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Scalable Bayesian Structure Learning for
Gaussian Graphical Models Using Marginal

Pseudo-Likelihood

Reza Mohammadi∗ , Marit Schoonhoven† , Lucas Vogels† , and Ş. İlker Birbil†

Abstract. Bayesian methods for learning Gaussian graphical models offer a prin-
cipled framework for quantifying model uncertainty and incorporating prior knowl-
edge. However, their scalability is constrained by the computational cost of jointly
exploring graph structures and precision matrices. To address this challenge, we
perform inference directly on the graph by integrating out the precision matrix.
We adopt a marginal pseudo-likelihood approach, eliminating the need to compute
intractable normalizing constants and perform computationally intensive precision
matrix sampling. Building on this framework, we develop continuous-time (birth–
death) and discrete-time (reversible jump) Markov chain Monte Carlo (MCMC)
algorithms that efficiently explore the posterior over graph space. We establish
theoretical guarantees for posterior contraction, convergence, and graph selection
consistency. The algorithms scale to large graph spaces, enabling parallel explo-
ration for graphs with over 1,000 nodes, while providing uncertainty quantifica-
tion and supporting flexible prior specification over the graph space. Extensive
simulations show substantial computational gains over state-of-the-art Bayesian
approaches without sacrificing graph recovery accuracy. Applications to human
and mouse gene expression datasets demonstrate the ability of our approach to
recover biologically meaningful structures and quantify uncertainty in complex
networks. An implementation is available in the R package BDgraph.

Keywords: Markov random field, model selection, link prediction, network
reconstruction, Bayes factor.

1 Introduction
Undirected graphical models (Lauritzen, 1996; Koller and Friedman, 2009) serve as fun-
damental tools for analyzing conditional dependencies among variables. A conditional
dependency represents the association between variables conditional on the presence of
other variables. These dependencies are naturally represented by graphs, where nodes
correspond to random variables (Lauritzen, 1996), and the absence of an edge between
two nodes signifies conditional independence (Rue and Held, 2005). The process of es-
timating this underlying graph structure is known as structure learning.

In this article, we consider Bayesian structure learning approaches for estimating
Gaussian graphical models (GGMs), in contrast to frequentist techniques such as neigh-
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borhood selection (Meinshausen and Bühlmann, 2006) and the optimization of the
likelihood function (Friedman et al., 2008). Bayesian methods offer key advantages,
including the ability to quantify model uncertainty through posterior distributions and
incorporate prior knowledge. However, their computational scalability often lags behind
frequentist alternatives as the dimensionality of the problem increases.

The primary goal of Bayesian Structure Learning is to infer the underlying graph
given the observed data. This is typically achieved by computing the posterior distri-
bution of the graph conditional on the data. For GGMs, this requires the evaluation of
complex integrals, which becomes increasingly challenging or even infeasible for large-
scale graphs. Consequently, most Bayesian methods compute the joint posterior distri-
bution of the graph and precision matrix. These methods have two primary bottlenecks
in each Markov chain Monte Carlo (MCMC) iteration: (i) approximating intractable
normalizing constants and (ii) iteratively updating the precision matrix. Consequently,
full joint posterior exploration becomes computationally prohibitive for graphs exceed-
ing 100 nodes in reversible jump and birth-death MCMC algorithms (Mohammadi and
Wit, 2015), and 250 nodes in the spike-and-slab approach (Wang, 2015). To mitigate
these limitations, Mohammadi et al. (2023) introduced an MCMC-based method incor-
porating normalizing constant approximations, enabling scalability to a few hundred
nodes. Similarly, van den Boom et al. (2022) proposed a G-Wishart weighted proposal
algorithm that leverages delayed acceptance MCMC and an informed proposal distribu-
tion to reduce the computational costs. These methods, despite their advances, remain
computationally infeasible for modern applications involving thousands of variables.

Alternatively, several techniques have been proposed that bypass the full exploration
of the graph space. They include methods based on multiple testing of marginal and
conditional independence relationships (Williams and Mulder, 2020; Leday and Richard-
son, 2019). These methods are effective for large-scale problems but primarily focus on
controlling the type I error rather than optimizing goodness-of-fit (Drton and Perlman,
2007). Another approach avoids sampling over the graph space entirely by sampling
solely from the posterior distribution of the precision matrix. Examples include block
Gibbs samplers (Wang, 2012; Li et al., 2019; Sagar et al., 2024) and, recently, low-rank
matrix decomposition methods (Chandra et al., 2024). Although these approaches im-
prove computational efficiency, they do not fully explore the posterior distribution of
the graph space, restricting their ability to quantify model uncertainty. Moreover, ap-
proaches that focus on the precision matrix rather than the graph itself lack priors on
the graphical structure and require additional steps to infer the underlying graph.

Another strategy to gain scalability is the approximation of the Gaussian likelihood.
It has been applied to Bayesian structure learning for GGMs, most successfully by
Atchadé (2019) and Jalali et al. (2020). Both methods back their approximations with
theoretical guarantees and push the boundaries of computational efficiency. Their algo-
rithms still require sampling a precision matrix at every iteration, which poses challenges
for scalability in high-dimensional settings. Instead, one could integrate out the preci-
sion matrix and target only the posterior on the graph space. The resulting marginal
likelihood is not available in closed-form, but can be approximated using the pseudo-
likelihood approximation by Besag (1975), resulting in the marginal pseudo-likelihood
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(MPL). Early studies (Pensar et al., 2017; Dobra and Mohammadi, 2018) applied MPL
to undirected graphical models with discrete variables. Consonni and Rocca (2012);
Carvalho and Scott (2009); Stingo and Marchetti (2015) extended MPL to GGMs but
initially restricted it to decomposable graphs. Leppä-aho et al. (2017) later adapted
MPL to non-decomposable graphs via a score-based hill-climbing algorithm. However,
this method only estimates the maximum a posteriori probability rather than fully
characterizing posterior uncertainty.

Our Proposed Method and Key Contributions: This article makes two main
contributions to Bayesian structure learning in GGMs. First, we introduce a scalable
framework capable of fully exploring the graph space. Second, we provide theoretical
guarantees for consistency and convergence, which ensure reliable inference in large-scale
graphical models.

We propose a scalable Bayesian framework for Gaussian graphical models by re-
placing the Gaussian likelihood with a marginal pseudo-likelihood (MPL) formulation.
While the MPL approximation has been explored previously in Bayesian structure learn-
ing (Pensar et al., 2017), we extend its use to the design of scalable MCMC-based
algorithms that operate directly in the graph space. Specifically, we develop two algo-
rithms that combine the MPL approach with birth–death and reversible jump MCMC
frameworks, enabling scalable and parallelizable exploration of large graph spaces and
making inference feasible for graphs with more than 1,000 nodes. Our framework differs
from the likelihood approximation methods of Atchadé (2019) and Jalali et al. (2020)
in two important respects. First, their methods require sampling a precision matrix at
every iteration, whereas our approach bypasses the precision matrix space entirely and
samples solely over the graph space, leading to substantial gains in computational ef-
ficiency. Second, their methods approximate the full likelihood, namely the probability
of the data given the precision matrix, while we approximate the marginal likelihood,
namely the probability of the data given the graph.

Beyond scalability, we establish theoretical guarantees for our approach. We prove
that the pseudo-posterior concentrates around the true posterior as the sample size
increases. Moreover, Theorem 4.3 establishes the consistency of our algorithms, ensuring
recovery of the true graph as both the sample size and the number of MCMC iterations
grow. The theoretical guarantees we establish are general, applying not only to our
proposed algorithms but to any MCMC procedure that targets the pseudo-posterior.
In addition, our framework provides uncertainty quantification through edge inclusion
probabilities and other graph characteristics, as illustrated in Section 6. It can also
incorporate prior knowledge about the graph structure, making the method adaptable
to diverse applications.

Complementing our theoretical results, we present an extensive simulation study in
Section 5 to assess the practical performance of our proposed algorithms and compare
them with the state-of-the-art Bayesian structure learning methods for GGMs. To high-
light improvements in computational efficiency and graph recovery accuracy, Figure 1
shows the convergence of the Area Under the Precision-Recall Curve (AUC-PR) over
running time for our proposed algorithms–Birth-Death MCMC with Marginal Pseudo-
Likelihood (BD-MPL) and Reversible-Jump MCMC with Marginal Pseudo-Likelihood
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Figure 1: Average AUC-PR over running time for five algorithms applied to a simu-
lated Cluster graph with 1,000 nodes, 0.5% edge density, and 1,050 observations (see
Section 5), with 8 replications. BD-MPL and RJ-MPL are our proposed algorithms
(Algorithms 1 and 2, respectively). SS is the spike-and-slab method of Wang (2015),
BD is the birth–death MCMC algorithm of Mohammadi et al. (2023), and B-CON is
the method of Jalali et al. (2020).

(RJ-MPL). Their performance is compared with leading alternatives, including the
spike-and-slab (SS) method (Wang, 2015), the standard birth-death (BD) algorithm
(Mohammadi and Wit, 2015; Mohammadi et al., 2023), and the Bayesian analogue of
the CONvex CORrelation selection methoD (B-CONCORD; hereafter referred to as
B-CON) (Jalali et al., 2020). The simulation is based on a Cluster graph with 1,000
nodes, an edge density of 0.5%, and 1050 observations. The results demonstrate the su-
perior convergence speed of our BD-MPL algorithm, which achieves an AUC-PR above
0.8 in under 10 minutes. In comparison, the B-CON algorithm requires approximately
30 minutes to reach a moderate AUC-PR and fails to match BD-MPL’s performance
even after one full day. The SS method also takes nearly a day to achieve a reasonable
AUC-PR, but still lags in overall accuracy. The BD algorithm, by contrast, struggles
considerably in this large-scale setting, remaining near an AUC-PR of 0.0 even after
several days of computation.

The article is organized as follows. Section 2 introduces the fundamental concepts
of Bayesian structure learning for GGMs. Section 3 presents the MPL approach and
the two proposed MCMC-based algorithms for large-scale graph recovery. Section 4
establishes the theoretical properties of the algorithms, including posterior contrac-
tion (Lemma 4.1), convergence (Lemma 4.2), and graph selection consistency (Theorem
4.3). Section 5 provides a comprehensive simulation study assessing the computational
efficiency and accuracy of our methods compared to leading Bayesian approaches. In
Section 6, we demonstrate the versatility of our methods in uncertainty quantification
through two real-world applications, showcasing their strengths on both medium- and
large-scale datasets. Finally, we conclude with reflections and future research directions.
Our implementation is available in the R package BDgraph (Mohammadi et al., 2024).
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2 Bayesian Structure Learning for GGMs
We denote an undirected graph as G = (V,E), where V is the set of p nodes representing
variables, and E ⊂ {(i, j) | 1 ≤ i < j ≤ p} is the set of edges. An edge (i, j) ∈ E indicates
a connection between nodes i and j, where each node corresponds to a distinct random
variable, collectively forming a p-dimensional random vector. The observed data matrix
is 𝑿 =

(︂
𝑿(1), . . . ,𝑿(n)

)︂T

with dimensions n × p, where each independent sample
𝑿(k) (k ∈ {1, . . . , n}) is a p-dimensional random vector. In GGMs, each 𝑿(k) follows
a multivariate Gaussian distribution 𝒩p (0,Σ), where Σ is the covariance matrix and
𝑲 = Σ−1 is the precision matrix with elements Kij . Two nodes i and j are conditionally
independent if and only if Kij = 0 (Lauritzen, 1996).

In Bayesian structure learning, the goal is to estimate the posterior probability of a
graph G given the data 𝑿

P (G|𝑿) ∝ P (G)P (𝑿|G), (1)

where P (G) is a prior distribution over the graph-space 𝒢p of undirected graphs with
p nodes, and P (𝑿|G) represents the marginal likelihood of G. A common specification
for the prior P (G) assumes independent edge inclusion probabilities βij ∈ (0, 1) for each
edge e = (i, j), enabling the incorporation of prior domain knowledge. This flexible for-
mulation allows structural information to be encoded, for example, by assigning higher
values of βij to edges believed to exist and lower values otherwise. When all βij are set
to a common value β ∈ (0, 1), the prior simplifies to

P (G) ∝ β|E|(1 − β)|Ē|, (2)

where |E| denotes the number of edges in G, and |Ē| is the number of absent edges.
Smaller values of β favor sparser graphs. When β = 0.5, the prior becomes uniform
over the graph space. The hyperparameter β directly controls the expected number
of edges and encodes prior beliefs about graph sparsity. It is important to note that
our Bayesian approach is not restricted to this prior form and can accommodate any
prior distribution on G. For alternative graph prior specifications, we refer the reader
to Scutari (2013); van den Boom et al. (2023).

For the marginal likelihood of G, we have

P (𝑿|G) =
∫︂
𝑲

P (𝑿|G,𝑲)P (𝑲|G)d𝑲, (3)

where P (𝑲|G) denotes the prior for 𝑲 given G and P (𝑿|G,𝑲) is the likelihood func-
tion. A well-defined choice for the prior distribution of the precision matrix 𝑲 is the
G-Wishart distribution (Roverato, 2002; Letac and Massam, 2007), which serves as the
conjugate prior for the multivariate Gaussian likelihood. The G-Wishart density is

P (𝑲|G) = 1
IG(b,𝑫) |𝑲| b−2

2 exp
{︃−1

2 tr(𝑲𝑫)
}︃

1 (𝑲 ∈ PG) , (4)
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where |𝑲| denotes the determinant of 𝑲, tr(𝑨) is the trace of a square matrix 𝑨,
IG(b,𝑫) is the normalizing constant, and PG is the set of positive definite matrices
𝑲 with Kij = 0 if (i, j) /∈ E, and 1 (𝑲 ∈ PG) is an indicator function that equals
1 if 𝑲 ∈ PG and 0 otherwise. We denote this distribution with WG(b,𝑫), where the
symmetric positive definite matrix 𝑫 and the scalar b > 2 are the scale and the shape
parameters of the G-Wishart distribution, respectively. Using the G-Wishart prior, (3)
becomes

P (𝑿|G) = (2π)−
np
2
IG(b + n,𝑫 + 𝑼)

IG(b,𝑫) ,

where 𝑼 = 𝑿T𝑿. Since this ratio of normalizing constants is intractable (Atay-Kayis
and Massam, 2005; Mohammadi et al., 2023; Wong et al., 2024, 2025; Uhler et al.,
2018), most Bayesian methods circumvent it with MCMC algorithms that sample over
the joint space of graphs and precision matrices.

The joint posterior distribution of the graph G and the precision matrix 𝑲 is

P (G,𝑲|𝑿) ∝ P (𝑿|𝑲, G)P (𝑲|G)P (G)

∝ P (G) 1
IG(b,𝑫) |𝑲| b+n−2

2 exp
{︃−1

2 tr (𝑲(𝑫 + 𝑼))
}︃
.

(5)

Computing this posterior distribution for all graphs G ∈ 𝒢p is computationally infeasi-
ble for p > 10 due to the exponential number of possible graphs. Consequently, most
Bayesian methods rely on MCMC-based algorithms, such as the reversible jump MCMC
algorithm (Green, 1995), a discrete-time Markov chain approach (Dobra et al., 2011;
Lenkoski and Dobra, 2011; Cheng and Lenkoski, 2012; Lenkoski, 2013; Hinne et al.,
2014). reversible jump MCMC explores the graph space by proposing to add or remove
a single edge at each iteration, accepting the move with a probability that depends on
the ratio of posterior probabilities (the conditional Bayes factor). However, reversible
jump MCMC often suffers from low acceptance rates, requiring many iterations to
converge. To mitigate this, Mohammadi and Wit (2015) proposed a continuous-time
MCMC algorithm, in which transitions between neighboring graphs, via edge additions
or deletions, are modeled as independent Poisson processes.

A major computational bottleneck in these algorithms is evaluating the ratio of pos-
terior probabilities, which requires computing expensive normalizing constants. Addi-
tionally, each new graph necessitates deriving a precision matrix by sampling from the
G-Wishart distribution, further increasing computational overhead. Several improve-
ments have been proposed to these challenges – for a comprehensive review, see Vogels
et al. (2024) – but efficient exploration of large graph space remains challenging.

3 Bayesian Structure Learning with MPL
Recall that we aim to reduce the computational cost by sampling directly over the graph
space instead of the joint space of graphs and precision matrices using MCMC-based
search algorithms. To achieve this, we introduce two MCMC-based search algorithms
that employ the MPL approach in conjunction with birth-death and reversible jump



R. Mohammadi, M. Schoonhoven, L. Vogels, and Ş. İ. Birbil 7

MCMC algorithms. In Section 3.1, we illustrate how the MPL approach facilitates the
derivation of Bayes factors for MCMC algorithms. The birth-death and reversible jump
MCMC-based algorithms are described in Sections 3.2 and 3.3, respectively.

3.1 Marginal Pseudo-Likelihood

Bayesian structure learning in GGMs relies on the development of computationally effi-
cient search algorithms, such as those outlined in Sections 3.2 and 3.3. A key component
of these algorithms, often termed neighborhood search algorithms, is the calculation of
Bayes factors between pairs of neighboring graphs as

P (G′|𝑿)
P (G|𝑿) = P (𝑿|G′)P (G′)

P (𝑿|G)P (G) , (6)

where the graphs G = (V,E) and G′ = (V,E′) differ by a single edge e = (i, j), such
that G′ = (V,E ∪ e) or G′ = (V,E \ e). To compute P (G|𝑿), we require the marginal
likelihood P (𝑿|G) in (3), which does not have a closed-form expression. Instead, we use
the pseudo-likelihood (Besag, 1975), which approximates the marginal likelihood with
a product of conditional likelihoods as

P (𝑿|G) ≈ P̃ (𝑿|G) :=
p∏︂

h=1

P (𝑿h|𝑿nb(h), G), (7)

where 𝑿h is a n-dimensional vector corresponding to node h, nb(h) refers to the set
of neighbors of node h with respect to G = (V,E) and 𝑿nb(h) is the sub-matrix of 𝑿
corresponding to the nodes that are in nb(h). We then have

P (𝑿|G′)
P (𝑿|G) ≈

∏︁p
h=1 P (𝑿h|𝑿nb(h), G

′)∏︁p
h=1 P (𝑿h|𝑿nb(h), G)

=
P (𝑿i|𝑿nb(i), G

′)P (𝑿j |𝑿nb(j), G
′)

P (𝑿i|𝑿nb(i), G)P (𝑿j |𝑿nb(j), G) ,

(8)

where the last step is based on the fact that the graphs G and G′ differ by a single
edge e = (i, j). To finalize the approximation of the Bayes factor (6), one task remains:
a closed-form expression of the terms P (𝑿h|𝑿nb(h), G) in equation (8). However, a
closed-form expression is intractable due to the presence of the intractable normaliz-
ing constants of the G-Wishart prior (4). Instead, Leppä-aho et al. (2017) provide an
approximation

P
(︁
𝑿h|𝑿nb(h), G

)︁≈ P̃
(︁
𝑿h|𝑿nb(h), G

)︁
:= π−n−1

2
Γ
(︁
n+ph

2
)︁

Γ
(︁
ph+1

2
)︁n− 2ph+1

2

(︃ |𝑼nb(h)∪h|
|𝑼nb(h)|

)︃−n−1
2

,

(9)
where ph is the size of the neighborhood nb(h), and 𝑼𝑨 denotes the submatrix of 𝑼
corresponding to the variables in the set 𝑨. For (9) to be well defined, the matrices
𝑼nb(h) and 𝑼nb(h)∪h must be positive definite, which requires n ≥ ph + 1. Since this
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must hold for all h = 1, . . . , p, the condition becomes n ≥ max{ph + 1 : h = 1, . . . , p}.
This requirement is automatically satisfied when n ≥ p, but it often also holds when
n < p due to the typical sparsity of precision matrices. The condition fails only if a node
has more than n− 1 neighbors. For example, with p = 100 and n = 50, the condition is
violated only if a node is connected to 50 or more neighbors, in which case ph = 50.

To clarify the approximation in (9), we turn to directed acyclic graphical models
(DAGs). Consonni and Rocca (2012) derived a closed-form expression for the marginal
likelihood P (𝑿 | M) of a Gaussian DAG, M . Their approach build on the Geiger
and Heckerman (2002, Theorem 2) that proved the problem reduces to computing the
marginal likelihood P (𝑿𝑨 | Mc), where 𝑿𝑨 is the submatrix of 𝑿 corresponding to
the variables in the set 𝑨, and Mc is a complete DAG. In analogy to (3), this can be
written as

P (𝑿𝑨 | Mc) =
∫︂
𝑲

P (𝑿𝑨 | Mc,𝑲)P (𝑲 | Mc) d𝑲. (10)

To evaluate P (𝑿𝑨 | Mc), we must specify a prior P (𝑲 | Mc). This prior should be
proper (meaning it integrates to one), objective (containing no subjective information),
and ideally computationally convenient for evaluating (10). Consonni and Rocca (2012)
show that the Wishart prior W (p,𝑼/n) satisfies these requirements. This prior is an
example of a fractional (or data-dependent) prior, as it incorporates a fraction of the
observed data. Crucially, it allows for a closed-form expression of P (𝑿𝑨 | Mc) anal-
ogous to (9), as shown in Consonni and Rocca (2012, Equations 24 and 25). These
results extend to decomposable undirected graphs (Consonni and Rocca, 2012; Car-
valho and Scott, 2009). In particular, Consonni and Rocca (2012, Equation 29) derived
a closed-form expression identical to (9), which is exact for decomposable graphs. For
non-decomposable graphs, the equality no longer holds, but Leppä-aho et al. (2017)
demonstrated that the right-hand side of (9) still provides a useful approximation.

Consequently, our approach to evaluate the Bayes factor (8) involves two layers of
approximation: the use of a pseudo-likelihood in (7), and the approximation of its local
components via (9). Combining these two approximations gives the pseudo-posterior as

P (G | 𝑿) ≈ P̃ (G | 𝑿) ∝ P (G)
p∏︂

h=1

P̃ (𝑿h|𝑿nb(h), G). (11)

Sampling from this pseudo-posterior requires computing the Bayes factor in (8), which
can be done using the closed-form expression in (9). This requires only four evaluations
of (9), making the computation highly efficient for MCMC-based search algorithms. In
the following sections, we introduce two such algorithms for general undirected GGMs,
applicable to both decomposable and non-decomposable graphs. Section 4 provides the
theoretical justification for employing the MPL approximation within our structure
learning framework.

3.2 Birth-Death MCMC Algorithm
The birth–death MCMC algorithm, based on a continuous-time Markov process (Pre-
ston, 1976), was applied to GGMs by Mohammadi and Wit (2015) for sampling from
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the joint posterior of graphs and precision matrices (5). We propose a modified version
that incorporates the MPL approximation, allowing sampling exclusively over the graph
space 𝒢p from the pseudo-posterior (11). At iteration s ∈ {1, . . . , S}, the state of the
Markov chain is a graph G(s), which transitions to G(s+1) by either adding (birth) or
removing (death) a single edge. These birth and death events are modeled as indepen-
dent Poisson processes, each occurring with rate Re(G). If a birth of edge e = (i, j)
occurs, the process moves to G+e = (V,E ∪ e); if a death of edge e occurs, it moves to
G−e = (V,E \ e). Since the events are governed by independent Poisson processes, the
waiting time between consecutive events follows an exponential distribution with mean

W (G) = 1∑︁
e Re(G) , (12)

where the summation is over all e ∈ {(i, j)|1 ≤ i < j ≤ p}. The associated birth/death
probabilities are

P (birth/death of edge e) = Re(G)W (G) for all e ∈ {(i, j)|1 ≤ i < j ≤ p} . (13)

The birth-death MCMC search algorithm converges to the target posterior distri-
bution P (G|𝑿) in (1) by setting the birth/death rates to

Re(G) = min
{︃
P (G′|𝑿)
P (G|𝑿) , 1

}︃
, for each e ∈ {(i, j) | 1 ≤ i < j ≤ p}, (14)

where G′ is either G+e or G−e. Dobra and Mohammadi (2018, Theorem 5.1) showed
that these rates lead to convergence of the algorithm to the target posterior distribution
in (1); see also Lemma 4.2. Their proof relies on the detailed balance condition, which
is sufficient for convergence, though not strictly necessary (Cappé et al., 2003). This
birth-death algorithm, which searches exclusively over the graph space, is referred to as
BD-MPL. Algorithm 1 provides the pseudo-code for this algorithm.

Algorithm 1: BD-MPL search algorithm.
Input: Data 𝑿 and an initial graph G0 = (V,E).
Output: Samples from the posterior distribution (1).

1 Calculate in parallel the MPL of each node given G0 by (9);
2 Calculate in parallel all the rates for each edge given G0 by (14);
3 for S iterations do
4 for the rates that need to be re-evaluated do
5 Calculate in parallel the birth and death rates by (14);
6 end
7 Calculate the waiting time by (12);
8 Update the graph by the birth/death probabilities in (13);
9 Update the MPL of the two nodes associated with the flipped edge.

10 end

Algorithm 1 offers a significant computational advantage, particularly in determining
birth and death rates, which are well-suited for parallel execution. By retaining the
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marginal pseudo-likelihood of the current graph nodes, recalculations are required only
for the two nodes associated with the flipped edge. This is why all marginal pseudo-
likelihoods are initially calculated outside the main loop in line 1. Similarly, the majority
of the birth and death rates remain unchanged between iterations, justifying their initial
calculation outside the main loop in line 2. By retaining rates across iterations, only
a small fraction requires re-evaluation. For a graph with p nodes, only 2p − 3 of the
possible p(p − 1)/2 rates need to be updated. For example, for a graph with p = 100
nodes, the BD-MPL algorithm recalculates just 197 rates per iteration, compared to the
4950 rates that would otherwise need updating in the traditional birth-death MCMC
algorithm. These computational optimizations have been implemented in Algorithm 1,
which is coded in C++ and ported to R. This implementation is available in the R
package BDgraph (Mohammadi et al., 2024) as the bdgraph.mpl() function.

The output of Algorithm 1 consists of a set of S sampled graphs,
{︁
G(1), . . . , G(S)}︁,

and their corresponding waiting times,
{︁
W (1), . . . ,W (S)}︁. These outputs facilitate var-

ious types of inference. Specifically, the expected value of any information function
f : 𝒢p → ℝ can be approximated using the Rao-Blackwellized estimator (Cappé et al.,
2003) as

E (f(G)|𝑿) ≈
∑︁S

s=1 W
(s)f(G(s))∑︁S

s=1 W
(s)

, (15)

which is well-suited for uncertainty quantification, as it accounts for posterior uncer-
tainty. By defining different information functions f(G), various posterior probabilities
can be computed. For instance, setting f(G) to detect highly connected nodes (hubs)
enables inference on hub probabilities, as demonstrated in Section 5. Similarly, defining
f(G) as 1 when an edge e is in G and 0 otherwise allows the estimation of posterior
edge inclusion probabilities as

P̂e = P̂e(e ∈ G∗|𝑿) =
∑︁S

s=1 W
(s)1

(︁
e ∈ G(s))︁∑︁S

s=1 W
(s)

. (16)

Here, G∗ denotes the underlying graph that encodes the true, but unknown, condi-
tional dependence structure. Within the Bayesian model averaging framework, these
probabilities provide a valuable summary of the explored graph space, highlighting the
relative importance of all edges. They are commonly used for graph selection based on
a threshold 0 < v < 1, with a typical choice of v = 0.5 leading to the estimated graph
Ĝ = (V, Ê), where Ê =

{︂
e = (i, j) | P̂e ≥ 0.5

}︂
. For graph estimation, we recommend

this median-probability approach, as suggested by Barbieri and Berger (2004), over
selecting the graph with the highest posterior probability.

Note that Algorithm (1) relies on the local approximation in (9), which is exact for
decomposable graphs. Therefore, the algorithm can be adapted specifically for use with
decomposable graphs through two straightforward modifications. First, the initial graph
G(0) must be decomposable (for example, the empty graph satisfies this condition).
Second, before computing the birth and death rates (lines 4 and 5 of the algorithm),
we must check whether the proposed graph G′ remains decomposable, accepting only
moves that preserve decomposability.
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3.3 Reversible Jump MCMC Algorithm

To sample from the pseudo-posterior (11), we present an alternative to BD-MPL (Algo-
rithm 1). Specifically, we integrate the MPL approach with the reversible jump MCMC
algorithm (Green, 1995), a discrete-time method that explores the graph space by
proposing edge additions or deletions. In each iteration, the reversible jump MCMC
algorithm proposes a new graph G′ by adding or deleting an edge from the current
graph G. The acceptance probability for the proposed move, which ensures that the
Markov chain has the correct stationary distribution, is

α(G,G′) = min

{︃
P (G′|𝑿)q(G′|G)
P (G|𝑿)q(G|G′) , 1

}︃
, (17)

where q(G′|G) is the proposal probability of transitioning from graph G to graph G′.
Clearly, q(G′|G) = 0 when G′ and G are not neighbors. When G′ and G are neighbors,
we assume a uniform proposal distribution. For neighboring graphs, we adopt a uniform
proposal distribution, setting q(G′|G) = q(G|G′) = 1/nbmax, where nbmax = p(p− 1)/2
is the total number of graphs differing from G by one edge (for alternative proposals, see
Dobra et al. 2011; van den Boom et al. 2022). With this setup, α(G,G′) aligns with the
birth-death rate as defined in (14), highlighting the connection between the reversible
jump MCMC and birth-death MCMC algorithms.

Our proposed reversible jump algorithm is abbreviated to RJ-MPL and the pseudo-
code for this algorithm is described in Algorithm 2. Similar to Algorithm 1, we imple-
ment this algorithm in C++ and ported it to R. It is available within the R package
BDgraph (Mohammadi et al., 2024) as bdgraph.mpl() function.

Algorithm 2: RJ-MPL search algorithm.
Input: Data 𝑿 and an initial graph G0 = (V,E).
Output: Samples from the posterior distribution (1).

1 Calculate in parallel the MPL of each node given G0 by (9);
2 for S iterations do
3 Draw a proposal graph by selecting an edge to flip;
4 Calculate the acceptance probability by (17) and update the graph;
5 Update the MPL for the pair of nodes associated with the flipped edge.
6 end

The output of Algorithm 2 consists of a set of S sampled graphs,
{︁
G(1), . . . , G(S)}︁,

representing the posterior graph space. These samples can be leveraged for various types
of inference and model uncertainty quantification by applying (15), where W (s) = 1 for
s ∈ {1, . . . , S}. For example, the sampled graphs can be used to calculate the estimated
edge-inclusion probabilities (P̂e) using (16), where W (s) = 1 for s ∈ {1, . . . , S}. Similar
to the BD-MPL approach discussed in Section 3.2, P̂e provides a means to quantify
model uncertainty and can also be employed for model selection.
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3.4 Precision Matrix Estimation
The BD-MPL and RJ-MPL algorithms (Algorithms 1 and 2) are designed to handle
large-scale problems by recovering the underlying graph structure from the data. In
practical applications, it may also be necessary to estimate the precision matrix. Here,
we present two approaches for estimating the precision matrix using the graph samples
generated by the BD-MPL and RJ-MPL algorithms.

One approach is first to estimate the underlying graph structure using the edge
inclusion probabilities (16) derived from the BD-MPL or RJ-MPL algorithms. Specifi-
cally, we can obtain the estimated graph Ĝ = (V, Ê) where Ê =

{︂
e = (i, j) | P̂e ≥ 0.5

}︂
,

and P̂e represents the estimated edge-inclusion probabilities (16). This estimated graph
can then be used to sample from the precision matrix using the G-Wishart distribution
(4), where 𝑲|Ĝ ∼ WĜ(b + n,𝑫 + 𝑼), representing the posterior distribution of the
precision matrix. This step can be performed using the sampling algorithm developed
by Lenkoski (2013), which is implemented in the R package BDgraph (Mohammadi
et al., 2024) as rgwish() function. The precision matrix can then be estimated as the
mean of the sampled matrices. It is important to emphasize that the estimated precision
matrix will always be positive definite, as the sampling algorithm by Lenkoski (2013)
guarantees positive definiteness.

Another approach is to use the sampled graphs
{︁
G(1), . . . , G(S)}︁ generated by the

BD-MPL or RJ-MPL algorithms, and then sample the corresponding precision matrices{︂
𝑲(1), . . . ,𝑲(S)

}︂
from WG(b+n,𝑫+𝑼), similar to the first approach. Note that, this

method may not be feasible for very large-scale graphs, as saving all the sampled graphs
can lead to memory issues; see, for example, Mohammadi and Wit (2019, Appendix).

4 Theoretical Properties
Here, we provide theoretical results that validate the use of the pseudo-posterior P̃ (G |
𝑿) in (11) as an approximation to the true posterior P (G | 𝑿) in (1). Specifically,
Lemma 4.1 establishes that the pseudo-posterior contracts around the true graph.
Lemma 4.2 shows that both proposed algorithms converge to the target pseudo-posteri-
or. Most importantly, Theorem 4.3 demonstrates that any MCMC algorithm targeting
the pseudo-posterior, including RJ-MPL and BD-MPL, yields a consistent estimator
of the graph. These results require only the assumption of Gaussianity and impose no
restrictions on dimensionality, minimal signal strength, or hyperparameter choices.

We start with the following lemma, which establishes posterior contraction. It states
that the posterior mass assigned to the true sparsity pattern (the true graph G∗) con-
verges to one in probability as n tends to infinity. Equivalently, the posterior probability
of graphs G that differ from the true graph G∗ approaches zero as n → ∞.

Lemma 4.1 (Posterior Contraction). Let 𝑿 =
(︂
𝑿(1), . . . ,𝑿(n)

)︂T

be an n × p data
matrix, where each independent observation 𝑿(k), for k ∈ {1, . . . , n}, is distributed
as 𝒩p

(︁
0, (𝑲∗)−1)︁. Let G∗ = (V,E∗) denote the true underlying graph that encodes
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the conditional independence structure implied by 𝑲∗. Then, as n → ∞, the pseudo-
posterior distribution P̃ (G|𝑿) defined in (11) satisfies

P̃ (G∗|𝑿) → 1 in probability.

Proof. Based on Equation (11) we have

P̃ (G∗|𝑿) ∝ P (G∗)
p∏︂

j=1
P̃ (𝑿j |𝑿nb∗(j), G

∗),

where nb∗(j) denotes the set of neighbors of node j and these neighbors together
uniquely define the true graph G∗. Now, considering an arbitrary graph G′ (not equal
to G∗) with corresponding neighbors nb′(j) of node j ∈ {1, . . . , p}, we have

P̃ (G∗|𝑿)
P̃ (G′|𝑿)

= P (G∗)
P (G′) ×

p∏︂
j=1

P̃ (𝑿j |𝑿nb∗(j), G
∗)

P̃ (𝑿j |𝑿nb′(j), G′)
.

For all j ∈ {1, . . . , p}, as n → ∞, we can derive

log
(︄
P̃ (𝑿j |𝑿nb∗(j), G

∗)
P̃ (𝑿j |𝑿nb′(j), G′)

)︄
→ ∞

in probability; this result follows directly from Leppä-aho et al. (2017, Theorem 2,
Lemma 1, and 2). Essentially, this means that by using pseudo-posterior (11), the true
neighbors nb∗(j) are preferred over any other set nb′(j) as the number of observations
n approaches infinity. Considering this, as n → ∞,

P̃ (G∗|𝑿)
P̃ (G′|𝑿)

→ ∞,

in probability. The convergence then follows.

The following lemma establishes that, as the number of MCMC iterations S tends
to infinity, the BD-MPL and RJ-MPL sampling algorithms converge to the pseudo-
posterior distribution P̃ (G|𝑿).

Lemma 4.2 (Convergence). Let
{︁
G(1), . . . , G(S)}︁ denote the Markov chain generated

by either the BD-MPL or RJ-MPL algorithm. As the number of iterations S approaches
infinity, the Markov chain converges to the target pseudo-posterior distribution P̃ (G|𝑿)
defined in (11). Furthermore, for any function f : 𝒢p → ℝ, we have

E (f(G)|𝑿) = lim
S→∞

∑︁S
s=1 W

(s)f(G(s))∑︁S
s=1 W

(s)
, (18)

where
{︁
W (1), . . . ,W (S)}︁ are the waiting times in the BD-MPL algorithm. For the RJ-

MPL algorithm, these waiting times are equal to one.
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Proof. Convergence requires three conditions: irreducibility, aperiodicity, and the bal-
ance condition, ensuring that the Markov chain has a well-defined stationary distribution
(Tierney, 1994). Both BD-MPL and RJ-MPL naturally satisfy irreducibility and ape-
riodicity. While detailed balance is a sufficient condition but not necessary for general
balance, it is commonly imposed in practical sampler design (Green, 1995). For Al-
gorithm 1, detailed balance holds by construction, as ensured by the birth-death rates
defined in (14); see Dobra and Mohammadi (2018, Theorem 5.1) for further details. Sim-
ilarly, Algorithm 2 satisfies these conditions through the acceptance probability defined
in (17) (Green, 1995). Since both BD-MPL and RJ-MPL converge to the target pos-
terior distribution, equation (18) follows directly from the Rao-Blackwellized estimator
(Cappé et al., 2003, Section 2.5).

An immediate consequence of Lemma 4.2 is the convergence of the estimated edge-
inclusion probability P̂e, as defined in (16), to the true pseudo-posterior edge-inclusion
probability Pe. Specifically, for all e ∈ {(i, j) | 1 ≤ i < j ≤ p}, we have

lim
S→∞

P̂e = Pe =
∑︂
G∈𝒢p

1 (e ∈ G) P̃ (G|𝑿).

The following theorem presents the main result. It involves the graph Ĝ obtained by
thresholding the edge inclusion probabilities (16) at some threshold 0 < v < 1, so that
Ĝ = (V, Ê) with Ê = {e = (i, j) | P̂e ≥ v}. We prove that, for any fixed threshold v, the
estimated graph Ĝ converges in probability to the true graph G∗ as both the number
of observations and the number of MCMC iterations tend to infinity. In other words,
the edge inclusion probabilities asymptotically converge to either 0 or 1, accurately
reflecting the true edge structure of G∗.
Theorem 4.3 (Selection Consistency). Let P̂e denote the estimated edge inclusion
probabilities from Equation (16), obtained via an MCMC sampling algorithm (such as
BD-MPL or RJ-MPL) with S iterations targeting the pseudo-posterior distribution (11).
Define the estimated graph Ĝ = (V, Ê), where an edge e = (i, j) is included in Ê if
P̂e ≥ v for some fixed threshold 0 < v < 1. Then, as the number of observations n → ∞
and the number of MCMC iterations S → ∞,

P (Ĝ = G∗) → 1 in probability.

Proof. Due to Lemma 4.2, for all e ∈ {(i, j)|1 ≤ i < j ≤ p}, we have

lim
S→∞

P̂e = Pe =
∑︂
G∈𝒢p

1 (e ∈ G) P̃ (G|𝑿).

Considering Pe ≥ P̃ (G∗|𝑿) for all e ∈ G∗ and Pe ≤ 1 − P̃ (G∗|𝑿) for all e ̸∈ G∗, we
have

P (Ĝ = G∗) = P (Pe ≥ v ∀e ∈ G∗ and Pe < v ∀e ̸∈ G∗)
≥ P

(︁
P̃ (G∗|𝑿) ≥ v and 1 − P̃ (G∗|𝑿) < v

)︁
= P

(︁
P̃ (G∗|𝑿) ≥ max(v, 1 − v)

)︁
.

The result follows from Lemma 4.1.
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We note that, in connection with the theoretical results presented in this section,
Jalali et al. (2020, Theorem 1) also established posterior contraction and selection con-
sistency for their B-CON method, which combines a spike-and-slab prior on the pre-
cision matrix with a generalized likelihood approximation to the Gaussian likelihood.
Three key differences distinguish their results from ours. First, their framework requires
structural conditions on the true precision matrix, including a minimal signal size and
bounded eigenvalues (Jalali et al., 2020, Assumptions 3–4), whereas our approach im-
poses no such constraints. Second, their results are tied to the specific graph prior in
(2) with a fixed value of β (Jalali et al., 2020, Assumption 5), while ours hold for any
prior on the graph. Third, our results assume Gaussian data, whereas B-CON requires
only that the data-generating distribution has sub-Gaussian tails (Jalali et al., 2020,
Assumption 2).

Theorem 4.3 shows that an MCMC algorithm targeting the pseudo-posterior recov-
ers the true graph as the sample size and number of iterations grow. We next evaluate its
finite-sample performance through simulations against state-of-the-art Bayesian struc-
ture learning methods.

5 Simulation Study
We assess the accuracy and computational efficiency of BD-MPL (Algorithm 1) and
RJ-MPL (Algorithm 2) with three state-of-the-art Bayesian approaches.1 The first is
the birth-death MCMC algorithm (BD) introduced by Mohammadi and Wit (2015) and
Mohammadi et al. (2023). The second method, SS, is established by Wang (2015), and
it employs a block Gibbs sampler based on the spike-and-slab prior distribution. The
third is the B-CON approach developed by Jalali et al. (2020), which uses a generalized
likelihood function together with a spike-and-slab prior distribution.

The simulation study covers small (p = 10), medium (p = 100), and large-scale
(p = 1000) graphs, considering three structural types. The first type, Random, consists
of graphs in which edges are randomly sampled without replacement. The second type,
Cluster, contains either two clusters (for p ∈ 10, 100) or eight clusters (for p = 1000),
with each cluster following the structure of a Random graph. The third type, Scale-free,
comprises spanning trees generated using the B-A algorithm of Albert and Barabási
(2002). For both Random and Cluster graphs, we examine ‘sparse’ and ‘dense’ vari-
ants. To accurately represent these graphs, we determine the number of edges ne using
max(ap, bp(p−1)/2), with a = 0.5 and b = 0.5% for sparse graphs, and a = 2 and b = 5%
for dense graphs. The edge densities of all the simulated graph types are reported in the
Supplementary Material (Mohammadi et al., 2025). For the number of observations n,
we follow a logarithmic relation between n and p as suggested by posterior contraction
rates (Sagar et al., 2024, Theorem 4.6). We select n = 20 log(p) for ‘few’ observations
and n = 350 log(p) for ‘many’ observations. An exception is made for p = 1000, where
n = 20 log(p) = 60 was too low for all algorithms to provide meaningful results, so we
chose n = 400.

1For comparisons with frequentist methods such as the graphical lasso (Friedman et al., 2008), we
refer the reader to Vogels et al. (2024).



16 Scalable Bayesian Gaussian Graphical Models

In each simulated graph G, the precision matrix 𝑲 was generated from the G-
Wishart distribution WG(3, 𝑰p). For p ∈ {10, 100}, we generated 16 graphs along with
their corresponding precision matrices, while for p = 1000, we obtained 8 such pairs.
Subsequently, for each pair G and 𝑲, we sampled n data points from the p-dimensional
Gaussian distribution 𝒩p(0,Σ) with mean zero and covariance matrix Σ = 𝑲−1. The
data was generated using the bdgraph.sim() function from the R package BDgraph.

To ensure fair comparisons in computing time, all five algorithms were coded in C++
and then ported to R, using the same routines wherever feasible. Following the approach
of Wang (2015), the hyperparameters for the SS method were chosen as ϵ = 0.02, υ = 2,
and λ = 1. Each MCMC run started with an empty graph. For the prior on the graph,
we use the distribution (2) with prior density β. In real-life cases, one can use domain
knowledge to select an appropriate value for β. In a simulation study, however, such prior
knowledge is not available. It is therefore common to set β to either the uninformative
value β = 0.5 (Gan et al., 2019) or to a function that decreases with p, for example
β = 2/(p − 1) (van den Boom et al., 2022). Here, we opt for a middle ground and set
β = 0.2. For the B-CON method, we used β = 0.5 and initialized with a full graph,
consistent with the authors’ original setup, since their provided code (Jalali et al., 2020)
does not allow specifying either the initial graph or β. The BD-MPL and RJ-MPL were
implemented using the BDgraph R package (Mohammadi et al., 2024), and the SS
method utilized the ssgraph R package (Mohammadi, 2022).

The methods are evaluated based on graph recovery accuracy and computational
cost. To assess accuracy, we compute edge inclusion probabilities from the MCMC-
sampled graphs

{︁
G(1), . . . , G(S)}︁ using (16). Five accuracy metrics are considered, with

the Area Under the Precision-Recall Curve (AUC-PR) (Davis and Goadrich, 2006)
highlighted here. The remaining metrics are provided in the Supplementary Material.
AUC-PR is particularly useful for evaluating performance on imbalanced datasets, such
as sparse graphs. The AUC-PR curve plots precision (the proportion of true positive
edges among all predicted edges) against recall (the proportion of actual edges correctly
identified) at various thresholds. Figure 2 presents AUC-PR scores over time for two
scenarios: the left plot shows results for medium-scale graphs (p = 100, n = 700,
sparse Cluster graph), while the right plot corresponds to large-scale graphs (p = 1000,
n = 1050, dense Cluster graph). Additional instances are provided in the Supplementary
Material. For the medium-scale problem, all methods except BD converge rapidly. In the
large-scale setting, BD-MPL converges significantly faster in graph recovery precision
compared to the other methods.

To compare algorithms, we require a measure of computational cost. Ideally, this
would capture the time needed for an MCMC chain to meet a formal convergence crite-
rion. However, defining such a criterion for large-scale, MCMC algorithms is challenging.
Standard diagnostics such as the Gelman–Rubin statistic (Gelman and Rubin, 1992),
effective sample size, or trace plots (Figure 3) require storing entire chains (or multiple
chains), which can be prohibitively memory-intensive at scale. We therefore adopt a
more practical approach, stopping the chains when a relevant performance metric —
here the AUC-PR — shows no meaningful improvement. Following Vogels et al. (2024),
we define computational cost as the time required for the AUC-PR to come within 0.01
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Figure 2: The convergence of AUC-PR scores over time for all algorithms (RJ-MPL,
BD-MPL, BD, SS, B-CON). The left plot represents the instance with p = 100, n = 700
for the sparse Cluster graph, while the right plot corresponds to p = 1000, n = 1050 for
the dense Cluster graph.

Figure 3: Edge inclusion probabilities across MCMC iterations for 10 randomly selected
edges, created by the BD-MPL algorithm on the human gene dataset (p = 100).

of its final iteration value. While this measure is inherently subjective, it serves as a
useful indicator of the runtime needed for an algorithm’s output quality to stabilize
rather than a formal proof of convergence. Table 1 summarizes the results. For p = 10,
all algorithms converge in under a minute with similar costs. At p = 100, RJ-MPL,
BD-MPL, SS, and B-CON converge within seconds to minutes, whereas BD requires
several hours. For p = 1000, BD fails to converge within five days, while BD-MPL,
RJ-MPL, SS, and B-CON converge within hours to days, with BD-MPL running up to
ten times faster than the others.

Table 2 reports the AUC-PR scores for all methods. For small (p = 10) and medium
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p Graph Density n RJ-MPL BD-MPL BD SS B-CON

1000

Random

Sparse 400 2494 41 - 531 972
Sparse 1050 1998 96 - 543 418
Dense 400 2706 350 - 3012 3731
Dense 1050 2434 1065 - 3297 2099

Cluster

Sparse 400 2212 33 - 436 975
Sparse 1050 1794 74 - 489 615
Dense 400 2509 283 - 2386 3681
Dense 1050 3003 396 - 2654 1711

Scale-free Sparse 400 4104 43 - 339 1808
Sparse 1050 4053 144 - 1281 1508

100

Random

Sparse 40 6 2 103 0 7
Sparse 700 0 0 34 2 3
Dense 40 2 0 101 0 5
Dense 700 2 0 72 1 3

Cluster

sparse 40 6 3 86 1 6
Sparse 700 1 1 45 1 4
Dense 40 0 0 115 0 4
Dense 700 1 0 78 1 1

Scale-free Sparse 40 2 1 103 0 5
Sparse 700 2 1 67 1 4

Table 1: Computational cost (T ) in minutes until AUC-PR convergence for various
instances. T represents the average time until AUC-PR convergence, based on 16 repli-
cations for p ∈ {10, 100} and 8 replications for p = 1000. The table excludes the p = 10
case since the computational time for all algorithms was less than one minute. A “-”
indicates that an algorithm did not converge within five days. For each setting, the
best-performing algorithm is highlighted in bold.

(p = 100) graphs, performances are comparable, with BD showing slightly higher values.
For large graphs (p = 1000), differences are pronounced: BD yields near-zero AUC-PR,
reflecting its inability to handle large-scale problems within a reasonable runtime (five
days in this study). In contrast, RJ-MPL and BD-MPL achieve the highest AUC-PR,
followed by SS, B-CON, and BD. For example, in the dense Cluster graph with p = 1000
and n = 1050, BD-MPL reaches the highest AUC-PR (over 0.7) in under two hours,
whereas SS and B-CON require more than 27 hours, and BD fails to converge within
five days. Together with Table 1, these results indicate that BD-MPL delivers the best
overall performance for p = 1000, combining both computational cost and accuracy.

In summary, for large-scale problems (graphs with p = 1000), the BD-MPL algo-
rithm achieves significantly lower computational costs while maintaining high accuracy
compared to state-of-the-art methods (BD, SS, and B-CON). BD-MPL also has several
advantages over RJ-MPL, as it converges faster (Figure 2) and its computationally in-
tensive components can be parallelized (Section 3.2). This makes BD-MPL particularly
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p Graph Density n RJ-MPL BD-MPL BD SS B-CON

1000

Random

Sparse 400 0.67 0.70 0.01 0.66 0.66
Sparse 1050 0.79 0.81 0.00 0.72 0.79
Dense 400 0.39 0.43 0.05 0.42 0.31
Dense 1050 0.56 0.61 0.05 0.56 0.50

Cluster

Sparse 400 0.70 0.72 0.01 0.67 0.68
Sparse 1050 0.81 0.83 0.01 0.74 0.78
Dense 400 0.55 0.59 0.05 0.55 0.48
Dense 1050 0.71 0.74 0.05 0.7 0.58

Scale-free Sparse 400 0.66 0.68 0.00 0.68 0.62
Sparse 1050 0.78 0.8 0.00 0.76 0.72

100

Random

Sparse 40 0.50 0.50 0.54 0.55 0.50
Sparse 700 0.89 0.89 0.89 0.84 0.86
Dense 40 0.37 0.37 0.40 0.43 0.38
Dense 700 0.86 0.86 0.86 0.79 0.82

Cluster

Sparse 40 0.49 0.49 0.52 0.53 0.49
Sparse 700 0.87 0.88 0.88 0.84 0.83
Dense 40 0.40 0.39 0.43 0.45 0.41
Dense 700 0.87 0.87 0.87 0.80 0.83

Scale-free Sparse 40 0.41 0.41 0.47 0.47 0.41
Sparse 700 0.87 0.87 0.89 0.82 0.77

10

Random

Sparse 20 0.52 0.52 0.54 0.52 0.52
Sparse 350 0.91 0.91 0.92 0.89 0.89
Dense 20 0.68 0.69 0.69 0.68 0.68
Dense 350 0.94 0.93 0.93 0.93 0.91

Cluster

Sparse 20 0.50 0.50 0.50 0.50 0.48
Sparse 350 0.84 0.85 0.85 0.84 0.86
Dense 20 0.81 0.81 0.83 0.81 0.77
Dense 350 0.95 0.95 0.95 0.94 0.94

Scale-free Sparse 20 0.61 0.61 0.65 0.65 0.60
Sparse 350 0.90 0.91 0.91 0.89 0.87

Table 2: AUC-PR scores of the algorithms for different instances. The values are averages
over 16 replications for p ∈ {10, 100} and over 8 replications for p = 1000. For each
setting, the best-performing algorithm is highlighted in bold.

well suited for large-scale problems with p = 1000 or more. For medium-scale problems
(around 100 nodes), BD and BD-MPL have similar and higher accuracy than other
methods (Table 2), but BD-MPL is more efficient, reducing computational cost from
one–two hours to under three minutes (Table 1). For small-scale problems (around 10
nodes), BD achieves slightly higher accuracy in most cases. Overall, we recommend
BD-MPL for large- and medium-scale problems and BD or SS for small-scale problems.
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6 Applications
We apply our proposed BD-MPL and RJ-MPL algorithms to two real-world data sets:
a medium-scale data set (with 100 variables) in Section 6.1 and a large-scale data set
(with 623 variables) in Section 6.2. We report results from the BD-MPL algorithm, as
both algorithms target the same pseudo-posterior distribution and produce virtually
identical outputs when run for a sufficient number of iterations. For both datasets, our
approach provides point estimates of the conditional dependence structure. Moreover,
we illustrate how the method facilitates uncertainty quantification over graph structures
and key graph characteristics, extending beyond traditional point estimation.

6.1 Application to Human Gene Expression
We apply the BD-MPL algorithm to infer a human gene network. The dataset consists of
genetic data for p = 100 genes from n = 60 unrelated individuals and is available in the
BDgraph R package (Mohammadi et al., 2024). Detailed information on data collection
can be found in Stranger et al. (2007) and Bhadra and Mallick (2013). Several other
Bayesian structure learning methods have also been applied to this dataset (Mohammadi
and Wit, 2015; Li et al., 2019; Mohammadi and Wit, 2019; van den Boom et al., 2022;
Vogels et al., 2024).

Genes are specific sequences of DNA that play a critical role in the functioning of
organisms. Gene expression is the process through which these genes produce proteins,
which then influence various biological functions. Some proteins have direct effects on
the organism, such as initiating the breakdown of food. Others serve a regulatory role
by activating other genes, leading to the production of additional proteins that further
activate more genes, creating a cascade of interactions. These activation relationships
can be represented in a gene network, where each node corresponds to a gene, and
each edge signifies an activation relationship between two genes. Mapping and under-
standing these gene networks are vital for elucidating disease susceptibility, ultimately
contributing to advancements in treatment and public health (Stranger et al., 2007).

Before applying the algorithm, we normalized the dataset using a transformation
based on cumulative distribution functions (Liu et al., 2009), implemented via the bd-
graph.npn() function in the BDgraph package. The initial parameter settings matched
those used in the simulation study described in Section 5. For the graph prior defined
in (2), we set β = 0.2, building on the results of earlier studies (van den Boom et al.,
2022). The MCMC procedure was initialized at the empty graph. To determine the
number of MCMC iterations, we use a trace plot (Figure 3). Trace plots are a common
tool to determine MCMC convergence, see for example van den Boom et al. (2022).
They depict the edge inclusion probabilities for a set of randomly selected edges across
MCMC iterations. Based on Figure 3, we observe that the BD-MPL algorithm typically
converges after approximately 500,000 iterations. We therefore set the number of iter-
ations to one million, half of which are burn-in iterations. The total computation time
remained under 10 minutes on a standard desktop computer.

Figure 4 (left) presents a heatmap of the estimated edge inclusion probabilities (16)
obtained from the BD-MPL algorithm. Figure 4 (right) presents a point estimate of
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Figure 4: (Left) Heatmap of estimated edge inclusion probabilities from the BD-MPL
algorithm for the human gene dataset (p = 100), with values ranging from 0 (gray)
to 1 (dark blue). (Right) Estimated graph from the BD-MPL algorithm for the same
dataset, showing only edges with inclusion probabilities greater than 0.9.

Figure 5: The structure estimated by Bhadra and Mallick (2013, Figure 4) among three
genes part of the major histocompatibility complex (left), alongside the three most likely
structures estimated by the BD-MPL.

the gene network obtained using a threshold of 0.9 on the edge inclusion probabilities.
We use this relatively high threshold to prevent the plot from becoming overly dense
and difficult to interpret. However, for optimal point estimation, a threshold of 0.5
is generally recommended, as suggested by Barbieri and Berger (2004). The inferred
gene network displays structural patterns consistent with those reported in Bhadra and
Mallick (2013, Figure 4).

In addition to estimating edge inclusion probabilities, the BD-MPL algorithm can
quantify uncertainty in various graph structures. Specifically, they estimate the expected
value E(f(G)|𝑿) for any function f(G) using (15). Bhadra and Mallick (2013) exam-
ined the conditional dependence structure among three genes in the major histocom-
patibility complex, a DNA region involved in immune system function. The BD-MPL
algorithm confirms this as the most likely structure, estimating a 99% probability given
the data (Figure 5). Additionally, Bhadra and Mallick (2013) identified a conditional
dependence structure among six genes, five of which are located on the Y chromosome.
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Figure 6: The structure estimated by Bhadra and Mallick (2013, Figure 4) for six selected
genes (top left), alongside the five most likely structures estimated by the BD-MPL.

Figure 7: The ten most connected genes in the human gene dataset (p = 100), along with
their corresponding posterior probabilities of being the gene with the highest degree.

The BD-MPL algorithm estimates a near-zero probability for this structure and instead
suggests alternative likely structures for these six genes (Figure 6). Another choice of
f(G) allows for identifying highly connected nodes in a network, a measure known as
degree centrality, which is particularly useful for analyzing gene networks (Koschützki
and Schreiber, 2008). Bhadra and Mallick (2013) found that the gene with the high-
est degree is GI-22027487-S, which regulates iron and copper levels (Xu et al., 2022).
Our results confirm that this gene is the most likely to have the highest degree, with a
posterior probability of 30%. Figure 7 presents the highest degree probabilities for ine
other nodes.
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6.2 Application to Gene Expression in Immune Cells

This subsection presents an application of the BD-MPL algorithm on a large dataset
with p = 623 variables and n = 653 observations, demonstrating its ability to estimate
uncertainty across a wide range of graph structures. The dataset is the GSE15907 mi-
croarray dataset from Painter et al. (2011) and Desch et al. (2011), comprising gene
expression data from 24,922 genes in 653 mouse immune cells, obtained from the Im-
munological Genome Project (Heng et al., 2008). It was previously analyzed by Chandra
et al. (2024) using Bayesian methods. These immune cells play a crucial role in defending
organisms against diseases, with genes producing proteins that either directly impact
disease response or initiate cascades by activating other genes. These activation rela-
tionships form gene networks, where nodes represent genes and edges denote activation
connections. Understanding these networks is essential for advancing research on im-
mune system function and disease treatment strategies.

For data preparation, following Chandra et al. (2024), we apply a log2 transfor-
mation and retain the top 2.5% of genes with the highest variance. To normalize
the dataset, we use a cumulative distribution function-based transformation, as de-
scribed in Subsection 6.1. For the graph prior defined in (2), we select β = 0.01, based
on the results of Chandra et al. (2024). To determine the number of MCMC itera-
tions, creating a trace-plot as in Figure 3 requires excessive memory for large-scale
instances. Instead, we look at results from our simulation study in Section 5 (see Table
7 in the Supplementary Material). For the case p = 1000, these results suggest that
the number of MCMC iterations depends on the sparsity and the number of obser-
vations, with dense and low-observation instances requiring more MCMC iterations.
In all cases though, AUC-PR convergence happens within 1.5 million MCMC itera-
tions. To be on the safe side we run 4 million MCMC iterations, discarding the first
half as burn-in. The total runtime is approximately 17 hours. All other initial param-
eters are consistent with those used in the simulation study. We provide a heatmap
of edge inclusion probabilities estimated by the BD-MPL algorithm in the supple-
mentary material. While thresholding these probabilities could produce inferred gene
networks, we do not present the complete networks here because of their large size
and limited interpretability. Instead, following Chandra et al. (2024), we focus on spe-
cific gene subsets documented in the literature as conditionally dependent. These in-
clude histone genes (e.g., Hist1h1a, Hist1h1b) (Wolffe, 2001), B-cell leukemia genes
(e.g., Bcl2a1a, Bcl2a1b) (Chandra et al., 2024), leukocyte antigen genes (e.g., Ly6c1,
Ly6c2) (Lee et al., 2013), and membrane-spanning 4A genes (e.g., Ms4a1, Ms4a4c)
(Liang et al., 2001). Figure 8 highlights these subsets, showing edges with inclusion
probabilities greater than 0.99. These results demonstrate that the BD-MPL algorithm
successfully recovers known conditional dependencies within biologically relevant gene
groups.

To illustrate the ability of BD-MPL to quantify uncertainty in specific graph struc-
tures, we focus on a group of genes encoding chemokine ligands (e.g., Ccl3, Ccl5) and
chemokine receptors (e.g., Ccr2, Ccr5). These genes produce CC chemokines, which
play a crucial role in immune responses (Raman et al., 2011). Figure 9 presents the
four most likely conditional dependence structures among these genes. We also find
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Figure 8: The networks for histone genes, leukocyte antigen genes, B-cell leukemia genes,
and membrane-spanning 4A genes, estimated by the BD-MPL for the mice gene dataset
(p = 623). All displayed edges have inclusion probabilities exceeding 99%.

Figure 9: The most likely structures between chemokine ligand (Ccl) and chemokine
receptor (Ccr) genes, estimated by the BD-MPL on the mice gene dataset (p = 623).

Figure 10: The three most connected genes in the mice gene dataset (p = 623), with
their corresponding posterior probability of being the gene with the highest degree.

that the CD97 gene has the highest degree with a posterior probability of 97% (Fig-
ure 10). This aligns with the conclusion of Safaee et al. (2013) that the CD97 protein,
encoded by this gene, is broadly expressed and plays diverse roles in the immune sys-
tem.

7 Conclusion
We address the computational challenges of posterior sampling for GGMs in large-scale
problems by introducing an MCMC-based framework that combines birth–death and
reversible jump algorithms with the marginal pseudo-likelihood approach. The pro-
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posed algorithms scale to large graph spaces, enabling parallel exploration for graphs
with over 1,000 nodes, as demonstrated in our extensive simulation study. We provide
theoretical guarantees, including posterior contraction and graph selection consistency.
In addition to scalability and theoretical support, the proposed method offers reliable
uncertainty quantification and the flexibility to incorporate prior knowledge about the
graph structure, as illustrated in our application section.

Future research could enhance these methods along several directions. In Section 3.1,
we employ a fractional prior to derive a closed-form analytical expression for the local
components, see Equation (9). One potential enhancement is to tune the prior to im-
prove inferential accuracy and improve the approximation of the true posterior. Alter-
natively, one could adopt the closed-form approximation for the ratio of normalizing
constants proposed by Mohammadi et al. (2023). Another promising avenue is the ex-
ploration of alternative priors on the precision matrix. For instance, priors such as the
spike-and-slab formulation used in Jalali et al. (2020) may offer improved structure
learning and posterior inference.

The BD-MPL and RJ-MPL algorithms rely on the addition or removal of a single
edge per MCMC iteration to explore the graph space. Their computational efficiency
can be further improved by allowing multiple edge updates per iteration. For instance,
for the BD-MPL algorithm, after computing all possible edge update probabilities from
(13), one can select a fixed number of edges (k > 1) to update in each iteration. The
choice of k can be guided by the computational time required per iteration. This strategy
is implemented in the BDgraph package (Mohammadi et al., 2024) through the function
bdgraph.mpl() using the option jump = k; see Dobra and Mohammadi (2018, Section
5.5) for further details.

Another promising direction is to adopt a blocking approach, as proposed by van den
Boom et al. (2023) and Colombi et al. (2024). In particular, the block-Bernoulli prior
introduced in van den Boom et al. (2023) enables joint updates of groups of edges by
operating at the block level. Analogous to (9), local pseudo-likelihoods for blocks can be
expressed in closed form using Equation (29) from Consonni and Rocca (2012). Since
the proposed algorithm assumes that each block is either fully connected or empty, the
corresponding block marginal likelihoods can be computed exactly.

Scalability is a major barrier to applying Bayesian inference in graphical models.
In this work, we address this challenge by proposing a scalable Bayesian framework
based on the marginal pseudo-likelihood approach for vanilla (single) GGMs. A natural
extension of this framework is to the multiple GGMs setting Peterson et al. (2015). A
related extension has been developed by Jalali et al. (2023), who proposed a Bayesian
method for multiple GGMs using a jointly convex, regression-based pseudo-likelihood
with a spike-and-slab prior. More recently, Avalos-Pacheco et al. (2025) applied a simi-
lar pseudo-likelihood framework to scale Bayesian inference for multiple Ising graphical
models with binary data. For possible extensions of our proposed algorithms to multiple
Ising or general discrete graphical models, we refer readers to Dobra and Mohammadi
(2018, Section 5), which employs a birth-death MCMC algorithm with an MPL ap-
proach for multivariate discrete data.
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