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Abstract

Growing literatures on epidemic and rumor dynamics show that infection and information co-

evolve. We present a unified framework for modeling the spread of infection and information:

a general class of interaction-driven fluid-limit models expressed as coupled ODEs. The class

includes the SIR epidemic model, the Daley-Kendall rumor model, and many extensions. For

this general class, we derive theoretical results: under explicit graph-theoretic conditions, we

obtain a classification of asymptotic behavior and motivate a conjecture of exponential decay for

vanishing states. When these conditions are violated, the classification can fail, and decay may

become non-exponential (e.g., algebraic). In deriving the main result, we establish asymptotic

stability and L1-integrability properties for state variables. Alongside these results, we intro-

duce the dependency graph that captures outflow dependencies and offers a new angle on the

structure of this model class. Finally, we illustrate the results with several examples, including

a heterogeneous rumor model and a rumor-dependent SIR model, showing how small changes

to the dependency graph can flip asymptotic behavior and reshape epidemic trajectories.
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havior.
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1 Introduction

Contagion plays a central role in modern societies. Pathogens spread through interpersonal networks,

while rumours, opinions, and misinformation cascade across social and mass media — shaping be-

havior and, in turn, influencing outcomes such as market dynamics and election results. The spread

of pathogens and the spread of rumours are closely intertwined: outbreaks can spark misinformation,

while rumours — such as anti-vaccination narratives — can lower vaccination rates and thereby in-

crease transmission. The COVID-19 crisis highlighted this coupled dynamic, combining a biological

pandemic with an ‘infodemic’ of misinformation [1]. In this paper, we develop a unified modeling

framework for interacting processes, such as those at play in the spread of pathogens and rumors.

We analyze the asymptotic behavior of models in this unified class.

Rumours, pathogens and their interdependence

What do we mean by rumours? In this paper, we group the spread of intangible content such

as rumours, opinions, and (mis)information under the umbrella label rumour. In the sociological

literature, a rumour is an unverified — often plausible — piece of information that spreads widely,

typically fueled by uncertainty or anxiety. Transmission occurs via word of mouth and, increasingly,

social media; see the survey [2]. Rumour dynamics can take different forms. For example, Crane [3]

empirically studied rumour diffusion on platforms such as YouTube, showing that some content goes

viral while other content spreads more slowly, depending, among other factors, on the content’s

characteristics and the network through which it propagates. Another striking example is that

false news spreads faster and further than true news [4]. These dynamics have consequences across

many domains of society. For example, rumours and related false news influence economic behavior

— shaping market dynamics and investment decisions [5, 6, 7] — and, in extreme cases, can lead

to serious harm: Bhavnani et al. [8] document instances in which rumours triggered communal

violence.

Turning to biological contagion, the study of pathogen propagation (epidemiology) is generally

regarded as more established and prominent than the study of rumours — a contrast that became

especially apparent during the society-disrupting COVID-19 pandemic. So, what is a pathogen?

A pathogen is typically a biological agent — most commonly a virus, bacterium, or parasite —

that infects hosts (e.g., humans, bats, or swine) and spreads via routes such as respiratory aerosols

and direct contact [9, 10]. Such pathogens can vary widely in infectiousness, incubation period,

and the prevalence of asymptomatic transmission [11, 12]. Their societal impact is substantial: as

COVID-19 showed, successive waves and variants strained health-care systems, while interventions

disrupted schooling, work, and supply chains [13, 14]. Beyond COVID-19, pathogens such as SARS

(2002–2004), HIV/AIDS, dengue, and seasonal influenza have imposed comparable societal burdens

[15, 16, 17, 18].

These two forms of contagion are not independent but closely interlinked. Epidemiological out-

breaks can trigger surges of rumours — for example, about masking, distancing, and vaccination

— which in turn dampen or amplify transmission by shifting protective behaviors [19, 20, 21].
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Conversely, rumours alleging vaccine harms have reduced measles vaccination coverage, leading to

sizeable outbreaks — for example, in South Wales (2012–2013) [22, 23, 24]. Taken together, these

examples highlight the importance of studying the processes jointly rather than in isolation.

Mathematical models of the spread of pathogens and rumours

Mathematical modelling has been central to understanding how pathogens and rumours disseminate.

Each field rests on a widely accepted, canonical baseline model: the SIR model for infectious diseases

and the Daley-Kendall (DK) model for rumour propagation. In SIR, a population is partitioned

into Susceptible, Infectious, and Recovered compartments; transmission arises from contact between

susceptible and infectious individuals and recovery leads to immunity [25]. By contrast, while

sharing a similar transmission mechanism, the DK model, tracks Ignorants (unaware), Spreaders

(actively transmitting), and Stiflers (no longer transmitting); here, spreaders convert ignorants,

whereas interactions among spreaders/stiflers and spreaders/spreaders extinguish further spreading

[26]. These baseline models have served as foundations for extensive theoretical development, with

numerous extensions incorporating host heterogeneity, explicit contact-network structures, and time-

varying parameters; see, for example, [27, 28, 29, 30, 31, 32, 33].

Given the wide range of existing model variants, a natural question arises: can these canonical

models — and their extensions — be captured within a single, general mathematical framework?

To the best of our knowledge, no such unifying approach has been established before. A unified

perspective offers a higher-level view of both rumour and pathogen dynamics. It reveals structural

insights — such as shared asymptotic behaviors — that often remain hidden when individual models

are studied in isolation [19, 20]. One promising route toward unification lies in identifying what

the models have in common. At their core, both SIR and DK are driven by interaction-based

transitions: state changes occur through pairwise encounters. In each case, who meets whom —

and in which states — determines what happens next. A susceptible individual becomes infected

upon contact with someone infectious; an ignorant becomes a spreader after interacting with another

spreader. Thus, the interaction process drives the transition process. Contact patterns determine

which transitions are possible and how frequently they occur. This interaction-based structure forms

a common backbone for SIR, DK, and many of their extensions.

This shared structure suggests a natural next step: to formulate a general, interaction-driven

modelling framework that captures the essential dynamics of both SIR- and DK-type systems. In

the fluid limit — where the population is assumed to be large enough that demographic stochasticity

can be neglected [34] — the resulting dynamics are deterministic and can be described by a system

of coupled differential equations. More precisely, the interaction mechanism naturally gives rise to

bilinear (quadratic) terms, leading to systems of the form:

ẏi =
∑
j,k

αi
jk yjyk,

where yi ≡ yi(t) denotes the (normalized) fraction of individuals in state i (e.g., susceptible or

ignorant), and the coefficients αi
jk ∈ R capture the in- and outflow rates due to pairwise encounters
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(the formulation also admits linear terms — e.g., natural recovery — under a constant-population

assumption). This mathematical structure is in the spirit of several classical frameworks, such as the

Lotka–Volterra equations for interacting species [35, 36, 37], evolutionary dynamics [38, 39, 40], and

mass-action chemical reaction networks [41, 42], where bimolecular interactions also yield quadratic

terms. The analogy should be considered as structural rather than literal: the models describe

different entities and processes, but the shared mathematical form offers both conceptual insights

(e.g., around persistence or extinction) and useful analytical tools.

Goal & contributions

Building on the observed empirical interdependence between pathogen and rumour contagion, and

leveraging the advantages of the general interaction-driven framework outlined above, we pursue

two main goals. (i) We introduce a unified, highly general class of contact-driven models that

encompasses SIR, DK, and many of their extensions within a single formulation. (ii) We establish

structural results for this class of models. Specifically, our main theorem provides a classification cri-

terion: under specific (acyclicity-type) conditions, the underlying graph-structure alone determines,

for each state, whether it goes extinct or persists in the long run — that is, whether limt→∞ yi(t) is

positive or zero, where, as before, yi(t) denotes the fraction of the population in state i at time t.

In developing the classification rule, we proceed in stages. First, under suitable graph-theoretic

conditions, we show that trajectories converge to equilibrium, in that ẏi(t) → 0 and yi(t) → ci, as

t → ∞, for every state i, with ci a constant. Next, imposing additional acyclicity-type conditions

on the interaction graph, we prove that any vanishing state — i.e., one with limt→∞ yi(t) = 0 — is

L1-integrable,
∫∞
0

yi(t) dt < ∞. This integrability yields our main result: a criterion for persistence

versus extinction that depends only on graph structure. The same analysis motivates a conjecture

that, under these conditions, every vanishing state decays exponentially. Finally, we show that when

the requisite graph-theoretic conditions are not met, the classification need not hold, and vanishing

states may decay non-exponentially (e.g., algebraically).

To formalize the graph-theoretic conditions described above, we introduce a novel concept: the

dependency graph. This graph captures dependencies between states by indicating which states

influence others’ outflow rates. This representation forms the basis for the acyclicity-type conditions

used in the classification rule.

Through a series of examples, we illustrate how the theory applies in practice. We begin by

showing that if the necessary graph-theoretic conditions are not met, both exponential decay and

the persistence/vanishing classification can fail. Next, in order to exemplify how models in existing

literature fit within our framework, we apply it to the rumour model of Chen & Wang (2020) [43].

Our results immediately imply that the Ignorants group cannot, by design, be fully converted into

spreaders, and that the dynamics converge to equilibrium: for each state i, ẏi(t) → 0 and yi(t) → ci

as t → ∞. We then examine a heterogeneous rumour model to show how small changes in graph

structure can produce large shifts in long-term behavior, offering insight into how specific charac-

teristics of individual-level spreading behavior alter macro-level outcomes. Finally, we consider a

hybrid model combining the SIR and DK frameworks, uncovering intuitively surprising relationships

4



that do not occur in the standard SIR setting.

Organization of paper

The remainder of the paper is organized as follows. Section 2 introduces the model and the notion

of a dependency graph. Section 3 presents our theoretical results. Section 4 provides examples

that illustrate these results in practice. Finally, Section 5 highlights key considerations and outlines

directions for future work.

2 Model

In this section we first provide a set of definitions that play a pivotal role in our model and analysis.

We then proceed by detailing our interaction-driven dispersion model.

2.1 A few graph-theoretic definitions

We begin by recalling a few graph-theoretic concepts, primarily for completeness, as these notions

are frequently employed in the literature. Additionally, the definitions provided will introduce some

of the notation used throughout this paper.

Definition 1. A directed graph (V,E) is a set of N vertices V = vi : i = 1, . . . , N and a set of

directed edges E ⊆ ((vk, vl) : vk, vl ∈ V ), where (vk, vl) ∈ E if and only if there is a directed edge

from vk to vl, which we denote by vk → vl.

Definition 2. A subgraph of a directed graph (V,E) is a directed graph (U,K) such that U ⊆ V

and K ⊆ E.

Definition 3. In a directed graph (V,E), for an edge (vk, vl) ∈ E, vk is called a predecessor of vl,

and vl is called a successor of vk. A vertex is called a sink if it only has predecessors. A vertex is

a called a source if it only has successors.

Definition 4. In a directed graph (V,E), a path exists from vertex u to vertex v, if there exists a

set of vertices k1, . . . kn such that u → k1 → k2 → . . . kn → v. A cycle is a path u → k1 → k2 →
. . . kn → v where u = v. A cycle u → u is called a self-loop.

Definition 5. A directed graph is a Directed Acyclic Graph (DAG) if it has no cycles.

2.2 Interaction-driven dispersion model

In this subsection, we introduce our interaction-driven dispersion model, where dispersion here

captures the spread caused by interactions. We will later show that this model encompasses well-

known frameworks such as the SIR epidemiological model, rumor-spreading models like the DK

model, and many of their extensions. Importantly, all theoretical results derived within our general

framework apply directly to these specific cases. Because the model unifies both epidemiological and
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rumor dynamics, it serves as a powerful tool for studying the interaction between these two distinct

processes (see Section 4.2 for an example).

2.2.1 Rationale behind the model

Our objective is to develop a foundational fluid-limit framework that allows for a deeper examina-

tion of various relevant phenomena, within both mathematical epidemiology and rumor dynamics.

Instead of analyzing specific models in isolation, we aim to uncover structural properties of this

general class of fluid-limit models under various conditions.

For tractability, we adopt two common simplifying assumptions. First, we assume that the

observation time window is sufficiently short to rule out significant changes in population size,

effectively imposing a conservation law. Second, we assume uniform mixing within the population.

To ensure the framework’s relevance in both mathematical epidemiology and rumor dynamics,

we require the following essential features:

◦ Interaction-driven state transitions: changes in the state of individuals within the system are

driven solely by their interactions.

◦ Natural outflow mechanism: the model incorporates mechanisms for individuals to exit their

current state over time, such as recovery or waning susceptibility.

As the subsequent subsections demonstrate, a pure interaction-driven dispersion model satisfies these

requirements.

2.2.2 States, conservation law and initial conditions

We throughout assume a system comprising of N ∈ N states, and we denote the fraction of agents

in each state i = 1, . . . , N at time t ≥ 0 by yi(t) ∈ (0, 1). We assume a conservation law on the

population size:
∑

1≤i≤N yi(t) = 1 for any t. Initial conditions are assumed to be yi(0) ∈ (0, 1).

2.2.3 Transition mechanism described by differential equations

In this subsection we set up a system of coupled differential equations that describe our interaction-

driven dispersion model. The probability of any agent interacting with an agent in state i is equal

to yi due to the assumption of uniform mixing. Let βi
ij ≥ 0 capture both the (homogeneous) contact

rate and the (state-dependent) probability of a state i-agent changing state due to interaction with

a state-j agent (where it is stressed that the order of the indices matters). For a state i-agent to

leave state i it must interact with some other agent. Hence, the outflow of state i, written as Oi(t),

is given by the following expression:

Oi(t) := yi
∑

1≤m≤N

βi
imym. (1)

Due to the conservation law, which stipulates an unchanging total population size, each component

βi
imyiym representing an outflow from state i must correspond to an equivalent inflow into states

6



other than i. We define βk
im ≥ 0 (where k ̸= i) to represent both the homogeneous contact rate

and the state-dependent probability of an agent in state i transitioning to state k as a result of

interaction with an agent in state m. The conservation law is therefore expressed as

βi
im =

∑
k ̸=i

βk
im. (2)

The inflow into state i consists of all terms originating from interactions that cause agents to tran-

sition into state i from any other state. This inflow is therefore defined as

Ii(t) :=
∑

1≤n,k≤N,
n̸=i

βi
nkynyk. (3)

Hence, we obtain the following governing set of coupled differential equations for the interaction-

driven dispersion model:
dyi
dt

= Ii(t)−Oi(t). (4)

The outflow Oi(t) represents agents leaving state i, while the inflow Ii(t) corresponds to agents

entering state i. Although the model may initially appear to be purely interaction-driven, it can, in

fact, accommodate natural recovery mechanisms, as demonstrated, among others, in the example of

the SIR and DK models in Section 2.3.1.

2.2.4 Transition mechanism described by graphs

While the transmission mechanism was rigorously defined in Section 2.2.3, adopting a more visual

perspective helps reveal its underlying structure. Graph representations offer a simplified yet in-

sightful way to uncover this structure. In this section, we introduce two types of graphs that capture

different layers of the transition dynamics.

The first type of graph illustrates the possible state transitions. A successor of a state indicates

that an agent in the current state may transition to the successor state. Conversely, a predecessor of

a state implies that an agent in the current state could have originated from the predecessor state.

This is formalized as follows.

Definition 6. The transition graph of an interaction-driven dispersion model is a directed graph

(V,E). The set of vertices V = {1, . . . , N} corresponds to the states of the model. The set of

directed edges E contains an edge (u, v) ∈ V × V with u ̸= v if and only if there exists some state

k ∈ V such that βv
uk > 0. In this context, a successor v of a vertex u is specifically referred to

as a transition successor, implying that an agent in state u can transition to state v through

interaction. Conversely, a predecessor u of a vertex v is a transition predecessor, indicating that

an agent currently in state v could have originated from state u.

It is important to note that, by its definition, the transition graph excludes self-loops. Cycles,

however, may be present. Operationally, we build the transition graph by inspecting the inflow Ii

in (3): draw a directed edge n → i whenever there exists an interaction partner k with β i
nk > 0.
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The second type of graph reflects the specific states with which an interaction must occur for a

state to transition to a transition successor. It offers crucial insight into the mechanisms that drive

the transitions represented in the transition graph.

Definition 7. The (outflow) dependency graph of an interaction-driven dispersion model is a

directed graph (V,E). The set of vertices V = {1, . . . , N} corresponds to the states of the model.

The set of directed edges E contains an edge (u, v) ∈ V × V if and only if βu
uv > 0. An edge (u, v)

indicates that the outflow from state u is dependent on interactions with agents in state v. Successors

and predecessors in the dependency graph are specifically referred to as dependency successors

and dependency predecessors.

Analogously, the dependency graph is obtained by inspecting the outflow Oi in (1): include a

directed edge i → m whenever β i
im > 0. (Self-loops i → i occur when β i

ii > 0.) The combined use

of these graph representations facilitates a structural analysis of the interaction-driven dispersion

model that we introduced. They will play a pivotal role in Section 3, where our theoretical findings

are stated and proven.

Remark 1. The interaction-driven dispersion model introduced here admits a compact matrix

formulation, which streamlines bookkeeping for large systems and facilitates numerical integration

of the model. The full matrix specification is given in Appendix D. ♢

2.3 Example: SIR and Daley-Kendall model

In this subsection, we present an illustrative example with a threefold aim. First, we show that

the well-known SIR and DK models fall within the class of systems described by the interaction-

driven dispersion framework. Second, we demonstrate how the natural recovery mechanism in

the SIR model can be incorporated into this model. Third, we provide the corresponding graph

representations for these specific cases.

2.3.1 SIR and DK as special cases

We treat here the (fluid limits of) the SIR model and the DK model. We show how both models can

be written in the form of (4), hence being special cases of our interaction-driven dispersion model.

Throughout, we denote by y1, y2, y3 the fractions of susceptible, infectious, and recovered agents in

the SIR model; analogously, y∗1 , y
∗
2 , y
∗
3 denote the fractions of ignorants, spreaders, and stiflers in the

DK model.

◦ The system of coupled differential equations for the SIR model is, with the labeling mentioned

above,

dy1
dt

= −βy1y2, (5)

dy2
dt

= βy1y2 − γy2, (6)
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dy3
dt

= γy2, (7)

where β > 0 is the infection rate, and γ > 0 is the recovery rate.

We now show how this set of coupled differential equations aligns with the framework of (4),

specifically illustrating the integration of the natural recovery mechanism. For state 1, the

differential equation, as shown in (5), consists solely of the outflow component O1 that was

defined in (1) . This outflow is triggered exclusively by interactions with state-2 agents. Thus,

we have β1
12 > 0 (specifically, β1

12 = β). The term y1y2 appears elsewhere only in the inflow to

state 2, as seen in (6), where its parameter is β2
12 = β > 0. The conservation law, as described

by (2), is indeed upheld because β1
12 = β2

12 = β.

The term for natural recovery, namely γy2 in (6), might initially seem inconsistent with the

outflow expression defined in (1). However, we can circumvent this by leveraging the conser-

vation law, y1 + y2 + y3 = 1, to rewrite it as

γy2 = γ(y1 + y2 + y3)y2. (8)

This reformulation allows us to interpret the outflow from state 2 as y2(β
2
21y1+β2

22y2+β2
23y3),

where β2
21 = β2

22 = β2
23 = γ. Under the uniform-mixing assumption, one may read γ y2(y1 +

y2 + y3) as a contact-like outflow in which any encounter of a state-2 agent carries the same

probability of transitioning to state 3. This is a modeling convenience: mechanistically, the

term captures spontaneous (natural) recovery rather than an interaction-driven change.1 To

complete this demonstration, we conclude that β3
21 = β3

22 = β3
23 = γ, as shown by (7).

◦ The system of coupled differential equations for the DK model is given by:

dy∗1
dt

= −θy∗1y
∗
2 , (9)

dy∗2
dt

= θy∗1y
∗
2 − αy∗2(y

∗
2 + y∗3), (10)

dy∗3
dt

= αy∗2(y
∗
2 + y∗3), (11)

with y∗1 , y∗2 , and y∗3 having the meaning defined above, θ encapsulating the rate at which

Ignorants become Spreaders upon contact with Spreaders, and α the rate at which Spreaders

become Stiflers due to interactions with other Spreaders or Stiflers.

The key distinction between the SIR and DK models is evident in the outflow dynamics of y2.

The SIR model allows a state-2 agent to transition to state 3 upon contact with a state-1 agent, a

mechanism explicitly excluded in the DK model; see (6) and (10).

1The natural recovery rate, γ, may exceed the homogeneous contact rate embedded in the β parameters. Nev-

ertheless, by scaling the contact rate by any positive constant and inversely scaling the transition probability, the

system’s properties remain invariant. This allows any γ > 0 to be consistently accounted for in the interpretation of

the β parameters.
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2.3.2 Graph representation and matrix formulation of SIR and DK

We conclude this section by demonstrating how the SIR and DK models can be represented using

the graph representation of our interaction-driven dispersion model, as introduced in Section 2.2.4.

For the SIR model we first identify its transition graph, using Definition 6, focusing solely on the

inflow Ii. State 2 is a transition successor of state 1, given that β2
12 > 0 (see Section 2.3.1). This

implies an edge (1, 2) in the transition graph. Furthermore, since β3
2j > 0 for j = 1, 2, 3, state 3 is

a transition successor of state 2. This corresponds to an edge (2, 3). The transition graph of the

SIR model is thus depicted by Figure 1a. Through a similar line of reasoning, we conclude that the

transition graph for the DK model is identical to that of the SIR model.

For the SIR model’s dependency graph, as introduced in Definition 7, we identify the following

dependencies by analyzing the outflow Oi. An edge (1, 2) exists because β1
12 > 0 (see Section 2.3.1),

indicating that outflow from State 1 depends on interactions with State 2 agents. Furthermore, since

β2
21 = β2

22 = β2
23 = γ > 0, state 2 serves as a dependency predecessor for all states in the system (i.e.,

edges (2, 1), (2, 2), (2, 3) exist), highlighting that its outflow depends on interactions with agents from

any state, including itself. This illustrates the impact of the natural recovery mechanism within our

interaction-driven dispersion model. The dependency graph of the SIR model is depicted in Figure

1b. By an identical line of reasoning, the DK model’s dependency graph is shown in Figure 1c.

1

2

3

(a) SIR & DK: Transition

1

2

3

(b) SIR: Dependency

1

2

3

(c) DK: Dependency

Figure 1: Transition and Dependency graph representation of the SIR and DK models

Figure 1 reveals a critical distinction between the SIR and DK models: the presence or absence

of the edge (2, 1) in their dependency graphs. This is surprising because, while the SIR model

incorporates a natural recovery mechanism – a process typically considered independent of specific

interactions – this graphical representation depicts it as an interaction-dependent outflow involving

state-1 agents. Such a precise mapping within our unified framework highlights that these two

models, despite their differing recovery conceptualizations, are fundamentally more similar than

commonly perceived. We have provided the matrix formulation of the SIR and DK models in

Appendix D.
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3 Theoretical results

This section, presenting our theoretical results, is organized into three parts. First, we establish that

the system (4) is asymptotically stable — that is, all state variables converge to a limit over time and

at the same time its derivatives converge to zero — under an explicit assumption on the structure of

the underlying interaction-driven dispersion model. Second, we establish our main theorem, which

— under suitable conditions — characterizes long-term behavior by providing a precise relationship

between vanishing states (whose state variable converges to zero) and persistent states (whose state

variable converges to a strictly positive limit). This result yields a complete classification of the

asymptotic outcomes for all states in the system. In the proof, a crucial role is played by the L1-

integrability of the state variables — more specifically, by the condition whether or not
∫∞
0

yi(t) dt is

finite. Third, building on these findings, we discuss informally that all vanishing states decay to zero

at an exponential rate. Moreover, we (formally) demonstrate that if the aforementioned suitable

conditions are not satisfied, then this exponential decay may no longer hold.

3.1 Asymptotic stability

The main result of this subsection is Theorem 1, which states the asymptotic stability of the

interaction-driven dispersion model. We prove this under the condition that the underlying transi-

tion graph, as defined in Section 2.2.4, must be a DAG (see Definition 5).

Assumption 1 (DAG assumption). The underlying transition graph of the interaction-driven dis-

persion model is a DAG.

The interpretation of Assumption 1 is that the transition graph must preclude the existence of

cycles. Intuitively, cycles could enable indefinite circulation of flows within the system, potentially

hindering the convergence of the state variables. In fact, a DAG structure implies the existence of

at least one source and one sink (see Definition 3), ensuring a unidirectional flow of agents. This

property is formalized by the evident Lemma 1, with its proof being provided in Appendix A for

completeness.

Lemma 1 (DAG has a sink and a source). A directed graph (V,E) that is a DAG has at least one

sink and at least one source.

A prerequisite for proving the main theorem of this section is to demonstrate that the state

fractions, yi, remain confined within [0, 1]. The boundedness, though seemingly obvious, requires

a non-trivial formal proof. Lemma 2 establishes the property for our class of interaction-driven

dispersion models. The proof is provided in Appendix A.

Lemma 2 (Confinement of state variables). In the interaction-driven dispersion model we have

0 < yi(t) < 1, for i = 1, . . . , N and for any t ≥ 0.

A crucial consequence of the conservation law, which informally entails that no agents are added

to the population from external sources, is that the inflow to any given state must always be less than
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or equal to the total outflow of its predecessors. This property, while intuitively straightforward,

proves to be a critical inequality for deriving our theoretical results. The proof is provided in

Appendix A. We denote by Pi the set of transition predecessors of state i.

Lemma 3 (Inflow-outflow inequality). The inflow to state i is less than or equal to the sum of the

outflows from its transition predecessors:

Ii(t) ≤
∑
k∈Pi

Ok(t).

The following main theorem demonstrates that the system ultimately ceases its dynamic change,

reaching an asymptotically stable state, provided its underlying transition graph is acyclic.

Theorem 1 (Asymptotic stability). Under Assumption 1, the system reaches a steady state: for

each state i ∈ {1, . . . , N}, the state variable yi(t) converges to a constant value y∗i ∈ [0, 1] as t → ∞.

Moreover,

lim
t→∞

yi(t) = y∗i , lim
t→∞

dyi
dt

= 0, and lim
t→∞

Oi(t) = lim
t→∞

Ii(t) = 0

Proof. We prove the theorem by induction on the vertices of the state transition graph, G = (V,E),

which is a DAG by Assumption 1. The vertices are labeled 1, 2, . . . , N according to a topological

sort. This ordering, which is possible by Assumption 1, guarantees that if a transition from state j

to state k is possible (see Definition 6), then their labels must satisfy j < k. The core of the proof

relies on the application of the monotone convergence theorem.

For the proof, we first define a set of non-increasing functions, which uses that the DAG assump-

tion implies that there is a ‘directional flow’ from the source to the sink vertex. To this end, we

define

Zm(t) :=
∑
k∈Vm

yk(t),

with Vm = {1, 2, . . . ,m}, the set of the first m states. Our first objective is to show that each Zm(t)

is non-increasing in t. We do this by assessing its time derivative:

dZm(t)

dt
=
∑
k∈Vm

dyk
dt

=
∑
k∈Vm

(Ik(t)−Ok(t)) .

Let us analyze the inflow and outflow to and from Vm.

◦ In-flow to Vm: An in-flow to a node k ∈ Vm is represented by a term βk
pjypyj in Ik, which

implies an edge p → k, p ̸= k. Since the states are topologically ordered and Vm consists of the

first m states in that order, any transition predecessor p of k must also be in Vm. Therefore,

there is no flow into Vm from outside (i.e., from the complement of Vm, denoted by V c
m).

◦ Out-flow from Vm: The out-flow from Vm to V c
m is the sum of all flows from nodes k ∈ Vm to

nodes p /∈ Vm.
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The derivative of Zm(t) simplifies to the negative of the total out-flow from Vm to V c
m:

dZm(t)

dt
= −

m∑
k=1

∑
p/∈Vm

N∑
j=1

βp
kjyk(t)yj(t)

Since all β coefficients and all yi values are non-negative, the sum on the right-hand side is non-

negative, which yields
dZm(t)

dt
≤ 0

This proves that for each m = 1, . . . , N , the function Zm(t) is non-increasing. Now that we have

proven this property, we proceed by the actual induction proof of our claim.

◦ Base case. We begin by studying state m = 1, which is a source vertex in the transition

graph. From the initial part of the proof we know that the function Z1(t) (which equals y1(t))

is non-increasing, and from Lemma 2 that it is bounded between 0 and 1. Therefore, by

the monotone convergence theorem, the limit of Z1(t), as t → ∞, must exist. The outflow,

O1(t), is by definition a non-negative function. Consequently, dy1

dt = −O1(t) is a non-positive

function; see (1). As O1(t) is composed of bounded state variables yk(t) (as they lie between

0 and 1) and finite parameters, O1(t) is a bounded function. Therefore, by the monotone

convergence theorem, the limit of dy1

dt must exist; see (4). Combining this with the fact that

we have already established that the limit of y1(t) exists, its time derivative dy1

dt must vanish

as t → ∞.

We thus conclude that

lim
t→∞

Z1(t) = Z∗1 , lim
t→∞

y1(t) = y∗1 , lim
t→∞

dy1
dt

= 0, and lim
t→∞

O1(t) = lim
t→∞

I1(t) = 0,

with Z∗1 ∈ [0, 1] and y∗1 ∈ [0, 1].

◦ Induction step. For the induction step, we assume, for any state n ∈ {1, . . . ,m − 1} (where

m− 1 < N), that

lim
t→∞

Zn(t) = Z∗n, lim
t→∞

yn(t) = y∗n, lim
t→∞

dyn
dt

= 0, and lim
t→∞

On(t) = lim
t→∞

In(t) = 0,

(12)

where Z∗n ∈ [0, n] and y∗n ∈ [0, 1]. Our goal is to prove that these same conditions also hold for

state m.

From the first part of the proof, we know that Zm(t) is a non-increasing function. Additionally,

by Lemma 2, Zm(t) is bounded between 0 andm. Thus, by the monotone convergence theorem,

we conclude that a limit Z∗m ∈ [0,m] exists such that limt→∞ Zm(t) = Z∗m.

Observe ym(t) = Zm(t) − Zm−1(t). Because Zm−1(t) and Zm(t) are monotone and bounded,

their limits (say Z∗m−1 and Z∗m, respectively) exist. Hence, their difference has a limit, too.

Thus, limt→∞ ym(t) = y∗m, which lies in [0, 1] by virtue of Lemma 2.
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We are going to prove that limt→∞ Im(t) = 0, which will then be used to prove that Om(t) = 0.

First, recall Lemma 3:

Im(t) ≤
∑

k∈Pm

Ok(t) =

m−1∑
k=1

Ok(t),

where the summation limit k < m reflects that any inflow into state m must originate from a

state ‘earlier’ in the topological sort of the transition graph.

By the induction hypothesis (12), we hav for any k ∈ {1, . . . ,m− 1}, that limt→∞Ok(t) = 0.

Since Im(t) is bounded above by a finite sum of terms that each tend to zero, we conclude that

limt→∞ Im(t) = 0.

We thus have established the following: ym(t) is bounded between 0 and 1, its inflow Im(t) has

limit 0, and its outflow Om(t) is a non-negative function. By Lemma 5, a technical result stated

and proven in Appendix B, these conditions imply that the limit of the outflow, limt→∞Om(t),

must be equal to 0 and that limt→∞
dym

dt = 0.

We have thus proven the desired.

3.2 Interdependence of vanishing and persistent asymptotic states

This section introduces our main theoretical contribution: a graph-theoretic property that charac-

terizes the relationship between vanishing states (i.e., those in which the state variables converge

to zero) and persistent states (i.e., those in which the state variables converge to a strictly positive

value). This property enables a complete classification of the asymptotic outcome of state variables

across a broad class of interaction-driven dispersion models, including well-known examples such as

the SIR and DK models, as well as many of their extensions.

Definition 8. Let yi(t) denote the state variable for state i.

◦ We call state i vanishing if limt→∞ yi(t) = 0 and persistent if limt→∞ yi(t) > 0.

◦ The asymptotic characterization of a state specifies whether it is vanishing or persistent.

The asymptotic characterisation of a model instance is the assignment of these labels to all

states in the interaction-driven dispersion model.

In this subsection, we again impose Assumption 1, stating that the transition graph be a DAG.

With this in mind, we first establish results concerning the integrability of the vanishing fractions

yi, which provide us with essential tools and insights. The proof of this integrability Theorem 2

beautifully illustrates the conditions on the dependency graph for it to hold. This theorem also

offers an interpretation regarding decay rates (Conjecture 1), as a non-integrable fraction inherently

implies a slower decay rate than an integrable one. Building upon the integrability theorem, we then

present the key finding of this paper:

a state is persistent if and only if all of its dependency successors are vanishing.
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This theorem is powerful and practical. It not only provides insight into the rules governing asymp-

totic states but also, for models meeting its conditions, allows for a complete asymptotic characteri-

zation of all states. To facilitate its application, we will provide a constructive method for attaining

this characterization.

3.2.1 Dependency graph assumption

Before proceeding with our results, we introduce and discuss the crucial assumption regarding the

dependency graph.

Assumption 2 (DAG− assumption). Every cycle in the underlying dependency graph contains at

least one state with a persistent dependency successor.

An examination of Assumption 2 reveals that it is satisfied if the dependency graph contains no

cycles, entailing it is met by any DAG. However, it clearly also covers instances that are no DAGs.

Therefore, we refer to Assumption 2 as the DAG− assumption, the minus sign reflecting that we

impose less demanding requirements.

Remark 2. In this remark we provide an interpretation of Assumption 2, focusing on the require-

ment that every cycle must include at least one state with a persistent dependency successor.

To build intuition, we informally assess the effect of cycles in dependency graphs, beginning

with the special case of self-loops, but the reasoning extends to general cycles as well. Recall that

an outgoing edge in the dependency graph indicates that a state’s outflow is proportional to the

fraction of the state it targets. A self-loop, then, implies that a state’s outflow depends on its

own fraction, causing the outflow (and hence the decay of the state) to slow down over time. This

is in contrast to cases where a state has a persistent dependency successor, which ensures that a

state’s fraction decreases proportionally to a ‘minimum rate’. Intuitively, a self-loop leads to sub-

exponential decay, introducing a bottleneck that slows the overall convergence of the system. This

slower decay can propagate through the graph, impeding the system’s ability to rapidly approach a

stable configuration (see Example 3.3.2).

However, the presence of such cycles does not impede overall rapid convergence as long as a faster

decay mechanism is present. This faster decay is assured by the existence of a persistent dependency

successor, which is precisely the condition imposed by the DAG− assumption. ♢

Thus, for interaction-driven dispersion models with an underlying DAG transition graph, the

DAG− assumption draws conservative borderlines that distinguish model behavior into two distinct

realms. On one side are systems that converge exponentially and exhibit the asymptotic rules derived

in this paper. On the other side lie systems that converge more slowly (hypothesized to be inversely

proportional to time, as suggested by Example 3.3.2), where these rules no longer apply.

Remark 3. The DAG− assumption may initially appear circular: it is invoked to derive the asymp-

totic characterization of system states, yet it presupposes prior knowledge of which states are per-

sistent. However, this assumption accommodates a significantly broader class of dependency graphs
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that include cycles. The key lies in Assumption 1 — that the transition graph is a DAG — which,

by Lemma 1, ensures the existence of sink states. Since sink states are necessarily persistent, they

provide a concrete starting point for the analysis and resolve the apparent circularity. ♢

3.2.2 Example: SIR and DK models as instances of DAG−

To illustrate Assumption 2, we demonstrate how to verify whether the dependency graphs of the

SIR and DK models satisfy the DAG− assumption. This analysis continues the example introduced

in Subsection 2.3.

We begin by establishing that the transition graphs of the SIR and DK models, as depicted in

Figure 1a, are clearly DAGs, thereby satisfying Assumption 1.

Now, examining the dependency graph of the SIR model, we find that it contains cycles, which

means the DAG− assumption must be carefully verified. As shown in Figure 2a, we detect two

distinct cycles: C1 : 2 → 2 (highlighted in red) and C2 : 2 → 1 → 2 (highlighted in blue). We know

that the transition sink, state 3, is a persistent state. Furthermore, Figure 2a confirms that state 3

is a dependency successor of state 2. Therefore, both C1 and C2 contain a state (state 2) that has

a persistent dependency successor (state 3), leading us to conclude that the SIR model satisfies the

DAG− assumption. A similar line of reasoning confirms that the DK model also satisfies the DAG−

assumption.

The SIR model’s natural recovery mechanism is inherently compatible with the DAG− assump-

tion. This is because a state that allows for natural recovery in the dependency graph has every

other state as a successor. This implies two key points: 1) its graph inherently contains cycles

involving the state that allows for natural recovery, and 2) the natural recovery state always has the

system’s persistent sink state as a dependency successor. Consequently, cycles involving states with

natural recovery mechanisms naturally fulfill the DAG− assumption.

1

2

3

(a) SIR: Dependency graph with two cycles

1

2

3

(b) DK: Dependency graph with one cycle

Figure 2: Dependency graphs of the SIR and DK models with highlighted cycles in blue, red and

green

3.2.3 Integrability results and interdependence of asymptotic states

We proceed by showing that for interaction-driven dispersion models with DAG transition graphs,

and under the additional DAG− assumption on the dependency graph, the fractions yi are indeed
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integrable. To establish this, we first present a lemma demonstrating the integrability of each state’s

inflow and outflow.

The integrability of inflow and outflow is intuitively expected due to the DAG assumption on

the transition graph. This assumption ensures that the flow of agents, which is a finite and bounded

amount, moves in only one direction. This unidirectional flow implies that both the inflow to any

state and its subsequent outflow must be finite. We formalize this intuition below and provide the

proof in Appendix A.

Lemma 4 (Integrability of inflow and outflow). Under Assumption 1, for any state i ∈ {1, . . . , N},
the integrals

∫∞
0

Ii(t) dt and
∫∞
0

Oi(t) dt are finite.

Now that we have established some model’s properties, we are ready to present the integrability

theorem. Its proof is particularly insightful, demonstrating how the DAG− assumption fits neatly

into the conditions for integrability.

Theorem 2 (Integrability of vanishing states). Under Assumptions 1 and 2, for any state i ∈
{1, . . . , N}, if yi vanishes over time (i.e., limt→∞ yi(t) = 0), then its time integral is finite (i.e.,∫∞
0

yi(t) dt < ∞).

Proof. We will prove this by contradiction. To this end, we assume the set of vanishing but non-

integrable states A is not empty; here, A is defined as

A :=

{
k | lim

t→∞
yk(t) = 0 ∧

∫ ∞
0

yk(t) dt = ∞
}
.

Our first goal is to prove the following claim:

Any successor k of state j ∈ A must be in A itself.

If this claim holds, then the existence of any j1 ∈ A necessitates an infinite dependency path

j1 → j2 → . . ., where all ji ∈ A. However, by the DAG− assumption on the dependency graph,

any cycle in the dependency graph contains a state j with a persistent successor k. This means

such cycles inherently do not satisfy the aforementioned property of set A, forbidding A from being

non-empty. This directly implies that any vanishing state k must be integrable.

Let us now proceed to prove that if A is nonempty, then every state i ∈ A must have a successor

k ∈ A in the dependency graph. To that end, let i be an arbitrary state in A.

◦ Step 1: There must be a successor k of i that is non-integrable. We focus on the logarithmic

derivative of yi(t):

d

dt
ln yi(t) =

Ii(t)

yi(t)
− Oi(t)

yi(t)
=

Ii(t)

yi(t)
−

yi(t)
∑N

j βi
ijyj(t)

yi(t)
=

Ii(t)

yi(t)
− Si(t),

where

Si(t) :=

N∑
j=1

βi
ijyj(t) (13)
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represents the total outflow rate per unit of yi(t). Integrating both sides from 0 to T yields

ln yi(T )− ln yi(0) =

∫ T

0

Ii(t)

yi(t)
dt−

∫ T

0

Si(t) dt. (14)

As T → ∞, since i ∈ A, we know limT→∞ yi(T ) = 0, which implies limT→∞ ln yi(T ) → −∞.

Therefore, the left-hand side of (14) tends to −∞. Given that Ii(t)/yi(t) ≥ 0 for all t, for the

left-hand side to diverge to −∞, we necessarily have that∫ ∞
0

Si(t) dt = ∞.

Recalling the definition (13), we find that βi
ij ≥ 0 implies that, for

∫∞
0

Si(t) dt to diverge, there

must exist at least one successor state k of i in the dependency graph (i.e., βi
ik > 0) such that

its integral
∫∞
0

yk(t) dt is infinite. Let k be the state with a non-integrable state variable yk.

◦ Step 2: The successor k must also be in A. Assume, in order to produce a contradiction, that

state k is persistent. This means limt→∞ yk(t) = y∗k for some y∗k > 0, which implies k /∈ A.

Because yk(t) approaches a positive constant y∗k, there must exist a constant C > 0 and a time

T0 > 0 such that for all t > T0, yk(t) > C.

Bearing in mind (13), since we know βi
ik > 0 (because k is a successor of i), we conclude that

Si(t) ≥ βi
ikyk(t). Therefore, for t > T0, we have

Si(t) > βi
ikC.

Now, considering the outgoing integral for state i:

Oi(t) = yi(t)Si(t) > (βi
ikC) yi(t) for t > T0.

Integrating both sides over the interval [0,∞) (or from T0 to ∞ and adjusting for the initial

segment), we thus obtain

(βi
ikC)

∫ ∞
0

yi(t) dt <

∫ ∞
0

Oi(t) dt.

As we have assumed that the transition graph is a DAG, we can apply Lemma 4, which states

that the integral
∫∞
0

Oi(t) dt is finite. Consequently, the left-hand side of the inequality must

also be finite, which implies
∫∞
0

yi(t) dt < ∞. This directly contradicts our initial assumption

that i ∈ A (since i ∈ A implies
∫∞
0

yi(t) dt = ∞). Therefore, our assumption that k is

persistent must be false. Since we already established
∫∞
0

yk(t) dt = ∞ in Step 1, we conclude

that k ∈ A.

Since the reasoning above applies to any state in A, we have shown that if A is non-empty,

one can indeed construct an infinite dependency path j1 → j2 → . . . where all ji ∈ A, as

established at the beginning of the proof. This leads to the logical contradiction previously

detailed, as such a path is impossible in a finite graph that is DAG−. Thus, A must be empty,

proving that any vanishing state must be integrable.

18



This completes the proof.

With the integrability theorem now established — a result that informally ascertains a rapid

speed of convergence for the system — we are ready to present the main theorem of this paper. This

theorem rigorously defines a strict interdependent structure governing the asymptotic characteriza-

tion of the system’s state variables (i.e., whether they vanish or persist).

Theorem 3. Under Assumptions 1 and 2, a state i is persistent (i.e., limt→∞ yi(t) > 0) if and only

if all of its successors j in the dependency graph are vanishing (i.e., for all j such that βi
ij > 0, we

have limt→∞ yj(t) = 0).

Proof. We separately prove the two implications.

◦ Proof of the forward implication. We prove that if state i is persistent, all of its dependency

successors must be vanishing. We do this by contradiction. Assume state i is persistent, but

that it has at least one dependency successor, j, that is also persistent. This gives us two

conditions:

1. limt→∞ yi(t) = y∗i > 0.

2. There exists a state j where βi
ij > 0 and limt→∞ yj(t) = y∗j > 0.

Now, consider the outflow of state i, Oi(t) = yi(t)
∑N

k=1 β
i
ikyk(t). We evaluate

lim
t→∞

Oi(t) =
(
lim
t→∞

yi(t)
)
·

(
lim
t→∞

N∑
k=1

βi
ikyk(t)

)
= y∗i ·

(
N∑

k=1

βi
iky
∗
k

)
.

Given that βi
ij > 0 and y∗j > 0 (from condition 2), it directly follows that

∑N
k=1 β

i
iky
∗
k > 0.

Also we have y∗i > 0 (from condition 1), which leads us to the conclusion limt→∞Oi(t) > 0.

However, this conclusion directly contradicts Theorem 1, which states that if the transition

graph is DAG, then limt→∞Oi(t) = 0. Hence, our initial assumption that state i has a

persistent dependency successor must be false. This means that the state variables of all

dependency successors of i must indeed be vanishing.

◦ Proof of the backward implication. We continue by proving that if all of state i’s dependency

successors are vanishing, then state i must be persistent, again by contradiction. Assume that

all of i’s dependency successors vanish, and also assume that i itself vanishes. This gives us

two conditions:

1. limt→∞ yi(t) = 0.

2. For all j such that βi
ij > 0, we have limt→∞ yj(t) = 0.

We can analyze the logarithmic derivative of yi(t) again, arriving at the same expression as

found in (14). Since limt→∞ yi(t) = 0 (from condition 1), the left-hand side of (14) diverges

19



to −∞. Regarding the right-hand side of (14) this entails that
∫∞
0

Si(t) dt = ∞. Hence,

∫ ∞
0

Si(t) dt =

∫ ∞
0

N∑
k=1

βi
ikyk(t) dt =

N∑
k=1

βi
ik

∫ ∞
0

yk(t) dt = ∞. (15)

By our assumption (condition 2), for all k such that βi
ik > 0, we know that limt→∞ yk(t) = 0.

Furthermore, by the integrability theorem (Theorem 2), we have that
∫∞
0

yk(t) dt < ∞ for

all such k. Therefore,
∑N

k=1 β
i
ik

∫∞
0

yk(t) dt must be finite, as it is a finite sum of finite non-

negative terms. This directly contradicts (15). We must, therefore, reject our assumption that

i vanishes. We conclude that i must be a persistent state.

This completes the proof.

Theorem 3 provides a strict rule for the interdependence of asymptotic states. As an illustration,

consider the subclass of interaction-driven dispersion models where the transition graph and depen-

dency graph are identical, are DAGs and possess symmetry. For such models, Theorem 3 reveals

that vanishing and persistent states must exhibit an alternating pattern, as exemplified in Figure 3a.

1

2 3

4 65

7 8

9

(a) Symmetric dependency graph

1

2 3

4 65

7 8

9

(b) Asymmetric dependency graph: no 7 → 9 edge

Figure 3: Example of a symmetric and asymmetric dependency graph (with transition graph identical

to their dependency graph) and its asymptotic characterization. The asymmetric graph in (b) is

construed by removing the 7 → 9 edge. Blue: persistent states. Red: vanishing states.

In addition, Theorem 3 underscores the significant impact that adding or removing an edge in

the dependency graph can have on the system’s asymptotic characterization. To illustrate this, we

modify the system shown in Figure 3a by removing the edge from node 7 to node 9. The resulting

structure, displayed in Figure 3b, reveals a complete rearrangement of the vanishing and persistent

states.

3.2.4 Complete asymptotic characterization

An important implication of Theorem 3 is the following: for any interaction-driven dispersion model

that satisfies Assumptions 1 and 2, if, for each cycle, a persistent successor of at least one state in that

cycle can be identified, then the asymptotic characterization of every state can be determined. To
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realize this characterization, we show that once the persistent successors in the DAG− dependency

graph are identified, one can construct an interaction-driven dispersion model whose dependency

graph is a DAG (rather than a DAG−) and whose asymptotic characterization matches that of the

original model. With this reduction in hand, we then present an iterative procedure that provides

a complete asymptotic characterization of all states when the dependency graph is a DAG.

To this end, we state Proposition 1, which asserts the existence of an equivalent model with the

same asymptotic characterization. In this equivalent model, the dependency graph is a DAG rather

than the original DAG−; the proof of Proposition 1 gives a constructive procedure for building it.

Proposition 1. Under Assumption 1 and 2, if, for each cycle, a persistent successor of at least one

state in that cycle in the dependency graph is identifiable, then there exists an interaction-driven

dispersion model with

1. an identical transition graph,

2. and a modified dependency graph that is DAG (instead of DAG−),

whose asymptotic characterization is identical to the original model.

Proof. Our objective is to demonstrate that, under the given conditions, the asymptotic charac-

terization of every state can remain unchanged while the dependency graph is transformed from a

DAG− graph to a DAG graph.

◦ Edge removal process. Let G = (V,E) denote the original dependency graph. We provide an

iterative method to construct a modified dependency graph G′ = (V,E′). Choose a cycle C

in G, we identify a state sC ∈ C with a persistent dependency successor s′C , which is possible

by the explicit assumption that every state sC is identifiable. The specific modification of the

edge set E depends on the relationship between s′C and the cycle C:

– Case 1: s′C ∈ C. In this case, we remove all outgoing dependency edges from state s′C .

That is, for every state X such that (s′C , X) ∈ E, we remove (s′C , X) from E.

– Case 2: s′C /∈ C. In this case, we remove all outgoing dependency edges from state

sC , except for the edge (sC , s
′
C). That is, for every state X such that (sC , X) ∈ E and

X ̸= s′C , we remove (sC , X) from E.

By repeating the above process for each cycle we arrive at a modified edge set E′.

◦ Justification of edge removal process. Let us now justify the impact of the edge removals in

each case:

– Justification for Case 1 (s′C ∈ C): Since s′C is persistent, by Theorem 3, all of its depen-

dency successors X (if any) must be asymptotically vanishing. Removing all outgoing

dependency edges from s′C does not alter s′C ’s persistent status; in fact, it makes s′C into

a sink within the modified graph. Furthermore, the asymptotic characterization of any

state X that was a successor of s′C remains unaffected because, again by Theorem 3, its

asymptotic characterization is solely dependent on its own successors.
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– Justification for Case 2 (s′C /∈ C): State sC has s′C as a persistent dependency succes-

sor. By Theorem 3, state sC must be asymptotically vanishing as long as it retains its

dependency on s′C . Hence, removing all other outgoing dependency edges from state sC

(i.e., to successors other than s′C) would not alter the asymptotic characterization of sC .

Furthermore, the asymptotic characterization of any state X that was one of these re-

moved successors of sC remains unaffected because, again by Theorem 3, its asymptotic

characterization is solely dependent on its own successors.

By the above justification, the proposed edge removal process thus preserves the asymptotic

characterization of all states. Note that the conditions for Theorem 3 are still valid after

each edge removal, which thus allow for this process to continue for each cycle. Crucially, by

removing these edges, every cycle in the dependency graph is ‘broken’, which provides us with

a modified dependency graph (V,E′) that is DAG.

This completes the proof.

Now we have modified a DAG− dependency graph into a DAG graph, asymptotically charac-

terizing each state becomes simple. The key insight is that, according to Lemma 1, every DAG

contains a sink. This persistent sink then becomes our starting point for an iterative process of

applying Theorem 3 leading to the complete asymptotic characterization of states. We formalize

this in the following corollary, of which the proof is provided in Appendix A.

Corollary 1. Under Assumptions 1 and 2, if the persistent successor within each cycle of the de-

pendency graph is identifiable, then the asymptotic characterization of every state can be determined.

Furthermore, this asymptotic characterization is independent of both the initial state values

(which are in (0, 1)) and the specific numerical values of the β coefficients, depending only on whether

each β-coefficient is zero or non-zero.

3.2.5 Example: asymptotic characterization of SIR and DK models

In Section 3.2.2, we determined that while both the SIR and DK models exhibit a DAG transition

graph, their dependency graphs are DAG− (not DAGs). The cycles within these dependency graphs

are illustrated in Figures 2a and 2b. We now present a three-step process to ascertain the asymptotic

characterization of both models.

◦ Step 1 : Verify that Assumptions 1 and 2 are met.

◦ Step 2 : If the dependency graph contains any cycles, apply the ‘edge removal process’ as

detailed in the proof of Proposition 1.

◦ Step 3 : On the (modified) DAG dependency graph, begin at the sink state(s) and iteratively

determine the asymptotic characterization of its predecessors using Theorem 3.
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For both the SIR and DK models, Step 1 has already been covered by Section 3.2.2. Regarding

Step 2, we revisit Figure 2a. We observe that the persistent state 3 has predecessor state 2, which

is part of the ‘blue cycle’ C. In the notation of the edge removal process, this means sC = 2 and

s′C = 3. Since s′C /∈ C, we are in Case 2 of the edge removal process. Consequently, all outgoing

dependency edges from state sC = 2 are removed, with the exception of the edge to s′C = 3. This

action specifically removes edge (2, 1), thereby breaking the blue cycle. A similar reasoning applies

to the ‘red cycle’, leading to the removal of its self-loop. For the DK model, the ‘green cycle’ shown

in Figure 2b is handled analogously. The resulting modified dependency graph for both models is

thus identical to their respective transition graphs, as depicted in Figure 1a. Finally, in Step 3, we

determine that sink state 3 is a persistent state. Applying Theorem 3, we conclude that state 2 is

vanishing. Subsequent application of the same theorem then leads to the conclusion that state 1 is

persistent.

While the asymptotic characterization of the SIR and DK models is a well-established result

that may not require the full depth of the theory developed here, this framework proves valuable for

analyzing more complex structures, as demonstrated in the next example.

3.2.6 Example: asymptotic characterization of a more complex model

In this section, we apply the three-step procedure outlined in Section 3.2.5 to a more intricate model.

The model is adapted from the insightful study by Chen and Wang [43], which investigates the effects

of rumor credibility, correlation, and crowd classification on the dynamics of rumor spreading. For

illustrative purposes, we focus solely on the transition and dependency graphs, omitting the original

objectives and substantive findings of the paper.

Consider the model as discussed in [43]2. Its transition and dependency graphs are shown in

Figure 4.

1 2

3 4

5

(a) Transition graph

1 2

3 4

5

(b) Dependency graph

Figure 4: Transition and dependency graph of the model in [43], with highlighted cycles in blue and

red.

We follow the three-step procedure from Section 3.2.2. For Step 1, the transition graph in

2For clarity and brevity of exposition, we have chosen to omit the natural recovery mechanism. States 1–5

correspond to Steady Ignorant, Radical Ignorant, Exposed, Spreader, and Stifler, respectively, with labels as defined

in [43].
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Figure 4a is acyclic, so Assumption 1 holds. For Step 2, the dependency graph in Figure 4b contains

two cycles (highlighted in red and blue)—the mutual cycle 3 ↔ 4 and the self-loop 4 → 4. Both

states 3 and 4 have the sink 5 as a persistent dependency successor, hence Assumption 2 is satisfied.

Note that 5 serves as s′C in the ‘edge removal process’ from the proof of Proposition 1. Because

s′C = 5 does not lie on either cycle (which involve only 3 and 4), we are in Case 2 of that process;

accordingly, we remove the edges 3 → 4, 4 → 3, and 4 → 4, yielding a DAG dependency graph

as shown in Figure 5a. Finally, in Step 3 we determine the asymptotic characterization of each

state by applying Theorem 3 iteratively, starting from the sink state 5, leading to the asymptotic

characterization in Figure 5b. Our conclusions align with the numerical simulations reported in [43],

and show that the (Ignorant) states 1 and 2 cannot, by design, be fully converted into (Spreader)

states 3 or 4. Furthermore, Theorem 1 implies that their proposed model is asymptotically stable

— a property not addressed in [43].

1 2

3 4

5

(a) Modified DAG dependency graph

1 2

3 4

5

(b) Asympototic characterization

Figure 5: Modified dependency graph and asymptotic characterization of the model in Chen &

Wang [43]. The dashed edges are removed in order to arrive at the modified dependency graph. The

complete characterization then follows from Corollary 1 by applying Theorem 3 iteratively starting

with the sink state 5. Blue: asymptotically persistent states. Red: asymptotically vanishing states.

3.3 Vanishing states: exponential versus non-exponential decay

In this sub section, we examine the decay rates of vanishing states. Our central conjecture is

that, under Assumptions 1 and 2, every vanishing state i decays exponentially; that is, there exist

constants C > 0 and r > 0 such that yi(t) ≤ Ce−rt. These assumptions, we believe, impose sufficient

structure to rule out slower decay modes. However, at present we are unable to prove this conjecture,

nor have we succeeded in constructing a counterexample. To highlight the role of Assumption 2, we

present two examples demonstrating that if this assumption is dropped — while Assumption 1 is

retained — vanishing states may indeed decay at a subexponential rate.

We begin by emphasizing what the integrability result in Theorem 2 does guarantee. Specifically,

it ensures that vanishing states under Assumptions 1 and 2 cannot decay at the rate 1/t. The reason

is straightforward: a decay of order 1/t is not integrable, and thus would contradict Theorem 2. What

the theorem does allow, however, is any decay that is slower than exponential yet still integrable —

for instance, a rate of order 1/t2. In this sense, Theorem 2 provides a clear lower bound: the decay

of vanishing states must be faster than 1/t.
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We now turn to an informal discussion of the heuristic motivation behind our conjecture. By

construction of the model, each component of the inflow or outflow can be at most quadratic in

the state variables; in particular, higher-order terms (such as cubic or beyond) cannot arise. This

quadratic structure is therefore the only plausible source of non-exponential decay, and it naturally

suggests a decay rate on the order of 1/t. In Examples 3.3.1 and 3.3.2, we show that such 1/t-type

decay does indeed occur once the assumptions are relaxed. On the other hand, the integrability

theorem rules out this behavior under Assumptions 1 and 2. It is precisely this tension that motivates

the conjecture stated below.

Conjecture 1. Under Assumption 1 and 2, every vanishing state decays exponentially to 0.

To demonstrate the necessity of Assumption 2 and the occurrence of non-exponential decay, we

present two illustrative examples: one where the slower decay arises from a self-cycle, and another

where it results from a 3-cycle.

3.3.1 Example: inversely proportional time decay as result of self-cycle

Consider two states with y1(0) + y2(0) = 1 and yi(0) > 0 for i = 1, 2. Let the only nonzero rates be

β1
11 = β2

11 = α > 0. Then the system is

dy1
dt

= −αy21 ,
dy2
dt

= αy21 .

The dependency graph has a self-cycle at 1, and the transition graph has the single edge 1 → 2 as

depicted in Figure 6.

1

2

(a) Transition graph: single edge 1 → 2

1

2

(b) Dependency graph: self-cycle at 1, none at 2

Figure 6: Two-state example of inversely proportional time decay.

Solving gives

y1(t) =
y1(0)

1 + αy1(0) t
, y2(t) = 1− y1(t).

Thus the vanishing state decays as

y1(t) ∼
1

αt
, t → ∞,

i.e., inversely proportional to time — rather than exponentially. This confirms that, under As-

sumption 1 but in the absence of Assumption 2, the presence of a self-cycle can indeed lead to

subexponential decay.
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3.3.2 Example: inversely proportional time decay as result a 3-cycle

Consider a four-state model with
∑4

i=1 yi(0) = 1 and yi(0) > 0 for i = 1, . . . , 4. Let the only nonzero

rates be β1
11 = β4

11 = α1, β
2
22 = β4

22 = α2 and β3
33 = β4

33 = α3. The system is then governed by the

following set of differential equations:

dy1
dt

= −α1y1y2,
dy2
dt

= −α2y2y3,
dy3
dt

= −α3y3y1,
dy4
dt

= α1y1y2 + α2y2y3 + α3y3y1. (16)

States 1, 2 and 3 form a 3-cycle in the dependency graph as shown in Figure 7 where both the

transition and dependency graphs have been depicted for this system.

1 2 3

4

(a) Transition graph

1 2 3

4

(b) Dependency graph

Figure 7: Four-state example of inversely proportional time decay.

Informally, for this system, states 1, 2 and 3 are vanishing and state 4 is persistent. The decay rate

of at least one of the vanishing states is not faster than inversely proportional to time. Appendix C

provides formal proofs of the above two statements. These results underscore a key insight: under

Assumption 1, but without relying on Assumption 2, it is not merely self-cycles, but general cyclic

structures that can fundamentally induce subexponential decay.

4 Examples

In this section, we present examples from epidemiology and rumor propagation, using the theory de-

veloped in previous sections to gain insight into the dynamics and limiting behavior of the underlying

models.

4.1 Heterogeneous rumor model

In contrast to epidemiology, where heterogeneous models have been studied more systematically [27,

28], heterogeneous rumor models have received comparatively less attention. Notable contributions

include [31, 32, 33]. In this subsection, we analyze a heterogeneous rumor model inspired by its

epidemic analogue [44, 45], focusing on (i) model interpretation, (ii) the asymptotic behavior of

states, and (iii) the sensitivity of vanishing-state decay rates to small perturbations in the graph

structure.

We consider a population partitioned into two groups: talk-a-bit (states 1, 2 and 3) and talk-a-lot

(states 4, 5 and 6). As the labels suggest, members of the talk-a-lot group have a much higher per-
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contact probability of discussing (and thereby propagating) the rumor than those in the talk-a-bit

group.

For brevity, we present only the transition and dependency graphs in this section; the full matrix

formulation is provided in Appendix D. As indicated by the transition graph in Figure 8a, states 1

and 4 represent Ignorants, 2 and 5 are Spreaders, and 3 and 6 are Stiflers.

1

2

3

4

5

6

(a) Transition graph

1

2

3

4

5

6

(b) Original dependency graph

1

2

3

4

5

6

(c) Alternative dependency graph

Figure 8: Transition and dependency graph of the heterogeneous rumor model, including the alter-

native dependency graph where the removed edges are marked in dashed red.

The dependency graph in Figure 8b is obtained by taking two copies of the DK dependency graph

(Figure 1c) — one for each subgroup — and then augmenting them with intergroup dependency

edges.

Let us now go through the three-step process in Section 3.2.5. First, we confirm that the transition

graph in Figure 8a is a DAG, hence satisfying Assumption 1. The cycles in the dependency graph of

Figure 8b all have persistent dependency successors state 3 and 6, hence Assumption 2 is satisfied as

well. By following the edge removal process — illustrated in Section 3.2.6 — and iteratively applying

Theorem 3, we arrive at the asymptotic characterization of the state variables in Figure 9a.

1

2

3

4

5

6

(a) Original dependency graph

1

2

3

4

5

6

(b) Alternative dependency graph

Figure 9: Dependency graph and asymptotic characterization of states in the original and alternative

heterogeneous rumor model. Blue: asymptotic persistent. Red: asymptotic vanishing.

Motivated by evidence that peer discussion reduces rumor belief [46], and that attitude change is

more likely under strong argumentation [47], we adopt the following stylized mechanism: individuals

in the talk-a-lot group become Stiflers primarily after an intense, two-sided exchange with another

active Spreader. Within the model, we encode this by making Spreader–Spreader interaction the sole
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pathway to stifling in that subgroup. This assumptions alters the dependency graph, as shown in

Figure 8c. Removing the dependency edges 5 → 3 and 5 → 6 violates Assumption 2, because the self-

loop at state 5 does no longer has a persistent dependency successor. A numerical simulation using

standard methods then indicates an alternative asymptotic characterization as shown in Figure 9b.

0 20 40 60 80 100
Time

0.0

0.1

0.2

0.3

0.4

0.5

Fr
ac

tio
n

y1
y2
y3
y4
y5
y6

(a) Orignal

0 20 40 60 80 100
Time

0.0

0.1

0.2

0.3

0.4

0.5

Fr
ac

tio
n

y1
y2
y3
y4
y5
y6

(b) Alternative

Figure 10: Time development of the fractions yi, i = 1, . . . , 6 in the heterogeneous rumor model

and the alternative version of it. Starting conditions are y1(0) = 0.48, y2(0) = 0.01, y3(0) = 0.01,

y4(0) = 0.48, y5(0) = 0.01, and y6(0) = 0.01. The numerical simulation utilized 10000 steps with a

time step of ∆t = 0.01.

A comparison of the time evolution of the state variables in the original heterogeneous rumor

model (Figure 10a) and the alternative version (Figure 10b) lends support to our conjecture —

formulated in Conjecture 1 — that subexponential decay may occur when Assumption 2 is not

satisfied.

4.2 SIR-DK model

Our interaction-driven dispersion framework enables multiple models to be coupled. In this subsec-

tion we combine the SIR model with the Daley–Kendall model with two aims: (i) to demonstrate

how two canonical models can be integrated; and (ii) to (numerically) explore various surprising

phenomena arising out of information dissemination during an epidemic. Related work includes

[19].

Consider a nine-state model in which each state encodes both an SIR compartment and a DK

status; the labeling is given in Figure 11 (see Appendix D for the complete model specification).

Ignorant Spreader Stifler

Susceptible 1 2 3

Infectious 4 5 6

Recovered 7 8 9

Figure 11: Interpretation of states in SIR-DK model. Rows: SIR compartments. Columns: DK

roles).

28



The transition graph in Figure 12a allows moves along the epidemiological (SIR) axis, the rumor

(DK) axis, or both simultaneously — for example, 1→4 (infection only), 1→2 (information only),

and 1→5 (both).

1 2 3

4 5 6

7 8 9

(a) Transition graph

1 2 3

4 5 6

7 8 9

(b) Dependency graph of DK-side

1 2 3

4 5 6

7 8 9All

(c) Dependency graph of SIR-side

Figure 12: Transition and dependency graph of the SIR-DK model. The dependency graph is

separated in dependency edges that describe the rumor process (Figure 12b) and the epidemiological

process (Figure 12c). The set of edges of the dependency graph is the union of all the edges in Figures

12b and 12c. In the dependency graphs, each edge-color denote dependence on a different parameter

in the model. The model thus contains 6 parameters in total.

.

For our illustration, we keep the DK component in its classical two-parameter fluid-limit form.

We introduce q, r ∈ [0, 1]: q is the per-contact rate that an ignorant individual becomes a spreader

after meeting a spreader, and r is the per-contact rate that a spreader becomes a stifler after meeting

either a spreader or a stifler. The corresponding dependency graph is shown in Figure 12b, where

blue denotes q-dependent edges and red denotes r-dependent edges.

Our goal in this short example is to highlight surprising effects induced by the rumor process.

To this end on the SIR-side, we let the per-contact infection rate for a susceptible depend on

the individual’s DK role: we introduce parameters pi ∈ [0, 1] for i = 1, 2, 3, corresponding to

the Ignorant, Spreader, and Stifler roles, respectively (see Figure 12c for the SIR-side dependency

graph). Recovery follows the classical SIR specification, with per-contact recovery rate α ∈ [0, 1]. For

simultaneous transition, we adopt the following rule given a contact, where x denotes the transition

rate in the DK-process and y the transition rate in the epidemiological process: the transition occurs

in both processes at rate xy; only in the SIR process at rate (1 − x)y; only in the DK process at

rate x(1− y); and no transition occurs in either process at rate (1− x)(1− y).

For brevity, we display only the modified dependency graph (a DAG after edge removal; see

Proposition 1) together with the resulting asymptotic state classification in Figure 13. The inter-

mediate steps follow the template of the preceding sections, and we therefore omit them; the reader

may verify Assumptions 1 and 2 directly from the graphs.
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1 2 3

4 5 6

7 8 9

Figure 13: Modified dependency graph of SIR-DK model and the asymptotic characterization.

.

We now numerically investigate surprising behavior that arises when a rumor process is coupled

with SIR dynamics. In our first analysis, we assume that individuals in the spreader role have a

lower per-contact infection rate — due, for example, to increased protective measures — compared

to those in the ignorant or stifler roles. This creates dynamics where information dissemination

temporarily suppresses disease spread [48, 49]. Under this assumption, the epidemic may exhibit

multi-peak behavior: a secondary wave can emerge, with the notable feature that subsequent peaks

may exceed the magnitude of the initial outbreak. This phenomenon aligns with previous findings

in coupled behavior–disease models [50, 51, 52] as well as empirical analyses of multi-wave epidemics

[53]. See Figure 14.
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Figure 14: Time development of Infectious states (i.e., y4 + y5 + y6); numerical solution obtained

by applying standard numerical integration. Starting conditions are y1(0) = 0.92 and y2(0) = . . . =

y9(0) = 0.01. Chosen parameters are r = 0.05, p1 = 0.5, p2 = 0.005, p3 = 0.5, α = 0.2. For

the scenario ‘No information dissemination’ we used q = 0 and for the scenario ‘With information

dissemination’ we used q = 1.

For our second analysis we studied the effect of the information spreading rate q on the total

infected fraction. Surprisingly at first glance, our analysis reveals that the fraction of the total in-

fected population may not vary monotonically with the information spreading rate, as demonstrated

in Figure 15a. This phenomenon reflects the cost associated with experiencing two distinct outbreak
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waves: for low information spreading rate — circa q less than 0.15 — the system only shows one

wave. Each outbreak with ‘epidemic momentum’ leads to overshoot beyond the herd immunity

threshold even after it has been reached [54]. This finding challenges the conventional thinking that

maximizing information transparency and dissemination is always optimal for outbreak control [55].
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(a) Impact of rumor spreading rate

0.0 0.2 0.4 0.6 0.8 1.0
p1

0.65

0.70

0.75

0.80

0.85

fra
ct

io
n

total infected

(b) Impact of ignorant infection rate

Figure 15: Development of total infected fraction (sum of the approximated asymptotic values of

y7, y8, y9) as function of q and p1, the information spreading rate. For each q a numerical solution

was found with the Euler method (15,000 iteration steps of timesteps of 0.02). Starting conditions

are y1(0) = 0.92 and y2(0) = . . . = y9(0) = 0.01. Chosen parameters are r = 0.025, p2 = 0.0025,

p3 = 0.25, α = 0.1. In Figure 15a we used p1 = 0.25 and in Figure 15b we used q = 0.5.

In a similar vein, we examined how the ignorant infection rate p1 affects the total infection

fraction. Contrary to intuition, the relationship is non-monotone: varying p1 can either increase or

decrease the total epidemic size, see Figure 15b. These numerical results underscore that coupling

two canonical models — under Assumptions 1 and 2 — can generate substantially richer behavior

than either model alone. Our framework — via the graph representations — provides practical tools

to analyze them and extract qualitative insights.

5 Discussion and concluding remarks

In this paper we have introduced a fluid-limit, interaction-driven framework that unifies the SIR and

Daley-kendall models, along with many of their extensions, thereby contributing to the literature

on epidemic and rumor modeling. Furthermore, for this broad class, we have established theoretical

results: under DAG and DAG− conditions on the transition and dependency graphs, respectively, we

derived a classification of asymptotic behavior and formulated a conjecture on exponential decay for

vanishing states. Notably, when these structural conditions are violated, the classification can break

down, and decay may become non-exponential (e.g., algebraic). On the technical side, we proved

asymptotic stability under a DAG transition graph, and L1-integrability of vanishing states under

an additional DAG− condition on the dependency graph. Taken together, these results provide a

rigorous foundation for analyzing epidemic and rumor contagion — both as stand-alone processes and

in coupled settings — and move beyond model-specific analyses toward general structural insight.
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We conclude this paper by an informal discussion of our assumptions and findings, and then

outline directions for future work.

We begin by discussing two standard assumptions in this class of models: homogeneous (uniform)

mixing and deterministic (fluid-limit) dynamics. Under homogeneous mixing, every individual is

equally likely to contact any other, a simplification of real contact processes. Although a broad class

of contact patterns such as homophily [56] can be approximated via inflow/outflow parameters and

further structure introduced by adding compartments/states, this assumption still excludes richer

structures — such as community structure, and temporal contact patterns — that can qualitatively

change dynamics and produce nonstandard phenomena [31]. Our approach is also deterministic: we

work in a large-population (fluid-limit) regime in which stochastic fluctuations are negligible. When

a compartment becomes small, however, there remains a nonzero probability of stochastic extinction

— initial spreaders may recover before transmitting to anyone who sustains the process — even when

parameters would permit an outbreak. This intrinsically probabilistic phenomenon is not captured

by our deterministic formulation. Although these assumptions are standard in theoretical work, we

emphasize them here and note that relaxing them, toward finite-population stochastic models or

explicit network/temporal contact structure, could enhance realism and test the robustness of our

results.

An important modeling choice concerns the initial conditions. We assume that each state variable

starts within the open interval (0, 1), i.e., 0 < yi(0) < 1 for all i, reflecting the idea that the pathogen

or rumor considered has already reached a sufficiently broad set of agent types. This assumption

avoids technical boundary issues and ensures that the system remains in the interior of the state

space, simplifying the analysis. That said, it would be useful in future work to examine whether the

main conclusions continue to hold when this assumption is relaxed — for instance, by allowing some

state variables to start at 0 or 1, thereby modeling introduction or extinction events more directly.

A central open question is captured by Conjecture 1, which asserts that, under Assumptions 1

and 2 (i.e., DAG and DAG− conditions on the transition and dependency graphs), all vanishing

states decay exponentially. The available theoretical evidence and numerical illustrations strongly

support this behavior. Yet, every proof attempt we have pursued encounters the same obstacle

in a particular edge case — suggesting that a deeper structural insight is still needed to complete

the argument. We highlight this as a promising open problem, and would welcome any rigorous

resolution.

Finally, we emphasize the scope and generality of the proposed interaction-driven framework, as

well as the structural results it yields. Our framework subsumes a broad family of spreading models

— including classical examples such as the SIR and Daley-Kendall (DK) models and many of their

extensions — and allows for general transition and dependency graphs. In particular, when these

graphs coincide and are DAGs, the resulting dynamics give rise to a clear alternating asymptotic

pattern of vanishing and persistent states, as illustrated in the symmetric example of Figure 3.

Importantly, although we assume constant coefficients β in the presentation, the theoretical results

rely only on the support of β — that is, whether an entry is identically zero or strictly positive

— not on the precise magnitudes. As a result, the conclusions remain valid for time-dependent
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coefficients β(t), provided the zero/nonzero structure remains fixed over time. This significantly

broadens the applicability of our results, allowing for models with time-varying spreading or infection

rates (e.g., [20]). In sum, our analysis offers structural insights that go beyond model-specific case

studies, highlighting how graph-theoretic properties shape long-term behavior across a wide class of

spreading processes.
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[7] H. Föllmer, “Random economies with many interacting agents,” Journal of Mathematical Economics,

vol. 1, pp. 51–62, 1974.

[8] R. Bhavnani, M. Findley, and J. Kuklinski, “Rumor dynamics in ethnic violence,” Journal of Politics,

vol. 71, p. 876–892, 2009.

[9] D. L. Heymann, ed., Control of Communicable Diseases Manual. Washington, DC: American Public

Health Association (APHA), 20 ed., 2015.

[10] J. E. Bennett, R. Dolin, and M. J. Blaser, eds., Mandell, Douglas, and Bennett’s Principles and Practice

of Infectious Diseases. Philadelphia: Elsevier, 9 ed., 2020.

[11] M. Gandhi, D. S. Yokoe, and D. V. Havlir, “Asymptomatic transmission, the achilles’ heel of current

strategies to control Covid-19,” New England Journal of Medicine, vol. 382, no. 22, pp. 2158–2160,

2020.

[12] D. P. Oran and E. J. Topol, “Prevalence of asymptomatic SARS-CoV-2 infection: A narrative review,”

Annals of Internal Medicine, vol. 173, no. 5, pp. 362–367, 2020.

[13] World Health Organization, “COVID-19 strategic preparedness and response plan: 1 February 2021 to

31 January 2022,” 2021.

[14] A. Nalbandian, K. Sehgal, A. Gupta, M. V. Madhavan, C. F. McGroder, J. S. Stevens, and et al.,

“Post-acute COVID-19 syndrome,” Nature Medicine, vol. 27, no. 4, pp. 601–615, 2021.

[15] M. Lipsitch, T. Cohen, B. Cooper, J. M. Robins, S. Ma, L. James, G. Gopalakrishna, S. K. Chew, C. C.

Tan, M. H. Samore, D. Fisman, and M. Murray, “Transmission dynamics and control of severe acute

respiratory syndrome,” Science, vol. 300, no. 5627, pp. 1966–1970, 2003.

33



[16] UNAIDS, “Global HIV & AIDS statistics — 2025 fact sheet,” 2025. Fact sheet.

[17] M. G. Guzman and E. Harris, “Dengue,” The Lancet, vol. 385, no. 9966, pp. 453–465, 2015.

[18] J. K. Taubenberger and D. M. Morens, “1918 influenza: the mother of all pandemics,” Emerging

Infectious Diseases, vol. 12, no. 1, pp. 15–22, 2006.

[19] A. Teslya, H. Nunner, V. Buskens, and M. E. Kretzschmar, “The effect of competition between health

opinions on epidemic dynamics,” PNAS Nexus, vol. 1, no. 5, p. pgac260, 2022.

[20] Q. Lin, S. Zhao, D. Gao, Y. Lou, S. Yang, S. S. Musa, M. H. Wang, Y. Cai, W. Wang, L. Yang, and

D. He, “A conceptual model for the coronavirus disease 2019 (COVID-19) outbreak in wuhan, china

with individual reaction and governmental action,” International Journal of Infectious Diseases, vol. 93,

pp. 211–216, 2020.

[21] D. Centola, “The spread of behavior in an online social network experiment,” Science, vol. 329, no. 5996,

pp. 1194–1197, 2010.

[22] V. A. A. Jansen, N. Stollenwerk, H. J. Jensen, M. E. Ramsay, W. J. Edmunds, and C. J. Rhodes,

“Measles outbreaks in a population with declining vaccine uptake,” Science, vol. 301, p. 804, Aug.

2003.

[23] J. Wise, “Largest group of children affected by measles outbreak in wales is 10–18 year olds,” BMJ,

vol. 346, p. f2545, Apr. 2013.

[24] Public Health Wales (Iechyd Cyhoeddus Cymru), “Measles surveillance and epidemiology.”

https://phw.nhs.wales/topics/immunisation-and-vaccines/immunisation-surveillance/

measles-surveillance-and-epidemiology/, 2025. Accessed 26 September 2025.

[25] W. O. Kermack and A. G. McKendrick, “A contribution to the mathematical theory of epidemics,”

Proceedings of the Royal Society of London. Series A, vol. 115, no. 772, pp. 700–721, 1927.

[26] D. J. Daley and D. G. Kendall, “Stochastic rumours,” IMA Journal of Applied Mathematics, vol. 1,

no. 1, pp. 42–55, 1965.

[27] O. Diekmann, J. A. P. Heesterbeek, and J. A. J. Metz, “On the definition and the computation of the

basic reproduction ratio r0 in models for infectious diseases in heterogeneous populations,” Journal of

Mathematical Biology, vol. 28, no. 4, pp. 365–382, 1990.

[28] M. C. J. Bootsma, K. M. D. Chan, O. Diekmann, and H. Inaba, “The effect of host population het-

erogeneity on epidemic outbreaks,” Mathematics in Applied Sciences and Engineering, vol. 5, no. 1,

pp. 1–35, 2024.
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A Proofs

Lemma (Lemma 1 in main text). A directed graph (V,E) that is a DAG contains at least one sink

and one source.

Proof. We prove the following equivalent statement: a directed graph (V,E) with no sinks or sources

contains at least one cycle, hence not being a DAG. We focus here on the case with no sinks, but a

similar reasoning can be applied on the case with no sources.

Consider vertex v of a directed graph (V,E) with no sinks. Since vertex v is not a sink it must

have at least one outgoing edge. Choose an outgoing edge (v, u). Now, since u is also not a sink,

u must also have an outgoing edge. If this outgoing edge is (u, v), then the subgraph consisting

of vertices v and u and edges (v, u), (u, v) is a cycle. Now, since the directed graph consists of N

vertices, it takes at most N repetitions of the above reasoning before we encounter a vertex with a

successor that is encountered before, thus closing a cycle. It follows that the directed graph (V,E)

with no sinks contains at least one cycle.

Lemma (Lemma 2 in main text). Assume 0 < yj(0) < 1, j = 1, . . . , N with
∑

j yj(0) = 1. Let

y(t) = (y1(t), . . . , yN (t))⊤ satisfy Equation (23). Then 0 < yj(t) < 1, j = 1, . . . , N for any t ≥ 0.

Proof. We prove this by contradiction. To this end, assume the existence of a t1 and i ∈ {1, 2, . . . , N}
such that yi(t1) ≤ 0. Then the set A := ∪N

j=1Aj , with Aj := {t ≥ 0 : yj(t) ≤ 0}, is non-empty. Now,

with t0 := inf{t ≥ 0 : t ∈ A}, there exists a k ∈ {1, . . . , N} such that yk(t0) = 0 by continuity of yk.

Note that t0 must be larger than 0 since yk(0) > 0.

By definition of t0 we have yj(τ) > 0 for τ ∈ [0, t0) for all j ∈ {1, . . . , N}. Thus, the second term

of the right-hand side of Equation (4) must be larger than 0:∑
1≤n,k≤N,

n̸=j

βj
nk yn(τ) yk(τ) ≥ 0, for any τ ∈ [0, t0).
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Since
∑

n yn(τ) = 1, we have by the same reasoning that yj(τ) < 1 for τ ∈ [0, t0).

We first treat the case of βj :=
∑

1≤m≤N βj
jm > 0. Thus, regarding the first term of the right-

hand side of Equation (4), we find the lower bound

−yj
∑

1≤m≤N

βj
jmym > −yj

∑
1≤m≤N

βj
jm.

Upon combining the above, we thus have that

dyk
dt

= −yk
∑

1≤m≤N

βk
kmym +

∑
1≤n,z≤N,

n̸=z

βk
nzynyz ≥ −yk

∑
1≤m≤N

βk
kmym + 0 > −ykβ

k.

Thus, on [0, t0), we have yk > g, with g(t) the solution of the differential equation g′(t) = −g(t)βk

and initial value g(0) = yk(0) > 0.

If we can prove that g is a strictly positive function, then indeed yk > g > 0 on the interval under

consideration. It is elementary to show that g is strictly positive. Solving the differential equation

for g with βk > 0, we obtain

g(t) = exp

(
−βk

(
t+

− log yk(0)

βk

))
= yk(0) exp

(
−βkt

)
;

note that 0 < yk(0) < 1, hence log yk(0) is well-defined. In the case that βk = 0 we evidently have

that g(t) = yk(0) > 0.

We have arrived at a contradiction. By continuity we have yk(t0) > g(t0) > 0, but we had

concluded before that yk(t0) = 0 by the definition of t0 = inf(A). Thus, there cannot exist an

i ∈ {1, . . . , N} and a t1 such that yi(t1) ≤ 0.

Lemma (Lemma 3 in main text). Let Pi denote the set of transition predecessors of state i. Then,

the inflow to state i is less than or equal to the sum of the outflows from its transition predecessors:

Ii(t) ≤
∑
k∈Pi

Ok(t).

Proof. From the assumption
∑

j yk(t) = 1 for all t ≥ 0 we know that any outflow from a state leads

to an inflow in different state(s). Stated otherwise, for any k, j we have:

βk
kj =

∑
i̸=k

βi
kj .

We denote for a state i the total inflow originating from a transition predecessor k by

Ii←k(t) := yk(t)

N∑
i=1

βi
kjyj(t).

This inflow Ii←k is one of the components that sum up to the entire outflow of state k: Ok(t) =

yk(t)
∑N

j=1 β
k
kjyj . We therefore have the critical inequality:

Ii←k(t) ≤ Ok(t).
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We conclude by noting that Ii is the sum of the inflow originating from its transition predecessors:

Ii(t) =
∑
k∈Pi

Ipi←k(t) ≤
∑
k∈Pi

Ok(t).

This completes the proof.

Lemma (Lemma 4 in main text). Let the transition graph be a DAG. For any state i ∈ {1, . . . , N},
the integrals

∫∞
0

Ii(t) dt and
∫∞
0

Oi(t) dt are finite.

Proof. We prove this by induction on the transition graph. By the DAG-assumption of the transition

graph, we can order and label the nodes p1, . . . , pN such that state pn can only have inflow from the

states pj with j < n. We are going to prove the statement: for k ≤ m the integrals
∫∞
0

Ipk
(t) dt and∫∞

0
Opk

(t) dt are finite.

◦ Base case. For m = 1 we trivially have
∫∞
0 Ip1(t) dt < ∞ since p1 is a source node in the

transition graph, hence Ip1
(t) = 0. Integrating the differential equation (4) for state p1 over

the interval [0, T ) and taking T → ∞ yields

yp1
(∞)− yp1

(0) =

∫ ∞
0

Ip1
(t) dt−

∫ ∞
0

Op1
(t) dt.

The left hand side is clearly finite since yp1
lies between 0 and 1 (and yp1

(∞) is well-defined by

Theorem 1). Combining this with the result
∫∞
0

Ip1
(t) dt < ∞ we conclude that

∫∞
0

Op1
(t) dt

must be finite as well.

◦ Induction step. Assume that the statement holds for m − 1. Our objective is to show that∫∞
0

Ipm
(t) dt < ∞. By Lemma 3, and taking the integral on both sides over the interval [0, T ),

and then taking T → ∞, we obtain∫ ∞
0

Ipm(t) dt ≤
∑

k∈P(pm)

∫ ∞
0

Ok(t) dt. (17)

Since the statement holds for m − 1, we know that for any k ∈ P(pm), the outgoing inte-

gral
∫∞
0

Ok(t) dt is finite. This directly implies that the incoming integral for state pm, i.e.,∫∞
0

Ipm(t) dt, must also be finite by Equation (17). Using an identical line of reasoning as ap-

plied in the base case, we can then conclude that the outgoing integral
∫∞
0

Opm
(t) dt is finite,

thereby completing the induction step for a general m.

We have thus proven the claim.

Corollary (Corollary 1 in main text). Under Assumptions 1 and 2, if the persistent successor within

each cycle of the dependency graph is identifiable, then the asymptotic characterization of every state

can be determined.

Furthermore, this asymptotic characterization is independent of both the initial state values and

the specific numerical values of the β coefficients, depending only on whether each coefficient is zero

or non-zero.
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Proof. By Proposition 1, we can find a modified dependency graph that is a DAG and whose

asymptotic characterization of every state remains unchanged. Let us consider this dependency

graph. We can establish a topological ordering of the states, denoted as p1, p2, . . . , pN , such that

if there is a dependency edge from state pi to state pj , then i < j. This means any state pk only

has dependency predecessors that appear earlier in the ordering (pi where i < k) and only has

dependency successors that appear later in the ordering (pj where j > k).

We will determine the asymptotic behavior of each state by processing them in reverse topological

order, starting from pN and proceeding down to p1.

◦ Base case. The state pN is a sink in the dependency graph by virtue of the topological ordering;

that is, there are no states pj such that pN → pj is a dependency edge. Thus, pN is definitively

persistent.

◦ Inductive step. Assume that for all states pj where k < j ≤ N , their asymptotic behavior has

already been precisely characterized. Now, consider state pk. Any dependency successor of pk

must be a state pj where j > k due to our chosen topological ordering. Since the asymptotic

behavior of all such pj states is known by our inductive hypothesis, we can directly apply

Theorem 3 to state pk to determine the asymptotic characterization of state pk.

By iteratively applying this argument from pN down to p1, we achieve a complete asymptotic

characterization for every state in the system.

A crucial aspect of Theorem 3 is that the asymptotic characterization it provides is inherently

independent of two factors: the specific initial values of the states (as long as they satisfy 0 < yi(0) <

1) and the precise numerical values of the β coefficients. For the coefficients, only their binary state

(zero or non-zero) is relevant.

B Technical lemma

Lemma 5. Consider the functions y(t), f(t) and g(t), defined on the domain R≥0 and satisfying

the differential equation
dy

dt
= f(t) + g(t).

Assume 0 < y(t) < 1, limt→∞ g(t) = 0, and that f(t) is either a non-negative function or non-

positive function. Then

lim
t→∞

f(t) = 0 and lim
t→∞

dy

dt
= 0.

Proof. We provide a proof for f a non-negative function, a proof for f a non-positive function follows

a similar reasoning. Hence we consider a function f such that f(t) ≥ 0 for any t ∈ R≥0. As our

goal is to prove the claim by contradiction, we assume that lim inft→∞ f(t) > 0. Then there exists

an ϵ > 0 and n > 0 such that if t ≥ n then f(t) > ϵ (at least along a subsequence). Now, since

limt→∞ g(t) = 0, there exists a k ≥ n > 0 such that if t > k then g(t) ≥ − 1
2ϵ. Thus, for t > k,

dy

dt
= f(t) + g(t) ≥ ϵ− 1

2ϵ =
1
2ϵ. (18)
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Integrating both sides over the interval [T, T +∆) with T > k gives

y(T +∆)–y(T ) ≥ 1
2ϵ∆. (19)

Choosing ∆ = 2/ϵ, we conclude that y(T +∆) – y(t) ≥ 1, or equivalently y(T +∆) ≥ y(T )+1. This

contradicts the assumption of 0 < y(t) < 1 for all t ≥ 0. Hence, recalling that f(t) ≥ 0, we conclude

limt→∞ f(t) = 0. Noting that dy
dt is now the sum of two functions which converge to 0 as t → ∞, so

that we have that limt→∞
dy
dt = 0 as well.

C Other proofs

C.1 Proof of the statements in Section 3.3.2

In this appendix, we prove the statements in Section 3.3.2, formalized as Propositions 2 and 3 below.

The following lemma, though elementary, is included for completeness, as it plays a role in the proof

of Proposition 3.

Lemma 6. For non-negative x1, x2, x3 we have the inequality

x1x2 + x1x3 + x2x3 ≤ (x1 + x2 + x3)
2

3
.

Proof. By Cauchy-Schwarz we have (x1 + x2 + x3)
2 ≤ 3 (x2

1 + x2
2 + x2

3), hence

(x1 + x2 + x3)
2

3
≤ (x2

1 + x2
2 + x2

3). (20)

Since (x1 + x2 + x3)
2 = x2

1 + x2
2 + x2

3 + 2 (x1x2 + x1x3 + x2x3) we obtain

2 (x1x2 + x1x3 + x2x3) = (x1 + x2 + x3)
2 − (x2

1 + x2
2 + x2

3) ≤
2

3
(x1 + x2 + x3)

2,

where the inequality follows from (20). Dividing by 2 yields the claimed inequality.

Proposition 2. Let y1, y2, y3, y4 be solutions of (16) with αi > 0 and yi(0) > 0. Then

lim
t→∞

yi(t) = 0, i = 1, 2, 3.

Proof. First, note that the transition graph in Figure 7a is a DAG; hence, by Theorem 1, the limits

Li := limt→∞ yi(t) of the state variables exist. By Lemma 2 we have Li ∈ [0, 1].

Suppose, for the sake of contradiction, that L1 > 0. Then there exists T > 0 such that y1(t) ≥
L1/2 for t ≥ T . Since y3(t) > 0 (by Lemma 2), we may divide by y3(t) and write

d

dt
log y3(t) =

dy3
dt

1

y3(t)
= −α3y1(t) ≤ −α3

L1

2

for t ≥ T . Integrating from T to t yields

y3(t) ≤ y3(T ) exp
(
− α3L1

2
(t− T )

)
.
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In particular, by integrating again from T to t and sending t → ∞,∫ ∞
T

y3(s) ds ≤ 2 y3(T )

α3L1
< ∞. (21)

Next, using
d

dt
log y2 = −α2y3 and integrating from 0 to t, we obtain

y2(t) = y2(0) exp
(
− α2

∫ t

0

y3(s)ds
)
.

Letting t → ∞, using that (21) implies that
∫∞
0

y3(s) ds < ∞, and recalling that y2(0) > 0, we

obtain the positive limit

L2 = lim
t→∞

y2(t) = y2(0) exp
(
− α2

∫ ∞
0

y3(s) ds
)
> 0.

Hence there exists T ′ > T such that y2(t) ≥ L2/2, for t ≥ T ′. Returning to the equation governing

y1 and dividing by y1(t) > 0,

d

dt
log y1(t) =

dy1
dt

1

y1(t)
= −α1y2(t) ≤ −α1

L2

2
, for t ≥ T ′.

Integrating from T ′ to t yields

0 < y1(t) ≤ y1(T
′) exp

(
− α1L2

2
(t− T ′)

)
,

which entails that y1 has limit 0 since L2 > 0. This contradicts the initial assumption that L1 =

limt→∞ y1(t) > 0, so that we conclude that L1 = 0. In view of the system’s inherent symmetry, the

same reasoning shows L2 = L3 = 0, proving the claimed statement.

Proposition 3. Let y1, y2, y3, y4 be a solution of (16) with αi > 0 and yi(0) > 0. Then there exist

constants c > 0 and k > 0 such that

max{y1(t), y2(t), y3(t)} ≥ 1

c t+ k
, for t ≥ 0.

Proof. We first derive a lower bound for S(t) := y1 + y2 + y3; since max{y1, y2, y3} ≥ S(t)/3 this

immediately yields the bound up to the factor 1/3. Differentiating S(t),

dS(t)

dt
= −α1y1y2 − α2y2y3 − α3y3y1 ≥ −αmax(y1y2 + y2y3 + y3y1),

with αmax := max {α1, α2, α3}. By Lemma 6,

(y1y2 + y2y3 + y3y1) ≤ (y1 + y2 + y3)
2

3
=

S(t)2

3
,

hence
dS(t)

dt
≥ −αmax

3
S(t)2.
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Since S(t) > 0 (by Lemma 2 and positive initial values), we may divide by S(t)2 to obtain

−dS(t)

dt

1

S2(t)
≤ αmax

3
.

The left-hand side is the derivative of 1/S(t), so integrating both sides from 0 to t gives the inequality

1

S(t)
− 1

S(0)
≤ αmax

3
t,

or, equivalently,

S(t) ≥ 1

αmaxt/3 + 1/S(0)
.

Finally, noting that max {y1, y2, y3} ≥ S(t)/3, we obtain

max {y1, y2, y3} ≥ 1

αmax t+ 3/S(0)
,

for all t ≥ 0. The desired is proven by choosing c := αmax and k := 3/S(0).

D Explicit matrix formulations

In this appendix we detail a number of matrix formulations that have been used in the paper.

D.1 Formulation of the model in matrix notation

As N (i.e., the number of states) and the complexity of the transition and dependency graphs in-

crease, the system of coupled differential equations defined by (4) becomes increasingly unwieldy.

Fortunately, it can be reformulated compactly in matrix notation, providing a structured representa-

tion of the system’s full dynamics. This formulation also facilitates numerical integration of (4) with

explicit methods (e.g. forward Euler or Runge-Kutta), involving only straightforward matrix-vector

multiplications.

To express the full dynamics described by (4) in matrix form, we define the N ×N matrix Bi as

follows. Each row n ̸= i contains elements βi
nk, while row n = i contains elements −βi

ik (note the

minus sign here):

Bi :=



βi
11 βi

12 βi
13 · · · βi

1N
...

...
...

. . .
...

−βi
i1 −βi

i2 −βi
i3 · · · −βi

iN
...

...
...

. . .
...

βi
N1 βi

N2 βi
N3 · · · βi

NN


(22)

with βi
nk ≥ 0. The column vector consisting of all fractions yi (leaving out the argument t for ease)

is denoted by y ≡ (y1, . . . , yn)
⊤. We can now write

dyi
dt

= y⊤Biy.
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Now, the conservation law as described by (2) can be represented by,∑
1≤i≤N

Bi = 0N×N ,

with 0N×N denoting the (N ×N) all-zeroes matrix. Define the (N2 ×N2)-matrix B as follows:

B :=



B1 0N×N 0N×N · · · 0N×N

0N×N B2 0N×N · · · 0N×N

0N×N 0N×N B3 · · · 0N×N
...

...
...

. . .
...

0N×N 0N×N 0N×N · · · BN ,

 ,

the (N ×N2)-matrix Y by

Y (y) :=


y⊤ 01×N · · · 01×N

01×N y⊤ · · · 01×N
...

...
. . .

...

01×N 01×N 01×N y⊤

 ,

and the N times stacked y vector of dimension N2 × 1 by

ŷ :=


y
...

y

 .

Upon combining the above, we conclude that the system of coupled differential equations of the

interaction-driven dispersion model (4) is then described equivalently by the following system of

coupled differential equations:
dy

dt
= Y (y)B ŷ. (23)

D.2 Matrix formulation of SIR and DK model.

For the SIR model we have the matrices B1, B2, and B3 given by

B1 =

0 −β 0

0 0 0

0 0 0

 , B2 =

 0 β 0

−γ −γ −γ

0 0 0

 , B3 =

0 0 0

γ γ γ

0 0 0

 ,

whereas for the DK, using the notation B∗1 , B
∗
2 and B∗3 ,

B∗1 =

0 −θ 0

0 0 0

0 0 0

 , B∗2 =

0 θ 0

0 −α −α

0 0 0

 , B∗3 =

0 0 0

0 α α

0 0 0

 .
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D.3 Matrix formulation of heterogeneous rumor model

We provide the matrices Bi as defined in (22), which completely describe the model dynamics of the

heterogeneous rumor model in Section 4.1:

B1 =



0 − 1
2 0 0 − 1

4 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, B2 =



0 1
2 0 0 1

4 0

0 − 1
2 − 1

2 0 − 1
4 − 1

4

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


, B3 =



0 0 0 0 0 0

0 1
2

1
2 0 1

4
1
4

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



B4 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 − 1
2 0 0 −1 0

0 0 0 0 0 0

0 0 0 0 0 0


, B5 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1
2 0 0 1 0

0 − 1
2 − 1

2 0 −1 −1

0 0 0 0 0 0


, B6 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1
2

1
2 0 1 1

0 0 0 0 0 0


D.4 Matrix formulation of SIR-DK model

Based on the transmission assumptions in the SIR-DK as described in Section 2.3, we can systemati-

cally construct the rate matrices that govern the system dynamics. The complete model specification

is captured by the following B-matrices defined in (22), which encode all possible state transitions:

B1 =



0 −q 0 −p1

−qp1

−(1− q)p1

−q(1− p1)
−p1 0 −q 0

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



B2 =



0 q 0 0 q(1 − p1) 0 0 q 0

0 −r −r −p2 −
rp2+

(1− r)p2+
r(1− p2)

−
rp2+

(1− r)p2+
r(1− p2)

0 −r −r

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



B3 =



0 0 0 0 0 0 0 0 0
0 r r 0 r(1 − p2) r(1 − p2) 0 r r
0 0 0 −p3 −p3 −p3 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


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B4 =



0 0 0 p1 p1(1 − q) p1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

−α −
αq+

(1− α)q+
α(1− q)

−α −α −
αq+

(1− α)q+
α(1− q)

−α −α −
αq+

(1− α)q+
α(1− q)

−α

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



B5 =



0 0 0 0 qp1 0 0 0 0
0 0 0 p2 p2(1 − r) p2(1 − r) 0 0 0
0 0 0 0 0 0 0 0 0
0 q(1 − α) 0 0 q(1 − α) 0 0 q(1 − α) 0

−α −
αr+

(1− α)r+
α(1− r)

−
αr+

(1− α)r+
α(1− r)

−α −
αr+

(1− α)r+
α(1− r)

−
αr+

(1− α)r+
α(1− r)

−α −
αr+

(1− α)r+
α(1− r)

−
αr+

(1− α)r+
α(1− r)

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



B6 =



0 0 0 0 0 0 0 0 0
0 0 0 0 rp2 rp2 0 0 0
0 0 0 p3 p3 p3 0 0 0
0 0 0 0 0 0 0 0 0
0 r(1 − α) r(1 − α) 0 r(1 − α) r(1 − α) 0 r(1 − α) r(1 − α)

−α −α −α −α −α −α −α −α −α
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



B7 =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
α α(1 − q) α α α(1 − q) α α α(1 − q) α
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 −q 0 0 −q 0 0 −q 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



B8 =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 αq 0 0 αq 0 0 αq 0
α α(1 − r) α(1 − r) α α(1 − r) α(1 − r) α α(1 − r) α(1 − r)
0 0 0 0 0 0 0 0 0
0 q 0 0 q 0 0 q 0
0 −r −r 0 −r −r 0 −r −r
0 0 0 0 0 0 0 0 0



B9 =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 rα rα 0 rα rα 0 rα rα
α α α α α α α α α
0 0 0 0 0 0 0 0 0
0 r r 0 r r 0 r r
0 0 0 0 0 0 0 0 0


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