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Abstract

Many standard statistical hypothesis tests, including those for normality and exchange-
ability, can be reformulated as tests of invariance under a group of transformations. We
develop anytime-valid tests of invariance under the action of general compact groups and
show their optimality—in a specific logarithmic-growth sense—against certain alternatives.
This is achieved by using the invariant structure of the problem to construct conformal test
martingales, a class of objects associated to conformal prediction. We apply our methods
to extend recent anytime-valid tests of independence, which leverage exchangeability, to
work under general group invariances. Additionally, we show applications to testing for
invariance under subgroups of rotations, which corresponds to testing the Gaussian-error
assumptions in linear models.
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1. Introduction

Conventional statistical models, either explicitly or implicitly, introduce assumptions of
distributional symmetry about the data. For example, any distribution under which data are
independent and identically distributed is symmetric under permutations of the observations
and any regression model with Gaussian errors is symmetric under certain rotations of the
data. If these symmetries are actually present in the data, employing symmetric models is
advantageous in tasks such as hypothesis testing (Lehmann et al., 2005; Pérez-Ortiz et al.,
2022), estimation (Brown, 1966), and prediction (Cohen and Welling, 2016). On the other
hand, if the symmetries are absent from the data, the use of a symmetric model may lead to
poor performance in these same tasks. We address the problem of testing for the presence
of a given symmetry in data.

The presence of a symmetry is formalized as a null hypothesis of distributional in-
variance under the action of an algebraic group. Perhaps the most prominent example is
infinite exchangeability—the hypothesis that the distribution of any finite data sequence is
invariant under the group of all permutations. The null hypothesis of exchangeability is
tested by classic methods such as permutation tests (Fisher, 1936; Pitman, 1937) and rank
tests (Sidak et al., 1999). In this context, tests of symmetry are popular because they offer a
simple vehicle to model complex dependencies under minimal assumptions. Tests for more
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general symmetries have also been studied, including tests for rotational symmetry (Bar-
inghaus, 1991), symmetries for data taking values on groups (Diaconis, 1988), among others
symmetries (Lehmann and Stein, 1949; Chiu and Bloem-Reddy, 2023).

In the applications that interest us, data are analyzed as they are collected, and the
decisions to either stop and reach a conclusion or to continue data collection may depend
on what has been observed so far. Sequential tests that retain type-I error control under
such flexible data collection schemes were proposed by Wald (1947) and have been studied
under the name of power-one tests (Robbins and Siegmund, 1974; Lai, 1977), and, more
recently, as anytime-valid tests (Ramdas et al., 2023). The most common way to build
anytime-valid tests (and in some sense the only admissible one (Ramdas et al., 2020)) is to
monitor the value of a test martingale (a nonnegative martingale with expected value equal
to one under the null hypothesis)—see Section 2.

While anytime-valid tests of general symmetries have not received much attention,
anytime-valid tests for infinite exchangeability are present in the literature. Sen and Ghosh
(1973a,b, 1974) develop asymptotic approximations and law-of-the-iterated-logarithm-type
inequalities for linear rank statistics that hold uniformly over the duration of the exper-
iment. More recently, Ramdas et al. (2022) and Saha and Ramdas (2024) develop test
martingales for the hypothesis of infinite exchangeability for binary and paired data, re-
spectively, while Vovk et al. (2003, 2005) builds anytime-valid tests under no additional
assumptions. The latter work relies heavily on tools from conformal prediction, and it is
most conducive to generalization.

Conformal prediction, perhaps best known as a framework for uncertainty quantification
for point predictors, can be used to produce test martingales—called conformal martingales
in this context—under the hypothesis of exchangeability. Most crucially for our present
purposes, Vovk et al. (2005) show that conformal martingales cannot only be built to test
for infinite exchangeability, but also to test whether data are generated by a general class of
sequential data-generating mechanisms, called online compression models (see Section 3).
Given our current interest in developing tests for general symmetries, it is natural to ask
whether distributionally symmetric models define online compression models. If that was
the case, the conformal martingales built by Vovk et al. (2005) would automatically yield
tests of distributional symmetry. Unfortunately, this is not true in general because not
every group-invariant model defines a compression model (see Section 3).

Contribution The main contribution of this work is to show that the above difficulty
can be circumvented: under natural conditions, a distributionally symmetric model does
define an online compression model. Furthermore, we show that the resulting conformal
martingales are optimal in a specific sense. Indeed, we show that the resulting martingales
are likelihood ratios against implicit alternatives and prove that they are optimal—in a
sense that is specified in Section 2—for testing against that particular alternative. We
use these constructions to abstract and generalize existing tests of independence under the
assumption of exchangeability (Henzi and Law, 2024) to tests of independence under general
symmetries. Finally, we build tests for the Gaussian-error assumptions behind linear models
by testing for invariance under subgroups of the orthogonal group.

Outline The rest of this document is organized as follows. Section 2 formally intro-
duces the problem of anytime valid testing for distributional invariance, and the optimality
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criterion that we employ. Then, in Section 3, the connection between group-invariant dis-
tributions and online compression models is shown. This connection is used in Section 4 to
construct test martingales against the hypothesis of distributional invariance; the optimality
of this procedure is shown in Section 4.2. Section 5 shows applications to test the assump-
tions of linear models, testing sign-invariant exchangeability, and independence testing.
Section 6 discusses a potential direction for future work.

2. Problem Statement, Test Martingales and Optimality

The hypothesis of symmetry Suppose that we observe data Xi, Xo,... sequentially
and that they take values in some topological space X. In our examples, X = R. We assume
neither that these observations are independent nor that they are identically distributed.
Furthermore, for each n = 1,2,..., we assume that G,, is a compact topological group (in
the algebraic sense) that acts continuously on X™. A topological group is a group equipped
with a topology under which the group operation, a function G,, X G, — G, is continuous.
A (left) group action is a map ¢ : G, x X™ — X" that satisfies, for any g,h € G, and
" € X", that ¢(h, ¢(g,z™)) = @(hg,z™). When the action is clear from context, we write
gz™ instead of ¢(g,2™). In examples, G, is a group of n X n matrices and acts on R™ by
matrix multiplication. The null hypothesis H of invariance under the action (Gj,)nen is

’Ho:angX” for all g € G, and all n € N, (1)

where X" = (Xi,...,X,) and «B» signifies equality in distribution. At this level of
generality, one can build pathological examples of (1) that cannot be tested; more structure
is needed (see Section 3). The next example contains instances of (1).

Example 1 (Exchangeability, rotational symmetry, and compact matrix groups)
Let S(n) be the group of all n xn permutation matrices (matrices with exactly one entry of 1
in each row and each column, and 0 in all other entries). For tests of infinite exchangeabil-

ity, the null hypothesis (1) becomes testing whether w(X1, ... X,) 2 (X1,...Xp) forallm e
S(n) and n € N. Similarly, when testing for invariance under rotations of the data, the rel-
evant group is G, = O(n), the orthogonal group— all n x n matrices O such that OTO = I.
See Section 5.2 for details. The action of permutation and orthogonal groups are special ex-
amples of the actions of classic compact matriz groups on R™ (Meckes, 2019). The problem
resulting form replacing S(n) in (1) with any such group is amenable to this approach.

Anytime-valid tests We construct sequential tests for Hp as in (1) that are anytime-
valid at some prescribed level a € (0,1). A sequential test is a sequence (i, )nen of rejection
rules ¢, : X — {0,1} and we say that it is anytime valid for Hy at level « if

Q(EAn eN: p, =1) < a for any Q € Hy.

Notice that this is a type-I error guarantee that is valid uniformly over all sample sizes: the
probability that the null hypothesis is ever rejected by (¢ )nen is controlled by a. The most
common construction, and in some sense the only admissible one (Ramdas et al., 2020), for
anytime-valid tests uses test martingales (Ramdas et al., 2020; Griinwald et al., 2024) and
minima thereof, e-processes—see Ramdas et al. (2020) for a comprehensive overview. We
now define them.



Test martingales A sequence of statistics of the data is a test martingale if it is nonnega-
tive, starts at one, and is a martingale under every element of Hy. Formally, let G = (G, )nen
be a filtration of o-algebras such that G, C o(X"™), where o(X"™) denotes the o-algebra in-
duced by X™. A sequence of statistics (M, )nen that is adapted to G is a test martingale
for Ho with respect to G if Eg [M,, | Gn—1] = M,—1 for all Q € Ho and My = 1. Under
Ho, test martingales take large values with small probability. This is quantified by Ville’s
inequality (Ville, 1939), which shows that ¢, = 1{M,, > 1/a} is anytime valid.

Lemma 1 (Ville’s inequality) Let (M, )nen be a test martingale with respect to some
filtration (Gn)nen under all elements of Ho, then supgeqy, @(In € N: My, > 1/a) < a.

Proof Fix Q € Hy. Doob’s optional stopping theorem states that Eq[M;] < 1 for any
stopping time 7 that is adapted to (Gn)nen (Durrett, 2019, Theorem 5.7.6). Markov’s
inequality implies that Q(M, > %) < C for any C' > 0. Applying this to the stopping time
7™ =inf{n € N: M, > 1} shows the result. ]

Test martingales that make use of external randomization will also prove useful; we will
call them randomized test martingales. For randomized test martingales, we append an
independent random number 6#,, ~ Uniform([0, 1]) to each X, that is, we let ¥;, = (X, 6,)
and consider test martingales that are functions of Y,, rather than X,,.

E-processes Test martingales are examples of e-processes (Ramdas et al., 2023). An e-
process is any nonnegative stochastic process (Ep)nen such that Eg[E,] < 1 for all Q € H
and all stopping times 7. Given a e-process FE,, the test ¢, = 1 {En > é} is anytime
valid. Relatedly, the product of e-processes based on independent data can be used in a
valid test. Indeed, suppose two e-processes E and E’ are used on independent data with
different stopping times, 71 and 73, yielding E; and E],. Then, their product satisfies
Eg[EnEL) < 1 for all Q € Ho and 1{E, E. >1/a} as type-I error smaller than o by
Markov’s inequality. This property is known as safety under optional continuation, as E;,
could be the result of continuing (or replicating) a first experiment that observed E, .

Log-optimality This type of evidence aggregation by multiplication of e-processes mo-
tivates a natural optimality criterion. Indeed, suppose we were to repeatedly run a single
experiment, using a fixed e-process F and stopping time 7. If we measure the total evi-
dence by the cumulative product of the individual e-processes, then the asymptotic growth
rate of our evidence under true distribution P will be Ep[log E-]. The current literature
on anytime-valid focuses on this type of criterion, which can be traced back to Kelly bet-
ting (Kelly, 1956). Variants of this criterion have more recently been studied under several
names (Koolen and Griinwald, 2022; Griinwald et al., 2024), but here we shall simply refer
to maximizers of this criterion as “log-optimal”.

3. Sequential Group Actions are Online Compression Models

The hypothesis in (1) can only be tested if the statements regarding group invariance for
each n € N are consistent with each other; without any further restrictions, invariance of
the data at one time may contradict the invariance of the data at a later time. To avoid
such situations, we assume action of the group sequence (Gj,)nen on the sample space is
sequential, as defined next. After the statement of this definition, we discuss its meaning.
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Definition 2 (Sequential group action) We say that the action of the sequence of
groups (Gp)nen on (X™)nen is sequential if the following conditions hold for all n € N.

(i) There is an inclusion map ipy1 : G, = Gpy1 that is a continuous group isomorphism
between G, and its image, and the image of Gy, under 1,11 is closed in Gpy1.

(ii) For all g, € Gy, and all 2" € X" | projyn (1n11(gn)2" ) = gn(projyn (z™1)),
where projyn (1, ..., Tn, Tnt1) = (T1,...,Ty) is the canonical projection map.

(iii) Let gn € Gy and gny1 € Gpi1. Fora™™ = (z1,...,2,11) € X", denote (21,11 =
Tnt1. Then, gny1 = 7fn+1(gn) if and only if, for all "t e Xn+17 (gn-i-lxn—’_l)n-i-l =
Tn+1-

In Definition 2, Item (i) gives an ordering of the sequence of groups by inclusion, Item (ii)
ensures that this inclusion does not change the action of the groups on past data, and
Item (iii) implies that the groups do not act on future data. As a result, invariance of X"~}
under G,_; is implied by invariance of X" under G, and the individual statements of
invariance in (1) for each n do not contradict each other. The instances of (1) in Example 1
satisfy this assumption; the details for rotational symmetry are found in Section 5.2.

We now show that, under the assumption that the group action is sequential, the null
hypothesis of invariance is an online compression model. When the data is generated by an
online compression model, the techniques developed for conformal prediction can be used to
construct a conformal (test) martingale, as we will discuss in Section 4. Vovk et al. define
online compression models in abstract terms; we use a simplified definition here.

Definition 3 (Online compression model, Vovk et al. (2005)) An online compres-
sion model on X is a S-tuple of sequences ((op)nen, (Fn)nen, (@Qn)nen), where (op)nen 1S
a sequence of statistics o, = opn(X"™)—we call o, a summary of X™—; (Fy)nen 1S a se-
quence of functions such that Fp(op—1,Xp) = on; and (Qn)nen is a sequence of conditional
distributions for (o,—1,Xp) given op,.

To show how sequential group invariance defines an online compression model, we first
recall some group theory. First, the orbit G,X™ of X™ under the action of G,, is the
set of all values that are reached by the action of G, on X"; i.e., G, X" = {gX" : g €
Gr}. We pick a single element of X™ in each orbit—an orbit representative—and consider
the map v, : X" — X" that takes each X" to its orbit representative. We call v, an
orbit selector! (see Section 5 for examples). Furthermore, because G, is a compact group,
there exists a unique Gy-invariant probability distribution pu,,, called the Haar (probability)
measure (Bourbaki and Berberian, 2004, Chapter VII). The Haar measure plays the role
of the uniform probability distribution on compact groups. Finally, it is a fact that data
are uniformly distributed on its orbit conditionally on the orbit where it lays; formally,
X" | (X™) L2 Uyn(X™) | 9 (X™), where U ~ p, independently of X (Eaton, 1989,
Theorem 4.4).

We now show that if a sequence of groups (Gp)nen acts sequentially on the data, any
(Gn)nen-invariant distribution defines an online compression model. To this end, it we need

1. we assume that it is measurable. Such measurable orbit selectors exist under weak regularity condi-
tions (see Bondar, 1976, Theorem 2) that hold in all our examples.



to specify the three ingredients from Definition 3. First, we use the orbit representative as
summary statistic; i.e., we use o, = y,. Secondly, the sequence of conditional distributions
of (op—1,Xp—-1) given o, is uniform over the orbits as remarked earlier, which fixes @,.
Lastly, the next proposition shows that, for sequential group actions, ¢, can be computed as
a function of 0,1 and X,,, which fixes (F},),en. The proof of this proposition can be found
in Appendix A. This discussion and the following proposition prove that a sequential group-
invariant model indeed defines an online compression model, as we state in Corollary 5.

Proposition 4 If the action of (Gp)nen on (X™)nen is sequential, then there exists a se-
quence (Fy)nen of measurable functions Fy, : X" Ix X — X™ such that Fy,(y,—1(X" 1), X,,) =
Yo (X™), and F,( -, X,) is a one-to-one function of y,_1(X"71).

Corollary 5 Assume that the action of (Gp)nen on (X™)nen is sequential, let fi, be the
uniform distribution on G, X" induced by the Haar measure p, on Gy, and let (F,)nen
be as guaranteed by Proposition 4. Then the tuple ((Yn(X"™))nen, (Fn)nens (fn)nen) is an
online compression model on X.

4. Testing Group Invariance With Conformal Martingales

We now construct test martingales for the null hypothesis of distributional symmetry in (1)
under a sequential group action. To this end, the invariant structure of Hg is used in
tandem with conformal prediction to build a sequence of independent random variables
(Rp)nen with the following three properties: (1) The sequence (Rj,)nen is adapted to the
data sequence with external randomization (X,,60,)ncn, that is, for each n € N, R, =
R, (Xy,0y); (2) under any element of H from (1), (R,)nen is a sequence of independent and
identically distributed Uniform|0, 1] random variables; and (3) the distribution of (R )nen
is not uniform when departures from symmetry are present in the data.

The construction of these random variables is the subject of Section 4.1—additional
definitions are needed—and their optimality is the subject of Section 4.2. Example 2 shows
testing exchangeability, also treated by Vovk et al. (2005) and Fedorova et al. (2012). They
call the statistics Ry, Ro,... p-values owing to their uniformity. We opt against that ter-
minology here because typically only small p-values are interpreted as evidence against the
null hypothesis. In this context, it is any deviation from uniformity that we interpret as
evidence against the null hypothesis. For reasons that will become apparent soon, we call
Ri, Ry, ... (smoothed) orbit ranks (see Definition 7).

With the sequence (R,)nen at hand, test martingales against distributional invariance
are built by testing against the uniformity of (R,)nen. Indeed, any time that (f,)nen is a
sequence of functions f; : [0,1] — R such that [ fj(r)dr = 1—called calibrator by (Vovk
and Wang, 2021)—, the process (M, )nen given by

My, = i< fi(Ri) (2)

is a test martingale under H( with respect to F = (0(R"))nen, where o( R™) is the o-algebra
generated by R". This follows because Eq [Mn | U(R”_l)} = My—1 [ fo(r)dr = M,_1 by
independence and uniformity. As we will see, the sequence (f,)nen can be taken to be any
sequence of predictable estimators of the density of Rj, Ra,... (Fedorova et al., 2012), so
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that the test martingale is expected to grow whenever the distribution of the orbit ranks is
not uniform; i.e., if the null hypothesis is violated (see Section 4.2).

Example 2 (Sequential Ranks) Consider the case of lesting exchangeability as dis-
cussed in Example 1. For each n, let R, = Zz‘gn 1{X; < X,} be the rank of X,, among

Xi,...,Xy,. The random variables El,ég, ... are called sequential ranks (Malov, 1996).
It is a classic observation that each ﬁn is uniformly distributed on {1,...,n}, and that
(En)neN is an independent sequence (Rényi, 1962). After rescaling and adding external
randomization, a sequence (Rp)nen can be built from (En)nEN such that (Rp)nen satisfies
items 1, 2 and 3 at the start of this section. Furthermore, if we denote the uniform measure
on S(n) by pn, then (1/n)Ry = pn{g : (9Xn)n < Xn}. While this rewriting may seem
esoteric at this point, it turns out to be the correct point of view for generalization.

4.1. Conformal Prediction Under Invariance

In general, the statistics R,, will be designed to measure how strange the observations X"
are in contrast to what would be expected under distributional invariance. To this end, the
values of X™ are compared to those in the orbit of X™ under the action of G,,. To measure
this “strangeness”, we adapt the conformity measures introduced by Vovk et al. (2005).

Definition 6 (Conformity measure of invariance) The function A : X x| J;2; X" —
R is a conformity measure of invariance if the following holds: if there are X™, X' € X",
such that A(X;, v (X™)) = A(X], (X™)) for all i € {1,...,n}, then, for all g € G, we
also have that A((gX™)i, 7 (X™)) = A((gX"™)is 1 (X™)) for alli e {1,... ,n}.

The group-related condition on A in Definition 6 is an addition to that of Vovk et al. (2005);
it ensures that the action of GG, on X™ induces an action on the conformity measure. When
A is properly chosen, A(X,,v,(X")) indicates how similar X,, is to the other values in its
orbit. For this reason, the statistic a,, = A(Xy, 7, (X"™)) is called a conformity score. We
now give some examples. If ™ C R"™ then A(X,,v,(X"™)) = X,, is a conformity measure
of invariance—as in Example 2. When each observation X,, takes values in R%, more
sofisticated measures are needed. In that case, a natural choice is A(X,, v,(X™")) = || X, —
S 97m(X™) dpn(g)|| =1, which takes large values whenever X, is close to the orbit average.
For a more involved example, consider outcome-covariate observations X; = (Y;, Z;) for
outcomes Y; € R? and a covariates Z; € R. Consider A(X;,v,(X™)) = ||Y; — Y;|| ™", where
Y; is a prediction, for example, using a regression method trained on the orbit of Xj.
Intuitively, if the label is very close to the prediction made using all values in its orbit, then
X, is typical in the orbit. For a detailed discussion on conformity measures, see Fontana
et al. (2023). However, given the statistical nature of the examples that we treat, the simple
case that X,, € R and A(X,,v,(X™)) = X,, will be the most prominent here. Design of
conformity scores for testing general invariances remains an interesting direction.

Since the scale of the conformity scores is arbitrary—they can be scaled at will—, only
comparisons between them are meaningful. Therefore, as an extension of Example 2, we
rank the observed value of the conformity score o, among all its possible values on the orbit
of the data. Indeed, as discussed in Section 3, the condition distribution of X" given v(X")
is uniform on its orbit. We use this to obtain the distribution of the conformity scores and
motivates the (smoothed) orbit ranks (R, )nen in the next definition.



Definition 7 (Smoothed Orbit Ranks) Fizn € N, let A be a conformity measure, and
let oy, = A(Xp, Y (X™)) be the associated conformity score. We call R,,, defined by

Ry = pn({g : A((GX ™), 10 (X"))n < an}) + Onpin({g : A(GX )0, 1 (X™)) = an}),  (3)

a (smoothed) orbit rank, where , is the Haar probability measure on G,, and 6, ~ Uniform[0, 1]
1s independent of the data X".

When the group G,, is finite of size k and A(X;, v, (X"™)) = Xi, py is the discrete uniform
distribution on G, and R, = 1#{g € Gy : (¢X™)n < Xp} + 2 #{g € Gy : (9X™)n = X1, }.

Vovk et al. (2005, Theorem 11.2) show that, if the data are generated by an online
compression model, and 61,605, ... are independent, then Ry, Ro,... are also independent.
Since Corollary 5 shows that a sequential group invariance structure defines an online com-
pression model, it follows that the smoothed orbit ranks form an i.i.d. uniform sequence
under the null hypothesis. This is stated in the next theorem, for which we provide a direct
proof in Appendix A for completeness .

Theorem 8 Suppose that the action of (Gp)nen on (X™)nen is sequential, that (X, )nen
is generated by an element of Ho, and that 01,02, ... are independent. Then R"™ L ~,(X"™)
for each n and (Ry)nen is a sequence of i.i.d. Uniform[0, 1] random variables.

4.2. Optimality

We now show that any martingale based on the smoothed orbit ranks as in (2) is a likelihood
ratio process and that it is log-optimal against the implicit alternative for which it is built.
To this end, let P be a distribution such that for all n, conditionally on R"~!, R, has
density f,, (with respect to the Lebesgue measure). Technically, the conditional density of
R, is not defined only by P, but also by the external randomization. To make this explicit,
we write P to denote P with external randomization, that is, P=Px U, where U™ is
the uniform distribution on [0, 1]°°. Analogously, for each @ € H, define Q=Q x U>.
The discussion below (2) shows that M, = [[,.,, fi(R;) is a test martingale. In fact,

M, is the likelihood ratio for the orbit ranks R™ between P and @, since the distribution
of R™ under @ equals the uniform distribution for any Q) € Hy by Theorem 8. Surprisingly,
if P is such that R,, L Yn(X™), then M, is also the likelihood ratio for the full data X™
between P and an appropriately chosen distribution Q* € Hgp, as shown in the following
proposition. We assume throughout that the action of (G )neny on (X™)nen is sequential.

Proposition 9 Suppose that A( - , v, (X™)) is a one-to-one function for each n € N,
suppose that P is any distribution under which R, L ~,(X™) for each n, and let f; denote
the conditional density of R; given R\ under P. Let M, = [l;-, fi(R:). Then, for
Q € HOy -

Q (My = g5 (x™) =1, (4)
where Q* denotes the distribution under which the marginal of v,(X™) coincides with that

under P, and such that X™ | v,(X™) 2 Uyn(X™) | v (X™), where U ~ p, independently
from p(X™).
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The distribution @* can be thought of as a symmetrization of P, since the marginal of
Y (X™) is the same, but the distribution conditional on 7, (X"™) is defined by symmetry.
Proposition 9 therefore shows that, if the orbit ranks are independent of the orbit selectors
under P, then (M )nen is the likelihood ratio process between P and a symmetrization
thereof. The next theorem uses this representation to show the log-optimality of (M,)nen.
Its proof follows that of Theorem 12 of Koolen and Griinwald (2022).

Theorem 10 Assume that A( - ,7,(X™)) is one-to-one for alln € N and let P be such that,
under P, the distribution of X™ | v,(X") is absolutely continuous with respect to the uniform
distribution. Denote f; for the density of R; | R"™' under P and let M,, = [[,-, fi(R;).
Let T be any stopping time and (Ey,)nen any e-process for Hg, both with respect to F—the
filtration generated by the smoothed ranks. Then it holds that

E;[InM,] > Ez[InE]. (5)

Moreover, z'f]3 is such that R™ L v,(X™) for all n, then for any e-process Ef=data for 744
w.r.t. (o(X"™ 0"))pen—the full-data filtration—, it also holds that

Ej[InM,] > Ej; [m Eﬁuﬂfdata] . (6)

The first part of Theorem 10, (5), establishes that, under some assumptions on P,
(Mp)nen is log-optimal for testing group invariance among all e-processes defined only
on the orbit ranks. The second part of Theorem 10, (6), states that if the orbit ranks
are also independent of the orbit selector under P, then (M, )nen is log-optimal for test-
ing group invariance among all e-processes defined on the full data(!). The additional
assumption of independence between R™ and ~,(X"™) is necessary for (6) to hold. In-
deed, without independence and for 7 = n, the log-optimal statistic is the likelihood ratio
Sno =1l fn(Ri,..., Ry | W (X™)) (see also Griinwald et al., 2024; Koning, 2023). How-
ever, the sequence (S, )nen does not always define an e-process, and it is not clear how to
use it for anytime-valid testing. Tests based on the sequential ranks circumvents this issue.

The optimality of M,, in Theorem 10 requires oracle knowledge of the true distributions
f1, fo, ..., which are unknown in practice. To counter this, past data can be used to estimate
the true density (Vovk et al., 2005; Fedorova et al., 2012). More precisely, for each n, let fn
be an estimator of f,, based on R"~!, and consider the martingale defined by []; f,(RZ)
In the case that there exists a density f such that f; = f for all 4, i.e. data are i.i.d. under
P, there is limited loss asymptotically if fz is a good estimator of f. In order to judge
if an estimator is good for the task at hand, consider the difference in expected growth
per outcome for fixed n; ie., 23" Ex[log f(R;) — log fi(R;)] = IS, Eﬁ[KL(foi)],
where KL(f]|g) fo r)log(f(r)/g(r))dr is the Kullback-Leibler divergence whenever f
is absolutely continuous Wlth respect to g, and the expectation Ej is over past data (on
which f; depends). If % Yoy [EIS[KL(foZ-)] — 0 as n grows large, the expected growth per
outcome converges to that of the log-optimal test martingale. Under weak assumptions,
specialized algorithms exist with this guarantee (Haussler and Opper, 1997; Cesa-Bianchi
and Lugosi, 2001; Griinwald and Mehta, 2019).



5. Applications and Extension

We discuss applications and an extension of the theory developed in the previous sections.
In Table 1, we give a summary of all examples.

5.1. Sign-Invariant Exchangeability: A Simulation

In this subsection, we consider testing for sign-invariant exchangeability (Berman, 1965;
Fraiman et al., 2024) with the purpose of illustrating our method on a concrete exam-
ple, and show its performance through numeric simulation. Real-valued data are sign-
invariant if (Xq,...,X,) 2 (e1X1,...,6,Xy) for all signs (e1,...,6,) € {—1,1}". We
consider {—1,1}" as a group with componentwise multiplication as operation. Data are

sign-invariant exchangeable if they are both sign-invariant and exchangeable; i.e., if for

all signs (e1,...,€6,) € {—1,1}" and all permutations 7= € S(n) we have (Xq,...,X,) 2

(e1X7(1), -+ »€nXn(n)) - The null hypothesis of sign-invariant exchangeability is equivalent
to distributional invariance of X™ under the action of G,, = {—1,1}" x S(n). The orbit of
X" under Gy, is {(e1Xr(1)s -+ s €nXr(n)) ¢ (€1,...,60) € {=1,1}", 7 € S(n)} and the orbit
selector is sort(|X;| : ¢ < n), where sort : R™ — R™ sorts its argument. Since G,, is finite,
the Haar measure is the discrete uniform distribution. We can take A(X,, 7 (X™)) = X,.
Let X1,..., Xy, be given, for i = 1,...,n, by Xj = X; and X, ; = —X;. The smoothed
orbit rank in (3) becomes

Ry=&#i<2n: X/ < X, }+ 24 <2n: X/ =X,}. (7)

Standard density estimation algorithms can used to estimate their density. Following Sec-
tion 4, for each n we use Ri,...,R,_1 to build an estimate fn of the density and use
M, =11,<, fi(R;) as a test martingale.

We investigate numerically how martingales obtained in this manner behave through
simulations with a specific choice of density estimators (see Appendix C for more details).
For the sake of comparison, we also include the conformal martingale that would be obtained
if testing for either exchangeability alone or for sign-invariance alone. The results are
shown in Figure 1. If data are sign-invariant exchangeable—i.i.d. Rademacher or i.i.d.
Normal(0, 1) in our experiments—, the conformal martingales do not take large values (not
shown). Under the alternative, the statistic M, is no longer a martingale, and it does grow.
However, the methods that test for only one of the two symmetries (either exchangeability
or sign invariance separately) do not detect alternatives for which that particular symmetry
is not violated, but the other is (see Figure 1). On the other hand, the conformal martingale
based on R, as described in (7) detects all of the alternatives. In fact, for the alternative
where each X; € {—1,1} and X; = 1 with probability p; = 1 — 1/i and X; = —1 with
probability 1 — p; independently, the corresponding test martingale is even log-optimal
among all e-processes. This is due to the fact that, regardless of the observed data, the
orbit of X; is always the set {—1,1}. Therefore, the orbit selector can be chosen to be
Y (X™) = (1,...,1) independently of the data, such that R, L ~,(X™). The log-optimality
then follows from Theorem 10.
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Figure 1: Logarithmic conformal martingale against sample size for three different methods:
testing for both sign-invariance and exchangeability, or either of them. Upper left corner:
X;=1wp. p, =1—1/i and X; = 1 with probability 1 — p;. Upper right corner: X; ~
N(i/10,1). Lower left corner: X; ~ N(0,1/7). Lower right corner: X; ~ N(1,1). A test
built against sign-invariance and exchangeability can detect the absence of either of those
two invariances while a test that is built to detect only one of them cannot (see Section 5.1).
Data are independent under all considered models. The results were averaged over 500
repetitions.

5.2. The Orthogonal Group and Linear Models

Consider testing whether the data are drawn from a spherically symmetric distribution;
ie, X =R and G,, = O(n), where O(n) is the orthogonal group in dimension n. Testing
for spherical symmetry is equivalent to testing whether the data are generated by a zero-
mean Gaussian distribution. Indeed, any distribution on R* for which the marginal of
the first n coordinates is spherically symmetric for any n, is a mixture of i.i.d. zero-
mean Gaussian distributions (Bernardo and Smith, 2009, Proposition 4.4). It follows that
any process that is a supermartingale under all zero-mean Gaussian distributions is also
a supermartingale under spherical symmetry and vice-versa. This implies that the two
hypotheses are equivalent. We show how this fits in our setting, and defer the application
to regression to Appendix B.

We now check that testing spherical symmetry fits in our setting, i.e., that Definition 2 is
O, 0
0 1
O,, € O(n). Using the canonical projections in R"™, Definition 2 is readily checked. Since
the data are real, we can consider the measure of conformity A(X,,v,(X™)) = X,. An
orbit selector is given by v,(X") = || X"||e1, where e; is the unit vector e; = (1,0,...,0).
For simplicity, we assume that the distribution of X™ has a density with respect to the
Lebesgue measure for each n, so that R,, = 11,,({O,, € O(n) : (0, X™),, < X, })—no0 external
randomization is needed. Rather than thinking of p,, as a measure on O(n), one can think of
it as the uniform measure on S"~1(||X™||). This way, R,, can be recognized to be the relative

fulfilled. Consider the inclusion of O(n) in O(n+ 1) given by 1,11(0y) = for each

11



surface area of the hyper-spherical cap with co-latitude angle ¢,, = m — cos™1(X,, /|| X™]|).
Li (2010) shows that this area is given by

1 —1 1 : T
R, = {11 o §Isin2(7r—901n)l(nT7 5) if pp > 2 (8)
slin? (o) ("5 3) else,

where I (a, b) is the regularized beta function, I,(a,b) = gE ; for B(z,a,b) = [ t*~*(
£~ and 0 <z < 1.

Note that ¢, > § if and only if X;, > 0 and that sin?(gn) = 1 — ”XnHQ, so that
(8) equals the CDF of the t-distribution with n — 1 degrees of freedom evaluated in ¢ =
Vi —1X, /|| X" Y. If X® ~ N(0,0%1,), then t is the ratio of a normally distributed
random variable and an independent chi-squared-distributed random variable. Therefore,
t has a t-distribution with n — 1 degrees of freedom. The test thus obtained is a type of
sequential t-test. To the best of our knowledge, this test has not been considered previously.

We show extensions to symmetry around a point other than the origin and more general
symmetries relevant to regression in Appendix B.

5.3. Modification for Independence Testing

We now propose a minor modification of the conformal martingales from the previous section
that can be used to test for independence. Formally, fix K € N and suppose that at each
time point n € N, a K-dimensional vector X,, = (X1,,..., Xk n) € XK is observed. We are
interested in testing the null hypothesis that states that: (1) for each k =1,..., K and each
n the vectors (Xk,h ..y Xpn) are Gp-invariant, and (2) (Xp1,..., Xpn) L (X1, Xirn)
forall k # k" € {1,..., K}. Under this hypothesis, the data is invariant under the sequential
action of (G Jnen given by Gn = GX acting on XK*" rowwise. That is, the first copy
of the group acts on (Xj1,... 7X1,n)7 the second on (Xgy2,...,X2,), etc. This action is
sequential anytime that the action of (G, )nen is sequential on each of the K data streams.

A first idea to test for invariance under G,, is to create K test martingales and combine
them through multiplication. More specifically, we can treat each (X ,,)nen, k € {1,..., K}
as a separate data stream and compute, for a choice of conformity measyre, the correspond-
ing statistics in (3), leading to K sequences of uniformly distributed random variables
(Rin)nen. If, for alln e Nand k € {1,..., K}, fin is a density on [0, 1] then, by indepen-
dence, the sequence (M),en defined by M! = TT", TIi, fr.i(Ry,;) is a martingale under
the null hypothesis. Unfortunately, this martingale would not be able to detect alternatives
under which the marginals are group invariant, but not independent. Indeed, it only uses
that the marginals are uniform under the null, while in fact a stronger claim is true: for
each n, the joint distribution of Ry, k € {1,..., K}, is uniform on [0, 1]%. One must
instead choose any sequence of joint density (estimators) fi, fo,... on [0,1]% and use a test
martingale M,, =[]’ fi(Rui,, ..., Rk.,)-

When K = 2 and G,, = S(n), this procedure was proposed by Henzi and Law (2024).
They show that if f, is a particular histogram density estimator, it is possible to detect
departures from independence consistently under the stronger assumption that data are
i.i.d. One of their key insights is that independence of the data streams not only implies
joint uniformity of the sequential ranks in their setting, but that independence and joint

12
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uniformity are actually equivalent. This equivalence breaks down without the assumption
that Xy 1, X 2... are i.i.d. for all k. Finding conditions under which the independence
of the streams and the joint uniformity of the rank distributions are equivalent in a more
general setting is an interesting avenue of research.

Gn Tn Rn

S(n) sort(X™) %(1 — 0+ Zign 1{X; < X,})
O(n) [ X" ]lex see (8)

{0€0(n): 01, =1} ||XTy |ey, € € S"=1(1) see (8) and (9)

{—=1,1}" x S(n) sort (| X;| : 4 < n) see (7)

Table 1: Summary of examples discussed. They correspond, in descending order, to testing
for exchangeability without tied observations, in Example 1; testing rotations, in Exam-
ple 1; testing for sphericity, in Section 5.2; testing sphericity of residual errors in linear
regresion with nonzero mean, in Appendix B; and testing for sign-invariant exchangeability,
in Section 5.1. In all cases, data is given by X,, € R and A(X,, 7,(X")) = X,,.

6. Conclusion and Discussion

This article shows how to apply the theory of conformal prediction to test for symmetries
in data sequentially. It was shown that any distribution on data sequences that is invariant
under a compact group can be used to build an online compression model (Section 3). These
compression models are used to build conformal martingales (Section 4). Applications to
regression, sign-invariant exchangeability and rotations are shown in Section 5.

Here we discuss three topics. First, the relationship to noninvariant conformal martin-
gales. Second, whether smoothing is necessary when defining orbit ranks. Third, the design
of conformity scores.

Noninvariant Conformal Martingales Not all online compression models correspond
to a compact-group invariant null hypothesis. An interesting example is when the data are
i.i.d. and exponentially distributed. This distribution is invariant under reflections in any
45° line (not necessarily through the origin), but these reflections do not define a compact
group and therefore do not fit the setting discussed in this article. Nevertheless, the sum of
data points is a sufficient statistic for the data, so this model can still be seen as an online
compression model with the sum being the summary. More work is needed to find out
whether conformal martingales are log-optimal against certain alternatives in such settings.

The Need for Smoothing When the conformity measure o”(X™) conditionally on the
orbit selector 7, (X"™) has a continuous distribution, no smoothing is necessary in (7). This
is the case for the rotations discussed in Section 5.2. In other scenarios, smoothing can be
avoided as well. Indeed, one can always define nonsmoothed orbit ranks ﬁn = un({g €
G : (ga™)n < an})—this is setting 6, to 0 in Definition 7. We have that En < R,.
If the densities f1, f2,..., on [0,1] are nondecreasing—in the sense that u — f;(u) is

nondecreasing—, the process M, = [[;_, fz(ﬁl) is bounded from above by the confor-
mal martingale M,, =[], fi(R;). Such a choice of increasing f; is natural when large R;

13



(or fﬁz) is associated with departures from the null hypothesis. Therefore, a test based on
Mn inherits the anytime-valid type-I error guarantees from M,, because Mn < M, Vovk
et al. (2003). However, the process M, may not be a martingale itself. Instead, a test
martingale can sometimes directly be associated to R,. For instance, in the setting of
Example 2 (testing exchangeability), the null distribution of R, is known—it is uniformly
distributed on {1,...,n}. Therefore, we can normalize each multiplicative increment by
its null expectation. Even more, there are parametric alternatives under which the exact
distributions of the nonsmoothed ranks are closed form. This is the case for Lehmann
alternatives where each X; is assumed to be sampled from some continuous distribution
with c.d.f. Fj(z) = 1— (1 — Fy(x))% for some ¢;. Theorem 7.a.1 of Savage (1956) gives
the distribution of R; . The exact likelihood ratio process of R; is log-optimal and avoids
external randomization.

Conformity scores of invariance In this work, the main examples dealt with real
observations. This is because of the initial interest of the authors in statistical applications.
In these cases, the conformity score A(X,,7,(X™)) can be taken to be A(Xy, v, (X™)) =
X, resulting in powerful tests against invariance (see Section 5.1). However, in more
general situations where each observation is not real, as is the case in many current Machine
Learning applications, this simple conformity score is not available. Designing and assessing
conformity scores of invariance remains an interesting direction.
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Appendix A. Proofs

A.1. Proof of Proposition 4

Proof [Proposition 4] Let Fy,(7,-1(X" 1), X)) = Yo ((Yn—1(X™7 1), X)) for X1 € a1
and X,, € X. (With a slight abuse of notation, we refer by (7,-1(X"™1),X,) to the
concatenation of v, 1(X"!) and X,.) We will show that F, has the claimed prop-
erties. First, we show that (y,_1(X""!),X,) and X" are in the same orbit, so that
Y (V-1 (X" 1), X)) = v (X™). To this end, let ¢’ € G,,_1 denote the group element such
that ¢’ X" ! = ~,_1(X"!). Then {g(y,—1(X" 1), X,) : g € G,} equals {g(¢’ X" 1, X,,) :
g€ Gn}t ={gn(¢)X": g€ G} ={gX": g€ G,}, where we used (iii) of Definition 2 for
the first equality and X" is the concatenation of X"~ ! and X,,. This shows the first claim.

For the second claim, that F,( - ,X,) is one-to-one for each fixed X,,, we show that
we can reconstruct 7, 1(X"7!) from X, and v,(X"). Pick any gx, € G, such that
(9x, 7 (X™)n = X,. We know that there exists some g € Gy, such that gX™ = ~,(X").
Note that ¢gx, ¢ does nothing to the final coordinate of X™, so by Item (iii) of Definition 2
there is a g | € G,—1 such that gx,gX"™ = (g_1)X". We see that {2(gn—1)gxnyn(X") :
gn—1 € Gp_1} equals {1(gn—1)9xngX" : g1 € Gno1} = {t(gn-1)2(gs_1) X" : gn—1 €
Gn-1} = {(gn-1)X" : gn—1 € Gp_1}. It follows from Item (ii) of Definition 2 that
anlprojnfl(an'Yn(Xn)) = anan_1~ It follows that anl(projnfl(an'Yn(Xn))) =
Yn—1(X"71), as it was to be shown. [ |

A.2. Proof of Theorem 8

Proof [Theorem 8] We proceed in two steps: (1) we show that, conditionally on ~,(X"),
R,, is uniformly distributed for each n and (2) we show that Rj, Ra,... are independent.
The second step is analogous to the proof of Theorem 3 by Vovk (2002). For each n, define
the o-algebra G,, = (v (X™), Xn+1, Xn+2, ... ). Notice that G, contains, among others, all
Gp-invariant functions of X™ because 7, is a maximally invariant function of X"*—any other
Gp-invariant function of X" is a function of v, (X™). Let ¢’ € G,, such that v, (X") = ¢’ X",
then {g € G : A((gX™)n, (X))o < an} = {g € Gpn : A((g7 (X" )0, Y0 (X™))n < an}tg'~
we define Bg = {bg : b € B} for a subset B C G,,. By the invariance of u,—it is the Haar
probability measure—, it follows that p,({g € Gn : A((gX™)n, Y0 (X™))n < an}) = un({g €
Grn : A((g7(X™)n, 1 (X™))n < an}). An analogous identity is derived for the second term

in (3). We have an | Gn 2 AUV (X™))n, 7(X™))n | G-

We denote F(b) := u({g € Gpn : A((g7(X™)n, 1 (X™))n < b}) and define G(§) =
sup{b € R: F(b) < ¢}. If a, | G, is continuous, F is the CDF of that distribution; otherwise,
it is the CDF minus the probability of equality. In any case, F' is increasing and right-
continuous. For any d € (0,1), we have that F(G(d)) = ¢’ for some §' < 4, with equality if F
is continuous in G(9). Then P(R, < 0 | G,) = P(R,, <" | Gn)+P(8' < R, < 0| Gy). Let, for
each z, AF(x) = F(xz*)—F(z). For any 6 € (0, 1], we have that R,, = F(a,)+0AF (av,) < &
if and only if either F(ay,,) < § or AF(a;) = 0, which happens precisely when a,, < G(6).
Therefore, P(R, < &' | G,) = Play, < G(&) | Gn) = F(G(d')) = §'. If F is continuous
in G(9), then this shows that P(R, < ¢ | G,) = d, since 0’ = § in that case. If F' is not
continuous in G(4), then P(¢' < R, < 4§ | G,) =P(8 < F(ayn) + 0AF (o) <6 | Gp). Notice
that ¢’ < F(ay) +0AF(ay,) < ¢ if and only if a,, = G(6) and 0 < (6 — &) /AF(aw,), so that
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P(0' < R < 8| Gn) = Blan = G(6) | Gu)P (8 < sy | Gn) = (AF(G() sl =
d — ¢’ Putting everything together, we see that P(R, < 6 | G,) = ¢. This shows the first
part, that R, has a conditional uniform distribution on [0, 1].

For the second part of the proof, we show that the sequence R1, Ro, ... is an independent
sequence. We have that R,, is G,,_1-measurable because it is invariant under transforma-
tions of the form X" — (¢gX" 1 X,,) for ¢ € G,,_1 (see also Vovk, 2004, Lemma 2). By
induction, P(Rn <bp,....,R1 < | gn) =E [E [1 {Rn <6bp,....,. 1 < (51} | gn_l] | Qn] =
E []- {Rn < (Sn}E []— {pnfl < 5n71a cee >R1 < 51} | gnfl] | gn] =E [1 {Rn < 5n}] 5n71 c '51 =
Op - 01. By the law of total expectation, P(R, < 0p,...,R; < 61) = d,---01; in other
words, Ry, Ra, ..., R, are independent and uniformly distributed on [0, 1] for any n € N.
This implies that the distribution of R;, R, ... coincides with U by Kolmogorov’s exten-
sion theorem (see e.g. Shiryaev, 2016, Theorem I1.3.3). |

A.3. Proof of Proposition 9

The proof of Proposition 9 follows directly from Lemma 11. It states that, with probability
one, enough of the original data can be recovered using the smoothed ranks and the orbit
representative. We state Lemma 11, prove Proposition 9 and then prove Lemma 11.

Lemma 11 Suppose, for each n € N, that A( - ,y.(X™)) is a one-to-one function of
Xy, then there exists a map D, : [0,1]" x X" — [0,1]" x X" s.t. for any Q € Hy,
Q(Dp(R™, n(X™)) = (§",X™)) = 1. Here, 0" = (Op)nen is the sequence given by 0, =
On1{pn({g € Gn : A((9X")ns W (X"))n = an}) # 0}

Proof [Proposition 9] Consider, without loss of generality, the case that A(X",v,(X")) =
X,. By assumption, R, v, under P and the marginal distributions of =, under Q* and
dP(R" yn (X™))
dQ* (R yn (X))
from Lemma 11 and that the external randomization is independent of X™, the claim follows.
|

under P are equal. Ten, M,, = . Using the sequence of functions (D, )nen

Proof [Lemma 11] As in the proof of Theorem 8, we will denote F(b) = u,({g € G, :
A((gX™)n, 1 (X™))n < b}) and define G(9) = sup{b € R : F(b) < }. Furthermore,
we will write Py, |, (x») for the distribution of «,, given v,(X") and denote its support
by supp(Pa,,|y.(x7) = {x € R | forall I open, ifz € I then P, |, (x»)([) > 0}, If
b € int(supp(Pq, |y, (xn))), then there exists an open interval B with b € B and B C
supp(Pag,, |y, (xn)))- For all ¢ € B with ¢ > b, we have that F'(c) — F'(b) = Pq,,|,(x)([b,¢)) >
0, since [b,c) contains an open neighborhood of an interior point of the support. It fol-
lows that F'(¢) > F(b). In words, there are no points ¢ to the right of b such that
F(c) > F(b). Consequently, G(F(b)) = sup{a € R : F(a) < F(b)} = b. In a similar
fashion, the same identity holds if b € supp(Pg,, |y, (x»)) \ int(supp(Pq,,|,(xn))). Notice
that G(R,,) = G(F(ay) + 0,(F(a)t) — F(an))) = G(F(ay,)) whenever 6, < 1, which hap-
pens with probability one. Together with the fact that Py, |, (x»)(Supp(Pay, |y, (x7))) = 1,
this gives Py, |y, (xn)(G(Rn) = an) = 1, so also P(G(R,) = a,,) = 1. If (F(G(R,)"Y) —

F(G(R))) = pn({g € Gn : (90™)n = an}) = 0, set 0, = 0. If p({g € Gn : (ga™)n =
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anp}) > 0, then P(6, = (R, — F(G(R,)))/(F(G(R,)") — F(G(R,)))) = 1, so set 0, =
(R, — F(G(R,)))/(F(G(Ry)") — F(G(Ry))). Since A(-,y,(X™)) is one-to-one by assump-
tion, its inverse maps «, to X,. By Proposition 4, there also exists a map from X, and
Y (X™) to ,—1(X™71). At this point, we can repeat the procedure above to recover X, 1
from (R,_1,Yn_1(X""1)), from which we can then recover ~, 2(X"~2), etc. Together, all
of the maps involved give the function as in the statement of the proposition. |

A.4. Proof of Theorem 10

Proof [Theorem 10] We first show (6). Assume that P is such that R" L ~,(X") for
all n. Let @Q* denote the distribution under which the marginal of ~,(X"™) coincides with
that under P, and such that X™ | ,(X") 2 Uyn(X™) | 4 (X™), where U ~ p,, and inde-
pendently of v,(X™). First note that Q* (M = db (XT)) > Q* (Vt : My = 8P (Xt)) >

T = dQ* dQ*
1=, @* (Mt #+ (fcl; (X t)) = 1, where the last inequality uses Lemma 11. By assump-
tion, P < @*, and P (MT = (%D*(XT)) = 1. Consequently, M, is a modification of the

likelihood ratio evaluated at X7.

We show that the likelihood ratio is log-optimal. Let ¢, = (?5; (X™) and let f(a) =

E3[In((1 — a)f; + aE7)], a concave function. We show that the derivative of f in 0 is neg-

P
F1(0) =¥, B [%1 (r= i}] ~1=Y3 Eg. [EA{r =i}]-1=Eg. [E]-1 <0, where
differentiation and integration were interchanged—the dominated convergence theorem ap-

ative, implying that f is maximized at o = 0 (our claim). Indeed, f'(0) = E5 [Ei:&} , then

plies because |f'(a)] = (17&% < max{ﬁ,é}. Then, Ez [InM;] = E5[InE] >
E3[In E/]. Equation (5) follows with the same argument with £;, = c?ql; (R™). ]

Appendix B. Linear Models and Isotropy Groups

Rotational symmetry as described in Section 5.2 describes rotations around the origin. This,
we argued, is equivalent to testing whether X; ~ N(0,0) for some o € R™. In applications
it may be more useful to test whether X" = pl1, +¢€", for p € R and a spherically symmetric
€"—1,, is the all-ones n-vector. If y is known, no additional difficulties are encountered—we
can test X" — ul, for sphericity. However, the case where p is unknown can be treated
because the null model is still symmetric under a family of rotations. Notice the following: if
Oy, € O(n) is such that O,1,, = 1,, then O, X™ = ul,, + O,€™. It follows that X" L 0, X"
every time that O,1, = 1,. That is, the null distribution of X™ is invariant under the
isotropy group of 1,; i.e., GI, = {O, € O(n) : O,1,, = 1,,}. Invariance under the action of
G/, has appeared as centered spherical symmetry (Smith, 1981).

Using geometry, a test is readily obtained. We write X" = X7 + X, , where X7 =
&n’nln is the projection of X™ onto the span of 1,; X', , onto its orthogonal complement.
Then, gX" = X7 + gX'; for any g € Gj,. Consequently, the orbit of X" under G, is
the intersection of S"~1(||X™||) and the hyperplane H, (X") defined by H,(X") = {2 €
R™ : (2™, 1,) = (X™,1,)}. There is a unique line perpendicular to H,(X") that passes
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through the origin 0, = (0,...,0); it intersects H,(X") in the point O, = (X", 1,)1,.
For any 2™ € S™ (|| X"||) N H,(X"), Pythagoras’ theorem gives that |2/ — Op,||? =
1X™)|2 = |0, — 0,]|%. In other words, S™~1(||X™||) N H,,(X™) forms an (n — 2)-dimensional
sphere of radius (|| X"||2— |0z, —0,]|?)"/? around 0, . Consider the projection of this sphere
on its nth coordinate, normalize the consequent range of values to [0, 1], and let )Z'n denote
the normalized value of X,,. Then R, is the relative surface area of the (n — 2)-dimensional
hyper-spherical cap with co-latitude angle

p=m—cos (X /(IX"7 = [10sz, — 0a]I*)!/?). (9)

Hence, (8) can again be used to determine R,,. A nongeometric derivation using a Gaussian
motivation obtained by Vovk (2023), who calls full Gaussian model an online compression
model with the summary statistic o, = ((X™, 1,,), || X™|]).

This model can be extended to cover the presence of covariates; i.e., X;,, = (Y, Z;'f) for
some Y, € R and fo € R%. Let Z,, be the matrix with row-vectors fo and assume that 7,
is full rank for every n, a standard assumption in regression. Let X, be the projection of
X™ onto the complement of the column space of Z,,. The model of interest is Y = Z,5+¢"
where € R? and €" is spherically symmetric. Similar to the reasoning above, this model
is invariant under the intersection of the isotropy groups of the column vectors of Z,;
ie, G, = {0, € O(n) : O,Z,, = Z,}. The orbit of X" under G,, is the intersection of
S| X™||) with the column space of Z,, so that for a”(Y™, Z,) = Y™, computing R,, is
analogous. Interestingly, testing for invariance under G, is not always equivalent to testing
for normality with mean Z,3% A sufficient condition for the equivalence to hold is that
limy, o0 (Z!,Z,) "1 = 0; i.e., that B can be estimated consistently via least squares (Eaton,
1989, Section 9.3).

Appendix C. Density estimation in simulations

The density estimation was performed using the kernel density estimation with a Gaus-
sian kernel and as implemented in the Stats package in the R language (R Core Team,
2020). Standard kernel density estimation perform poorly around the boundaries—these
algorithms are designed to estimate densities supported on R and not just on [0,1]. Fol-
lowing Fedorova et al. (2012), we reflect the sequence (R,), to the left from zero and
to the right from one. The density estimate is computed using the extended sample
U {—Ri, Ri,2 — R;}, it is set to zero outside of [0, 1], and it is normalized.
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