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Reduced-order models (ROMs) are often used to accelerate the simulation of large physical systems. However,
traditional ROM techniques, such as proper orthogonal decomposition (POD)-based methods, often struggle with
advection-dominated flows due to the slow decay of singular values. This results in high computational costs and
potential instabilities.

This paper proposes a novel approach using space-local POD to address the challenges arising from the slow
singular value decay. Instead of global basis functions, our method employs local basis functions that are applied
across the domain, analogous to the finite element method, but with a data-driven basis. By dividing the domain
into subdomains and applying the space-local POD, we obtain a sparse representation that generalizes better
outside the training regime. This allows the use of a larger number of basis functions compared to standard
POD, without prohibitive computational costs. To ensure smoothness across subdomain boundaries, we introduce
overlapping subdomains inspired by the partition of unity method.

Our approach is validated through simulations of the 1D and 2D advection equation. We demonstrate that
using our space-local approach, we obtain a ROM that generalizes better to flow conditions not included in the
training data. In addition, we show that the constructed ROM inherits the energy conservation and non-linear
stability properties from the full-order model. Finally, we find that using a space-local ROM allows for larger

time steps.

1. Introduction

Simulating large physical systems is an ongoing challenge in the field
of computational sciences. This especially becomes challenging when
dealing with multiscale systems. Such systems exhibit interesting behav-
ior at various spatial and temporal scales. A prominent example and our
main incentive for this work are turbulent flows described by the incom-
pressible Navier-Stokes equations. Systems described by these equations
feature the formation of turbulent eddies of a range of different sizes.
The significant difference in size between the largest and the smallest ed-
dies gives rise to the multiscale nature of the problem. The problem with
simulating such systems is that they require high-resolution computa-
tional meshes to obtain accurate simulations and small time steps. This
places a significant burden on the available computational resources
[1,2].

To make simulation of turbulent flows feasible, one typically re-
sorts to Reynolds averaged Navier-Stokes [3], large eddy simulation [4],
and reduced-order models (ROMs) [5,6]. Here we focus on the latter
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approach. In reduced-order modelling, data is used to speed up sim-
ulations. The data can be obtained from simulations or experiments.
The collected data is then used to identify the most critical features
of the flow. This is typically done by a proper orthogonal decompo-
sition (POD) of the collected flow data. The resulting features are then
used to construct a reduced basis. By projecting the fluid flow equations
on this basis one obtains the widely used POD-Galerkin ROM [6-8].
However, two common issues with POD-Galerkin ROMs are their sta-
bility and their accuracy for convection-dominated systems. In [9], it is
shown that the stability issue can be resolved by making sure that the
energy-conserving property of the Navier-Stokes equations is still sat-
isfied under Galerkin projection. For the incompressible Navier-Stokes
equations, the only prerequisite for an energy-conserving ROM is that
the discretization is structure-preserving, i.e. it is such that it inherits
the energy conservation property from the continuous equations.
However, the stability property derived in [9] does not guarantee
accuracy; it is possible to have energy-stable simulations that are highly
inaccurate. This issue can already be observed on academic test cases
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$u(x,t)$


\begin {equation}\label {eq:advection_equation} \frac {\partial u}{\partial t} = - c \frac {\partial u}{\partial x},\end {equation}


$u(x,0) = u_0(x)$


$c$


\begin {equation}\label {eq:energy} E := \frac {1}{2}(u,u),\end {equation}


\begin {equation}(a(x),b(x)) := \int _\Omega a(x) b(x) \text {d}\Omega \label {Xeqn3-3}\end {equation}


$\Omega $


\begin {equation}\label {eq:energy_conservation} \frac {\text {d}E}{\text {d}t} = \frac {1}{2} \frac {\text {d}}{\text {d}t}(u,u) = \left (u, \frac {\partial u }{\partial t}\right ) = - c\left ( u, \frac {\partial u}{\partial x}\right ) = c\left (\frac {\partial u}{\partial x} ,u \right ) = 0.\end {equation}


$u(x,t)$


$h = \frac {| \Omega |}{N}$


$\text {u}_i(t) \approx u(x_i,t)$


$\mathbf {u}(t) \in \mathbb {R}^{N}$


\begin {equation}\label {eq:stencil} \frac {\partial u}{\partial x}|_{x_i} \approx \frac {\text {u}_{i+1}-\text {u}_{i-1}}{2h}.\end {equation}


\begin {equation}\label {eq:semi-discrete} \frac {\text {d}\mathbf {u}}{\text {d}t} = -c \mathbf {D}\mathbf {u},\end {equation}


$\mathbf {D} \in \mathbb {R}^{N \times N}$


\begin {equation}E_h := \frac {h}{2}\mathbf {u}^T\mathbf {u}, \label {Xeqn7-7}\end {equation}


$h$


\begin {equation}\label {eq:discr_E_conservation} \frac {\text {d}E_h}{\text {d}t} =\frac {h}{2} \frac {\text {d}\mathbf {u}^T\mathbf {u}}{\text {d}t} = h \mathbf {u}^T \frac {\text {d}\mathbf {u}}{\text {d}t} = - c h \mathbf {u}^T \mathbf {D}\mathbf {u}= c h \mathbf {u}^T \mathbf {D}^T\mathbf {u} = 0.\end {equation}


$\mathbf {D}$


$\mathbf {D} = -\mathbf {D}^T$


$u_h(x,t)$


$\{ \psi _i\}$


\begin {equation}\label {eq:basis_representation} u(x,t) \approx u_h(x,t) = \sum _{i=1}^N \text {c}_{i}(t)\psi _i(x).\end {equation}


$\psi _i$


$\mathbf {c}(t)=\mathbf {u}(t)$


\begin {equation}\label {eq:FD_basis} \psi _i(x) = \begin {cases} 1 \quad &\text {if } x_i - \frac {h}{2} \leq x < x_i + \frac {h}{2}, \\ 0 \quad &\text {elsewhere}. \end {cases}\end {equation}


$\mathbf {X}$


\begin {equation}\label {eq:global_POD_snapshot} \mathbf {X} = \begin {bmatrix} \mathbf {c}(t_1) & \mathbf {c}(t_2) & \ldots & \mathbf {c}(t_s) \end {bmatrix} \quad \in \mathbb {R}^{N \times s},\end {equation}


$s$


\begin {equation}\mathbf {X} = \tilde {\boldsymbol {\Phi }}\boldsymbol {\Sigma }\mathbf {V}^T. \label {Xeqn12-12}\end {equation}


$r$


$\tilde {\boldsymbol {\Phi }} \in \mathbb {R}^{N\times N}$


$\boldsymbol {\Phi } \in \mathbb {R}^{N\times r}$


\begin {equation}\label {eq:minimal_projection_error} \bPhi = \argmin _{\mathbf {M} \in \mathbb {R}^{N\times r}} ||\mathbf {X} - \mathbf {M}\mathbf {M}^T\mathbf {X}||^2_F,\end {equation}


$\bPhi ^T\bPhi = \mathbf {I}$


\begin {equation}\label {eq:transform} \mathbf {a}(t) = \boldsymbol {\Phi }^T \mathbf {c}(t) \quad \in \mathbb {R}^r,\end {equation}


\begin {equation}\mathbf {c}(t) \approx \mathbf {c}_r(t) := \bPhi \mathbf {a}(t). \label {Xeqn15-15}\end {equation}


$u_r(x,t)$


\begin {equation}u_h(x,t) \approx u_r(x,t) = \sum _{i=1}^N \text {c}_{r,i}(t)\psi _i(x). \label {Xeqn16-16}\end {equation}


\begin {equation}\label {eq:approximation} \begin {split} u_r(x,t) &= \sum _{i=1}^N \text {c}_{r,i}(t)\psi _i(x) = \sum _{i=1}^N (\bPhi \mathbf {a}(t))_i \psi _i(x) = \sum _{i=1}^N (\sum _{j=1}^r \Phi _{ij}\text {a}_j(t)) \psi _i(x) \\ &= \sum _{i=1}^N \sum _{j=1}^r \Phi _{ij}\text {a}_j(t) \psi _i(x) = \sum _{j=1}^r \text {a}_j(t) \sum _{i=1}^N \Phi _{ij}\psi _i(x) = \sum _{j=1}^r \text {a}_j(t) \phi _j(x), \end {split}\end {equation}


$\{\phi _j\}$


\begin {equation}\label {eq:POD_basis} \phi _j(x) = \sum ^N_{i=1}\Phi _{ij}\psi _i(x).\end {equation}


$u_h(x,t)$


$u_h(x,t)$


$\Omega $


$I$


$\Omega _i = [\alpha _i,\beta _i)$


$i=1\ldots I$


$\alpha _i < \beta _i = \alpha _{i+1} < \beta _{i+1}$


$J$


$N$


$N=I \cdot J$


$N/I$


$M$


$M/I$


$\{\chi _{ij}\}$


$J$


$\Omega _i$


\begin {equation}\label {eq:local_expansion} u_h(x,t) = \sum _{i=1}^{I} \sum _{j=1}^{J}\text {U}_{ij}(t)\chi _{ij}(x),\end {equation}


$\chi _{ij}$


$\Omega _i$


$\mathbf {U}(t) \in \mathbb {R}^{I \times J}$


$\mathbf {U}(t)$


$\mathbf {u}(t)$


\begin {equation}\chi _{ij}(x) = \begin {cases} 1 \quad &\text {if } \alpha _i + (j-\frac {1}{2})h \leq x < \alpha _i + (j+\frac {1}{2})h, \\ 0 \quad &\text {elsewhere}, \end {cases} \label {Xeqn20-20}\end {equation}


$I=3$


$J = 8$


$I=3$


$J = 8$


$\mathbf {U}(t)$


\begin {equation}\label {eq:local_POD_snapshot} \mathbf {X}_\ell = \begin {bmatrix} \mathbf {U}^T(t_1) & \mathbf {U}^T(t_2) & \ldots & \mathbf {U}^T(t_s) \end {bmatrix} \quad \in \mathbb {R}^{J \times Is }.\end {equation}


$\mathbf {X}$


$\mathbf {X}_\ell $


$I = 3$


$\mathbf {X}$


$\mathbf {X}_\ell $


$s$


$\hat {\bGamma } \in \mathbb {R}^{J \times q}$


$q < J$


$\{ \chi _{ij}\}$


\begin {equation}\gamma _{ij}(x) = \sum ^J_{k=1} \chi _{ik}(x)\hat {\Gamma }_{kj}, \label {Xeqn22-22}\end {equation}


$u_\ell $


\begin {equation}\label {eq:local_approximation} u_h(x,t) \approx u_\ell (x,t) = \sum ^{I}_{i=1} \sum ^{q}_{j=1}\text {A}_{ij}(t) \gamma _{ij}(x),\end {equation}


$\text {A}_{ij}$


\begin {equation}\label {eq:a} \mathbf {a}_\ell = \bGamma ^T \mathbf {u},\end {equation}


\begin {equation}\label {eq:gamma} \bGamma = \begin {bmatrix} \hat {\bGamma } & & \\ & \ddots & \\ & & \hat {\bGamma } \end {bmatrix}\quad \in \mathbb {R}^{N \times r}.\end {equation}


$\mathbf {u}$


$\mathbf {a}_\ell \in \mathbb {R}^{Iq}$


$\mathbf {A}\in \mathbb {R}^{I \times q}$


$\mathbf {u}$


$\mathbf {U}$


$Iq = r$


$q < J$


$\bGamma ^T \bGamma = \mathbf {I}$


$\bGamma $


$\bPhi $


$u_\ell $


$\Omega = [0,2\pi )$


$I=10$


$q=6$


$\mathbf {u}_r$


$\Omega $


$I$


$\Omega _i = [\alpha _i,\beta _i)$


$\beta _{i-2} = \alpha _i < \beta _{i-1} = \alpha _{i+1} < \beta _i = \alpha _{i+2}$


$J$


$\frac {I \cdot J }{2} = N$


$I \cdot J = N$


$u_\ell $


$k_i(x)$


\begin {equation}\label {eq:kernel_constraint} \sum ^I_{i=1} k_i(x) = 1,\end {equation}


\begin {equation}k_i(x) = \begin {cases} \sin ^2(\frac {1}{2}\frac {x-\alpha _i}{\alpha _i - \alpha _{i+1}}\pi ) \quad &\text {if } \alpha _i \leq x < \alpha _{i+1},\\ \sin ^2(\frac {1}{2}\frac {x-\alpha _{i+1}}{\alpha _{i+2} - \alpha _{i+1}}\pi + \frac {1}{2}\pi ) \quad &\text {if } \alpha _{i+1} \leq x < \alpha _{i+2}, \\ 0 \quad &\text {elsewhere}, \end {cases} \label {Xeqn27-27}\end {equation}


$k_i$


$\mathbf {U}$


\begin {equation}\label {eq:post_processing} \text {U}_{ij}(t) = \frac {(\chi _{ij}(x), k_i(x)u_h(x,t))}{(\chi _{ij}(x),\chi _{ij}(x))}.\end {equation}


$\hat {\bGamma }$


$\bGamma $


$\bGamma ^T\bGamma \neq \mathbf {I}$


$\mathbf {a}_\ell $


\begin {equation}(\bGamma ^T\bGamma )\mathbf {a}_\ell = \bGamma ^T\mathbf {u}, \label {Xeqn29-29}\end {equation}


$I=10$


$q=6$


$\mathbf {c}$


$\bPhi \in \mathbb {R}^{N \times r}$


$r<N$


$\bGamma $


$\mathbf {S} \in \mathbb {R}^{r\times r}$


\begin {equation}\mathbf {S} = \bPhi ^T \bPhi . \label {Xeqn30-30}\end {equation}


$\mathbf {c}$


\begin {equation}\label {eq:projector} \mathbf {c}_r = \underbrace {\bPhi \mathbf {S}^{-1}\bPhi ^T}_{=:\mathbf {P}} \mathbf {c}.\end {equation}


$\mathbf {S}$


$\mathbf {P}$


$\mathbf {P}^2 = \mathbf {P}$


\begin {equation}\label {eq:POD_coefficient_vector} \mathbf {a} = \mathbf {S}^{-1}\bPhi ^T\mathbf {c}.\end {equation}


$\mathbf {r} \in \mathbb {R}^N$


\begin {equation}\mathbf {r}(\mathbf {u}_r) := \frac {\text {d}\mathbf {u}_r}{\text {d}t}+c\mathbf {D}\mathbf {u}_r \neq \mathbf {0}, \label {Xeqn33-33}\end {equation}


$\mathbf {u}$


$\mathbf {u}_r = \bPhi \mathbf {a}$


$\mathbf {u}$


$\mathbf {c}(t) = \mathbf {u}(t)$


\begin {equation}\mathbf {S}^{-1}\bPhi ^T\mathbf {r}(\mathbf {u}_r) = \mathbf {0}. \label {Xeqn34-34}\end {equation}


\begin {equation}\label {eq:ROM} \frac {\text {d}\mathbf {a}^\text {ROM}}{\text {d}t} := -c\mathbf {S}^{-1}\mathbf {A}\mathbf {a}^\text {ROM},\end {equation}


$\mathbf {A} \in \mathbb {R}^{r\times r}$


\begin {equation}\mathbf {A} := \bPhi ^T \mathbf {D}\bPhi . \label {Xeqn36-36}\end {equation}


$\mathbf {a}^\text {ROM}$


$\mathbf {a}$


$t=0$


$N$


$r$


$\mathbf {A}$


$\mathcal {O}(r^2)$


$\mathcal {O}(((n+1)q)^2I)$


$n$


$\mathcal {O}(((\tilde {n}+1)q)^2I)$


$\tilde {n}$


$n =2$


$\tilde {n} = 4$


$I$


$q$


$I \cdot q = r$


$E_r^\text {ROM}$


\begin {equation}E_r^\text {ROM} = \frac {h}{2}(\mathbf {u}_r^\text {ROM})^T(\mathbf {u}_r^\text {ROM}), \label {Xeqn37-37}\end {equation}


$\mathbf {u}_r^\text {ROM} := \bPhi \mathbf {a}^\text {ROM}$


$\mathbf {u}_r^\text {ROM}$


\begin {equation}\frac {\text {d} \mathbf {u}_r^\text {ROM}}{\text {d}t} = \bPhi \frac {\text {d}\mathbf {a}^\text {ROM}}{\text {d}t} =-c\bPhi \mathbf {S}^{-1}\mathbf {A}\mathbf {a}^\text {ROM}. \label {Xeqn38-38}\end {equation}


\begin {equation}\label {eq:change_in_energy} \begin {split} \frac {\text {d}E_r^\text {ROM}}{\text {d}t} &= h(\mathbf {u}_r^\text {ROM})^T \frac {\text {d} \mathbf {u}_r^\text {ROM}}{\text {d}t} = -ch(\mathbf {u}_r^\text {ROM})^T\bPhi \mathbf {S}^{-1}\mathbf {A}\mathbf {a}^\text {ROM} \\ &= -ch(\mathbf {a}^\text {ROM})^T \underbrace {\bPhi ^{T} \bPhi }_{=\mathbf {S}}\mathbf {S}^{-1}\bPhi ^T \mathbf {D} \bPhi \mathbf {a}^\text {ROM} \\ &= -ch(\mathbf {a}^\text {ROM})^T \bPhi ^T \mathbf {D} \bPhi \mathbf {a}^\text {ROM} = -ch(\mathbf {u}_r^\text {ROM})^T \mathbf {D}\mathbf {u}_r^\text {ROM}= 0, \end {split}\end {equation}


$\Omega = [0,2 \pi )$


$N=1000$


$t = [0,5]$


$c=1$


$\Delta t = 0.01$


$t = [0,1]$


$t=(1,2]$


$t=(2,5]$


$x = \frac {1}{4}\pi $


\begin {equation}\label {eq:init_cond} u(x,0) = \exp (-50(x - \frac {1}{4}\pi )^2).\end {equation}


$I$


$\{\chi _{ij}\}$


$J$


$IJ = N$


$\mathbf {u}^\text {ROM}_r := \bPhi \mathbf {a}^\text {ROM}$


$\mathbf {u}^\text {FOM}$


\begin {equation}\label {eq:error} \underbrace {\frac {\mathbf {u}^\text {ROM}_r(t) -\mathbf {u}^\text {FOM}(t)}{||\mathbf {u}^\text {FOM}(t)||_2}}_{:=\text {solution error}} = \underbrace {\frac {\mathbf {u}_r^\text {ROM}(t) -\mathbf {P}\mathbf {u}^\text {FOM}(t)}{||\mathbf {u}^\text {FOM}(t)||_2}}_{:=\text {ROM error}} + \underbrace {\frac {\mathbf {P}\mathbf {u}^\text {FOM}(t)-\mathbf {u}^\text {FOM}(t)}{||\mathbf {u}^\text {FOM}(t)||_2}}_{:=\text {projection error}},\end {equation}


$\mathbf {P}$


$I$


$q$


$Iq=r$


$I$


$I=10$


$I$


$I=5$


$I$


$I$


$I=10$


$I=10$


$I$


$q=6$


$r=60$


$I=10$


$q=6$


$r=60$


$t=5$


$\mathbf {u}_r^\text {ROM}$


$\Delta t = 0.01$


$\Delta t = 0.05$


$\Delta t$


$5 \cdot \Delta t$


$\mathbf {D}$


$\mathbf {P}\mathbf {D}\mathbf {P}$


$\mathbf {D}$


$\lambda _i$


$t>1$


$r$


$\text {DOF} = r$


$L_2$


$I=10$


$q$


$r$


$r=100$


$t=5$


$\mathbf {A}$


$\mathbf {A}$


\begin {equation}\frac {\partial u(\mathbf {x},t)}{\partial t} = \underbrace {-\nabla \cdot (\mathbf {V}(\mathbf {x}) u(\mathbf {x},t))}_{\text {advection}} + \underbrace {\nu \nabla ^2 u(\mathbf {x},t)}_{\text {diffusion}}, \label {Xeqn42-42}\end {equation}


$u(\mathbf {x},t)\in \mathbb {R}$


$\mathbf {x} = \begin {bmatrix} x & y \end {bmatrix}^T \in \mathbb {R}^2$


$\mathbf {V}\in \mathbb {R}^2$


$\nabla \cdot \mathbf {V} = 0$


$u$


$\nu \geq 0$


$\Omega = [-\pi ,\pi ] \times [-\pi ,\pi ]$


$\mathbf {V}= \begin {bmatrix} \cos (x-y) & \cos (x-y) \end {bmatrix}^T$


$256 \times 256$


$\nu = 10^{-3}$


\begin {equation}\begin {split} u(\mathbf {x},0) =& -\exp (-2x^2 -2 y^2) + \exp (-2\left (x-\frac {\pi }{2}\right )^2 -2\left (y+\frac {\pi }{2}\right )^2 ) \\ & + \exp (-2\left (x+\frac {\pi }{2}\right )^2 -2\left (y-\frac {\pi }{2}\right )^2 ). \end {split} \label {Xeqn43-43}\end {equation}


$\Delta t = 0.025$


$u(x,t)$


$t = [0,12]$


$t = (16,20]$


$t= (20,40]$


$\mathbf {S} \neq \mathbf {I}$


$\Omega _i$


$I$


$q$


$I = 8 \times 8$


$q = 20$


$q = 15$


$q$


$10^{-2}$


$I$


$I$


$r = q = 31$


$31$


$31$


$t \in [0,40]$


$128 \times 128$


$I \times q = r$


$5$


$\text {V}_1 = \text {V}_2$


$128 \times 128$


$256 \times 256$


$t=40$


\begin {equation}\text {gradient error} := \frac {\mathbf {G} \mathbf {u}^\text {ROM}_r(t) -\mathbf {G} \mathbf {u}^\text {FOM}(t)}{||\mathbf {G} \mathbf {u}^\text {FOM}(t)||_2}, \label {Xeqn44-44}\end {equation}


$\mathbf {G} \in \mathbb {R}^{2N \times N}$


$\mathbf {G}\mathbf {u}_r^\text {ROM}$


$\nabla u$


$t=40$


$t=40$


\begin {align}&\frac {\partial \mathbf {V}}{\partial t} + (\mathbf {V}\cdot \nabla )\mathbf {V} = -\frac {1}{\rho }\nabla p + \nu \Delta \mathbf {V} + \mathbf {f}, \label {intro:eq:ns_momentum}\\[4pt] &\nabla \cdot \mathbf {V} = 0, \label {eq:ns_incompressibility}\end {align}


$\mathbf {V}(\mathbf {x},t)\in \mathbb {R}^2$


$\rho = 1$


$\nu = \frac {1}{1000}$


$\mathbf {f}(\mathbf {V},\mathbf {x},t) = \begin {bmatrix} \sin (4y) & 0 \end {bmatrix}^T - 0.1\mathbf {V}$


$\Omega = [-\pi ,\pi ] \times [-\pi ,\pi ]$


$2048 \times 2048$


$t = [0,10]$


$t = [100,110]$


$\boldsymbol {\omega } = \nabla \times \mathbf {V} \in \mathbb {R}^3$


$\omega $


$8 \times 8$


$I=1\times 1$


$q$


$q = 10$


$q= 50$


$r = 50$


$8 \times 8 \times 50 = 3200$


$q$


$q$


\begin {equation}\tilde {\psi }(x) = \begin {cases} \exp (\frac {-1}{1 - |x|}) \quad &\text {if } |x| < 1, \\ 0 \quad &\text {elsewhere}, \end {cases} \label {Xeqn45-A.1}\end {equation}


$|x|$


$1$


\begin {equation}\psi (x) = \begin {cases} \frac {\tilde {\psi }(x)}{\tilde {\psi }(x) + \tilde {\psi }(1 - |x|)} \quad &\text {if } |x| < 1, \\ 0 \quad &\text {elsewhere}, \end {cases} \label {Xeqn46-A.2}\end {equation}


\begin {equation}k(\mathbf {x}) = \psi (x)\psi (y), \label {Xeqn47-A.3}\end {equation}


$\mathbf {x} = (x,y)^T \in \mathbb {R}^2$


$\Omega _i$


$\boldsymbol {\alpha }^i,\boldsymbol {\beta }^i \in \mathbb {R}^2$


$\Omega _i$


\begin {equation}k_i(\mathbf {x}) = \psi (\hat {x}_i)\psi (\hat {y}_i), \label {Xeqn48-A.4}\end {equation}


$\hat {x}_i = 2\frac {x - \alpha ^i_1}{\beta ^i_1 - \alpha ^i_1}-1$


$\hat {y}_i = 2\frac {x - \alpha ^i_2}{\beta ^i_2 - \alpha ^i_2}-1$


$I=1\times 1$


$10^{-2}$


$q$


$10^{-2}$


$I=8\times 8$


$I$


$I = 4 \times 4$


$q = 20$


$q = 15$


$256 \times 256$
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such as the linear advection equation. For example, in [5], the authors
discuss the problem of a single traveling wave through a periodic do-
main. Even though it is clear that a one-dimensional representation of
the system exists, it is not recovered by the POD algorithm. The result is
a slow decay in singular values of the snapshot matrix. This means that
many POD modes are required to accurately describe the flow. The slow
decay in singular values is often related to the Kolmogorov N-width.
This is a measure of how well the solution space of a partial differential
equation (PDE) can be represented by a linear combination of N basis
functions [10,11]. Advection-dominated flows are notorious for display-
ing a slow Kolmogorov N-width decay, requiring a large N for accurate
simulation. The resulting ROM is then expensive to evaluate [12,13].
When not including a sufficient number of basis functions, inaccurate
results are obtained, e.g., they contain oscillations [14,15].

Different approaches to deal with this problem have been suggested.
One way of dealing with this is by taking a local in time approach [16].
In this approach, the ROM switches basis for different time intervals.
This means that the ROM can employ a smaller basis, since each basis is
specialized to deal with a specific time interval. Switching between bases
during simulation can also be done in a structure-preserving (energy-
conserving) manner [17]. A related approach is to update the basis dur-
ing the ROM simulation to make it more robust to changes in simulation
conditions [18]. In [19], a Petrov-Galerkin approach is suggested, which
leads to more stable ROMs when using a small POD basis than the stan-
dard Galerkin approach. In [20], it is suggested to add a closure model
to the ROM to account for a small POD basis. The closure model is then
tasked with modeling the interaction between the part of the flow that
is covered by the POD basis and the part that is removed. Another sug-
gestion is to construct ROMs on non-linear reduced subspaces instead of
linear ones. In [21], a more accurate representation of the solution space
is obtained using rational quadratic manifolds. Here, the ROM construc-
tion was also performed in a structure-preserving (entropy-stable) man-
ner, yielding stability of the ROM.

Machine learning approaches have also gained traction for the con-
struction of ROMs. In [22], a long short-term memory (LSTM) neural
network is used instead of Galerkin projection, as the computational
complexity of LSTM is more favorable than Galerkin projection-based
ROMs. They also allow one to take larger time steps [23]. In [23], this
approach is combined with an autoencoder to reduce the dimensionality
of the system. It is demonstrated that a significantly greater reduction
in degrees of freedom (DOF) can be achieved using this approach com-
pared to the standard POD-Galerkin approach. In [10], an advection-
aware autoencoder is suggested to reduce the dimensionality of this
system. This is achieved by introducing an additional decoder which is
trained to reconstruct a “shifted” version of the encoded snapshots. This
shift can, for example, be a snapshot taken at a later time. This forces
the latent space of the autoencoder to become aware of the dominant
advective features of the flow.

In this work, we focus on an alternative approach to address the issue
of ROM accuracy in advection-dominated flows. Namely, we propose to
use the idea of a space-local POD to tackle the slow singular value decay
of advection-dominated flows. The idea is as follows: instead of obtain-
ing a set of global basis functions that span the entire domain, we obtain
a set of space-local basis functions. These basis functions are repeated
across the entire domain, similarly to how a finite element basis covers
the domain [24]. Furthermore, they are only nonzero on their desig-
nated subdomain. The advantage of this is that the resulting Galerkin
projected operators are sparse. This makes them much cheaper to eval-
uate when simulating the ROM. For example, in [25] a speedup of up
to 1.5 orders of magnitude is reported with respect to a standard POD-
Galerkin ROM. Our approach differs from the one presented in [25]. In
our approach, the solution data in each subdomain is treated with the
same local POD basis, rather than obtaining a different local POD basis
for each subdomain. This approach ensures that a feature observed in
part of the domain can also be represented in a different part of the do-
main using the same basis. In this way, less data is required to obtain
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a POD basis that generalizes well. Note that this approach is designed
specifically for problems where the dynamics are similar throughout the
domain, such as a traveling wave. For problems where the dynamics are
more variable throughout the domain, the approach suggested by [25]
is likely still superior, as it builds a specialized basis for each subdo-
main. For diffusion-dominated problems the standard space-global POD
approach is likely still superior due to the rapid Kolmogorov N-width
decay [26]. Note that while our approach does not directly solve the
slow Kolmogorov N-width decay (we still use linear approximations),
the sparsity of the basis allows us to use a much larger number of ba-
sis functions. Sparsity and generalizability are therefore key features of
our approach. Furthermore, the authors note this approach is similar to
the methodology described in [27] where different types of subdomains
were specified, each with a shared POD basis. These subdomains were
then used as building blocks to extrapolate the POD basis obtained from
small spatial domains to larger domains. Our work differs in the fact that
it focuses on temporal extrapolation for time-dependent PDEs, as op-
posed to steady-state problems. In addition, we introduce another novel
idea in this work: the use of overlapping subdomains (to avoid discon-
tinuities at the subdomain boundaries). Lastly, we show that our space-
local ROMs satisfy energy conservation if the full-order model (FOM)
does. In this way, stability of the ROM is guaranteed.

This paper is structured in the following way. In Section 2 we in-
troduce the FOM, namely a central difference discretization of the 1D
advection equation. The central difference discretization ensures the
scheme is energy conserving. In Section 3 we introduce the POD ap-
proaches. We begin with the standard POD approach and then introduce
two space-local approaches, one with and one without overlapping sub-
domains. In Section 4 we use Galerkin projection to project the FOM
onto the POD basis and show that the resulting ROMs satisfy energy
conservation. Finally, in Section 5, we evaluate the different POD-based
approaches in numerical experiments using a set of different metrics. In
addition, we assess the performance of the ROMs on a case where we
extrapolate beyond the data used to construct the POD basis. Further-
more, we investigate the energy-conserving properties of the ROMs. To
conclude this section, we apply the introduced methodologies to a 2D
advection equation test case and evaluate the computational efficiency,
among other metrics. Finally, in Section 6, we present our main findings
and suggest future research topics.

2. Full-order model
2.1. Advection equation

In this work, we focus on developing a reduced-order model for
the linear advection equation in both one-dimensional (1D) and two-
dimensional (2D) settings. This equation is chosen as it exhibits similar
difficulties as the incompressible Navier-Stokes equations when apply-
ing model reduction. For the sake of simplicity, we discuss the properties
of the system for 1D, but the ideas easily carry over to 2D. To start, we

consider a scalar solution u(x,7) to the linear advection equation

ou du

LL— 1
ot ox M
with initial condition u(x, 0) = uy(x) and constant c. In this work we stick
to periodic boundary conditions (BCs). An important property of this

equation is that the total energy of the system

E = S, @

is conserved, where

(a(x), b(x)) 1= / a(x)b(x)dQ 3)
Q

on the spatial domain Q. This can easily be shown using the product
rule of differentiation:
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In the final step, we carried out integration by parts and used the
fact that the boundary term cancels on periodic domains. The energy-
conserving property of this equation will be mimicked by the discretiza-
tion and by the ROMs developed in this work. This leads to uncondition-
ally stable methods, as in [9].

2.2. Finite difference discretization

Although Eq. (1) can be easily solved exactly, for more complex
equations, this is not the case. In general, we approximate the solution
by representing u(x,t) on a grid. In this case, we employ a uniform grid
with grid spacing h = % such that u;(r) & u(x;, 1). The approximated so-
lution is contained within the state vector u(f) € RN. To approximate
the spatial derivative, we use a central difference approximation:

ou, Uy — U

x> 2n 2
This leads to the following semi-discrete system of equations
% = —cDu, 6)

where the linear operator D € RVXV is skew-symmetric and encodes
the stencil in (5). For the time integration, we use a classic Runge-Kutta
4 (RK4) scheme [28]. This time integration scheme introduces a small
energy conservation error, which is negligible in our test cases. Alterna-
tively, one can use the implicit midpoint method for exact energy con-
servation in time [29]. Eq. (6) will be regarded as the full-order model
(FOM). We note that other discretization techniques, such as the finite
element method, can also be employed to derive a FOM; our framework
in Section 3 is also applicable in this context.

2.3. Energy conservation of the FOM

It is well known that this FOM mimics the energy-conservation prop-
erty (4) in a discrete setting. This can be shown by defining the dis-
cretized energy as

E, := guTu, ()

where the inclusion of 4 is such that this definition discretely represents
the inner product in (2).

Using the product rule, we obtain the following evolution equation
for the energy

dE, _ hdu"u _ T Q2

= = —chu"Du = chu' D"u =0. 8
& T2 dr q -t ®

In the final step, we used the fact that D is skew-symmetric, i.e., D =
-D7, to see that the energy is conserved using this stencil. This yields
both stability and consistency with the continuous equation.

3. Local and global POD

To reduce the computational cost of solving the FOM, we construct
a ROM. For this purpose, we use simulation data to build a data-driven
basis. This basis is obtained through a POD of the simulation data [5,6].
The most common approach is to employ a global POD basis, defined
over the entire simulation domain, similar to a Fourier basis. An al-
ternative is a local basis, as proposed in [25,27]. In this section, we
discuss both approaches. We will present our version of the space-local
POD framework for finite difference discretizations, see (5). However,
the ideas can also be applied to different discretization techniques, as
shown in [27]. Our space-local approach has some key differences from
the one presented in [25], which will be highlighted.
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3.1. Global POD

In the global approach we first express the discrete solution u,(x, t)
in terms of an orthogonal basis {y; }:

N

UG, 1) & up(x, 1) = Y ¢ (O (). ©)
i=1

Here y; can represent, for example, a Fourier basis or a localized box

function in the case of the presented finite difference discretization. In

the finite difference case we have ¢(f) = u(¢) and

() :
(x) =
Vi 0

For finite element discretizations, one could use, e.g., Lowdin orthogo-
nalization to express the solution in terms of an orthogonal basis [30].

The snapshot matrix X is constructed from the coefficient vector at
different points in time

X=[er) ety ... et)] €RV, 1D
where s is the number of snapshots. We decompose this snapshot matrix
using a singular value decomposition (SVD) [31]

X =ozv’. (12)
We use the first r left-singular vectors in ® € R¥*V to obtain a reduced

set of orthonormal basis vectors ® € RNX", This basis minimizes the
projection error in the Frobenius norm:

D= argmin||X—MMTX||2, (13)
MeRNxr

. h h
ifx;— 3 <x<x;+3, 10)
elsewhere.

under the orthonormality constraint @®"® =1[5-8]. We can project the
coefficient vector onto this basis as follows:

a) =@ c() €R, a9
such that projecting back onto the FOM space yields the approximation
c(t) ¢, (1) := Pa(r). 15)

By substituting this into (9) we obtain the approximated solution u,(x, t):

N

(%, 1) & 1,(x, 1) = Y €, (D). a6)
i=1

We can also write this approximation in terms of the POD basis expan-

sion:

N N N r
u,(x,1) = D¢ (Ow(x) = D (@a@)w(x) = DY Dyja,0wi(x)
i=1 i=1 i=1 j=1
N r r
=Y D oa,0p(x) =) a0

i=1 j=1 j=1 i

N r
O,y(x) = ) a,(0p; (),
=1 j=1

a7

where the reduced POD basis {¢, } is obtained by applying the following
transformation:

N
b0 =Y Oy (x). (18)
i=1

As the obtained basis functions span the entire domain, we refer to this
approach as space-global proper orthogonal decomposition (G-POD).

3.2. Space-local POD

In space-local proper orthogonal decomposition (L-POD) we take a
different approach from G-POD. We start by assuming a uniform finite
difference discretization for the discrete FOM solution u,(x,).! Once

L If u, (x, 1) would stem from a simulation on an unstructured grid, one could
potentially first project the discrete solution on a uniform grid, after which the
presented methodology could still be applied. We consider this outside the scope
of this research.
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Fig. 1. A Gaussian wave discretized by a finite difference scheme represented
by a local basis of box functions for I =3 subdomains and J = 8 points per
subdomain. The edges of the subdomains are indicated by the vertical grey lines.

the solution is represented on this grid, we subdivide the domain Q
into I non-overlapping subdomains Q; = [a;, ), i =1...I, such that
a; < B; = a;,; < B;,;. Later in this section, these subdomains will be used
to construct the L-POD basis. Furthermore, we assume each of these sub-
domains contains exactly J grid points. This means the total number
of grid points N has to equal the product N =1 - J. This is essential
for our methodology to work, as for the L-POD procedure, each subdo-
main is treated equally in the snapshot matrix, which is only possible
if they contain the same number of grid points. This helps us obtain
a basis that generalizes better outside the training data for advection-
dominated problems, where the dynamics are similar throughout the do-
main. This approach is fundamentally different from what is presented
in [25], where each subdomain has its own POD basis. The latter is more
suitable for problems where the dynamics differ throughout the domain,
such that the local bases can be specialized to these dynamics. If N /I
is not an integer, one could possibly resolve this by projecting the FOM
solution on a compatible grid of M grid points for which M /T is an
integer.

As stated earlier, we use a common finite difference basis {y;;} of
size J within each subdomain Q; to describe the solution:

I

upe, 1) = 0 D" U0, (0), 19)
i=1 j=1

where y;; is only nonzero within Q; and U(r) € R’/ contains the coef-

ficient values. Note that in this case U(r) is simply a reshaped version of

the solution vector u(?). The finite difference basis functions are defined

as

(x) !
(x) =
)./zj 0

similarly to (10). An example for a Gaussian solution profile for I =3
and J = 8 is given in Fig. 1.

After obtaining U(¢) at different points in time, the snapshot matrix
is constructed as follows

ifa,-+(j—%)h§x<a,-+(j+%)h,

(20)
elsewhere,

X, =[UT@) U@y Ul e RS 21)

In this way, each subdomain is treated equally in the snapshot matrix.
This is what differentiates our work from [25] and similar to what is
done [27]. A schematic representation of this is shown in Fig. 2, where
the G-POD snapshot matrix X is reshaped into the L-POD snapshot ma-
trix X,.

Using a single common snapshot matrix allows us to obtain a space-
local POD basis that generalizes well outside the training data. The way
we divide the domain into subdomains is decided by what results in an L-
POD basis that generalizes best on a validation data set, see Section 5.2.

Computers and Fluids 305 (2026) 106911
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Fig. 2. Schematic representation of the G-POD snapshot matrix X being re-
shaped into the L-POD snapshot matrix X, for I = 3.

Note that this matrix has fewer rows but more columns than the G-
POD snapshot matrix, see (11). This makes the SVD cheaper to compute
for a large number of snapshots s [31]. As in the global case, we use a
SVD of the snapshot matrix to obtain a truncated basis I' € R’*¢ with
g < J from the left-singular vector. In terms of the local basis { y;;} the
POD basis is written as

J
7= X 2Oy, (22)
k=1
analogous to (18). In this basis, the approximated solution u, is obtained
as
I q
up(x, ) R up(x 1) = 3 Y A (07,(x), (23)
i=1 j=1
similarly to the global case, see (17). The coefficients A;; are obtained
as

a, =TTy, 24)
where
I
r= e RNVX, (25)
I

This matrix, containing non-overlapping blocks, is constructed such that
multiplying by its transpose projects u onto the L-POD basis. For the
mapping from a, € R’9 to A € R/*? we follow the same convention as
for u and U. The effective number of basis functions for L-POD is Iq = r
with ¢ < J. This basis is orthonormal, i.e. I I = I. The sparsity of T, as
opposed to ®, is what yields a ROM which is cheaper to evaluate than
a G-POD-based ROM [25].

An example of an L-POD approximation u, to a Gaussian wave is
shown in Fig. 3. For the L-POD we used I = 10 subdomains with g =6
basis functions per subdomain. The training data used to obtain the ba-
sis are discussed in the results section (Section 5), as shown in Fig. 5.
Although the L-POD approximation is accurate in most of the domain,
some oscillations appear near the boundaries. In addition, the approxi-
mation is not guaranteed to be smooth on the edges of the subdomains,
see Fig. 3. Discontinuities appear when transitioning from one subdo-
main to the next. In Section 5, we will show that these discontinuities
tend to grow increasingly severe when using the L-POD basis to con-
struct a ROV, see Fig. 8. To remedy this issue, we introduce space-local
POD with overlapping subdomains in the next section.

3.3. Local POD with overlapping subdomains

In finite element discretizations, similar discontinuities are resolved
by imposing continuity of the approximation, while using a local basis.
In this work, we aim to achieve the same by introducing a novel space-
local POD formulation with overlapping subdomains. We will refer to
this approach as LO-POD. To start off, we subdivide the domain Q into
I overlapping subdomains Q; = [;, §;). This means f;,_, = a; < f;_; =
@, < f; = @;,». Once again, each subdomain contains J grid points.
Note that due to the overlap, each grid point is now located in two
subdomains. This means % = N, as opposed to I - J = N for L-POD.
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Fig. 3. L-POD and LO-POD representation of a Gaussian wave. The data used
to obtain the local POD basis is explained in Section 5. The depicted snapshot
is part of the snapshot matrix used to obtain the POD basis. The edges of the
subdomains are indicated by the vertical grey lines. Only part of the domain

=[0,2r) is shown.

1.00 }
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S [i a2 5 g = [J’ ay =
Fig. 4. Kernels k; for a subdivision of the periodic domain into five overlapping
subdomains of equal size.

To obtain a smooth approximation u,, we require the LO-POD basis
to smoothly decay to zero on the edge of the subdomain. This is enforced
through a post-processing step of the local snapshot matrix given by
(21). For this purpose, we introduce a kernel k;(x) to divide the solution
between the subdomains. This places the following constraint on the
kernels:

I
Z k=1, (26)
i=1

such that this set of functions forms a partition of unity. Here, we pro-
pose the following kernel

a,

sin (EaXTl”) if o <x<a;yy,
41
— Xy 1
ki(x)— sin (Zm”-'-iﬂ-) 1fa,-+1 S.X<C(l-+2, (27)
0 elsewhere,

which is chosen as it smoothly decays to zero at the subdomain bound-
aries. This approach is inspired by the partition of unity method [32].
Here, the right half of each subdomain is overlapped by the subdomain
to its right, and the left half by the subdomain to its left. A visualization
of the kernels is displayed in Fig. 4.

Different kernels and different amounts of overlap between subdo-
mains can also be considered. However, we consider this outside the
scope of this paper.

Computers and Fluids 305 (2026) 106911

Using the introduced kernel, the coefficients U for the local expan-
sion in (19) are obtained as

(21 (%), ki (up (x, 1)

_— 28
(i (), x5 (x)) @8)

U; (=
These integrals can simply be approximated using the midpoint rule for
integration [33]. The remaining procedure stays the same as for L-POD,
i.e., we build the snapshot matrix in (21) and carry out a SVD to obtain
I". However, what changed is that the blocks in T, see (25), are now
overlapping. This means the basis is no longer orthonormal, i.e. I7T # L.
Due to the non-orthonormality, the coefficients a, for the expansion in
(23) are obtained by solving the following linear system

(TMa, =TTy, (29)

as opposed to (24). Obtaining the coefficients from the FOM solution is
therefore more expensive. In addition, evaluating the resulting ROM re-
quires solving a linear system, as will be discussed in Section 4. This
makes the LO-POD ROM more expensive to evaluate than its non-
overlapping counterpart L-POD, see Sections 4.2 and 5.5. However,
looking at Fig. 3, we find that using the LO-POD results in a much
smoother approximation of the Gaussian wave. Note that the parameters
are kept the same, i.e., I = 10 and g = 6. In Section 5.2, the associated
error will be quantified more precisely.

4. Space-local, energy-conserving reduced-order model
4.1. Projection on reduced basis

Consider again ¢, the state vector of the full-order model, and ® €
RN*" a reduced basis where r < N, obtained from either G-POD, L-POD,
or LO-POD. For the space-local approaches, this operator was referred
to as I, see Section 3.2. The corresponding ‘Gram’ matrix S € R™" of
this basis is computed as

S=o"o. (30)
We can project ¢ onto the subspace spanned by the POD basis as
¢, =®dS~ ol ¢ (31)
——
=P

Note that for both G-POD and L-POD, computing the inverse of § is triv-
ial, as it is simply the identity. This is because the basis is orthonormal.
However, for LO-POD the basis is non-orthogonal, which makes comput-
ing its inverse less trivial. As stated earlier, this is a downside to LO-POD
and increases its computational cost. It is quite straightforward to see
that P is idempotent as P> = P. The POD coefficient vector is obtained
as

a=S"'o"c. (32)
4.2. Galerkin projection

Having obtained a reduced basis, we construct a ROM for the ad-
vection equation as follows [5-8]: based on (6) we define the residual
r e RN as

r(u,) := (33)

where we replaced u by the POD approximation u, = ®a. As u comes
from the finite difference discretization of the advection equation, we
have c(7) = u(r). Next, we carry out the Galerkin projection of the resid-
ual on the POD basis, according to (32), and set this to zero:

ST'®r(,) = 0. (34)

This ensures the residual is orthogonal to the basis. This results in the
following ROM:

ROM
S I (35)
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where the ROM operator A € R™ is defined as
A = ®'Do. (36)

Note that we introduced akM here as the POD state vector predicted by
ROM. This is typically not equal to the true a, see (32), past t = 0. Going
from the FOM to the ROM, we reduced the DOF in the system from N to
r. In the G-POD case A is typically dense, whereas in the L-POD/LO-POD
it is sparse. The sparsity decreases the cost of evaluating the ROM [25].
The amount of nonzero entries in the G-POD ROM operator scales with
O(r%). For L-POD it scales with O(((n + 1)q)*I), where n is the number
of neighbors per subdomain. This accounts for the interaction between
the subdomains. For LO-POD, the neighbors of the neighbors have to be
included in the interactions due to the overlap. This results in a scaling
of O(((7i+ 1)g)*I), where 7 is the number of subdomains that can be
reached by crossing at most one subdomain starting from one of the
subdomains. For 1D problems n =2 and /i = 4. For a large number of
subdomains I and a small number of POD basis functions per subdomain
g, with the total number of POD modes being I - g = r, this scales more
favorably than G-POD. This allows us to include a larger number of basis
functions in the POD basis without sacrificing computational efficiency.
Hyper-reduction techniques, including energy-conserving ones, can also
be employed to further sparsen the ROM operators [17,34,35].

4.3. Energy conservation of the ROM

To ensure stability of the ROMs, we aim to mimic the energy con-
servation property of the FOM, see (8). To investigate if the constructed
ROM s satisfy this property we define the ROM energy EfOM as

h
EFOM = ST oM, 37

where uROM := @aRoM, Employing (35) we obtain the ROM evolution
of ufoM a5

duRoM ROM

= q’dad: = —c®S~! AaROM, (38)
The evolution of the ROM energy follows as

ROM ROM
dE, = h(uROM)T du, = —ch(uROM)T G- AgROM

dr r t r

= —ch@ "’ &’ ® S™'®"DPa M (39)
——
=S
- _ch(aROM)T(I)TD(I)aROM — _Ch(u£{OM)TDu§OM =0,

employing the product rule of differentiation. From the final expression,
we conclude that a ROM based on Galerkin projection inherits energy
conservation and stability from the FOM. This is true for both orthogo-
nal and non-orthogonal projections. This means that not only the G-POD
ROM inherits this property, as shown in [9], but also the newly intro-
duced space-local approaches L-POD and LO-POD.

5. Results & discussion
5.1. Test case setup

To construct a ROM, we first require data from the FOM. As stated
earlier, we use the finite difference discretization of the advection equa-
tion, detailed in Section 2.2, for this purpose. The system is simulated on
a periodic domain Q = [0, 27) discretized with N = 1000 grid points for
t = [0,5] and constant ¢ = 1. A time step size of At = 0.01 is used for the
time integration, using a RK4 scheme. This is the largest time step size
that still yielded stable simulations. Snapshot data for the ROM con-
struction is collected in the interval ¢ = [0, 1]. We refer to this as the
training data. Data generated in the interval # = (1, 2] will be referred to
as validation data. This data is used to evaluate the generalization of the
POD basis. The remaining part of the simulation data, ¢ = (2,5], will be

Computers and Fluids 305 (2026) 106911

FOM

Extrapolation

Validation

0.75

0.50

0.25

Fig. 5. Reference simulation of a Gaussian wave being advected throughout the
domain. White bars separate the training data from the validation data and the
validation data from the extrapolation data, respectively.

used to evaluate the extrapolation capabilities of the ROMs. As an initial
condition, we use a Gaussian wave centered around x = Zl;”’ namely
u(x, 0) = exp(=50(x — 3—‘7r)2). (40)

A visualization of this simulation is displayed in Fig. 5.

For the ROMs we consider the three bases discussed in this work:
the global POD basis G-POD, the space-local POD basis L-POD, and the
space-local POD basis with overlapping subdomains LO-POD. For the
space-local approaches, the domain is subdivided into I subdomains.
For the local basis { y;;}, we use J box functions contained within each
subdomain, such that IJ = N. In this way, the local basis aligns with the
FOM finite difference basis, see (10). The integrals in the LO-POD post-
processing step, Eq. (28), are approximated using the midpoint rule for
integration [33]. For the ROM time integration, we use the same RK4
scheme as for the FOM.

To evaluate the ROMs we evaluate the difference between the ROM
solution ufoM := @aROM and the FOM solution ufoM:

wOM@) — M) ufOM(@) — PuFOM(r)  puFOM(y) — uFOM(y)
[aFOM ()], [[uFOM()], IuFOMOIl

. 4D

:=solution error :=ROM error :=projection error

where P projects the solution on the POD basis, see (31). This differ-
ence will be referred to as the solution error. In (41), this error is de-
composed as the sum of the ROM error (the error made by the ROM
during the time integration) and the projection error (the error made by
the reduced basis approximation). Our implementation, in Julia [36],
of the introduced methodologies and experiments is freely available on
Github, see https://github.com/tobyvg/local POD_overlap.jl.

5.2. Projection error

For the construction of the L-POD and LO-POD ROMs, we have to
determine the number of subdomains I and the number of modes per
subdomain ¢, with Iq = r, which results in a basis that generalizes best
outside the training data. To do this, we evaluate the projection error,
see (41), on both the training and validation data. The results are de-
picted in Fig. 6 for different I, averaged over both the training (solid
line) and validation data (dashed line).

A basis that generalizes well should perform well on both the train-
ing and validation data. We observe that for I = 5, the training error is
lowest, but the validation error is rather large, indicating that the basis
does not generalize well. For higher values of I, the training and val-
idation errors are much closer, but tend to increase with increasing 1.
In this case, I = 10 is considered optimal, as the training and validation
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depicted.

errors are small and of similar size. This is true for both L-POD and LO-
POD. For the remainder of this text, we will therefore stick to I = 10 for
the construction of the local ROMs. In general, the choice of 7 is likely
problem-dependent, and an a priori study similar to Fig. 6 needs to be
performed to determine an optimal value.

Next, we compare the performance of the space-local approaches
against each other, as well as to G-POD. This is also displayed in Fig. 6
(bottom plot). We observe that the projection error converges faster for
LO-POD, as compared to L-POD. This can be explained by the fact that
the LO-POD basis functions are constructed from twice as many finite
difference points as for L-POD, due to the overlapping subdomains. This
means the fit is carried out over twice as many DOF, which yields a lower
projection error. The difference between convergence on the training
and validation data is slight for both space-local approaches. On the
other hand, for G-POD, the convergence of the projection error on the
training data is very fast, see (13). However, on the validation data,
the error hardly converges. This is because the G-POD is only suited
for representing the wave on the left side of the domain, as detailed in
the next section. We conclude that the space-local approaches yield a
basis that generalizes better than the global approach for this particular
problem.

5.3. Resulting basis

The resulting local basis functions for g = 6 are displayed in Fig. 7
along with the first six G-POD modes.

We find that the G-POD modes are only nonzero where the traveling
wave is represented in the training data. This explains why the error
on the validation data hardly converged in Fig. 6. For the space-local
approaches, where a common basis is “copied/pasted” across the entire
domain, this is not an issue. Regarding L-POD, we observe that the ob-
tained basis functions do not smoothly decay to zero at the edge of the
subdomain, but instead end abruptly. Finally, we observe that for LO-

POD the post-processing procedure in (28) indeed results in a basis that
smoothly decays on the edge of the subdomains.

5.4. Accuracy and energy conservation of ROM

Having obtained a basis for each of the POD approaches we con-
struct a set of ROMs. Based on the results in Section 5.2, we select r = 60,
I =10, and ¢ = 6 for the space-local approaches. To keep the size of the
basis the same, we choose r = 60 for G-POD. The ROM results are ob-
tained by evaluating (35) from the initial condition in (40). The resulting
simulations up to ¢ = 5 are presented in Fig. 8.

For G-POD we find that after the training data the performance de-
grades significantly. This exposes the limitations of G-POD, as it is un-
able to adapt to wave traveling outside the training range. The space-
local approaches perform better in this regard. Both L-POD and LO-POD
are capable of extrapolating the traveling of the wave past the training
region. However, L-POD seems to suffer from discontinuities in ufoM,
as the edges of the subdomains become increasingly visible as the simu-
lation progresses. LO-POD does not suffer from this issue and smoothly
extrapolates the solution past the training region. This means the smooth
reconstruction coming from LO-POD indeed improves the quality of the
simulation for the same number of DOF.

Next, we evaluate the ROMs on a set of performance metrics. The
first metric is the solution error, see (41). The other metrics (defined on
the figure axes) focus on how well the energy is conserved during the
simulation, namely the total change in energy and the instantaneous
change in energy. The results are shown in Fig. 9.

The results are depicted for both the FOM time step size Ar (solid
line) and a five times larger time step 5 - At (dashed line). This larger
time step is based on an eigenvalue analysis of the ROM operator, also
presented in Fig. 9. For this analysis, we determined the eigenvalues
of the operator D projected on the ROM basis. This operator is given
by PDP. It can be shown that replacing D in the FOM, see (6), by this
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Fig. 9. (Top-left) Solution error for each of ROMs during the simulation, presented for both A7 = 0.01 and Ar = 0.05. From left to right, the black lines indicate the end
of the training data and validation data, respectively. (Top-right) Relative change in energy with respect to the start of the simulation. (Bottom-left) Instantaneous
change in energy, computed by evaluating (39). (Bottom-right) Eigenvalues of the projected FOM operator.

projected operator is equivalent to integrating the ROM, see (35). The
eigenvalues 4; are ordered according to the magnitude of their abso-
lute values. We observe that the largest eigenvalue for the space-local
approaches is roughly five times smaller than that of G-POD and the
FOM. This is likely due to the fact that the G-POD basis functions con-
tain higher frequencies than the space-local basis functions, see Fig. 7.
Using a smaller G-POD basis could alleviate this. Based on this analysis,
we also evaluate the performance of the ROMs for a five times larger
time step [37].

Looking at the solution error, we observe that G-POD performs best
in the training region (the error is so small that it is outside the plot-
ting range). However, after leaving the training region (¢ > 1), the per-
formance degrades rapidly. On the other hand, for the space-local ap-
proaches, we do not observe this jump of error outside the training re-
gion, but rather a steady increase. Importantly, outside the training re-
gion, the space-local approaches are much more accurate than G-POD.
In particular, LO-POD improves by more than one order of magnitude
upon both G-POD and L-POD outside the training region.

When increasing the time step size by fivefold, the simulation quickly
becomes unstable for G-POD. For L-POD, both time steps yield stable
simulations, giving results that are very close to each other. For LO-
POD and a smaller time step size, the error seems to converge to an
equilibrium. However, for a larger time step, it increases steadily. This
means there is likely still a benefit to taking a smaller time step. An
interesting continuation of this research would be to find a way to sys-
tematically determine the “sweet spot” between increasing the time step
and maintaining accuracy of the ROM. This could for example, be done
by considering several different time step sizes and both implicit and ex-
plicit integration methods, or adaptive time-stepping based on an error
estimator [38].

In terms of energy conservation, we observe that all ROMs conserve
the energy as predicted by the theoretical analysis, except for a time dis-
cretization error incurred by the use of RK4. This error increases when
the time step size is increased. Only for G-POD with an increased time

step size, the simulation becomes unstable. For LO-POD, the numerical
error in the instantaneous change in energy, see (39), is the largest. This
is likely due to the linear system that needs to be solved to evaluate the
ROM for a non-orthogonal basis, see (35). However, the time discretiza-
tion error is the primary source of error, as the change in energy during
the simulation is roughly the same for L-POD and LO-POD.

5.5. Convergence with increasing ROM dimension

Next, we look at the convergence of the solution error as we increase
the size of ROM basis r. In addition, we compare the ROMs to a finite
difference discretization with the same number of DOF. Note that for the
ROMs DOF = r. For the finite difference simulations, we first project the
solution on the FOM grid using linear interpolation. We then compute
the difference, such as in (41), and compute the L,-norm to quantify
the error. For the local ROMs we stick to I = 10 subdomains, while in-
creasing the number of basis functions per subdomain ¢ to increase r.
We consider a maximum of r = 100 for the ROMs.

The results are depicted in Fig. 10.

Regarding the local ROMs, we observe rapid convergence of the so-
lution error as we increase the number of DOF, with LO-POD consis-
tently outperforming L-POD. This is in line with the projection error
convergence discussed in Section 5.2. Regarding G-POD, we observe no
convergence of the solution error. Regarding the finite difference dis-
cretization, we find it converges at a much slower rate than the space-
local ROMs.

To obtain a conclusive answer about the scaling of the ROMs, we
considered the number of nonzero entries in the ROM operator A. This
is also depicted in Fig. 10. Here we find that the number of nonzero
entries scales according to a power law, with L-POD scaling the most
favorably. This is in line with the discussion presented in Section 4.2.
Hyper-reduction can be carried out to further reduce the computational
cost of the ROMs [17,34,35]. Finally, one could also increase the time
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Fig. 10. (Top-left) Solution error averaged over a simulation up to ¢ = 5. Results are presented for the different ROMs, as well as a finite difference discretization
(FD) with the same number of DOF. (Bottom-right) Number of nonzero entries in the ROM operator A.

step size, as discussed in Section 5.4, to further decrease the computa-
tional cost of the space-local ROMs.

5.6. 2D advection-diffusion equation

To further evaluate the viability of the space-local ROMs, we con-
sider the 2D advection-diffusion equation:

ou(x, 1)

= -V - (VX)u(x, 1)) + vV2u(x, 1), (42)
ot —_— —

advection diffusion

where some quantity u(x,f) € R is advected through space x=
[x y]T € R? by a stationary velocity field V € R? which is diver-
gence free, i.e. V-V =0. The fact that the velocity field is now space-
dependent, as opposed to the 1D case where it was uniform, adds to the
difficulty of the test case. As opposed to the 1D case this system also
contains diffusion. This results in a passive spread of u throughout the
domain. The diffusion rate is determined by the scalar viscosity v > 0. In
our case, we employ a finite volume discretization with a staggered grid
for the velocity field [39]. This is done to preserve the skew-symmetry
of the operator. The diffusive term is discretized using a simple second-
order scheme.

For the FOM we consider the following setting: A peri-
odic domain Q= [-x,z]X[-7z,x], a velocity field given by
V= [cos(x -y cos(x— y)]T discretized on a 256 x 256 uniform
grid, and a viscosity of v = 1073, The initial condition is given by the
sum of three Gaussians, each centered on one of the streamlines of the
flow where the velocity is highest:

2
»

(43)

2
u(x,0) =— exp(—2x2 - 2y2) + exp(—2<x - ﬁ) — 2<y +Z
2
T

2
2

3

The FOM is integrated in time using a RK4 scheme with A7 = 0.025. Ev-
ery 16 time steps, we save a snapshot of u(x,r) for the construction of
the ROM basis. Note that the performance of the ROMs converge to the
FOM, when doing the Galerkin projection. To resolve this closure, mod-
els can be included in the ROM [40]. The snapshots collected in the
interval ¢ = [0, 12] are used as training data, the interval ¢ = (16,20] is
used as validation data, and the interval ¢ = (20, 40] is used to test the
extrapolation capabilities of the ROMs. The ROMs are also integrated
in time explicitly using a RK4 scheme. However, for the LO-POD ROM
we resort to the implicit Crank-Nicolson method, see [24], to limit the
computational cost. This scheme enables us to achieve second-order ac-
curacy in time, while solving only a single linear system at each time
step, rather than at each evaluation of (35) in the RK4 scheme. To solve
the resulting system efficiently, we employ an LU-decomposition [41].
This is required, as the LO-POD basis is non-orthogonal, i.e. S # L.

+ exp(—z(x + %)2 - Z(y -

10

Fig. 11. Subdomain Q; and its overlapping subdomains for LO-POD in 2D.

Regarding the subdomain decomposition, we use the fact that the
FOM is discretized on a uniform grid. In this way, we can simply sub-
divide the domain uniformly into subdomains. For L-POD, this results
in a straightforward decomposition. For LO-POD the decomposition is
chosen such that each subdomain overlaps with its four neighboring sub-
domains which share a vertex in the middle of the considered domain.
This is depicted in Fig. 11.

The number of subdomains I for the space-local approaches and the
number of modes g is chosen according to the performance on the val-
idation set. This is presented in Appendix B. Based on this, we settle
on I =8x8 and ¢ =20 for L-POD and g = 15 for LO-POD. We settle
on these values for ¢ as these are the lowest values which surpass a
projection error threshold of 1072 on the validation set for this value
of I. The value of I is chosen as it generalizes well from the training
data set to the validation data set. For G-POD, we choose r = q = 31,
as the snapshot matrix contains 31 snapshots for G-POD such that the
SVD only produces 31 basis functions. For the size of the time step, we
choose the largest value that does not degrade the ROM performance.
This is presented in Appendix C. The time step sizes used are presented in
Table 1.

5.6.1. 2D basis
The resulting basis computed with the SVD for each of the POD ap-
proaches is depicted in Fig. 12.
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Fig. 12. The first three G-POD (top) modes and the first three space-local POD modes for L-POD (middle) and LO-POD (bottom) for the 2D advection test case.

From the basis functions, we can see that the flow runs diagonally
across the domain. This is expected from the prescribed velocity field
for which V| = V,. The G-POD modes contain information on the most
dominant features of the flow. From these modes, we can see that some
interesting dynamics occur in the region where the flow changes direc-
tion. The second and the third mode also seem to be quite similar, but
slightly shifted. This is common for advection-dominated flows and re-
sults in a slow singular value decay [5]. For the space-local approaches,
we find that the basis functions contain less information about the flow,
but seem more similar to a generic basis. This likely allows them to
generalize better on the validation set. We provide more insight on this
in Appendix B. For LO-POD we find that the basis functions smoothly
decay to zero at the edge of the subdomain, as enforced by the kernel
introduced in Appendix A. This allows LO-POD to produce smooth ap-
proximations. The basis resulting from L-POD does not guarantee this.

5.6.2. ROM performance

In this section, we discuss the performance of different ROMs and
compare to both the FOM and a finite volume discretization, which is
twice as coarse as the FOM in each direction (128 x 128 as compared
to 256 x 256 for the FOM). This will be referred to as coarse FOM. The
results are summarized in Table 1 for a full simulation up to # = 40 (in-
cluding the training, validation, and extrapolation region).

For the G-POD ROM we find a short computation time, due to the
limited number of modes, but also a large solution and gradient error.
The latter is defined as

GulROM(r) — GufoM(y)

. 44
[|GuFOM ()| |, “®

gradient error :=

11

Table 1

Computation times (comp time) in seconds on a standard laptop CPU and av-
erage solution errors (sol err) computed for the entire simulation ¢ € [0, 40] for
each of the ROMs for the 2D advection test case. A coarse FOM with a resolution
of 128 x 128 is also included for comparison. For the space-local approaches, the
number of DOF is reported as the multiplication 7 x g = r. Reported computa-
tion times are an average of 5 replica simulations. The average error for the
gradient of the solution (grad err) is also depicted.

DOF (I X q) comp time ||sol err]|, ||grad err||, At
G-POD 31 2.5%x1073 0.267 0.636 0.2
L-POD 82 x 20 = 1280 0.207 0.0353 0.213 0.2
LO-POD 82 x 15 = 960 1.02 0.0354 0.164 0.05
coarse FOM 1282 = 16384 4.57 0.226 0.514 0.1
FOM 256% = 65536 25.9 - - 0.025

where G € R2V*N is a forward difference approximation of the gradi-
ent operator, such that the elements of GuR°M approximate Vu in dif-
ferent parts of the domain. These large errors are likely the result of
the G-POD basis’s limited generalization capabilities. For the space-local
approaches, we observe that the computation time is roughly two or-
ders of magnitude larger than for G-POD. As we have access to more
space-local POD modes than global ones, we choose to include enough
to accurately represent the solution, see Appendix B for details. This
increases the computation time with respect to G-POD, see Table 1 for
the exact number of DOF for each ROM. However, using the space-
local approaches, we still obtain a speedup between one and two orders
of magnitude with respect to the FOM. The L-POD ROM is roughly 5
times faster than the LO-POD ROM. This is mostly because the explicit
RK4 scheme (fourth order accurate) used for L-POD allows for larger
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Fig. 13. Solution at the end of the simulation at 7 = 40 for the 2D advection test case produced by the different ROMs as well as a coarse FOM.
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Fig. 14. (Left) Solution error for each of the ROMs during the simulation of the 2D advection test case. (Right) Energy trajectories during the simulation. Energy
trajectories from L-POD and LO-POD overlap with the FOM trajectory. From left to right, the black lines indicate the end of the training data and validation data,

respectively.

time steps without loss of accuracy, as compared to the Crank-Nicolson
scheme (only second order accurate) used for LO-POD, see Appendix C
for an analysis on the time step size. As mentioned earlier, the Crank-
Nicolson scheme is used for LO-POD as it limits the number of linear
systems needed to be solved per time step to one. L-POD and LO-POD
both produce a similar solution error. However, looking at the gradient
error LO-POD obtains a lower error. This is likely because LO-POD does
not suffer from discontinuities at the subdomain boundaries, while L-
POD does, see Fig. 3. Both space-local approaches outperform the coarse
grid finite volume discretization, both in computation time and error
metrics.

Next, we consider the solution at the end of the simulation (z = 40),
see Fig. 13.

Here we find that G-POD does not capture the solution well and con-
tains unphysical artifacts, whereas the space-local approaches do repro-
duce the solution well. The coarse-grid finite volume discretization also
captures the solution quite well, but is slightly smoothed and shifted
(due to numerical diffusion and dispersion).

Finally, we consider the solution error and energy trajectory for each
of these models, see Fig. 14.

We find that the G-POD ROM performs well within the training re-
gion, but it does not extrapolate well. For the space-local approaches,
this is not an issue as both perform comparably, both inside and outside
the training region, and for both the solution error and the energy. These

12

approaches also outperform the coarse FOM, which slowly accumulates
error during the simulation.

5.7. Applicability to 2D Navier-Stokes

As a final test case, we evaluate the applicability to the 2D incom-
pressible Navier-Stokes equations by assessing how well the POD bases
generalize to representing the solution. The incompressible Navier-
Stokes equations read:

ov

E+(V-V)V=—%Vp+vAV+f, (452)

(45b)

for a 2D velocity field V(x, ) € R2. For the density we choose p = 1 and
for the kinematic viscosity v = 000" For the forcing we take f(V,x,7) =

[sin(4y) O]T - 0.1V, as to simulate Kolmogorov flow. This setup is
often used for evaluating data-driven turbulence modeling strategies
[42-44]. The PDE is solved numerically using the second-order accurate
scheme presented in [45] on a periodic domain Q = [—z, 7] X [-7, 7].
The computational grid consists of 2048 x 2048 grid cells. The simula-
tion is initialized with energy content in the large wave-numbers, and
a warm-up period of 25 time units is employed before collecting the
training data. After the warm-up period, training data is collected on
the interval ¢ = [0, 10] and validation data on the interval r = [100, 110],

V-V=0,

L
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Fig. 16. First vorticity snapshot of the validation data projected on the different POD bases with varying number of modes per subdomain ¢ for the space-local

approaches.

to remove any temporal correlation. Both the validation and training
data consist of 50 snapshots of the vorticity @ = V x V € R3. For 2D,
only the third component of this vector is nonzero, which we shall re-
fer to simply as w. We choose to represent the vorticity as for periodic
domains in 2D, all the information of the flow is contained within this
scalar field [46].

To begin our analysis, we examine the projection error for both
the training and validation datasets using an 8 x 8 decomposition of
subdomains, which is identical to the 2D advection-diffusion case, see
Fig. 15.

Similar to the previous test cases, we find that the projection error of
the G-POD converges fast on the training set. However, upon examining
the validation set, we find that the space-local approaches generalize
significantly better.

In Fig. 16, we display the reconstruction of the first snapshot of the
validation set produced by the different bases.

We depict the reconstructions for both g = 10 and ¢ = 50 modes per
subdomain for the space-local approaches, and all the available POD
modes, i.e. r = 50, for G-POD. We find that the space-local approaches
capture the flow characteristics quite well, with 8 x 8 x 50 = 3200 DOF,
whereas G-POD does not capture any of the characteristics. Regarding
L-POD, we find that using a lower number of modes per subdomain ¢
worsens the discontinuities at the subdomain boundaries, whereas L.O-
POD suffers from noisier reconstructions for low q.
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6. Conclusions

In this work, we presented a novel way of constructing ROMs for
PDEs describing advection-dominated problems. The key properties of
our proposed ROM are: sparsity and generalizability through a space-local
ROM with overlapping subdomains; stability by embedding energy con-
servation in the ROM. The space-local ROMs are achieved by building
a POD basis within each subdomain, as compared to a single common
basis for the standard space-global approach. In [25], it was shown that
such a basis results in a sparse and computationally efficient ROMs. As
suggested in [27], we modified this approach to generate a common lo-
cal basis for the entire domain, similar to a finite element basis. This
work differs from [27] in that we applied this to time-dependent PDEs,
as opposed to steady-state problems. In addition, we introduced over-
lapping subdomains to ensure a smooth representation of the solution
within the space-local POD basis. By generating a common basis, we
achieve generalizability in time, as in this way, a feature observed in one
subdomain can now be represented in any of the subdomains. In addi-
tion, we introduced overlapping subdomains to prevent discontinuities
at the subdomain boundaries. To test our methodologies, we made use
of the linear advection equation in both 1D and 2D. One of the proper-
ties of this system is that the energy is conserved. Our space-local ROMs
satisfy this property exactly, even when the basis is non-orthogonal (as
is the case for the overlapping approach).
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We observed that the resulting space-local ROMs generalize much
better for advection-dominated problems than the standard space-global
approach. We also demonstrated that such a space-local approach yields
sparser and, consequently, more computationally efficient ROMs. In ad-
dition, we showed that the space-local ROMs also satisfy energy conser-
vation and allow for larger time steps. The latter further decreases the
computational cost of the ROMs. Regarding computational time, we ob-
served an improvement of one to two orders of magnitude with respect
to the FOM in the 2D test case. By introducing overlapping subdomains,
we demonstrated that we obtain smoother approximations of the solu-
tion and require fewer basis functions to represent it compared to the
non-overlapping approach. However, this comes at the cost of solving
a linear system at each time step. Depending on the application, either
overlapping or non-overlapping subdomains might be most suitable. If
smoothness of the solution is required, overlapping subdomains might
be more suitable, while if computational efficiency is of higher priority,
non-overlapping subdomains are likely preferred.

To further evaluate the generalizability of the space-local POD ap-
proaches, we applied it to the 2D incompressible Navier-Stokes equa-
tions in a Kolmogorov flow setup. In this case we solely considered
the ability of POD basis to represent the solution, without building the
ROMs. We consider constructing the actual ROM for this non-linear 2D
test case outside the scope of this research, as it requires dealing with
the divergence freeness condition, and possibly introducing hyperreduc-
tion methods for the non-linear term [34,35]. Regarding the represen-
tation of the solution space-local methods (L-POD and LO-POD) clearly
outperformed G-POD, which showed strong overfitting to the training
data. In contrast, the local variants maintained low projection errors
and accurately reproduced flow features on unseen, temporally decorre-
lated data. These results indicate that the space-local framework gener-
alizes well for advection-dominated systems and holds strong potential
for reduced-order modeling of turbulent flows.

For future research, we consider constructing a space-local ROM for
an actual turbulence test case described by the Navier-Stokes equations.
To achieve energy conservation, one can make use of the observation
presented in [9], where it was shown that carrying out a Galerkin pro-
jection on an energy-conserving FOM (with quadratic non-linearity) re-
sulted in an energy-conserving ROM. However, one important require-
ment is that the POD basis needs to be divergence-free, meaning that
the space-local POD basis also needs to be divergence-free. Currently,
this is still being actively researched in our group. To resolve this, we
could take inspiration from [27] and construct a POD basis, not only for
the velocity, but also for the pressure [47]. Another possible research
direction would be to circumvent or speed up the solution of the linear
system required in LO-POD. For this purpose, one could possibly take
inspiration from the finite element community [24]. Finally, the appli-
cation of the space-local POD methods to steady-state problems could
be investigated. The work in [27] offers an interesting starting point for
this, as they investigated the generalization of the space-local POD ba-
sis when increasing the size of the domain for steady-state problems. An
interesting research avenue would be to compare the space-local ROMs
to space-global ones, when the spatial domain is kept the same and one
of the model parameters is varied.

Acronyms

BC  boundary condition.

DOF degrees of freedom.

FOM full-order model.

G-POD space-global proper orthogonal decomposition.

LO-POD space-local proper orthogonal decomposition with overlap-
ping subdomains.
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L-POD space-local proper orthogonal decomposition.

LSTM long short-term memory.

PDE partial differential equation.

POD proper orthogonal decomposition.

RK4 Runge-Kutta 4.

ROM reduced-order model.

SVD singular value decomposition.
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Appendix A. 2D Bump kernel

Here we discuss the kernel used to construct the LO-POD basis for the
2D advection test case. This kernel is required to obtain basis functions
that smoothly decay to zero at the edge of the subdomain. To achieve
this, we use a standard bump function:

-1
w0 = {exp(‘-_'x')
0

to construct the kernel [48]. This function, along with its derivatives,
smoothly decays to zero as |x| approaches 1. Next, we apply normaliza-
tion

)
w(x) = { PEH=Ix)
0

if |x| < 1,
(A1)
elsewhere,

if |x] < 1,
(A.2)
elsewhere,
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to ensure the kernels form a partition of unity, see (26). The 2D kernel is built using a product of two normalized bump functions

k(x) = w () (), (A.3)

where x = (x, )" € R? are the spatial coordinates. For the presentation of this kernel, we exploit the fact that we use a uniform grid. This allows
us to conveniently subdivide the domain into square subdomains Q; of the same size. Let ', ' € R? denote the coordinates of the bottom-left and
top-right vertex. Each subdomain overlaps with its four neighboring subdomains, which share a vertex in the middle of the considered domain. The

kernel associated with subdomain Q; is

k(%) = w(X)w (), (A.4)
where %; = 2;,.__—0;‘,. —landy = 2;__’3 — 1 are the normalized coordinates. The kernel is depicted in Fig. A.1.

1 1 2 2

Ly -05
k2 -1, -1.0 5

Fig. A.1. Bump kernel used to construct the LO-POD basis for the 2D advection test case.

Appendix B. Choice of subdomains and modes for 2D test case

In this section, we present the projection error on the training and validation sets for the 2D advection test case. This is presented in Fig. B.1.

Training Validation
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Fig. B.1. Projection error evaluated over the training (left) and validation (right) data set for the 2D advection test case. I = 1 x 1 corresponds to G-POD. Solid dots
correspond to L-POD and stars to LO-POD. The horizontal black line corresponds to a projection error of 1072,

Based on these results, we select the number of modes g which first surpasses the projection error of 102 for I = 8 x 8. This value of I is chosen
as it generalizes well, i.e., the performance on the validation set is similar to the training set and the resulting ROM is sparser than for I = 4 x 4. For

L-POD this corresponds to ¢ = 20 and for LO-POD to ¢ = 15.

Appendix C. Time step size

In Fig. C.1, we present the error of ROMs integrated using different time step sizes. The maximum time step sizes are selected so that performance
degradation or the occurrence of instabilities is avoided. These are presented in Table 1.
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|| Solution error|,

10°%%F + - :
—o—G-POD
—o—L-POD

10710 —o—L0-POD
——FV: 128 x 128

hd hd hd T
2P e
Time step size increased by factor w.r.t. FOM

Fig. C.1. Solution error averaged over the simulation for the 2D advection test
case, the ROMs for each time step size. Results for a finite volume (FV) dis-
cretization on a coarser grid than the FOM resolution (256 x 256) are also de-
picted. Absence of markers indicates an unstable simulation. The LO-POD ROM
is integrated using a Crank-Nicolson scheme, as opposed to RK4 for the others,
and is therefore unconditionally stable.
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