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Quantum Supremacy is a demonstration of a computation by a quantum computer that can not
be performed by the best classical computer in a reasonable time. A well-studied approach to
demonstrating this on near-term quantum computers is to use random circuit sampling. It has
been suggested that a good candidate for demonstrating quantum supremacy with random circuit
sampling is to use IQP circuits. These are quantum circuits where the unitary it implements is
diagonal. In this paper, we introduce improved techniques for exactly classically simulating random
IQP circuits. We find a simple algorithm to calculate an amplitude of an n-qubit IQP circuit
with dense random two-qubit interactions in time O( log

2 n
n

2n), which for sparse circuits (where each
qubit interacts with O(log n) other qubits) runs in o(2n/poly(n)) for any given polynomial. Using
a more complicated stabiliser decomposition approach we improve the algorithm for dense circuits
to O

(
(logn)4−β

n2−β 2n
)

where β ≈ 0.396. We further discuss how our techniques also lead to improved
simulation times for IQP circuits on restricted architectures. We benchmarked our main algorithm
and found that we can simulate up to 50-qubit circuits in a couple of minutes on a laptop, with
68-qubit sparse circuits taking a couple of hours. We estimate dense 70-qubit circuits are in range
for large computing clusters.

Recent years have seen the development of noisy
quantum computers that have enough qubits and coher-
ence to start to probe the limits of classical simulation.
In fact, in 2019 Arute et al. [1] already claimed to have
reached quantum supremacy: a quantum computation
that cannot be simulated by any classical computer in
a reasonable time frame. This was done by sampling
from a random quantum circuit, and computing a metric
called the linear cross-entropy benchmark (XEB). Their
claim was that it would take the best supercomputer in
the world 10.000 years to simulate the computation they
did. However, soon after that, improvements in ten-
sor contraction techniques reduced this number to just
days [2], and even hours on a moderately sized GPU
cluster [3]. By allowing the simulation to produce corre-
lated bitstrings, much higher XEB scores can be reached
with fewer resources [4], and bypassing directly simu-
lating the computation entirely, non-trivial XEB scores
turned out to also be generatable in mere seconds on a
single GPU [5].

This progress shows that claims of quantum
supremacy should be made carefully, as improvements
in classical algorithms can quickly gain orders of magni-
tudes in improvement. In this paper, we will consider the
classical simulation of a different type of random quan-
tum circuit that has been proposed as a good candidate
for quantum supremacy experiments.

Instantaneous Quantum Polynomial (IQP) circuits
are quantum circuits where the input is prepared in
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the all-zero state |0 · · · 0⟩, the unitary is of the form
H⊗nDH⊗n where H⊗n is a Hadamard gate applied to
all the qubits, and D is a unitary consisting of polynomi-
ally many diagonal gates [6]. The name ‘instantaneous’
comes from the fact that all the diagonal gates commute
so that there is no time order encoded into the circuit.
IQP circuits were originally introduced in [6] as a simpli-
fied model of quantum computation where interesting,
and hard to classically simulate, problems could be for-
mulated. Indeed, it was proven in [7] that the ability to
efficiently simulate IQP circuits would imply a collapse
of the polynomial hierarchy to the third level, which is
considered very unlikely. This was improved in [8] to
hardness under a more reasonable additive error bound.
Then in [9], it was shown that even random IQP cir-
cuits consisting of just powers of the T = diag(1, eiπ/4)
gate and O(n log n) CS = diag(1, 1, 1, i) gates are likely
to be hard to simulate, and that furthermore they can
be compiled onto a 2D architecture within a reasonable
depth, and that they can be constructed in such a way to
be resilient to some noise. These properties make these
circuits an interesting candidate for quantum supremacy
experiments and raise the question of where the bound-
ary of classical simulability lies: even though the simu-
lation is likely to be asymptotically hard, it might still
be that in practical regimes, the results can still be effi-
ciently simulated.

In this paper, we find better algorithms for simulat-
ing random {T,CS} IQP circuits. We do this by realis-
ing that such circuits follow the structure of Erdős-Rényi
random graphs. Such graphs have relatively large inde-
pendent vertex sets. This allows us to use techniques
from the stabiliser decomposition technique of simula-
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tion [10–14] to cut the circuit into a sum of smaller
instances. In particular, we find we can exactly calcu-
late amplitudes of random dense Clifford+T IQP circuits
in time O( log

2 n
n 2n), and with a more complicated algo-

rithm in time O
(

(log n)4−β

n2−β 2n
)

where β ≈ 0.396 is the
stabiliser decomposition constant of [12, 14]. For the
random sparse circuits of [9] we find we can calculate
an amplitude in time O

(
n log log(n)

log(n) 2n(1−O( log log(n)
log(n) ))

)
.

Note that this bound is faster than O(2n/poly(n)) for
any given polynomial. We can boost the calculation of
amplitudes to a procedure for sampling from the cir-
cuit, by using the ‘gate-by-gate’ simulation technique
of [15] that avoids calculating marginals. This tech-
nique turns out to be particularly suited to IQP cir-
cuits, as it only requires an additional sample per non-
diagonal gate, of which there are O(n) (correspond-
ing to the layers of Hadamard gates). Our algorithms
can hence weakly sample from the dense, respectively
sparse, circuits in time O

(
(log n)4−β

n1−β 2n
)

, respectively

O
(

n2 log log(n)
log(n) 2n(1−O( log log(n)

log(n) ))
)

. This should be com-
pared to the cost O(n22n), respectively O(n log n2n) of
doing a state vector simulation, or O(n42O(n2)), respec-
tively O(n2 log2 n2O(n log n)) of using stabiliser decom-
positions directly. Instead using the technique of [15]
directly on the IQP circuit gives a scaling of O(n2n),
but note that this does not allow for strong simulation
(calculating of amplitudes). As far as we are aware, no
other non-trivial algorithm for generic random IQP cir-
cuits has been implemented that would give a compa-
rable benchmark. The closest is [16], which shows that
for a large portion of random IQP circuits with a den-
sity of 1/n, meaning any qubit interacts in expectation
with one other qubit, we can calculate an amplitude in
polynomial time using a tensor contraction algorithm (we
show later in the paper how to prove this result in a sig-
nificantly more straightforward way using a variation on
our methods). The more recent [17] finds O(n32n/3) for
a particularly structured type of IQP circuits.

Our results give asymptotic polynomial improve-
ments over the previous best, but these improvements are
also of practical significance. We implemented the sim-
pler algorithm and found that, depending on the density
of the circuit, we can calculate an amplitude of 30- to
50-qubit IQP circuits on a single CPU core on a laptop
in a couple of minutes; see Figure 1. As our algorithm is
easily distributed in parallel (except for the calculation
of the independent set, but this cost is negligible at the
size of graphs we are considering), we estimate that a
100.000 CPU core cluster could calculate an amplitude
of a dense 60-qubit circuit in about an hour and that 70-
qubit circuits should be within reach of the world’s best
supercomputers.

ZX-diagrams.—Our algorithm was found by repre-

senting IQP computations as ZX-diagrams. As it will be
used throughout this paper, we give a brief overview of
the ZX-calculus [18, 19] in the appendix. For an in-depth
reference see [20]. We will be using controlled Z-phase
gates, Hadamard gates, and Z phase gates, each which
have a simple representation as a ZX-diagram:

CZα =
√
2

α
2

α
2

−α
2 H = Zα = α

(1)
Here, the way we represent the CZα gates is as a phase
gadget [21], a particularly useful type of subdiagram that
features heavily in ZX-calculus-based optimisation rou-
tines [21–23]. Since the gates of Eq. (1) form a univer-
sal gate set, by composing them we can represent any
quantum circuit as a ZX-diagram. Note that we will be
particularly interested in the CS = CZπ

2
gate and the

T = Zπ
4

gate.
IQP circuits as ZX-diagrams.—As a ZX-diagram, an

IQP circuit can be represented, up to some known global
non-zero scalar as

...

x1
π
4

x2
π
4

xn
π
4

...

y1,2
π
4

y1,n
π
4

y2,n
π
4...

(2)

Where the phases xi, yi,j ∈ {0, . . . , 7} arise from the pow-
ers of the T and CS gates in the circuit. We note that
yi,j = 4 corresponds to having four CS-gates in a row be-
tween the qubit i and j which is equivalent to the iden-
tity. We can see this in the ZX-diagram as:

xi
π
4

xj
π
4

π

xi
π
4

xj
π
4

∝ π
π

xi
π
4

+ π

xj
π
4

+ π

=

(3)
The extra π phase on the qubits is compensated by the
other phases in the definition of CZα in Eq. (1) (this can
also be seen by the fact that CS = diag(1, 1, 1, i)). A
similar derivation can be done for yi,j = 0. We can hence
assume that the diagram is written in such a way that
the trivial phase gadgets are removed. There is then a
connection via a phase gadget between an xi and xj pair
when yi,j ̸= 0 and yi,j ̸= 4.

Calculating amplitudes.—We first address the case of
strong simulation of an IQP circuit, i.e. calculating am-
plitudes of the circuit. We will show later how we can
derive weak simulation, i.e. sampling from strong simula-
tion with linear overhead in the number of qubits. With-
out loss of generality, we can assume that we want to
know the amplitude of observing 0n from an IQP circuit



3

C. We can represent ⟨0n|C|0n⟩, up to some known power
of

√
2, as a ZX-diagram, and simplify it as follows:

...

x1
π
4

x2
π
4

xn
π
4

...

y1,2
π
4

y1,n
π
4

y2,n
π
4...

...

x1
π
4

x2
π
4

xn
π
4

y1,2
π
4

y1,n
π
4

y2,n
π
4...

=

x1
π
4

x2
π
4

xn
π
4

y1,2
π
4

y1,n
π
4

y2,n
π
4...

=

(4)
To calculate the value of such diagrams, we will use a

stabiliser decomposition approach [11, 24]. We will show
that it is possible to remove a vertex labelled by xi, and
all its adjacent phase gadgets from a ZX-diagram at the
cost of having to solve two (smaller) instances instead of
one.

The idea is to observe that the definition of a green
vertex, i.e. Z-spiders, as a linear map (11) means we can
decompose it as a sum of diagrams containing X-spiders
(red vertices) via (13):

α
... =

... +
...

π

π

eiα√
2
k

1√
2
k ∀α ∈ [0, 2π] (5)

Applying this to one of the xi vertices in Eq. (4), we can
then remove its previously adjacent phase gadgets, using
the rules of Eq. (15):

xj
π
4

yi,j
π
4

aπ

. . . =
(xj + (−1)ayi,j)

π
4

. . .eiayi,j
π
4 (6)

We can view Eq. (5) as a stabiliser decomposition, which
then propagates to remove additional T -like phases that
are adjacent. In this sense it can be seen as a special
case of the stabiliser decomposition of many |cat3⟩ states
connected together; see [14, 25].

The following example illustrates this process.

π
4

3π
4

3π
4

5π
4

π
4

π
4

π
4

3π
4

3π
4

=

3π
4

3π
4

5π
4

π
4

π
4

π
4

3π
4

3π
4

+

3π
4

3π
4

5π
4

π
4

π
4

π
4

3π
4

3π
4

π

π

π

ei
π
4√
2
3

1√
2
3

=

π

π
4

π
3π

4

+

3π
2

π
2

π
4

3π
2 3π

4

ei
π
2√
2
3

1√
2
3

This cutting procedure takes linear time and creates
two new diagrams representing IQP amplitudes with one

less qubit. We could continue this process until noth-
ing is left but a complex number, but this would require
summing up O(2n) terms. However, it is possible to do
better by removing qubits up until we are left with a fully
disconnected diagram of some size k. This fully discon-
nected diagram can then be contracted in linear time as
it is just the product of k complex numbers. This leads
to an algorithm that runs in time O(k2n−k). Thus, it
is fruitful to find a set of qubits to remove that maxi-
mizes the value of k, i.e. the largest set of qubits that
are not connected to each other. In the next section, we
will consider how the strong simulation of IQP circuits
can be represented by random graphs which will give us
a lower bound on the value of k.

An algorithm for random IQP circuits.—We are con-
sidering two random distributions over IQP circuits.
First, the random distribution for dense IQP circuits
is obtained by uniformly and independently choosing a
power of T gates xi on every qubit and a random power
of the CS gate yi,j for every pair of qubits. These were
shown in [8], under mild assumptions, to be hard to clas-
sically sample from in the average case. Note that as
CS4 = id, in the dense case, there is a 3/4 chance of
a non-trivial interaction between a given pair of qubits.
Furthermore, since CS2 = CZ, in this case, the interac-
tion is Clifford.

Second, the random distribution for γ-sparse IQP cir-
cuits is obtained in a similar manner, but now, every pair
of qubits only has a probability of p = γ ln(n)

n to have a
power of a CS gate between them, so that each qubit
interacts with O(lnn) other qubits. It has been shown
that, under slightly different hardness assumptions, for
γ large enough it is also hard to sample from these cir-
cuits [9].

We can define the interaction graph of an IQP circuit
as the graph where we have one vertex per qubit and
where there is an edge between two vertices iff the qubits
they represent are connected by a phase gadget. For
instance, here is the interaction graph from the previous
example and the graph it is simplified to:

−→

We see then that the maximal size of a disconnected
graph k we can produce using this vertex-removing proce-
dure corresponds to the independence number α(G) of the
interaction graph G. We note that finding the largest in-
dependent set of a graph can be done in Õ(1.1996n) [26].
Since the search of the maximal independent set need
only to be done once and its time complexity is a lot
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lower than the one for the algorithm we will construct,
we will omit it in the rest of the complexity analysis.

Interestingly, interaction graphs of random IQP cir-
cuits are random graphs under the Erdős–Rényi model.
Specifically, random dense n-qubit IQP circuits have in-
teraction graphs distributed like G(n, 3/4). This 3/4
comes from the fact that a uniformly random power of
CS has a 1/4 chance to be the identity. Similarly, ran-
dom γ-sparse IQP circuit give rise to interaction graphs
distributed like G(n, 3γ ln(n)

4n ). We can hence use tools
from the random graphs literature to bound the inde-
pendence number obtained, which gives us a guarantee
on the time complexity of our algorithm. The following
classical result will be useful in particular:

Theorem 1 (Matula, 1972 [27]). For p ∈ (0, 1),
α(G(n, p)) is tightly concentrated around 2 log1/(1−p) n.
More precisely, let b = 1

1−p , ε > 0 and d = 2 logb n −
2 logb(logb(n)) + 2 logb e/2 + 1, then

lim
n→∞

P (⌊d− ε⌋ ≤ α(G(n, p)) ≤ ⌊d+ ε⌋) = 1.

Corollary 2. Let p ∈ (0, 1), b = 1
1−p then α(G(n, p)) ≥

2 logb n− 2 logb(logb(n)) with high probability.

For random dense IQP circuits we have p = 3/4 and
hence b = 4, so that logb n = 1

2 log2 n. This implies
that the independence number of the interaction graph
is with high probability bigger than log2 n − log2 log2 n.
Hence, our strategy for calculating an amplitude
runs in O

(
(log2 n− log2 log2 n)2

n−log2 n+log2 log2 n
)

=

O
(

log2 n
n 2n

)
.

We can derive a similar bound for γ-sparse random
graphs, which we prove in the Appendix.

Theorem 3. There exists a constant C > 0 such that
with high probability

α

(
G

(
n,

3γ ln(n)

4n

))
≥ C

n log log(n)

log(n)
.

This bound implies that for random γ-sparse IQP cir-
cuits, our simulation method has a time complexity of
O
(

n log log(n)
log(n) 2n(1−

C log log(n)
log(n) )

)
. Note that this bound is

faster than O(2n/poly(n)), for any choice of polynomial
(but slower than O(2cn) for any c < 1).

Benchmarking.—We implemented the algorithm for
computing amplitudes described above and tested it on
several sizes of circuits and with different sparsities. The
language used was Rust and the benchmarks ran on a
single thread on a consumer laptop (Intel Core i7-10750H
CPU 2.60GHz). For circuits that we could simulate in
under 100 seconds, we repeated the simulation 100 times.
For larger circuits, we reduced the number of repetitions
to 5. Our results are shown in Figure 1. We were able to

FIG. 1: Average time taken to compute a single
amplitude using our algorithm. The dashed lines show

exponential fits starting from n = 10. Note that for
7-sparse, the graphs only start to be different from the

dense ones at n = 22. The increased variance in the
datapoints for simulation times above 102 is because of
a reduced number of instances making up the average.

calculate amplitudes from circuits with up to 68 qubits
depending on the density.

Note that the data fits remarkably well to an expo-
nential fit c2αn where α ranges from 0.92 to 0.52. This
suggests that our bound on the complexity of our algo-
rithm might not be tight.

As the algorithm is easily parallelisable (since each
term in the decomposition can be treated independently,
and the calculating of the independent graph only occurs
once and takes negligible time), we see that simulating
circuits well into 60, or even 70, qubits should be possible
with a sizable computing cluster even in the densest case.
Indeed, assuming the scaling of these experiments extrap-
olates, 1-sparse circuits take roughly 2.52 · 10−7 · 20.518n
seconds, meaning for n = 80 we find a time of 209 hours
(≈ 1.24 weeks). For the dense circuits, we extrapolate
1.48 · 10−7 · 20.924n seconds, which for n = 70 gives about
1.18 · 109 hours, or about 11800 hours (1.34 years) on a
100.000 CPU core cluster. The computations can quite
likely also be sped up significantly by running instances
on a GPU instead of a CPU, for example, using the para-
metric ZX rewriting described in [28].

Weak simulation.—The above only describes how to
calculate amplitudes of IQP circuits. To sample from
circuits, we can use the strong simulation procedure de-
scribed above as a subroutine of the ‘gate-by-gate’ simu-
lation technique of [15] that avoids calculating marginals.
This technique requires the computation of an ampli-
tude for every non-diagonal gate in the circuit. Each
of these amplitudes is based on a subcircuit of the orig-
inal. We note that calculating such an amplitude is at
most as hard as calculating an amplitude of the full cir-
cuit (and in fact, will often be much easier, with just the
last few amplitudes involving most of the gates of the
circuit). Since IQP circuits only have 2n non-diagonal
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gates (corresponding to the layers of Hadamard gates),
bootstrapping our strong simulation algorithm to a weak
simulation one only adds a linear overhead O(n), which
in practice could be negligible.

An improved algorithm for calculating amplitudes.—
It is possible to pick a different set of qubits to decom-
pose with Eq. (5) which leads to a better asymptotic
complexity in the dense case and might also give prac-
tical benefit in the sparse setting. The idea is to stop
cutting vertices before completely disconnecting the dia-
gram and then use a general stabiliser decomposition al-
gorithm. This two-step process allows us to bring down
the number of T gates from O(n2) to a more manageable
O(n) before using a more efficient stabiliser decomposi-
tion algorithm. To do so, let us consider the non-Clifford
interaction graph of an IQP circuit. In this graph, there
is an edge between two vertices only if they are connected
by a non-Clifford phase gadget (i.e. when yi,j in Eq. (4)
is odd). Finding the largest independent set of this graph
and removing all the other qubits using Eqs. (5) and (6)
then results in a diagram where all the interactions be-
tween two qubits are Clifford. This diagram can then
be given to a stabiliser decomposition algorithm such as
that in [14]. On average, half of the qubits in the dia-
gram will have a non-Clifford phase that comes from the
initial layer of powers of T gates in the construction of
the IQP circuit. Therefore, this algorithm runs in time
O
(
2n−kf(k/2)

)
where k is the size of the largest inde-

pendent set and f(k/2) is the time taken to calculate the
amplitude of a diagram with k/2 T gates by a dedicated
stabiliser decomposition algorithm. At the time of this
writing, the best general-purpose stabiliser decomposi-
tion algorithm is from [14] and has a time complexity of
f(t) = O

(
t22βt

)
where β = log2(3)/4 ≈ 0.396.

The main advantage of using this modified approach
is that the non-Clifford interaction graph is less dense
than the standard interaction graphs, while still be-
ing Erdős–Rényi random. More precisely, the non-
Clifford interaction graph is distributed as G(n, 1/2).
By Corollary 2, this graph has with high probability
an independent set of size 2 log2 n − 2 log2 log2 n. Us-
ing this approach, calculating an amplitude then runs in
O
(

(log n)4−β

n2−β 2n
)

. Since 2−β ≈ 1.604, this is an improve-
ment over our first approach. Using this improved algo-
rithm for sparse circuits results in the same asymptotic
complexity as we found before, but might still be better
in practice. But on the other hand, this method does
introduce significant complexity in the implementation,
which might, in fact, result in enough slowdown to cancel
out the asymptotic benefit for relevant parameters.

Simulating circuits with low density.—We have been
considering random IQP circuits with relatively high con-
nectivity. In [16] the authors considered random IQP
circuits with an interaction probability of p = 1/n. They
showed that a large proportion of such circuits can be

simulated in polynomial time. Using our technique of re-
moving vertices, we can also prove these circuits can be
efficiently simulated, but in a more elementary way. In
particular, it turns out that with high probability such
interaction graphs will have O(log n) cycles. By remov-
ing one vertex in each cycle, the resulting graph will be a
tree, which can be contracted in linear time using stan-
dard tensor-network techniques. The proof that such
graphs have O(log n) cycles is straightforward. A given
set of k vertices can include a k-cycle in k!/(2k) ways:
the k! comes from picking an ordering, the 1/k comes
from identifying cycles that ‘start’ at a different vertex,
and the 1/2 comes from identifying cycles going in op-
posite directions. Each of these cycles has a probability
of pk of being part of the graph. Finally, there are

(
n
k

)
ways to choose k vertices to include a k-cycle. Hence, the
expected number of cycles in the graph is:

E[#cycles] =
n∑

k=3

(
n

k

)
k!

2k
pk (7)

≤ 1

2

n∑
k=3

(np)k

k
(8)

=
1

2

n∑
k=3

1

k
(9)

≤ log(n)

2
(10)

We conclude that by Markov’s inequality, the interaction
graph doesn’t have more than O(log(n)) cycles with ar-
bitrarily high probability. We can delete one vertex per
cycle so that the remaining O(2#cycles) = O(poly(n)) in-
teraction graph will be trees. Trees of course have a tree-
width of 1, which can hence be contracted using standard
techniques in linear time [29]. The total running time will
hence be O(2#cycles) = O(poly(n)).

Other IQP architectures.—Our method is based on
the fact that the tensor network of an IQP computation
can be simplified to the interaction graph, whose size only
depends on the number of qubits and not on the number
of gates, and on the fact that we can delete a vertex from
this graph in a way that the rest of the diagram simplifies
nicely. This avoids dealing with a tensor network with
O(n2) tensors that a naive tensor representation would
get.

We have been working with a model where any two
qubits can interact. For certain architectures we however
would expect interactions to occur locally between qubits
that are physically close to each other. When the un-
derlying graph has more structure than an Erdős-Rényi
random graph, it is possible to derive faster algorithms.
For instance, if the interactions occur on a square grid of
size

√
n×

√
n, then there will always be an independent

set of size n/4 which can be found by picking vertices at a
distance 2 of each other. Our algorithm would then give
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a scaling of O(n23/4n). However, in this setting, we can
in fact achieve subexponential scaling, as we will outline
now.

Whenever the interaction graph belongs to a family
that has a separator theorem (e.g. graphs that are pla-
nar [30], have bounded range [31], bounded genus [32],
or have certain forbidden minors [33]), we can use the
separators of size O(

√
n) to recursively decompose the

diagram into smaller instances, each of which only con-
tains at most 2

3n vertices. This method gives a com-
putational cost of O(poly(n)2O(

√
n)). A quantum cir-

cuit simulation scheme based on graph separator theo-
rems is described in [34], where the authors also consider
IQP circuits. However, they construct the graph/tensor
network directly from the circuit, which contains O(n2)
gates, which means they lose the sub-exponential scaling.
Instead calling their method with our description of the
interaction graph of an IQP circuit does give a scaling of
O(poly(n)2O(

√
n)).

Conclusion.—We found a new algorithm for exactly
calculating amplitudes of random IQP circuits that, both
in the dense and sparse setting, improves upon the pre-
vious asymptotic complexity and allows us to simulate
large circuits in practice. Our results show that current
and near-term hardware is probably not yet at a level
where quantum supremacy could definitively be shown
using random IQP circuit sampling. Our benchmarks
suggest that it might be possible to derive better asymp-
totic bounds for the cost of simulating sparse circuits.
We find that calculating amplitudes of dense 70-qubit
random IQP circuits is within reach of a reasonably sized
computational cluster. Adapting the algorithm to run on
a GPU instead would probably push this number even
higher. In [35] the authors argue that, assuming rea-
sonable computational hardness assumptions, a defini-
tive demonstration of quantum supremacy using IQP re-
quires 208 qubits. They based this on the worlds best su-
percomputer (doing 1018 flops) taking at least 100 years
to calculate it. Doing a back-of-the-envelope extrapola-
tion (assuming our benchmark machine was doing 1010

flops), we estimate our algorithm could calculate an 86-
qubit dense IQP amplitude, or a 130-qubit 1-sparse IQP
amplitude, in that same time. This puts the cross-over
point of quantum supremacy based on random IQP cir-
cuits (defined as the best current supercomputer taking
100 years to calculate an amplitude) somewhere between
around 100 and 200 qubits.

Since the appearance of the original preprint of this
paper, a number of other results on classical simulation
of IQP circuits have appeared. In [36] the authors show
that beyond some critical minimal depth, it is possible to
efficiently sample from a noisy IQP circuit, where each
applied gate applies some fixed Pauli noise channel to
each qubit. The minimum depth depends on the amount
of noise, and for a realistic noise probability of 1%, lies
around 270. This means this algorithm is not applica-

ble to the circuit sizes we consider. Note that this result
however does suggest quantum supremacy experiments
for larger numbers of qubits are also not feasible (al-
though a step of error correction like in [9] might remedy
that problem). In [17] the authors showed that the spe-
cific IQP supremacy experiments of [37] can be exactly
strongly simulated in time O(n32n/3). In this result they
exploited specific structure present in the circuits of [37]
that is not present in the random circuits we consider.
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Spiders are linear operations which can have any num-
ber of input or output wires. There are two varieties, Z
spiders depicted as green dots:

α... ... := |0...0⟩⟨0...0|+ eiα|1...1⟩⟨1...1| (11)

and X spiders depicted as red dots:

α... ... := |+ ...+⟩⟨+...+ |+ eiα| − ...−⟩⟨−...− | (12)

When the phase α is zero, we will omit it from the no-
tation. The diagram as a whole corresponds to a linear
map built from the spiders (and permutations) by the
usual composition and tensor product of linear maps. As
a special case, diagrams with no inputs represent (unnor-
malised) state preparations. For instance:

= |0⟩+ |1⟩ =
√
2|+⟩

= |+⟩+ |−⟩ =
√
2|0⟩

α = |0⟩⟨0|+ eiα|1⟩⟨1| = Zα

(13)

Here the last one is the Zα phase gate.
For convenience, special notation for the Hadamard

gate is used:

=:π
2

π
2

π
2H = e−iπ/4 (14)

Two diagrams are considered equal when one can be
deformed to the other by moving the vertices around in
the plane, bending, unbending, crossing, and uncrossing
wires, as long as the connectivity and the order of the
inputs and outputs is maintained. Equivalently, a ZX-
diagram can be considered as a graphical depiction of
a tensor network, as in e.g. [39]. The Z- and X-spiders
are symmetric tensors, and hence, like for other tensor
networks of symmetric tensors, the interpretation of a
ZX-diagram is unaffected by deformation.

Quantum circuits can be straightforwardly translated
into ZX-diagrams. In fact, as we can also represent state
preparations and post-selections, ZX-diagrams with arbi-
trary angles are expressive enough to represent any lin-
ear map [19]. When we restrict the angles to multiples of
π/2, the maps it represents correspond to Clifford maps:
linear maps that can be expressed as a combination of
stabiliser state preparations, Clifford unitaries, and sta-
biliser post-selections [40]. Instead restricting the angles
to multiples of π/4 gives us the Clifford+T fragment,
which corresponds to those linear maps that can be con-
structed from Clifford+T unitaries together with state
preparations and post-selections [41, 42].

In addition to this extra flexibility which allows us to
represent arbitrary linear maps, the real utility for ZX-
diagrams comes from the set of rewrite rules they satisfy.
This set of equations is called the ZX-calculus. Diagrams

that can be transformed into each other using the rules
of the ZX-calculus correspond to equal linear maps. We
will only need a small number of rules:

= ... ...α+β

=α bπ = (−1)bαeibα

b ∈ {0, 1}

... ...α β kπ =
kπ

kπ

1√
2

(15)
These are the spider-fusion rule—that adjacent spiders
of the same colour fuse together (which also holds for the
X-spider)—and special cases of the colour-change rule—
that a Hadamard can be commuted through a spider to
change its colour—and the π-copy rules—that a π phase
can be commuted through the opposite colour [20].

Independence number of γ-sparse random graphs

We here restate theorem 3:
Theorem 3. There exist a constant C > 0 such that
with high probability

α

(
G

(
n,

3γ ln(n)

4n

))
≥ C

n log log(n)

log(n)
.

The idea behind this proof is to use a classic result
from Shearer [38] about independent sets in triangle-free
graphs.

Theorem 4 (Shearer 1983). Let G be a triangle-free
graph on n points with average degree d, then

α(G) ≥ n(d ln(d)− d+ 1)/(d− 1)2. (16)

Even though γ-sparse random graphs aren’t triangle-
free, with high probability they contain rather few tri-
angles. We utilise this fact by removing vertices from G
until it is triangle-free.

Lemma 5. With high probability G
(
n, 3γ lnn

4n

)
has less

than ln4 n triangles.

Proof. Let X be the random variable representing the
number of triangles in G

(
n, 3γ lnn

4n

)
. Then

E [X]

ln4 n
=

1

ln4 n

(
n

3

)(
3γ lnn

4n

)3

=
O(ln3(n))

ln4(n)

= o(1)

Applying Markov’s inequality gives us the result.
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By removing one vertex per triangle of G
(
n, 3γ lnn

4n

)
,

we obtain a triangle free graph G′. By the lemma, G′ con-
tains with high probability more than n− ln4 n vertices.
Let us denote the number of vertices and the average
degree of G′ by n′ and d′ respectively. Assume that n
is large enough that ln4 n < 1

2n, so that n′ > 1
2n with

high probability. Notice that d′ ≤ 2|E(G)|
n′ . By Chernoff

bound, |E(G)| ≤ γn ln(n) with high probability. There-
fore, d′ ≤ 2γn ln(n)/n′ ≤ 4γn ln(n)/n = 4γ lnn with
high probability. We can now use theorem 4 to prove
the theorem.

Proof. (of Theorem 3) We calculate:

α(G) ≥ α(G′)

≥ n′ d
′ ln(d′)− d′ + 1

(d′ − 1)2

= O

(
n′ d

′ ln(d′)

d′2

)
= O

(
n′ ln(d

′)

d′

)
≥ O

(
n′ ln(4γ ln(n))

4γ ln(n)

)
≥ O

(
(n− ln4(n))

ln(4γ ln(n))

4γ ln(n)

)
≥ O

(
n
ln(ln(n))

ln(n)

)
Hence, α(G) ≥ Cn ln(ln(n))

ln(n) for some C > 0 (with high
probability) when n is large enough.

We note that the bounds used to derive this theorem
are quite crude when n is small. For the circuit sizes we
considered in our benchmarks, the independent sets were
much larger than one could expect by simply looking at
those asymptotic results.


