 1 and p = 2
& 2 ! /
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(a) Observed first-order Trotter error. (b) First-order error bound Agense,
Observed normalized Trotter Error for [ =2 and p =2 Theoretical upper bound A%™¢ for | = 2 and p = 2
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(c) Observed second-order Trotter error. (d) Second-order error bound Agense,

Figure 3: Observed normalized Trotter error and the theoretical upper bounds A" for [ = 1,2. We fix
n = 10, and study the dense SYK models of localities k = 2, 3,4 with ¢ € [0, 1000].
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Figure 4: Observed average normalized Trotter error and the theoretical upper bounds AP for | = 1,2. We
fix n = 10, and study the sparse SYK models of localities k = 2, 3,4 with ¢ € [0, 1000].

1.5 Structure of the paper

The paper is organized as follows. In Section 2, we establish notation and introduce several
mathematical tools to study the Trotter error and the gate complexity of the associated simulation.
After that, we first tackle the regular SYK model — we study the first-order and higher-order Trotter
errors and their gate complexity in Sections 3 and 4 respectively. In Section 5, we study the higher-
order Trotter error and gate complexity of the sparse SYK model. We conclude with a summary
and open questions in Section 6.
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2 Preliminaries

In this section, we formally describe the problem, provide sufficient mathematical background and
introduce some key definitions and notation that will be used throughout.
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2.1 The SYK and sparse SYK models

The SYK model is defined as a random k-local Majorana fermionic Hamiltonian®

Hgyg = i*F=1/2 > Jiroin Xy *** Xigs (26)

1<y << <n

consisting of (even) n Majorana fermions. The coeflicients J;, .. ;, € R are i.i.d. Gaussian variables

such that

(k—1)1J2
E(Jiy,..i,) =0, and E(J7 ;)= e o2

21y
with a certain energy constant J < co. The x;’s are the Majorana fermions that obey the following
anti-commutation relation:

(27)

{xi xs b = 2635 (28)

The sparse SYK model is a modified version of the SYK model proposed by Xu, Susskind, Su,
and Swingle [XSSS20], that requires fewer resources to simulate, but still captures several essential
properties [XSSS20, OGP24]. The model is obtained by removing each local interaction in the
SYK model with probability 1 — pg, where pp is usually defined as

Kn
PB = Ty (29)
(&)
with a constant k£ > 0 (not to be confused with locality k) controlling the sparsity of the model.
According to [XSSS20, OGP24], gravitational physics emerges for £ between i and 4 at low tem-
peratures.

Removing the local terms in the SYK model is equivalent to attaching a Bernoulli variable
B, .. i, €{0,1} to each term such that P(B;, . ;, = 1) = pp. Hence, the sparse SYK model can
be written as

Hggyi = "0 N~ By aJi X X (30)
1<i) < <ip<n
To ensure that this model still has extensive energy, we renormalize the variance of the Gaussian
couplings J;, . i, as
0% — —, (31)
PB
to keep the model extensive.

2.2 Representation and norm of Majoranas

Evaluating the norm of the Trotter error of the SYK model inevitably requires evaluating the norm
of the Majorana fermions y; appearing in equation (26). For even n, the Majoranas x1, ..., x, can
be understood as generators of the Clifford algebra C1(R™/2). However, CI(R™/2) is inherently not
a normed space. Hence, when computing the norm of any element of this algebra, we implicitly
compute the norm of its representation in GL(Q”/ 2 C). A concrete representation we have in mind
here is the Jordan—-Wigner transformation® [Nie05]

paw : CI(R™?) — GL(2"/2,C). (32)

5For qubit Hamiltonians the underlying n-qubit Hilbert space ((C2)®” has tensor product structure, and a term
is “k-local” if it acts as identity on all but k qubits. For fermionic Hamiltonians the underlying Hilbert space need
not have such structure, and the notion of locality is different — it refers to the number of Majoranas involved in a
given term.

60ne can choose another representation, as long as it satisfies the two properties in equation (33).
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It is a representation of CI(R”/ 2) because it preserves anti-commutativity and normalization of the
generators x;:

p({xi, x5 1) = {p(xi); P(X5) }5 p(xi)p(xi) = Ignse (33)

for all 1 < i,j < n. From now on, when we write the norm ||x|| for any y € CI(R"/2), we implicitly
mean the norm ||pyw(x)|| of its Jordan—Wigner representation. In other words, we have introduced
a norm on CI(R™?) through a norm on GL(2"/2,C).

2.3 Notation for local Hamiltonians

The summation indices of the SYK and sparse SYK models can be cumbersome when computing
product formula approximations of these models. Hence, in this section we introduce an alternative
way of indexing terms in a local Hamiltonian by assigning an arbitrary ordering to hyperedges so
that we can index terms by integers instead of subsets.

Let H be a k-local Hamiltonian acting on n particles labeled by V' = {1,...,n}. We can write

H as
H=Y H, (34)
ner

where E C 2" is some set of size-k subsets of V, and each H, is a local interaction on particles
n C V. This notation naturally induces a hypergraph (V| E) representing the local terms of H.
The particles V' are the vertices of the hypergraph, while E are the hyperedges. Each hyperedge
denotes the particles on which the corresponding local interaction acts on. As we are using the
hyperedges as labels for the local terms in the Hamiltonian, we denote the total number of local
terms as I := |E|.

Throughout this paper, we will encounter situations where we need to partially sum over
hyperedges in E, or sum over pairs of hyperedges in certain ordering. In those cases, the above
notation can be cumbersome. To get a clearer overview for bookkeeping, we choose an arbitrary
bijection

¢:{1,....T} = FE (35)

to identify each hyperedge with a number (the explicit definition of ¢ does not matter). Observe
that ¢ induces an ordering on F, such that for ny,72 € E,

m>n = ¢ (m)> o (). (36)

In certain situations, we need to repeatedly sum over E. Hence, we can periodically extend ¢
to N by considering the map

v:N— FE, Y(r4+q-T) = ¢(r) (37)

with 1 <7 < T and ¢ € Z>¢. We will refer to this map v as the ordering map. For example, if
f:E*— Cand g:N— N, the ordering map allows us to write down sums such as

3 4¢° r

D3> FH gty Hyggys Hytginy Ho): (38)

which would be quite cumbersome if we used summation over hyperedges. More importantly, we
can write the SYK model in this notation as

r
Hsyk = Y Hya), (39)
i=1
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where 7 is any ordering map of our choice. The hyperedge (i) = {v(i)1,...,7(i)r} € E denotes
the Majorana fermions acted upon by the local term

e(k—
Hoygay = "D 060 (X X)) 1o (40)

where the product of Majorana fermions is ordered lexicographically to match the ordering of
indices in the original definition of the SYK model in equation (26).

2.4  Trotter error and product formulas

Simulating the SYK model on a quantum computer means implementing its time-evolution op-
erator e*fsvx for any choice of the random couplings. In general, it is unclear how to exactly
implement this matrix exponential, but there are several efficient approximation methods, one of
them being product formulas. In essence, product formulas allow us to decompose an exponential
of a sum of matrices into products of exponentials. Suppose H is a local qubit Hamiltonian defined
as

H=> H,, (41)

with a certain ordering map 7 defined in equation (37). Then we can decompose the unitary time
evolution as a product plus some error

et = et teihet L gyt 4 O(t2), (42)
The product
r
Si(t) = [ e (43)
=1

is called the first-order product formula. The error term O(t?) associated with this formula is called
the first-order Trotter error.

We can also write down product formulas of higher orders — the most prominent family of
examples being the Lie—Trotter—Suzuki formulas [Suz91|. The second-order formula is defined as

1

r
Sy(t) = H et @)t/2 H eHv@t/2 (44)

i=T j=1
and higher-order formulas are defined recursively:

Sap(t) = Sop—2(gpt)? - Sop—2((1 — 4g,)t) - Sap—2(gpt)? (45)

with g, = 1/(4 — 4'/(P=1))_ This recursive structure only defines product formulas of even order.
Therefore, when we refer to higher-order product formulas in this work, we only consider even
orders. In general, an I-th order product formula has Trotter error of leading order O(t+1).

Another way to write down the I-th order product formula is to factor the recursive equation (45)
into a product of T stages:

Y r
Sit) = [ [ e et (46)
a=1b=1
where ¢(a,b) € R and d(a, b) are chosen such that the above equals equation (45). By the recursive

definition of I-th order product formulas, the number of stages is T = 2 - 52-1. We can write this
even more compactly with J =71 -T"

J
Si(t) = H el ot (47)
j=1
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where a; € R and b; € N are chosen such that the above expression is the same as equation (45).

In general, one uses S;(t/r)" to approximate the Hamiltonian, instead of just S;(¢). We refer to
the number of rounds r of applying the product formulas as Trotter number for short. For further
reading on this topic, we refer the reader to [CB24, CSTT21, Suz91].

2.5 Probability statements and concentration inequalities

Because the SYK and sparse SYK models are random Hamiltonians, there are many ways to
characterize what sufficiently small Trotter error means. The first one, appearing in [AJS24,
XSSS20, GAELT17], is the average case statement

]E(Heth—Sl(t/r)rH) <€, (48)

where the expectation is over the randomness in H. Because this formulation of small Trotter error
only covers the average case, we use the following two more precise statements given by [CB24].
The first one is stated using the operator norm:

P (|l = Su(t/r)"]| =€) <. (49)

The other one quantifies small Trotter error by looking at the difference between the actual time-
evolution of an arbitrary fixed input state |)) and its approximated time evolution in /?-norm:

P (|| (€ = Si(t/r)") 19,2 = €) < 6. (50)

In addition to yielding more precise characterization of small Trotter error, these two probability
statements also connect to the following two norms for random-valued operators A on a given finite-
dimensional Hilbert space H.:

1

I, = (E(I412)) " (51)
Al = sup{(E(||A|¢>||§z>)f’ 1) €1 N9l = 1}. (52)

These norms obey certain uniform smoothness properties, which lead to better scaling in the
Trotter error bounds and the corresponding gate complexities. Structuring our proofs around
these properties ensures that the results that we derive in terms of |||, also hold in terms of
Il - Hence, following the notation in [CB24], we will introduce the notation |HH|*p7 as a
placeholder for both of these norms so that we can formulate our results more concisely. Whenever
we state a result in the form

Al , < ClIBIl., (53)
for A, B operators on our Hilbert space and C' a positive real constant, what we mean is that
[[Illl., can be replaced with either [[|-[||,, or [||-[||s , throughout. In other words, both

1Alll, < ClIBIl,, and  [[Allgy, < ClliBlllgy, (54)

are true. For the scope of this work, we shall not discuss these uniform smoothness properties in
detail. We refer interested readers to [TJ74, BCL94, HNWTW22, CB24] for more details.

To evaluate the probability statements in equations (49) and (50), we use the following con-
centration inequalities:

"The notation used in [CB24] is [|[||, which hides the p-dependence. Here, we will denote this dependence
explicitly.
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Lemma 2.1 (Concentration inequality for operator norm). Let H be a Hamiltonian on a Hilbert
space. Let 1 € {1} U2N be the order of the product formula approzimating the Hamiltonian. If the
Trotter error of this product formula is bounded by a positively valued function A(p,r), in the sense
that

et = Su(t/r)"ll, < oA, ), (55)

for all p > 2, then choosing the Trotter number r so that it obeys the inequality
A (log (I11117/8).7) )

€ e log(62|||I|||§/6) (%)

ensures that .
P (||e™* = Su(t/r)"|| =€) <. (57)

Lemma 2.2 (Concentration inequality for fixed input state). Let H be a Hamiltonian on a Hilbert
space of dimension D and |v) an arbitrary fized input state in this space. Let 1 € {1} U 2N be the
order of the product formula approzimating the Hamiltonian. If the Trotter error of this product
formula is bounded by a positively valued function \(p,r), in the sense that

e = Su(t/r)" Mgy < PAD,T) (58)
for all p > 2, then choosing the Trotter number r so that it obeys the inequality

A (log(€?/d),r) - 1

€ ~ e-log(e?/0) (59)

ensures that

P (|| = Si(t/r)") [)]|,2 =€) < 0. (60)

The proof of these lemmas can be found in Appendix A. We will refer to equations (55) and (58)
as concentration inequalities. The positively-valued function \(p,r) typically takes the form of a
positive rational power function of p and a negative rational power function of r, obtained from
explicitly evaluating the representations of Trotter error defined in Section 2.7.

2.6 Gate complexity

After finding the Trotter number r through the concentration inequalities (depending on the proba-
bility statement we choose), we can compute the number of local exponentials in the corresponding
approximation S;(t/r)" as

C=17Tr, (61)

where T is the number of stages and I' the number of local terms, see equation (46). However, C is
not the actual gate complexity® of simulating a fermionic Hamiltonian. As we mentioned earlier,
mapping fermions to qubits inevitably introduces extra overhead for the implementation of each
local exponential. For instance, one could consider the standard Jordan—-Wigner transform that
gives each local exponential an O(n) overhead. In that case, the actual gate complexity should
scale with

G=0(n-YIr). (62)

Fortunately, using the ternary tree mapping [JKMN20] incurs only a log(n) overhead for each
local exponential, giving a total gate complexity that scales with

G = O(log(n) - YT'r). (63)

8We defined gate complexity as the number of gates required to simulate the Hamiltonian such that the Trotter
error is sufficiently small, as characterized by either equation (49) or (50).
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Because log(n) is a slow-growing function, we opt to omit it when writing down the gate complexity.
To distinguish from the actual gate complexity, our result will be reported as

G =O(YIr), (64)

but the reader should always keep in mind the overhead from fermion-to-qubit mapping.

2.7 Error representation

We will need a more nuanced error representation to obtain better bounds on the Trotter error
HeiH t—S(t/r)" H Instead of measuring the error by a single number, we will consider an operator
£(t) that captures the deviation from the exact evolution e/t at any given time t. More specifically,
we will use the exponential form of the error from [CST*21, CB24] to capture the deviation of the
product formula (47) at any given ¢:

J

Si(t) = [[ et = expr (z / (E(t) + H)dt) : (65)

j=1

where the right-hand side involves an ordered exponential. Hence, we can think of every product
formula as the time evolution of our Hamiltonian H with some time-dependent error £(t) added
to it. We call E(t) the error generator, and it takes the following form [CB24, CST*21]:

J
E):= | II esoo'lajH,n,)) —ajHyw,) | » (66)
j=1 \k=j+1
where L (;) sends an operator O to the commutator with H.,;:

L,5[0] == i[H, ), O]. (67)

This error generator will be our primary target when deriving bounds for the Trotter error.

2.8 Random matrix polynomials

A very useful method for the study of higher-order error generator is to view it as random matriz
polynomials of local terms in the Hamiltonian. Hence, we introduce some tools for treating random
matrix polynomials in this subsection.

We define a degree-g Gaussian random matrix polynomial of m matrix variables Xi,..., X,

as
F(Xpm,...,X1) = ZTiXil X, (68)

where )", is the abbreviated notation for the summation

m m
D=0, (69)
i i1=1  ig=1

and T; :=T(;,,...4,) are scalar coefficients. For notation here, we will consistently use bold text to

denote vectors. In this case j is the vector of the summation indices (i1,...,4,). For simplicity, we

pose that the variables X1,..., X,, are independent from each other, and each X; can be written
as

Xi =g K; (70)
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with g; a standard Gaussian variable and K; a deterministic matrix with bounded norm || K;|| < o;.
We refer to the set that collects the subscripts of the random variables F' depends on as the index
set Z. In this case, we have

7:={1,2,3,...,m} =[m]. (71)

To study the concentration bounds on these polynomials, [CB24, Proposition VII.2.1] proposed
the following (sum of squares) uniform smoothing inequality:

Theorem 2.3. Let F(X;, ,...,X;,) be a random matriz polynomial, with index set T = {i1,...,im}

and each X; is independent. Then, forp > 2 and Cp, =p —1,

IEN; < > CPMFs, (72)

SCT

[F]S = H(l _Es) H Es’[F]y (73)

seS s'eSe

where

with Eg being the entry-wise expectation applied only on X. The notation S¢ is the complement
7\S.

We refer to [ - -]g as the smoothing operator. This operator has a central part given by
(1-E)s[-]:= [0 -E)[] (74)
ses

and an outer part given by

Ese[-]1:= [] B[] (75)

s'eSe
Using our notation, the smoothing operator could be written as

[‘]ls=(1—-E)soEge[-]. (76)

We would like to apply Theorem 2.3 to the random matrix polynomial F' defined in equation
(68). This requires us to identify, for each subset S C Z, all terms T3 X, --- X, in the polynomial
F' such that the corresponding smoothing operator is non-vanishing, i.e.

[TiX, - X, ] 4 #0. (77)

Notice that the Gaussian matrices X; can appear with powers up to g in F', which makes them
difficult to handle when applying the smoothing operator. To address this, we first expand each
X; into a product of Rademacher variables.

2.8.1 Rademacher expansion

Recall that the central limit theorem tells us that a standard Gaussian variable g; can be written
as the limit of a sum of i.i.d. Rademacher variables:

gi = lim Z 6“ (78)

N—oc0

where ¢; ; € {£1} are Rademacher variables. Taking N to be a sufficiently large integer motivates
us to express each X; as a sum of Rademacher variables Y; ;:

N
X; ~ Z ) K =3 Y. (79)
=1
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Under this expansion, we regard F' as a polynomial in the variables
F= F(Y1,1;Y1,27 s 7Y1,N7 v 7Ym,17Ym,27 s 7Ym,N)
= ZZT(Z&,---J@)YZMMYZQ da o Yig gy (80)
i g

Although this representation makes F' appear more complicated, it offers a key simplification: the
non-subleading terms of F' in the large-N limit contain Rademacher variables with exponents only
in {0, 1,2}, rather than arbitrary powers up to g. This significantly simplifies the application of the
smoothing operator. To illustrate this subleading argument, we consider the following example.

For the first non-trivial case m = 3 (the analysis for m > 3 is identical), we have

N N N
Z Z Z le»J‘1Y17J’2Y'1,j3' (81)

How many terms of the form Yl?:ji are present in this sum? The answer is N, corresponding to
j1 = j2 = j3. Summing over these terms gives

N N 63
3 \J
Z Yl,j1 - Z N3/12K1 (82)
Jji=1 Ji=1

Since the Rademacher variable 6?, j, only takes values +1, we obtain the inequality

N 6?' N 1
»J1
2 | S 2 v (83)
ji=1 ji=1
Simplifying yields
N 3
> | < 7 (51)
N3/2 N1/2
J1=1

Clearly, this expression vanishes as N — co. Hence, each Rademacher variable in a non-subleading
term of F, say Y; j,, may only have exponent 0, 1, or 2.

2.8.2 Resummation by subsets

While this provides useful restrictions on the exponents of the Rademacher variables, it also in-
troduces some complications: the index set of F' becomes Z = [m] x [N], rather than simply
[m], because we now regard F as a polynomial depending on the variables Y7 1,...,Y,, . Con-
sequently, the subset S in the smoothing operator [---]s must now be taken from the Cartesian
product [m] x [IN]. Given a subset S C [m] x [N], we can rewrite F' as follows:

F = Z Z Z Z Tﬂ[prl(sl,“.78%8/1,_“78;)]% [Ysl ...YSIYS/1 Ys;:| .

— > ’
T+y=g  S$1,...,8z€S 8,08, €8¢ wesg/szxsy

z,y€{0,....9}
(85)
Let us unpack the notation. Each term in F' takes the form
. [Y Yl Y Y} , (86)
where s1,...,8, € S and §,..., sy € 5¢. The sums over x and y specify how many terms in the

product YSl Y, Yo Yy : have subscripts in S and S¢, respectively. The permutation m € S,
reorders the posmons of the Rademacher variables in the product to account for non-commutativity
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of the random variables. To avoid double counting, we exclude permutations that only reorder
Ys,,...,Ys, among themselves and/or Yoi,..., YS; among themselves, since such symmetries are
already present in the summations over sq,...,s, and si,..., s; Thus, we sum over the quotient
set Sy / Sz x Sy, which removes redundant symmetries from S,;. We also extend the definition of
the coefficients T' so that they vanish whenever their subscript [prl(sl, P . s;)} does

not correspond to a nonzero term in F'.

To match the subscripts of coefficients 7|...), we introduce the projection from a direct product
to the first set pr; : A x B — A defined by

pry(i,j) =i € A. (87)
The bold symbol pr; denotes a vector of projectors (pry,...,pr;) with g entries. Hence,
Pri(s1,...,82,50,...,8,) = (Pry $1,...,Pry Sz, Pry S, .-, Py s;) . (88)

Because we have separated the subscripts in parts that belong to S and parts that belong to S€,
the action of the smoothing operator is simply

Fls= 3 S 3 Y T [0 Bs[Ya Ve |Ese [

THY=gs1,...,52€5 5/17""5246*96 WGSQ/Sm XSy

(89)
Evaluating the above summations and combining it with Theorem 2.3, we get the following result

Theorem 2.4. Forp>2and C, =p—1,

m 2
IFN2, < g7Ce <Z > | Trmw.2v] Hvl"i““'i) 02 . (90)
=1

w v TES,

where w,v € {0,...,g}™ are such that |w| + 2|v| = ¢g.° The unary encoding n is defined as

n(a,b):=(1,...,1,2,...,2,....m,....m,1,...,1,2,...,2,....m,...,m) (91)
S—— —— N—— N——
a1 times ag times a,, times by times bo times by times

fora,be{0,...,g}™.

This is a significant result originally from the work of [CB24, Theorem VII.3] with a slight
variation of prefactors compared to their statement. However, we prove this result via a slightly
different route by considering the resummation in equation (89). For technical details, we refer the
reader to Appendix C. Intuitively, Theorem 2.4 upper bounds the square of the norm of a Gaussian
random matrix polynomial F' by a sum of squares of its individual terms given by

m

Yo Y Ty [T el (92)

TESy vi|w|+2|v|=g =1

Therefore, this theorem provides us a square root improvement compared to triangle inequality
for upper bounding the norm of a random matrix polynomial. Since the SYK model is Gaussian
random, we will use this result to evaluate the expected Schatten norm of higher-order Trotter
errors as we are going to see in the next section.

2.8.3 Remark for notations

Most of our notation follows closely to that of [CB24]. In particular, the norms and error represen-
tations follow their conventions. Since Theorem 2.4 is a slight variant of Theorem VIL.3 in [CB24],

M u = (u1,...,um) € 77, is a vector then |ul := Z:il [us).
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we follow the same notation for the coefficients T7(...) and the vector summations over w, v take
over the role of w, v in the original statement.

We also use our own notation apart from writing down local Hamiltonians. For instance, we
use [N] to denote the set {1,..., N} for any positive integer N. Unless explicitly stated otherwise,
all the vectors inside summations should be interpreted as non-negatively valued integer vectors.
We shall introduce more notations as we progress through the following chapters.

3 First-order Trotter error of the SYK model

In this section, we will derive a bound for the first-order Trotter error of the SYK model, and
estimate the corresponding gate complexity through the concentration inequality (55). To derive
the error bound, we use the following result in [CB24, Lemma VI.2|: for p > 2 and C, = p — 1,

2

r i—1 i—1
t2
2 2
HE@IIZ, < 2C, > [4Ct* Y IIHy gy HyolllZ, + | D o Gy, [Ha )y Hy@llllg ||
=2 j=1 j=1

(93)
with an arbitrary choice of ordering map =, see equation (37).

Although this result is derived in the context of qubit Hamiltonians, its proof generalizes to
fermionic Hamiltonians such as the SYK model, with a slightly modified interpretation of the
expected Schatten p-norm. Because the Majorana fermions are not normed objects, one could first
transform them to qubit operators using, for instance, the Jordan—Wigner transformation. The
Schatten norm is then taken over these qubit operators transformed from the Majoranas.

3.1 Error bound

Equation (93) can be explicitly evaluated because we can directly compute the commutator using
the commutation relation (28) of Majorana fermions. From the generator, we can derive an error
bound on the first-order Trotter error of the SYK model. We state our result below:

Theorem 3.1. The first-order Trotter error of the SYK model is bounded by
[l — S (t/r)

Wer Ayt (04)
.,

where
Avn bt 7, p) = 4V3p0? (’;)Q(n,m 2 [;m\/cz(n,k)g; . (95)

Here o2 is the variance of the coupling coefficients, see equation (27), and Q(n, k) is defined as

k-1

Z (Z:lz) (’;) if k is even,
s odd, s>

k—1

Y. GIDE) ik is odd,

s even, s>

Qn, k) =

where p:= max{0,k — (n — k)} is the minimal overlap of two hyperedges.
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Proving the above result revolves around evaluating the commutators in equation (93). To do
that, we use the following anti-commutation lemma for local terms in the SYK model. The proof
of this lemma is presented in Appendix B. The same result is also recorded in [GGJV1S|.

Lemma 3.2. Let H = Zle H., @y be the k-local SYK model with ~y : [I'] — E an arbitrary ordering
of hyperedges. Then for all1 <i < j<T,

k+m
Hey iy Hoy() = (=1 Hoy ) Hoy iy (97)
where m = |y(2) N~y(j)| is the overlap between hyperedges (i) and ().

The above lemma leads to the following commutation relations if & is even:

0 if |v(3) Ny(4)| is even,
[H iy Hy)] = {2H N | (98)
y(@) () €186

0 if |[v(2) Ny(4)| is even,
[H iy, [Ho iy, Ho )] :{ .
8l v Y 4H 7@ )H’Y(]) else?
and if k£ is odd:
0 if [v(i) Ny(j)] is odd,
[Hy iy, Hy )] = oo
2H, 5y Hy () else,
0 if |v(i) N y(5)] is odd,
H. iy, [Hyiy, Hyn]] = ol
[ 'y(l)?[ 7(i)> ’Y(J)]] {4H3(1)H () else. ( )

Proof (of Theorem 3.1). Note from the above expressions that if 2 < ¢ < T and k is even then

r
Z||| 'y(z ||| Z ’y(j 'y(z |||*p (102)
=1
i#i
T T r
< 4M? o1+ > 14t > 1y, (103)
j=1 j=1 j=1
vy (@)|=1 v (@) (9)]=3 lv(@)Ny (@) |=k-1

while if £ is odd then

T r T
ZIII HyolllZ, <4MPQ 30 1+ 30 1+ Z 1%, (104)

J J j=1
[v(F)Nvy(3)|=0 [y(3)Ny(@)|=2 W(J')ﬁ (1)|=

with 1
M i= g max {NH g Hoy . ol € DL K A1 (105)
P

Observe that for any 0 < s < k —1,

T

N0

j=1
[v(@) Ny (@)]=s

since we can construct the hyperedge v(j) in two steps: first we choose k — s elements out of n — k
that do not belong to (), and then we choose s additional elements from ~(z). Therefore,

Z\H S Hy@lll2, < 4MEQ(n, k) (107)
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with Q(n, k) defined in equation (96).!° Similarly, observe that for 2 <i < T,

) 2
i—1

2
-
> 5 N Gy, [ Gy Hy ol | < (277 MaQ(n, K))?, (108)
j=1
where 1
My 1= mas {H\Hi(k)Hw) ., : k.1 € [T],k # z} . (109)
*,p
Putting all of the above together,
r
HEIIZ, < 2M1I1%,Cp D [16C,T*MiQ(n, k) + 47" MFQ(n, k)] . (110)

=2

It remains to upper bound the constants M7 and M;. When we map the SYK model to a qubit
Hamiltonian through, for instance, the Jordan—Wigner transformation, each local term of the SYK
model can be written as an i.i.d. standard Gaussian coefficient multiplied by a deterministic Pauli
string:

Hoiy = " 70206y o . (111)

For every Pauli string, its *-norm is exactly equal to [|/[[, , by unitarity. Therefore,

My, = max { (E(|‘]’Y(k)<]’y(l)|p)); : k,l S [F},k‘ 7é l} s (112)
M, = max { (E(|J3(k)J7(l)|P)) Tk le[D),k £ l} : (113)

Since all J, ;) are i.i.d., let J denote a Gaussian coefficient as in equation (27). Then M; and M,
can be bounded using central absolute moments of the Gaussian distribution J:

My = (B(TP)V7 - (BT < (o0 — 1)) < o, (114)
My = (B(LTP)V7 - (B(TP)Y7 < (0*(2p = 1)) 7 - (o7 (p— 1)) " < 0*(2p) -0/, (115)

(k—1)!
knkfl

where 0 = J is the standard deviation of J.

Inserting this back into equation (110),

€I

r
2 < 2|||I|Hi,p0p Z [16Cp7'204p2Q(n, k) + 167’406]73@(71, k;)Q] (116)

R
=2

2 n
swwmﬂ(

k) (720 Q(n, k) + m0°Q(n, k)?] (117)

where in the second inequality we used C, < p to pull all the factors of p to the front, as well as
I' = (}) to remove the sum.

Hence, by subadditivity of the square root,

IO, < 42 0% () Qe [r + 2o/ QTn ). (118)

10The same Q(n, k) turns out to be important also in the higher-order case since it captures the commutation
relation of the Majoranas in the SYK model.
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If we divide the total evolution time ¢ into r rounds, where each round has duration ¢/r, the
error per round can be bounded using the triangle inequality:

) t/r
et = s1(t/7)ll., < /0 E@II. pdr (119)

2 3
<Vl oty [ ()b | s + oV R s | (20)

The total first-order Trotter error is then bounded by

e = S1(t/r) Il < 7™ = Sa(t/r)l., (121)
n 1 t
<4Vl oty [ (1) |3 + o R s 22
which concludes the proof. O

3.2 Gate complexity

Now that we have a bound on the first-order Trotter error, we can bound the associated gate
complexity.

Corollary 3.2.1. When simulating the k-local SYK model (26) with r rounds of the first-order
product formula, the error bound

P (Heth —Si(t/r)"]| =€) <6 (123)

can be ensured with gate complezity

W

Jot

2 I 4+ nok)—% (n+log(e?/6)) NG > ; (124)

€

G=0 (ng(k) (n+1log(e®/d))

where J controls the variance of the coupling coefficients, see equation (27), and

E+L1 ifki
gy = q £ T T even. (125)
kE+1 ifk is odd.
In terms of n, the gate complexity G scales as
k+2 7242 :
Gl ,2jt szzs even, (126)
nF3 722 if k is odd.
Proof. By Theorem 3.1, the first-order Trotter error is bounded by
lle ™ =St /)", < Pl I, AP, 7) (127)

where

Ap,7) = 4v/3po <Z>Q(n, k) £ [;r + a\/mg;} . (128)

This gives us an explicit expression for the concentration inequality (55). By Lemma 2.1, finding
a Trotter number r that ensures the error bound (123) is equivalent to finding r that solves the
inequality

edV2p? - o (Z)Q(n, k) ? [1 +a\/m322] <1 (129)

2r
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where pp = log(e2D/6) with D := |||I|||g

To ensure the error bound (123), we need

2 AN
r > edV/2ph - o? " Q(n, k) — + | edv2p? - o° " Qn,k)— | . (130)
k 2e k 3e
Recall from Section 2.2 that for (even) n Majoranas [||I[|, denotes the Schatten p-norm on GL(2"/2,0),
hence D = [|I[[ = 2"/% and pp = % log2 + log(e?/6).

Recall from Section 2.6 that the gate complexity scales as G = O(YTr), where T = O(1) for
first-order formulas, I" = (2) is the number of terms, and r is the number of rounds. Hence,

o-o(() s (tgtnomem) o [Jomn

5 (131)

t3

2
&> |
To analyze the asymptotic scaling of G for fixed k, note that (Z = O(n*). Moreover, note from

equation (96) that Q(n, k) = O(n*~!) for even k while Q(n, k) = O(n*) for odd k. Finally, note
from equation (27) that o = O(J/vn*~1). Putting this all together,

242
G=0 (ng(k) (n + log(e2/5))> L

€

+ <e4\/§ <1°§2n+1og(62/5))203 (Z)Q(n,k)

[N

3
1 27
+ k-3 (n+log(e®/s)) j\z/g > (132)
where g(k) is defined in equation (125). The asymptotic scaling of G is as stated in equation (126)
since the first term in (132) is dominant.

O
Alternatively, we can consider the error bound in equation (50) for a fixed input state |¢) . In

that case, we use Lemma 2.2 instead of Lemma 2.1, which leads us to the following result:'!
product formula, the error bound

Corollary 3.2.2. When simulating the k-local SYK model (26) with r rounds of the first-order

P ([[ (™ = Sa(t/r)") [)]],2 > €) <6

for an arbitrary input state 1) can be ensured with gate complexity

(133)
G0 (ng(k) (g(e2/8))* L + 991 (g (e2/5))

T35
\/g )
where J controls the variance of the coupling coefficients, see equation (27), and g(k) is defined in
equation (125). In terms of n, the gate complexity G scales as

(134)
nktz 722 if k is even,
G {nk+1j2t2 if k is odd. (135)
4 Higher-order Trotter error of the SYK model

In this section, we will extend our first-order Trotter error results from the Section 3 to higher-order

Trotter error. As our main tool we will use the uniform smoothness Theorem 2.4 to evaluate the

11Using Lemma 2.2 is ultimately the same as replacing the factors of n + 10g(62/6) with log(62/5).
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error generator as random matrix polynomials. Based on the error generator, we will then derive
bounds for higher-order Trotter error, from which we will derive the gate complexity for simulating
the SYK Hamiltonian using higher-order product formulas.

In equation (65) in Section 2.7, we introduced a general exponential representation of the
Trotter error, where we wrote the product formula as

J

[ ™" = expy (z / (E(t)+ H)dt) , (136)

j=1

where the error generator £(t) defined in equation (66) takes the form

J J
=> | I e lasHy,)) = aifyq,) | - (137)

=1 \k=j+1

Here £,;)[O] := i[H,j, O], see equation (67), and J =I'- YT with I' the number of terms in the
k-local Hamiltonian and T the number of stages of the product formula.

Following the approach in [CB24], we can do a Taylor expansion on the error generator £(t)
and collect terms by the degree of product of local terms H, (1), ..., H,(r), which leads to

Z Eg(t) + Esqr (1), (138)

g=Il+1

where ¢’ is some cutoff and the sum starts at [ + 1 since the I-th order product formula is exact
up to order I. The £;(t) term is the g-th order error generator given by

J
i1 t9—1
) :Z Z ‘ng(,]) E'gyj(;+1)[H’y(J)}97 (139)

j=1gs++gj+1=9—1 g]+1

and £ (t) is the residual term given by

J
= Z Z Lyt .. elaiment (140)
j=1m=j

— )9m—149 —gm—1
Lym)§ p9m .. p9i+1 ) (t g)g t
X/O de > e L Mol g

gm+t+gj+1=9'—1,gm>1

g]—i—l

4.1 Error bound

We will proceed by separately evaluating the norms of £ and £, for the SYK model, and then
collecting the results together. We will try to write everything down in terms of Q(n, k) as defined
in equation (96). In the end, we get the following result:

Theorem 4.1. The (even) l-th order Trotter error of the SYK model for I > 2 is bounded by

e = Su(t/r)" |
21l

s S Al(n; k7tar7p)7 (141)

where

o= S () (0 rvnt] ). o

and D(1) is a factor only depending on .
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The rest of Section 4.1 constitutes a proof of this theorem.

Proof. When proving this result, we assume that k is even, as the odd k case follows the same
argument. We shall first compute the g-th order error generator £, and the tail bound &>
separately, and then join them together to obtain the total error. Our steps follow largely the
approach in [CB24], but with our own computation of coefficients specific to the SYK model.

4.1.1 g-th order error generator

In this subsection, we will upper bound

J , t971
g. j+1
Z Z E’YZJ) o L’y](j—s-l) [Hy )]

j=lgs++gj+1=9—1

Il =

_ 143
gsl - gjsr! | (143)

by using uniform smoothing in the form of Theorem 2.4.

As the summation indices are difficult to work with here, we consider the following symmetriza-
tion:

J J
€L, =71 Do D 03l ) Lo Haiol||| (144)
Jg—1=1 Jo=1 *,D
where the sum is over § = (j,_1,...,j0) € [J]?, and we have included coefficients §; € [0, 1] that

absorb the factorials m and reduce the range of the sum to match with equation (143).
We will not write an explicit expression for these coefficients since later we will ignore them for
simplicity anyway. All that matters is that éj < 1 and they impose an extra summation constraint.
As J=7"T-T',withT' = (Z) the total number of local terms in the Hamiltonian, we have the following
expression to bound:

*P

I I B
DD 0L, Lo He o)

jo—1=1  jo=1

1€, < T2~

where the number of stages T accounts for repeated values of v(7) thanks to the periodicity of the
ordering map -, see equation (37).

We will think of the expression we are dealing with as a non-commutative polynomial Fy in
the local terms H; of the Hamiltonian. Following our discussion in Section 2.8, we write it as

r r

Fy(Horys-- o Hyw) = Y oo D 03l 0 Lo [Ha i) (146)
Jg—1=1 Jo=1
r r

= 2 ) TG, Hag: (147)

Jg—1=1 Jo=1

While the coefficients T; can be calculated explicitly, we will not need to do that since for
applying Theorem 2.4 it is sufficient to only have an upper bound on their norm.

Note that the commutator chain L., _,) -+ Lyj,)[Hy(jo)] i @ polynomial in the local terms
H, G, 1)y Hy(jy), With an overall pre-factor of i9:

Loty Lo HoGo)l =19 Y ciaHyy) -+ Hoy(r)s (148)
kejo
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where ¢; , are some coefficients and the sum runs over vectors k = (kq, ..., k1) in 39 := (jg—1,...,J0)7.
As each term H(ky) -+ Hyr,) emerges from a commutator, its coefficient c; x is either zero or £1
(it is zero when j # k as sets). Since the local terms H.G, 1)s- -+ Hyjo) are proportional to Pauli
strings, each pair of them either commutes or anti-commutes. Hence, every term H. ) - Hy(x,)
with a non-zero ¢; g can be reordered to the product H,(;, - H,(j,) that matches the ordering

J of the commutator chain in equation (148), with an extra pre-factor d; :

Hyrg) - Hykr) = dj e Hy (1) Hy o) (149)

The pre-factor d; j is either +1 or —1 depending on the (anti-)commutation between the local
terms. Therefore,

Loy Lot HaGo) =1 [ D cindin | HyGy_n)* Hygio)- (150)
keg9

Substituting this in equation (146), we can write the T introduced in equation (147) as

T; = igéj Z cjkdj k- (151)
kej9

To give an upper bound of T}, notice that the sum in equation (148) vanishes if the commutator
chain evaluates to zero. We can also remove the coefficients §; from equation (151) since they are,
by construction, at most one. Hence, by triangle inequality,

T < [ 1] -13) =g 1(5), (152)
kej9

where the indicator function 1(j) defined for all j € [J]9 enforces the commutation constraints:

1G) = 4L LG Lain Gl 70, (153)
0 else.

Lastly, before we can apply Theorem 2.4, we rewrite each local term H, ;) in the SYK Hamil-
tonian (39) as
Hyy = Iy Kai), (154)

where each J,;) € R is an i.i.d. Gaussian coefficient and K, ;) is a deterministic matrix bounded
as HKv(i)H = 1.!2 However, note that Theorem 2.4 is only applicable when the mean of the
coefficients J, ;) is zero and the standard deviation is 1, but the standard deviation of each J,;

is o, see equation (27). Thus, we multiply each K ;) by o and divide J,(; by o:
i) %
Hyay === | 7K50) = 920 Eai)- (155)

This way, each g,(;y is a standard Gaussian coefficient with 0 mean and standard deviation 1. Since

each K ;) has norm 1, each f(,y(i) is a deterministic matrix bounded by Hf(,y(i) H <o.

We can now view the Fj, in equation (146) as a standard Gaussian random matrix polynomial.
We can directly apply Theorem 2.4 with p > 2 and m =T to obtain

2

IENE, <Coa > [ D D [Temqwoon| [T ) WIIE,,  (156)

wiw|<g \TESy v:|w|+2|v|=g i=1

12Recall from equation (40) that the matrices K. (i) are products of Jordan—Wigner representations of Majorana
fermions (7) ordered lexicographically, and Jordan—Wigner representations of Majorana fermions are Pauli strings,
which are unitaries.
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where w,v € {0,...,g}! such that |w| + 2|v| = g. The coefficients Trn(w,2v)] are inherited from
the corresponding T in equation (151) by replacing the vector j with 7[n(w,2v)] where 7 is the
unary encoding function defined in equation (91). By the bound in equation (152),

| Tapnw20y)| < 97 L [n(w,20)]), (157)

where the indicator 1(a) is defined in equation (153) on all vectors a € [I')9. Since |w| + 2|v| =g
by construction, [[;~, 0“i*?¥ = ¢ and hence equation (156) simplifies to

2

IENIZ, < Cog®o® S (Y0 > ixnw,20) | 17, (158)

wiw|<g \TESy v:|w|+2|v|=g

Let us split the sum over w as

> -y ¥ (159

wilw|<g w=0w:|w|=w
and rewrite equation (158) as
2 ! 2
IEIIZ, < Cog®a® Y Gu(E)III, (160)
w=0

where )

GuH):= > | >, > 1lxhw,2v)] . (161)
wi|w|=w \TES, v:|w|+2|v|=g
We can then fix a w € {0, ..., g} and focus on upper bounding G.,,(H). We can do this using the

following lemma:

Lemma 4.2. Let H =", H.;y be a Hamiltonian of m terms with arbitrary ordering vy, such

that for all 1 <1 < j < m, H, and H, either commute or anti-commute. Fiz g > 1 and
w € {0,...,g}, and consider the H-dependent sum

2

Gu(H) = Z Z Z 1(m[n(w, 2v)]) ) (162)

wi|w|=w \TES,y v:|w|+2|v|=g

where w,v € {0,...,g}" such that |lw| = w and |w| + 2|v| = g. The permutation © € S, reorders
the entries of vectors in [m]9. The unary encoding n and the indicator 1 are defined on vectors
a,be{0,...,g}" and j € [m]9 as follows:

n(a,b) :=(1,...,1,2,...,2,....m,....m,1,...,1,2,...,2,....m,...,m), (163)
—— — —_—— —— — ——
a1 times as times a,, times by times bo times by, times
and
1(4) = Loif Ly "‘CV(jz)[HV(jl)] # 0, (164)
0 else.
Then
Guw(H) < g3 m2Quax(H)9 2 (165)
where
Qmax(H) = 1r<nia<)§n ‘{j € [m] : [H’y(j)7H'y(z)] 7é O}} : (166)
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The proof of this lemma can be found in Appendix D. For the SYK model, we have m = (Z)
and Qmax(H) = Q(n, k). Hence, by Lemma 4.2

Guw(H) < g?972 (Z

2
> Qn, k)72, (167)
Plugging this back into equation (160) gives us

1]

2
39,2 3g—2 (T _
= Cla g+ 1)) Q) (165

where the factor g + 1 comes from the sum over w. Taking the square root of both sides we get

g
2

1 9. n g_
1B, < G o+ g o0 ()@ AL (169

Plugging this back into equation (145) gives us

e, < T D300 () @t (170)

4.1.2 Beyond g-th order

Next, we want to upper bound the residual error term defined in equation (140):

|||529’|||*7p Z Z e ’Y(J)t . -y(m+1>t (171)
j=1m=j+1
— £)Im—1g —gm—1
m)& p9m gi+1 (t f)g t
/ dé Loy(m) L (m) L,y(]+1)[H G )}( 1) . 1 ” +1
ImtFgi41= g’fl,gm>1 ;

We would first like to remove the exponentials inside the expected Schatten norm. This is
hindered by the fact that they depend on the summation index m. The workaround is to replace
the triangular double summation by

J J J m—1
PSSO (172)
j=1m=j+1  m=2 j=1

Hence,

m—1

J
Z Z eLvnt. .. eLlamint (173)
m=2 j=1

€=l

(t — f)gmfltg’fgmfl
= gm—1!-- - gjpa!

,\, m € m 9ji+1
/ dé Ly LaGn G

gm+tgir1= g’fl gm=>1

By triangle inequality (and taking the integral outside the sum),

lesgll.., < Z / e

m=2

eLrnt .. Laymnt (174)

e\ gm—149" —gm—1
[:'y m 5 gm i+ j (t g)g t
y Z L (m) E’y l:ﬁ/(JJrl)[Hv(J)] <gm _ 1) Im—1! 9J+1

gm+-+gi+1=9'—1,gm >1
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Since the exponentials inside the expected Schatten norm do not dependent on the summations
over j and g;’s, we can pull them in front of both sums and then by unitary invariance of the norm
remove altogether:

(t — g)gr,,rltg’fgnﬁl

lesgll.., < Z / e

m gj+1
> ity Loy e g -

1
i= 1gm+ A gii1=g —Lgm>1 Ngm—1l gja!

(175)
Consider the same type of symmetrization as in the previous section:
J
€241l 5 < Z / )| 22 0Ly Lo HaGl| | (176)
m=2 o 171 Jjo=1 *,D

y9m = 1,59 —9gm—1

where we have absorbed 4= E .
(gm—D)lgm—11-gj+1

to reduce this sum to the previous one. Compared to the previous section where Hj € [0,1], the
coefficients 6; are now bounded by

; into the coefficients 93, which are set to zero as needed

0] <=2 (177)

due to the extra factor of (£ — £)9m~1¢9'~9m =1 in their definition.

Similar to our strategy for the g-th order terms in equation (147), we can write the sums inside
the norm in equation (176) as a random matrix polynomial with coefficients Tj:

r
Fy(Hyry, o Ha) o= 3 o0 D TiHa, ) Hyg) (178)

Jgr—1=1  jo=1
where the coefficients 7} are now bounded by
IT] < (9471 1(3), (179)

where the indicator function 1(7) is defined for all vectors j € [J }9/ in the same way as in equa-
tion (153). By the same argument as in the previous section, we get the following bound that
follows directly from equation (169) with the updated upper bound of the coefficients T; in equa-
tion (179):

a’ 1 ’_ r (N g _
I, < OF 6+ D} o7 ()@t £, (150

Plug this back into equation (175) (the integral over ¢ simply becomes a factor t), we get

7 2
9 1 ’ r[n
€Il < T TG (o + DE () o (k) Q. (181)

4.1.3 Total error

Now, we can finally put everything together. For an [-th order Y-stage product formula, the norm
of the error generator £ of the SYK model can be bounded by applying the triangle inequality in
equation (138) and then using the bounds from equations (170) and (181):

g'—1

EN, < D el + NE=g Il (182)

g=l+1

<L, S Yo g+ 1)t ( ) (n, k)3~ (183)

g=Il+1

Q
L, YO CE (4 1) (g ( ) Qn
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For ¢’ =1+ 2, we have
. , < 7, , (tl Vev@mm] " () et i [VCovQtnm) (Z)an,k)—l) ,
(184)

where A(l) = Y3(1 + 3)2 (1 + 2)3+2-1 Ag we divide the total evolution time ¢ into r rounds,
with each round having duration %, the error per round can be bounded as

e = e/, < [N lidr (185)
+1 +1 /n
<, 28 (5 [vaevamm] ™ (Fewn s as)
tl+2

e [Vevamm] (7))

Using C}, < p, the total error is then bounded as

et = Sy(t/r)ll,, <7+ e = Sut/r)ll, (187)
<IN, ,C0)/PoQ(n, k)~ %t (188)

(lvamnt] ) L] )

with C(1) = ’l‘lT(ll). This concludes the proof of Theorem 4.1. O

4.2 Gate complexity

Corollary 4.2.1. Simulating a k-local SYK model with (even) l-th order product formula, the gate
complexity

G =0 |n"®\/n +log(e2/5)Tt - <{ng2(k)\/n+log(62/5)j€t} l + {ng3(k)\/n+log(62/5)j€t} Hl)] ;

(189)
where
(k, 1, k+1) if k is even,
k), k), gs(k)) := 190
(gl() 92() 93( )) {(k‘—l—%, %,k"i‘%) ifk:isodd, ( )
ensures the probability statement
P (|le™* = Su(t/r)"]| =€) <. (191)
When 1 is sufficiently large, this gate complexity scales in n as
nkt2 Tt if k is even
G ’ 192
1>z {nkﬂjt if k is odd. (192)

Proof. To derive the I-th order complexity considering the probability statement in (49), we first
bound the I-th Trotter error using Theorem 4.1:

et = Su(t/r)"ll, < MM, -2~ Alp, ), (193)
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where

A1) = = C)oQn ) ((Z) [ﬁomﬂl ¥ (Z) [@amﬁ]Hl) - (199)

This gives us an explicit expression for the concentration inequality (55). By Lemma 2.1, finding
the Trotter number r that ensures the probability statement (49) is equivalent to finding an r that
solves the inequality

e%cuwcz(n,k)-%i((Z)[ ooy @m i + (1) [vemo Q(n,kﬂlH) <1, (199
where pp := log(e2D/5) with D := || I]|.

Hence,

r > +/log(e2D/8)a+\/Q(n, k)t - <{26\/10g(62D/5)C(l)<Z> aQ(n,k)%z] ! (196)

4,

2eIog@D7c) ;) oin m%j

Recall that the norm |||I[||, should be interpreted as the Schatten p-norm on GL(n/2,C) because
we have (even) n Majoranas. Hence, D = |HIH|Z = 2%, Substituting D = 2"/ and multiply r with

the number of local terms I" and the number of stages T = 2- 5%*1, the [-th order gate complexity
scales with

G=0 T\/bgz(Q)n + 1og(62/5)a(z> VO, k)t -

26\/ @n + log(e2/5)C(1) (Z) oQ(n, k)~ j %

(197)

1
T+1

%,

26\/ @n + log(e2/8)C(1) (Z) Q. 1)~} z 1

For fixed k and [, the k and | dependent factors can be removed from the big—@ notation. Asymp-
totically, we have (1) = O(n*), and Q(n, k) = O(nF~1) for even k while Q(n, k) = O(n*) for odd

k. By writing out 0 = J (k—1)!

we can write G asymptotically as

knk—1>
N 1 =T
G =0 [n9®\/n +log(e2/8)Tt - <[n92(k)\/n+ log(eQ/é)jt} + {n%(k)\/n + log(eQ/d)jt} )] ,
€ €
(198)
where g1 (k), g2(k), g3(k) are defined in equation (190). This concludes the proof. O

Similar to Section 3, we can consider the probability statement in equation (50), and apply
Lemma 2.2 instead of Lemma 2.1, which leads us to the following result:

Corollary 4.2.2. For an arbitrary fized input state 1)), simulating an even k-local SYK model
with the I-th order product formula (for even l > 2), the gate complexity

G= 0| ®iog(@/5)7t ([””““) Va2 + {"“(’Wlog@waﬂm) (199)
where
)k 1 k4T if k is even,
(gl(k>7 gg(k/’), gS(k)) = {(kJr %’ %7 k4 %) if k is odd (200)
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ensures the probability statement
P (|| (""" = Si(t/r)") [)] . =€) < 0. (201)

When 1 is sufficiently large, this gate complexity scales in n as
G~ nZJlt zf k z:s even, (202)
n**t3 7t if k is odd.

5 Higher-order Trotter error of the sparsified SYK model

Our methods for evaluating higher-order Trotter errors also work in the case of the sparse SYK
model which is defined as the regular SYK model (26) but with an additional Bernoulli variable
B, ...ir € {0,1} attached to each term:
Hssyk = Z By iedin,in Xin X (203)
1<i1 < <ipg<n

Similar to our treatment for the regular SYK model in equation (39), we write the sparse SYK
model in the local Hamiltonian form with an arbitrary ordering ~

I
Hggyk = Z BiH. ). (204)

=1

The sparse SYK model has two sources of randomness, one from the Gaussian variables J.;
within H,(;) as in the regular SYK model, the other from the Bernoulli variables B;. We pose
that the Bernoulli variables are independent of each other and also independent of the Gaussian
variables J,(;. For simplicity, each Bernoulli variable B; is equal to 1 with probability pp and
equal to 0 with probability 1 — pp for some pg € [0, 1]. Usually, we set

Kn

ps= "2 (205)
where k € R is the degree of sparsity, and relative to equation (27) we renormalize the variance
of the Gaussian variables J,(;) to

1 (k—1)72

When evaluating the expected Schatten norm of the Trotter error of the sparse SYK model, we
will deal with these two types of randomness separately. We will write B to denote the Bernoulli

variables By, ..., Br. When we want to specify that this series of random variables takes a certain
configuration b, we will write B = b where b is a fixed vector in {0,1}". This is equivalent to
By = by, Bo = by, ..., Br = br. Using this notation, we can write the Trotter error given a specific

sample b € {0,1}!" as _
D(B = b) := e Hssyx(B=b) _ g, (¢ /)", (207)

indicating that the Trotter error depends on the specific sample b of the Bernoulli variables.

5.1 Average Trotter error

Let b := |b|] = Ele b; denote the number of ones in the sample b of the Bernoulli variables B.
When the Bernoulli variables take the value of this sample, we get a configuration of the sparse
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SYK model where we treat the sample values as coefficients:

Hssyk (B Zb NOY (208)

which contains exactly b terms. Of course, this configuration is still a k-local Hamiltonian, al-
though it becomes more difficult to count the anti-commuting terms, since the all-to-all connected
symmetry in the full SYK model is broken. Therefore, we have to resort to average statements
about both the Trotter error and gate complexity of these sparse models. The following theorem
bounds the Trotter error averaged over the Bernoulli variables, defined as'?

(IDB)II.., ) = (leHs<®r — 52 /ryl,, ), (209)

where we use (-) to denote averaging over the Bernoulli variables, while the norm |||
concerns the Gaussian variables and treats the Bernoulli variables as coefficients.

«p only

Theorem 5.1. Consider the sparse SYK model Hsgyk (B) with Bernoulli variables B = (By, ..., Br
such that P(B; = 1) = pp for all 1 < i <T. Givenl > 2 even, if ppQ(n,k) > 1, the l-th order
average Trotter error (209) is bounded by

In@®l.,, : l -
<nmn’> O (e R e |
7p | (210)

where p > 2 describes the norm, o is the variance in (206), B(1) is a purely l-dependent factor,

and Q(n, k) is given in equation (96). If ppQ(n,k) < 1 instead, the l-th order average Trotter
error (209) is bounded by

O] <oy (] or-[at] ). e

Q(n, k)

Proof. Let us first compute the error generator [|€,(B = b)||,, given a specific configuration
be{0,1}":
91

J
Z Z Hbglﬁg‘(]‘]) ﬁgjjlﬂ)[H (j)]

j=1gs++gj+1=9—1li=j

I€s(B = b)ll. , (212)

gt gjr!

where we have included the product of coefficients b; from each local term. However, since each
b; € {0,1}, it suffices to consider each of them to be linear and we can remove their exponent:

ot
s (B = b, Z > Hb[}"m LGl v(a)]ﬁ (213)
j=1gs++gjr1=9—1i=j a+
Similar to Section 4, we consider the symmetrization
J J ~ g—1
€GB =0, =t D > 0 [T 0Lt LromHaaol||| (214)
Jgo1=1  jo=1 =0 *p

where we have included extra coefficients éj € [0,1] that reduces this expression exactly to the
previous one. As J =71 -T', we get the following upper bound

Iy T g—1
Yoo G I 0ilG, 0 Lo [Hago)]

Jg—1=1  jo=1 =0

I€g(B = b)ll, , = Tt (215)

*p

L3For the rest of this work, we will use (-) to denote averaging over the Bernoulli variables.
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thanks to the periodicity of the ordering map ~ in equation (37).

Keeping the coefficients b; and following our discussion in Section 2.8, we can write the sum of
commutator chains as the following random matrix polynomial:

T r g—1
. ]
FO (Hory, - Hyw) = ) Z 05 11030, Lt [Ho o) (216)
Jg 1=1 o=1 1=0
r r
b
Z Z T3 Ho g, Hotio)s (217)

where the coefficients T;b) are defined as

g—1
b
7 =15 I] b, (218)
=0

with T} defined in equation (147). Hence, these coefficients are bounded by

"] <9715 H bi.. (219)
where the indicator is defined exactly the same as before for vectors j € {1,...,T'}9
1(4) = 1 if ‘C’Y(jg—l) o ’C’Y(jl)[ (o) ] #0, (220)
0 else.

By standardizing the local terms H. ;) as in Section 4 and apply Theorem 2.4 with p > 2 and
m =1, we get

IEPIZ, <cge? > (> >

wilw|<g \7E€S, vilwl|+2|v|=g

Hawl””l 112, (221)

m[n(w,2v)]

where w,v € {0,...,g}" such that |w| + 2|v| = g. The coefficients T® are inherited from

m[n(w,2v)]
the corresponding T® via the unary encoding function 7 defined in equation (91) by replacing
with 7[n(w, 2v)]. By equation (219),

(b)
T a2

< g lnm(w,20))- ] o (222)

i€supp(w+2v)

Since |w| 4 2|v| = g by construction, HiF:l oWit?i = 59 and hence

IEDNZ, < cggPoo® S (S N II  biimw.20)) | 1017, (223)

w:|w|<g \TES  v:|w|+2|v|=g i€supp(w+2v)

Because w and v do not necessarily have complementary support, we consider the following split-
ting by moving all coefficients b; for i € supp(w) outside of the squared parenthesis. The remaing
coefficients b; are now taken with j € supp(v)\ supp(w). This gives us

IEPIE, < Cog®a® > I wif > > II bi L(wn(w,20)]) | NI,

w:|w|<g i€supp(w) TESy vi|w|+2|v|=g j€supp(v)\ supp w

(224)
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By splitting Zw:|w|<g into >2¢ Zw:|w\=w and taking square roots on both sides, we arrive at

g
g
IEPL, < CEg%"%00\ | S GulHssyk(B = )11l (225)
w=0
where
2
Gu(Hssyx(B=0) = >, [ (> > I[I i 2v)
w:|w|=w i€supp(w) TESy v:|w|+2|v|=g j€supp(v)\ supp(w)
(226)

We will attempt to evaluate G, explicitly later. For now, let us keep G, and write the g-th order
generator as

g
IEg(B = b)l,.,, < T9t971C g%/%0, | > Gu(Hssyx(B = b))l - (227)
w=0

Similarly, the residual error is bounded by

iy g v o | &
€29 (B =b)lll,, <TTI 1107 ()% 209 | Y~ Gu(Hssy (B = b))l (228)
w=0

Hence, for ¢’ =1+ 2 and use C,, < p, the I-th order error generator is bounded by

g —1
IEB =b)lll,, < D lIE(B =)l , +IE>4 (B =b)l.,,
g=Il+1
I+1
< I, (Tl“t’ T 1PE 26 (N G (Hssyk(B =b) (229)
w=0

142
Y8R (1 4 2)3042) /25142 > Gu(Hssyk(B = b)))-

w=0

Then, as we did in Section 4, upper bounding by collecting common prefactors, integrating over
time from 0 to ¢/r, and multiplying by r gives us the Trotter error:

1| 41
t
ID(B =B)ll,,, < 1. ,(0)yiot ( Viot| |3 Gultssc(B = b)
v (230)
gt | 2
T ° -
+ {\/ﬁar} gGw<HSSYK<B b)))
where a(l) is a purely I-dependent factor given by
Y3 (] 4 9)3(142)/2
a(l) = (t+2) (231)

[+1

Equation (230) gives the I-th order Trotter error of a given configuration of the sparse SYK model.
However, it is difficult to parse this expression as evaluating G.,(Hssyk (B = b)) for specific sample
b is quite complicated, but giving an average statement is tractable thanks to the following lemma:
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Lemma 5.2. Let H = Z:;l BiH,;y be a sparse Hamiltonian of m terms with arbitrary ordering
7, such that for all 1 < i < j < m, H,) and H,) either commute or anti-commute. The B;’s
are independent Bernoulli variables with P(B; = 1) = pp for all i. Fix g > 1 and w € {0,...,g},
and consider the average H-dependent sum over all samples of the Bernoulli variables

2
(Gu(H(B))) = < S I BY X I B tan(w2e) > (232)
lw|=w i€supp(w) TES, v:|w|+2|v|=g jEsupp(v)
where w,v € {0,...,g}"™ such that |w| = w and |w| + 2|v| = g. The permutation m € S, reorders

the entries of vectors in [m]?. The unary encoding n and the indicator 1 are defined on vectors
a,be{0,...,g}" and j € [m]9 as follows:

n(a,b):=(1,...,1,2,...,2,....om,....om,1,...,1,2/....2 ... om,...,m), (233)
N—— —— N———
ay times asg times am, times by times bg times by, times
and
]l(J) — L if EW(jg) ’ ”‘C“/(Jé)[HV(jl)] # 0, (234)
0 else.
Then
w (g—w)/2min(q,q") ,
<Gw(H(B))> <G Quax(H)2) " Y > (ppQuax(H))*HT7 7. (235)
s=0 q,q'=0 c=0
where
Quax(H) := [max {7 € [m] : [Hy(, Hyw)] # 0} (236)

To get some intuition for this lemma, recall that for the full Hamiltonian, we could upper-bound
Gw(H) by
Gw(H) < ggg_2m2Qmax(H)g_2 (237)

in Lemma 4.2. Since we perform the sparsification by attaching i.i.d. Bernoulli variables to the
summands of the Hamiltonian, and the average of each Bernoulli variable is pp, we could expect

the average <Gw(H (B))> to scale with some polynomial (of utmost degree g)
(Gu(H(B))) ~ 3" as(ppQuax(H))" (238)

To illustrate this, let us naively forget the sum of squares in G,, and pretend it scales with the
following sum of commutator chains (each commutator chain has weight 1):

~d. Z H (i1, yig))- (239)

T i1,..
If we take the expectation now, we get
g
(Gu(H(B)) ~ 3 3 (T] By ) Ui, . g)). (240)
T i1,y j=1

Note that the average of the product H?:1 B; is not p%;, because we do not know how many distinct
elements there are in the product. Therefore, we need to write our summation more carefully to
control the distinct elements:

))NZZ Z Z ]._.[B’J L(m Z<25(1)7"'7i<25(g)))7 (241)

7 s=1 ¢: surj distinct i1,...,%5
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where we now sum over s distinct elements i1, ...,7;. We use surjective functions ¢ : {1,...,g} —
{1,..., s} to distribute iy,...,is over the indicator. In this way, the average becomes:

(GuHB)Y~D DS > pa sy is): (242)

7 s=1 ¢: surj distinct i1,...,is

The right-hand side is upper-bounded by

g g
>0 S ppLr(ig) - is) < 9 9OMQumax(H) ™D (ppQumax(H))* (243)
s=1

7 s=1 ¢: surj distinct i1,..., is

where m denotes the total number of terms in the Hamiltonian. We use ¢! to bound the number
of permutations 7 € S; and g9 to bound the number of surjective functions from {1,...,g} —
{1,...,s}. The above bound in equation (243) is indeed a polynomial as expected, and resembles
the bound in Lemma 5.2 apart from additional sums there. In reality, we cannot simply ignore
the sum of squares in G, as it plays a crucial role in capturing the scaling behavior of the Trotter
error. To get the correct bound, one needs to expand the sum of squares and treat the overlapping
summations carefully. (This is taken care of by the additional summations over z, ¢ and ¢’ in
Lemma 5.2.) For details of this treatment, we refer the reader to the proof in Appendix E.

To apply Lemma 5.2, let us first put expectations on both side of equation (230) and apply
Jensen’s inequality:

(IPB)Il.,, ) <

I+1

Lo()y/pot - ( [\/ﬁaﬂl > <Gw(HSSYK(B))>

w=0

(244)

+I [\/ﬁo-::|l+l lf <Gw(HSSYK(B))>>.

w=0

For the SYK model, we have Qmax = Q(n, k), and therefore, by Lemma 5.2, we get

Do l I+1 w (I+1—w)/2min(q,q")
(DB ) < Il o O ([@aﬂ 13> 3D DD SRV

w=0s=0 g¢,¢'=

" I+1 | 1+2 w ([+2-w)/2min(q,q") )
o [ﬁ"r} 20 D X (eQn) T )

w=0s=0 ¢,q'=0
(245)

where
T3 (l + 2)3(l+2)/2

[+1

o (1) = (14222 (246)

We can simplify the expression above depending on how we tune the probability pp. If
ppQ(n,k) > 1, then

w (9—w)/2min(q,q") w (9—w)/2min(q,q")
S Y QR T < (ppQn, R Y Z Z
s=0 gq,q'=0 c=0 s=0 gq,q'=

g w

< (ppQn, k) (w + 1) (2 i

< (psQ(n, k)7 - (g + 1)*.

Plugging these into the expression above, we get

>3 (247)

|||D(B)|||*p J+/PB l I+1
<nmu’> <o YL ([Vooviuan] o[ vainmy] )
| (248)
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where 1+3 3(1+2)/2
sany TUTR( 4+ 22052

D=(1+3)3(1+ 249
B =(1+3)2(+2)? = (249)
If pp is tuned such that ppQ(n, k) <1, then

w (9—w)/2min(g,q") w (9—w)/2(g—w)/2

k s+q+q’ —c< 1
2, 2., 2, et 22 2 (250)
s q,q'=0 c=0 s=0 x=0 q,q’=0
< (g+1)"

This gives us

DB, T /oo z -
<HI|H*J,> < 5(1)622{51{3 : < {\/f)ai] +T- {\/ﬁaq ) (251)

This proves the statement. O

5.2 Average gate complexity

As we have seen in equation (230), the Trotter error depends on the specific sample b of the
Bernoulli variables B, so will the gate complexity. If the support of b happens to have size T,
we recover the full SYK Hamiltonian. If the support of b is much smaller than ', we get a
Hamiltonian with much fewer terms that requires much fewer gates to simulate. It is therefore
tricky to derive one gate complexity that covers all the cases. Moreover, due to the difficulty
of evaluating G,,(Hssyk (B = b)) for specific sample b in equation (230), it is also difficult to
formulate a gate count specific to each sample. Hence, we decided on the following approach,
leading us to a notion of average gate complexity. Let

G:={G(B=b):bec{0,1}"} (252)

be the set of gate complexities for all configurations b, where each G(B = b) is the gate complexity
of the I-th order product formula for approximating the configuration Hssyk (B = b) and ensuring
the probability statement in equation (49) or (50). Each gate complexity G(B = b) is the minimal
gate complexity derived from the Trotter error of the corresponding sample ||D(B = b, . If we
take the expectation of G over all samples Bernoulli variables, the quantity

G:= <G(B)> (253)

yields a measure for he average gate complexity when simulating the sparse SYK model. We shall
formulate our result in the following corollary:

Corollary 5.2.1. Simulating the k-local k-sparse SYK model using (even) l-th order product for-
mula has average gate complexity

G@(n(\/m) mjt ({ nJrlOg(e?/(S)uZt}%Jr{nk n+log(62/5)‘7€t} I+

(254)
in the sense that G upper bounds the average of the set

G={GB=b): be0,1]"}, (255)

where G(B = b) is the minimal gate complexity of S;(t/r)" approzimating the configuration
Hgsyk (B = b) that ensures the probability statement

P
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The term Q(n, k) is given by equation (96). When [ is sufficiently large, the average gate complexity

scales in n as )
el n't:Jt if k is even,
n2Jt if k is odd.

This result is irrespective of the size of locality k, but rather its parity.

Proof. Given a sample b € {0,1}", let us start from equation (230)
ID(B = b)ll., < Il ,, -2 - Alp,7)

where
A 1 l E s Gu(Hssyk(B =0
(p,r) = fa( Jot - ( [\fpar} wz:o w(Hssyi( )

+ I+1 1+2
4T [\/ﬁor} > Gu(Hssyk(B = b))>~

w=0

By Lemma (2.1), finding the Trotter number r to ensure the probability statement
P(D(B =b)|| =€) <9,

is equivalent to finding r such that

+1

t ok
1>e pDa(l)ag : ( { ppar] Z Guw(Hssyk (B = b))

w=0

I+1 1+2
+I- { pDJT] Z Guw(Hssyx (B = b)))

w=0

where pp = log(e®D/d) with D = |[|I]||>. Hence, we find that

o~

[ I+1
t
r > /ppot - < 2e pDoz(l)ag Z Guw(Hssyk(B = b))
w=0
i re | &2 -
+ | 2ey/ppa(l)o— Z Guw(Hssyk(B = b)) ) .
€ w=0

(257)

(258)

(259)

(260)

(261)

(262)

For simplicity, we can move the sum over G,, out of the square brackets by considering a higher r:

1
1

142
r> > Gu(Hssyk(B =b)) | - R(n) (263)
w=0
with R(n) defined as
1 1
t] rt] o
R(n) := \/ppot - ([26 pDoz(l)aJ + |:2€ pDa(l)Je} ) (264)
which is a coefficient that appears in the Trotter number of all configurations.
The gate complexity specific to this configuration is then upper bounded by
1
142 !
G(B=0b) < [b|-r=R(n) b | | > Gu(Hssyx(B =D)) (265)
w=0
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It is an upper bound because we did not consider the minimal r.

Averaging over all Bernoulli variables gives us

1
[

1+2
(a(B)) < R(n) <B| J > Gu(Hssvx(B)) > . (266)
w=0

By the Cauchy—Schwarz inequality, and applying Jensen’s inequality for the square root term, we
get

(a(B)) < Ry /(1BI2) (%(GMHSSYK(B)»)I. (267)
w=0

The first expectation can be computed from the second moment of the binomial distribution:

<|B|2> Zb2< )pB Lp) (268)
=T'(T - 1)p% + I'ps.
For the second expectation, we get
(Gu(Hssv(B))) < (psQ(n k)7 - g+ 1)* (269)

if ppQ(n, k) > 1, and
<Gw(Hssyx(B))> <(g+1)* (270)

if ppQ(n, k) <1

We can finally put everything together. If ppQ(n, k) > 1, we get

2
]

(G(B)) < Am)\/T(T — )p} + Tps (VrsQ(n, k))1+ (271)

where
A(n) == (1+3)7R(n) = (I + 3)%\/5075 . ( [26 pDoz(l)Jj ! + |:26 pDoz(l)JI;t} " > (272)

If ppQ(n, k) <1, we get

(G(B)) < A(n)\JT(T — 1)} + Tps. (273)

Since we want to study the behavior of the gate complexity asymptotic in n, while fixing other
parameters such as the sparsity k, locality k, and evolution time ¢, we can safely assume that

ppR(n, k) > 1 and (peD)™ > ppT (274)
for all m > 1. Since D = |||I|||g =2"2 and ¢ = O(J), suppressing all I- and k-dependent factors
gives us

N T T
=0 (x/n + log(e2/8) Tt - ( { n+ log(ez/(?)jt} + {nk n+ log(ez/d)jt} ))
€ €

(275)
Using this, we get the following asymptotic average gate complexities:

c:cé(n(m ) e (W+log(e2/5>{fr+[nk @/ |

(276)

Accepted in {Yuantum 2026-02-02, click title to verify. Published under CC-BY 4.0. 42

).



As for Q(n, k), it’s behavior depends on the parity of locality k. If k is even, Q(n, k) = O(n*~1),
and if k is odd, Q(n, k) = O(n*). Suppressing all constants other than n, ¢t and J, we get the
following scaling for the asymptotic average gate complexities when [ is sufficiently large:

(277)

el nlt2 gt if k is even,
n2Jt if k is odd.

This proves the statement.

O

Similar to Section 3, by consider the probability statement in equation (50) and applying
Lemma 2.2 instead of Lemma 2.1, we get the following result for simulating an arbitrary fixed
input state:

Corollary 5.2.2. For an arbitrary fixed input state |1), simulating the k-local k-sparse SYK model
using (even) l-th order product formula has average gate complexity

G=0 <n (x/pBQ(n, k))HT V10g(€2/8) Tt - ( [\/log(eQ /5)?} . {nk\/log(ez /5)‘?} o )) :
(278)

in the sense that G upper bounds the average of the set
G={GB=»b): be 0,1}, (279)

where G(B = b) is the minimal gate complexity of S;(t/r)" approzimating the configuration
Hssyk (B = b) that ensures the probability statement

B (|| (e ®=br — s (t/my) 1|, =€) <. (280)

The term Q(n, k) is given by equation (96). When [ is sufficiently large, the average gate complexity
scales in n as
N{njt if k is even, (281)

ntEJt if ks odd.

This result is irrespective of the size of locality k, but rather its parity.

6 Discussion

6.1 Gate complexities for simulating the SYK model

We obtained bounds for various orders [ of the Trotter error, and estimated the gate complexity of
simulating the SYK model with accuracy described by the probability statements in equations (49)
and (50).

The probability statement in equation (49) characterizes small Trotter error by the difference
in spectral norm between the time-evolution operator and its product formula approximation.
The gate complexities, displayed in Table 3, for simulating the SYK model ensure the probability
statement in equation (49). In Table 3, we only focus on the scaling in n and ¢ while keeping
all other parameters fixed. As mentioned earlier, the logn overhead from the fermion-to-qubit
mapping is omitted. The results in the large [ limit are obtained by taking [ sufficiently large, such

that the terms with % and l_%l in their exponent become irrelevant to the scaling behavior.
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Gate complexity G

Orders of product formulas

Even k Odd k
First-order nk+342 nkt3¢2
1 3 % 3 l% 1 1
I-th order nktat. ([nzt] + [n]”?t] > nktit. ([nt]T + [nk+1t] LH)
Large [ limit nktat nktlt

Table 3: The gate complexity of using different orders of product formulas to simulate the SYK model of

locality k, ensuring the probability statement in equation (49), for fixed € > 0, ¢ €~(O7 1) and k < 1, omitting

the log n overhead produced by the fermion-to-qubit mapping. We omitted the big-O notation in the cells. The
1

e-scaling of these bounds go with ~ % for first-order formulas and ~ (%) U for I-th order formulas.

We observe that the scaling behavior of the gate complexities is different for even k& compared to
odd k. This is a direct consequence of Q(n, k), see equation (96), which behaves differently for even
and odd k. As a result, the Trotter error, and subsequently the corresponding gate complexities,
will have different scaling behaviors. We expect this phenomenon, since the SYK model behaves
differently depending on the parity of its locality k. It is also reasonable that the gate complexity
for simulating odd-k SYK models is higher than even-k SYK models. As Q(n, k) = O(n¥) for odd
k, most of the terms will anti-commute in the odd-k SYK model, whereas even-k SYK models have
Q(n, k) = O(nk~1), meaning that most of the terms commute as n grows. Since the Trotter error
depends on the number of anti-commuting pairs of terms, simulating the odd-k SYK models will
naturally require a higher gate complexity than the even-k SYK models.

By ignoring the logn overhead produced by the fermion-to-qubit mapping, we found that for
the SYK model with k = 4, the gate complexity of its digital quantum simulation using first-order
product formula scales with @(n6'5t2), while using higher-order product formulas (given the order !
is sufficiently large) it scales with O(n*®t). This offers an improvement of O(n??%) and O(n>%) in n
(up to log-factors) respectively compared to the previous result O(n'°t?) obtained by [GAEL*17].
Compared to the result O(n5t?) [AJS24], our higher-order bound offers a slight improvement of

O(v/n) in n.

Additionally, any order of product formula simulating the SYK model requires at least Q(n*)
gates, because there are (’)(nk) local term exponentials per round in the product formula due to
the fact that the SYK model has ' = (}) = O(n¥) local terms. In this sense, one could interpret

our results O(n**+1/2t) and O(n*+'t) in the large [ limit as close to optimal.

These gate complexities can be further improved upon, if we consider the probability statement
in equation (50), which characterizes small Trotter error by the difference in the (>-norm between
the time evolution of an arbitrary fixed input state i) and the state obtained by applying the
product formula approximation on |¢). Overall, considering this probability statement allows us to
reduce the previous gate complexities by O(n?) for first-order product formulas and by O(y/n) for
higher-order formulas. These results are presented in Table 4, where we only focus on the scaling
in n and ¢ while keeping all other parameters fixed. The results in the large [ limit are obtained in
the same way by taking [ sufficiently large, such that the terms with % and H% in their exponent
vanish. As we can see in Table 4, simulating the SYK model with even k using higher-order
formulas requires only @(nkt) gates in this case. This means that for any arbitrary fixed input
state |1), higher-order product formulas are actually optimal for simulating the time-evolution of
|t)) under the SYK Hamiltonian with even k, apart from the inevitable logn overhead from the
fermion-to-qubit mapping.
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Gate complexity G

Orders of product formulas

Even k Odd %
First-order nktse2 kg2
T = 1 1 % 1 l%
bl oxder it (@t + et ) | et (] [e
Large [ limit nkt nktis

Table 4: The gate complexities of using different orders of product formulas to simulate the SYK model of
locality k on an arbitrary fixed input state |¢), ensuring the probability statement in equation (50), for fixed
e > 0,6 € (0,1) and k < 1, omitting the logn overhead produced by the fermion-to-qubit mapping. We
omitted the big-O notation in the cells. The e-scaling of these bounds go with ~ % for first-order formulas and

1
~ (%) U for I-th order formulas.

6.2 Gate complexities for simulating the sparse SYK model

Additionally, using similar methods, we derived average higher-order Trotter error bounds for
simulating the sparse SYK model. They lead to the following average gate complexity in the large
[-limit'4: )
e n;+fjt ?f k ?s even, (282)
n“Jt if £ is odd.

Compared to the full SYK model, this result does not depend on the locality k, but rather its
parity. Since the sparse SYK model on average contains xn terms in the Hamiltonian, the gate
complexity of product formulas scales at least with xkn. Hence, similar to the case for the dense
SYK model, one could interpret our result in the large [ limit as close to optimal.

Similarly, if we consider the probability statement for an arbitrary fixed input state [¢)) in
equation (50) instead of the statement in equation (49), we get

ém

{njt if £ is even, (283)

T3 7t if k is odd.

This shows that for any fixed input state |¢), higher-order product formulas are near-optimal on
average for simulating the time evolution of |¢) under the sparse SYK Hamiltonian with even k,
apart from the inevitable logn overhead cost from the fermion-to-qubit mapping. Together with
the results in the previous section, we demonstrated the potential of product formulas to efficiently
simulate the SYK and sparse SYK models.

6.3 Error bounds for general Gaussian models

Due to the generality of Lemma 4.2, our Trotter error bounds for the SYK Hamiltonians in The-
orems 3.1 and 4.1 can be easily generalized to other Gaussian models by simply replacing Q(n, k)
with Qmax (equation (166)) and (}) with the total number of terms in the specific Hamiltonian.
In other words, consider a Hamiltonian of the form

H=>JH,; (284)

.

14The complexities present here have an e-scaling that goes with ~ (%) for I-th order product formulas.
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where the J;’s are i.i.d. Gaussian variables with zero mean and standard deviation o, and the
H;’s are linearly independent Pauli strings or Pauli string representations of fermionic operators
of arbitrary locality. For p > 2, the first-order normalized Trotter error is bounded by

AL (H) = 4320 \ /T (H) t2[ +amﬂ, (285)

3r2

and the [-th order normalized Trotter error is bounded by

o l I+1
A(H) :=%<F B Q1] 417 Vo Qa1 ) (256)

where D(I) is a factor only depending on I. Hence, bounding the Trotter error of a Hamiltonian
of the form (284) reduces to the problem of counting the maximal number of anti-commuting
terms in the Hamiltonian. Subsequently, one can use equations (285) and (286) to estimate the
corresponding gate complexity as we did for the SYK models.

Similarly, we can generalize our results for the sparse SYK model to a broader class of sparse
Hamiltonians where the sparsification is governed by Bernoulli processes similar to the sparse SYK
model. To be specific, given a full Hamiltonian

Hpn o= Y JiH,, (287)
i=1
we consider its sparsification of the form
m
Hsparse = Z BszHz (288)
i=1

where B;’s are i.i.d. Bernoulli variables and J;’s are i.i.d. Gaussian variables, such that given
constants x, J > 0,

P(B;=1)=pp, E(J;)=0, and E(J?)=0O(T? (289)

for all 1 < ¢ < m. The H;’s are linearly independent Pauli strings (or can be represented by
Pauli strings, such as the Majoranas) of arbitrary locality. Then, by simply replacing Q(n, k) with
Qmax(Hgan) in equations (210) and (211), the average Trotter error is bounded by

Io®)., . z o
<1|||’> < B~ LVPEL ( [@am;ﬁ] T [\/ﬁam;]

Qmax (Hfull>
(290)

where 3(1) is a purely I-dependent factor. If ppQumax(Heun) < 1 instead, the I-th order average
Trotter error is bounded by

(IpB)l..,) r ot o e
CEnL, < 5(l)m2;fuu). <[\/ﬁar} +T- [\/ﬁo—r} ) (291)

Subsequently, gate complexities can be derived in a similar fashion as Corollaries 5.2.1 and 5.2.2.

6.4 Outlook and open questions

Although we have derived bounds for several orders of Trotter error and found the near-optimal
complexity for the product formula simulation of both the SYK and sparse SYK models, there are
still some open questions left.
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The first one concerns the error bound A;. Recall that by Theorem 4.1,

lle™ = Sict/m)"l
l,

- S Al(nvkatar7p)a (292)

where

D(l)\/pot [ (n 1" /n)\? £

A= ——— Voo Qn,k)—| + Vpo/Q(n, k)— : (293)
Q(n, k) k r k r

Asymptotically for even k, note that o = O(n’%) and Q(n, k) = O(n*~1). Hence, 01/Q(n, k) =

O(1). Therefore, for any even [ > 1, the scaling of A; in n will asymptotically not depend on the

terms in the square brackets. In other words, fix k,t,r, and p, then for any even [ > 1, A; will

have the following asymptotic scaling in n:

Al(fn” kata r,p) =0 <Q(n,k) <I€> > =0 (nk+1) ) (294)

which is independent of [. This behavior is illustrated in Figure 5, where the A; for different [ start
with different curves, but after some ng (in Figure 5 we could take ng € [e3, ¢?]), they all become
parallel straight lines for n > ng, indicating the same scaling behavior in n.

Scaling behavior of A; for different [

701 T A
601
501
401
301

log(A)

20

10+

—10+

9 3 4 5 6
log(n)

Figure 5: Scaling behavior of A; in n € [6,500] for | = 2,4,6,8,10 at fixed k = 4, ¢ = 10, » = 100000,
p = 2. When plotting these, we omitted the calculation of the prefactor D(I) because it gets too large for us to
compute. Therefore, this plot does not give the correct prefactors but still captures the correct scaling behavior
in n.

Since A; is an upper bound for the [-th Trotter error, this indicates that the I-th order Trotter
error of the SYK model with even k for any even [ > 1 could also have this uniform asymptotic
scaling independent of [. Numerically confirming this interesting observation by directly computing
the Trotter error is beyond the reach of our computational capability. We leave the verification of
this result to further research.
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The second question addresses the gate complexity of the sparse SYK model. The quantity we
provide does not yield the full picture, as it only gives a measure for the gate complexity averaged
over all samples of the Bernoulli variables. To obtain a fuller picture, one could consider comput-
ing higher-order moments of the gate complexity, such as the variance, and give a probabilistic
description via Chebyshev’s inequality in the form

P(|6(B) -~ G| > e/ Var(@(B))) < Clz (295)

where G(B) is the gate complexity dependent on the Bernoulli variables, G is the average gate
complexity we computed, and ¢ is a constant strictly larger than 1. Alternatively, one could
define a typical set for the samples of the Bernoulli variables, and provide a statement about gate
complexities for typical samples. We leave both approaches for future research.

Lastly, inspired by [AJS24], we could consider a graph-coloring optimization to reduce the
number of gates per round in a product formula. This idea is based on the fact that we can
decompose the SYK Hamiltonian into clusters of mutually commuting terms. If one considers the
anti-commutation graph A of the SYK Hamiltonian, i.e. the graph obtained by placing each local
term as a vertex, and an edge between two vertices if the corresponding local terms anti-commute,
then the chromatic number y 4 is the least number of commuting clusters we can decompose the
SYK Hamiltonian into. The commuting clusters have the advantage that they can be simultane-
ously diagonalized. Implementing each commuting cluster as Pauli strings requires O(n?) gates,
coming from the simultaneous diagonalization of the cluster [MCK 22, vdBT20, MFL"24|. This
leads to a complexity of O(n?y(A)) gates per round. Because the anti-commutation graph A is
a Q(n, k)-regular graph, its chromatic number y 4 is upper bounded by Q(n, k) + 1. Hence, using
this approach, the gate complexity per round would scale at most with O(n**1), which is the same
as the gate complexity where we use the Jordan—Wigner transformation to map each Majorana
fermion to a Pauli string instead of the ternary tree mapping. However, the chromatic number
X4 can potentially exhibit a better scaling than Q(n, k), as we can see in Figure 6. Hence, al-
though decomposing the SYK Hamiltonian into commuting clusters does not impact the Trotter
number as it is not ordering dependent, this approach could potentially lead to a more efficient
implementation of single rounds of the product formulas.

Comparing the scaling of the chromatic number x4, Q(n, k) and I’

---------- log (x4) : 3.182log(n) + —3.903 "

101 log (Q(n, k)) : 4.2741log(n) + —5.23 ..,.,0"" e
i log () : 4.519log(n) + —5.124 P
c Kd e
© . (B
—~ 8 P‘ . *®
= e e
5 [} .. ‘.“'0"'.

o
S ) et
< . ' ..
=< o..
%5 . o
. :
o0 4 *
= . e e
:
2{ &
175 200 225 230 275 300 325 350
log(n)

Figure 6: Scaling comparison between the chromatic number x4 of the anti-commutation graph of the SYK
model A and Q(n, k) for even n € [6,38] and k = 4. The chromatic number is estimated using a greedy
coloring algorithm.
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A Lemmas for evaluating the probability statements

Lemma 2.1 (Concentration inequality for operator norm). Let H be a Hamiltonian on a Hilbert
space. Let 1 € {1} U2N be the order of the product formula approzimating the Hamiltonian. If the
Trotter error of this product formula is bounded by a positively valued function A(p,r), in the sense
that

lle ™ = Si(t/r)"ll, < pA, I, (55)
for all p > 2, then choosing the Trotter number r so that it obeys the inequality
A (tog(2I1111/8) ) |
< (56)
¢ e -Tog(e2||12/)
ensures that _
P (||e"™* = Su(t/r)"]| =€) <. (57)

Proof. Let H be a Hamiltonian on a Hilbert space of dimension D. Suppose its I-th order Trotter
error is bounded by

lle™* = Sit/r)"lll, < pAp, I, (296)
for all p > 2. By applying Markov’s inequality, we obtain
, etHt — Sy(t/r
B (Je — siejey | = < IV p (AR0Y (207)
€ €

P
where D = [|I]|[?. We want to achieve D (p@) < 8. Let pp = log(e*D/5). Since equation
(297) holds for all p > 2 and pp > 2, it must also hold for pp.°

Observe the following equivalence:

(pDW>pD <t e ((pDW>pD) <log ( g) (208)
= 1og< Alpp, ) <10g< ) (299)
— 10g<)\(p§7 )) < loi(DD/ %) _log (o) (300)
— M < oxp (m_giosm) Z% (301)

Now, the minimal value of ez for >0is at £ — oo with e™1 < e7*2 for all z > 0. Thus,

A 1 1 A —logD/é 1 A po 0

Ml = M s (FRPR) D (30020 ) < g s
€ e pp € DD DD € D

which means

A 1 1 -
M) 1L (1B g, gy > €) <6 (303)
€ ¢ Pp
In other words, solving
A 1 1
o) (11 (304)
€ € DD
for r ensures the concentration inequality. This concludes the lemma. O

15We have pp > 2 because D > §, since D > 1 and § € (0,1) for it bounds a probability.
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Lemma 2.2 (Concentration inequality for fixed input state). Let H be a Hamiltonian on a Hilbert
space of dimension D and |v) an arbitrary fized input state in this space. Letl € {1} U 2N be the
order of the product formula approzimating the Hamiltonian. If the Trotter error of this product
formula is bounded by a positively valued function X(p,r), in the sense that

e = $i(t/r) Mg < PAP.7) (58)

for all p > 2, then choosing the Trotter number r so that it obeys the inequality

A (log(e?/6),7) - 1
€ ~ e-log(e?/d)

(59)

ensures that .
P (|| (e = Si(t/r)") |[9)]| 2 =€) <. (60)

Proof. Let H be a Hamiltonian on a Hilbert space of dimension D and |¢) an arbitrary fixed input
state in the Hilbert space. Suppose the [-th order Trotter error is bounded by

e = Si(t/r)" 0 < PAD,T) (305)
for all p > 2. Observe that by Markov’s inequality

E([| (e = Si(t/r)") [9)]]12)

P (|| = Sut/r)") [} ]|, > €) < > (306)
1Ht
- {E(H(e = Sut/r)") 1) } (307)
6} l,2=1 eP
Hence,
) iHt S (t TP D
IP)(H(elHt Sl t/r |w ng > ) < H|€ lg(p/r) H|f1$,17 S (p)\(pe’r)> (308)

P
We want to achieve (p@) < 6. Let p; = log (62/5). Since equation (308) holds for all p > 2

and p; > 2, it must also hold for p;. The rest of the proof is analogous to the previous one by
replacing pp with p;. This concludes the lemma. O

B Anti-commutation lemma for Majorana fermions

Lemma 3.2. Let H = ZLI H., ;) be the k-local SYK model with vy : [I'] — E an arbitrary ordering
of hyperedges. Then for all 1 <i < j <T,

k+m
HoyyHygy = ()" Hy () Hoy ), (97)

where m = |v(i) Ny(4)| is the overlap between hyperedges (i) and v(j).

Proof. Let a = (i) and § = ~(j) two different hyperedges. Suppose Hy, = JoXa; *** Xa, and
Hg = Jgxp, -+ Xg,, Where o; # o and §; # B; for i # j. Given the anti-commutation relation

{xis x5} = 203 (309)

we are going to show
2 2
HoHg = (-1)* "™ HgH, (310)

where m = |a N S
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We write the product

HOLHB - JDLJBXDél o XapXpBr X Br = JaJ,B(ah .. '7akaﬂ17' .. 75/6) (311)

as an ordered set. Now, suppose |a N §| = 0. This means that H, and Hg contain completely
different fermions. Therefore, by the anti-commutation relation:

HO‘HH:Ja‘]ﬁ(ab'"’akaﬂlw'-aﬂk) (312)

:(_ )k‘] Jﬁ(ﬂl;alv" akaﬂZw",ﬂk) (313)

= (—1)* - JoJs(B1, 2, a1, .y g, Bs, -, Br) (314)

= (=1)%  Juds(Brs- . B o) (315)

= (-1 HgH,. (316)

Now, suppose |[aNG| = m > 0. This means that H, and Hg share common fermions {71, ..., vm}
Define

Ha:Ja(alw"aak—mm’ylw"77177,)7 (317)

‘f_‘[ﬁ:Jﬁ(/Bla"'7ﬂk7m7/yla"-77m)- (318)

Note that all permutations 7 of (a1, ..., Qk—m,71,--.,7m) only yield a parity factor o(w) at the
front. In other words,

T(Q1y ooy Qe Y1y oo s Ym) = 0(T) - (@1, ooy Qs Y1y -+ s Yim)- (319)
Since H, and Hpg can be written as permutations of H, and H g respectively, we have
H, = o(m)H,, and Hp = o(my)Hp (320)

where m; and 7 are the corresponding permutations that send H, and Hg to H, and H 8, respec-
tively. Hence,

H,Hg = o(m)H, - o(m2)Hp
=o(m)o(m2) - Jadg(Q1y - oy O, Y1y - oy Yimy B1s -« s Blimms Y15 -« -5 Ym)
o(m1)o(ms) - (—1)(k_m)k Jadg(B1y s Bhemy 01, - ooy Qs Y15 - - s Yms Vs - - 5 Vm)
= o(m)o(my) - (=1)FmmIktmE=m) 7 T (81, Brems Vis e e ey Yo QL - -+ s Qs Y1 - - - 5 Vo)
= o(m)o(m) - (~1)¥ ™" HyH
= ()" HyH,
= (-)*"HzH, O

C Random matrix polynomials with Gaussian coefficients

In the main text we used 2.3, which comes from Chen & Brandao [CB24, Theorem VIL.3] (with
a slight variation in the prefactor). For completeness, we present a proof of this result in this
appendix (which takes a slightly different track than [CB24]).

For context, consider a random matrix polynomial of degree g

F(Xm,... ZTX% X (321)

where each term X; can be written as
Xi = giKi (322)
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with g; i.i.d. standard Gaussian variables and K; a deterministic matrix bounded by ||K;|| < o;.
By Rademacher expansion and resummation by a subset S of the index set Z := [m] x [IV], we can
write F' as

F= Z Z Z Z T‘n’[prl(s1,...,sz,s’l,...,s; ]ﬂ- YSI e }/‘“szll to YS;:| : (323)

= ’ .
Y=g s1,...,52€5 57,...,5, €S° WESQ/Sm XSy

which prepares us to act the smoothing operator on it. For the notation here, we refer the reader
to Section 2.8. The rest of this Appendix constitutes the proof of the following theorem.

Theorem 2.4. Forp>2and C, =p—1,

m 2
PN, < g7C8 (Z D | Tenw 20| Ha;uwm) Iz, (90)
=1

w v TES,

where w,v € {0,...,g}™ are such that |w| + 2|v| = ¢g.'® The unary encoding n is defined as

n(a,b):=(1,...,1,2,...,2,....m,....m,1,...,1,2,...,2,....m,...,m) (91)
—— —— ——— —— —— ——
a1 times as times ay, times by times bo times by, times

fora,be{0,...,g}™.

Proof. Applying Ege to F' gives

REED S SUED DI D TR AR PR
THY=951,...,5:€5 s],...,5, €S5° 7r€59/51,><5y
(324)
We now analyze the sum over s}, ..., s; more carefully. Observe that

E(Yy -+ ¥a) #0 (325)

if and only if y is even, since the product is nonzero in expectation only when it contains no odd
moments of YS;. Thus, we scale y to 2y and update the summation constraints accordingly:

Ege [F} = Z Z Z Z T;-r[prl(51,...,sm,s’l,...,s’2y)]7.r |:}/51 U Y'SLIE(YVS’1 T Yséy):| :
T+2Y=g s1,...,5, €S s],...,8, €S ﬂ'eSg/Sm X Say
(326)
Since each Rademacher variable contributes only through exponents 0, 1, or 2, any non-vanishing
IE(Ysr1 ~~~st2y) must consist of a product of second moments of Rademachers. Therefore, the
subscripts {s},..., 85, } contain exactly y distinct elements {s7,..., sy}, and the expectation takes
the form

Sy

E(Yy Yy ) =7 [E(}g%l/) > ~IE(Y2,,)] , (327)

where 7" € Sy, reorders the product. This reordering is necessary due to the non-commutativity
of the Rademacher variables. Hence, the corresponding sum over expectations in equation (324)
can be expressed as

SOEYy Yy =Y > 7[EeE)-EEEH]. 629)
('7..., ! Se '/AH., "ese ’
We do not sum over the entire group Ss, for ©’ to avoid overcounting. Specifically, two classes of
permutations must be excluded: (i) internal flips that leave the argument invariant, of the form
(12)$1(34)%2 - .. with ¢; € {0,1}, corresponding to the group

Sg ZZSQXSQX"'XSQ, (329)
y times
OTf = (u1,...,um) € 7, is a vector then |ul := Z:il |uq].
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and (ii) pair permutations, i.e. permutations that exchange entire pairs, corresponding to S,. The
composition of these two symmetry types (first the internal flips, then the pair permutations) forms
the group

Sy xS, (330)

The semi-direct product ensures the correct group structure.!” This explains the notation 7’ €
Sgy/Sg X Sy in the summation. Plugging this back into the sum in equation (324) gives

Ese[Fl= > > > > >

*+2y=g s1,...,8z €S WESg/Sg,- X Say S/l/p..,S;/ESC TF’GSzy/SQyXSy
distinct

S

Vi, Yo [B() - E(VE)]]

7r[pr1 (51,...,sm,w’[s'l,s/l,...,s;,sg/])]ﬂ |:

(334)
Applying the central part (1 —E)g to Eg<[F] and using the triangle inequality yields
IEsl, < > D2 >
€S, [Say Sy €S riesy, [SUnS,
distinct (335)
2 2
‘Tw[prl(sl,...,s‘m,71'/[sa’,s’l’,...,s;;,s;j])] ‘ T |:Y;1 e YS\S\W/ [E(}/s’l’) T E(K’y’):”
*,p
Here y is fixed by y = (g — |S])/2. This follows from the fact that

(I1-E)s[Ys, Y, ] #0 (336)

if and only if all subscripts in S appear in the product Yy, ---Y;, and each term has an odd
exponent. Since each contributing Rademacher variable can only have exponent 0, 1, or 2, all
must have exponent 1, fixing z = |S| and thus y = (g — |S])/2. We also extend the summation
over 7 to the entire group Sgls, quotienting out permutations that reorder Yr, .. "YSL’ among
themselves. This extension means that the part of S; we sum over now accounts for permutations
that reorder Y, , ..., Y, among themselves, allowing us to drop the summation over sy, ..., sg|.

By construction, each Rademacher variable can be written as

Y, = %Kprl s (337)

and recall that each Ky, s is bounded by ||| K pepm]sl|

ep < Oprms Il ,- Plugging this back in

17Normally, such semi-direct product does not give rise to a group structure, but in this case the symmetries of
Sg and Sy have trivial intersection. Therefore, the semi-direct product does yield a group structure. To visualize
this, consider a vector of 2y entries divided into y columns where each column contains a pair:

(s7, 85185, sy |15y 1, 85,)- (331)
The symmetries of S;“’ act on this vector by flipping the pairs inside each column. For instance, flipping the pair in
the second column gives

(Slllas/z/lsﬁllvsg ISIZ/y—l’S/Q/y)‘ (332)
The symmetries of S, permute the columns among each other while leaving the pairs inside the columns invariant.
For instance, permuting the first column and the last column gives us

(‘Sl2,y717 Sl2ly|sg7 S:ll o Sll’: sl2l) (333)

Then it is clear that the symmetries of Sy and Sy have trivial intersection.

18We are allowed to do this here, because all the summands after triangle inequality in equation (335) are positive.
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equation (335) gives us

IEsl, < > D2 >

17
7€S, [ Say 1Sy ESC nies,, /SYS,
g/ 2y distinct 2y/ 2 Y
1

\/*\S|

We can now simplify the right-hand side by making the summand independent of the summation
over 7'. To do so, we first extend the sum over 7 to the full group S,. Since we are summing
positive terms, the upper bound remains valid. Notice that the sum over the entire §; commutes
with the other two summations. Hence, we can write equation (335) as

IEsl, < >

ﬂ[pl‘l (51,...,s‘s| 77'r/[s’1’,s’1’, s;’,s”])] ‘
(338)

1
\s| {O-prl s1 7" Opry S\S|U[2>r1 sy pr1 5”i| H|I|||

pr1(51» 18)s),7 [s78Y Sﬁjvséf])]‘

" " c

s15-8,€8° es SYxS, TESy

distinct 2y/ (339)

1 1
2
\/7‘3‘ \S| |:Upr1 s1° " " Opry s159pr, sy pr1 s”:| |||I|||
Observe that the sum over m € §; has the following property: for any permutation 7 € S,
w[prl(r[sl,...,sm‘,s’l’,s’l’, 8y, ”]) ‘ - w[prl(sl,...,s‘s‘,s'l’,s’l’,...,s,’y’,s’y’)] ’ (340)
TES, TES,y

because the composition of 7 and 7 yields another permutation in S;. We can view each 7’ €
8oy /Sy % S, as a permutation in S, that leaves the first |S| elements invariant and acts only on
the last 2y elements. Hence, for every ©’ € Sgy/Sg x Sy, we have

w[pry (s1,0008) 50,7 81,57 180 800])] ‘ B PI‘1(51, 18151587381 5088y ]‘ ’ (341)
TES,y TES,
Plugging this back into the sum in equation (339), we get
Iesll, < 3 R ——I
sty 8, €5% e, [SYns, "€
dlstlnct 2 / 20T (342)

1 1
T e Pl TR SRL SRRt | 1

and find that the summand is completely independent of the summation over 7’. Noting that

> 1= g(fyl" =2y -1 < g (343)

€Sy, [SINS,

Plugging this back into equation (342) gives us

FTsll,,, < ¢°

17 1" " //
PT1(517 538|587 987 5+ Sy Sy ]
/
st,..s ’ESC TES,y

distinct (344)
1 1 )
N (o o1+ Oy 1510y s+ 0y | WLy
To sum over all [[|[F]s][, , in Theorem 2.3, we parametrize every S by
m .
§ = 163", @ 5)} (345)
i=1
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QS ———— -

Figure 7: Depiction of the set S on the two-dimensional plane [m] x [N], the slice S;, and slice complement
S§ = [N]\Si. The same concepts also work for disconnected S.

with a vector w € {0,...,¢9}™ with |w| = |S]|, and integers jl(i) € [N]. When w; = 0, the

corresponding set {(i, jy)), . (4, ]1(5))} is empty. One can view S as a union of vertical slices in
the two-dimensional grid [m] x [N]:
S = U Si, (346)
i=1
where each slice is determined by the entries of the vector 7 := ( ](i) jﬁj)) via
Sy = (0,5, (1,35} (347)

The size of each slice S; is given by w;, and S; is empty when w; = 0. We also define the slice
complement

Si = [NI\Si, (348)

which should not be confused with S¢, the complement of S. These constructions are illustrated
in Figure 7.

These concepts allow us to parametrize the summation over S by

N N
D B S PV (349)
TR R I
distinct distinct

When w; = 0 for a certain 1 <4 < m, the sum ij = Z;% S0 does not appear. Similarly,
1 oo Jwy =

we can rewrite the summation ZS/I)MS;eSc as

distinct
)SIEESSED MEECIED SIS > .
5/17,,,75;6,96 v k) k(m) k§1)7~~"k1(;11)6516 k,Y") kq()m)esc ( )
distinct distinct dlst1n7gt
such that v is a vector in {0 .., g}™ such that |w|+ 2|v| = g. The slice complements S¢ here are
understood as | \{ 1 j1 )yenes (1, ji(ul))}, which is fixed by the summation over w and (). When
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v; = 0, the sum ) ) = Zk§i>7___7k£i_)es_c does not appear. In this way, we can still pick y distinct

elements from S¢ as .
LG R, (D)) (351)
i=1

Using these reparametrizations, we have

S CENFsE, <gcpd S ]@Jvfm”””i»p<z 2 2

s w ) j0m) v k(). k(m) TES,

T A A
7 [pry (17)eepry (1 ) oy (LkS),pry (1K), pry (k) oy (k)|

2
{U (1) : (m) o2 ceg? }
pry (1,5, ) Prl(m7jw7;z) prl(l,kgn) pry (m,k{™ ))
(352)
The product over o can be simply written as
.. 2 - wi+2v;
aprl( 7.71 )) O-pr1(m7j1(1j;),)o-prl(1,k(11)) prl(m k: H 9; ' (353)

To write the coefficients T7...; more compactly, we introduce the following unary encoding n

n(a,b):=(1,...,1,2,...,2,....om,...,m,1,...,1,2/....2, ... om,...,m), (354)
—— —— ——— —— ——— ——
a1 times ag times am;, times by times bs times b, times
for vectors a,b € {0,...,g}™. Using this, we can write the coefficients Ty...] as
T [pr2 (1,55 (5 ) ) oy (1§ )y (LS, (m k) oy (k) | Trintw.20)1 (355)
Plugging this back into the right-hand side of equation (352) yields
1 1
S| - 2
S AEsIE, < eSS s s IE,
s w G j0m)
(356)

(S 5 S el [l

v k1), k(m) TES,

Notice that the product over ¢ is independent of the summation over k), ... k(™). Since the size
of each slice complement S is always less than N, we have

N N
Yo D ey 1=N"L (357)
kD, k) DLk =1 kM Lk =1
By construction, |v| = g—z\w\. Hence,

1 1
[S| 2
SN, <ot S 3 el

w j(l) J(m,)

2 (358)

9= lw‘ w; +2v;

(S 5 [ o).
TESy
By moving the N7 factor out of the parentheses in equation (358), we see that it exactly cancels
the factor N_q_‘wl , leavmg us with
1 2
S CNESIE, <ecsY S I,
s w 1) j0m)
2 (359)
w;+2v;
(5 % e T )
v 7ES, i=1
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We can do a similar treatment to the summation over 5, ..., 5™ and notice that

> 1=nNM (360)

PO
which cancels out the N‘wl factor in equation (359). In the end, we obtain
2
w;+2v; 2
S CENFIsIP, < 9°C8 2 (Z S | L] ) Iz, oy
S v weSy i=1

Together with Theorem 2.3, we have proved the desired statement.

D Evaluating GG, for general Hamiltonians

Lemma 4.2. Let H = Y1, H.;y be a Hamiltonian of m terms with arbitrary ordering vy, such
that for all 1 < i < j < m, Hy; and Hy either commute or anti-commute. Fiz g > 1 and
w € {0,...,g}, and consider the H-dependent sum

Gum= Y (X Y i@hww)] (162)

w:|w|=w \TES, v:|w|+2|v|=g

where w,v € {0,...,9}"™ such that |lw| = w and |w| + 2|v| = g. The permutation © € S, reorders
the entries of vectors in [m]9. The unary encoding n and the indicator 1 are defined on vectors
a,be{0,...,9}™ and 3 € [m]9 as follows:

n(a,b):=(1,...,1,2,...,2,....om,...,om,1,..., 1,2/ ....2 ... om,...,m), (163)
—— —— —— —— — ———
ay times aso times am, times by times bg times by, times
and
1(4) := Ldf Lagyy -+ Loy Hy 0] # 0, (164)
0 else.
Then
Guw(H) < g3 2 m2Quax(H)9 2 (165)
where
Qmax(H) = 1r<nzix ‘{J E } [H'y(])7H’y(z)] # O}} . (166)

Proof. Using Holder’s inequality with p = 1 and ¢ = oo

G < S S trmw,20)) (362)

w:|w|=w TES, v:|w|+2|v|=g

max Z Z 1(7[n(w,2v)])

w:|w|=w
TESy vi|lw|+2|v|=g

By using the definition of 1 from equation (91), we have

Gu(H)<| > Z Y Lwliws it fos oo 1s 1) (363)

TESg twyeryi1=1 Ju,...,j1=1

max Z Z Zwa---7i1aj’u7jv7"'7j17j1))

[ l]
v 7‘—689 Jvs-sJ1
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where v = (g — w)/2. Instead of summing over the vectors w and v, we are now directly summing
over the local terms in the Hamiltonian, where indices i1, . . ., 7, come from w and indices ji, ..., j,
come from v. Because of this, each j; occurs in pairs in the indicator 1. The permutation 7 is now
a reordering of (fu, - -, 81, Ju, Jus -« -5 J1,J1)-

We are going to evaluate the two terms in equation (363) separately. The first term is

Li=>Y Z Z T (G - -+ 301 Jos Jos -+ 5 J15 J1))5 (364)

TESy Gy si1=1 Ju,..

where g = w + 2v > 2.

Fix a permutation m € S4. The sum

Sy = Z Z Ty - 301, Jos Jus -+« » J1 51)) (365)

Lo seey81=1 Joyeens j1=1

is effectively counting the number of ways we can make a commutator chain of length g by selecting
w+v local terms of H while duplicating v selected terms. We shall first provide a concrete example
of evaluating this sum before proceeding to the general argument.

Take g = 6, w = 2 and v = 2. Let 7(iz, i1, j2,j2,71,J1) = (J1,%2, 72,2, J1,%1). The sum S;
corresponds to counting the number of commutator chains of the form

[Hoy (1) [ i) [HAy o)y [(Hy () s [HA Gy s Hyin) 1] (366)

1st layer
2nd layer
3rd layer
4th layer
5th layer
> 6th layer

such that it is non-zero. We refer to the position of local terms H.,(;) in the commutator chain as
“layer”. In this case, from the innermost to the outermost commutator, H. ;) is on the first layer,
H.,;,) the second layer, etc.. We are now going to count how many such non-zero commutators
there are. Starting from the first layer, there should always be up to m choices. The local term on
the second layer must anti-commute with the first one. Therefore, there should be up t0 Qumax(H)
choices. The local term on the third layer must anti-commute with at least one of the local term
of the previous layers, i.e. at least one of H(;,) or H,(;,). This gives us up to 2Qmuax(H) choices.
The fourth layer must be a duplicate of the third layer, leaving us with up to 1 choice. The fifth
layer must also anti-commute with at least on of the local terms on the previous layers, giving
us up to 3Qmax(H) choices. Lastly, the sixth layer is a duplicate of the second layer, leaving us
again with up to 1 choice. Thus, the number of such non-zero commutators are less or equal
to M - Quax(H) * 2Qmax(H) - 1 - 3Qumax(H) - 1 = 3! - mQuax(H)?. Observe that this bound is
uniform for all permutations 7. The only thing that changes is where the duplicate layers are in
the commutator chain, but one could simply repeat the reasoning above to end up with the same
upper bound. For instance, consider 7'(i2, 1, j2,J2,j1, 1) = (J1,J2,%2, jo, j1,%1) by swapping io
and js, the fourth layer now has up to 3Qmax(H) choices, while the fifth and the sixth layer only
have up to 1 choice being duplicate layers. Hence, under this permutation, the bound stays the
same. Even in the extreme case such as 7'’ (ia, i1, jo, jo, j1,J1) = (41,11, J1, 12, j2, j2), the innermost
commutator automatically vanishes and the number of non-zero commutator chains of this form
is 0, which is still bounded by 3! mQmax(H).
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Now, consider general commutator chain of length ¢

[Hy(ay—1)s [+ [Hy(az)s [Hyan)s Hyao)ll] -+ (367)
1st layer
2nd layer
3rd layer
gth layer

with v duplicate layers distributed somewhere in the chain. When selecting local terms from the
first layer to the last layer, we expect three constraints on each layer

1. it is on the first layer, or
2. it must anti-commute with at least one of the local terms on previous layers, or

3. it is a duplicate of one of the previous layers.

The first constraint leaves us with m choices, and the last constraint only up to 1 choice. Since there
are w+v non-duplicate layers, the second constraint leaves us with up to (w+v—1)!Quax(H)¥ T~ 1
choices. Thus,

S1 < gt T mQuax (H)W 071 (368)

Because the above upper bound does not depend on the particular choice of 7 € S, we have

L1 < g'¢ T I mQuax (H)V VL. (369)

Next, we move on to the second term:

Ly= max Y > Ui, i1, Ju, Jus- - 51, 51)) (370)

iw7"'7il . .
71'689 Jvs--+J1

Fix any configuration (i, ...,%1) and permutation = € Sy, the sum
So= 3 Ui rivsdunor- - j1rd0)) (371)
jvv-“vjl

is effectively counting the number of ways of making a commutator chain of length g out of terms
in H such that H,,),...,Hy,) must be present in the commutator chain and the rest of the
terms must be duplicates. Let

(Hoybg—1) [+ s [Hy(b)s [HAy 1) Heyoo)]l] -] # 0 (372)

be a commutator chain that satisfies the constraints in S;. Now, when we select local terms from
the first to last layer, we expect four constraints:

1. it is on the first layer, or
2. it must anti-commute with at least one of the local terms on previous layers, or
3. it is a duplicate of one of the previous layers, or

4. it is fixed for being one of H, ), .., Hy,)-
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The last two cases only leave us with up to 1 choice, but the first and second cases leaves us with
a total of up to (v — 1)! - MQmax (H )"~ choices. Therefore,

Sy < " ' mQuman (H) ! (373)
and because this upper bound is independent of the choice of (iy,...,41) and 7 € Sy,
Ly < 919" 'mQmax (H)" L. (374)

Putting L; and Lo together and using g! < g9 gives us

Gw(H)< Ly Ly

375
< %7 m?Quan(H) 2. (375)

This concludes the proof. O

E Average GG, for sparse Hamiltonians

Lemma 5.2. Let H = Z:;l BiH, ;) be a sparse Hamiltonian of m terms with arbitrary ordering
7, such that for all 1 < i < j < m, H,) and H,) either commute or anti-commute. The B;’s
are independent Bernoulli variables with P(B; = 1) = pg for all i. Fix g > 1 and w € {0,...,g},
and consider the average H-dependent sum over all samples of the Bernoulli variables

2

<Gw( > < | B >y 1 B t(xln(w,20)]) > . (232)
Jw|=w i€supp(w TESy v:|w|+2|v|=g jEsupp(v)
where w,v € {0,...,g}" such that |lw| = w and |w| + 2|v| = g. The permutation © € S, reorders

the entries of vectors in [m]9. The unary encoding n and the indicator 1 are defined on vectors
a,be{0,...,9}™ and § € [m]9 as follows:

n(a,b):=(1,...,1,2,...,2,....om,....om,1,...,1,2/....2, ... om,...,m), (233)
N—— —— ——
ay times asg times a, times by times bg times by, times
and
]]-(.7) = 1 Zf [”‘/(jg) e ‘C'Y(b)[H’Y(Jl)] 7& O’ (234)
0 else.
Then
w (g—w)/2min(q,q") ,
(Gu(H(B))) < ¢"m*Quuax(H) Y Z Z (PBQuax(H))* 0=, (235)
s=0 gq,q¢'=
where
Qmax(H) = max {5 € [m] : [Hygy, Hy)) # 0} - (236)

Proof. Consider a Hamiltonian of the form

m

B)=> BiH,; (376)
i=1

where the B;’s are independent Bernoulli variables such that P(B; = 1) = pg for all 1 < i < m.
We use the bolded text B = (B, ..., By,) to denote the dependency of these Bernoulli variables.
Let b € {0,1}™ be a sample of the Bernoulli variables. When the Bernoulli variables take the
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values of this sample, we get a configuration of the sparse Hamiltonian where we can treat b as
coefficients

H(B=b)=> biH,. (377)
=1

Similar to the G,, for general Hamiltonians, we now consider the configuration specific sum:

2

GuHB=b)= > I &> X II bj L(w[n(w, 2v)])

w:|w|=w i€supp(w) TESy v:|w|+2|v|=g jE€supp(v)\ supp(w)

(378)
which looks slightly more complicated than the original G,, due to the extra coefficients b;. The
other summations over vectors w,v € ZZ work the same as in G,,, where |w| + 2|v| = g. The
indicator 1 and unary encoding 1 work precisely the same way as before. We are now interested
in computing the average of this object over all samples of the Bernoulli variables, denoted by

2

<Gw(H(B))>:< Z H B; Z Z H B; 1(r[n(w, 2v)]) >

w:|w|=w i€supp(w) TESy vi|w|+2|v|=g jEsupp(v)\ supp(w)
(379)
By construction, the product over B; is completely independent from B;, we have!?

(Gu®))= Y II (B)(SulB). (380)
w:|w|=w i€supp(w)

where )

SwB)=|> > II Bj1(n[n(w,20)]) | . (381)

TESg vi|w|+2|v|=g j€supp(v)\ supp(w))

Because the product of Bernoulli variables considers the support of w, it is reasonable to
reorganize the summation over w by their support sizes, i.e.

> sz: > (382)

w:|w|=w s=0 w:|w|=w;
| supp(w)|=s

Since <Bz> = pp for all i € {1,...,m}, and the product over the support of w only contains

(CuHB)) =3 Y si{su®). (383)

s=1 w:|w|=w;
| supp(w)|=s

distinct B;’s, we have

Next, we want to evaluate <Sw(B)>. By first expanding the squared term, we get

(Su(B)) =33 <H Bij/> 1(rln(w, 20))) 1(x'[n(w, 20')]) (384)

’ 1o\ gt
T, U,V 253

where we hide the summation constraints 7, 7’ € Sy, v,v" € Z%, such that |w|+2[v| = |w|+2|v'| =
g, for notational convenience. The product over j and j' might overlap, since the supports of v
and v’ might overlap. At the same time, the two vectors could also overlap with w. Because the

9B, is independent from B; if i # j.
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product over B; and B is taken over the non-overlapping support of v and v’ with w, we should
first split these two vectors accordingly. We consider:

v=x+yand v =z + 9 (385)

such that supp(), supp(x’) C supp(w) and supp(x) Nsupp(y) = supp(z’) Nsupp(y’) = @. In this
way, we have?’

(Su(B)=>3 3 < 11 Bij,> 1(nn(w, 22, 29)]) 1(x'[n(w, 22/, 29))).  (387)

mlx,x Y,y J/’esupp(yl)
j'€supp(y’)

Notice that now the indices over which the product of B; and Bj/ are taken, match exactly with
the support of y and y’. Since we are taking this product over the supports, and its value only
depends on the size of the supports and their overlap, we split the summations even further into

w/2 w/2 (g—w)/2 (g—w)/2 min(b,b")

YIS MDD D DD (388)

z,x' y,y’ a=0a'= b= c=0 x,x,y,y’ *

where the x-condition is given by

lz| = a
2’| = o’
supp(y
" :suppg ’))I =V (389)
| supp(y) Nsupp(y’)| = ¢
|w| +2|z| +2ly| =g

In this way, given any b, b’ and ¢, the average product over B; and Bj: is always

< 11 BB> Py e (390)

Jj€supp(y)
' €supp(y’)
by construction, and we get

w/2 (g—w)/2 min(b,b")

(Su(B))=>" 3 Z S S Y i rln(w, 2, 29)]) 1 (x [n(w, 22, 24)]).

7w’ a,a’=0 bb/= c=0 a2, y,y’:*
(391)

However, the x-condition might not be achievable for some combinations of a, a’, b, b’ and c. In
those cases, the contribution of the sum over x, ', y and 3’ is simply zero.

Given a vector w and achievable a, a’, b, b’, and c, let us focus on the following sum of indicators:

> Ann(w, 2z, 2y)]) L(x'[n(w, 22, 2¢))). (392)

T,z Y,y

20We extend the definition of the unary encoding to

n(a,b,e)=(1,...,1,....m,....m,1,...,1,....om,....m,1,...,1,....m,...,m), (386)
—— —— —— —— —— —
a1 times am times by times by, times ¢ times cm times

for vectors a,b,c € {0,...,g}™.
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By expanding the unary encoding, we get

m

> > by

¢:surj k1,...,kq €E{iw,...,51} ki,.“,k;,e{iw,.“,il} distinct j1,...,0p 44/ — =1

1 (ﬂ' (iwv"'7i17kaakaa-~-aklvklajd,(%,a);j(b(g;w,a);~--a.jd)(l)a.jd)(l)))

1 (77/ (iuM .. 'le ka/7 ka’ﬂ AR k/lv ,17j¢>(g—w—a—a’)7jd)(g—w—a—a/)v .o ’j(b(%-i-l—a)’jqb(%—i-l—a))) )

(393)
where the summations over k; and k] come from x and a’ whose support overlaps with the
support of w, and the summations over j; and j; come from y and y’ whose supports are dis-
joint with the support of w. For the latter summations, we have introduced surjective functions
¢:{l,....9g—w—a—2d} = {1,...,b+ b — ¢} to control the subscripts of j, since we are or-
ganizing the summation over vectors y, 4y’ by their support sizes. These functions distribute the
summation indices ji,..., jp+s'—c = 1 over the j-part of the two indicators. To capture the over-
lap between the supports, we require these surjective functions to satisfy the condition such that
{6(1),...,6 (95~ — a)} contains b distinct elements, while {¢ (52 +1—a),...,¢(g—w—a—ad’)}
contains b’ distinct elements. In this way, since we are summing over b + b’ — ¢ distinct elements,
there is guaranteed to be an overlap of ¢ elements. Note that by introducing the constraints
above for ¢, we are only summing over a subset of all possible surjective functions. As our aim
is to deliver an upper bound, there is no need to count the number of ¢’s exactly. We can safely
ignore these constraints and upper bound our sum using the set of all surjective functions from
{1,....9—w—a—d}to{l,....,b+b —c}.

By doing the same trick for the summation over w in equation (383), we can now upper bound
(Gu(H(B))) by

w/2 (g—w)/2 min(b,d")

>y Y vy DN

5=0 1):surj distinct i1,...,is=1 7,7’ a,a’=0 b,b'=

m

> X 2 2

¢:surj kq,...,kq Esupp(w) ki,.A.,k;,Esupp(w) distinct ji,...,5p 44/ — =1

1 (7T (Z'LL'('LU)’ s 7iw(1)7 ka7ka7 .. ‘7k17k17j¢(%_a>7j¢(9*2“’ _a)a s 7]¢(1)7J¢(1)))

1 <7T/ (Z.w(w)7 () K Koy KL KL Jg(g—w—a—ar)s Jg(g—w—a—ar)s - - ’j¢(¥+lfa)’j¢(%+lfa)))
(394)

where ¥ : {1,...,w} — {1,..., s} are surjective functions to organize the subscripts of i’s based

on support size of w (no need to impose extra conditions here), and the summations over iy, ...,

and j1,...,Jp+b'—c should be interpreted as summation over distinct elements. Based on these

summations, we can reformulate the summation over kq,. .., k, and k7, ..., k}, more nicely so that

it does not explicitly depend on the i-indices, but as repetitions of these indices.

w/2 (g—w)/2 min(b,b")

Y Yy Do AT

s=0:surj m,7’ a,a’=0 b,b'= ¢:surj o,0’:func

m m

2 2

distinct i1,...,5s=1 distinct j1,...,5p 44/ =1

1 (7T (i't/)('w)v e 7iw(1)aia(a)aia(a)7"'aia(l)aio(1)7j¢(Hg’w,a)7j¢(9*2”’,a)""aj¢(1)aj¢>(1)>)

1 (W' (iw(w)a s byp(1)s Lot () Bot () - - 5 ot (1)) Bot (1) Jg(g—w—a—a’) ) Jg(g—w—a—a’)s - - - JM%H_G)’%(%H_Q)))
(395)

where we use arbitrary well-defined functions o : {1,...,a} — {1,...,s} and ¢’ : {1,...,a} —

{1,..., s} to capture the repetition of indices i1, ...,%s. Similar to ¢ and ¢, these functions only
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care about assigning the summation indices as labels rather than their actual value. We have
also moved the summation over the i-indices down to the second line, as they commute with the
summation over ¢ and o.

We can now apply the same argument of counting commutator chains as we did previously
for general G,,. Let us first evaluate the summation over the second indicator by fixing s, v,
i-indices 41,...,15, ¢, 0, 0’ and the j-indices j¢(%_a), ..+, Jg(1) in the first indicator. For the
second indicator, we only sum over the j-indices that do not overlap with the j-indices in the first
indicator. By construction, there are ¢ j-indices in the second indicator that is already fixed due
to the overlap. Thus, when only summing over the second indicator, we can expect the following
constraints for selecting local terms on each layer of the corresponding commutator chain:

1. it is the first layer, or

2. it must anti-commute with one of the previous layers, or
3. it is fixed for being one of H. ), .., Hy,), or

4. it is a duplicate layer, or

5. it is fixed for being in the overlap with the j-indices in the first indicator.

Constraints 3,4 and 5 leave us with only 1 choice, while the first and second constraints leave us with
up to ¢¥ "¢ mQumax (H)® ~¢1. Then, for the first indicator, summing i1, ..., and the previously
fixed j-indices j (152 —a) Jg(1) while keeping every other summation index still fixed, we expect
the following constraints for selecting local terms on each layer of the corresponding commutator
chain:

1. it is the first layer, or
2. it must anti-commute with one of the previous layers, or

3. it is a duplicate layer.

The last constraint leaves us with only up to 1 option. But the first and second constraint leaves
us with up to ¢* TP mQuax(H)*+*~! options because we are selecting s distinct elements in the
i-indices and b distinct element sin the j-indices. Putting everything together, we can upper bound

(Gu(H(B))) by

w/2 (g—w)/2 min(b,b")

Z Z Z Z Z Z sHotb'—c Z Z g e L2 (s —e1

s=0:surj w,7’ a,a’=0 b,b'= ¢:surj o,0’:func
(396)

Since the summand now is independent of label-distributing functions 1, ¢, o, ¢’ and permutations
m, ', we can contract these summations into the following factors. For the permutations, recall
that |Sy| = ¢! < ¢9. Hence, ., 1 < g%9. For the label-distributing functions, we use the fact
that, in general, the number of arbltrary well-defined functions from [N] — [M] is upper bounded
by M. Hence,

St Y 1<y o, Y 1<t (397)
:surj ¢:surj o,0’:func
By construction s < g and (b+ b — ¢) < g. Therefore,

Z Z Z 1 < gw+g—w—a—a/+a+a' _ gg. (398)

Y:surj ¢:surj o,0’:func
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Thus, <Gw(H(B))> is upper bounded by

w  w/2 (g—w)/2min(b,b")

3g2 Z Z Z s+b+b —c s+b+b —c—2 2Qmax(H)s+b+b’—c—2 (399)

s=0a,a’=0 b,b'= c=0

Contract ), ., 1 < w? < g%, note that by construction s +b + b — ¢ < g, and reorganize the
summands in equation (396), we get the following upper bound

w (g—w)/2 min(b,b")

(Gu(H(B))) < g"m? Quax(H) 2y Z > (P8 Quax(H))*™H = (400)

s=0 bb/= c=0

The bound in the theorem uses a different labeling where ¢, ¢’ takes over b,d’. This completes the
proof.
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