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Graph states are a powerful class of entangled states with numerous applications in quantum communication
and quantum computation. Local Clifford (LC) operations that map one graph state to another can alter the
structure of the corresponding graphs, including changing the number of edges. Here, we tackle the associated
edge-minimization problem: finding graphs with the minimum number of edges in the LC-equivalence class of
a given graph. Such graphs are called minimum edge representatives (MER), and are crucial for minimizing
the resources required to create a graph state. We leverage Bouchet’s algebraic formulation of LC-equivalence
to encode the edge-minimization problem as an integer linear program (ILP). We further propose a simulated
annealing (SA) approach guided by the local clustering coefficient for edge minimization. We identify new
MERs for graph states with up to 16 qubits by combining SA and ILP. We extend the ILP to weighted-edge
minimization, where each edge has an associated weight, and prove that this problem is NP-complete. Finally,
we employ our tools to minimize resources required to create all-photonic generalized repeater graph states

using fusion operations.

I. INTRODUCTION

Graph states are a powerful yet tractable class of multipartite
entangled states that have been extensively studied in quan-
tum science. Beyond their theoretical significance [1, 2], they
support a wide range of applications, including measurement-
based quantum computation [3-5], all-photonic quantum re-
peaters [6—11], loss-tolerant error-correcting codes [12—14],
and quantum metrology [15]. Significant efforts have been di-
rected toward both their experimental realization [16-25] and
theoretical optimization, encompassing photonic graph state
generation [26-30], general graph state construction [31], and
state distribution [32].

A graph state |G) is represented by a graph G with vertices
that correspond to qubits initialized in the |+) state, and edges
that correspond to controlled-Z (CZ) gates applied to pairs of
qubits. Graph states can also be defined by Pauli stabiliz-
ers, and thus constitute a subset of the stabilizer states. By
applying local Clifford (LC) gates, i.e. single-qubit Clifford
unitaries, one can transform a graph state |G) into a differ-
ent local Clifford equivalent (or LC-equivalent) graph state
|H) with possibly fewer edges in its graph. It was shown in
Ref. [33] that two graph states are LC-equivalent if and only
if their graphs are related by a sequence of graph operations
called local complementations.

A natural goal is to identify LC-equivalent graph states with
the fewest edges—referred to as minimum edge representa-
tives (MERs). These serve as canonical representatives of
LC-orbits, the equivalence classes under local complemen-
tation [34]. MERs have been studied as a means to reduce
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the physical resources needed for graph state preparation [31].
However, identifying MERs is challenging due to the convo-
luted structure of LC-orbits, as shown in Ref [34]. Existing
methods typically rely on brute-force enumeration of the en-
tire orbit via local complementations, which quickly becomes
intractable since the number of orbit elements can grow expo-
nentially with the number of qubits. As a result, prior work on
MERs has been limited to graphs with up to 12 qubits [31, 34].

In this work, we introduce three algorithms to address the
edge-minimization problem: given a graph G, find an LC-
equivalent graph H with the minimum number of edges. Our
first algorithm, SA, uses simulated annealing [35] to obtain
approximate solutions for graphs with up to 100 qubits. The
second algorithm, ILP, is an integer linear program based on
Bouchet’s algebraic characterization of LC-equivalence [36].
While ILP guarantees globally optimal solutions, its runtime
scales exponentially in the worst case. Combining both ap-
proaches, our third method, SA+ILP, uses SA to precondi-
tion the input to ILP, yielding a significant constant-factor
speedup. This hybrid approach enables us to compute exact
MERs for graphs with up to 16 qubits. Moreover, we extend
ILP to tackle the weighted-edge minimization problem: find-
ing LC-equivalent graphs that minimize the total edge weight.
We prove this problem is NP-complete via a reduction from
the vertex-minor problem [37].

To demonstrate the practical utility of our approach, we use
SA to optimize the resources required for the creation of
all-photonic generalized repeater graph states (gRGS) [11].
These states can be utilized for sharing multiple units of en-
tanglement in a quantum network. Moreover, they can be
constructed using single-photon sources and fusion opera-
tions [38]. However, the probabilistic nature of fusion and
photon loss leads to a high number of required single photons
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and fusion operations, with the fusion order critically affect-
ing generation efficiency. To reduce resource requirements,
we identify a subgraph of the gRGS and construct its corre-
sponding MER, which contains fewer edges and is therefore
more efficient to create. LC gates are applied at the start of
the protocol to transform the MER into the desired subgraph,
allowing for an optimized fusion order. Using the tools from
Ref. [28], we quantify the resources needed and determine the
optimal fusion sequence. Our method achieves more than an
order-of-magnitude reduction in resource usage under realis-
tic high-loss conditions.

In Section II, we provide a description of SA and ILP algo-
rithms we use to find MERs. In Section III, we study the per-
formance of our algorithms. Next, in Section [V, we demon-
strate the applications of our framework for edge minimiza-
tion. We conclude with an outlook for future work in Sec-
tion V.

II. ALGORITHMS FOR EDGE MINIMIZATION
A. Simulated annealing

Here we discuss a heuristic approach for edge minimization
based on simulated annealing (SA) [35]. Due to its flexi-
bility, simulated annealing has been widely applied in vari-
ous domains, including the distribution of graph states in net-
works [32].

SA is an iterative algorithm that runs for a given number of
iterations (knma.x) While trying to approximate the optimal so-
lution. At each iteration k, SA may move from a state sy to
another potential ‘neighboring’ state s,o With a certain accep-
tance probability. In our implementation, states correspond to
graphs, and the state sy, is sampled from a set of neighbor-
ing states S(si). Here, S(si) denotes the subset of graph
states that differ from the graph state si by one local comple-
mentation. A local complementation L, is an operation on a
graph G that acts on a vertex v by complementing the edges
in the neighborhood of v, as shown in Fig. 1. We construct the
set S(sy) based on a metric called the local clustering coeffi-
cient [39], and the degree D, of a vertex v. Details for finding
S(sy) are discussed in Appendix C.

Each state has an energy associated with it, which reflects
its quality, with lower energy states considered to be better
candidate solutions. The energy of a state is defined as the
number of edges in the graph. The acceptance probability
of SA is controlled using the temperature parameter (T'(k)).
Transitions from a low- to a high-energy state are more likely
at higher temperatures. Thus, starting from a high tempera-
ture and slowly cooling down following a defined fempera-
ture schedule, SA initially explores a wide range of states and
gradually converges to a state close to the ground state (state
with minimum energy).

For efficient SA, the temperature schedule, i.e., the tempera-
ture T'(k) at each iteration k, must be properly defined. We
consider a logarithmic cooling schedule [40]: at the k’th iter-

FIG. 1: Local complementation on the red vertex removes (or
adds) an edge between the neighbors of the vertex if they
were connected (or disconnected) prior to its application

ation, the temperature is given by T'(k) = T'(1)/logs (k + 1),
for a given initial temperature 7'(1). In principle, the initial
temperature can be tailored for specific problem instances;
however, we found 7'(1) = 50 and 7'(1) = 100 to be good
enough in practice to find approximate MERs.

B. Edge minimization using Bouchet’s algorithm

We leverage Bouchet’s LC-equivalence between graph states
to find the exact solutions to the edge-minimization problem.
By definition, the edge-minimization problem can be written
as follows:

min Y Agligl
1>
S.t. G =Lc H,

where Ag (Ap) represents the adjacency matrix of G (H).
We use Bouchet’s algorithm for LC-equivalence [36] to ex-
press LC-equivalence in a form amenable to (integer) linear
programming. For completeness, we describe Bouchet’s al-
gorithm in Appendix A. The algorithm takes as input the ad-
jacency matrices Ag and Ag of n-vertex graphs G and H re-
spectively, and is based on the binary/symplectic framework
(see for example [41, 42] and Appendix A for further informa-
tion) to find the following equation describing LC-equivalence
of graphs G and H,

AgPAy + AcQ+ AyR+ S =0mod2, (1)
pisi +1iqi = 1. (2)

Here, p;, q;, 75, s; are binary entries of n X n diagonal matri-
ces P,Q, R, S, respectively. These matrices P, @, R, S arise
in the binary framework of LC operations, where local Clif-
ford operations can be represented by non-singular 2n X 2n
matrices M

_|PQ
u-rg o

such that the condition in Eq. (2) corresponds to the symplec-
ticity. We express the LC-equivalence of G and H by setting
Eq. (1) and (2) as constraints. Furthermore, we convert Eq. (1)



from a binary constraint to a integer one, by introducing a ma-
trix B of integer variables such that:

AgPApg + AcQ+ AgR+ S =2B. 4)

We then linearize the equations by introducing constraints to
convert products of integer variables into linear systems. This
is done for products of variables originating from the terms
ApP and Ay R in Eq. (4) and terms PS and RQ in Eq. (2).
The approach outlined above produces the full set of con-
straints; since these are rather unwieldy, we defer the complete
derivation of the ILP algorithm to Appendix B.

The runtime of the ILP algorithm depends on the number of
constraints, which in turn depend on the number of vertices
and edges in the input graphs. Therefore, we employ SA to
find the approximate MER of a given graph before inputting
it into ILP. This preprocessing step reduces the number of
constraints in the corresponding ILP thus improving the run-
time. We refer to this combined algorithm as SA+ILP. We
use the MOSEK optimizer API for Python [43] to run ILP
and SA+ILP. Since ILP is an exact optimization, the results
obtained are global minima, i.e. MERs of their corresponding
LC-orbit. In Section III, we benchmark the performance of
our algorithms for different graph models.

C. Weighted-edge minimization

Our formulation of Bouchet’s algorithm as an optimization
problem can be easily extended to include weighted-edge
minimization of LC-equivalent graph states. The optimization
problem then becomes

min Z Agli, JW i, 5],
1>7
S.t. G=c H

where W is a weighted adjacency matrix encoding the
weights Wi, j] of each edge (4, 7). These weights could rep-
resent, for example, the cost of creating edges, thereby en-
abling a more realistic analysis of the resource requirements
for generating graph states, similar to the simulated annealing
based approach of Ref. [32].

The decision problem for arbitrary weights can be proved to
be NP-complete by reducing the so-called vertex-minor prob-
lem to the weighted edge-minimization problem. The vertex-
minor (or qubit-minor) problem plays an important role in
quantum information theory [44, 45]. A graph state |H) that
can be obtained from |G) under local Clifford unitaries and
Pauli measurements is called a qubit-minor of |G) [44, 45].
Accordingly, the graph H is called a vertex-minor of graph
G [46]. We consider the labeled version of the vertex-minor
problem, where the resultant graph after measurements and
local complementations needs to be exactly H (not up to
graph isomorphism). While local equivalence of two graphs
G and H can be decided efficiently, deciding whether H is a
vertex-minor of GG is NP-complete, for both the labeled [45]
and unlabeled case [37].

The vertex-minor problem can be formulated using the
weighted-edge minimization problem as follows. Assume that
the graph H = (V’, E’) has no isolated vertices [47]. We de-
fine the weights W [i, j] according to the following rule:

1 i (i) e B
Wli,jl=<+1 if i,je V' A{i,j} ¢ E . (5
0 else

The smallest weight possible is -|E’|, which is achievable
if and only if G is LC-equivalent to a graph G such that
G|[V'] = H, ie. when H is a vertex-minor of G. In other
words, an efficient algorithm for deciding whether the mini-
mum score equals — | E’| would also yield an efficient method
for determining whether H is a vertex-minor of GG, and vice
versa. Since the vertex-minor problem is known to be NP-
complete in general [37], it follows immediately that the deci-
sion problem for weighted-edge minimization is NP-complete
as well. We note that this still leaves open whether the min-
imization problem remains NP-complete when restricting to
uniform/non-negative weights.

III. EDGE MINIMIZATION OF LC-EQUIVALENT GRAPH
STATES

In this section, we first characterize the runtime of SA.
We then empirically evaluate: (1) the runtime of ILP and
SA+ILP, and (2) the reduction in edge count achieved by
SA and SA+ILP. We focus on two graph models: (1) the
Erd6s-Rényi model, which is a standard model for creating
random graphs, and (2) the bounded-degree model, which en-
compasses realistic hardware constraints. Our algorithms ran
on each input graph by allocating them on 20 cores of Intel(R)
Xeon(R) CPU E5-2620 v2 @ 2.10GHz, each with 32GB of
memory.

We first benchmark our algorithms for the Erdés-Rényi (ER)
graph model [48, 49]. An ER graph G(n, p) is a random graph

on n vertices, where each of the w possible edges is
included independently with a probability p. The expected
number of edges in the initial graph increases as the proba-
bility p increases. We can thus control the sparsity (or den-
sity) of edges in the generated graphs by changing the value
of p. We first characterize the runtime of the SA algorithm by
running it for different numbers of maximum iterations. The
initial temperature is set to 7'(1) = 50 for a set of 100 Erdss-
Rényi graphs with 100 vertices and 2971.2 edges on average.
For knax = 50, SA had an average runtime of 0.94 seconds,
and the number of edges obtained in the output graphs was
2367.26 on average. Increasing ky.x to 1050 increases the
runtime to 18.82 seconds, and the number of edges obtained
was 2310.73. In the rest of the benchmarking, we set the value
of kmax and T'(1) to 100.

We generate graphs for increasing values of p with n = 13
vertices using the ER graph model. We generate 100 ER
graphs for each value of p, and we apply SA and SA+ILP
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FIG. 2: In (a) and (c), we compare the number of edges in the input graphs and the outputs from SA and SA+ILP for
Erdds-Rényi graphs and bounded-degree graphs respectively. The solid lines denote the average value, and the shaded bands
indicate the maximum and minimum. (b) shows the runtime of the SA+ILP algorithm as a function of edge inclusion
probability for ER graphs with 13 vertices. (d) compares the runtime between ILP and SA+ILP for bounded-degree graphs.
The solid line indicates the average runtime, and error bars show the 95th percentile around the mean. For ER graphs, the
runtime and the MER edge count are highest around p ~ 0.5. From (d), we observe that SA+ILP achieves a constant-factor
reduction in runtime compared to ILP on average. This improvement can be attributed to the SA preprocessing step, although
the runtime remains exponential in the size of the input graph. The average runtime of SA+ILP for graphs with 16 vertices is
smaller than that for graphs with 15 vertices, which we attribute to a better SA performance.

to minimize the edges in each graph generated for a p value.
From Fig. 2(a), we find that the number of edges obtained
from SA is on average 1.07 times larger than the MERs for
ER graphs. The expected number of edges is concave in p,
with a maximum at around p ~ %, and SA approximations are
slightly worse near this regime. Moreover, we observe that
dense graphs (p > 0.6) are LC-equivalent to graphs with rela-
tively fewer edges, shown by the large gap between the input
edge count and MER edge count. In Fig. 2(b), the correlation
coefficient between the logarithm of runtime of SA+ILP and
the number of input edges is 0.94, confirming an exponential
runtime dependence on the size of input graph. Thus, we omit
running the ILP algorithm for ER graphs in Fig. 2(b) since the
number of edges grows to a large number (~ 70) for higher
values of probability p.

We also benchmark our algorithms using the bounded-degree

graph model, which incorporates hardware constraints that
caps the maximum degree of edges like restricted qubit con-
nectivity. We generate random graphs with n vertices and
bounded degree of dj,, by sampling a set of n positive in-
tegers where all elements are < dj;,, and constructing simple
connected graphs using the Havel-Hakimi algorithm [50, 51].
In our simulations, we fixed the value of dj;,, to 5 and gener-
ated graphs with n ranging from 6 to 16. For each vertex num-
ber, we generated 100 graphs; however, only 63 such graphs
could be generated for n = 6 vertices.

In Fig. 2(c), we benchmark the edge minimization perfor-
mance of SA against the MERs obtained from SA+ILP for
bounded-degree graphs. The number of edges obtained from
SA is on average 1.04 times larger than the MERs. We ob-
serve that the performance of SA declines slightly as the num-
ber of vertices increases, likely due to the increased sparsity



Step-1 Step-3
HSH O 4 o a o
s — @ S e, i SEE
2
S —b X Q
o = o DG T = o
-0
Step-2 Step-4
5 O oQ Q~
- O'-'Q’ (@} ] EE @) O"Q 'Q'-'O
‘O Q —_ O"Q‘ -
3 - DO
O/Q@% — & Q‘O__ H+L G+L
~MER of G

(a)

(b)

FIG. 3: (a) demonstrates the fusion order for creating an RGS with eight qubits, obtained using Opt GraphState from

Ref. [28]. The order corresponds to the graph H+L with LC-gates applied at the beginning. Graph states (shown with blue
vertices and solid edges) may transform into non-graph states when acted upon by LC-gates (represented with red and yellow
vertices). The resulting state might also be a non-graph state if such a qubit is involved in fusions, indicated using dashed
edges. (b) shows: (1) the sampled gRGS state capable of sharing three ebits across a quantum network, (2) the central graph G
(with 46 edges), and (3) its approximate MER H, which contains 23 edges.

of the input graphs. In addition to edge count comparison,
we compare the runtime of ILP and SA+ILP in Fig. 2(d).
To find the dependence of runtime of SA+ILP, we calculate
the correlation coefficient between the logarithm of its run-
time and the number of edges and vertices input to the ILP
part of the algorithm. The correlation coefficients between
the logarithm of runtime and input edges (vertices) were 0.96
(0.89). Moreover, the addition of SA as a pre-processing step
to ILP reduces the runtime of the SA+ILP algorithm by a fac-
tor of two compared to ILP alone for bounded-degree graphs.
Thus, SA+ILP is a faster algorithm than ILP but it still has
an exponential runtime dependence on the number of edges
and vertices in the input graphs.

IV. CREATION OF GENERALIZED REPEATER GRAPH
STATES

To demonstrate the utility of our algorithms, we consider the
generation of photonic repeater graph states for long distance
quantum communication. Repeater graph states (RGS) [6]
are a key component of all-photonic quantum repeaters, en-
abling the distribution of a single unit of bipartite entangle-
ment, known as an ebit over long distances. The implementa-
tion of such all-photonic repeaters has been extensively stud-
ied [26, 52-54] but often comes with a large overhead in the
number of required single photon sources. A more general
class of all-photonic states called generalized repeater graph
states (gRGS) was introduced in Ref. [11], which offers a bet-
ter scaling between photon overhead and the number of shared
ebits. Here, we apply our MER algorithms to further minimize
the number of single photons and optical fusion operations for
the creation of gRGS.

Fusions are probabilistic operations that join two graph states
into a larger graph state upon success [38]. The success prob-
ability of a standard implementation of a fusion is upper-
bounded by 50%. However, in practice the success proba-
bility is often lower than 50% due to hardware losses. The
fundamental resource we consider for creating graph states is
a 3-qubit GHZ state (resource state). Such a state can be cre-
ated probabilistically but in a heralded fashion by fusing six
single photons [55].

The probabilistic nature of fusions necessitates a significant
amount of resources to construct practically useful graph
states. Creating all-photonic graph states involves multiple
rounds of fusions starting with resource states that are fused
to create intermediate graph states, which are incrementally
fused to construct the final graph state. For a given graph,
Ref. [28] constructs a so-called fusion network, indicating the
order in which fusions should occur. In general, it is desirable
to fuse two graph states of similar sizes to mitigate the effects
caused by fusion failure. Moreover, multiple fusion networks
may exist for a given graph, each potentially requiring differ-
ent amounts of resources. Ref. [28] addresses these challenges
and reduces the resource overhead for photonic graph state
creation by optimizing (1) the number of required fusions, (2)
the number of resource states, and (3) the fusion order. More-
over, they provide a numerical tool for this purpose called the
OptGraphState.

Here, we exploit the structure of generalized repeater graph
states to optimize their experimental creation. Such graphs
consist of a densely-connected central graph (G) and leaves
(L) that are attached to each vertex of G. We find an approx-
imate MER (H) of the central graph G using our SA algo-
rithm. Naively, one could fuse resource states to create G+L
directly. However, a more resource-efficient method for creat-
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FIG. 4: (a) and (b) show the required number of resource states and fusions, respectively, for creating a single instance of G+L
gRGS with 64 edges and 36 vertices (see Fig. 3(b)). We compare the naive approach of direct gRGS construction (blue curve)
with the Commute-LC protocol (orange curve). The Commute-LC protocol requires nearly two orders of magnitude fewer
resources than the naive approach, especially at lower fusion success probabilities. The resource savings decrease to less than

an order of magnitude for relatively higher success probabilities.

ing a gRGS could be: (1) creating the graph H using fusions,
(2) applying LC-gates to convert the graph H to G, and (3)
adding leaves L to G. We will refer to this way of construc-
tion as Intermediate-LC. However, the addition of leaves at
the end constrains the order of fusions which could affect the
probability of creation of the gRGS. We propose commuting
the LC-gates to the beginning of the protocol that lifts this
constraint and allows for an optimal fusion order. We refer to
this protocol as Commute-LC. In conclusion, the Commute-
LC protocol has two steps: (1) apply the LC-gates to the re-
source states at the beginning of the protocol, (2) follow fu-
sion order to create the graph H+L using fusions. The LC-
gates here correspond to the conversion of the graph H to G.
We should note that fusions involve the application of single-
qubit Pauli correction operations, but they can be commuted
through Clifford gates since these are Pauli corrections.

We illustrate the construction of G+L using the Commute-LC
protocol in Fig. 3(a). Following the steps in Commute-LC,
we first apply LC-gates to the appropriate qubits, followed
by fusing states according to the order obtained for creating
H+L. Applying LC-gates converts the resource states into
LC-equivalent non-graph states. The Commute-LC protocol
fuses these non-graph states following the order of H+L to
obtain the desired graph state G+L. Appendix D details how
to determine locations of LC-gates and how following the or-
der for H+L constructs the G+L graph. We note here that
Ref. [28] also applies LC-gates to their qubits during their
optimization. However, these LC-gates only convert a fully-
connected subgraph (clique) into a star. In contrast, by apply-
ing SA to the central graph G in Protocols 1 and 2, we gen-
eralize the use of LC-gates to simplify the fusion process not
just for cliques but for arbitrary densely connected subgraphs.

In Fig. 4, we compare two methods: (1) the naive ap-
proach of creating G+L directly, and (2) creation follow-

ing the Commute-LC protocol. We use the Python package
OptGraphState to estimate the required resources. We
consider a gRGS that can share 3 ebits across a network [56],
shown in Fig. 3(b). This gRGS has a central graph G with 18
vertices and 46 edges, shown in Fig. 3(b). We find an approxi-
mate MER of this graph with 23 edges using the SA algorithm
(with ke = 10000 and T'(1) = 100). We observe that com-
muting LC-gates to the beginning and following fusion order
for creating H+L significantly reduces the required resources.
This reduction is nearly two orders of magnitude for fusions
in high-loss conditions.

V. OUTLOOK

We have proposed three algorithms to address the edge-
minimization problem. First, a simulated annealing (S2) ap-
proach efficiently finds approximate MERs for graphs with
up to 100 qubits. Second, we introduce an integer linear pro-
gramming (ILP) formulation that yields exact solutions, al-
beit with potentially exponential runtime. Third, we combine
both methods into a hybrid SA+ILP algorithm, enabling ex-
act MER identification for graphs with up to 16 qubits.

We benchmark all algorithms on two graph models: bounded-
degree and Erd6s-Rényi. Additionally, we extend the ILP to
handle weighted-edge minimization and prove that this vari-
ant is NP-complete. Importantly, we show that the scalable SA
approach manages to find approximate MERs with less than
10% more edges on average than the actual MERs for a large
set of randomly sampled graphs.

We have applied our SA algorithm to minimize the required
resources for all-photonic generalized repeater graph states
(gRGS) demonstrating its practical utility for long distance
quantum communication. Specifically, we have proposed to



apply LC-gates corresponding to local complementation to the
resource states before fusing them to create the gRGS states.
We then demonstrate that SA can be combined with exist-
ing methods from Ref. [28] to reduce the required number of
single-photon sources and fusion operations be more than an
order of magnitude for realistic lossy implementations.

Our results opens up a number of future directions. Finding
the MER can reduce the number of required CZ gates for cre-
ating a desired graph state between qubits following the idea
in Ref. [31]. However, there are examples of graph states
where the minimum number of edges up to local complemen-
tations is greater than the minimum number of two-qubit gates
needed to create the state [57-59]. It would be interesting to
further investigate the exact connection between MERs and
the minimal number of CZ-gates for generating qubit graph
state generation

Furthermore, we have focused exclusively on transformations
between graph states that are allowed with local Clifford uni-
taries. In practical scenarios, however, one might consider
arbitrary local unitaries (LU), which define a strictly coarser
equivalence relation on graphs than the LC-equivalence re-
lation, as was first shown in [60]. Graph states under local
unitary equivalence are significantly less well-understood, but
this topic has seen recent investigations [61-63], closely re-
lating this equivalence to the Clifford hierarchy. One natural
follow-up question is whether edge minimization of graphs
under local unitaries can similarly be phrased as an ILP (us-

ing, for example, the algorithm from [63]), and, if so, to what
extent this coarser equivalence can reduce the edge count.
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Appendix A: LC-equivalence algorithm for graph states

We will now briefly recap Bouchet’s algorithm, using the sta-
bilizer formalism (as was done in [64]). In particular, we will
focus on the commonly used symplectic framework of the
stabilizer formalism [41, 64]. In the symplectic framework,
Pauli strings are mapped to elements in F3" through a map
¢. Furthermore, conjugation of Pauli strings by Clifford uni-
taries correspond to symplectic transformations of F3". That
is, for each Clifford C there exists a 2n X 2n binary matrix M
such that ¢ (C'sCT) = M¢ (s), for every Pauli string s. The
matrix M being symplectic means that

70 (AD)

MTQM =Q, where Q = [O I] ,
and [ is the n X n identity matrix. This encodes the fact that
Clifford transformations need to preserve the commutation re-
lations between Pauli strings. In fact, every matrix that satis-
fies the above symplectic condition corresponds to some Clif-
ford transformation. In what follows, we will identify Pauli
strings and Clifford unitaries and their images under ¢.

The generator sets of the two graph states |G) and |H) under
consideration are given by

(A2)

where [ is an n X n identity matrix, and Ag and Ay are
the adjacency matrices of G and H, respectively. Indeed, the
1’th column of each tableaux corresponds to the 7’th stabilizer
generator.

In the symplectic framework, G and H are LC-equivalent if
and only if there exist M and W such that

Ag _ |Ag
it
M= {Z g} , W € GLa, (F») . (A4)

Here M represents single-qubit Clifford gates, and the
P, Q, R, S submatrices are n X n diagonal matrices with bi-
nary entries p;, g;, 7;, S; such that

pisi +Tigi = 1, (AS)
which corresponds to the symplectic constraint. The W ma-
trix encodes the fact that the generating sets need not be equal,
but should span the same space. That is, the resulting genera-

tor matrices only need to be equivalent up to invertible linear
transformations.

As was noted in [64], one can get rid of the degree of free-
dom of W. This is since the columns of two matrices K1, Ko
of rank n generate the same stabilizer group if and only if
K{OK, = KTQK, = KIQK, is the zero matrix. It thus
suffices to check whether there exists an M such that

[Ac I] QM {AIH] =0. (A6)
Expanding Eq. (A6) yields:
AgPAy + AgQ+ AgR+ S =0. (A7)

A solution vector (p;, ¢;, i, ;) of the above linear system cor-
responds to an LC operation if and only if it follows the con-
straint in Eq. (AS).

Eq. (A7) is a set of n? equations in 4n variables (p;, g;, 7, S;)
with a constraint (Eq. (AS)) that is non-linear, so in princi-
ple not easily solvable. However, through an ingenious argu-
ment, Bouchet [36] proved that only a small number of solu-
tions to Eq. A7 have to be checked to verify if there exists one
that also satisfies Eq. (AS5), making the total runtime polyno-
mial [36]. However for edge minimization, we will ignore this
extra structure and just use Egs. A7 and A5 to construct our
ILPs.

Appendix B: Derivation of ILP

In this section, we show how we formulate an ILP for edge
minimization inspired by Bouchet’s algorithm.

Let us first formally state our optimization problem. The input
is a single graph G and the output is an LC-equivalent graph H
with a minimal number of edges. Mathematically it is framed
as follows:

min Z Anli, jl,
1>7
S.t. G=Lc H.
We now utilize the formulation of LC-equivalence found in

Egs. (A7) and (AS5). Moreover, since the matrices have binary
entries we put that as constraints. This leads to the following



equivalent formulation,

min Y Agli, j, (B1)
i>j
st. AcPAg+AcQ+ AgR+ S =0 mod 2,
AH S {071}n><n,

Anli, j] = Aulj,il,

Agli,i] =0,
Pli,i]S[i,d] + R[i, Qi ] =
Pli, j], Qli, i, Rli, 4], S[i, ]—0275.7,
Pli, j], Qli, 4, B3, 5], S[i, j] € {0, 1},

where we write the (7, j)th element of a matrix M as M|i, j].
While this is an integer program, it is not an integer linear
program due to the products of variables as well as the mod-
ular constraint. To turn this into an ILP we first remove the
modulo 2 constraint by introducing a matrix B € Z"*" of
integer variables and demanding that

AqPApg +AcQ+ AgR+ S =2B.

The optimization problem can thus be written as:

min Y Agli, j, (B2)
i>j
s.t. Agli,a)Pla, bJAn[b, j| + Acli, a)Qla, 5]+

Anuli,alRla, ] + S[i, j] = 2Bl[i, jl,

Pli,i]S[i,i] + R[4,4)Qli, ] =1,

Anli, j] = Anlj, il

Anli,i] =0,

Amnli,j] €{0,1}

Pli, j], Qli, jl, R[i, j], S[i, j] = 0, # j,
Pli, j], Qli, jl, R[i, j, S, j] = 0.

We then turn the quadratic constraints (i.e. terms correspond-
ing to AgPAg, AgR, PS and RQ) into linear constraints
by introducing extra variables. For each term, we first re-
place each product zz of binary variables = and z with a sin-
gle binary variable y. We then add the following constraints
My <z 2y <z, (3)y > =+ z— 1. One thing to
keep in mind is that Ag is a constant, so quadratic terms with
A¢ do not need to be linearized. We replace each product of
the form PJa, b]AH[b j] and AH[z' a)R[a, j] with new corre-
sponding variables Z1, ab; and ZMJ, respectively. For terms of
the form P.S and RQ we introduce new variables Z© and
ZRQ_ respectively. Applying these changes to Eq. (B2) we
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obtain our ILP:

min Y Agli, j, (B3)

>3]

s.t. AG[Z a]Zfl;j + AG[iva]Q[ ] + Zazy + S[Z .7] = QB[ivj]a

abj < Aulb, jl,
Zabj < Pla, b,
Zh; > Aulb,j] +
Zau < Agli, al,

ZE . < Rla, ],

aij

Pla,b] — 1

Pli, j}, Qi g1, R[i, 31, ST,
Pli, 31, Qli, jl, R[i, 71, Sli,

.7] =0,1 #]a
jl € {0,1}.

Using the ILP, we can thus find LC-equivalent graphs to a
given graph that have minimum number of edges. We note
here that better way of solving the edge-minimization problem
using ILP might exist that could allow us to go beyond graph
states with 16 qubits.

Appendix C: Choice of neighboring states in SA

In our implementation of SA, the state s; at the k’th itera-
tion is given by a graph. A natural choice for the set S(s) of
neighboring states is the set of graphs that differ from s; by
a single local complementation. This set could have a max-
imum size equal to the number of vertices (n) in the graph.
However, sometimes there are vertices where local comple-
mentation does not have any effect. Moreover, there could
also be vertices that lead to isomorphic graphs after applying
local complementation, as one could observe in the work of
Adcock et al. [34]. If the neighboring states are chosen at ran-
dom, these vertices could affect the performance of the SA
algorithm. Therefore, we use a graph metric called the local
clustering coefficient [39] to guide the SA algorithm to de-
cide where local complementation should be applied, thereby
improving the efficiency of SA algorithm.

The local clustering coefficient C(v) of a vertex of a graph
(which will always be clear from the context) provides infor-
mation on the connectedness of its neighborhood. Specifi-
cally, it is the ratio between the number of edges connecting
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FIG. 5: Here we plot the average edges in the initial graphs
(blue line) and the edges obtained from SA using metric M,
(orange) and random vertex choice (green). In the random
vertex choice method, a potential solution sy, is found by
applying local complementation to a vertex chosen uniformly
at random. Initial edges are the edges in the input ER graph.
For this run, k. and 7'(1) were both set to 100.

the neighbors of the given vertex and the total number of pos-
sible edges. This metric has a maximum value of 1 (when the
neighborhood is fully connected) and minimum value of zero
(when the neighbors share no other edges). That is,

Number of edges between neighbors

Ca(v)

~ Possible number connections between neighbors
(CDH

A local complementation (L,) on a vertex v affects its local
clustering coefficient Cz(v) in the following way,

Cr,@) =1-Cg(v). (C2)

Therefore, applying a local complementation to a vertex v
with Cg(v) > % (i.e. a more connected neighborhood)
changes the local clustering coefficient to be smaller than
% (i.e. a less connected neighborhood). Thus, applying lo-
cal complementations to vertices with a high value of C¢(v)
reduces the local edge density. Moreover, to bias vertices
that have a larger number of neighbors, we multiply Cg (v)
with the degree of the vertex, leading to the heuristic quantity
M, = Cg(v)D,. Based on this heuristic, we decide on the
set of states S(sy,) from which the SA algorithm could choose
the potential solution sp,. Thus, we bias SA into choosing
vertices that have a higher value of M,,.

The algorithm finds the set S(sy) at the k’th iteration based
on the values of heuristic M, k and k.. We first construct a
set with values of M, of each vertex in the state s;. We then
find a subset of this set with unique values of M,. Then, we
sample a value from the set of these unique values based on a
cutoff. The cutoff is given by ¢ = k/kmax X [, where [ is the
number of elements in the set of unique values. We randomly
select a value from the set of unique values that is greater than
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the value corresponding to the cutoff; let us call the selected
value M,,. Since M, is in the set of unique values, multiple
vertices could have their metrics equal to M,,. Therefore, we
find all the vertices that have M, as their metric value. The
graphs obtained by applying local complementation once to
these vertices then constitute the set S(sy). We then sample a
state from this set uniformly at random to find the next candi-
date state 5.

We benchmark this procedure of sampling vertices using
the metric M, against a procedure where vertices are cho-
sen uniformly at random. We run simulated annealing for
ER graphs G(n,p) with 15 vertices for increasing proba-
bility p in Fig. 5. We generate 100 graphs for values of
p ={0.1,0.2,0,3,...,1} and we apply the SA procedure to
each graph. We find that by using M,, as our guiding metric,
SA can find better solutions compared to sampling at random.

Appendix D: Generalized repeater graph states

Here, we discuss our method for creating all-photonic gener-
alized repeater graph states (gRGS). We consider using single
photon sources and optical fusions [38] to create the desired
graph state. To find the optimal number of resources required
for creating gRGS, we use the protocol from Ref. [28]. We
combine our algorithms with their work to find an improve-
ment in the number of required fusions and the number of
resource states (3-qubit GHZ states) for efficiently creating
gRGS.

A gRGS has an n-vertex central graph G with leaves L con-
nected to each vertex, as shown in Fig. 3(b)—we will refer
to this graph as G+L. Using the SA algorithm, we can reduce
the number of edges in the graph G by finding an approximate
MER H. Thus, one way to create a gRGS is the Intermediate-
LC protocol where we first create the graph H, followed by
the application of LC-gates to convert H to GG. The leaves are
then fused to the central graph G to create G+L.

The above approach is suboptimal, however. This is because
the order in which fusions are performed is restricted to first
performing the fusions that generate the graph H, while the
fusions that involve attaching the leaves need to happen at the
end. Attaching individual leaves at the end, one by one, to the
central graph G will lead to an exponentially decaying success
probability with the number of leaves due to the probabilis-
tic nature of fusions. In general, probabilistic fusions of two
graphs of very different sizes are considered suboptimal.

To find a better fusion order, we propose applying LC-gates
corresponding to the H to G conversion to the resource states
before beginning the fusion process. This leads to the fol-
lowing steps: (1) apply LC-gates, (2) follow fusion order to
create H, and (3) fuse leaves L. We observe that fusions com-
mute with each other as they act on different qubits. There-
fore, we can combine the construction of H and the addition
of leaves L into a single step. This simplifies our protocol
into two steps: (1) apply LC-gates to suitable qubits of the
resource states, (2) follow the fusion order for creating H+L



(a) (b)

FIG. 6: (a) shows the order of fusions for constructing an RGS with 8 qubits following the Intermediate-LC protocol. This
order can be used to derive the fusion network shown in (b). The fusion network enables the tracking of the LC-gates relative to
fusions for each resource state. Applying LC-gates to resource states in the beginning, as shown in the fusion network, allows
the fusions to be reordered flexibly. This reordering can be optimized to reduce the resource requirements. An example of such

reordering is the creation of the graph H+L, as shown in (c).

using these modified resource states. The final state from this
fusion order is G+L due to the LC-gates applied at the begin-
ning.

Commuting the LC-gates to the beginning of the protocol can
be understood by stepping away from the graph state picture
and considering the circuit of the protocol. Consider the steps
in construction of G+L following the Intermediate-L.C proto-
col: (1) construct the graph H, (2) apply LC-gates to convert
H to G, and (3) fuse leaves L to the graph G. We make the
following observations from the circuit picture: (1) the tar-
get qubits for LC-gates have not been involved in any fusions
until that point in time (otherwise they would have been mea-
sured out). As a result, the LC-gates can be pushed to the
beginning of the protocol as they commute with the fusions
implemented to construct H. (2) Pauli corrections may be
required on qubits adjacent to those involved in fusions. If
an LC-gate acts on such a qubit, the corrections can be mod-
ified accordingly. This is possible since the Clifford group
normalizes the Pauli group, which allows us to commute the
LC-gates through the Pauli corrections. Notably, Ref. [28]
also applies LC-gates corresponding to local complementa-
tions. These gates must also be accounted for when commut-
ing LC-gates to the beginning.

In Fig. 6, we demonstrate the construction of an RGS by com-
muting LC-gates to the beginning. We first find the subop-
timal fusion order for creating G+L using Intermediate-LC,

shown in Fig. 6(a). We then construct the fusion network (sim-
ilar to Ref. [28]) to determine the location of each LC-gate. A
fusion network depicts the order in which each resource state
has to be fused. We show the fusion network corresponding to
Intermediate-LC in Fig. 6(b). The fusion network also details
the information about the LC-gates in the context of the re-
quired fusions. We use this information to apply the LC-gates
to the appropriate qubits of the resource states at the start. This
allows us to reorder the fusions to optimize the number of re-
sources.

The LC-gates corresponding to a local complementation op-
eration on a node v correspond to the application of the HSH
gate on the qubit corresponding to node v and the S gate to all
the qubits that correspond to the neighbors of node v. These
gates altogether convert a graph state into another graph state.
Applying a subset of these gates to the graph state will result
in a state that is not a graph state but is LC-equivalent to a
graph state: a non-graph state. When we commute LC-gates
corresponding to the conversion of graph H to G, we dis-
tribute these gates among multiple resource states, as shown in
Fig. 6(c). Thus, the resource states become non-graph states
(but are still LC-equivalent) after the application of these LC-
gates. We then fuse these non-graph states following the fu-
sion order for creating [ +L to obtain our desired graph state
of G+L. Thus, the final equality in Step-4 of Fig. 6(c) takes a
non-graph state (LHS) to a graph state (RHS).



In conclusion, the Commute-LC protocol enables the creation
of G+L by following the procedure for constructing H+L.
Importantly, applying LC-gates to the resource states converts
them into LC-equivalent non-graph states. The locations of
the LC-gates can be identified from the fusion network for cre-
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ating G+L via Intermediate-LC. This approach has two main
advantages: (1) it reduces the number of required fusions and
resource states by creating H+L, and (2) it enables obtain-
ing the optimal fusion order using OptGraphState from
Ref. [28].
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