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1. Introduction

Decomposing an object into smaller parts that share some common structure is a frequent
theme in mathematics. Many classical and fundamental problems in graph theory can be phrased as
decomposition problems, i.e. problems of partitioning the edge set of a graph into parts with certain
properties, where the goal is usually to minimize the number of parts.
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A famous result of Lovasz [24] says that every n-vertex graph can be decomposed into at most
|n/2] paths and cycles. This result was inspired by a conjecture of Gallai (see [24]) which says that
every connected n-vertex graph can be decomposed into at most [11/2] paths, and this is sharp for
complete graphs with an odd number of vertices. The conjecture remains open, where currently
the best general bound is |2n/3] due to Dean and Kouider [14] and independently Yan [32]. The
conjecture is also known to hold for several graph classes (see e.g. [6] and references therein).

In this paper, we are interested in the problem of decomposing directed graphs into as few paths
as possible. The obvious analogue of Gallai’s conjecture for directed graphs is false because there are
directed graphs that need many more than [n/2] paths to decompose them. For example |n?/4|
paths are needed to decompose the balanced complete bipartite digraph that sends all its edges
from one vertex class to the other since each edge must be a path; in fact |n?/4] paths are enough
to decompose any digraph on at least four vertices as shown by O’Brien [28] (building on work of
Alspach and Pullman [5]). However, whereas Gallai’s conjecture is close to sharp for many graphs
(e.g. graphs where all degrees are odd require at least n/2 paths to decompose them), |n?/4] is far
from sharp for most digraphs (e.g. a bound of n?/4 is meaningless for sparse digraphs). Therefore
one is interested in more subtle bounds for digraphs.

In this direction, Alspach and Pullman [5] gave a natural lower bound on the number of paths
needed to decompose a digraph in terms of the degrees of the vertices. Let pn(D) be the minimum
number of paths required to decompose the edges of a digraph D. As observed in [5], pn(D) can be
bounded below by the excess of D, which is defined to be

1
ex(D) = 5 Z |dt(v) — d~(v)].

veV(D)

Indeed, we have pn(D) > ex(D) because, for any path decomposition of D, the number of paths that
start (resp. end) at a vertex v is at least max(d*(v) — d~(v), 0) (resp. max(d~—(v) — d*(v), 0)), and
summing this over all vertices counts each path exactly twice. Any digraph satisfying pn(D) = ex(D)
is said to be consistent. We say an undirected graph G is strongly consistent if every orientation of G
is consistent.

It is clear that not every digraph is consistent (e.g. a directed cycle or any Eulerian digraph has
excess zero), and in fact it is NP-complete to determine whether a digraph is consistent; see [29]
or [12]. A conjecture of Alspach, Mason, and Pullman from 1976 states that every tournament of
even order is consistent; in our terminology the conjecture can be stated as follows.

Conjecture 1.1 ([4]). For each odd d, the complete graph on d + 1 vertices is strongly consistent.

Girdo, Granet, Kiihn, Lo, and Osthus [16] recently resolved Conjecture 1.1 for large d, building
on earlier work of the second author with Lo, Skokan, and Talbot [23]. In fact, Conjecture 1.1 is a
generalization of Kelly’s conjecture about decomposing regular tournaments into Hamilton cycles,
which was solved by Kiihn and Osthus [21] for large tournaments using their robust expanders
technique. The following conjecture attributed to Pullman (see [30]) considerably generalizes
Conjecture 1.1 from complete graphs to all regular graphs.

Conjecture 1.2. For odd d, every d-regular graph is strongly consistent.

We note that Conjecture 1.2 is immediate for d = 1, and was verified for d = 3 by Reid and
Wayland [30], but is wide open beyond that. (Note that Eulerian digraphs show that Conjecture 1.2
cannot hold for even d.) Our main result is to verify Conjecture 1.2 for random regular graphs.

Theorem 1.3. For each fixed odd d, a uniformly random n-vertex, d-regular graph is strongly consistent
with probability tending to 1 as n — oo.
Secondly, we verify Conjecture 1.2 for graphs with no short cycles. Write g(G) for the girth of a
graph G.
Theorem 1.4. For odd d, every d-regular graph G with g(G) > 200d? is strongly consistent.
2
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In fact, our results are more general. We prove that for any graph (not necessarily regular), every
orientation without short cycles is consistent, provided that d*(v) # d~(v) for every vertex v (see
Theorem 3.1). Then Theorem 1.4 follows as an immediate corollary. Furthermore, we show that it
is possible to allow some vertices satisfying d*(v) = d~(v), as long as they are sufficiently far apart
from each other (see Theorem 3.2).

While the robust expanders technique was used heavily in the previous related works [16,21,23]
mentioned above, it is not applicable in our setting of sparse graphs. Instead, we develop a new
absorption idea tailored to the sparse setting of Pullman’s Conjecture.

Further related work

Path and cycle decomposition problems are among the most widely studied problems in
extremal graph theory. Such problems go as far back as the 19th century with Walecki [25] showing
that the edges of a complete graph of odd order can be decomposed into Hamilton cycles. There
are many beautiful problems and results in the area, and we mention only a few of them first for
graphs and then for digraphs.

We have already mentioned Gallai’s conjecture about decomposing graphs into paths. For cycles,
Erdés and Gallai [15] conjectured that any n-vertex graph can be decomposed into O(n) cycles
and edges. There has been extensive work on this conjecture (see e.g. references in [9]) including
recent progress of Conlon, Fox and Sudakov [11] giving a bound of O(n log log n) cycles and currently
the best bound of O(nlog* n) cycles due to Buci¢ and Montgomery [9] (here log* n is the iterated
logarithm function). Another important problem, due to Akiyama, Exoo and Harary [1], is the Linear
Arboricity Conjecture, which asks for a decomposition of a d-regular graph into at most d%] linear
forests (a linear forest is a vertex disjoint union of paths). Again, this conjecture has received
considerable attention; we mention here only that it is known to hold asymptotically as shown
by Alon [2], and currently the best bounds are g + 3+/dlog*d due to Lang and Postle [22], and
% + O(logn) due to Christoph, Draganié, Girdo, Hurley, Michel, and Miiyesser [10], where the
comparison between the two best bounds depends on whether d = $2(log? n) or not. In a related
direction, one can ask for a path decomposition in which path lengths are specified; for example
Kotzig [20] asked which d-regular graphs (for odd d) can be decomposed into paths of length d.
Recently Montgomery, Miiyesser, Pokrovskiy, and Sudakov [26] have made progress on this problem
by showing all d-regular graphs can be almost decomposed into paths of length roughly d.

In the directed setting, we have already mentioned the long-standing conjecture of Kelly (now
settled for large tournaments), which eventually led to Conjectures 1.1 and 1.2 a few years later.
A directed analogue of the Erdés-Gallai Conjecture says that any directed Eulerian graph® can be
decomposed into O(n) cycles (in fact an exact number of cycles was conjectured by Jackson [18]
and later updated by Dean [13].) The best bound here is O(nlogn) [19]. A directed analogue of the
linear arboricity conjecture was first mentioned by Nakayama and Peroché [27] who conjectured
that every d-regular digraph can be decomposed into at most d + 1 linear diforests. He, Li, Bai, and
Sun [17] observed that the conjecture does not hold for complete digraphs on three or five vertices,
but conjectured that these are the only exceptions. The conjecture is known to be true for digraphs
with large girth due to Alon [3], and for complete digraphs due to He, Li, Bai, and Sun [17], but
not much is known beyond this. There does not seem to be any formulation of Kotzig’s question in
the directed setting, but it is worth noting that while Kotzig’'s question for (even) cliques asks to
decompose the clique into Hamilton paths, the obvious analogue in the oriented setting would ask
to decompose even tournaments that are almost regular into Hamilton paths; this is a much harder
problem which is in fact equivalent to Kelly’s conjecture.

3 Note that the Erdés-Gallai Conjecture is equivalent to the conjecture that every Eulerian graph can be decomposed
into O(n) cycles since every graph can be written as an edge-disjoint union of an Eulerian graph and a forest. Here we
use a slightly general definition for Eulerian (directed) graphs; we say a graph (resp. directed graph) G is Eulerian if d(v)
is even (resp. d*(v) = d(v)) for all v € V(G).
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The basic idea

Given an orientation D of some graph (with some further properties), we wish to decompose D
into ex(D) paths. By iteratively removing cycles from D until it is no longer possible, we can write
D as the edge-disjoint union D = E U A, where E is an Eulerian digraph and A is an acyclic digraph.
In fact, ex(A) = ex(D) (and ex(E) = 0) because each removal of a cycle preserves |d*(v) — d~(v)|
for every vertex v. Furthermore, it is easy to show that any acyclic digraph is consistent simply by
iteratively removing maximal paths and observing that the excess of the digraph decreases by one
with each removal. Putting all this together, we see that D can be decomposed into an Eulerian
digraph E together with a family P of ex(D) = ex(A) paths. While we have the correct number of
paths, not all of the edges (namely those in E) have been covered by these paths. We know E can
be decomposed into a set of cycles C and the challenge now is to absorb each cycle in C into some
of the paths in . More precisely, for each cycle C € C, we try to find paths Py, ..., Py € P so that
CUP; U---U Py can be rewritten as the edge-disjoint union of k new paths P; U --- U P;; in this
way the total number of paths remains ex(D). By repeating this, we eventually use up all the edges
in E and end up with the correct number (i.e. ex(D)) of paths.

In order to make the absorption step work, we must choose P and C carefully. In fact P (as
described above) is not mentioned explicitly in our proofs and is constructed somewhat indirectly.
On the other hand, C is given explicitly. One might expect that it is desirable to have as few cycles
as possible in C so that less absorption is needed; however, surprisingly, we actually maximize the
number of cycles in C because it gives us some structural control over the cycles.

2. Preliminaries

Throughout the paper, we use standard graph theory notation and terminology. For k € N, we
sometimes denote the set {1, 2, ..., k} by [k]. Throughout, a digraph D is a directed graph without
loops where, for any distinct vertices u and v in D, there are at most two edges between u and v,
at most one in each direction. A digraph D is an oriented graph if it has at most one edge between
any two distinct vertices, i.e. D can be obtained by orienting the edges of an undirected graph.
For a (di)graph G, we denote the vertex set and the edge set of G by V(G) and E(G), respectively.
For a,b € V(G), we write ab for the (directed) edge from a to b. For an oriented graph D, we
denote the underlying undirected graph of D by D°. We say an oriented graph D is a tournament if
D° is a complete graph, that is ab € E(D®) for every distinct a,b € V(D®). We write H C G to
mean H is a sub(di)graph of the (di)graph G, that is V(H) C V(G) and E(H) C E(G). The (di)graph
induced by F C E(G), denoted by G[F], is the sub(di)graph of G with vertex set consisting of those
vertices incident to edges in F and with edge set F. Similarly, the (di)graph induced by S C V(G),
denoted by G[S], is the sub(di)graph of G with the vertex set S and edge set consisting of those
edges which have both endpoints in S. For simplicity, we sometimes write F instead of G[F]. A
subset S C V(G) is called an independent set if G[S] has no edges. For a collection Q of (di)graphs,
we write V(Q) = UQEQ V(Q) and E(Q) = UQEQ E(Q). For a collection Q of sub(di)graphs of G, we
write G — Q for the (di)graph obtained from G by deleting all the edges in E(Q). We say a graph G
is bipartite with bipartition (A, B) if V(G) = AUB and E(G) C {ab : a € A, b € B}, and we indicate G
is such a bipartite graph by writing G = G(A, B).

Neighbourhoods and degrees: For a graph G and a vertex v € V(G), Ng(v) denotes the set of
neighbours of v, that is the set of vertices w € V(G) for which wv € E(G). We denote the degree of
a vertex v by d¢(v), that is dg(v) = |Ng(v)|. Similarly, for a digraph D and v € V(D), let N,;“(u) and
Np (v) denote the set of outneighbours and inneighbours of v, that is the set of vertices w € V(D)
for which vw € E(D) and wv € E(D), respectively. We denote the outdegree and indegree of v by
df(v) and d; (v), respectively, that is, dj (v) = [N (v)| and d;(v) = [N, (v)|. For S € V(D), we
write NF (S) == [, N*(v) and N5 (S) := |J,os N"(v). We often omit subscripts when they are
clear from the context. For directed graphs, we define d(v) := d*(v) + d~(v) as the total degree
of v. The minimum degree of a graph G is §(G) := min{d(v) : v € V(G)}. Similarly, the maximum
degree of G is A(G) := max{d(v) : v € V(G)}. For a digraph D, the minimum semi-degree of D is
8°(D) = min{min{d*(v),d"(v)} : v € V(D)}, and, the maximum semi-degree of D is defined as
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AYD) := max{max{dt(v),d"(v)} : v € V(D)}. We say a graph (resp. digraph) G is k-regular if
d(v) = k (resp. d*(v) = d~(v) = k) for all vertices v € V(G).

Paths and cycles: A directed path P in a digraph D is a subdigraph of D such that V(P) = {vq, ..., vk}
for some k € N and E(P) = {vivy, vavs, ..., vk_1Vk}. We denote such a directed path by its vertices
in order, i.e. we write P = vyv; ... v The length of a path P is denoted by |P|, that is the number of
edges in P. A directed cycle in D is the same except that it also includes the edge v,vi. We sometimes
omit the word “directed” and only say path or cycle if it is obvious from the context. We write £(P)
and r(P) for the starting and ending point of a path P, that is £(P) = v and r(P) = v,. We sometimes
treat an edge ab as a path with ¢(P) = a and r(P) = b. For a directed path P = vqv,... v, and
1 <i < j <k, we write v;Pvj for the directed path v;vi;1...vj_1v;, that is the unique directed path
from v; to v; along P. Similarly, for a directed cycle C and x, y € V(C), we write xCy for the unique
directed path from x to y along C. For two directed paths P and P’ with ¢(P) = a, r(P) = £(P’) = b,
r(P’) = c, and V(P) N V(P’) = {b}, we write aPbP’c for the directed path that is obtained by gluing
paths P and P’ at the vertex b. For a (di)graph G and x,y € V(G), we denote the distance from x
to y by distg(x, y), that is the length of a shortest path P in G with ¢(P) = x and r(P) = y. For a
(di)graph G, the length of the shortest (directed) cycle is called girth, and denoted by g(G). We say
a (di)graph G is acyclic if it has no (directed) cycle, and in that case, we set g(G) to be infinity. A
collection of edge-disjoint (directed) paths (resp. cycles) Q in a (di)graph G is called a path family
(resp. cycle family) in G. The definitions of path and cycle extend to graphs in the obvious ways.
The following are non-standard definitions but will be used frequently in the paper.

Tangent and incident paths: We say a path P is incident to a vertex v if v € {£(P), r(P)}. We say P
is incident to a cycle C (at v) if E(C)NE(P) = @ and there exists v € V(C) such that P is incident to
v. We say P is tangent to C if either V(P)NV(C) = {¢(P)} or V(P)NV(C) = {r(P)}.

We now discuss some basic results we require. We postpone the preliminaries on random graphs
to the start of Section 4. The first proposition is a standard application of Hall’'s theorem.

Proposition 2.1. Let G = G(A, B) be a bipartite graph. Assume there exists a positive integer t such
that d(a) > t - d(b) for all a € A and b € B. Then, there exists a collection {R, : a € A} of pairwise
disjoint sets such that R, € N(a) and |R,| =t for all a € A.

We will use the following form of Lovasz Local Lemma.
Lemma 2.2 (see e.g. [31]). Let {A; : i € [t]} be a set of events such that each event occurs with probability

at most p and such that each event is independent of all the other events except for at most d of them.
If epd < 1, then there is a positive probability that none of the events occurs.

Path decomposition in digraphs
For a digraph D, we say a path family P is a path decomposition for D if (_Jp. E(P) = E(D). Using

this notation, the path number of D is given by

pn(D) := min{r : there exists a path decomposition P of D with |P| = r}.
For a vertex v € V(D), recall that the excess of v is

exp(v) := max{ex} (v), exp (v)},
where ex} (v) = max{d} (v) — d(v), 0} and ex; (v) = max{d, (v) — d;) (v), 0}. The excess of D is

1
ex(D):= Y exj(v)= Y ex;(v)= 3 > exp(v).
veV(D) veV(D) veV(D)

We say v is a plus (resp. minus) vertex if ex*(v) > 0 (resp. ex (v) > 0). Let V(D) and V(D) be
the set of plus and minus vertices in D, respectively. Similarly, let V(D) := {v € V(D) : ex(v) = 0}
be the set of excess-zero vertices. We say a path P is a plus-minus path (in D) if £(P) € V(D) and
r(P) € V~(D). For convenience, we state the observation discussed in Section 1 formally, and expand
on it.
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Observation 2.3 (See [5]). Let D be a digraph, and P be any path decomposition for D. Then, for
all v € V(D), we have |{P € P : £(P) = v}| > ex™(v) and |{P € P : r(P) = v}| > ex (v), which in
particular implies that |P| > ex(D). Moreover, if |P| = ex(D), then we have

(i) {P e P:4(P)=v}| =exT(v)and |{P € P : r(P) = v}| = ex(v) for all v € V(D);
(ii) Every P € P is a plus-minus path in D.

We say a path family P is a perfect path decomposition for D if P is a path decomposition for D
with |P| = ex(D). A digraph that admits a perfect path decomposition is said to be consistent. Not
all graphs are consistent, e.g. a directed cycle has excess zero, but it is easy to see that every acyclic
digraph is consistent by successively removing maximal paths.

Proposition 2.4 ([5, Theorem 4]). Any acyclic digraph is consistent.

We say a path family P is a partial path decomposition for D if |{P € P : £(P) = v}| < ex™(v) and
{P € P : r(P) = v}| < ex (v) for all v € V(D). Note that, if P is a partial path decomposition, then
every P € P is a plus-minus path.

Proposition 2.5. Let D be a digraph, and Q be a partial path decomposition for D. If D— Q is consistent,
then D has a perfect path decomposition P with Q C P.

Proof. Let D' := D— Q. Note that for all v € V*(D), exg,(v) = exg(v)— HQ € 9:4(Q)=wv}| =0as
Q is a partial path decomposition. Hence, summing over all v € V(D') gives ex(D') = ex(D) — |Q|. If
D' has a path decomposition Py with exactly ex(D’) many paths, then the result follows by setting
P=QUP,. N

Remark 2.6. If A is an acyclic digraph, Propositions 2.4 and 2.5 imply that any partial path
decomposition for A can be completed to a perfect path decomposition.

3. Graphs with no short cycles
In this section, we prove the following theorem, from which Theorem 1.4 follows immediately.

Theorem 3.1. Let d € N, and D be a digraph with A°(D) < d and g(D) > 200d? such that exp(v) # 0
for all v € V(D). Then, D is consistent.

In fact, it is possible to allow excess-zero vertices in Theorem 3.1 as long as they are far away
from each other. For a digraph D, we call S C V(D) k-sparse in D if for all u € S, there is at most
one vertex v € S\ {u} satisfying distpo(u, v) < k. Our general result is the following.

Theorem 3.2. Let d € N, and D be a digraph with A°(D) < d and g(D) > 1000d? such that V°(D) is
k-sparse in D for some k > 20d? + 2. Then, D is consistent.

We note that Theorem 3.2 will be an important part in the proof of Theorem 1.3. In Section 4, we
use Theorem 3.2 in the proof of a stronger result Theorem 4.8, from which the proof of Theorem 1.3
will be immediate. We first need a proposition that has a similar flavour to finding an independent
transversal.

Proposition 3.3. Let d € N, and G be a graph with A(G) < d. Let {X; : i € [t]} be a collection of
disjoint subsets of V(G) such that |X;| > 25d for each i € [t]. Then G has an independent set X of size
2t with |X N X;| = 2 forall i € [t].

Proof. Without loss of generality, we can assume that |X;| = 25d for each i € [t] (or else we can
remove some vertices from X;), and that V(G) = Uiem V(X;). For each i € [t], pick two vertices
a;, b; € X; uniformly at random (without replacement) , where the choices are made independently
of one another. Let X = U,.Em{a,», b;}. For any edge f € E(G), let Ay be the event that both endpoints

6
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of f lie in X. Note that X is an independent set if and only if none of the events {A; : f € E(G)}
occur. Hence, it suffices to show that P (ﬂfsE(G) Afc) > 0.
Consider an edge f = uv € E(G) with u € X; and v € X; for some i, j € [t]. Note that if i # j, we

have
)

(39 T 6252

P(As) =P(u,v e X) = (1 -

Similarly, if i = j, we have
1 2 _ 4
(39 T 25d(25d — 1) ~ 625d?°

P(Ar) = P(u, v € X) =

As a result, we have P(Ar) < 4d~2/625. Moreover, if A and A, are dependent for some g € E(G),
then g should be incident to a vertex in X; U X;. This means that the event Ay is independent of all
the other events {A; : g € E(G)} except for at most 2 - 25d - d = 50d? of them. By Lemma 2.2, the
result follows as e - (4d=2/625) - 50d> = 8e/25 < 1. W

The following will be the key lemma in the proofs of Theorems 3.1 and 3.2. We say a cycle family
C in a digraph D is maximal if D — C is acyclic.

Lemma 3.4. Let d € N, and D be a digraph with A°(D) < d. Suppose that there exists a maximal cycle
family ¢ = {G; :i € [t]} in D and a path family {Q; : i € [t], j € [100d]} of plus-minus paths in D —C
such that Qj; is tangent to C; for all i € [t] and j € [100d]. Then, D is consistent.

Proof. Let A := D — C, and z; be the unique vertex in V(Q;) N V(G) for i € [t] and j € [100d].
Since C is a cycle family, we have exp(v) = ex,(v) for all v € V(D), which, in particular, implies that
ex(D) = ex(A). Note that A is acyclic as C is maximal. We emphasize that {Q; : i € [t], j € [100d]}
is not necessarily a partial path decomposition for A. We claim that for each i € [t], there exist
distinct a;, b; € [100d] such that

(a) Uie[t]{Qiai’ Qup;} is a partial path decomposition for A,
(b) for all i € [t], we have zj,, # zj,;, and either zj,,, iy, € V*(D) or Zig;» Zip; € V(D).

For each i € [t], let Qi+ ={Qy : z; € VT(D), j € [100d]} and Q; = {Q; : z; € V~(D), j € [100d]}.
Note that either |Qi+| > 50d or |Q; | = 50d. Let Q; be the largest one among Qi+ and Q; . Next,
we define an undirected graph G with vertex set 9 = Uie[t] Q; and such that for any distinct
Q,Q’ € 9, we have QQ’ € E(G) if and only if either £(Q) = £(Q’) or r(Q) = r(Q). It is easy to see
that A(G) < 2d—2 as A%(D) < d. Since |Q;| > 50d for all i € [t], by applying Proposition 3.3 (where
2d plays the role of d), we find an independent set X of size 2t in G such that |[x N Q;| = 2 for all
i € [t]. Letting X N Q; = {Qig;, Qip;}, we see that (a) holds as x is an independent set in G. Moreover,
we have zj,; # zj, for all i € [t]. Then, (b) holds by the definition of Q;, so the claim follows.

Using (a), A has a perfect path decomposition Py with X C Py by Remark 2.6. Then, Py is a partial
path decomposition for D as exp(v) = exa(v) for all v € V(D), and hence so is Py \ x. By Proposition
2.5, it suffices to prove that the digraph D’ induced by the edges Uiem (E(C,-) U E(Qig;) U E(Qip; )) is
consistent. It is clear that ex(D') = 2t, and we will show that for each i e [t], G U {Qiq;, Qi;} can
be decomposed into two paths. Fix i € [t]. Using (b), we have either z,, zp, € V*(D) or Zig;» Zib; €
Vi(D) Then, if Zig;» Zib; € V+(D), we define U; = Z;aiCjZ,'binbir(Qibi) and Vi = ZibiCiZia,-Qia,'r(Qia,' )
Similarly, if zi,;, zip; € V~(D), we define U; := £(Qjq,)Qiq;Ziq; Cizin; and V; := £(Qip, )Qin;Ziv; CizZiq;- In either
case, {U;, Vi} decomposes C; U {Qig;, Qip; }, so the result follows. |

The following proposition gives us a cycle family with a simple but crucial structural property
that is needed for our absorption method.
Proposition 3.5. Let D be digraph. Then, there exists a maximal cycle family C in D such that, writing
A =D — ¢, we have xy ¢ E(A) for every C € C and distinct x,y € V(C).
7
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Proof. Let t > 0 be the maximum integer such that D has t many edge-disjoint cycles. Then, take
a cycle family ¢ with |c| = t such that )" . [E(C)| is as small as possible. Since ¢ has t cycles, it
is clear that A is acyclic. Assume for a contradiction that there exists a cycle C; € C and distinct
vertices x, y € V(Cp) such that xy € E(A). As there are no double edges, we have xy ¢ E(Cp). Let C; be
the cycle obtained from Cy by replacing the arc xCoy by the edge xy. It is clear that |E(Cy)| < |E(Cp)l.
Then, (C — Cp) U C; is another cycle family consisting of ¢ many cycles, having strictly less than
Y cec IE(C)] edges in total, a contradiction. W

We will use the following notation in the proofs of Theorems 3.1 and 3.2. For a cycle C and a
plus-minus path P that is incident to C at v in a digraph D, we define the precise part of P with
respect to C through v, denoted by pp(P, C, v), as follows. If v € V*(D) (so if P starts at v), we define
pp(P, C, v) as zPy where y is the first minus vertex along P and z # y is the last vertex along vPy
lying in C (possibly z = v). Similarly, if v € V7(D) (so if P ends at v), we define pp(P, C, v) as yPz
where y is the last plus vertex along P and z # y is the first vertex along yPv lying in C (possibly
z = v). Note by the definition that pp(P, C, v) C P, and that either pp(P, C, v) is tangent to C (if
y ¢ V(C)) or V(pp(P, C,v)) N V(C) = {y, z}. Moreover, pp(P, C,v) C P is a plus-minus path in D
unless z € VO(D), so pp(P, C, v) will always be a plus-minus path in the proof of Theorem 3.1.

Proof of Theorem 3.1. If D is acyclic, then the result follows by Proposition 2.4. Otherwise, using
Proposition 3.5, let us take a cycle family ¢ = {G; : i € [t]} in D such that A := D — C is acyclic, and

xy ¢ E(A) for all i € [t] and distinct x, y € V(G). @)

By Proposition 2.4, A is consistent. Let P = {P; : j € [r]} be a perfect path decomposition for A where
r := ex(A) = ex(D). We define an undirected bipartite graph G = G(C, P) such that for any i € [t]
and j € [r], we have GiP; € E(G) if and only if P; is incident to C;. Note that dg(P;) < 2d for every
j € [r] as A%D) < d. Moreover, by Observation 2.3, for every i € [t], we have dg(C;) > g(D) > 200d?
as V(D) = @. Hence, by Proposition 2.1, there exists a collection {R; : i € [t]} of pairwise disjoint
subsets of [r] such that for all i € [t] and j € R;, we have |R;| = 100d, and P; is incident to C;. For
notational convenience, for any i € [t] and j € R;, write P; = P;. Note that {P; : i € [t], j € Ri}
is a path family. Hence, by Lemma 3.4, it suffices to find plus-minus paths Q; € P; such that Q;
is tangent to G for all i € [t] and j € R;. Fix i € [t] and j € R;, and take v; € V(G) such that
P; is incident to vj. Let £(pp(Py, G, vj)) = x and r(pp(Py, G, vj)) = y. Note that xP;y is a plus-
minus path as Vo(D) = #, and that E(xPyy) N E(G;) = §. Moreover, either xP;y is tangent to G
or V(G) N V(xPyy) = {x,y}. In the former case, we define Q; to be xP;y. In the latter case, by (*),
there exists a vertex z € V(xP;y) other than x and y. If z € V*(D), we define Q; to be zP;y, and if
z € V7(D), we define Q; to be xP;z. In every case, Q; is a plus-minus path that is tangent to C;, so
the result follows. ®

We need a simple observation for the proof of Theorem 3.2. Recall the definition of a k-sparse
set at the beginning of this section.

Observation 3.6. Let D be a digraph, and S be a k-sparse set in D for some k € N. Then, we have
[V(C)N S| < 2|V(C)|/k for any cycle C in D.

Proof. Let {a;,...,a;} be the vertices from S lying on C in this order clockwise. Letting b; =
|aiCa; 1|, we have b; + bi;1 > k for each i € [t] (with the convention a;;1 = a; and b;y; = by),
because otherwise we would have distpe(a;, ai+1)+ distpe(ait1, Giv2) < k, which contradicts S being
k-sparse. Hence, the result follows by summing up all these inequalities fori € [t]. B

Proof of Theorem 3.2. If D is acyclic, then the result follows by Proposition 2.4. Otherwise, using
Proposition 3.5, let us take a cycle family ¢ = {C; : i € [t]} in D such that A := D— is acyclic, and (*)
holds. By Proposition 2.4, A is consistent. Let P = {P; : j € [r]} be a perfect path decomposition for
A where r := ex(A) = ex(D). For each i € [t], we will construct a subset R; C P such that

8
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(@) [Ri| = 200d?,
(b") for each P; € Ry, there is a plus-minus path Q; C P; that is tangent to G;.

Fix i € [t]. Write V? := V?(D)NV(G) for p € {+, —, 0} for simplicity. Without loss of generality,
assume that |VF| > [V7|. Let V® := {v € V* : Nf(v) N VO(D) # #}. Let R; be the set of paths
P; € P such that V(P;) N (VOUVP) = ¢ and £(P;) € V*. Note that each P; € R; is a plus-minus
path incident to G; at £(P;). We will prove that (a’) holds. Using Observation 2.3, there are at least
|VF| paths P € P with £(P) € V™. Using A%(D) < d, each v € V°® U V" lies on at most d paths
in P, so it suffices to show that [V*| — d|V°® U V®| > 200d?. Let |V(C;)| = g. By Observation 3.6,
we have |V°| < 2g/k as VO(D) is k-sparse. Let p be the maximum integer such that there exist
distinct x4, ..., x, € Vb and distinct zq, . . ., Zp € VO(D) such that x;zj € E(D) for all j € [p]. Note that
[VP| < dp as A°(D) < d. Since distDo(z], zjy) < distpe(x;, X7 ) + 2 for all distinct j, j’ € [p], we see that
{x1,...,xp} is a (k — 2)-sparse set in D. By Observation 3.6, we have p < 2g/(k — 2). Therefore, we
obtain |Vg| < 2gd/(k — 2). Hence, we have
g — |V 0 b 1 2d+1  2d?

S VO IV > g (2 Pa—
where the last inequality holds since g > 1000d? and k > 20d? + 2.

Next, we will show that (b") holds. Fix some P; € R;. Let us write X; := pp(P;, G;, £(P})), £(X;) = u;
and r(X;) = wj. Recall that wj is the first minus vertex along P; and u; # wj is the last vertex along
Z(P])ijj lying in G; (possibly u; = £(P;)). Since V(P;) N V0 = ¢, we have u; € V. Now, if w; ¢ V(G),
then X; is tangent to C;. In that case, we define Q; to be X;. Otherwise, by ("), we have [X;| > 2. Let
z; be the unique outneighbour of u; along X;. Since V(Pj)ﬂvb @, we have z; ¢ VO(D).If z € V*(D),
we define Qj;; to be zPw;, and if z; € V~(D), we define Qj; to be ujz;. In all cases, we have Q; C P;
is a plus-minus path that is tangent to C;.

Let us construct an undirected bipartite graph G = G([t], [r]) such that for all i € [t] and j € [r],
ij € E(G) if and only if P; € R;. By the definition of R;, ij € E(G) implies P; is incident to C;, so we
have d¢(j) < 2d for all j € [r]. On the other hand, by (a’), we have dg(i) > 200d? for all i € [t].
Hence, by Proposition 2.1, there exists a collection {S; : i € [t]} of pairwise disjoint subsets of
P such that S; € R; and [S;] = 100d for all i € [t]. Then, by (b'), for all P; € S;, there exists a
plus-minus path Q; C P; that is tangent to ;. Since {P; : j € [r]} is a path family, we can conclude
that {Q; : i € [t], P; € &;} is a path family. Hence, the result follows by Lemma 3.4. &

VH —dvouv >

) > 200d?,

4. Random regular graphs

In this section we prove Theorem 1.3 by showing a more general result, namely Theorem 4.8.
We first show that a random d-regular graph has certain properties with high probability (see
Definition 4.5 and Proposition 4.6). Then, we prove that for every graph with these properties, every
orientation without excess-zero vertices is consistent, where the main ingredient of the proof uses
Proposition 4.7 and Theorem 3.2.

Throughout the section, we use standard probability theory notation and terminology. We say
a random variable X has Poisson distribution with parameter A if P(X = k) = ke */k! for all
nonnegative integers k, denoted by X ~ Po()). It is well-known that E[X] = X for such a random
variable. Moreover, for independent random variables X; ~ Po(4;), we have ) . X; ~ Po(1) where
A =) ;A. Given n and d, we denote the set of all d-regular graphs on n vertices by G, 4. We write
Gn.q for the random d-regular graph on n vertices, that is a graph uniformly selected from G, 4. We
denote the set of all d-regular multigraphs on n vertices by S, 4, where we allow loops and more
than one edges between two vertices. The configuration model, introduced by Bollobas [7], provides
a model for such graphs . Each partition P of [n] x [d] into nd/2 pairs (equivalently each perfect
matching in K,q) naturally corresponds to a graph G in S, 4 by including an edge between a € [n]
and @’ € [n] in G if and only if (a, b), (a’, b’) € [n] x [d] are matched with each other in P for some
b,b" € [d]. We write S, 4 for the random d-regular multigraph on n vertices corresponding to a
pairing of [n] x [d] sampled uniformly at random. Given a (di)graph property Q and a sequence of

9
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random (di)graphs {G,}n~0 with |V(G,)] — oo as n — oo, we say G, has Q with high probability if
P(G, has Q) — 1as n — oo. The configuration model is quite useful to work on G, 4 because of the
following folklore result.

Proposition 4.1 (See e.g. [8], Corollary 2.18). For given d > 2, any graph property that holds with high
probability for S, 4 holds with high probability for Gy 4.

For a graph G, let Y;(G) denote the number of cycles of length i. The number of cycles of a fixed
length in a random regular graphs is known to have a Poisson distribution.

Proposition 4.2 (see e.g. [8] , Corollary 2.19). For fixed k > 3 and d > 2, let {Z; : 3 < i
independent random variables with Z; ~ Po((d — 1)'/2i), and let Y]' := Yj(Gyq4) for 3 < i <
(YY, ..., Y] )uso converges in distribution to (Zs, . .., Zy).

Recall Markov’s inequality which states that for a nonnegative random variable X and a constant
a > 0, we have P(X > a) < E[X]/a. It is easy to see that G, 4 contains only a few short cycles.

Proposition 4.3. For fixed k > 3 and d > 2, as n — oo, we have

k
P (Z Yi(Gn.a) < logloglog n) — 1.

i=3

Proof. Let Y := Y% ,Yi(Gna) and Z = YK, Z where {Z : 3 < i < k} are independent random
variables with Z; ~ Po((d — 1)'/2i). Note that Z ~ Po(A) where A := Y~ .(d — 1)'/2i. Since k
is fixed, by Proposition 4.2, Y converges in distribution to Z. Using Markov’s inequality, we have
P(Z > logloglogn) < A/logloglogn, so P(Z > logloglogn) — 0 as n — oo as k and d are fixed.
Since P(Y > logloglogn) — P(Z > logloglogn), the result follows. M|

Next, we give a bound for the probability of the existence of a fixed graph in S 4.

Proposition 4.4. Let k € N. For a graph Go with [V(Gp)| = k and |E(Go)| = k + 1, we have
P(Sn.q has a copy of Go) < (2d)*t1/n

for all natural numbers d < n with dn even and dn > 4k + 2.

Proof. Recall that there are d copies of each vertex in the configuration model. For each vertex
v € [n], let v/ denote the jth copy of v for j € [d]. For simplicity, we write [u' — v/] to mean u' is
paired up with v/. Note that for distinct u, v € [n], we have uv € S, 4 if and only if [u! — v/] for
some i,j € [d]. Let p := dn/2, and consider a fixed collection of edges {eq, ..., ex+1} on the vertex
set [n]. For i € [k + 1], let us write e; = x;y; for some x;, y; € [n]. Given a complete graph on 2r
vertices, it is well-known that the number of pairings is (2r — 1)(2r — 3)--- 3 - 1. Hence, using the
union bound, we can write

Pler, ..., et € E(Sna)) = P(X! — Y11, ... [ — v ] for some iy, j1, . .. ki1, ks € [d])
i j ik i
=P U <["11_ylf]A"'/\[Xkﬂ_Y;cI}])
1.1, dk+1.Jk+1€1d]

=D D (R AT e el
11215l 1.Jk-1 €[]
2p—2k—-3)2p—2k—5)---3-1
2p—-1)2p—3)---3-1
=d*? . (2p-1)2p—3)---2p—2k—1)""
d? d? d?
T dn—1 dn—3 dn—2k—1
10
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< (2d/n)*1,

where the last inequality holds as dn > 4k 4 2. Then, as there are at most (Z)k! copies of Gy in the
complete graph on n vertices, the expected number of copies of Gy in S, 4 can be bounded above
by (})k!(2d/n)*"" < (2d)**'/n. The result follows by Markov's inequality. ~ m

Definition 4.5. For n,d,p € N, we say a graph G is (n, d, p)-discrete if |V(G)| = n, A(G) < d, and,
letting C be the set of all cycles of length at most p, the following hold:

(i) Ic| < logloglogn;
(ii) V(C)NV(C") = @ for all distinct C, C’ € C;
(iii) distg_c(u, v) > loglogn for all distinct u, v € V(C).

We prove that a d-regular random graph on n vertices is (1, d, p)-discrete with high probability.
Proposition 4.6. For fixed p > 3 and d > 2, G, 4 is (n, d, p)-discrete with high probability.

Proof. By Proposition 4.3, we know that List (i) holds for G, 4 with high probability. Let n be a
sufficiently large natural number and C be the collection of all cycles in G, 4 of length at most p.
For x,y > 2 and z > 1, F,, , denotes the (unique) unlabelled graph obtained from three internally
vertex disjoint paths of length x, y, z between two fixed vertices. Similarly, for x,y > 3 and z > 0,
Hy, . denotes the (unique) unlabelled graph obtained from two cycles of length x and y by taking
one vertex from each cycle and joining them via a path of length z. Note that each F, ), and Hy ,
has x +y + z — 1 vertices and x + y + z edges. Let 7 = {Fy,, : X,y < p, z < loglogn} and
H = {Hyy. : X,y < p, z < loglogn}. Observe that if two distinct cycles C, C’ € C have a unique
common vertex, then G, q has a copy of Hic|,c/0. If C,C’ € C have more than one vertices in
common, then G, 4 has a copy F, . for some a, b, ¢ < p. Similarly, if distgnyd,c(u, v) < loglogn
for some distinct u,v € V(C), it is easy to see that G, 4 contains a graph from F U H. As a
result, if G, 4 contains no graph from F U H, then properties (ii) and (iii) hold. Also note that
|FUH| < p?loglogn + p*(loglogn + 1) < 3p®loglogn, and that each graph in F U # has at
most 2p + loglogn — 1 < 2loglogn — 1 vertices. Hence, by Proposition 4.4, we obtain

PP(Sy.q contains a graph from F U H) < 3p? loglog n(2d)*'¢1°¢" /n < 1/4/n,

where the last inequality holds for sufficiently large n. Therefore, with high probability, S, 4 does
not contain any graph from FU#. By Proposition 4.1, the same holds for G, 4, so properties (ii) and
(iii) hold with high probability for G, 4, which completes the proof. ®

We need the following definitions in the proofs of Proposition 4.7 and Theorem 4.8. We say a
path family Q (in a digraph) of plus-minus paths is distinctive if £(Q) #~ £(Q’) and r(Q) # r(Q’) for
all distinct Q, Q" € Q. For a digraph D and a vertex v € V(D), we define the set PM(D, v) as the set
of vertices w for which there exists a plus-minus path P in D such that {£(P), r(P)} = {v, w}. Note
that PM(D, v) # # for all v € V(D) \ V(D). We also define the distance to sign change of a vertex
v € V(D) \ V(D), denoted by SD(D, v), as the minimum length of a plus-minus path P in D that is
incident to v. The following proposition helps us to find a lower bound for |[PM(D, v)| when |V°(D)|
is small compared to SD(D, v).

Proposition 4.7. Let d > 2 be a natural number. Then, for every digraph D with A°(D) < d and
ex(D) # 0, and for every vertex v € V(D) \ V°(D) with SD(D, v) > 3|V°(D)|, we have

1 1\ D006
PM(D > -1 — .
IPM( ,v)|_d< +2d)

Proof. Due to symmetry, we may assume without loss of generality that v € V(D). For simplicity,
write |VO(D)| = £ and SD(D, v) = t. Let Ay = {v}, and for every integer k > 0, define
Airr = (NF(A) N (VHD)U V(D)) \ By,
11
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where B, = ULO A;. For every integer k > 1, we now construct a set E, € E(D) as follows. By
definition, for every w € Ay, we can find an edge w'w € E(D) with w’ € Ay_;. We pick one such
edge for every w € A, and put it in Ei. Letting T be the digraph induced by | J,.  Ex, we can see by
the construction that for every w € V(T), there exists a unique path P with £(P) = v and r(P) = w.
In fact, T is an oriented out-tree rooted at v.

Ift =1, then (14 1/2d)'/® < (14 1/2d) < d as d > 2, so the result follows as [PM(D, v)| > 1.
Suppose t > 2. By the definition of SD(D, v), we have |A;] > 1forall0 < i < t — 1. This, in
particular, implies that |By,| > 2¢ + 1 as 2¢ < t. Now, fix some 2¢ < i < t — 2; we will prove
that |B;.1| > (1 4 1/2d)|B;|. Since B; € V*(D) U V°(D), we have Zuesi ex(v) > |Bj| — £ > |Bj|/2
as |B;| > |By¢| = 2¢ + 1. Hence, we can find |B;|/2 edges f € E(D) with £(f) € B; and r(f) ¢ B;.
Therefore, since i < t — 2, it is necessarily the case that ¢(f) € A; and r(f) € Ai;1. This implies
|Aiy1| > |Bi|/2d as A°(D) < d. Therefore, we obtain |Bi;;| > (1 + 1/2d)|B;|. Inductively, we obtain

Be—1] > [Bael(1 4 1/2d) 71720 > (2€ + 1)(1 + 1/2d)* V3 > ¢ + (1 + 1/2d)"/5,

where the last inequality holds as £ > 0 and t > 2, and the penultimate inequality holds as
¢ < (t —1)/3 and |By¢| > 2¢ + 1. By the definition of T, note that for any edge f € E(D) with
£(f) € V(T) and r(f) ¢ V(T), we have r(f) € V(D). Since V(T) € V*(D)U V(D) and B;_; € V(T),
we have Zuev(r) ex(v) > |B;—1| — £. Then, we can find |B;_1| — £ many edges f € E(D) \ E(T) with
0(f) € V(T) and r(f) ¢ V(T). For every such edge, we have r(f) € PM(D, v). Since A°(D) < d, we
obtain

IPM(D, v)| > (|Bi—1| — £)/d > (1 + 1/2d)"/°/d,
so the result follows. ®

Now, we are ready to prove our main result in this section.

Theorem 4.8. For natural numbers d > 2 and p with p > 1000d?, there exists an integer ny = no(d, p)
such that the following holds. Let G be an (n, d, p)-discrete graph with n > nq. Then, every orientation
D of G satisfying exp(v) # 0 for all v € V(D) is consistent.

Proof. Fix natural numbers d > 2 and p > 1000d?. Let k := 20d?+ 2, and n be sufficiently large. Let
G be an (n, d, p)-discrete graph, and D be an orientation of G satisfying exp(v) #~ 0 for all v € V(D).
Let Cy be the collection of all cycles in G of length at most p, and write Gy := G — Cg. Similarly,
let ¢ = {G; : i € [t]} be the collection of all directed cycles in D of length at most p, and write
Dy := D — C. Using Proposition 2.5, it suffices to find a partial path decomposition P for D in which
D — P is consistent. It is clear that A°(D—P) < d and VO(D—P) C | Jp»{€(P), r(P)} for any partial
path decomposition P for D. Then, by Theorem 3.2, it is enough to find a partial path decomposition
P for D such that g(D—P) > 1000d? and that Upep{Z(P), r(P)} is k-sparse in D — P. We will ensure
the condition g(D — P) > 1000d? by choosing P in such a way that at least one edge from each
G € Cis used in P. As a first step, we prove that C satisfies certain properties as a consequence of
G being (n, d, p)-discrete.

Claim 4.9. The following hold:

(i") t <logloglogn;
(ii") for any distinct C,C’ e ¢, V(C)NV(C') = &;
(iii") disth(u, v) > loglogn for all distinct u, v € V(C).

Proof of claim. Recall Definition 4.5. Since every cycle in C is an orientation of a cycle in Co, (i)
and (ii) immediately give (i') and (ii"), respectively. Then, assume for a contradiction that, for some
distinct u, v € V(C), there exists a path P in Dj between u and v such that |[E(P)| < loglogn. By
(iii), we have distg,(u, v) > loglogn, which implies P has an edge xy € E(Co) with xy, yx ¢ E(C).
Let xoyo be the first such edge (i.e. satisfying xoyo € E(Co) and XoYo, YoXo ¢ E(C)) encountered when
travelling from u to v along P, with xq being closest to u. By (ii), we have xq € V(Cg) \ V(C), which
in particular implies that xo # u. Then, we see that distg,(u, Xo) < loglogn by the choice of xoyy,
which contradicts (iii). Hence, (iii’) follows. ®
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Next, note that exp,(v) = exp(v) # 0 for all v € V(D). Then, for every i € [t], we have either
[V(G)N V(D) > 2 or |[V(G)NV~(D)| > 2. Therefore, we can choose distinct a;, b; € V() for all
i € [t] such that either {a;, b;} € V*(D) or {a;, b;} € V(D). Recall the definition of distinctive path
family just before Proposition 4.7.

Claim 4.10. There exists a distinctive path family Q in Dg such that

(1) there exists a bijection f : [t] — Q such that {£(f(i)), r(f(i))} N V(C) = {a;} for all i € [t],
(2) distpo(u, v) > k for all distinct u,v € ([Ugeo{€(Q)7(Q)}) U V(C) unless possibly {u, v} =
(€(Q}. r(Q)} for some Q € ©.

Proof of claim. We begin with a brief explanation of our proof strategy. Note that if for all i € [t],
we manage to find a “short” plus-minus path Q; that is incident to a;, then Claim 4.9 implies (2).
We start the proof by taking the largest collection of such “short” plus-minus paths Q;. If we fail
to find a path for some a;, we can conclude that g; has large distance to sign change, which means
there exist a “large” number of plus-minus paths incident to a; using Proposition 4.7. Hence, we
have a lot of choice for the other endpoint of Q;. In this way, (2) can be satisfied as there are only
a “small” number of vertices which are close to the endpoints of the paths previously chosen (as
A(G) < d).
Set 6 := 6(logloglogn + logd)/ (log(2d + 1) — log 2d) so that

1

0/6
(14— = loglogn. 4.1
d( +2d> oglogn (4.1)

Since n is sufficiently large, we have that
6logloglogn < 0 < (loglogn)/3. (4.2)

Consider the largest subset S C [t] that admits a distinctive path family Q in Dg satisfying (1)
and (2) (where S plays the role of [t]) such that |[E(Q)| < 6 for all Q € Q. If S = [t], we are done,
so assume [t] \ S is nonempty. Let Dy := Dy — Q and Fy := UQEQ{K(Q), r(Q)}. For any i € [t]\ S,
we have a; ¢ Fy using (1). Also, it is clear that VO(DG) C Fy, so SD(Dy, a;) is well-defined for all
i € [t]\'S. Suppose for a contradiction that SD(Dj, a;) < 6 for some i € [t] \ S. Then, we can
choose a plus-minus path Q; in Dy of length SD(Dy, a;) that is incident to ;. Let x; be the other
endpoint of Q;. Since |[E(Q)| < 6 for all Q € @ and |E(Q;)| < 6, by (iii") and (4.2), we see that for all
x € (Fo UV(EN\ {ai},

distng(x,-,x) > loglogn — 20 > (loglogn)/3 > k.

In particular, this gives x; ¢ Fo U V(C). By (ii’), we have Q U {Q;} is a distinctive path family in Dy
satisfying (1) and (2) (where S U {i} plays the role of [t]) such that |[E(Q)] <8 for all Q € Q U {Q;},
which contradicts S being the largest such subset of [t]. As a result,

SD(Dy, a;) > 6 holds for all i € [t]\ S. (4.3)

Then, consider the largest subset T C [t] that admits a distinctive path family Q' satisfying (1)
and (2) (where T plays the role of [t]) such that @ € @’. We will complete the proof of the claim
by showing that T = [t]. Assume for a contradiction that there exists i € [t]\ T. Let D}, :== Dy — Q'
and F; = UQEQ,{E(Q), r(Q)}. We have a; ¢ F; using (1). Also, it is clear that VO(D’]) C Fy, so
SD(D}, a;) is well-defined. Moreover, we have SD(Dy, a;) < SD(D}, a;), which, in particular, implies
that SD(D/,, a;) > 6 using (4.3). On the other hand, by (4.2) and (i), we have

[VO(D))| < |Fi| <2t <2logloglogn < 6/3 < SD(D, a;)/3. (4.4)

Hence, by using (4.4) to apply Proposition 4.7, we have [PM(D}, ;)] > loglogn using (4.1).
Moreover, by (i) and (4.4), we obtain |F; U V(C)| < (p + 2)logloglogn. Note that, using A(G) < d,
for any x € V(Dy) and j € [k], the number of vertices w € V(Dy) satisfying disth(w, X) = jis at
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most d(d — 1)~'. As d(d — 1Y~! < d(d — 1)~ for any j € [k], the number of vertices w € V(Dp)
satisfying disth(w, X) < k for some x € F; U V(C) is at most

(1+ kd(d — DY) (p + 2)logloglogn < loglogn < [PM(D], a;)l,

as n is sufficiently large. Hence, we can find x; € PM(D/, g;) and a plus-minus path Q; in D} with
{€(Q;), r(Q;)} = {a, x;} such that disth(x,-, x) > k for all x € F; U V(C). This, in particular, implies
that x; ¢ F; U V(C), so we have Q' U {Q;} is a distinctive path family in Dy satisfying (1) and (2)
(where T U {i} playing the role of [t]), which contradicts T being the largest such subset of [t]. We
conclude that T = [t], so the result follows. W

By Claim 4.10, let @ := {Q; : i € [t]} be a distinctive path family in Dy satisfying (1) (with
f(i)=Q; fori € [t]) and (2). For i € [t], let x; be the other endpoint of Q;. By (1), note that x; ¢ V(C).
Recall that for every i € [t], either we have a;, b; € V(D) or a;, b; € V(D). Now, for each i € [t], we
will modify Q; to obtain another plus-minus path P; in Dy. If a; € V(D), we take the last vertex a;
along Q; such that a; € V(G). If a; # b;, we define P; = b;Cia;Q;x;, otherwise we define P; = a;G;b;Q;x;.
Similarly, if a; € V~(D), we take the first vertex a; along Q; such that a; € V(G). If a; # b;, we define
P; = x;Q;a;C;b;, otherwise we define P; = x;Q;b;Gia;. It is easy to check that for each i € [t], we have
that E(P;) NE(G;) # @ and that {£(P;), r(P;)} = {x;, i} where y; € {a;, b;}. Hence, P := {P; : i € [t]} is
a distinctive path family in Dy since {x;, a;, b; : i € [t]} are distinct using that Q is a distinctive path
family, x; ¢ V(C), and (ii"). Since exp,(v) = exp(v) 7 0 for all v € V(D), we can conclude that P is a
partial path decomposition for D.

Let F = D—P. By Proposition 2.5, it suffices to prove that F is consistent. Note that E(P;)NE(C;) #
@ for all i € [t], so we have g(F) > p > 1000d?. Also, it is clear that A%F) < d. Hence,
by Theorem 3.2, it is enough to prove that VO(F) is k-sparse in F as k = 20d? + 2. Note that
E(F) \ E(Dy) € E(D) \ E(Dg) = E(C) and that VO(F) C Uiem{x,-,y,-} where y; € {a;, b;} for all
i e [t]. Consider a path P in F® between some distinct u,v € V°(F) with |[E(P)| < k; we will
prove that {u,v} = {x;,y;} for some i € [t] (which shows V°(F) is k-sparse in F). Note that
a; € VO(F) (resp. b; € VO(F)) implies that y; = a; (resp. y; = b;) as we have exg(v) # 0 for all
v ¢ Uje[t]{Z(Pj), r(P;)}. Moreover, {u, v} = {a;, b;} is not possible as at most one of g; and b; belongs
to VO(F). Hence, it suffices to prove that u, v € {a;, b;, x;}. If E(P) N E(C®) = @, then clisth(u, v) <k
Hence, we have {u, v} = {a;, x;} for some i € [t] using (2), so we are done. Suppose E(P)NE(C®) # @.
Let z1z; € E(P)NE(C®) be the first such edge encountered when travelling from u to v along P, with
z; being the closest vertex to u (possibly z; = u and z; = v). By (ii’), there exists a unique i € [t]
with z;,z; € V(G). Note that uPz; € D§ and |E(uPz;)| < k. Then, by (2), we have either z; = u
or {z1,u} = {ay, xy} for some i’ € [t]. Using z; € V(G;) and u € V°(F) C je[t]{aj, b;, x;}, we can
conclude that either u = z; € {a;, b;} or i’ = i, u = x;, z; = a;. This, in particular, implies that
u € {x;,a;b;}. Let z € V(P) be the closest vertex to v along z;Pv satisfying E(z;Pz;) € E(C)
(possibly z, = z] and/or z; = v). It is clear that z, € V((;). Moreover, by (ii’), we have z, ¢ V(()
for all j € [t]\ {i}. Hence, if v = z,, we obtain v € {a;, b;} since v € VO(F) C ici) 19, b;, x;}, so we
are done. Suppose that v # z;.

Next, assume for a contradiction that E(z,Pv) N E(C®) # @. Let z3z; € E(P) N E(C®) be the first
such edge encountered when travelling from z, to v along P, with z3 being closest vertex to z; (a
priori possibly z3 = z; and z; = v). Note that z,Pzs € Dg and |E(z,Pz3)| < k. Then, by (2), we
have either z, = z3 or {z;,z3} = {ay, xy} for some i’ € [t]. Using z,,z3 € V(C) and xy ¢ V(C),
the latter case is impossible, so we find z, = z;. However, using z, ¢ V(G) for all j € [t] \ {i},
this implies that z3z; € E(C;), which is a contradiction due to the definition of z,. As a result, we
have E(z,Pv) N E(C®) = @. Then, by (2), we have {z,, v} = {ay, xy} for some i’ € [t]. Again, using
v e VYF) C Ujem{aj, bj, x;} and z, ¢ V(G) for all j € [t] \ {i}, we obtain i’ =i, z; = a;, v = X;, SO
we are done.

Now, the proof of Theorem 1.3 is immediate.

Proof of Theorem 1.3. If d = 1, then any orientation of G, 4 is just a matching, so the result
trivially follows. Let d > 3 be an odd integer. By Proposition 4.6, G, 4 is (n, d, 1000d?)-discrete with
high probability. Moreover, any orientation D of G, 4 satisfies exp(v) = |d*(v) — d~(v)| # 0 for all
v € V(D) as d*(v) — d~(v) has the same parity as d. Hence, the result follows by Theorem 4.8. W
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Fig. 1. The oriented graph Dy on five vertices with ex(Dg) = 2 and pn(Dg) = 4.

k disjoint copies of Dg k disjoint copies of Dg
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k disjoint copies of Dy k disjoint copies of Dy

Fig. 2. The (inconsistent) oriented graph G, on 20k + 10 vertices with ex(v) = 1 for all v € V(Gy).

5. Conclusion

In this section, we point out possible directions for further research. Recall that Theorem 3.1 does
not require the graph to be regular and so Theorem 1.4 holds not just for regular graphs but also
for graphs G with all degrees odd. One might wonder if Pullman’s Conjecture (Conjecture 1.2) could
also be true for graphs with all degrees odd. However, an example is given in [30] of a graph with
degrees 1, 3, or 5 which has an orientation D with pn(D) = 4 and ex(D) = 3. Here, we generalize
that example by showing that the difference pn(D)— ex(D) can be made arbitrarily large even when
ex(v) # 0 for all v € V(D).

Proposition 5.1. For each integer k > 0, there exists an oriented graph Gj, on 20k + 10 vertices with
A(Gy) = 2k + 5 such that dG;;(v) is odd for all v € V(Gy) and pn(Gy) — ex(Gy) > 2k + 2. In particular,
Gy is not consistent.

Proof. First, consider the oriented graph Dy with ex(Dg) = 2, depicted in Fig. 1.

It can be easily checked that pn(Dy) = 4. Consider the oriented graph G, which consists of 4k + 2
copies of Dy with additional 4k+1 edges, depicted in Fig. 2, where the unique excess-zero vertices
in each copy of Dy are shown as black circles.

Note that vertices in the middle copies have degree 2k + 5 in G;. Moreover, it is clear from the
picture that all the vertices in G, have excess one, so ex(Gy) = 10k + 5. On the other hand, since
pn(Dy) = 4, we have pn(Gy) > 4(4k + 2) — (4k + 1) = 12k + 7, which completes the proof. O
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We note that the girth condition in Theorem 3.1 is unlikely to be optimal, although Proposition
5.1 shows that we cannot drop the girth condition altogether. It would be interesting to try and
improve the girth condition in Theorem 3.1 perhaps even down to a constant independent of the
maximum degree.

Of course Conjecture 1.2 remains wide open. We have verified the conjecture in a sparse setting
by imposing girth conditions on our graph. Another direction for the sparse setting is to consider
small values of the degree. Recall that Conjecture 1.2 is known to be true for d = 3 [30] using
an inductive argument. However, the method does not seem to extend well to the case d = 5, as
the complexity of the structural analysis increases dramatically. A better understanding of the case
d = 5 could provide more insights about the sparse setting.

Conjecture 1.2 is also wide open in the dense setting with the only solved case being that of the
complete graph (as far as we are aware), and this required considerable effort relying heavily on
the robust expansion method. It would be interesting to determine whether Kyp41.2n+1 IS strongly
consistent.

References

[1] J. Akiyama, G. Exoo, F. Harary, Covering and packing in graphs iii: Cyclic and acyclic invariants, Math. Slovaca 30
(4) (1980) 405-417.
[2] N. Alon, The linear arboricity of graphs, Isr. J. Math. 62 (3) (1988) 311-325.
[3] N. Alon, Probabilistic methods in coloring and decomposition problems, Discrete Math. 127 (1-3) (1994) 31-46.
[4] B.R. Alspach, D.W. Mason, N.J. Pullman, Path numbers of tournaments, J. Combin. Theory Ser. B 20 (3) (1976)
222-228.
[5] B.R. Alspach, N.J. Pullman, Path decompositions of digraphs, Bull. Aust. Math. Soc. 10 (3) (1974) 421-427.
[6] A. Blanché, M. Bonamy, N. Bonichon, Gallai's path decomposition in planar graphs, 2021, preprint, arXiv:2110.08.
[7] B. Bollobas, A probabilistic proof of an asymptotic formula for the number of labelled graphs, European ]. Combin.
1 (1980) 311-316.
[8] B. Bollobas, Random Graphs, second ed., Cambridge University Press, Cambridge, 2001.
[9] M. Buci¢, R. Montgomery, Towards the erdés-gallai cycle decomposition conjecture, Adv. Math. 437 (2024) 109434.
[10] M. Christoph, N. Dragani¢, A. Girdo, E. Hurley, L. Michel, A. Miiyesser, New bounds for linear arboricity and related
problems, 2025, preprint, arXiv:2507.20.
[11] D. Conlon, J. Fox, B. Sudakov., Cycle packing, Random Structures Algorithms 45 (4) (2014) 608-626.
[12] T. de Vos, Decomposing Directed Graphs Into Paths (Master’s thesis), Universiteit van Amsterdam, 2020.
[13] N. Dean, What is the smallest number of dicycles in a dicycle decomposition of an Eulerian digraph? J. Graph Theory
10 (3) (1986) 299-308.
[14] N. Dean, M. Kouider, Gallai’s conjecture for disconnected graphs, Discrete Math. 213 (1-3) (2000) 43-54.
[15] P. Erd6s, AW. Goodman, L. Pésa, The representation of a graph by set intersections, Canad. ]. Math. 18 (1966)
106-112.
[16] A. Girdo, B. Granet, D. Kiihn, A. Lo, D. Osthus, Path decompositions of tournaments, Proc. Lond. Math. Soc. 126 (2023)
429-517.
[17] W.H. He, H. Li, Y.D. Bai, Q. Sun, Linear arboricity of regular digraphs, Acta. Math. Sin. -English Ser. 33 (2017) 501-508.
[18] B. Jackson, Decompositions of graphs into cycles, Regards sur la Théorie Des Graphes 1980, 259-261.
[19] C. Knierim, M. Larcher, A. Martinsson, A. Noever, Long cycles, heavy cycles and cycle decompositions in digraphs, J.
Combin. Theory Ser. B 148 (2021) 125-148.
[20] A. Kotzig, Aus der theorie der endlichen reguldren graphen dritten und vierten grades, Cas. Pest. Mat 82 (1957)
76-92.
[21] D. Kithn, D. Osthus, Hamilton decompositions of regular expanders: a proof of Kelly’s conjecture for large
tournaments, Adv. Math. 237 (2013) 62-146.
[22] R. Lang, L. Postle, An improved bound for the linear arboricity conjecture, Combinatorica 43 (2023) 547-569.
[23] A. Lo, V. Patel, J. Skokan, J. Talbot, Decomposing tournaments into paths, Proc. Lond. Math. Soc. 121 (2) (2020)
426-461.
[24] L. Lovasz, On covering of graphs, in: Theory of Graphs (Proc. Collog., Tihany, 1966), Academic Press, 1968, pp.
231-236.
[25] E. Lucas, Récréations mathématiques, vol. 2, Gauthier-Villars, 1883.
[26] R. Montgomery, A. Miiyesser, A. Pokrovskiy, B. Sudakov, Approximate path decompositions of regular graphs, J. Lond.
Math. Soc. 112 (2) (2025) e70269.
[27] A. Nakayama, B. Peroché, Linear arboricity of digraphs, Networks 17 (1987) 39-53.
[28] R.C. O'Brien, An upper bound on the path number of a digraph, J. Combin. Theory Ser. B 22 (2) (1977) 168-174.
[29] B. Peroché, NP-completeness of some problems of partitioning and covering in graphs, Discrete Appl. Math. 8 (2)
(1984) 195-208.
[30] K.B. Reid, K. Wayland, Minimum path decompositions of oriented cubic graphs, J. Graph Theory 11 (1987) 113-118.
[31] J.B. Shearer, On a problem of spencer, Combinatorica 5 (1985) 241-245.
[32] L. Yan, On path decompositions of graphs (Ph.D. thesis), Arizona State University, 1998.

16


http://refhub.elsevier.com/S0195-6698(26)00014-4/sb1
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb1
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb1
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb2
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb3
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb4
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb4
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb4
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb5
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://arxiv.org/abs/2110.08
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb7
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb7
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb7
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb8
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb9
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://arxiv.org/abs/2507.20
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb11
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb12
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb13
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb13
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb13
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb14
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb15
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb15
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb15
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb16
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb16
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb16
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb17
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb18
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb19
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb19
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb19
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb20
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb20
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb20
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb21
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb21
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb21
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb22
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb23
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb23
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb23
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb24
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb24
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb24
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb25
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb26
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb26
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb26
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb27
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb28
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb29
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb29
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb29
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb30
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb31
http://refhub.elsevier.com/S0195-6698(26)00014-4/sb32

	Path decompositions of oriented graphs
	Introduction
	Further related work
	The basic idea

	Preliminaries
	Path decomposition in digraphs

	Graphs with no short cycles
	Random regular graphs
	Conclusion
	References


