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Abstract

Machine learning-based closure models for large eddy simulation (LES)| have
shown promise in capturing complex turbulence dynamics but often suffer
from instabilities and physical inconsistencies. In this work, we develop
a novel skew-symmetric neural architecture as closure model that enforces
stability while preserving key physical conservation laws. Our approach
leverages a discretization that ensures mass, momentum, and energy con-
servation, along with a face-averaging filter to maintain mass conservation
in coarse-grained velocity fields. We compare our model against several con-
ventional data-driven closures (including unconstrained convolutional neu-
ral networks), and the physics-based Smagorinsky model. Performance is
evaluated on decaying turbulence and Kolmogorov flow for multiple coarse-
graining factors. In these test cases, we observe that unconstrained machine
learning models suffer from numerical instabilities. In contrast, our skew-
symmetric model remains stable across all tests, though at the cost of in-
creased dissipation. Despite this trade-off, we demonstrate that our model
still outperforms the Smagorinsky model in unseen scenarios. These findings
highlight the potential of structure-preserving machine learning closures for

reliable long-time [LES]

Keywords: large eddy simulation, structure preservation, closure modeling,
machine learning, Navier-Stokes equations

1. Introduction

The incompressible Navier-Stokes equations are a set of [partial differen-|
tial equations (PDEs)| that describe conservation of mass and momentum of




fluid flows. They are used to model a multitude of flow phenomena, such as
for the design of aircraft and ships, weather modeling, and even the formation
of galaxies [II, 2]. To simulate these phenomena, we solve the Navier-Stokes
equations on a computational grid. This requires discretizing the differential
operators present in the [PDE| This can be done with various techniques,
such as finite difference, finite volume, and finite element methods [3] 4 [5].
In this work we employ a structure-preserving finite difference scheme, intro-
duced in [6]. The advantage of this scheme is that it not only satisfies mass
and momentum conservation, but also conserves the global kinetic energy (in
absence of viscosity and boundary contributions). We refer to conservation
of mass, momentum and kinetic energy collectively as the physical ‘struc-
ture’ of the system, and we refer to such conservative discretization schemes
as ‘structure-preserving’ or ‘symmetry-preserving’ [7, 8]. Such schemes have
the advantage of being unconditionally stable without relying on artificial dif-
fusion, such as upwind schemes [9]. This makes them more suitable for long-
time simulations, where correct physical energy behavior is crucial. However,
problems arise when considering high Reynolds number flows [10]. For such
flows we require very fine computational grids to resolve the smallest eddies
in the system. This places a large (often insurmountable) burden on the
computational resources.

A common approach to reduce computational requirements is
simulation (LES)} In [LES| the system is coarse-grained by applying a fil-
ter to the velocity field, so that the dimension of the problem is effectively
reduced. In this work, we take the ‘discretize first, filter next’ approach
[11, 12, 13]. This means that coarse-graining is done on the discrete level
by applying a discrete filter to a fine-grid discretization. In particular, we
use a face-averaging filter, which has the advantage that the filtered velocity
field still satisfies mass conservation [14]. The latter is necessary to preserve
the energy-conserving properties of the convection operator. This provides
substantial stability benefits, see [14]. From the coarse-graining procedure,
a commutator error arises. In the ‘discretize first, filter next’ framework,
this commutator error also includes the discretization error. Modeling the
commutator error is referred to as closure modeling, and the correspond-
ing models are closure models. Closure modeling is a main subject in [LES|
research [10].

The most commonly used closure models are eddy-viscosity (functional)
models [15] [I6]. Their primary job is to remove (dissipate) energy from the
system to account for energy transfer from the resolved scales to the unre-




solved scales. These models approximate the subgrid stress solely from the
resolved scales by assuming proportionality between the subgrid-scale stress
tensor and the rate-of-strain tensor [10,[I7]. The classical Smagorinsky model
is the best-known example, but it is strictly dissipative [16, 10, I7] and there-
fore cannot represent backscatter, i.e., energy transfer from unresolved to re-
solved scales. Backscatter, however, plays an important role in many flows,
including geophysical turbulence relevant for weather and climate modeling
18, 19, 20].

To address this limitation, structural models, such as scale-similarity clo-
sures, aim to reproduce the actual structure of the subgrid-scale stress ten-
sor rather than parameterize its dissipation. While these models can, in
principle, capture backscatter, they lack inherent dissipation. Consequently,
they are often numerically unstable, requiring stabilization procedures such
as explicit filtering or averaging. This need for both physical fidelity and
numerical robustness motivated the development of mixed models, which
combine a structural component with a dissipative functional component to
achieve the accuracy of the former and the stability of the latter [21]. The dy-
namic Smagorinsky model [22] represents a related effort to increase flexibility
within functional closures by adapting the eddy-viscosity coefficient based
on resolved-scale information. Although it can produce limited backscat-
ter, it too can suffer from numerical instabilities [23]. Several physics-based
strategies have since been proposed to improve backscatter representation
while maintaining stability. These include enforcing a consistent subgrid-
scale energy budget [24], introducing filter-based artificial dissipation [25],
and imposing explicit dissipation constraints [20], 27]. Nevertheless, state-
of-the-art subgrid-scale closures used in global climate models still exclude
backscatter [28], primarily due to concerns over robustness. In response, the
machine-learned closure models that we will propose aim, in a somewhat sim-
ilar spirit as mixed models, to combine the best of functional and structural
approaches: we keep the structure of the subgrid stress tensor, while at the
same time ensuring that the models are energy dissipative (but not as much
as existing functional models).

Shifting our attention to such machine learning algorithms, neural net-
works have shown great potential in accurately modeling the closure term,
while accounting for backscatter [29] 30, B1], [15], B2] B3, B4] [35], 36]. Offline
testing often shows good agreement of the neural network outputs with the
true closure term. However, when using the closure term in an actual sim-
ulation, problems arise and instabilities occur [37, 29, 31, 34 [36, 32]. One
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approach to handle this issue is by clipping the neural network such that the
output becomes strictly dissipative, for example by projecting onto an eddy-
viscosity basis [37, 34], B6]. However, this results in closure models which are
generally too dissipative [36], which will be confirmed by our results. An-
other way to deal with instabilities is to add artificial noise to the training
[38]. However, in [38] it was shown that this only delays the instability and
does not prevent it entirely. Stochastic approaches have also been suggested,
e.g. [35] combines idealized with neural stochastic differential equations
and show increased stability.

Stability issues are often combatted by introducing some form of a poste-
riori learning [39, BT, 40, 1T}, 12], B0, 4T, 42]. In this way, a closure model is
trained based on reproducing the solution trajectory rather than reproduc-
ing the closure term itself. This aids in the stability of the [LES| In [31], it
was shown that by increasing the number of solver steps one unrolls during
training, the stability and performance are improved. [12] shows that there
is an optimum in the number of unrolled steps, related to the chaotic nature
of the system. However, in [36] it is shown that limited training data still
causes instabilities for neural network-based closure models.

In [43], a strictly local small neural network approach is suggested for the
representation of the subrid-scale stress tensor. Here, a small set of carefully
chosen Galilean invariant and non-dimensionalized inputs are used such that
the resulting closure model is symmetric, Galilean invariant, rotationally and
reflectionally invariant, and unit invariant. The authors show that training
on a single snapshot is enough to obtain a closure model which generalizes
well to their considered test cases, even without clipping. However, in [15] it
is shown that [convolutional neural networks (CNNs)| combined with Fourier
neural operators, with non-invariant inputs, is capable of outperforming such
approaches. For an overview on machine learning-based closure modeling see
[42].

However, while the aforementioned references observed improved stabil-
ity, none of the discussed approaches guarantees stability, without applying
some form of backscatter clipping, or other ad-hoc measures, such as e.g. trial-
and-error by changing input features [34] or data augmentation [38]. This
makes long-time [LES| with a data-driven closure model unreliable. Given
that we are especially interested in the statistics of turbulent flows, e.g. the
average energy spectrum obtained over long time horizons, it is of crucial im-
portance that the combination of discretization and closure model yields sta-
ble simulations. Hence, the main aim and novelty of this article is to derive a

4



machine-learned LES closure model, where stability is guaranteed by design,
independent of the network weights or amount of training data. To achieve
this, we propose to build upon our earlier work presented in [I3]. In this work,
the closure model was represented by an energy-conserving skew-symmetric
term and a dissipative symmetric negative-definite term. This was accom-
plished by using a set of compressed subgrid-scale variables that allow the
transfer of energy from unresolved scales to resolved scales. In this work, we
extend this approach from one to two spatial dimensions. While it is certainly
true that turbulence is fundamentally a 3D phenomenon, we reiterate that
the main aim of our article is focused on the stability issue, which has largely
been studied in the context of 2D turbulence, see [15, 29 B1], 32, 33] 36}, 39]
among others.

As a first step, we exclude the compressed subgrid variables, as their pre-
cise meaning and definition in multiple dimensions is still an open question.
Instead, we show that the skew-symmetric framework without subgrid vari-
ables already offers significant stability advantages over existing approaches.
Although this means we do not explicitly account for backscatter, the skew-
symmetric term is still capable of redistributing energy throughout the do-
main. This extends the predictive capability of the closure model beyond
an eddy-viscosity basis. The work presented in [44] discusses similar ideas
regarding structure-preserving neural networks, although outside the realm
of

The outline of this paper is as follows: In section [2, we start with in-
troducing the incompressible Navier-Stokes equations, the physical structure
present in the system, and the structure-preserving discretization. In section
B}, we discuss coarse-graining of the discrete system of equations by applying
a discrete spatial filter, we derive the exact closure term, and discuss closure
modeling approaches. In section 4, we introduce the machine learning-based
closure models: using a [CNN] to model the closure term, using a [CNN] to
model the subgrid-scale stress tensor, and finally our skew-symmetric neural
network architecture. An extended motivation for this architecture can be
found in [Appendix D] Next, we discuss the test cases and the results in sec-
tion 5] regarding closure model performance and stability. We conclude our
work in section [6]



2. Preliminaries

2.1. Navier-Stokes equations

In convervative form, the incompressible Navier-Stokes equations read as
follows:
ou

§+V~ (uu’) = —Vp +vViu +f, (1a)

V-u=0. (1b)
This describes the evolution of a fluid velocity field u(x,t) € R in

d-dimensional space x € R? and time ¢. Here we restrict ourselves to 2D
such that u(x,t) = [u(x,t) v(x, t)}T. The different forces acting on the
velocity field are due to convection, the gradient of the pressure p(x,t), and
friction (for a nonzero viscosity v > 0), appearing from left to right in the
equation. In addition, there is f(x,¢) € R? which represents body-forces,
such as gravity. In this text we refrain from discussing boundary conditions,
as we consider a periodic spatial domain 2.

2.2. Physical structure

This set of equations represent a set of fundamental physical laws, namely:
conservation of mass, momentum P = [, udQ, and (kinetic) energy E :=
% Jou-udQ (for v = 0). These are collectively referred to as the system’s
physical structure. In equation form, these laws read

V-u=0, (2)
dP Jou

=/ Spd0= /Qf(a;,t)dQ, (3)
dE :/u.a—udQ: —/y\|Vu|y§dQ+/u.f(x,t)dQ, (4)

Derivations of these conservation laws are presented in [Appendix Al From
these laws, we can see that momentum and energy (for zero dissipation) are

conserved in the absence of forcing.

2.8. Discretization

To simulate practical use cases, we require discretizing the set of equations
on a computational grid. Here we employ a structure-preserving second-
order accurate finite difference discretization on a staggered grid [6, [3]. This
discretization is chosen as it satisfies the energy-conserving properties of the
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Figure 1: Staggered grid discretization of Navier-Stokes equations. The pressure points
are indexed with whole numbers, while for the velocity components we have an offset of

% in the appropriate direction.

convective term. The employed discretization consists of in total N, x N, =
N cells ©;; with ¢ = 1,...N, and 7 = 1,... N, for a 2D flow case. The
semi-discrete set of equations are written as

d
Qh% + Ch(uh)uh = _thh + vDuy, + thh; (5&)

Mhuh = O, (5b>

where u;, € R?" contains the approximations of v and v on the cell faces and
pr € RY the approximation of p in the cell centers. A schematic represen-
tation of the employed uniform staggered grid is displayed in Figure[I} The
grid-spacing in each direction is indicated by h, and h,. Furthermore, €2
contains the cell volumes on the diagonal. The operators in are now rep-
resented by matrices. Cy(uy,) € R2V*2N represents the convection operator,
G, € R*™XN the gradient operator, D, € R?V*2N the diffusion operator,
M,, € RV*2N the divergence operator, and f, € R?V the forcing at the cell
faces.



2.4. Structure of the discretization
This discretization preserves the physical structure in a discrete sense.
Discretely, the total momentum and energy are approximated as

T
|1y 0y
=1
1
Ey, = ol Quuy, (7)

where 05,1, € RY are column vectors of zeros and ones, respectively. The
change of these quantities for this discretization are given by

dPh du

h
a h dt hR &hlh, (8>
dEy, duy,
T =W = Qe 4w, ©)

where we used the fact that the diffusion operator D can be Cholesky de-
composed as —QYQy, [45]. As the discrete energy is solely decreasing, in
the absence of forcing, this discretization provides stability. The convective
contribution disappears due to the skew-symmetry of the discrete operator,
however this requires the discrete solution u, to be divergence free, i.e.,

M,u;, = 0,. A more elaborate discussion is presented in [Appendix B]

2.5. Pressure projection

The divergence freeness can also be written as a projection of the
lhand side (RHS)| of the discretization on a divergence-free basis.
We introduce this formulation of the discrete system because it is more con-
venient for closure modeling [I4], as it combines and into a single
equation. The projection looks as follows:

du
Q- = Pama(w,), (10)
where my,(u;) € R?M contains the operators on the of (B, i.e.,
my,(up) = —Cp(up)uy + vDypuy + Qufy, (11)

and P), € R2V*2N projects the on a divergence free basis. P, is defined
as
Ph = (I — Gh(MhﬂglGh)_thQ};1>. (12)

A derivation of this operator is presented in [Appendix C|
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Figure 2: Schematic representation of the face-averaging filter. In this example, a single
coarse-grained cell contains nine fine-grid cells. Three fine-grid velocity components in uy,
on each of the coarse cell faces are averaged to obtain the filtered velocity field ug.

3. Closure modeling

3.1. Filtering

As stated earlier, carrying out a |direct numerical simulation (DNS)| is
often infeasible for practical use cases. This is why we aim to solve a coarse-
grained set of equations. Coarse-graining is done by applying a filter to the
velocity field. In our case, we take the ‘discretize first, filter next’ approach
[11, 12]. This means we start by discretizing our velocity field on an ade-
quately fine grid, such that we resolve the relevant scales of the flow. Next,
we apply a linear filter W2V*2N to obtain the filtered velocity field:

l_,lH = VVllh7 (13)

where the filtered velocity @y € R2N lives on a coarse grid consisting of
N = N, x N, grid cells. In our case we employ a face-averaging filter, as
suggested in [I4]. A schematic representation of the filter is shown in[2l The
advantage of this filter, as opposed to, for example, a volume-averaging filter,
is that the filtered velocity satisfies divergence freeness on the coarse grid.
This ensures skew-symmetry of the coarse-grid convection operator, which
aids in stability of the coarse-grained system of equations [14].



3.2. System of equations

To model the behavior of the filtered velocity field, we take the following
ansatz:
duy _ <
QHT %PHIIIH(UH)—{—C(UH,@), (14)

where the subscript H indicates a coarse-grid equivalent to the operators dis-
cussed in section and ¢(uy,0) is a (neural network-based) closure model
with parameters #. The projection on a divergence-free basis is achieved
through P, which is justified due to the face-averaging filter. The closure
model is required as the coarse discretization does not resolve all the rele-
vant scales of the flow. In addition, the coarse grid results in a discretization
error. Both of these are captured in the commutator error with respect to
the fine-grid discretization. The true evolution of uy is given by
dﬁH _ _
QHF = PHmH(uH) +£Wthh(uh) - PHI’IIH(HH))J, (15)

=:c(up)

where the commutator error cj(uy) includes both sources of error. As the
true filtered velocity field is divergence-free on the coarse grid, we include the

closure model in the projection to preserve divergence freeness, as suggested
by [14]. This changes ansatz to

du o
Q== ~ Py(my(ay) + &(an,0)). (16)
The energy contribution of the closure model is computed as
energy contribution = a5 &y, 6), (17)

where the resolved energy is given by
_ 1 o,
By = 511HQHU—H- (18)

In addition, the total momentum Py = 15Qpzuy is conserved if
- 0
holds for the closure model.

10



32 x 32

_Eh
—32 x 32
—64 x 64
—128 x 128

—0.01} 28

—0.02

-0.03

(uh)

om

~

—0.04 |
= 24|
—0.05r

~0.06 2l

Figure 3: Resolved energy contributions for the true closure term, computed for five de-
caying turbulence simulations which constitute the training data for the machine learning
closure models. The trajectories are presented for different levels of coarse-graining. The
reference grid has a resolution of 2048 x 2048. See section for the exact simulation
conditions. (Bottom-right) Resolved energy trajectories for one of the simulations.

3.3. Energy analysis of the closure term

Based on training data, we analyze the energy contribution of the true
closure term, see , for different levels of coarse-graining. In this case, the
reference simulation was carried out on a 2048 x 2048 grid. Exact simulation
conditions are discussed in section [5.I The resulting energy contributions,
in addition to the resolved energy trajectories, are presented in Figure [3] We
observe that for a resolution of 32 x 32 the closure term produces a significant
amount of backscatter, as the energy contribution is mostly positive. Also,
in the resolved energy trajectory we observe that the decay is less smooth,
as opposed to larger resolutions. This means dissipative models will likely
perform poorly for this resolution. For a resolution of 64 x 64, we find the
energy contribution to be mostly dissipative, whereas for 128 x 128 it is
strictly dissipative for this test case. This motivates the use of dissipative
closure models, such as the skew-symmetric neural network architecture we
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will introduce in Section 4.3

3.4. Fitting of the model parameters

To find the optimal set of parameters #, one can take different approaches.
The most straightforward approach would be to match the true commutator
error as best as possible. However, this often results in inaccurate simulations
or even instabilities [I1} 2], 31, 37, 29, B8, 30]. This is why we resort to
optimizing the parameters in order to accurately reproduce the
mumerical simulation (FDNS)|solution, also known as ‘trajectory fitting’ or
‘solver in the loop’. The corresponding loss function is:

Lo(X;0) = Y > [1S(Wuy) — WS/ (wy)[5, (20)

uhEX =1

where X is a snapshot matrix consisting of samples of u;, as columns, repre-
senting the training data set. The notation S}(Wuy,) represents the predicted
coarsened velocity field after applying an explicit time integration scheme for
i steps, each with a step size of At, starting from the initial condition Wuy,
incorporating the closure model. The corresponding [DNS|solution is denoted
by SUAYAY (), using a smaller step size At and initialized with u,. The
ratio At/At arises because the coarse grid permits larger time steps [46].
Note that Sy is the solver that works on the coarse grid and incorporates the
closure model, while S is the [DNS] solver that works on the fine grid. The
Adam optimization algorithm [47] will be used to minimize the loss. Further
details on the training procedure are discussed in section [5.1]

4. Methodology

As explained in section [3] a main challenge in closure modeling is deriving
an expression for ¢(ug,#). In this section, we propose a skew-symmetric
framework that results in a new expression for ¢(uy, 6), providing stability.
In sections [4.1 and [£.2] we first introduce the Smagorinsky model and [CNNs|
respectively. These not only serve as something to compare our framework
to, but also as necessary preliminaries. In section the new framework is
derived.
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4.1. Smagorinsky model

We start off with the Smagorinsky model, which is an eddy-viscosity
model. As stated earlier, the main assumption in eddy-viscosity models
is that this subgrid-scale stress tensor is proportional to the rate-of-strain
tensor S;; = %(gi? + %)v where 11 € R? is a continuous representation of the
resolved velocity field. Eddy-viscosity type closure models have the following

form:

&) = V- (49), (21)
where v; > 0 is the eddy-viscosity. The Smagorinsky model assumes the
following form for 14:

v, = (O,A)?4/2tr(S?), (22)

where A is often chosen as the grid-spacing, i.e. A = /hzh,. The model
contains only a single parameter C,, which can be tuned. In practice, we
use a discretization of the Smagorinsky model. This yields a discrete closure

model:
éSMAG(l—lH’ C,) = (CSA)Q\/MVH - Sy, (23)

where the subscript H indicates a discretization of the derivative operators.
We employ a central difference scheme for these derivatives. The global en-
ergy contribution, see (17)), of the Smagorinsky model is always negative, i.e.,
it is strictly dissipative. In addition, the momentum conservation constraint
is satisfied for the Smagorinsky model.

4.2. Neural network closure

A straightforward machine learning approach is to use a[CNN]as a closure
model, i.e.

M@y, 0) = CNN(ag, 6). (24)

These models are well-suited to Cartesian grids [14} 3], B3], such as the one
we employ here. In addition, they are translation equivariant. Here a[CNNJis
used to map the filtered solution uy € R*Y to ¢ € R?Y by chaining a series
of convolutions with non-linear activation functions ¢”, where n indicates
which layer of the [CNN]is considered. A single layer of such a network is
represented as

72" = o"(A"z" +b"), (25)

where each vector z" contains a set of fields, typically referred to as ‘channels’
in [CNN] literature. The matrix A contains s,41 X s, submatrices encoding
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convolutional stencils, where s,, is the number of channels represented in z,.
By choosing s,,11 > s,, the data is effectively lifted to a higher-dimensional
space. The vector b,, contains s,,; bias channels, which are constant fields
each determined by a single parameter. For example, a single convolution
A (parameterized by weights «;;) of a single channel z, with bias vector b
(parameterized by bias (), is represented as

T

(Az +b);; = Z (iZiyrj) + B (26)

kl=—r

The double index notation is used to indicate the location on the 2D grid
(one index for each spatial dimension), see Figure . Moreover, r represents
the radius of the convolution in both spatial directions. On the edge of the
domain, one uses padding of z to keep the size of the channels constant. In
our case, we use circular padding to represent periodic [boundary conditions|
. For intermediate layers, we use a ReLLU activation function ¢”, and
for the final layer, we take ¢ to be the identity [48]. Using a as a
closure model does allow for modeling backscatter as its energy contribution,
see , can be both negative and positive. However, it violates momentum
conservation, see .

A straightforward way to resolve the latter is to use a [CNN]| to predict
a stress tensor 7NN, The closure model is then obtained by taking the
divergence of this tensor [34] [12]:

PV(ay,0) = Vy - NN (ag, 0). (27)

This ensures that momentum conservation, see , is satisfied. This formu-
lation will be referred to as [DIV] However, neither of these formulations is
guaranteed to be stable and can therefore result in poor simulation results.

4.8. Skew-symmetric framework

For our novel closure modeling approach we build on earlier work which
we presented in [I3]. In this work a skew-symmetric neural network archi-
tecture was introduced and applied to 1D equations. Moreover, a coarse-grid
representation of the subgrid-scale energy was included in the coarse-grained
system. However, as stated earlier in section [I] it is unclear how to extend
this representation to multiple dimensions. On the other hand, applying the
proposed neural network architecture, without this subgrid-scale representa-
tion, to 2D problem does not require any modifications to the architecture.
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In this skew-symmetric framework, the closure model is represented as
the sum of a skew-symmetric and negative-definite term:

KEW (@, 0) = (K — K )uy — Q7 Quy, (28)

where K(ty,6), Q(ty,0) € R**?N are build from outputs. The dif-
ferent terms in this closure model are represented by matrix multiplications
of the velocity vector. Model flexibility stems from the fact that these ma-
trices depend nonlinearly on the solution vector via neural network outputs.
The closure model is always dissipative:

aL &SV (ay, 0) = aL (K — Kay — aL Q" Quy = —||Quyl)2 <0, (29)

as the skew-symmetric contribution cancels. This means the closure model
is guaranteed to be stable, unlike the previously presented machine learning
approaches. Note that stability is only guaranteed up to a time discretization
error. Analyzing stability while accounting for the time discretization error
would require knowledge of the Jacobian of the system. This makes formal
analysis rather cumbersome, due to non-linearity of the neural network [49].
Therefore, we consider this outside the scope of this research.

To ensure stability, ignoring the time discretization, the closure model
does not allow for backscatter, but does increase modeling freedom beyond
an eddy-viscosity basis through the skew-symmetric term. To see this, we
note any real square matrix A can be decomposed uniquely into the sum of
a symmetric and a skew-symmetric matrix [50] 51]:

A=S+R, S=3A+A"), R=1A-A") (30)

By constraining the symmetric part S to be negative definite, we restrict
ourselves to the space of stable linear operators, since for any nonzero x,

x'Sx <0 = x"Ax=x"Sx<0, (31)

implying strictly decreasing energy in all directions. Diagonalizing the sym-
metric operator S yields real, strictly negative eigenvalues and an orthogonal
eigenbasis. Hence, the system’s energy decays independently along these or-
thogonal modes. This negative-definite term can thus be interpreted as a
generalized eddy-viscosity model that captures dissipative effects. However,
a purely negative-definite formulation cannot represent conservative or rota-
tional behaviors, since those correspond to energy-preserving dynamics for
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which x"Ax = 0. The skew-symmetric component R addresses this lim-
itation: it represents interactions that conserve energy, such as rotations,
couplings, or advective terms in fluid dynamics [52]. By combining both
components, we obtain the representation

A=(K-K')-Q'Q (32)

which spans the entire space of stable linear operators while remaining ex-
pressive enough to capture both dissipative and conservative effects. This
serves as motivation for the proposed decomposition of the neural network
architecture. This decomposition is not unique, since A remains the same if
K is perturbed by an arbitrary symmetric matrix.

During our testing, we observed the effect of the skew-symmetric term to
be much larger than that of the negative-definite term, see Figure [8| This
further motivates its presence. From the computed energy contributions of
the true closure term (see Figure [3), we believe backscatter is limited for
reasonable coarse-graining factors. This means such a constrained closure
model should be able to capture the energy behavior of the true closure
term. In the upcoming sections, we will explain how the operators in this
skew-symmetric architecture are built.

4.3.1. Skew-symmetric term
As described in [13], K is constructed as follows:

K(ug,0) = B'k(ag, 0)Bs, (33)

where k(tiy,0) = diag(ky, ky) € R* 2V is a matrix containing the neural
network outputs ki, ky € R*Y on the diagonal. Here we choose to represent
each matrix in the decomposition to be square. However, one is free to
choose the dimensions of the matrices, as long as the K is square. Also, the
sparsity of the matrices can be varied. In our case, the underlying neural
network architecture is a as we employ a uniform grid. This means
a is used to map ugy to output channels k; and ks. The matrices
B are linear convolutional layers mapping from two input channels to two
output channels, similarly to the convolutional layers introduced in section
[4.2] The B matrices thus contain four submatrices encoding convolutions.
A clear motivation for this specific decomposition of K, besides sparsity and
computational efficiency, is outlined in[Appendix D] The main idea is that the
proposed decomposition resembles a simple advection operator for specific
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choices of B matrices, where the matrix k supplies enough degrees of freedom
to freely traverse the energy-conserving solution space, by locally controlling
the advection in each direction. Another option would be to use more output
channels, i.e., ky,...,k, and construct a larger matrix k = diag(ky, ..., k,),
where n would be a hyperparameter. This would require the B matrices to
be non-square and contain more submatrices encoding different convolutions.
Such an extended architecture could possibly lead to faster convergence of
the training procedure and more expressive power. In addition, a smaller k
matrix, i.e. k € R¢ with ¢ << N, could also be considered. This would
effectively apply the non-linear neural network operations in a reduced latent
space, encoded by the B matrices [53]. We consider both options outside
the scope of the current work, but view them as interesting future research
directions.

To satisfy momentum conservation, see , we require the sum of the
convolution weights in the submatrices to be zero such that both B and BT
are in the nullspace of 1. To achieve this, we let the weights by of such a
convolution depend on a set of parameters by;:

- 1
bkl = bkl s N5 Z bkla (34>

(2r 4+ 1)2
such that Z;,l:—r b, = 0 holds. To extend the architecture to unstructured
grids, the convolutions in the [CNN| and in the B matrices can simply be
replaced by graph convolutions.

4.8.2. Negative-definite term
As described in [13], Q is constructed as follows

Q(uy,0) = q(uy, 0)Bs, (35)

where q(uy,#) = diag(qi, q2) is also constructed from outputs of the
qi,q2 € R?. This means the has in total four output channels to
build the fields ki, ks, q1,q2. The parameters of the model include both
the [CNN] weights and the parameters of the B matrices. As these are all
sparse operations, the model remains computationally efficient. Because the
model only contains convolutions, it is translation equivariant. Furthermore,
it can be safely applied to larger grids because it uses only local information.
Similarly to the skew-symmetric term, this decomposition could be adjusted
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Table 1: Overview of the different closure models and their properties when combined
with the coarse discretization. These closure models consist of the [Smagorinsky modell
(SMAG)| a[CNN] the divergence of a [CNN] (DIV])), our [fkew-symmetric neural networkl
architecture (SKEW)| and jno closure (NC)|

SMAG CNN DIV SKEW (ours) NC

Mass conservation v v v v v
Momentum conservation Ve X v v Ve
Dissipative v X X v v

by extending the matrix containing the neural network outputs to multiple
channels, i.e. q = diag(qi,...,d,) A more in-depth motivation behind the
proposed neural network architecture is presented in [Appendix D] where we
relate the choice of n = d, where d is the number of spatial dimensions, to
a diffusion operator. In this way, the diagonal elements of q locally control
the diffusivity.

4.4. Overview of the closure models

In this section, we introduced a set of four closure models, namely the
standard [Smagorinsky model (SMAG)| a [CNN] using a to predict a
stress tensor and then taking the divergence , and finally our
lsymmetric neural network architecture (SKEW)L In addition, we also com-
pare to [no closure (NC)| i.e. ¢ = 0y. An overview of the closure models and
their properties is depicted in Table

5. Results

5.1. Experimental setup

To evaluate the closure models, we consider two test cases: 2D decay-
ing turbulence and Kolmogorov flow. The test cases are inspired by those
considered in [I5]. For both test cases we consider a periodic domain of
Q = [-m, 7] x [-m, 7] and a viscosity of ¥ = 5. Each velocity component
of the flow is initialized by a random initial condition only containing energy

in the low wavenumbers (below K. = 10):

u(x, 0) = Re < [Z{”€Z2lo<nnn2<w} "eD ’ (36)

vV 1K X
{KEZ2|0<||K||2<Fmax} Cx€
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where the real and complex components of the coefficients cf, c;, € C are
sampled uniformly from the interval (—1,1). Finally, the coefficients are

scaled such that the normalized kinetic energy at ¢ = 0, namely

1 / 5
— u(x, 0)|[5d€2,
77 /L I 0l

equals 1.2. Increasing this initial energy amplifies the characteristic ve-
locity scales of the flow, thereby increasing the effective Reynolds number
Ree = UL/v, where U is a representative velocity magnitude and L a char-
acteristic length scale of the largest eddies. A higher Re.g leads to a broader
separation of scales and stronger non-linear interactions, which make closure
modeling more challenging. The chosen value of 1.2 was found, through pre-
liminary numerical tests, to yield sufficiently rich turbulent dynamics while
remaining numerically stable and allowing meaningful comparison between
closure models. Before the simulation starts, the sampled initial condition is
projected onto a divergence-free basis.

The training data set consists of five simulations starting from an initial
condition sampled in this manner. For the we use a computational grid
of resolution 2048 x 2048 and a time step size At = 2x107*, as in [I5]. For the
time integration of both the [DNS| and the closure model-based simulations,
we use a 4™-order Runge-Kutta integration scheme [54, 55]. For training
purposes, we save a snapshot every 10 time steps until ¢ = 5. Regarding
coarse-graining, we consider three different resolutions, namely 32 x 32, 64 x
64, and 128 x 128, and a time step size of At = 10At, as coarser grids allow
for larger time steps [46l, [56]. For each coarse-graining factor, the machine
learning models are trained to reproduce the true solution, i.e., minimize ,
for n = 5 time steps. To optimize the closure model parameters, we use the
ADAM optimization algorithm [47] with a learning rate of 1073, decay rates
for the first and second momentum estimates at 0.9 and 0.999, respectively,
and a mini-batch size of 20. We optimize for in total 500 epochs. These
hyperparameter settings resulted in smooth convergence, see [Appendix F|
We consider further hyperparameter studies to be outside the scope of this
research, as this research focuses on the neural network architecture. We
implemented the closure models in the Julia programming language [57] using
the Flux.jl package [58, 59]. For each of the based closure we use four
input channels, namely gy and my(ay), each containing two channels. The
intermediate layers of the each contain 32 channels, with a total of
four intermediate layers (same amount as in [14]). The convolutions in each
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layer have a radius of » = 2. The number of parameters is dominated by the
number of hidden layers and channels, which is the same for each of the neural
network-based closure models. In this way, the comparison is carried out as
fairly as possible. In between the hidden layers, we employ a ReLLU activation
function and a linear activation function at the final layer [48|. The purely
[CNN}based closure simply has two output channels to model the closure
term in each spatial direction. For [DIV] we have three output channels, two
for the diagonal elements of the stress tensor and one for the off-diagonal
ones, due to the symmetry of the true stress tensor [10, I7]. For the
underlying [CNN] has four output channels corresponding to ki, ks, q1,qo.
The convolutions in the B matrices are chosen to have a convolution radius
of r = 2. Training of a single neural network takes roughly two hours on an
A100 GPU of the Dutch National supercomputer Snellius [60]. Regarding
the optimization of the Smagorinsky constant, we choose the constant value
that minimizes the Ls-norm of the energy spectra for the training data at
t = 2 in log,, space. The energy spectra are determined by computing a
IFourier transform (FFT)| of the velocity field. The wavenumbers are then
divided into dyadic bins, and the energy belonging to the wavenumbers in
the bin is summed to produce the spectrum. This procedure is described in
[14, 61]. The considered values for the Smagorinsky constant are 0.0 to 0.30
in intervals of 0.01. The obtained optimal values for C at each resolution
are 0.23, 0.22, and 0.18 for 32 x 32, 64 x 64, and 128 x 128, respectively.
These values are within the range of what is typically used for 2D turbulence,
namely around 0.18 [62], 63].

5.2. Decaying turbulence

The first test case we consider is decaying turbulence, i.e., there is no forc-
ing. Here we consider a single simulation starting from a randomly generated
initial condition, generated according to (36]). The simulations are carried
out up to the final time ¢ = 10. Note this is twice as long as present in the
training data. Therefore, the second half of the simulation corresponds to
extrapolation in time. For each coarse-graining factor, the resolved energy
and error trajectories are presented in Figure [d The error is defined as

= =model||2
error = \/Hqu i HQ, (37)

a3

where uy is the FDNS|result and u%°%! is the model prediction. We observe
that initially the unconstrained machine learning approaches (CNN|and |[DIV])
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Figure 4: (Left) Error for each coarse-graining factor as a function of time for the decaying
turbulence test case. (Right) Resolved energy trajectories for each coarse-graining factor.
For an overview of the methods, see Table The black vertical line indicates ¢ = 5.
Everything to the right of this line corresponds to extrapolation in time.
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produce the best energy trajectories for resolutions 64 x 64 and 128 x 128,
whereas [SKEW] is too dissipative and the Smagorinsky model is even more
dissipative. However, as the simulation progresses, the unconstrained ma-
chine learning methods often suddenly become unstable. For a resolution
of 32 x 32, these approaches tend to diverge rather quickly, whereas finer
resolutions can stay stable over a more extended time period. That said, this
seems merely a postponement of the inevitable, as unconstrained machine
learning acting on a finer resolution remains highly prone to a sudden and
unpredictable catastrophic failure. One can hope for a one-off stable simula-
tion, as shown by the 128 x 128 resolution [CNN| This particular simulation
remained stable during the entire considered time period, producing a good
energy trajectory and an improved error with respect to [NC| and SMAG]
However, in the vorticity fields presented in Figure 5| we already notice a
build-up of numerical noise for the at the end of the simulation, which
may well result in instabilities in the future. In fact, in Section we show
that this is indeed the expected outcome. As such, the purely data-driven,
physics-blind machine learning methods considered here are unsuitable as
a viable closure modeling approach for long-term predictions, incapable of
outperforming existing physics-based closure models.

On the other hand, for our constrained approach [SKEW] we find it con-
sistently provides improved error trajectories with respect to [NC| except at
a resolution of 32 x 32. However, it is too dissipative, as stated earlier. This
likely comes from the fact that it is constrained to not create energy. This
means energy is solely redistributed through the skew-symmetric term and
dissipated through the negative-definite term. Especially at large coarse-
graining factors, this becomes more problematic, see resolution of 32 x 32.
This is likely caused by the fact that backscatter is more prevalent, see Fig-
ure [3] as more information is being discarded to the subgrid scales. At a
resolution of 64 x 64 [SKEW]is also too dissipative, however, it does produce
an improved error trajectory with respect to the other closures, even in the
extrapolation region t € (5, 10]. However, near the end of the simulation, the
error becomes larger than for [NC| and SMAG] Later in this section, we con-
sider the energy spectra to compare the velocity fields in a more statistical
fashion, see Figure [6] and Figure [7]

Carrying out the simulation took roughly 45 minutes on an A100
GPU, whereas the closure model-based simulations took between 3 and 4
minutes (with a training time of roughly two hours), for all closure models,
see Table 2 This amounts to a computational speed-up of more than 10x
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Table 2: Computation time in seconds for the different closure models for the decaying
turbulence test case. For an overview of the methods, see Table [I]

N SMAG CNN DIV SKEW NC DNS

32 x 32 182.69 186.64 189.99 211.39 170.42 2559.88
64 x 64 210.46  216.26 203.76  225.79 165.27 2559.88
128 x 128 195.29  200.06 217.75 243.32 187.82 2559.88

with respect to the [DNS| For these coarse resolutions, the evaluation time
seems to be dominated by computational overhead, as we did not observe a
big difference in computation time between the different closure models and
resolutions. All closure model-based simulations require more computation
time than [NC| where SKEW] consistently takes the most time. This is likely
caused by the additional convolutions in the B matrices. Next, we look at the
scalar vorticity field w = (V x u)s, at different points in time, produced by
the closure models. For a resolution of 64 x 64, these are depicted in Figure
bl The other resolutions are depicted in For the remainder of
this text, we will stick to a resolution of 64 x 64, as we believe this is a nice
middle ground between the poor results obtained for 32 x 32 and almost
perfect reproduction for 128 x 128. This coincides with the coarse-graining
factor applied in [15]. Regarding the vorticity fields, we find that initially all
three machine learning closures nicely match the [FDNS result. However, as
the simulation progresses, we observe a build-up of numerical noise for the
unconstrained machine learning closures. This eventually leads to unstable
simulations. For[SKEW]this does not happen. Even after diverging from the
[FDNY] it still produces smooth results which seem to match the on
a qualitative level. The instabilities in the unconstrained machine learning
approaches can possibly be alleviated by adding more training data or adding
noise to the training [36] 38]. However, we argue that given the same amount
of training data, using [SKEW] has clear stability benefits.

To assess the physical consistency of the produced trajectories, we com-
pare the energy spectra at different points during the simulation. This is
done, as a pointwise error, such as presented in Figure {4, no longer provides
relevant information after the solutions diverge from the [15].. The
spectra are depicted in Figure [f] Here we observe that [SMAG]is too dissi-
pative at the large scales, but nicely reproduces the =2 decay of the energy
spectrum expected from 2D turbulence [64]. Regarding [SKEW| we find it

23



SMAG

CNN

DIV

NC SKEW

FDNS

Figure 5: Vorticity fields at each point in time for each of the closure models on a 64 x 64
grid. Simulations correspond to the decaying turbulence test case. Blank boxes indicate
an unstable simulation.
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Figure 6: (Left) Two snapshots where we see numerical oscillations occurring for and
The oscillations eventually result in instabilities. (Right) Energy spectra at the time
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wavenumbers.
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Figure 7: Energy spectra at the end of the decaying turbulence simulation at ¢ = 10. Both
the [CNN] and [DIV] have become unstable at this point and are therefore omitted from the
figure.

has a better overall fit with the [FDNS| as compared to [SMAG] for both the
high and low wavenumbers. Regarding the unconstrained machine learning
approaches, we observe a clear buildup in energy in the large wavenumbers.
From the depicted vorticity fields, we can clearly see the numerical noise
responsible for this.

In Figure {4 we observed that [SKEW]reaches a larger error than and
at the end of the simulations. To assess whether or not the simulation
produced by SKEW]is still physically consistent, we consider the energy spec-
trum at this point. This is depicted in Figure [} Here we observe that even
though the error, see , is larger, still produces an energy spectrum
that more closely matches the [FDNS| spectrum, as compared to SMAG] and
. It also produces the expected k=2 slope. also achieves this, but
underestimates the energy in all wavenumbers, whereas [NC| suffers from a
build-up of energy in the large wavenumbers. The latter likely corresponds
to numerical noise, due to the coarseness of the grid. After a while SKEW]
diverges from the [FDNS| This behavior is expected given the characteristic
sensitivity on initial conditions of the two-dimensional Navier—Stokes equa-
tions in the turbulent regime [65]. Nevertheless, the model continues
to produce physically consistent statistics and spectra, even when extrapo-
lating in time.

Finally, we consider the contributions of both the skew-symmetric and
negative-definite term in the [SKEW] architecture. We consider both the
energy contribution and the magnitude of the terms. This is depicted in
Figure [§l The first observation is that the energy contribution of the skew-
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Figure 8: (Left) Energy contribution for each of the terms in the architecture along
with the contribution of the coarse discretization. (Right) Magnitude of each of the terms.
The black vertical line indicates ¢ = 5. Everything to the right of this line corresponds to
extrapolation in time.

symmetric term is indeed zero, as it should be. Furthermore, we find that the
negative-definite term is slightly less dissipative than the coarse discretiza-
tion. The trajectory also has a different shape; the dissipation coming from
the negative-definite term peaks around ¢ = 1, whereas the dissipation from
the coarse discretization decreases smoothly over time. The shape of the dis-
sipation trajectory of the negative-definite term might arise from the transi-
tion of the flow from one physical regime to another. More specifically, the
initial condition contains energy only at low wavenumbers. This means the
flow undergoes a transient period before the formation of its characteristic
slope, see Figure [6] Next, we look at the magnitude of the different terms.
Here we find that the skew-symmetric term has a larger magnitude than the
negative-definite term. This means it has a more significant impact on the
simulation. This supports the use of a skew-symmetric term in the closure
model.

To conclude this section, we also examine the effect of omitting either the
skew-symmetric term or the negative-definite term from the [SKEW]architec-
ture. To this end, we perform the decaying turbulence simulation with one
of the two terms set to zero. The resulting resolved energy trajectories and
energy spectra are shown in Figure[d] We observe that omitting the negative-
definite term leads to markedly less dissipative behavior, as expected. The
resulting energy trajectory is nearly identical to that of [NC| The correspond-
ing energy spectrum matches the [FDNS| result well at low wavenumbers;
however, at high wavenumbers, a clear build-up of energy appears, resem-
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Figure 9: (Left) Resolved energy trajectories for the full closure model, SKEW-K
(skew-symmetric term only), and SKEW-Q (dissipative term only). The black vertical line
indicates t = 5. Everything to the right of this line corresponds to extrapolation in time.
(Right) Energy spectra halfway through the decaying turbulence simulation at ¢ = 5.

bling the [NC| spectrum and indicating numerical noise. Conversely, omit-
ting the skew-symmetric term produces more dissipative behavior and yields
physically consistent energy levels at high wavenumbers, with the character-
istic k73 slope accurately recovered. Nonetheless, this variant over-dissipates
energy at the low wavenumbers.

From these simulations, we conclude that the skew-symmetric term is
essential for accurately capturing the energy at low wavenumbers, whereas
the negative-definite term plays a crucial role in suppressing numerical noise
and recovering the characteristic £~ slope. This means both terms make
significant and complementary contributions to the accuracy and physical
consistency of the simulation.

5.3. Consistency of closure model performance

Training neural networks is inherently random, due to the selection of
mini-batches, initialization of the weights, etc. This is why we instantiate
multiple replicas of each network to fully assess their potential as a closure
model. For this purpose, we train an ensemble of five replicas for each neural
network architecture. This allows us to evaluate the consistency of the train-
ing procedure in terms of producing good closure models. Before evaluating
the networks, we ensured no convergence issues occurred during training. The
resulting error and energy trajectories, for each neural network, evaluated on
the decaying turbulence test case, are depicted in Figure [10} Regarding the
plain [CNN] architecture, we observe that two out of five networks result in
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Figure 10: (Top-left) Error over time for each closure model in the ensemble of five. (Top-
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line corresponds to extrapolation in time.
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unstable simulations, and for [DIV] three out of five. Hence, it is worth point-
ing out that, therefore, simply retraining exactly the same machine-learning
architecture can be the difference between a stable simulation and a numer-
ical failure, highlighting the fickle nature of these methods. For SKEW] no
ensemble members became unstable.

Regarding the error trajectories, we observe similar performances for all
the networks that remained stable, whereas the energy trajectories were best
reproduced by some of the unconstrained machine learning closures. How-
ever, to evaluate the build-up of numerical noise and physical consistency,
we computed the error in energy spectrum during the simulation. This is
also depicted in Figure [10] Here we find that the SKEW]architecture consis-
tently outperforms the other architectures. From this, we conclude that our
[SKEW] neural network architecture is not only guaranteed to be stable, but
also consistently produces physical results, without a build-up of numerical
noise.

5.4. Kolmogorov flow

Next, we aim to evaluate the long-term performance of the closure models
and their extrapolation capabilities. To do this, we require a different test
case, as decaying turbulence from the previous test case eventually decays
to zero. We therefore consider Kolmogorov flow, with the same viscosity
v = 155 and periodic domain Q = [—m, 7] x [—m,7]. Kolmogorov flow is
characterized by the following forcing:

f(u,x,t) = {sinéély)} —0.1u, (38)

and is often used to evaluate machine learning closure models [33] 14} [15].
The machine learning models are not retrained for this test case. This means
the models will have to extrapolate from the decaying turbulence training
data to a test case that includes forcing. To initialize the simulation, we
first carry out a [DNS| on a 2048 x 2048 grid until ¢ = 25, starting from
initial condition . This serves as a warm-up of the system, such that it
reaches a statistical equilibrium. The final velocity field then serves as an
initial condition to evaluate the closure models. We then simulate for 500
model time units starting from this initial condition. This is a significant
extrapolation, as the training data was for the interval ¢ € [0, 5] and for a test
case without forcing. In addition to the previously introduced closure models,
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we apply backscatter clipping to the trained to obtain a stable closure
model by removing backscatter. This is done by projecting the output
on an eddy-viscosity model. From this, we obtain an eddy-viscosity value
PP (1) such that the output is matched as close as possible in the Lo-
norm. Negative values for v ?"™8(x) are then set to zero to provide stability.
The clipping procedure is described in [37]. We will refer to this closure
model with the acronym [CNN-C| Vorticity snapshots from the simulations
are depicted in Figure [IT1} Snapshots for [CNN] and [DIV] are not depicted,
as these simulations become unstable quickly after their initialization, see
Figure[12] For we observe a lot of numerical noise, whereas in (to
a lesser extent), [SKEW]| and this is smoothed out. Regarding the
snapshot at ¢t = 5, we find the filtered [DNS| results are most closely matched
by SKEW]

To make a more thorough comparison, we consider the resolved energy
trajectories, along with an average energy spectrum for the simulation, see
Figure[12] The first thing we observe from the resolved energy trajectories is
that the unconstrained machine learning approaches both become unstable at
the start of the simulation. The remaining closure models remain stable, as
they are strictly dissipative. To make a statistical comparison of the resulting
flow fields, we consider the distribution of the resolved energy for the entire
simulation and the average energy spectra. Here we find that [SMAG]| and
are too dissipative, as the distributions are shifted to the left with
respect to [FDNS| For [CNN-C] this phenomenon is reported in [36]. Both
INC| and [SKEW] seem to give a good prediction of both the mean and shape
of the distribution.

Looking at the energy spectra, we find that [NC|indeed produces numerical
noise, looking at the energy in the large wavenumbers. In addition, we find
that [SKEW] performs the best in the low and intermediate wavenumbers,
while [SMAG] performs the best in the high wavenumbers. Overall, we find
that for this extrapolation test case SKEW] performs, at worst, as well as
[SMAG] From this, we conclude that SKEW]is both stable and accurate, and

is capable of extrapolating to different test cases, without being retrained.

5.5. Comparison to the dynamic Smagorinsky model

To provide a comparison between our [SKEW] architecture and a more
robust physics-based closure model, we consider the dynamic Smagorinsky
model. The formulation and underlying theory of this model are described in
[22]. The main idea is that the Smagorinsky constant in is determined
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Figure 11: Vorticity fields at each point in time for each of the closure models on a 64 x 64
grid. Simulations correspond to the Kolmogorov flow test case.
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Figure 12: (Top-left) Resolved energy trajectories for each of the closure models in the
Kolmogorov flow test case. (Top-left) Corresponding distributions of the resolved energy
for the entire simulation. Dashed vertical lines correspond to the mean. (Bottom) Energy
spectra were obtained by first computing the energy spectrum for each snapshot and then
computing the average value for each wavenumber. Both the[CNN]and [DIV]closure models
resulted in unstable simulations, so their spectrum is omitted from the figures.
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Figure 13: (Left) Resolved energy trajectories for the decaying turbulence test case, where
DYN-SMAG corresponds to the dynamic Smagorinsky model. The black vertical line
indicates t = 5. Everything to the right of this line corresponds to extrapolation in time.
(Right) Energy spectra halfway through the decaying turbulence simulation at ¢ = 5.

dynamically and depends on space, time, and the resolved velocity field, i.e.
Cs = Cs(x,t,0).

The dynamic procedure builds on the assumption that the subgrid-scale
stresses are self-similar across filter scales and that the same eddy-viscosity
ansatz holds at both the grid filter and a larger test filter. By enforcing con-
sistency between these two levels, the model computes C from the resolved
flow itself rather than prescribing it a priori. This allows the model to re-
duce dissipation in laminar or well-resolved regions while increasing it where
subgrid activity is strong. Its main strength is therefore that it provides dis-
sipation only where it is needed, making it significantly less dissipative than
the standard Smagorinsky model.

The resulting energy trajectory and energy spectrum for the dynamic
Smagorinsky model in the decaying turbulence test case are shown in Figure
[13], together with the results from our SKEW] architecture.

For the energy trajectory, we find that the dynamic Smagorinsky model is
indeed less dissipative than the standard [Smagorinsky model (SMAG)| How-
ever, it remains slightly more dissipative than our[SKEW]architecture, which
matches the [FDNS| result the closest. Regarding the energy spectrum, the
dynamic Smagorinsky model provides a substantial improvement over SMAG]
and [NC| Nonetheless, it still underpredicts energy at low wavenumbers and
overpredicts energy at high wavenumbers, whereas our [SKEW)] architecture
does not exhibit these deficiencies.
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5.6. Limatations of Machine Learning Closure Models

Note that a neural network is not strictly necessary to enforce a skew-
symmetric framework. Traditional calibration or data assimilation approaches
could be used, which typically assume a fixed functional form and tune a lim-
ited set of coefficients to data. In contrast, a neural network provides
a flexible functional representation capable of capturing complex, non-linear
dependencies of the closure term on local flow features, dependencies that are
difficult to express or calibrate explicitly using fixed parametric forms. While
the skew-symmetric structure enforces energy conservation, the entries of the
skew-symmetric matrix (as well as those of the dissipative term) are learned
functions of the flow state, allowing the model to adapt dynamically to local
flow conditions rather than relying on globally calibrated coefficients.

Finally, it should be noted that fundamental challenges exist when em-
ploying machine learning within the context of (or any physics-based
simulation) [66]. Neural networks easily have millions (or more) tunable pa-
rameters with no physical meaning, are data-hungry, and act as black boxes,
making them more complex than their physics-based counterparts. They
are also prone to instabilities over long integration times, an issue that we
have explicitly addressed in the present manuscript. Our proposed frame-
work, therefore, represents a step towards embedding physical constraints (in
this case, guaranteed energy conservation) directly into the architecture of a
data-driven model. This combination of physical structure and data-driven
flexibility embodies a key advantage of physics-informed machine learning: it
ensures physical consistency while retaining the expressive power of modern
machine-learning methods. That said, many of the aforementioned issues
remain and require further study.

6. Conclusion

In this work, we started off by exploring the conservation laws inher-
ent in the incompressible Navier-Stokes equations, specifically, mass, mo-
mentum, and energy conservation. We employed a discretization that pre-
serves these laws in a discrete sense. To coarse-grain the simulation, we used
a face-averaging filter, ensuring that the resulting coarse-grained velocity
field continues to satisfy mass conservation. We then examined different ap-
proaches to modeling the commutator error introduced by coarse-graining.
We first considered the Smagorinsky model, which is strictly dissipative,
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followed by more advanced machine learning approaches based on convo-
lutional neural networks, capable of modeling backscatter. However, these
unconstrained models lack stability guarantees. To address this limitation,
we introduced our skew-symmetric neural architecture [I3]. This architecture
enforces stability while increasing model freedom from the negative-definite
eddy-viscosity basis by introducing a skew-symmetric term. A change from
our previous work [13] is that the subgrid-scale energy is no longer explicitly
modeled. In addition, we tackled much more challenging 2D turbulence ap-
plications, as opposed to simple 1D test cases considered in [13]. Based on
offline analysis on the training data, we hypothesized that dissipative closure
models, such as the skew-symmetric architecture we introduce, are likely to
perform well for the considered test cases.

We evaluated our closure models across three coarse-graining factors, from
a 2048 x 2048 grid down to resolutions of 128 x 128, 64 x 64, and 32 x 32. The
closure models were tested in a decaying turbulence simulation with an ini-
tial condition different from those in the training data and over an extended
simulation time. We found that none of the models performed well at the
largest coarse-graining factor (from 2048 x 2048 down to 32 x 32). Initially,
the unconstrained machine learning models provided promising results, even
outperforming our skew-symmetric model in kinetic energy predictions. How-
ever, numerical errors accumulated, leading to instability. Trajectory fitting,
i.e., training the closure models to reproduce the filtered solution, alone
is therefore not enough to guarantee stable closure models. In contrast, our
skew-symmetric model remained stable throughout, albeit at the cost of a
larger dissipation rate. Despite the increased dissipation, we argue that sta-
bility is a worthwhile trade-off. In addition, our skew-symmetric architecture
outperformed the Smagorinsky model in this test case and reproduced the
expected k72 in the energy spectrum for 2D turbulence. Furthermore, our
architecture also outperformed the dynamic Smagorinsky model, a widely
used and well-established physics-based closure model, in this test case.

To account for the inherent randomness in training neural networks, we
trained five instances of each model with different weight initializations and
mini-batch selections. All instances of the skew-symmetric model remained
stable and accurate, while conventional machine learning models exhibited
significant instabilities. This highlights the improved consistency of our ap-
proach in training robust closure models.

We further assessed the models on the Kolmogorov flow test case, which
was not represented in the training data. The unconstrained machine learn-
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ing models again suffered from instabilities, whereas our skew-symmetric
closure model successfully captured the correct energy spectrum when aver-
aged over time. In this regard, it performed comparably to the Smagorinsky
model, which proved to be well-suited to this test. We also applied backscat-
ter clipping to the trained [CNN] This resulted in a stable simulation; how-
ever, it did not perform better than the skew-symmetric architecture or the
Smagorinsky model.

Overall, our results demonstrate that the skew-symmetric architecture we
introduced here significantly enhances the stability of machine-learning-based
closure models, albeit at the cost of increased dissipation. We believe this
work represents a step toward enabling long-time simulations with machine
learning closures.

For future work, several directions merit exploration. The treatment of
boundary conditions, particularly the padding used for convolutional neural
networks, requires careful attention. Extending our approach to unstructured
grids is another promising avenue, where graph neural networks could provide
a useful framework [67]. Finally, introducing an additional energy source to
counteract the absence of backscatter from the skew-symmetric architecture
could be beneficial, though careful clipping mechanisms would be needed to
prevent instabilities. Explicitly modeling the subgrid-scale energy, as in [13],
is another logical extension.
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Acronyms

BC boundary condition.

CNN convolutional neural network.

CNN-C convolutional neural network with backscatter clipping.

DIV divergence of stress tensor predicted by a neural network.

DNS direct numerical simulation.

FDNS filtered direct numerical simulation.

FFT fast Fourier transform.

LES large eddy simulation.

MSE mean squared error.

NC no closure.

PDE partial differential equation.

RHS right-hand side.

SKEW skew-symmetric neural network architecture.

SMAG Smagorinsky model.
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Appendix A. Physical structure of the Navier-Stokes equations

The Navier-Stokes equations, see , represent a set of fundamental phys-
ical laws, namely: conservation of mass, momentum, and energy (for zero
dissipation). These are collectively referred to as the physical structure of
the system. Conservation of mass can easily be shown by computing the
change of mass in a volume V due to the flux across the surface §. This

reads
?{u~ds:/V~udV:0, (A1)
S v

where we used the divergence theorem to write the surface integral as a
volume integral.

Conservation of momentum is also straightforward to derive: The mo-
mentum is defined as

P:me, (A.2)

where () is the spatial domain. The change in momentum is computed as
follows:

dP ou
— = [ dQ
dt /Q ot
:—]{ uuT-ds—i—f pds—l—u% Vu~ds—|—/fdQ (A.3)
) G o0 Q

:/ma
Q

where we filled in (1)) and rewrote most of the terms to boundary integrals.
These disappear on periodic domains. This means that the momentum in
each direction only changes due to the body force.

Finally, the total (kinetic) energy in the system is defined as

Ezl/u-udQ. (A.4)
2 Ja

Using the product rule, we can write the change in energy as

dE _ / u- @dQ = / u- (—V-(uu") - Vp+vViu+£)dQ. (A5)
a ), ot o
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The pressure and friction contributions can be simplified using integration
by parts:

‘A_HN@ML:/pWWuMQ:O, (A.6)

Q
/ermm:—/WWM@Q (A7)
Q Q

where we used the fact V-u = 0 and that the boundary contributions cancel
on periodic domains.

To find the energy contribution for the convective term, we start off by
rewriting it using the product rule for outer products:

V- (uu”) = (u-V)u+ (V- -uu=(u-Vu, (A.8)

where the second term vanishes due to divergence freeness. Next, we rewrite
the term using a vector calculus identity:

1
(u-V)u= §V(u-u)—u>< (V x u). (A.9)
We then take the inner product with u to obtain
u-V-(uu’) :u-%V(u-u)—u-(ux (V xu)) :u-%V(u-u), (A.10)

where the second term cancels due to the fact that the cross product between
two vectors is orthogonal to both of these vectors. Using the product rule
starting from V - (u(u - u)) this can be rewritten to

1 1 1 1
u- EV(u ‘u) = §V “(u(u-u)) — 5(11 -u)(V-u) = §V -(u(u-u)), (A.11)

which is in divergence form. Once again, we used the fact that u is divergence-
free to simplify this expression. This term integrates to zero:

1 1
/ u-V-(uu’)dQ = / =V (u(u-u))dQ = 7{ —(u(u-u))-ds =0, (A.12)
Q Q2 00 2

due to the divergence theorem and the fact that €2 is a periodic domain. The
change in energy is finally written as

dE
—:—/yHVqudQ—i-/u-fdQ, (A.13)

which means the energy is always decreasing in the absence of forcing.
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Appendix B. Stucture-preserving finite volume discretization

For the employed finite volume discretization, presented in [6], the phys-
ical structure of the Navier-Stokes equations is preserved in a discrete sense.
Discretely, the total momentum and energy are approximated as

P, = 1,Q,uy, (B.1)
1
Eh = §u£Qhuh. (BQ)

The change in momentum for this discretization is given by

dPh duh
Bl e W
dt T B3
= 1,(—Cp(up)uy, — Gppp + vDpuy, + Q1)) (B-3)
= 1,1,

as the discrete operators are carefully constructed such that the column vec-
tors sum up to zero. This means momentum conservation is satisfied by this
discretization. Using the product rule, we obtain the change in energy as

dEh T duh
S5 uTQ,
ar Rt .
= u{(—Ch(uh)uh — Gypy, + vDyuy, + Q1) (B.4)
= —u; Q) Quuy, + uy Qufy, = —[|Quuy|[5 4+ uf Qufy,

where we used the fact that the diffusion operator D;, can be Cholesky de-
composed as —QF'Qy, [3, 45]. The convective contribution disappears due to
the skew-symmetry of the discrete operator:

Cu(uy) = —Cf(uh) — u;‘fCh(uh)uh = —u:,CC:,C(uh)uh =0, (B.5)

where we used the symmetry of the inner product. Note that the skew-
symmetry of the convection operator is only true for a divergence-free u;, [14].
The pressure term disappears because the discretization satisfies G, = —M]
[45]. Writing the energy contribution we obtain:

—u} G,pn, = ui M p, = p; Muu;, = 0, (B.6)
where we used the divergence-free constraint on the velocity field.
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Appendix C. Pressure projection

The divergence freeness can also be written as a projection of the [PDE]
discretization (5)) on a divergence-free basis [14]. To see this, we compute the
divergence of the non-pressure related terms in as

M., (—C(up)uy, + vDjuy, + Qf,) = My, 'my, (uy,), (C.1)

where we grouped the different terms into my(u,). The purpose of the
gradient of the pressure is to remove this divergence from the of ().
To obtain the pressure that achieves this, we solve the following linear system:

Mhﬂglmh(uh) — Mhﬂglthh =0 —
Mhﬂglmh(uh) = Mhﬁglthh — (02)
Pr = (MhﬂglGh)_thlemh(uh).

By filling this in to we obtain

du _ _ _

th_th = mh(uh) — Gh(MthlGh) 1Mhﬂh1mh(uh) —
du _ _ _

th—th = (I- Gh<Mthv1Gh) M) my () (©3)

=P,

du

th_th = thh(uh),

where P, € R*V*2N projects my,(uy) onto a divergence free basis. This

transforms the discretized into a single equation. Note that in practice,
we typically solve for the pressure rather than performing the projection
in this manner. However, this formulation is more convenient for closure
modeling.

Appendix D. Motivation behind skew-symmetric architecture

To motivate the proposed neural network architecture we consider a sim-
ple 1D system for which the equation is unknown. The neural network is
tasked with predicting the evolution of this system. The system consists of
some quantity w(z,t) which evolves on a periodic domain z € Q. We know

o1



it satisfies the following conservation laws:

dw

—dz = D.1

dw

—dz =0 D.2
/Qw ar T D2

which resemble momentum and energy conservation in the Navier-Stokes
equations. w(z,t) is discretized on a finite volume grid, such that w(x;,t) ~
w;(t), where z; is the center of finite volume cell €;. The grid contains N
grid cells such that the discrete solution is described by the state vector
w(t) € RY. We consider the case in which the evolution equation for w(z,t)
is unknown; however, we do have data for w(z,t) at different points in space
and time. The challenge is finding the for dd%, with and
being satisfied discretely, i.e.

dWh
17'Q,—= = D.3
hS&h dt 07 ( )

dw
TQ,—" — D.4

are satisfied. As an ansatz for the [RHS| we use our proposed skew-symmetric
neural network architecture
dWh

= ~ (Addiag(k) Ay — Aldiag(k)AL) wy, (D.5)

=Yy

where A, Ay € RV*YN are central and forward difference stencils, respec-
tively, such that (ACW}L)Z' = Whit1l — Whi—1 and (AfWh)Z‘ = Whpi+1 — Why-
Note that these are specific choices for B; and B,. During testing, we found
that predefining the convolutions in B; and Bs; resulted in poor performance
of the closure model. However, we choose to do so here to ease the analy-
sis. Note that is satisfied due to A, and Ay being in the nullspace
of 1, and is satisfied due to the skew-symmetry of ). We are free to
choose k € RY without violating the conservation laws. In our case, it is

represented by the output of a such that k = k(wy, 0) € RY. Writing
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out the matrix-vector product in (D.5|) gives us

)

Ywy, = ki1 ki +kiy 0 —ki —kiy1 ki Whi

Wh,i+1 — Wh
= Whi—1 = Whi—2 Whi—1 = Whit1 Whit2 — Whitl ki |,

Whi — Whi—1

where it is clear that for both matrices the columns lie in the nullspace of
1;. This gives us two perspectives: the first is that of a highly parameterized
skew-symmetric matrix multiplied by the solution vector wj. The second is
that of the parameterized vector k(wy, 6) being multiplied by a matrix for
which each column lies in the nullspace of wy,. Therefore, by training k(wy, )
on reference data we effectively learn a highly parameterized, and non-linear,
momentum and energy conserving discretization. This formulation allows
the neural network to freely explore the energy-conserving vector space. By
choosing k; = 1/(2h) and k;—; = k;+1 = 0, where h is the grid spacing, we
simply obtain a central difference approximation of the first derivative, which
corresponds to linear advection. The skew-symmetric term can therefore be
viewed as highly parameterized advection.

For dissipative systems, i.e. (D.2)) is negative, we require an additional
term in our parameterized discretization, as introduced in section 4.3.2] This
extends (D.5)) to

dw .
th—th ~ Ywy, —ATdiag(q)? A wy, (D.6)

=Z

where q = q(wy,0) € RY is also an output of the [CNN| In this case we
choose By = Ay. This specific choice is once again made to ease the analysis,
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Figure E.14: Relative loss, see , with respect to for each of the different closure
models and coarse-graining factors.

whereas in the actual neural network B3 is a parameterized operator. Writing
out the corresponding stencil gives:

(th)i = Cl?(Wm 9)(wh,¢+1 - wh,i) + Q?—l(wh, 9)(wh,i71 - wh,i)-

By choosing q, = 1/h, we obtain a second-order approximation of the sec-
ond derivative. Our dissipative term can therefore be thought of as highly
parameterized and non-linear diffusion.

Appendix E. Training of the neural networks

In Figure we depict the loss of the different closure model archi-
tectures with respect to The choice of hyperparameters is discussed in
section 5.1

o4



Appendix F. Vorticity fields

In Figure [F.15] and Figure [F.16] we display the vorticity fields of the
decaying turbulence simulation, using the trained closure models.
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Figure F.15: Vorticity fields at each point in time for each of the closure models on a
32 x 32 grid. Simulations correspond to the decaying turbulence test case. Blank boxes
indicate an unstable simulation.
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Figure F.16: Vorticity fields at each point in time for each of the closure models on a
128 x 128 grid. Simulations correspond to the decaying turbulence test case. Blank boxes
indicate an unstable simulation.
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