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Abstract

We demonstrate how e-values simplify both experimental design and the in-
ference process. With e-values researchers can perform anytime-valid tests
and construct confidence intervals that maintain type I error control re-
gardless of the sample size. This enables real-time monitoring of evidence
as data are collected, permitting early termination of experiments without
intolerably inflating the risk of false discoveries. Early stopping not only con-
serves resources, but also mitigates risk for participants in clinical settings.
Anytime-valid tests allow for optional continuation, that is, the extension of
an experiment, for instance if more funds become available, or even if the
evidence looks promising and the funding agency, a reviewer, or an editor
urges the experimenter to collect more data. Analogously, a researcher can
be assured that a 95% anytime-valid confidence interval will, with at least
95% probability, cover the true effect size regardless of how, or even if, data
collection is stopped. We use the free and open-source software package
safestats implemented in R to illustrate the practical benefits of this novel
inference framework.

Keywords: adaptive sampling designs; evidence; reproducible science; re-
search waste reduction; sequential analysis

Reproducible science is a demanding endeavour: To minimise reporting, publication,
and hindsight biases, researchers must clearly define their theories and hypotheses in a pre-
registration document before data acquisition. Such a pre-registration document typically
also requires the pre-specification of a (sampling) rule for terminating data collection. This
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serves to prevent the commonly used classical p-value test from becoming invalid, thus,
unreliable. Without a predefined plan, repeatedly checking whether p < a can make any
working hypothesis appear “significant”, even when it truly is not. [Simmons, Nelson, and
Simonsohn| (2011, p. 4) therefore emphasised the need for transparency and adherence to
these sampling rules, urging reviewers to enforce compliance. But this solution ultimately
relies on eliminating flexibility by confining researchers to a rigid sampling protocol, all in
service of an old-fashioned statistical inference tool developed back in the 1930s. In practice,
however, even the most carefully planned studies face setbacks such as slow recruitment,
budget shortfalls, or unforeseen crises like pandemics. Being left with invalid inferences
after managing such challenges can be both discouraging and counterproductive.

Instead of tying researchers to rigid classical tools that demand strict sampling plans,
we introduce anytime-valid tests and e-value based confidence intervals. These methods
allow researchers to dynamically decide whether to continue or stop an experiment, all
without breaking statistical guarantees. Reviewers benefit too, since they no longer need
to verify adherence to rigid sampling protocols.

Our primary contribution lies in offering insightful yet non-binding recommendations
for maximally flexible sample sizes, providing clear guidance on how to allocate resources
efficiently when designing and conducting experiments. In a nutshell (all jargon will be
explained further below), we provide planned sample sizes npjan at which a desired power at
a guessed (or minimally clinically relevant) effect size is guaranteed; non-binding means that
both the e-value based tests and confidence intervals remain valid irrespective of whether
the planned sample size is actually realised, or whether the guessed effect size is even
approximately correct — we may always stop early or sample new data points at will.

These planned sample sizes can easily be obtained with the safestats R software
package as elaborated on in Section Before doing so, we first address the challenges of
monitoring a p < « test in Section and demonstrate how e-values resolve these issues in
Section [I.2} More generally:

Organisation of this Paper.

e Section [I| focuses on type I errors, specifically addressing scenarios where a treatment
effect is truly absent. This section is more detailed, as it establishes the notation and
provides the main motivation for e-values.

e Section [2] shifts the focus to type II errors, equivalently, power analyses, and investi-
gates the behaviour of e-values under alternatives (when an effect is truly present).

e Section (3| provides practical recommendations on the choice of e-value procedures in
the t-test setting.

o Section [ demonstrates how a planned e-value analysis enables reliable conclusions
using approximately 58% and 70% fewer data points in two real-world examples.

e Before digging into details, the hurried reader may want to consult the concluding
Section [5] which summarises advantages but also lists potential disadvantages of using
e-value based inference methods, as well as further important (mostly advantageous)
aspects of e-values that we could not cover here in detail.
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This introduction to e-values is intended for practitioners who wish to make reliable infer-
ences with minimal statistical hurdles. It focuses on accessibility for an applied audience,
leaving rigorous mathematical treatment to specialised works such as those by |Grinwald,
De Heide, and Koolen| (2024)), [Howard, Ramdas, McAuliffe, and Sekhon| (2021)), |Ramdas,
Grunwald, Vovk, and Shafer| (2023)), and Shafer (2021).

1 An e-value quantifies the evidence against the null as indicated by the data

To make the exposition concrete, we consider the experimental setup where two
groups, say, treatment and control, are being compared. As usual, individuals in each group
are assumed to have normally distributed responses with unknown population means pu1, p2,
respectively, and unknown population standard deviation o. To argue for the effectiveness
of the treatment, we test the null hypothesis that states Hg : ¢ := u1 — 2 = o, where g is a
postulated (known) null value, typically, ¢o = 0. Under the null hypothesis, any discrepancy
between the postulated null value g and the observed sample mean difference z1 — Zo is
attributable solely to random variation.

The conventional approach uses a two-sample t-test conducted at a pre-registered
— thus, data-blind — sample size or “time point” n. At n, data collection stops, the test
is conducted, and a decision is made to either reject, if p < a, or to not reject the null
hypothesis, if p > a. As usual, « represents the tolerable type I error, the probability (i.e.
relative frequency) with which a testing procedure is allowed to produce a false null rejection.
To ease exposition, we think of time n as the sample size(s) by assuming n = n; = ng
Determining n at which data collection stops and the p < « test is conducted is challenging:
if the sample size is set too low, we risk losing statistical power, therefore, missing a true
treatment effect with too high probability; conversely, setting n too high wastes valuable
resources.

To circumvent this problem, we propose dynamically determining the sample sizes by
tracking a sequence of e-values, where e stands for the evidence against the null hypothesis
indicated by the accumulating data. An e-value of 0 means no evidence, 1 means neutral
evidence, and values above 1 indicate evidence against the null. The larger the e-value, the
stronger the evidence, which, in principle, can grow without bound to represent irrefutable
evidence against the null. As data accumulate, we observe a sequence of e-values written
as e:=(e1,€2,...,€n,. -, €n,,. ), Where npjay is some time horizon (not a fixed sample size),
which we arbitrarily set to nplan = 200 for the moment. At each time point n the e-value
en is a non-negative number forming, for example, the sequence e = (1,0.83,...,27). As
soon as e, passes 1/a, we can reliably stop an experiment in favour of a treatment effect.
Importantly, when there truly is no effect, there is at most « (e.g. « = 0.05) probability that
we will ever observe misleading evidence against the null hypothesis larger than 1/« = 20.
This result is known as Ville’s inequality, which we use to motivate the formal definition of
e-values and E-processes below.

!The highlighted properties of p and e-values discussed here extend naturally to cases with ni % no at
some or each time point, but this would require bookkeeping that muddles the presentation.
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Figure 1

Top left panel: Given a sufficiently large time horizon, here npla, = 200, a p-value will
always dip below any a-threshold (here o = 0.05), even if the null holds true. Bottom left
panel: The classical 95% confidence intervals will not cover the true effect at all moments in
time. Top right panel: For the same data that were generated under the null, the sequence
of e-values remains under 1/a. Bottom right panel: The 95 % anytime-valid confidence
intervals cover the true effect size (here 0) at all moments in time.

1.1 Continuously monitoring a p < a test guarantees the eventual rejection of
the null hypothesis, even when it is true

To appreciate Ville’s inequality and to motivate e-values, we contrast it to the
repeated p < « testing procedure, which leads to the (well-known) phenomenon of sampling
to a foregone conclusion (Kotz, 2006)E| If the null hypothesis is true, then repeatedly
collecting data will inevitably cause any sequence of p-values to fall below a significance
threshold (such as o = 0.05) resulting in false rejections of the null and misplaced confidence
in ineffective treatments.

An instance is shown in the top left panel of Fig. [I] for which we simulated normally
distributed data under the null hypothesis of no effect with pu; = po = 4 and standard
deviation o = 2. At each time n =1,2,...,200 a p-value is computed yielding the sequence
p:=(p1,p2,...,p200). The p-value dips below « = 0.05 on 31 occasions, namely, at n =4, 5,
127, 128, 131, 135, 144, 179, 185, and between n = 187 and npla, = 200. Hence, monitoring
the p-value and stopping at the first instance p < a will, for this data set, yield a false null
rejection.

The problem is not alleviated if we track the confidence intervals across time instead.
The bottom left panel of Fig. [I] shows that we arrive at similar incorrect conclusions about

2We hope that the code provides some additional insights to this phenomenon for those who are unfamiliar
with it. All R code used for the simulations and plots can be found on the OSF repository https://osf.io/
mdbqge/files/osfstorage.
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the true population mean difference, here ¢ = u; — pus = 0, if we monitor the confidence
intervals and stop as soon as zero falls out of the interval. This is due to classical 1 — «
confidence intervals being the inversions of the p < « tests (e.g. Bickel & Doksum, 2015
Section 4.5, and Appendix . The red curves in Fig. [2| illustrate the performance of the
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Left panel: The false positive rates of monitoring the p < « test (red) increase well beyond
the tolerable av = 0.05. On the other hand, the FPR of the e > 1]« test (blue) remains below
the tolerable o at all moments in time. Right panel: The coverage rates of the classical
confidence interval (red) dips below the nominal 95% level, if it is used sequentially. The
coverage rate of the anytime-valid confidence interval remains above the nominal 95% as
promised.

procedures that monitors the p < 0.05 test and the 95% confidence interval under repeated
use. The simulation study is based on 5000 data sets generated under the null with p; =
o =4 and o = 2 as before. Though, we get the same graph if each replicating data set is
generated with a different, but common p; = po and a different o. The red curve in the left
panel represents the realised type I error (also known as the False Positive Rate, henceforth,
FPR) as a function of time nE| At nplan = 200 2158 out of 5000 p-values sequences (43.16%)
had (at least one) time point with p < a. Hence, the situation represented in the left column
of Fig. [[is common. The dramatic increase in FPR of the repeated p < « test is caused
by the number of times a researcher checks for a significant p-value, not by the test being
performed after each pair of observations. For instance, if the p < « test were conducted
after, say, 38, an additional 20, and another 40 more participants, then the FPR would
be approximately 5%, 8.64%, and 10.80% as in Fig. |2 at times n = 1,2,3. By extending
the time horizon, here, npla, = 200, indefinitely, we end up at an FPR of 100% resulting
in a certain p < a rejection, which makes a treatment appear “significant”; despite the null
being true. More formally, for any data-generating distribution P from the null model My
consisting of N'(u1,0%) and N (o, 0?) with 1 = o, we have

lim P(There exists a time n < npjay such that p, <o) = 1. (1)

Nplan =

3The value of the curve at n stems from tallying the number of p-value sequences that, up to time n, led
to a false rejection of the null hypothesis. The number of false positives is then divided by the total number
of p-value sequences leading to the relative frequency of interest. Similarly, the red curve in the right panel
of Fig. | represents the fraction of replicating data sets that included the true mean difference of p1 —p2 = 0
at all times up to n =n1 = na.
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This probability is already larger than o when npja, = 2, which implies that p-values become
more unreliable with more data. Eq. occurs for all classical p-value testing scenarios,
not just t-tests.

This shows that the event p < a can only be legitimately interpreted as rare —
occurring with probability at most a — under the null, if the test is performed once, and only
once. Any deviation from the sampling plan undermines the validity of this interpretation,
potentially misleading us into erroneous conclusionsﬁ

1.2 Stopping times and the definition of F-processes

The desire for a measure of evidence that is resilient to sampling to a foregone
conclusion can be seen as the main motivation for e-values. Its definition rests on one
key requirement: controlling the risk of false evidence — that is, bounding the probability
of observing misleadingly large evidence against a true null hypothesis. Meeting this re-
quirement depends on two technical concepts. The first is stopping times, which describe
when data collection ends, whether by design or external factors. The second is Markov’s
inequality, a technique that uses the expected value to bound the probability of extreme
outcomes. Together, they provide the backbone for the robustness we want, as we explain
in more detail below.

In brief, we model a sequence of e-values as an outcome of a random processes FE :=
(E1, Es,...,Ey,...). This process is designed so that, at any stopping time, its expected
value never exceeds one. We denote by F, the anticipated evidence at time m, written
in uppercase to emphasise its dependence on future data. Once the data at time n are
observed, the random variable E,, realises as a fixed value (e.g. e, = 7) and loses its
randomness. Hence, a random process E formalises the sequential procedure that converts
accumulating data into a running sequence of e-values that evolves over time.

We next elaborate on the practical relevance of stopping times through examples,
then demonstrate how knowledge of a random process’s expectation yields the desired con-
trol.

1.2.1 Stopping times

A stopping time is a, possibly data-dependent, time N at which data collection will
be halted, as long as this decision does not depend on future events. Here are two (familiar)
examples:

(a) The deterministic stopping rule to terminate data collection at a fixed time, say,
N = 200, after observing n; = ny = 200 samples is a stopping time. Halting is not
influenced by any observation, particularly those after N = 200.

“There are group-sequential and a-spending p-value methods that compensate for FPR inflation with
different thresholds au,. The choice of a.,, and therefore the interpretation of p, < a,, as rare, depends on:
(i) a pre-determined final time point/sample size nmax, (ii) the total number of times the test is conducted,
(iii) when (relative to mmax) the tests are conducted, and (iv) an a-spending function. For these methods
type I error control is only guaranteed up to nmax and requires practitioners to adhere to the stopping rule
Pn < ap, which is not the case for e-value based methods that are therefore more flexible, see the discussion
on stopping times below, and [Ter Schure, Perez-Ortiz, Ly, and Grunwald| (2024)) for a comparison.
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(b) Stopping at the first-passage time N, the first time when ey > 1/a or py < «a, uses
only the data collected up to time N.

Adapting stopping rules (a) and (b) to the available data also leads to valid stopping times:

(c) Delayed first-passage time: Assume that the first-passage time N occurs early on.
To increase our confidence in the finding, we require the e-value to remain above 1/a = 20
for, say, an additional 6 time points before actually stopping.

(d) Forced continuation: We observed e = 12, but a reviewer, who is convinced that the
evidence should be larger than 20, demands that we test another 37 observations before
concluding the experiment. Halting after the additional 37 observations is a stopping
time.

(e) Optimistic continuation: A statistician tells us to stop data collection for the null
the first instance ey < 0.21, and to stop for a treatment effect as soon as ey > 16.
During data acquisition e, < 0.21 is observed, but the optimistic principal investigator
insists on continuing sampling until ey > 16. The first time N at which ey > 16 occurs
after first observing e, < 0.21 is a stopping time.

Note that the last two stopping times incorporate hopeful intentions. Sometimes we are
forced to stop due to external causes, which are also examples of stopping times:

(f) The resource-exhausting stopping time is the moment when data collection is
halted due to depleted funds, a malfunctioning measurement instrument such as an
fMRI scanner, a catastrophic event, or mandatory shutdowns due to a pandemic.

(g) Frustrated stopping time: The moment the study ground to a halt because the prin-
cipal investigator, bested by a stubbornly malevolent printer, resigned in exasperation.

(h) Convenient stopping time: The long-awaited moment when a meeting is finally
held with the funding agent, governing board, and ethics committee, allowing the data
analytic results to be reviewed and a decision to be made to stop all experiments (e.g.
Ter Schure et al., 2022]).

An illustration of what does not qualify as a stopping time is provided in Section [I.3] The
moment of stopping might be based on whichever of the above conditions occurred first,
which is also a stopping time. More formally, the minimum between two stopping times N
and M is also a stopping time. For instance, N could be the first-passage time Ey > 1/a,
and M some planned sample size npla, derived from a power analysis. By additionally
taking the minimum with the point at which resources (e.g. funding, time, or energy) run
out, we obtain a model of a stopping time that is well suited to real-world applications.

1.2.2 Bounding the exceedance probability of a non-negative random variable
with its expectation

Every process eventually stops and we write Ny for the (potentially unknown in
advance) stopping time at which data collection will be halted. Despite not knowing the
stopping time Ny, we aim to base our inference on a random process E that, upon stopping,
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produces misleadingly large evidence against the null hypothesis with only a small proba-
bility. To achieve this, we employ Markov’s inequality (see Appendix [Bfor a proof), which
bounds the probability of any non-negative random variable X exceeding ¢ > 0 by 1/c¢ times
its expectation. That is,

P(X > ¢) <Ep[X]/ec. 2)

where Ep is the expectation under the data-governing distribution IF’E| Since the anticipated
evidence F, at every n is non-negative, it is also non-negative at the stopping time Nj.
Applying Eq. with ¢ =1/a, e.g., ¢ = 20 for a = 0.05, to the random variable Ey, yields

]P)(ENO 2 1/@) < OzE]p[ENO]. (3)

For the left-hand side to be bounded by « for any P from the null, and to compensate for
not knowing which stopping time Ny underlies the sampling process, we crudely require the
process E to have Ep[EN] < 1 for all P from the null and all possible stopping times N
simultaneously.

1.2.3 The definition of E-processes

We call the random process E := (E1,...,E,,...) an E-process for the null model
My if it satisfies the following;:

(i) It has to quantify neutral evidence at the start, that is, Fj = 1.

(ii) At each time n the anticipated e-value E,, may take on values between 0 and oo repre-
senting absolutely no evidence and irrefutable evidence against the null, respectively.

(iii) But under any data-generating distribution P from the null, and all possible stopping
times IV, we expect E to convey at most neutral evidence:

For any stopping time N and all P € Mg we require Ep[ Enx] < 1. (4)

The random variable E,, the E-process at time n, is referred to as an FE-variable if
Eq. holds for the fixed time N =n.

The null model (the set of data-generating distributions consistent with the null hypothesis)
only appears in the definition of an F-process through requirement Eq. . This require-
ment is least restrictive when the null model is simple. That is, when it contains only
a single distribution, such as the standard normal distribution N (0,1) in the one-sample
z-test setting.

An FE-process for a simple My is characterised by a likelihood ratio with the de-
nominator corresponding to the null model. More specifically, let p(z™) denote the density
function (e.g. Ly, Marsman, Verhagen, Grasman, & Wagenmakers, 2017)) of the simple My
at outcomes z" := (x1,...,2,) that are realised from X" := (Xy,...,X,,), and ¢(z") any
density function that integrates to one. In Appendix [E] we verify that the likelihood ratio

SRecall that the expectation is a weighted sum/integral of the outcomes z of X, where the weights p are
defined by the data-governing distribution P, i.e. Ep[X] = [~ zp(z)dz.
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InfoBox 1: The betting interpretation of e-values

We may always interpret E-processes as a bettor’s potential wealth in an ongoing multi-round game,
in which no money is expected to be gained if the null hypothesis holds true. We explain the precise
rules of the game in the simplest setting, where the E-process takes the form of a likelihood ratio
process. In this setting the bettor starts with initial capital e; = 1, say, dollar, and the pay-off
depends on o(z), where z is an outcome taking values in a finite set, say, {RED,BLACK}. If the
null hypothesis corresponds to p(RED) = p(BLACK) = 1/2, as for a roulette table without the green 0
outcome, then the game maker (i.e. the casino/nature) can set o(x) = 1/p(x) = 2.

At each round n, before seeing the outcome of X,,, the bettor determines a strategy for allocating
her current wealth e,_; across all possible outcomes; for example, g(RED) = 2/3, ¢(BLACK) = 1/3.
She receives e,,—; multiplied by (i.e. the likelihood ratio) I, (xy) = ¢(z) x o(zy) = ¢(x,)/p(zy); in
our example, if 25 = RED then ey = [(21) x e; = 4/3; the money put on BLACK is lost. Thus, at
round n, after observing x,, the bettor’s accumulated wealth becomes e, = [T l;(z;) = l1(21) x
la(x2) x =+ x I, (xy,). For example, after observing a sequence (RED,RED, BLACK) the bettor above
would have accumulated (4/3)%(2/3) = 1.19 dollar.

If (as in the example above, with the null a ‘real casino’) the o(x) is set such that the bettor is not
expected to gain money if the null hypothesis is true, then (and only then) is the potential wealth
process E' = (E1, Es,...) an E-process. It further is a good E-process if the bettor is expected to get
rich fast when the alternative is true. Betting with strategy ¢(RED) = 2/3 at each round n makes
sense if the bettor thinks that there is a substantially larger probability of observing RED compared
to BLACK. If this is truly the case, then the bettor’s wealth F,, will grow exponentially fast. The
higher this wealth, the more evidence is acquired against the null.

By refining the game, the betting analogy can be extended to composite nulls and continuous
outcomes as is the case for the T-statistic: every E-process has a sequential betting interpretation,
which can be used to gain intuition. For instance, the fact that E-processes preserve type I error
control under optional stopping is the same mathematical phenomenon as the fact that there is at
most 1/c probability of you multiply your initial capital in a real casino by a factor ¢ — no matter
what betting strategy you use or what rule is used to stop betting. The fact that a valid stopping
time may depend on past data but not on the future corresponds to the truism that your decision
to stop betting in a real casino may depend on what you have seen so far but not on what you will
see in the future.

Further elaboration on this betting interpretation is unfortunately beyond the scope of this paper,
and we refer to |Grinwald et al| (2024); Ramdas et al.| (2023)); [Shafer| (2021); Waudby-Smith and
Ramdas| (2024) and at an introductory level to (Ter Schure| [2023, Chapter 1) for further details. ¢

process E:= (E{,E],...,E},...), where E}l := Zg:g, is indeed an E-process for this simple
M. The arguments apply to any density function ¢, which makes the collection £(My)
of all E-processes for My vast. Box [I] provides a concrete example of likelihood ratios
and their betting interpretation. We elaborate on E-processes for the t-test setting after

discussing Ville’s inequality.

1.2.4 Safe anytime-valid tests

For any E-process E from the vast collection £(My), its definition (i.e. Eq. )
and the discussion surrounding Eq. imply the following: Under any distribution from
the null, there is at most « probability that an F-process produces misleading evidence
exceeding 1/« upon stopping, no matter which (possibly unknown) stopping time is used
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to terminate data collection:
For all data generating P from M and any stopping time N : P(Ey >1/a) <a.  (5)

Eq. (b)) forms the basis for safe anytime-valid (henceforth savi) tests and confidence intervals.
Since Eq. holds for all stopping times, it does so for the ones mentioned in Sectionm
Applying Eq. to the first time N at which E, exceeds 1/a (see Howard, Ramdas,
McAuliffe, and Sekhon! (2020)), Ruf, Larsson, Koolen, and Ramdas (2023]) and Appendix
for details) yields Ville’s inequality:

For all P from My : P(There exist a time n such that E, > 1/«a) < a. (6)

In contrast to Eq. for p-values, Ville’s inequality ensures that additional data do not
mislead an E-process into favouring ineffective treatments with probability above a. This
robustness holds even if extra data are gathered at the insistence of a hopeful reviewer or
investigator, or if data collection continues beyond the moment e,, > 1/«, since Eq. still
holds. For these reasons, we refer to the e, > 1/« test as a savi test of level .

The right panel of Fig. [l shows an e-value sequence (blue) that is realised from a
so-called mom type E-process with tuning parameter set to gyon = % in the t-test setting,
which we introduce in the next section. For the same data as in the top left panel, which
resulted in p < a = 0.05 on 31 occasions, we see that the e-values correctly remained below
1/a =20 at all n =200 time points.

1.2.5 FE-processes for t-tests

E-processes for composite My (comprising more than one distribution, as in the
case of t-tests) are more complicated than when M, is simple. The increase in complexity
stems from requirement Eq. , which is more restrictive for a larger class of null-consistent
probability distributions. There are, fortunately, various general approaches to construct
E-processes for composite null models: (a) the universal inference construction that works
for any My that admits a (type of) maximum likelihood estimator (Wasserman, Ramdas,
& Balakrishnan| 2020)), (b) the reverse information projection approach (e.g. |Grinwald et
al., 2024; Larsson, Ramdas, & Ruf}|2025) that is guaranteed to lead to powerful E-variables
by optimisation, (c) the p-to-e-calibrator approach that uses specific functions to convert
any p-value into an e-value (e.g. Shafer, Shen, Vereshchagin, & Vovk, 2011}, Vovk & Wangj,
2021)), as well as constructions based on, for instance, the betting interpretation (Waudby-
Smith & Ramdas| 2024)), and the Doob martingale (Koning & van Meer, 2025|). The first
two constructions lead to expressions that can be immediately recognised as variations of
likelihood ratios [l

This is also the case for the problem at hand, as was shown by |Pérez-Ortiz, Lardy,
de Heide, and Grinwald (2024) and Hendriksen, de Heide, and Grinwald (2021)), in a
generalised setting. More precisely, in the t-test setting, any savi test defining tuning
parameter d, leading to the process E% = (EfS,EgS, .. ,Eff, ...) is an E-process comprised

5These variations are not the same as the classical concept of generalised likelihood ratios, which do not
form E-processes. Furthermore, they do not fully align with the notion of Bayes factors, as not all Bayes
factors are E-variables, see Appendix [H|for a (counter)example, and not all E-variables are Bayes factors.
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of E-variables E% given byﬂ

AV
"TRM

where in the denominator f,(t) is the likelihood of the (standard) T-distribution with v
degrees of freedom, and where in the numerator f, (t|./negds) is the T-likelihood with non-
centrality parameter |/n.gds for outcome ¢. The outcome ¢ refers to a realisation of the
usual T-statistic, where

(7)

. _ Y. _ ni _ n2 _
P X2 s, J LS - K2+ 00— 8)2), )

P Vi j=1

is the pooled sample deviation based on v = ny + no — 2 degrees of freedom, and where
X} = % Yk X, is the sample mean of population k = 1,2, neg = 72{{3122 the effective sample
size, and ny the sample size of group k =1, 2.

In sum, every choice of d5 in Eq. leads to an E-process in the t-test setting. We
are, however, not limited to fully committing to a single value, such as d; = 0.5. Instead, we
can spread our bet by taking a weighted average over the tuning parameter d; and construct
what is known as a mixture E-process with respect to a prior m(ds). For instance, using
the point prior that puts all mass at ds = 0.5 recovers the aforementioned choice for a single
value. The prior is selected before data observation as in Bayesian statistics. However, we
do not interpret m as prior belief about ds. Instead, we treat it as a a tuning distribution,
which we optimise over (as elaborated on in Section [2| below). The distinction between this
approach and a Bayesian prior belief is further discussed in the concluding Section

Regardless of the chosen prior 7, as long as the non-negative weights integrate or
sum to one, that is, [ m(ds)dds = 1, we get a mixture E-process comprised of ET at time
point n defined as

E™ = f E%*1(8,)dSs. (9)

Since Eq. holds for each E,‘fﬁ, it also holds for the mixture. To see this, let Ny be an
arbitrary stopping time, and Py any distribution from the null. Swapping the order of
taking the expectation with respect to T', and the mixture/integral with respect to ds yields

EPQ[EJT{Q)] = fEPO[E?\;O]W(és)dds Eqé f lﬂ(és)dds =1. (10)

As this holds for any Ny and Py from Mg, we conclude that the mixture is indeed an
E-process. Note that this argument does not depend on Ef\f being a likelihood ratio. The
general statement is that weighted averages of E-processes remain E-processes. This further
hints at the candidate set of E-processes for My being vast.

"Eq. makes intuitive sense in light of the result for simple M. The major difference, however, is
that the likelihood ratio for simple Mg are likelihood functions at the raw data z". For the t-test My is
composite, and the likelihood functions are at the reduced (and only marginally sufficient) T-statistic in both
the numerator and denominator. This reduction leads to some challenges that makes the rigorous proof of
this result much more involved, see |Pérez-Ortiz et al.[(2024)) and |Lindon, Ham, Tingley, and Bojinov| (2025).
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All illustrations and practical applications of anytime-valid inference discussed here

are based on the safestats R package (Ly et al.,[2024). This package includes the following
four types of mixture E-processes for the t-test setting when comparing Ho : p1 — p2 = ©o

against Hj : pu1 — pg # @o. For the sake of completeness (only), we also provide the formulas:

o grow: This mixture uses two point priors for the tuning parameter in Eq. @, assigning
equal weight (50%) to each of the values, say, 05 = —0.5 and d; = 0.5. This prior is
visualised as the purple arrows in Fig. 3| and yields the mixture:

lfl/(T| _\/n_efffss) + lfV(T|\/n_eff55)
2 f(D) 2 f(T)

grow _
ES™ =

(11)

o eGauss: This set-up uses a zero-centred Gaussian prior N'(0,g) on ds (e.g.
Johnson, Lu, & Westfall, |2005) resulting in

v+l

JpeGauss . 1 ((1+neffg)(u+T2)) 2
n T VTHnegg \ v(1+negg)+T2 :

(12)

The dashed yellow curve in Fig. [3| illustrates the prior with ¢ = 0.52.

o mom: This mixture is based on a so-called non-local moment prior on d; (e.g.
& Rossell, 2010; Pramanik & Johnson, 2022). The corresponding two-bump/camel
prior is plotted as the blue curve in Fig. |3 and the positions of the 2bU.IIlpS take on the

0.5

role of the tuning parameter controlled by gnon. Taking gmom = =5~ mimics the grow

choice at £0.5. Appendix [F] shows that the mom type E-variable at n equals:
3 2 ].+V7Jrl 2
om. [ / -2 (1+neftGnon) (v+T7) 2 14+v(1+NeftGnon ) +Neftgnon (V+1) T

EE " '_( 1+ neffgmom) 2 ( v(1+7efrGnon) +172 ) ( (L+neftGnon) (v+12) ) (13)

+ eCauchy: This mixes &, with respect to a Cauchy prior d, ~ Cauchy(0, x?) (e.g.
freys, 1961; Rouder, Speckman, Sun, Morey, & Iverson| [2009) with scale parameter
k > 0 represented by the dashed brown curve in Fig. [3] where £ = 0.5. The corre-
sponding mixture E-variable can be accurately computed numerically as:

v+1 52

eCauc o 1+ne T2 > 3 -t
[ecauchy ::#[0 1 (("’nffg)(l"" )) g 2e 29dyg (14)

T+nemg \ v(1+negg)+T2

All four types of E-processes have in some form been introduced in the literature as Bayes
factors (Jeffreys, 1961, [Ly, Verhagen, & Wagenmakers, 2016a;, 2016b) with specifically cho-
sen priors on the nuisance parameters, i.e. the global mean pg = pt1 = o and o (e.g.
Ly, & Wagenmakers|, 2020). It is not well known that these Bayes factors are also E-variables
for which Ville’s inequality holds. This latter property suggests a frequentist-based appli-
cation of these Bayes factors, which departs from their standard use; see Appendix [[] for a
more detailed discussionEl The left panel of Fig. [2[ shows in blue the (frequentist) guaran-
tee of the procedure that tracks the savi mom type t-test which rejects the null as soon as

8The e-value based testing procedure also differs from the approach based on Wald’s sequential probability
ratio test, see for instance [Schnuerch, Heck, and Erdfelder| (2022), [Steinhilber, Schnuerch, and Schubert|
(2024), and also [Fischer and Ramdas| (2024)) for an improvement of Wald’s sequential test.
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Various priors for the construction of E-processes

0.8 = mom
= == eCauchy
eGauss
0.6
2
‘0
& o4
g o
0.2
0.0 -
I T T T 1
-2 -1 . 0 1 2
Tuning parameter &g
Figure 3

The various types of E-processes for the two-sided anytime-valid t-tests can be identified
by the prior used to mixz the T-likelihood ratio: mom is based on the mnon-local moment
prior (blue), grow is based on the two point priors (purple arrows), eGauss is based on the
Gaussian prior (dashed yellow), and eCauchy is based on the Cauchy prior (dashed brown)
on ds. All priors are optimised to a minimal clinically relevant effect size S = 0.5.

en > 1/a=20. Only 182 out of the 5000 e-value sequences (3.64%) contained a time point
at which the e-value exceeded 1/a = 20. As the number of checks e, > 1/« increases, so will
the FPR, but only slightly. Ville’s inequality guarantees that the FPR of the savi test will
not exceed the tolerable o = 5%, even if the time horizon is increased indefinitely.

1.2.6 Anytime-valid confidence intervals

In other words, at least 1 — a proportion, e.g. 95%, of the e-value sequences will
forever remain below 1/a = 20. This restatement of Ville’s inequality can be derived by
inverting Eq. @, see Appendix@ This requires negating a “there exists” clause within the
probability statement, which converts it into a “for all” clause, and vice versa, yieldingﬂ

For any possible data-generating P € My : P(For all times n: E, <1/a)>1-a.  (15)

Eq. is also used to construct anytime-valid confidence intervals, that is, a sequence of
confidence intervals that, with probability of a least 1 — a will forever cover, say, the mean
difference parameter ¢ = p1 — pg. Prior to experimentation any value g on the real line is a
potential candidate for the data-governing effect size. Each ¢y can serve as a null value in
the T-statistic Eq. , which in turn affects the e-value at time n. By inverting E,, < 1/a,
we collect all those effect sizes @y for which the associated e-values up to n have not (yet)

9For example, the existence of just one black swan is enough to disprove the statement “all swans are
white”.
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exceeded 1/a. The resulting “running intersection” (Howard et al., |2021)) 1 — « confidence
sequence, thus, sequentially removes unlikely values ¢ for ¢ that the data provide strong
evidence against. Since the inversion of E,, < « is carried out inside the probability statement
of Eq. , the resulting intervals will forever cover the true parameter ¢ with probability
at least 1 —a. These anytime-valid confidence intervals are therefore also attractive to those
who suggest to eliminate the concept of statistical significance in favour of interval inference
(Amrhein, Greenland, & McShane, [2019).

The bottom right panel of Fig. [1| shows a 95% confidence sequence. The horizontal
yellow line depicts the true data generating ¢ = 0, which is within the intervals at all
moments in time. While the sample mean difference estimator (centre of the intervals) may
exhibit bias in the sequential setting, the intervals reliably include the true ¢ such as ¢ =0,
or p =1 in Fig.[9

The blue curve in the right-panel Fig. [2[ shows that 4818 out of 5000 (96.36%)
sequences of confidence intervals encapsulated the true data generating ¢ at all 200 looks.
Ville’s inequality Eq. guarantees that the coverage probability remains above 95%,
even if we extend the time horizon npja, indefinitely.

1.3 Cheating is still not allowed with e-values

Ville’s and Markov’s inequality, Eq. , do not protect against data dredging prac-
tices, such as selectively reporting results from only n = 40 data points, while omitting 50
“outliers”, because they led to a low e-value. This deceptive reporting strategy is equivalent
to a retroactive stop at n = 40 that depends on the full data set of size n = 90. As this is not
a valid stopping time, we cannot guarantee that data dredging yields e-values larger than
1/a with a probability of at most «.

With E-processes we are allowed to choose which group to sample from, before
seeing the outcome at time n, based on data up to time n— 1. However, it is not allowed to
fraudulently change the group label after acquiring the observation at time n. Cheating is
still prohibited within this framework of inference, and it is not anticipated to be permitted
within any reasonable framework of inference (Steinhilber, Schnuerch, & Schubert, [2025)).

Cherry-picking an E-process from the vast collection £(M) after data observation
can also invalidate the interpretation of e, > 1/a as rare under the null. To avoid this
trap, we should select (and pre-register) an E-process prior to data collection. Below, we
demonstrate how the safestats software package supports good inferential practices based
on e-values.

1.4 Using Ville’s inequality to dynamically determine the sample sizes under
the null

Once an FE-process is selected, Ville’s and Markov’s inequality Eq. ensure that
inference remains safe and anytime-valid. This is achieved by bounding the probability of
an F-process producing misleading evidence, even under the most aggressive first-passage
time rule, which rejects the null as soon as e, > 1/a, while continually extending the time
horizon to maximise the potential for misdirection.

The first occurrence of e,, > 1/a does not mandate stopping or the rejection of the
null hypothesis. Instead, it serves as the earliest signal to consider halting data collection.
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# Pseudo code: This code does NOT run
n <« 1
eValueAtTime [1] <« currentEValue <« 1

while (currentEValue < 1/alpha && n <= nPlan) {
currentEValue < saviTTest(x[1:n], y[1l:n], designObj=designObj)
eValueAtTime [n] < currentEValue

if (currentEValue >= 1/alpha) {
stop () #if we want to
} else {
"Increase sample size and test again
at the start of the while loop"
n<mn+ 1

Protocol 1.1: The e-value testing procedure in pseudo R code with time horizon npjan.

Sampling can safely continue, allowing further data to potentially lower the e-value and
revisit any preliminary hard conclusions regarding the null hypothesis.

Thus, the condition e, > 1/« is best interpreted as an (initial) indicator to stop
collecting data, rather than a strict rejection criterion. Additional data always enhance
inference, for example by tightening the mom type confidence intervals. In the end, the
realised e-value is most naturally understood as a continuous measure of evidence against
the null (e.g. Koning}, [2024). In sum, instead of fixing the sample size in advance, we propose
to use the data-driven procedure as described in Protocol in pseudo R code.

2 Power and the fastest evidence accumulating F-process under alternatives

For an E-process to quantify evidence effectively, it should not only generate e-
values that remain forever small when the null holds true, but also produce sequences that
grow large when the null is false. As more data are collected under the alternative, the
evidence against the null should become increasingly pronounced, allowing the procedure
to potentially achieve 100% statistical power.

Fig. [4] illustrates this contrasting behaviour by applying Protocol with the mom
type E-process, where guom = g as introduced earlier, and the arbitrarily set time horizon
Nplan = 200. The left panel depicts sequences of e-values under the null, whereas the right
panel shows sequences under the alternative with standardised treatment effect § = F=E2=20
set to 6 = 0.5. Under the alternative, most of the e-value sequences (yellow curves) increase
rapidly. By quickly accumulating evidence against the null, we gain persuasive support (i.e.
en > 1/a = 20) for a treatment effect sooner. In the full simulation 4921 out of 5000 e-value
sequences pass 1/a = 20 by npan = 200. Stopping as soon as e, > 1/a = 20 leads to an
average stopping time of nyean = 67.19. Thus, by time np,, = 200, this method correctly
indicated persuasive evidence in favour of an effect in 98.42% of cases, demonstrating its
high statistical power. An E-process with 100% power implies that the remaining e-value
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Sequences of e-values under Hy:6=0 Sequences of e-values under 5=0.5
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Figure 4

Left panel: The mom type E-process starts at one and under the null yields sequences
that slowly drift towards zero (green). Out of the 200 runs shown, siz e-value sequences
(red/pink/orange/brown/purple/lilac) produced misleading evidence. Right panel: Under
the alternative 6 = 0.5, the e-value sequences increase rapidly (golden yellow). Out of the
200 runs shown, two e-value sequences (red/pink) remained below 1/a = 20.

sequences will also cross 1/a, if we continue sampling. The contrasting behaviour depicted
by the two panels shows that a sequentially observed e, > 1/a can genuinely be viewed as
more likely under the alternative than under the null.

Ideally, we use the fastest evidence accumulating E-process, as it will provide us with
the earliest option to stop data collection and potentially maximise resource conservation.
We use this optimisation principle to select E-processes in Section below. Section
focuses on how npja, in Protocol @ can be chosen based on a power analysis. As with a
classical power analysis, we assume to be given a desired power, e.g. 1 - 3 = 80% therefore
a tolerable type II error 8 = 0.2, and an expected, or minimum clinically relevant, effect
size Omin. Such a dpyin is useful when we are not interested in tiny effects of (relatively)
costly new treatments. In two-sided settings we refer to data-governing effect sizes § with
|8] > Omin > 0 as clinically relevant.

2.1 Determining the fastest evidence accumulating FE-variable under Ps

For efficient inference, we favour the procedure that produces larger e-values on
average, when an effect  exists. Suppose that E;! and E;? are two E-variables with savi
test defining tuning parameters s1, s, respectively. Under an alternative Ps, we prefer E;!
over B2 if we expect ES! to, say, triple, whereas E?°? to only double the evidence against
the null at n. In general, we favour inference based on E’! over E;?2, if the rate of growth
of E;' exceeds that of E°2, which we capture using the logarithmic function. That is, if
Ep,[log(E;!)] > Ep,[log(E;?)]. If the data are indeed generated under Pj, then the most
preferable E,, from &,(My), the collection of all E-variables for My at time n, is the one
that achieves the following maximum (Griinwald et al., |2024; Koolen & Griinwald, |2022[)H

Ep. [log(Ey)]. 16
X ps[log(Ey)] (16)

10T ease exposition, we write maximum, but it should in fact be a supremum (the smallest upper bound).
Similarly, below we write a minimum, which should actually be an infimum (the largest lower bound). The
differences between maximum/minimum and supremum/infimum matters substantially on a technical level,
see (Griinwald et al|(2024) and |[Larsson et al.| (2025) for further details.
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The E-variable that attains this maximum is referred to as the growth-rate optimal E-
variable under Pg. Intuitively, an optimal choice maximises the rate at which the E-variable
accumulates evidence, thereby minimising the average sample size required to achieve per-
suasive support under an effect of size 0 (Ter Schure et al., [2024).

The optimal E-variable that solves Eq. , however, typically depends on the data-
governing §. Due to not knowing Ps in practice, we cannot specify the growth-rate optimal
FE-variable. One workaround involves a minimal clinically relevant effect size iy and the
adoption of a conservative approach. The so-called grow (the growth-rate optimal in worst
case) E-variable then solves the following maximin problem

in Ep [log(E,)]. 17
Bebn (Mo) B 25 ps[10g(En)] (a7)

As before, the maximum is over the vast collection &, (M), and the minimum (the worst-
case part) is over all (alternative) distributions Ps that are clinically relevant. For models
that have the so-called monotone likelihood property, the problem gets easier as the data-
governing ¢ is further away from the null. For these models the inner minimum of Eq.
is attained by § = dmin and simplifies to the problem Eq. . This is the case for ¢-tests.

2.2 Fastest evidence accumulating F-processes in the t-test setting

Pérez-Ortiz et al. (2024) showed that for t-tests, the one-sided grow E-variable
(alternative § > dpin > 0) is given by d, in Eq. set equal to dmin. It follows that the
two-sided grow E-variable is the t-likelihood ratio Eq. based on the two-point mixture
that puts half its mass at d5 = —dmin and at ds = dmin, see the purple arrows in Fig. [3|in case
Omin = 0.5. Importantly, this grow result is not a consequence of modelling subjective belief,
but emerges from the desire to use the fastest evidence accumulating procedure.

Instead of optimising over the full collection &,(Myj), we can restrict the candidate
set of F-variables to those belonging to the mom, eGauss, or eCauchy types [E-variables

min> and K = [Omin|

in Eq. resulting in optimal parameter values of gpom = 5“2’“1, g =062
respectivelym The right panel of Fig. |5 depicts in yellow the sampling distribution of the
2

mom E-variables with ¢ = 6“;“ as a function of n for data generated under § = dpin = 0.5.
The 95% and 5% quantiles are depicted as golden yellow curves, and the mean of the
logarithm of the E-variables as the black curve, which all continue to increase as n grows.
For completeness, the left panel shows the sampling distribution under the null. This stark
contrast in the behaviour of the F-variable under the alternative and null suggests that
e-value sequences have the potential to remain self-consistent and non-contradictory over
time under both hypothesis.

The selected mom E-process being optimal for the given dni, implies that the slope
of the black curve in the right panel of Fig. [§] is the steepest achievable amongst all mom
E-variables under Ps . with dmin = 0.5. As such, it is guaranteed to cross any evidence
threshold 1/« (e.g. dashed horizontal grey line) under Ps_. the soonest. Provided with S
we can also determine when this crossing occurs.

" These optimal solutions are derived by Taylor expanding the logarithm of the E-variables for v large,
integrating with respect to t, followed by differentiating with respect to the tuning parameter, i.e. gnon, g, K-
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Distribution of e-values at n under Hy:3=0 Distribution of e-values at n under H; : $=0.5 and Hy:5=0
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Figure 5

Left panel: Under the null, the sampling distribution of E-variables does not increase and
typically drift towards zero. Right panel: Under the alternative, here with § = dpin = 0.5,
the distribution of mom e-values increases rapidly. Since mom is tuned to Omin and thus
accumulates the evidence fastest, we know that the depicted increase is the steepest amongst
the mom E-variables.

2.3 Determining 7., for a desired power 1- /3, i, and tolerable «

The intuition behind the derivation of np, in a power analysis is to horizontally
cut the yellow sampling distribution depicted in the right panel of Fig. [5| at 1/a. This is
equivalent to studying the distribution of the first times at which the E-process passes 1/«
which we access by sampling.

For this reason we developed routines in the safestats package that efficiently
sample the first-passage time distribution. Specifically, using (essentially) just Line 3 of
R Code we simulate (by default) nSim = 1000 e-value sequences under Ps_. ., all in
under 2.4 seconds on a 2021 iMac M1. E Line 4 plots the first-passage time distribution

library(safestats)

designObj « designSaviT(deltaMin=0.5, beta=0.2, testType="twoSample")
plot (design0Obj)

; result « saviTTest(x, y, designObj=design0bj)

plot(result)
plot(result, wantConfSeqPlot=TRUE)

R Code 2.1: All the code needed to design, perform and visualise a savi test. Inference
based on data vectors x and y occurs on Line 6. Line 7 plots the e-value sequence, and Line
8 illustrates the anytime-valid confidence interval as a function of the sample sizes.

as in Fig. @ The first 100 e-value sequences until they hit 1/« are shown in yellow. The
histogram of the nSim = 1000 first-passage times N at which ey > 1/a occurred is depicted

12For those interested to code along, we recommend installing version 0.8.8 or higher of the safestats
package, which, if not available on the Comprehensive R Archive Network (CRAN), can be installed by
running the command remotes: :install _github("AlexanderLyNL/safestats", ref="088") in R.
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in blueE The top panel of Fig. |§| illustrates the distinct roles of «, dmin, 8 for this power
analysis. Firstly, a defines the minimum level of evidence for persuasive support, e.g.
1/a = 20, which is depicted as the horizontal black line. Secondly, dn,i, defines the optimal
mom F-process which is expressed by the steepness of the average upward drift of the e-
value sequences. Lastly, the blue histogram shows that after n; = no = 100 observations,
a wee few more than 800 out of the nSim = 1000 e-value sequences correctly resulted in a
first option to stop in favour of the presence of a treatment effect. Hence, by monitoring
en > 1/a up to Nplan = 100 enables a true treatment effect size of dyin = 0.5 to be detected
with at least 1 -3 = 80% power. To acknowledge that npjay, is derived from simulations, the
design object (Fig.[7]) also reports twice the bootstrap standard error of 5.69. It also shows
an average sample size of Npean = 59 for both groups, which is the average between the
first times N < npjan at which ey > 1/a occurs, and N = npja, for those e-value sequences
that continued until npjan. In comparison, a classical p < 0.05 test with the same «, 3, Omin
should be performed at n; = ny = 64. Hence, under Ps,_. , the mom E-process will require on
average 5 fewer (but in the worst-case, 36 more) participants in both groups compared to
the classical p < 0.05 test. The flexibility of e-value based tests comes at the price of a larger
sample size to plan for, but Fig. |§| shows that in return there is about 59% probability to
realise a stopped experiment before n = 64, if § = dnin.

2.4 The behaviour of np,, under other alternatives

Monitoring the test is even more beneficial when the data-governing effect size is
larger than dp,;,. The middle panel of Fig. [f] shows that, under Ps with § = 0.6, the evidence
against the null accumulates even faster, and the whole first-passage time distribution is
shifted to the left. The average sample size at which persuasive support is gathered is then
at Nmean = 46. This gain in efficiency goes unnoticed for the classical p < 0.05 test that for
type I error control should only be performed at n = 64.

On the other hand, if the data-governing effect size is smaller than expected, then
more samples are needed to observe e, > 1/a with 80% power. The bottom panel of Fig. |§|
shows that under Ps with ¢ = 0.45 about 69.5% of the e-value sequences led to e, > 1/« at
n = 100.

Hence, although the np, was tuned to the case d = dmin, it also suffices for all
data-governing 0 larger than dni,, as one would intuit for a minimal clinically relevant
effect size. Upon reaching npl., without the e-value sequence crossing 1/a, we can halt
data collection, maintain the null hypothesis as the status quo, and assert that the effect is
not clinically relevant, with a permissible type II error rate of at most 5. Alternatively, we
can also continue sampling if the e-value looks promising and we are keen to investigate a
smaller effect. Similar conclusions can be reached by exploring the anytime-valid confidence
intervals. The role of the planned sample size is to guarantee at least 1 — 5 probability to
gain persuasive support for a treatment effect under continuous monitoring.

13The first-passage time of an e-value sequence that did not yet pass 1 /a is set to oo, as is customary.
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Regardless of the actual value of the data-governing 0, it can (eventually) be detected with
a savi test. From top to bottom: Distribution of the first-passage distribution when the
data-governing 6§ = Omin = 0.5, 0 = 0.6 > dmin, and § = 0.45 < Omin, respectively.
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> print(designObj, digits=3)
Savi Two Sample T-Test Design

nlPlant2se, n2PlantZ2se = 100+5.69, 100+5.69
nlMeantZ2se, nZMeantZse = 59+1.87, 59+1.87
minimal standardised mean difference = 0.5
alternative = twoSided
power: 1 - beta = 0.8
parameter: gMom = 0.125
alpha = 0.05
decision rule: e-value >= 1/alpha = 20
e-variable type = mom

Timestamp: 2023-08-24 03:14:16 CEST

Note: If it is only possible to look at the data once, then

nlPlan = 121 and n2Plan = 121.
Figure 7

Screenshot of the design object created on Line 3 in R Code .

2.5 Other power analysis scenarios: Determining the power 1 -, or the min-
imal detectable effect size 0.,

There are circumstances where the available budget forms the bottleneck of our
investigation, yielding a restriction on the sample sizes, say, at most n; = no = 40. Before
running Protocol with nplan = 40, we might want to get an indication of the ¢ that we
can detect with, say, 80% power. By providing the designSaviT function with a, npjan, 5,
e.g. Lines 3 and 4 of R Code we see that the smallest effect that we can detect with
80% probability is about dmin = 0.882. Subject experts might claim that an effect size of
0 = 0.7 is more realistic. Such an effect can still be detected if we sample up to ny = ny = 40,
but with smaller probability. Providing designSaviT with a, nplan, Omin, €.g. Lines 5 and 6
of R Code we see that under Ps with § = 0.7 we have 64.2 % power to observe e, > 20
by monitoring up to nplan = 40.

If any of these prospective analyses show that (a) the planned sample size is too
high, (b) the smallest detectable effect size is unrealistically large, or (c) the power is too
low, then we can either request more funds to invite the derived additional number of
participants to the study, or decide, in advance, that it is futile to conduct this experiment,
and spend our time and efforts on different endeavours instead.
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designNPlan « designSaviT(deltaMin=0.5, beta=0.2, seed=13,
alpha=0.05, testType="twoSample")
designDeltaMin <« designSaviT (nPlan=c (40, 40), beta=0.2, seed=3,
alpha=0.05, testType="twoSample")
designBeta <« designSaviT (deltaMin=0.7, nPlan=c (40, 40),
alpha=0.05, testType="twoSample", seed=2)
designNarrowestInterval « designSaviT (nPlan=c (40, 40), alpha=0.05,
testType="twoSample")

R Code 2.2: The design function designSaviT() takes as input « and any two of the three
quantities 3, dmin, plan to yield an indication of the remaining quantity and the optimal
parameter as output. Lines 1 and 2 specify as input 3,0min and output nplan, Lines 3
and 4 take as input 5, nplan and output an indication of dmin, Lines 5 and 6 take as input
Omin, Nplan and yield B, thus, power. Lastly, Lines 7 and 8 take as input np,, and output
the parameter that at np,, has the narrowest confidence interval.

Lastly, if neither ., nor a desired power 1 - 3 is known in advance, we can run
designSaviT with only o, nplan, €.g. Lines 7 and 8 of R Code The underlying code then
finds the parameter value that at the specified nplan has the narrowest confidence interval.
For npjan = n1 = ng = 40 this yields gnon = 0.134. It is worth noting that the associated
mom confidence interval becomes even narrower if we continue sampling. For instance, at
Nplan = 40 the narrowest mom confidence width is 1.315 attained by gmpom = 0.134, if s?=1.
But at ny = ny = 100 the interval width is shrunk to 0.85. Running Lines 7 and 8 of R
Code @ with nplan = n1 = ng = 100 reveals that the narrowest mom interval is attained by
Gunom = 0.05193, resulting in a width of 0.82. In all cases, the design function optimises the
requested E-process, which can then be used for subsequent inference as exemplified below
(Section [4)).

The key point is that e-value power analyses in t-test settings can be derived with
just a few lines of code. The resulting designObj specifies the type of E-process to use, the
tuning parameter for inference, and the testing duration required to detect di, with 1 -3
power. To prevent concerns about cherry-picking, these specifications, thus, designObj,
can be saved and submitted to an online pre-registration repository before conducting the
experiment. Importantly, the planned sample sizes are indicative only and do not represent
a binding commitment or guarantee regarding the number of samples to be collected. The
realised sample size at which the experiment can be stopped can be smaller(larger) than
planned, when the true effect is larger(smaller) than minimal clinically relevant. Regardless
of the actual value of the data-governing §, we can safely adapt our experiments to the
available evidence, as quantified by the e-value.

3 Practical guidance for selecting amongst various types of E-processes

In Section [1.2.5| we listed four types of E-processes in the t-test setting. Each type
provides type I error control over time, though some are better suited for certain purposes
than others. In this section, we provide insights that guide the choice of the E-process type.
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3.1 Default choice: The mom F-process

We recommend the mom E-process (Johnson & Rossell,2010) as a default procedure,
because the resulting savi test provides the best balance between efficiency and robustness
to the choice of dmin. It also yields well-concentrated anytime-valid confidence intervals
(blue curves in Fig. @ Table |1{ shows npja, for the four types of E-processes when o = 0.05
and 8 = 0.2 in the two-sample t-test setting with n = njy = ny for dpmin = 0.5 and dpin = 0.2.
The ordering of the types of E-processes in terms of the lowest npja., remains the same for

Table 1

The mom E-process provides the best balance between efficiency and robustness to the
choice of Omin. The table shows the planned and average sample sizes of ny = ny based on
a=0.05 and B =0.2. To acknowledge that these planned and average sample sizes are
found by simulation we also included two times the bootstrap standard errors. The grow
E-process has the lowest npjan for 6 > dmin, but requires an enormous number of samples to
yield high evidence with 1 — (3 probability under 0| < dmin. The mom E-process is more
robust to the choice of dmin and yields competitive npylan close to those of the grow
E-process when |§| > dmin. The average sample sizes of grow and mom are lower than the
sample sizes needed for a classical fired sample size p-value test.

o

Tuning Omin = 0.5 Omin = 0.2
True 0= 6min 6=0.8> 6min 6=02< 6min 0= 5min
Tplan Nmean Nplan Tplan Nplan Mmean
grow 89+1.71 56+0.48 40 £ 0.99 2612 + 25.93 531 +£11.83 323 +£2.96
mom 100 +1.77 59 +0.59 40 £ 0.97 814 + 14.46 596 +10.27 344 + 3.61
eGauss 106 £1.75 66 +0.61 45+ 0.77 702 +£13.38 643 £12.87 385+3.79

eCauchy 114 £ 1.88

70 £ 0.68

47 +£0.90

741 +£13.58

686 £ 11.51

407 £4.21

various values of «, 3, dmin, €.g. Fig. For a fair comparison between the four types of
E-processes, we chose the fastest evidence accumulating E-process within each type (e.g.
Section . The average sample sizes can be found under the columns with header
Nmean- FOr instance, under & = 0y, = 0.5, the first two rows show that the procedure,
which monitors the grow (or mom) e-value up to npl, and stops as soon as e, > 1/a, will,
on average, stop after nyean = n1 = gy = 56 (or ny = ng = 59) participants. For the same
«, B and dmin, the classical p-value test should always be performed at ny = no = 64 — even
if 6 > Omin- In contrast, all E-process can adapt to the advantageous situation, allowing
experiments to be be stopped even earlier, which further increases resource savings.

Under 6 = Smin = 0.2, we get average sample sizes of Nypean = 323 and 344 participants
in both groups for the grow and mom E-processes, respectively, whereas the classical p-value
test should always be performed at n; = ng = 394. Hence, both the grow and mom E-process
will on average outperform the classical p-value test.

The fact that the grow E-process yields the lowest npay, is due to it being the fastest
evidence accumulating procedure amongst all F-processes. However, in case the grow t-test
was optimised for dyi, = 0.5, but the data-governing effect size is actually § = 0.2, then the
grow E-process requires many more samples to yield e, > 1/a with 1-3 = 80% power. If the
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grow E-process were tuned to Smin = 0.2 from the beginning, then it only needs npja, = 531
instead of npjan = 2612, which equates to a relative increase of 392%. The relative increase
is much less for mom (36.6%), eGauss (9.2%), and eCauchy (8.0%), though, the latter two
types have higher baselines (643 and 686 compared to 596 respectively), see also Fig.

Nplan @Nd Niean (@bsolute) for various E-processes and p-values Npian @Nd Npyean (relative) for various E-processes and p-values
N — eCauchy | e e ==
S5001 3. cGaves 1801 _ _ e mmmmm ==
| R +++ p-value XX
S3s — mom Sae0d - === 7T7
< 200 S3z — grow O | meme e === T T T
[0) <Is_ . e e, m ===
N > Qu0{ oo mmmeem - ==
& 100 £
3] @ 120
g_ 50 % __///
100 -
o
& 204
r T T T d 80 1 r T T T d
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Omin =90 Smin =0
Figure 8

To produce persuasive support for & with 80% power, the savi tests require higher (worst-
case) planned sample sizes, compared to the classical fized sample p-value test under § = Oy .
On average the grow and mom E-process tests outperform the classical test, and the gain is
higher when the data-governing § = dmin s smaller. Left panel: The dotted thin red line
represents the number of samples needed for the classical p-value test to reject the null with
80% under 6 shown on the x-axis. The four dotted lines at the top represent the worst-case
Nplan 0f eCauchy (brown), eGauss (yellow), mom (blue) and grow (purple). The solid lines
represent the average sample sizes. Right panel: The same information as in the left panel
is shown, but scaled so the p-value sample sizes are set to 100% representing the baseline.
Roughly speaking, the additional data in the worst-case planning stage required for eCauchy
(brown) is 82%, for eGauss (yellow) is 69%, for mom (blue) is 58%, and for grow (purple)
is 42%. Roughly speaking, we require for eCauchy (brown) 12% and for eGauss (yellow)
6% more data on average. For mom (blue) we require 4%, and for grow (purple) 10% less
data.

3.2 Fast detection: The grow E-process

If the focus is on sequentially detecting an effect as quickly as possible, then there is
a case to be made for the grow E-process. It has the theoretical desirable property of being
the fastest evidence accumulating F-process in the worst case amongst all E-processes for
M. Table[l]suggests the grow choice when effects smaller than dp,;, are truly uninteresting
or impossible to measure due to the limits of our measurement instruments. Unfortunately,
this grow FE-process comes with the additional caveat that its associated anytime-valid
confidence interval stops shrinking after a certain sample size. If it can be guaranteed that
sampling will not exceed a certain sample size, then grow confidence intervals can still be
reasonable. This, however, might be hard to guarantee in practice.
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Figure 9

The confidence interval associated to the grow (purple) E-process stops shrinking after a
certain sample size. The other confidence intervals shrink and are hard to distinguish from
each other. Listed in order of widest to narrowest at n = 1024 we have: grow in purple,
mom in blue, eCauchy in brown, and eGauss in yellow. The data were generated with a true
mean difference of ¢ = 1.

3.3 Eventually narrowest anytime-valid confidence interval: The eGauss FE-
process

One of the major advantage of the eGauss FE-process is that both the two-sided
e-value and the anytime-valid confidence interval have an explicit form, which makes them
a tad less hard to analyse (H. Wang & Ramdas, [2025)). If the goal is to eventually get the
most precise inference regarding the magnitude of the effect, then the eGauss FE-process
can be recommended. Listed in order of widest to narrowest at n = 1024, Fig. [9 shows the
confidence intervals associated with grow in purple, mom in blue, eCauchy in brown, and
eGauss in yellow. The differences between mom, eCauchy and eGauss are hardly visible.
This (eventually) narrower confidence width comes at a cost in terms of somewhat larger
planned sample sizes for the test compared to those of grow and mom. Note that this choice
for eGauss relies on long term gains, as it does not yield the narrowest interval at all times.
For instance, the grow interval is the narrowest between n = 16 and n = 64{13]

3.4 Information consistent inference: The eCauchy E-processes

Of the listed E-processes, only the eCauchy F-process is information consistent. It
will therefore yield irrefutable evidence against the null in case the data are overwhelmingly

4 Hence, in terms of confidence intervals width there is no procedure that outperforms another at all time
points simultaneously.
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informative. For the case at hand, overwhelmingly informative data correspond to observing
a non-zero sample mean difference without any sampling variability, see Jeffreys (1961)),
and Ly et al| (2016a, 2016b) for more details. When it comes to npjan eCauchy performs
relatively poorly, while its confidence interval width is close to that of eGauss. Another
reason to choose eCauchy would be its overall robustness to the specification of dpip.

Table [I] shows that choosing dmin close to the data generating § can result in fast
detection of [§| > Omin, but a relatively harsh penalty in terms of npla, whenever || < dmin.
This is not a reason to choose dyin as small as possible, as a smaller 0., yields a larger
Nplan, Which in turn leads to wasteful testing whenever the null holds true, see Fig. [4l The
increase in npjan for [0] < dmin should not pose a problem if oy truly represents the minimal
clinically relevant effect size. Conventions in the field such as those posed by |(Cohen| (1988])
can help select dmin. A meta-analysis can also help establish dy,in, or it can be informed by
an original finding that we aim to replicate.

4 Two real-world examples illustrating e-value based inference in action

We show how e-values can speed up inference by examining two replication attempts
from the ManyLabs2 Project (Klein et al., [2018]), which investigated variations across sam-
ples and settings in the replicability of 28 classic psychological findings.

4.1 Example 1: Moral typecasting (Gray & Wegner, 2009, Study 1a)

Moral typecasting is the process where a moral agent (doer of right or wrong actions)
is less likely to be perceived as a receiver of that action, and vice versa. |Gray and Wegner
(2009) argued that age shapes perceptions of morality and postulated that children are
perceived as less responsible for their actions

In the original experiment 69 participants read a story about either an adult man
(high in moral agency) harming a baby, or a baby (low in moral agency) harming an adult
man by knocking over a tray of glasses. Participants rated the responsibility of the offender
on a 7-point scale from 1 (low) to 7 (high). On average, participants who read the story
of the offending adult man rated him as more responsible (z; = 5.29,s; = 1.86) compared
to participants who were presented with the offending baby (Z2 = 3.86,s2 = 1.64). It was
concluded that the observed mean difference was significant due to observing ¢(68) = 3.32
and p=0.001 < a.

Out of 61 ManyLabs2 replication attempts, a total of 58 (95.08%) led to a signifi-
cant p-value. The pre-registration required each replication attempt to contain at least 80
participants, say, n; = ng = 40 in each group. To ensure that the p < a tests remain valid,
data collection across all attempts were first stopped before the tests were conducted. The
replication results were based on n; = 4028 and no = 3974 participants in the two groups.

A reasonable estimate of the underlying standardised effect size based on the original
findings (Gray & Wegner} 2009, Study la) is within (0.769,0.872)F_GI We err on the side

5They also postulated that children are viewed as having less intention of doing right or wrong, and
more likely to be perceived as receivers of moral actions compared to adults. The main focus here, as in
ManyLabs2, is on perceived responsibility.

Y5The lower (upper) bound equals the observed mean difference 5.29-3.86 divided by the largest (smallest)
sample standard deviation. Typical estimates divide the mean difference by some type of average between
the two standard deviations.
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of caution by using the lower bound for our power analysis. Furthermore, we can argue
for a one-sided test (Grunwald & Koolen| 2025)), as the working hypothesis deals with the
offending adult man being perceived as more, not less, responsible compared to the offending
baby. A classical power analysis shows that for dyi, = 0.769 and 1 - 8 = 80%, the one-sided
p-value test should be performed after gathering data from ny = ny = 22 participants in each
group.

Lines 1 to 3 of R Code show that with e-values we should plan for npja, = n1 =

deltaMin < (5.29-3.86)/1.86

designObj <« designSaviT(deltaMin=deltaMin, beta=0.2, seed=1,
testType="twoSample", alternative='"greater")

plot (design0Obj)

s result « saviTTest(x, y, designObj=designObj, sequential=TRUE)

plot(result)
plot(result, wantConfSeqPlot=TRUE)

R Code 4.1: Code adapted from R Codefor the ManyLabs study, see the OSF repository
https://osf.io/mdbge/files/osfstorage for full details.

ng = 37 participants in each group to observe evidence against the null larger than 20 with
80% probability under Sy, = 0.769r_7] The procedure that samples until this np,, or the
first time e, > 1/« will then on average stop after nmean = 22 participants in each group, if
0= 5min-

We compare the two designs side by side. For the classical analysis we pretend that
for each replication attempt, we sample up to ni = ny = 22, stop the experiment, and then
compute the one-sided p—valueF—_g] By reducing the sample sizes, we are going to have less
power to reject the null. Indeed, this procedure results in 48 null rejections at p < 0.05 out
of a total of 61 replication attempts (78.7%). For this conclusion, we used data from a total
of ny = 1315 and ne = 1324 participants, thus, on average n; = 21.56 and ns = 21.71 in each
replication attempt. Hence, this classical design required 2713 and 2650 fewer participants.

The one-sided e-value test allows for informed conclusions with even less data.
Tracking the e-value up to nplan = 37 or stopping as soon as e, > 20 yields 51 times
persuasive evidence for the effect, out of a total of 61 replication attempts (83.6%). This
evidence is gathered with a total of n; = 1031 and n9 = 1062 participants, corresponding to
an average of ni = 16.90 and ne = 17.41 per replication attempt. Compared to the original
set-up, stopping as soon as e,, > 1/a = 20 reduced the number of participants by 2997 in one
group and 2912 in the other, resulting in roughly 73% resource savings.

This demonstration highlights the benefits of planned analyses in general, and effi-
ciency of e-value based tests in particular. The general conclusions remains the same if we
tuned the E-process to the upper bound for d,,;, instead. Hence, the precise specification

"For a two-sided e-value test we require Nplan = 45 and the procedure is then expected to stop after
Timean = 28 in each group on average.

8For trials that gathered fewer than ni = no = 22 data points the p-value test is done at the end of the
trial. This was, for instance, the case for the “tanzaniaon” data set, which had only ni = 3 and n2 = 13 valid
responses.
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of dmin is not necessary to gain efficiency and conserve resources.
The left panel of Fig. [10| shows in yellow the evolution of the e-value sequences that
hit 1/a = 20, and in green the sequences that did not reach this threshold before npj,, = 37.

e-value analyses of ManyLabs2 replications of Gray and Wegner, 2009, study 1la e-value analyses of ManyLabs2 replications of Zhong & Lilienquist, 2006, study 2
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Figure 10

Left panel: 83.6% of the e-value sequences (yellow) of the |Gray and Wegnen (2009) Many-
Labs2 replication attempt reached 1/a = 20 before nplan = 37, whereas the green sequences
did not. The green part of the stopping histogram corresponds to an e-value sequence that
did not reach 1/a = 20. Right panel: 98.2% of the e-value sequences (green) of the |Zhong
and Liljenquist (2006) ManyLabs2 replication attempt did not reach 1/a = 20. There was
one sequence that hit 1/« = 20.

4.2 Example 2: The Macbeth effect - Moral violations and desire for cleansing
(Zhong & Liljenquist, 2006, Study 2)

Zhong and Liljenquist| (2006) hypothesised that a threat to one’s moral purity in-
duces the need to (physically) cleanse oneself, which they referred to as the “Macbeth
effect”. In Study 2 a total of 27 participants copied a first-person account of an ethical
act (helping a co-worker), or an unethical act (sabotaging a co-worker). Afterwards, the
participants rated the desirability of five cleaning products and five non-cleaning products
on a scale from 1 (not at all) to 7 (very much). Participants who copied the unethical story
(z1 =4.95,51 = 0.84) found the cleaning products more desirable compared to participants
who copied the ethical story (Zy = 3.75,s9 = 1.32). The null hypothesis of no effect was
rejected based on t(25) = 2.64 and p = 0.01 < a = 0.05.

There were 57 ManyLabs2 replication attempts that fulfilled the inclusion criteria,
of which 3 (5.26%) yielded a significant p-value less than a = 0.05. These conclusions
were based on np = 3439 and ny = 3508 participants@ A reasonable estimate of the data-
governing standardised effect size based on the original findings in [Zhong and Liljenquist
(2006, Study 2) is within (0.909,1.429). As before, we err on the side of caution by using
the lower bound for our design. A classical power analysis shows that for dpyi, = 0.909 and
1 -8 = 80% power, the one-sided p-value test should be conducted after gathering data
from nq = no = 16 participants in each group. Lines 2 to 3 of R Code with deltaMin <-

Unfortunately, we were unable to retrieve the correct “bogota” data from the data sets uploaded at
https://osf.io/8cd4r/, which is why our results differ slightly compared to what is reported in [Klein et
al.| (2018).
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(4.95-3.75)/1.32 shows that with the correspondingly tuned mom FE-process, we should
plan for npjan = n1 = no = 27 participants in each group to observe e, > 20 with 80% power
under dpin = 0.909. If § = dnin the procedure is expected to stop after testing nmean = 17
participants in each group@ For most replication attempts the one-sided e-value test hit
Nplan- We acquired e, > 1/a = 20 in one out of a total of 57 replication attempts (1.75%)
based on a total of n; = 1427 and n9e = 1441 participants per group, thus, n; = 25.04 and
ng = 25.28 on average. If the magnitude of the data governing § was indeed at least din,
then we have provided such § ample chance to yield persuasive evidence. Since this did not
occur for most replication attempts, we infer that the postulate § > dpipn is unlikely with high
probability. Moreover, we come to this conclusion with 2012 and 2067 fewer participants
per group, which is a reduction of 58.5% and 58.9% from the total sample sizes used in the
original analysis.

We would like to reiterate the point that with e-values we do not have to stop at the
first-passage time e,, > 1/, nor at npjan. Due to E-processes being robust to any stopping
time, there is no need to discard newly available data once the test is conducted or the
confidence interval is computed, as is the case with a classical analysis.

5 Summary, discussion and concluding remarks

Determining the appropriate sample size at which a classical p-value test or confi-
dence interval should be computed is difficult. This is especially true before experimentation
has started when no data are present. The fact that the valid use of classical p-value tests
and confidence intervals is limited to them being performed once — and only once — puts
undue pressure on the well-intentioned researcher dedicated to upholding the highest stan-
dards of research practice through pre-registering their confirmatory analyses.

This problem is circumvented with e-value based methods, which can be used flexi-
bly, allowing us to adapt the experiment to new information as they become available. Only
a few lines of code suffice, e.g. R Code to derive a power analysis with a non-binding
planned sample size npan based on an optimal (by default) mom type t-test E-process. Anal-
ogous code can be used to construct optimal savi z-tests (i.e. designSaviZ()), savi tests
for two proportions (Turner, Ly, & Griinwald, |2024) (i.e. designSaviTwoProportions()),
savi logrank test (Ter Schure et al.,2024) (i.e. designSaviLogrank() ), and many more are
scheduled to be implemented into the safestats R package (Ly et al., 2024]).

Simulations with the aggressive first-passage time illustrated that the probability
of misleading evidence larger than 1/« remains bounded by «, despite flexible use of the
optimal F-process. At the same time, under the alternative hypothesis, the method demon-
strated higher average power compared to classical approaches. This increase in power
translates into smaller expected sample sizes, which further highlights the non-binding na-
ture of nplan. The ability to derive more reliable conclusions with less data allows us to
save time, money and effort that can be effectively allocated to other research endeavours.
For one set of replication attempts from the ManyLabs2 project, the use of the optimal
E-process allows the number of participants to be reduced by more than 70% (Section ,
whereas it can result in a reduction of 58% in another set (Section [4.2)). These conclusions

29For a two-sided e-value test we require Nplan = 33 and the procedure stops after nmean = 21 in each group
on average.
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should not be viewed as criticism on the ManyLabs2 project, which did not exclusively
focus on replicating a particular effect efficiently, but also aimed to examine the variation
in replicability across samples and settings. Once the data are collected, it is best to use
them all, yielding narrower anytime-valid confidence intervals, thus, more precise inference
of the effects of interest.

5.1 Summary of (dis-)advantages of e-values

While anytime-valid inference methods provide clear advantages, they also introduce
certain costs, most of which are manageable but worth acknowledging. We already discussed
some of these points in the preceding text; for clarity, we summarise them here:

1. Sometimes more data are needed after all In settings where the evidence cannot
be monitored and the test is designed for a single application, sequential methods
may be less powerful compared to conventional p-value approaches (e.g. Fig. . The
phenomenon we observed for the t-test holds for many other models (e.g. the logrank
test (Ter Schure et al., 2024) and contingency tables (Turner et al. |2024)) as well:
to obtain a desired power, less data than in a classical test is needed on average, but
more (typically between 40 and 70%) is needed in in the worst-case, namely, nplan

2. Biased estimation If a data-dependent stopping time is used, then standard point
estimators of effect sizes may become biased for small sample sizes (Section [1.2.6)).
Unbiasedness is not promised by e-value methods, but they do promise to yield in-
tervals that forever contain the true value with the advertised probability. For large
sample sizes, these intervals are guaranteed to yield unbiased estimates, as long as they
continue to shrink over time, as is the case for the mom type E-process. The develop-
ment of estimators that account for the bias due to using a specific data-dependent
stopping time is still a subject of ongoing research.

3. Choice of E-process/prior When using e-value based inference, choices must be
made regarding both the type of E-process to rely on (Section , and the tuning
parameter within that type. These choices thus introduce a level of subjectivity to
the analysis, which might be viewed as undesirable: suppose a research group per-
forms a psychological experiment and reports both the raw data and the corresponding
evidence in terms of e-values; then a second group re-analyses the same data. The
second group gets a different result, if they use a different tuning parameter. In simple
settings, such as with t-tests, there is essentially only one reasonable p-value proce-
dure to choose from, so both groups arrive at the same result. While this may seem
preferable, we should add that the classical ¢-test is not without a similarly subjective
choice either: instead of choosing an E-process type and tuning parameter, we then
have to choose the fixed sample size n at which the analyses are performed (based
on a power analysis, e.g. van Zwet et al) 2023]). Two different research groups, each
responsible for both the experimental design and analysis, will most likely arrive at
quite a different sample size n, and hence a different results. Since only one group

2IThere also exist so-called all-or-nothing E-variables which achieve exactly the same power as classical
methods, but these are not useful when, at a later stage, new data come in after all (Shafer, [2021)).
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gets to design the experiment, the subjective component remains invisible, but it is
there nevertheless.

It is also important to note that while the tuning parameter in the selection of the
E-process takes the form of a prior distribution, the subjectivity it introduces differs
fundamentally from that in Bayesian methods. Specifically, the type I error guarantees
of e-value based methods remain valid regardless of the choice of E-variable or prior:
altering the prior affects only the statistical power, not the validity of the results. In
the context of confidence intervals, the choice of prior affects their width but does not
compromise their validity. By contrast, in Bayesian statistics, poorly informed priors
lead to unreliable posteriors and, hence, invalid credible intervals (Grinwald, [2023]).

Point 3 suggests that the methodology may be vulnerable to cherry-picking biases. To
ensure reliable inference with e-values, it is therefore crucial to pre-register the chosen F-
process, its tuning parameter, and the confirmatory hypotheses in advance. What is not
required, however, is strict adherence to fixed sample sizes or even the specified significance
thresholds. We elaborate on this latter advantage below (cf. point ii) in the list of additional
benefits of e-values.

i. Choice of E-process/prior The choice of priors can be viewed as an advantage, as it
enables the integration of existing data to inform the design of E-processes. Once
chosen, the ensuing savi tests and anytime-valid confidence intervals will remain sta-
tistically valid, and the better the prior was informed, the narrower the confidence
interval will tend to be (Grinwald, 2023]).

ii. The e-value as a continuous measure of evidence; Roving « Similar to
Bayesian approaches, e-values circumvent the paradoxes stemming from coun-
terfactual reasoning that underlies p-values and classical confidence intervals
(Wagenmakers, 2007)). In fact, we can even set o = 1/e, where e is the observed
e-value. The resulting data-adapted « then no longer functions as a type I error
bound, but can be meaningfully interpreted in terms of an ezpected loss (Grunwald,
2024). We do not necessarily advocate this practice; our point is mainly to illustrate
that a large e-value has inferential meaning in its own right, independently of a
pre-set . Doing so within the classical context, i.e. « := p, where p is the observed
p-value, however, destroys all guarantees of the inferred procedure (Goodman) (1999;
Hubbard & Bayarri, [2003).

iii. E-value based multiple testing/nonparametrics Waudby-Smith and Ramdas
(2024) showed that E-variables require far fewer samples to reach the same statistical
power as existing Bayesian or classical methods in certain nonparametric settings,
where distributional assumptions are minimal or absent. Their impact is equally
transformative in multiple testing scenarios, where e-values are driving what can be
described as a paradigm shift in the field (R. Wang & Ramdas| 2022; Xu et al., [2025).

iv. Meta-analysis While e-value-based methods might require larger sample sizes dur-
ing the planning phase of a single study, their advantages become most evident in
reproducibility studies such as ManyLabs2, where studies are replicated repeatedly.
In these contexts, the law of large numbers ensures that the average outcome, rather
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than the worst-case scenario, prevails: across multiple studies, e-value methods almost
surely require fewer data points than classical tests. This principle also extends to
meta-analyses, where e-values prove especially valuable (Grunwald et al., 2024} Ter
Schure et al., [2022). In such settings, a meta-analytical e-value can be constructed to
robustly synthesise evidence as data accumulate across multiple studies, while main-
taining type I error control, even when individual studies vary in sample sizes or
trigger replication attempts.

The list above shows that e-values are far more than a tool for anytime-valid testing —
they represent a new paradigm of inference, not just “yet another method”. Their key
property is flexibility: they adapt not only to different sampling plans, but also enable the
incorporation of existing data, and to data-dependent adjustments of significance thresholds.
This flexibility simplifies statistical practice. By contrast, classical approaches impose rigid
constraints that often obstruct rather than advance scientific progress. Reproducible and
generalisable science certainly requires effort, but that effort should not be squandered on
upholding outdated, rigid sampling plans that e-values render unnecessary.
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Appendix A
The duality between classical 1 - a confidence intervals and p < o tests

A classical confidence interval inverts a p-value test. To set the scene, we consider the
t-test setting where any null value g defines a T-statistic, Eq. . The p < a test then
rejects the null value ¢y whenever the observed t-statistic is larger than the threshold ¢,
corresponding to the 1 — /2 quantile of a T-distribution with v degrees of freedom. Given
fixed samples sizes ni,n9, if the true population mean difference equals the postulated g
used in the T-statistic, then there is less than a probability to observe outcomes of 1" with
magnitude larger than ¢, ,:

X1-X;- %0
Sp
A classical 1 — o confidence interval inverts Eq. (Al) by negating the event within P, .

Recall that the probability of all outcomes sum to one, which implies that the probability
of the complement of the event A denoted by A€ is given by P(A¢) =1-P(A), and yields:

At each nq,n2 and all null values g € R : Py, (|~/neﬂr | > ta,,,) < a, (A1)

X - Xy -
At each nq,n9 and all null values g € R : Py, (|\meﬁ15—2900| < ta,,,) >1-a. (A2)
p

Rearranging the statement within P, shows that
v - S. v - S,

At each ny,ng fixed CI(1 - ) :=[X1 - X5 - Tta, X1-Xa+ ﬁtmy] (A3)
will encapsulate a data-governing ¢g with at least 1 — a probability. The 1 — « probability
pertains to the interval CI(1-«), as that is data-dependent, not the parameter value. This
coverage probability drops well below 1 -« if ny,ne are not fixed, see Fig. [2]

Appendix B
Markov’s inequality
Let X be a non-negative random variable having distribution P, then for any ¢ > 0 Markov’s
inequality states that

P(X >c) <Ep[X]/c. (B1)

The principle is that if the non-negative random variable X has a low expectation, then large
values cannot occur often. If extreme values do occur often, then its expectation cannot be
that low. For instance, assume that the population average is Ep[X ] = 1, then the event
X > 90 cannot occur with probability 0.8. To show this, we reason to a contradiction. The
smallest value of X for which P(X > 90) = 0.8 holds occurs when all 80% concentrates at
X =90. This minimal case already contributes 72 to the average of X and we are left with
a probability of 0.2. Since X is non-negative the smallest value is 0 and giving that 20%
yields 0. Summing the two shows that P(X > 90) = 0.8 implies that the average of X is at
least 72, which contradicts the Ep[ X ] = 1 assumption.

More formally, we recall that the expectation/population average is a weighted
average, i.e. Ep[X] = [ zp(x)dz, where the integral goes from zero to any ¢ > 0 and then
to oo, thus,

Ep[X] = focxp(x)dw + ﬁm xp(z)de > fcoo xp(z)dz > cfcoop(a:)d =cP(X >¢), (B2
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where the last inequality is due to all outcomes z on (¢,00) being no less than ¢, which
implies Markov’s inequality Eq. (B1)).

Appendix C
Ville’s inequality
This proof of Ville’s inequality is based on Section 6.1 of [Howard et al.| (2021)), but added
for completeness. We assume that the data are governed by a P € Mg, and we let E be an
arbitrary FE-process for M. The first-passage time N, is defined as the smallest time n at
which E,, > 1/« occurs, and oo, if it does not occur. That is,

Ny :=inf{ne{1,2,...,n,... ,nplan, ...} : Ep >1/a}, (C1)

where inf is the infimum defined as the largest lower bound, i.e. the minimum. The event
N, < oo is equivalent to the event V'

V := {There exists a finite time point n at which E,, > 1/a}, (C2)

which is how the sample size comes into the probability statement. Instead of applying
Eq. ( . 5) directly to Ny, we do so for the sequence of stopping times N, .., where N, is
the minimum between the time horizon npp,, and the first time E,, crosses 1/a. In other

words, the stopping time N, , - is defined as

Nypran = i0f{n e {1,2,... ,nplan} + Ep > 1/a}. (C3)
Note that N, = limnplan_,oo Mplan - Since, Np., increases in npjan we can pull the limit out

of the probability statement, thus, P(lim Ny, < nplan) = ImP(Np, - < nplan). Applying
Eq. with Nion for each nplan With nplan — oo in the limit statement yields
P(Ng < 00) = imP(Ny, ., < Mplan) = lim]P’(Eanlan >1/a) <lima = a. (C4)
Replacing the event N, < oo by the event V yields Ville’s inequality.
Appendix D
Anytime-valid confidence sequences in the i{-test setting
The notable difference between the p-value test, e.g. Eq. (Al) in Appendix |[A] and a savi

test, Eq. @, is the placement of the sample size within the probability statement, which
therefore also needs negating. Note first hat 1 minus Ville’s inequality yields

1- PSOO(V) = Pwo(vc) >1-a, (D1)
where V' is given in Eq. (C2) and where V¢ is its complement given by
={For all n: E, <1/a}. (D2)

We now invert E, < 1/a. For t-tests, E, can be rewritten as a function that takes as
input the square of the T-statistic centred at (g, i.e. Eq. , and outputs a non-negative
number. We let E,;! be the pre-image that takes in a non-negative number and outputs a
t2. As such,

En(T) < 1/a A4 Xl _XQ -

\/ST;p_\/Eﬁl(l/Oé)<(p0<X1—X2+\/‘Sn’p_ff\/Eﬁl(l/Oé) (DS)

eff e
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Hence, for any data-governing (g

Py, (For all n : [)‘(1 - Xox %M@l@/@] 5 gpo) >1-a, (D4)

eff

where A 5 o means that the (random) set A covers the element y.

Appendix E
Likelihood ratios are F-processes
Let My be a simple null model with distribution P and Q be any (other) distribution with

densities p and ¢, respectively. We consider the likelihood ratio LR,, := Zg—i:;;,
non-negative, since both its numerator and denominator are non-negative.

To see that it fulfils the definition of an E-process, it suffices to verify Property (iii)
Eq. (4), for which we use the fact that (a) the null model is simple, (b) the law of total
probability, and (c) that stopping at time N = m corresponds to some (measurable) set
By, of outcomes z("™) := (z1, ... ,Tm ). As an example, we consider the z-test with variance
known to be one, thus, z := \/nZ,, where Z,, is the sample mean of n data points. As

an example stopping time we take the first time N at which p < 0.05. The event B,

which is

corresponding to N = m is then equivalent to data sequences (M) = (x1,...,2m) with
sample means |z;| < 1‘—\%6 for j =1,...,m—1, otherwise m would not be the first time to

stop, and |Z,,| > 1'—\/977_3, otherwise we would not have stopped at time m. Regardless of the

stopping time N, we can always identify the event N = m to some set By, of outcomes z(™.
Before applying the law of total probability, we note that

LRy = 3 1{N =m} LRy, (E1)

m=1

where 1 {N =m} =1 if the stopping time realises m, and zero otherwise. In other words,
LRy equals LR,,, whenever N = m as one would expect. The law of total probability allows
us to compute the expectation Er g, .p[LRy] in two steps: The integral over the outcomes
of X(™) conditioned on the event {N =m} and a (green) expectation Ep, pertaining to the
outcomes of N. Swapping the expectation and summation operators yields

Epry-p[LRN] = E\*~P[ELRm~HD| (v=my| il L{N =m} LRm” (E2)
= EMP[ il 1{N =m}ELR,,-p| {(N=m} [LRm]] (E3)
- i E‘\\-NP[1 {N =m}ELg,,-p|( sz}[LRm]]. (E4)

For Eq. we took 1{N =m} out of the inner integral, because it is a function of the
conditioning event {N = m}. For Eq. we again use the fact that we can swap sums
and expectations of non-negative functions.

As before, the expectation Erg,, .p|{n-m}[LRm] defines an integral, but this time

with respect to the density p(z("™ | B,,,). The condition on N = m also restricts the outcomes
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of length m to the event B,,. Continuing from Eq. (E4)), and exploiting the fact that LR,,
is a ratio of densities that can be factorised via conditioning, we have that

p[LRN]= Y Ex2[1 (B} Big,or 3, [LRon] (E5)

m=1

8

=S By {Bm}f ZEx(m)l‘gm;%((gm))p(x( )| By)da™ | (E6)

m=1
= 2 B[ 1{Bu) fpy [, a(@™ | Bu)da™ |, (ET)
m=1 m

where again a function of the conditioning event can be taken out of the expectation. Using
the fact that B,, corresponds exactly to the outcomes of X™ given B,, we can conclude
that the inner integral equals one, that is,

ALRN] = 3 Brce[1 8§52 = 3 mae[L v =m 8] (e

m=1

- Zlg(zv:m):lg. (E9)

The last equality follows from the fact that the probability of any IV taking on any outcome
is one, in particular, under the measure QQ corresponding to the numerator of LR,,. Because
N was taken arbitrarily and we only have to deal with a single P, we verified that Eq.
indeed holds for simple likelihood ratios.

As an aside, the p < 0.05 rule corresponds to the fixed threshold on the z-scale,
that is, |z] > 1.96. This is differs substantially from stopping as soon as the likelihood
ratio exceedsl/«, as illustrated in Fig. For those interested in the technicalities, the
defining Property (iii) of E-processes holds generally for any non-negative supermartingales
that starts at 1, and it is known as Doob’s optional stopping theorem. In other words,
non-negative supermartingales are E-processes. However, not every E-processes is a non-
negative supermartingale, see Ruf et al.| (2023)) for the details.

Appendix F
The mom t-test E-process based on the Gaussian non-local moment prior
In |[Pérez-Ortiz et al.| (2024) it was shown that for any savi test defining parameter s the
T-likelihood ratio Eq. @ is an E-process. As such, for any prior 7(ds) the following mixture
also defines an E-process

T, ToffOs
B (t) = f BALE) (5, (F1)

The computations of|(Gronau et al.[ (2020, Appendix A) and Ly, Marsman, and Wagenmakers
(2018) show that the use of a symmetric m(ds) simplifies the computations to

ncffd 5 2
neﬁ,y(t) / 2 1F1 ( vl 5 % 3 #ﬁnegés ) 7'('((55)(1(557 (F2)

where for |z| < 1 the confluent hypergeometric function is given by 1F;(a;c;z) =

Yo ((Z))l Z, , where (a); =T'(a+1)/T'(a) is known the Pochhammer symbol for a rising facto-
rial, and where I'(a) is the gamma function at a, and I'(n + 1) = n! for n e N.
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Evidence against the null quantified by an E—process
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Independent on the sample size n an observed z = 1.96 corresponds to p < o = 0.05, thus, a
null rejection in the classical framework, whereas the evidence for the alternative as quan-
tified by the z-likelihood ratio, thus, e-value would first increase and then decrease as a
function of n.

We can express E,,_; . (t) analytically if we use a Gaussian kth moment prior density
introduced by [Johnson and Rossell| (2010) for 7(ds), which is given by

2
62k exp(_(;_

) o0 2 1
7(5) = g2, where pi(@) = [ 6Foxp(-5) = (20) I+ D), (F3)

is the normalisation constant of the prior. The computations follow from (Gradshteyn and
Ryzhik (2007, p. 822) yielding

D=

—k— 2
ER(1) = (1+negg) 2o (40 k+ 33 35 o et (F4)

> v+t2 T+negg
where for |z| < 1 the Gaussian hypergeometric function is given by oF; (a,b;c; z) =
pIpary %f—: An Euler transform and the plugin k£ = 1 then yields Eq. .
Appendix G
A computationally convenient (two-sided) two-sample Bayes factor ¢-test

A Bayes factor is by definition a ratio of marginal likelihoods, where the marginalisation is
with respect to a pair of priors, one for each model (e.g. |Jeffreys| |1961, Ly et al., 2016a),
2016D).

In the two-sample t-test setting the numerator has a likelihood function that depends
on, say, U1, M2,0, whereas the denominator has a likelihood function that only depends on
two parameters, say, the global mean iy and o. The priors 7 (j1, p12,0) and mo(pg, o) used
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to construct Bayes factor in favour of the alternative over the null for data z(™ is then

BF1o(z(™) := [ @™ |:ula/~L270')71'1(,[1/1,#2,0')(1,[1,1(1”2(:10'. @)

[ / f(x(n) |Mg7ﬂg70)ﬂo(ug70)dugd0
A computational convenient choice is to exploit conjugacy, which states that normal likeli-
hoods N (x(™ | 11, 0) for data (™ combined with normal priors lead to normal posteriors.
For the two-sample t-test, we have under the alternative the likelihood function

F@ |, p2,0) = N (@0 [, 0 )N (@) | iz, ) (G2)

2 2
n Zkzl Vg Sy

:(27r)77+a‘”+e_ 202 exp( - #[nl(,ul ~Z1)? +na(p2 - @)2]), (G3)

where n, = n; + n9 is the total sample size, and zy, s%, v = ni — 1 the sample mean, the
sample variance and the degrees of freedom for group k = 1,2, respectively. The likelihood
under the null is f(2(™ | 1, g2, o) with the means set to the global mean, i.e. p; = g = Hg-

For the computationally convenient Bayes factor we use a (conditional) normal
prior on i1, 2, iy, that is, ux|o ~ N(ak,geo?) for k = 1,2 in the alternative model and
pglo ~ N(ag,goo?) in the null model. Combined with a conjugate inverse root gamma

1
prior on o, i.e. o ~Gamma 2 («,, 8,), we have 8 parameters to play with. The yields

n+
P 4ngd o tao
nin N+ (n1$1+n212_

2= = \2 2 2 2
BFig., = 1+n+go n+ (#1-22) +1+907L+ n+ a0) +250+zk=1yk8k (G4)
1057 (1+n1g1) (1+n2g2) n1(F1-a1)?  no(T2-a2)? 2 2 ’
+ +2B0+ X521 VkSE,

1+n1g1 1+n2g2

where 1 = (a1, g1, a2, g2, a0, go, &, Bs) collects the tuning parameters. For the counter ex-
ample below, we choose a; = 3.98,¢g1 = 0.03,a2 = 4.02,g92 = 0.05,a¢9 = 4,90 = 2 and a, = 2
and B, = 1/2. An interpretation for this choice is as follows: If there is a difference in the
population mean then it is relatively small with population means at 3.98 and 4.02 and this
knowledge is quite concentrated. On the other hand, if the null holds true, then the shared
mean is 4 and the prior is relatively spread out. This conjugate Bayes factor is implemented
as the function conjugateBfTStat () in the safestats package.

Appendix H
Not all Bayes factors are E-processes

Frequentist principles such as power and type I error control are the main motivation for this
work. It is therefore surprising that ensuring these frequentist principles over time led us to
E-processes that were previously derived as Bayes factors, as remarked in Section[I.2.5] The
distinction in their definitions is striking: An FE-process is characterised by constraints on
the expectation under every data-generating P and all possible stopping time (see Eq. ),
whereas a Bayes factor is defined as a ratio of marginal likelihoods, which integrates out the
parameters in the numerator and the denominator (e.g. Eq. (GI))). [Griinwald et al. (2024)
provides insights to when the two concepts align. Roughly speaking, optimal E-variables
have a Bayes factor representation, because they are derived from projecting a (weighted
averaged) alternative model onto the so-called convex hull of the null model. By convex we
mean a weighted average of P € My, thus, a marginal likelihood. In this view, the prior is
used as means to solve a minimisation problem and does not represent prior belief.
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It is, however, not true that every FE-process is a Bayes factor, nor is every Bayes
factor an E-process. Firstly, E-processes derived with the universal inference construction
are based on plugins, which cannot be written as a ratio of marginal likelihoods (e.g. |Pan-
deva, Bakker, Naesseth, & Forrél 2024, and Ramdas et al.| 2023, but also [Turner et al.|
2024)). Secondly, the computationally convenient Bayes factor BFyg.,, i.e. Eq. (G4)), is an
example of a Bayes factor that is not an E-variable. Depending on the values of these 8
tuning parameters, perhaps due to how they were estimated using past data, the procedure
that stops as soon as the BFyg., > 1 /o = 20 can be unreliable; see the dashed brown FPR
curve in the left panel of Fig. Hence, BF19,, cannot be an E-process, because for every
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Figure H1

Left panel: The FPR of monitoring the BF1o,, > 1/a test (dashed brown) does not remain
below o = 0.05. It contradicts Ville’s inequality and therefore cannot be an E-process. Right
panel: The coverage rate of the (Bayesian) credible interval (dashed brown) dips below
the nominal 95%-level, if it is used sequentially, and actually mimics the behaviour of a
frequentist confidence interval, see Fig. @ below.

FE-process Ville’s inequality must hold. This reflects a point made earlier by [De Heide and
Grunwald| (2021) that there can be issues with Bayes factors under optional stopping. We
introduced the example to show that type I error control due to Ville’s inequality does not
automatically hold for all Bayes factors in general. The constructed Bayes factor in Fig. [H2]
is not an E-process because it violates Property (iii) (Eq. ) by having conditional expec-
tations larger than one for at least one data generating distribution from the null model,
when py = ps =4 and o = 2.

The right panel of Fig. shows that the coverage rate of the associated 95%
credible interval will also drop well below the nominal level of 95%. Fig. shows the
typical evolution of the chosen computationally convenient Bayes factor BFig for the same
data (generated under the null) that were used for Fig. The right panel of Fig.
shows three types of intervals in one plot. The (Bayesian) credible interval (yellow) quickly
intersects with the classical confidence interval (red), and both unfortunately do not cover
the true mean difference, here, ¢ = 0 at all times, whereas the anytime-valid confidence
interval (blue) does. Hence, as with 95% confidence intervals, we cannot guarantee that the
95% (Bayesian) credible interval covers the true underlying parameter with 95% probability
during data collection or at a possibly data-driven stopped time. This is unfortunately a
fundamental problem; Some Bayes factors are E-variables, but no credible interval forms a
sequence of anytime-valid confidence intervals. The problem cannot be solved by choosing
different priors, as typical priors yield credible intervals that (relatively quickly) converge
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Comparison of sequences of intervals
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Left panel: The (non-default) computationally convenient Bayes factor (Appendix@ tends
to overstate the evidence against the null. Right panel: The (Bayesian) credible interval
(yellow) and the classical confidence interval (red) both do not cover the true data generating
mean difference of zero at all times, unlike the anytime-valid confidence interval (blue),
which is also a wee bit wider.

to, and thus behave as, classical confidence intervals (Ghosal & van der Vaart|, 2017)).

An anytime-valid confidence interval based on e-values avoids being turned into a
classical confidence interval by not updating a prior to a posterior as is the case for credible
intervals, but by inverting the savi test. This is, thus, a completely different procedure
yielding wider intervals as shown in Fig. We feel that the additional width is a relatively
low price to pay for reliability and convenience, as it is guaranteed that the true underlying
parameter value is covered with 95% probability regardless of when or even if data collection
has stopped. The resulting anytime-valid confidence interval in some cases still has some
special, though, non-standard Bayesian interpretation (Pawel, Ly, & Wagenmakers| 2024]).

Appendix I

Anytime-valid tests are more flexible compared to sequential Bayes factor tests
In the t-test setting certain Bayes factors, such as the one discussed in Section [1.2.5] are
also E-variables. The way they are used in forming a sequential Bayes factor test, however,
differs from that of a savi test based on Protocol Sequential Bayes factor tests (e.g.
Schonbrodt, Wagenmakers, Zehetleitner, & Peruginil, 2017, Schnuerch et al.,|2022] [Pramanik
& Johnson) |2022)) follow Protocol This procedure does not come with an 7)., at which
the detection of an effect |§] > dpin with at least 1 - 3 power is guaranteed. Crucially, it also
has an additional evidence boundary for accepting the null. The latter is natural due to a
Bayes factor less than 1 being interpreted as evidence for the null.

The current discussion in sequential Bayes factor testing revolves around (1) the
selection of the boundaries A and B, thus, a specific stopping rule, and (2) which Bayes
factor to use. Type I and II errors are approximated with simulations that depends on the
specific choices, most importantly, the chosen stopping rule. For E-processes the stopping
time is irrelevant, which makes its use easier and more straightforward.

To address the boundary question, |Schonbrodt et al.[(2017)) suggested employing the
eCauchy E-process/Bayes factor t-test, constructed with a Cauchy prior on ds, featuring
a prior width of 1, and decision boundaries set to A = 6 and B = 1/6 for early lines of
research. This general recommendation was based on a large-scale simulation study with
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# Pseudo code: This code does NOT run

n <« 1
bfl10 « 1

while (B < bf10 && bf10 < A) {
bf10 « computeBayesFactor(x[1:n], y[1:n], somePriors)

if (bf10 >= A) {
"Reject the null and accept the alternative"
stop ()

} else if (bf10 <= B) {
"Reject the alternative and accept the null"
stop ()

} else {
"Increase sample size and test again

at the start of the while loop"

n<n + 1

X

}

Protocol 6.1: The sequential Bayes factor testing procedure in pseudo R code without a
maximum sample size.

data-governing ¢ = 0.5, for which this particular Bayes factor and boundaries resulted in
realised type I and II error rates of 4.7% of 4.6%, respectively .

Inspired by Wald’s sequential probability ratio test, [Schnuerch et al.| (2022)) argue
for the boundaries A = % and B = % instead. These boundaries were also explored
by |Pramanik and Johnson! (2022) who recommend using the non-local moment prior, that
is, the mom E-process with the two bumps at £0.3 as default. Their large-scale simulation
studies show that the resulting sequential Bayes factor test yields average sample sizes close
to those of the two-point prior variant at £0.3. In the large-scale simulation studies the
realised type I and type II error were observed to be below the tolerable o and 3 respectively.
This can partially be explained by the employed Bayes factors also being FE-processes, at
least as far as the type I error is concerned.

The Wald boundaries on their own, however, do not actually guarantee error control.
For instance, running Protocol with boundaries A = % =16, B = % = 0.21 and the
computationally convenient Bayes factor of Eq. leads to 16.8% correct null acceptance,
but 24.9% false positive rejections, and no conclusion was reached for the remaining 58.2%.
The latter inconclusive category can lead to this procedure requiring more data points than
the savi testing procedure.

Stopping rule dependent error control make the procedure less flexible. For instance,
during data acquisition a hopeful investigator changes his mind and continues sampling
despite observing BF1g < 0.21 by interpreting BF19 = 0.21 as only “moderate evidence®“ for
the null (e.g. Jeffreys, |1961, Appendix B,|Lee & Wagenmakers| [2013). Continuing sampling
after hitting the lower boundary makes the sequential Bayes factor Protocol[6.1] equivalent to



SAVI TUTORIAL: ANYTIME-VALID TESTS AND CONFIDENCE INTERVALS 45

the savi testing Protocol [[.I] that has the potential to run indefinitely due to the absence of
an nplan. By Ville’s inequality we know that halting as soon as BFg > 16 only guarantees
a type I error of 6.25% under the null, if the Bayes factor is also an E-process. If it is
not, we cannot even say this, as is the case for the computationally convenient Bayes factor.
Assuming the Bayes factor is an E-process, a type I error guarantee of level o = 0.05 therefore
forces the investigator to stop as soon as BFig < 0.21 so that the unaccounted probability
of 1.25% can be absorbed by the lower boundary. E-processes are robust to adaptation of
the stopping rule, as it still defines a stopping time for which Ville’s inequality holds. This
makes e-value based inference more flexible.

The additional stopping rule for the null also complicates the design of sequential
Bayes factor tests. To the best of our knowledge, all sequential Bayes factor tests require
extensive simulations to provide an indication of both the realised type I and type II error,
and they will all have to be re-performed when the stopping rule or the tuning parameter
of the Bayes factor under consideration is changed. In contrast, type I error control for E-
processes is mathematically guaranteed by Ville’s inequality, and type II error control and
estimates of the run times of experiments can be obtained with much cheaper simulations.
Specifically, e-value sampling designs provide an indication of how long the experiment
should run for in terms of npan, and monitoring the test until npja, guarantees a 1 -
probability to detect effects [0] > Omin. This nplan, in turn, is found by relatively quick
simulations for typical values of «, 8 and pyin-
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