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Akey challenge inrealizing fault-tolerant quantum computers is circuit
optimization. Focusing on the most expensive gates in fault-tolerant
quantum computation (namely, the T gates), we address the problem

of T-count optimization, that is, minimizing the number of T gates

needed toimplement a given circuit. To achieve this, we develop
AlphaTensor-Quantum, amethod based on deep reinforcement learning
that exploits the relationship between optimizing the T-count and tensor
decomposition. Unlike existing methods for T-count optimization,
AlphaTensor-Quantum canincorporate domain-specific knowledge
about quantum computation and leverage gadgets, which substantially
reduces the T-count of the optimized circuits. AlphaTensor-Quantum
outperforms the existing methods for T-count optimization on a set of
arithmetic benchmarks (even when compared without using gadgets).
Remarkably, it discovers an efficient algorithm akin to Karatsuba’s method
for multiplicationin finite fields. AlphaTensor-Quantum also finds the
best human-designed solutions for relevant arithmetic computations
used in Shor’s algorithm and for quantum chemistry simulation, thus
demonstrating that it can save hundreds of hours of research by optimizing
relevant quantum circuits in a fully automated way.

Quantum computation'? presents a fundamentally new approach
to solving computational problems across diverse fields, ranging
from cryptography?® and drug discovery* to materials science and
high-energy physics’. Toimplement any quantum algorithm, quantum
computers require two types of quantum gates: Clifford, for exam-
ple, Hadamard or controlled NOT (CNOT), and non-Clifford gates,
for example, T gates. A quantum circuit using Clifford gates exclu-
sively can be simulated on a classical computer efficiently, that s, in
polynomial time (Gottesman-Knill theorem®). Therefore, to achieve
universality, non-Clifford gates are needed. However, non-Clifford
gates have a substantial impact on the runtime and resource cost of

quantum circuits”®, because fault-tolerant quantum computation
requires error-correction schemes that make it impossible to imple-
ment a universal gate set transversally’ ™, and non-Clifford gates can
only be implemented using magic states’. Magic states are quantum
statesthat ‘encode’ gates; this canbe understood as applying the gates
inadvance, resulting in magic states that can be consumed later inthe
computation whenever those gates are needed. However, producing
high-quality magic states is a process with high space and time over-
head. For example, the cost of the T gate is approximately two orders
of magnitude larger than the cost of a CNOT operation between two
adjacent qubits'. Despite recent progress to mitigate that issue®, the
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Signature tensor 7

Fig.1|Pipeline of AlphaTensor-Quantum. We first extract the non-Clifford
components of aninput circuit and represent them as asymmetric signature
tensor J°,abinary tensor depicted as a cube of solid and transparent blocks. We
then use AlphaTensor-Quantum to find alow-rank Waring decomposition of that
tensor, thatis, aset of factors (displayed as columns of blocks) that can be

AlphaTensor-Quantum

Clifford
Clifford

!
Clifford
Clifford
Clifford
CUﬁ‘oTrd

T Optimized circuit

— - L

Waring decomposition

mapped backinto an optimized quantum circuit with reduced T-count. In
general, there is a one-to-one correspondence between factors and T gates, but
AlphaTensor-Quantum can also group factors into gadgets (highlighted ingreen
and blue)—constructions that can be equivalently implemented with fewer T
gates than the sum of the factors.

cost of fault-tolerant quantum algorithms remains dominated by the
cost ofimplementing the non-Clifford gates.

In this paper, we focus on the problem of T-count optimization—
minimizing the number of T gates of quantum algorithms. T-count
optimization is an NP-hard problem™ that has been addressed using
different approaches™ > Following those, we consider the T-count as
the sole metric of complexity of a quantum circuit.

With that aim, we first transform the probleminto an instance of
tensor decomposition, exploiting the relationship between T-count
optimization and finding the symmetric tensor rank'”"’. We develop
AlphaTensor-Quantum, an extension of AlphaTensor*, a method
that finds low-rank tensor decompositions using deep reinforcement
learning (RL). Numerous studies have recently applied RL to optimize
quantum circuits?**, although they do not specifically tackle T-count
optimization. AlphaTensor-Quantum tackles the problem from the
tensor decomposition point of view and can find algorithm implemen-
tations with low T-count. The approachisillustrated in Fig. 1.

AlphaTensor-Quantum addresses three main challenges that go
beyond the capabilities of AlphaTensor® when applied to this prob-
lem. First, it optimizes the symmetric (rather than the standard) tensor
rank; this is achieved by modifying the RL environment and actions to
provide symmetric (Waring) decompositions of the tensor, which has
the beneficial side effect of reducing the action search space. Second,
AlphaTensor-Quantumscales up tolarge tensor sizes, whichisarequire-
mentasthesize of thetensor corresponds directly to the number of qubits
inthe circuit to be optimized; thisis achieved by a neural network archi-
tecture featuring symmetrization layers. Third, AlphaTensor-Quantum
leverages domain knowledge that falls outside of the tensor decomposi-
tionframework; thisis achieved by incorporating gadgets (constructions
thatcansave T gates by using auxiliary ancilla qubits) through an efficient
procedure embedded inthe RLenvironment.

We demonstrate that AlphaTensor-Quantum s a powerful method
for finding efficient quantum circuits. On a benchmark of arithme-
tic primitives, it outperforms all existing methods for T-count opti-
mization, especially when allowed to leverage domain knowledge.
For multiplication in finite fields, an operation with application in
cryptography®*, AlphaTensor-Quantum finds an efficient quan-
tum algorithm with the same complexity as the classical Karatsuba
method®. Thisis the most efficient quantum algorithm for multiplica-
tiononfinite fields reported so far (naive translations of classical algo-
rithmsintroduce overhead®*” due to the reversible nature of quantum
computations). We also optimize quantum primitives for other relevant
problems, ranging from arithmetic computations used, for example, in
Shor’s algorithm?®, to Hamiltonian simulation in quantum chemistry,
for example, iron-molybdenum cofactor (FeMoco) simulation®**°,

AlphaTensor-Quantum recovers the best-known hand-designed solu-
tions, demonstrating that it can effectively optimize circuits of interest
inafully automated way. We envision that this approach canaccelerate
discoveries in quantum computation as it saves the numerous hours
of researchinvested in the design of optimized circuits.

AlphaTensor-Quantum can effectively exploit the domain knowl-
edge (providedinthe form of gadgets with state-of-the-art magic-state
factories™), finding constructions with lower T-count. Because of its
flexibility, AlphaTensor-Quantum can be readily extended in multiple
ways, for example, by considering complexity metrics other than
the T-count such as the cost of two-qubit Clifford gates or the qubit
topology, by allowing circuit approximations, or by incorporating new
domain knowledge. We expect that AlphaTensor-Quantum willbecome
instrumental inautomatic circuit optimization with new advancements
inquantum computing.

AlphaTensor-Quantum for T-count optimization
Quantum gates

Quantum computers work with qubits, representable as L2-normalized
vectors in C?, typically denoted with the bra-ket notation as |¢), with
the basis vectors being |0)and |1). An N-qubit state resides in C2". Quan-
tum circuits, implemented by quantum gates, perform linear
normalization-preserving operations over quantum states, thus they
canberepresented by unitary matrices.

Wefocusonthe Clifford+T gate set becauseitis the leading candi-
date for fault-tolerant quantum computing and it is approximately uni-
versal, meaning that any unitary matrix canbe approximated arbitrarily
wellby a circuit consisting of these gates. Specifically, we consider the
Hadamard (H) and CNOT, which are Clifford gates, and the T gate, given
by the unitary matrices

10 (11
r= Oein/4 ’ H=ﬁ 1-1 ’

1000

0100

and CNOT =

0001
0010

We also define the following Clifford gates:

01 0 —i
S=T2 Z=52, X= , and Y= .
10 i0
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Fig.2|Illustration of gadgetization in TensorGame. Nodesin the tree
correspond to states, and the number in each node is the immediate reward
associated with the action leading to that node. In state (i), the last played action
islabelled ‘a’,and state (ii) is reached after playing another action (labelled ‘'b’).
From state (ii), playing action ‘c’ leads to state (iii), incurring an additional -1
reward. If action‘ab’is played instead from state (ii), the reward leading to state
(iiib) is 0 because the move completes a CS gadget (blue path). Similarly, the
sequence of moves in the green path completes a Toffoli gadget, and thus the

2oL

(iiib)

immediate reward in state (vii) is +4 so that the last 7 actions jointly receive a
reward of -2 (see Methods for details on the gadgetization patterns). With its
ability to plan, from state (i) the agent may decide to play actions in the green or
blue paths and benefit from the adjusted rewards, or to play other actions that
are not part of agadget (black dashed paths). In this way, AlphaTensor-Quantum
can automatically find trade-offs between playing actions that are part of a
gadget and actions thatare not.

Exceptforthe CNOT, these gates act onsingle qubits.nThe T,Sand
Z are phase-rotation gates, for example, T|x)=¢e'z*|x) for a
quantum state |x) withx € {0, 1}. The CNOT acts on two qubits; it flips
the second qubit if the first qubit is [1), thatis, CNOT |x,y) = |x,x @ y),
where ‘@’ denotes the XOR operation. Controlled gates like the
CNOT, summarized in Extended DataFig. 1, enable quantum entangle-
ment. For instance, the Toffoli gate (controlled CNOT) acts as
Tof |x,y,2) = |x,y,z ® (xy)). Composition of quantum gatesis achieved
viamatrix multiplication (serial) and Kronecker product (parallel).

Signature tensor

Given an N-qubit circuit composed of CNOT and T gates alone, we can
encode the information about the non-Clifford componentsinto a
symmetric signature tensor J € {0, I}NXNXN (see Extended Data Fig. 2
for an example). Two CNOT+T circuits implement the same unitary
matrix, up to Clifford gates, if and only if they have the same signature
tensor”’ (Methods).

To optimize the T-count, we first find the circuit representationin
terms of the signature tensor 7. When the circuit has gates other than
CNOT and T gates, to obtain 7 we first split the circuit into two
parts"*'—a diagonal part that contains CNOT and T gates only, and a
non-diagonal part that consists of Clifford gates (possibly containing
CNOT gates too, to undo the effects of the diagonalization). See Fig. 3
for an example and Supplementary Section C.1for details.

Afterwards, we obtain 7 by first mapping the rth T gate toavector
u® {0, 1}V, which is a straightforward step (problem IL.1in ref. 17),
and then constructing the tensor from the Waring decomposition
(a symmetric form of the tensor rank decomposition) given by
these vectors

R
T = Z u(r) ® u(r) ® u(’),

r=1

where R is the number of T gates, ‘®” denotes the outer product and
the additions are under modulo 2.

Crucially, any alternative Waring decomposition of 7 canalsobe
mapped to a quantum circuit, as each vector u®” corresponds
one-to-one to a T gate (this is because its action can be interpreted as
asingle-qubit t/4-phase rotation after achange of basis, implemented
byaTgateand aset of Clifford gates, respectively). The resulting circuit
is equivalent to the original one up to Clifford operations”, albeit with
adifferent number of T gates—according to the number of factorsRin
the decomposition. Hence, we recast the problem of T-count optimiza-
tion as finding low-rank decompositions of 7.

TensorGame

AlphaTensor-Quantum, built upon AlphaTensor®, finds low-rank
Waring decompositions of tensors using deep RL. AlphaTensor-
Quantum recasts the problem of tensor decomposition into a
single-player game, called TensorGame, in which at each step sthe
player observes the game state, consisting of a tensor 7 and all the
previously played actions (initially, the tensor 7O is the signature
tensor 7, and there are no previous actions). At steps, the player selects
an action consisting of a vector (or factor) u®e {0, 1}*. Choosing an
action affects the game state: the tensor 76D = 76 — y® QU Qu's),
and u? is included as the last played action. The goal of TensorGame
is to reach the all-zero tensor in as few moves as possible. The game
ends after S moves if that is the case and, by construction, the played
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Fig. 3| Results of AlphaTensor-Quantum on the Mod 5, circuit. (1) The original
quantum circuit, which can be implemented with four Toffoli gates (with an
equivalent cost of eight T gates). (2) The compiled circuit, which has been split
into Clifford gates and a sub-circuit of just CNOT and T gates (in the highlighted
box). (2a) The Waring decomposition corresponding to the highlighted CNOT+T
circuit: each T gate corresponds precisely to one of the factors displayed as
columns of blocks. (2b) The signature tensor formed from this decomposition.
(2c) Analternative Waring decomposition of the tensor found by the RL agent.

Again, each factor corresponds one-to-one to a T gate; however, in this case, the
seven factors are grouped into a single Toffoli gadget. (2d) The quantum circuit
obtained from this new decomposition (implemented using a CCZ gate as the
Toffoliand the CCZ gates are equivalent up to two Hadamard gates in the target
qubit*). (3) The optimized circuit after having applied AlphaTensor-Quantum,
which can beimplemented using Clifford gates and a single Toffoli gate (that s,
its equivalent T-countis 2).

actions form a rank-S Waring decomposition of the signature tensor,
asJ = Zle u®u®@u). (The game also ends after a user-specified
maximum number of moves to avoid infinitely long games, in which
case thegameis declared ‘unsuccessful’asit did not find adecomposi-
tion.) To encourage finding low-rank decompositions or, equivalently,
circuits with lower T-count, games are penalized based on the number
of movestakentoreachtheall-zero tensor (with an additional penalty
for unsuccessful games): every played move incurs areward of -1.

In AlphaTensor-Quantum, each action consists of a single fac-
tor u®, unlike standard AlphaTensor (where actions consist of factor
triplets); this represents an important advantage because the action
spacereduces from2*¥to 2", allowing AlphaTensor-Quantum to scale
up tolarger tensors (we consider sizes up toN =72).

Gadgets

Unlike other T-count optimization approaches, AlphaTensor-Quantum
canleverage gadgetization techniquesto find more efficient construc-
tions. In this context, a gadget is an alternative implementation of a
quantum gate that reduces the number of T gates at the cost of introduc-
ingadditional (ancilla) qubits and operations such as Clifford gates and
measurement-based corrections. (These extra qubits do not represent
aconsiderable limitationin practice, asthey canbereused throughout
the circuit.)

We consider two such gadgets. First, the Toffoli gate, which needs
at least seven T gates™ to implement without ancillae but admits a
gadget to implement it at a cost equivalent to that of two T gates'>*%,
Second, the CS gate, whose direct implementation requires three T
gates but whose gadgetized version has a cost equivalent to that of
two T gates (Appendix A.3 inref. 43).

Although the gadgetization techniques fall outside of the ten-
sor decomposition framework, AlphaTensor-Quantum incorporates
theminto the reward signal of TensorGame. Every time that an action
is played, we check whether it completes a Toffoli when combined
with the six previous actions, a CS gate when combined with the two
previous actions, or none of them. These checks are up to Clifford
operations and they simply involve finding linear dependencies among
the factors; see Methods for details and Fig. 2 for anillustration. If it
completes a Toffoli, we assign a positive reward, so that the 7 actions
jointlyincurareward of -2 (corresponding to 2 T gates) as opposed to
thereward of -7 corresponding to the un-gadgetized implementation.

IfitcompletesaCS, we adjust the reward so that the three actionsjointly
incurareward of -2.

Other than the reward signal, AlphaTensor-Quantum has no fur-
therinformation about the gadgets. It learns to recognize and exploit
those patterns of actions from the data, and it finds good trade-offs
between playing actions that are part of a gadget and actions that
arenot.

Results

We first demonstrate the effectiveness of AlphaTensor-Quantumona
benchmark of circuits widely used in the literature on T-count optimiza-
tion, and then we show applications in different domains.

Benchmark circuits

We first consider abenchmark set of quantum circuits” widely used in
the literature”°**, which we take from ref. 44. We apply two versions
of AlphaTensor-Quantum: the full approach and an alternative agent
that does not consider any gadgets.

Hadamard gadgetization. Some circuits contain Hadamard gates,
which correspond to non-diagonal unitary matricesand are notinthe
CNOT+T gate set; thus they cannot be directly mapped to asignature
tensor”'*?*, To address this, we replace the Hadamard gates with
other Clifford gates and measurement-based corrections, a process
that does not alter the circuit behaviour but requires extra ancilla
qubits (Supplementary Section C.1). We refer to this as Hadamard
gadgetization" to distinguish it from the gadgetization described in
the previous section.

Circuit compilation. We apply a standard compilation technique'**
with an improvement* to obtain circuits containing only CNOT and
T gates (see Supplementary Section C.1 for details and Fig. 3 for an
example). We split circuits exceeding 60 qubits after Hadamard gadg-
etization into smaller sub-circuits of fewer than 60 qubits each, and
apply AlphaTensor-Quantum on each sub-circuitindependently (Sup-
plementary Section C.2).

Results. In Table 1, we compare the results of the non-gadgetized
version of AlphaTensor-Quantum against the best T-count reported
in the literature™>7202>2444¢ 3¢ the baselines do not consider

Nature Machine Intelligence | Volume 7 | March 2025 | 374-385

377


http://www.nature.com/natmachintell

Article

https://doi.org/10.1038/s42256-025-01001-1

Table 1| T-count achieved by different methods on a set of benchmark circuits

Circuit Number of qubits T-count without gadgets T-count with gadgets

Original Compiled Baselines AlphaTensor-Quantum  Original AlphaTensor-Quantum
8-bit adder 24 * 129 (ref. 17) 139 14 (57Tof) 94 (33Tof +28T)
Barenco Toff, 5 8 13 (refs. 23,24) 13° 8 (4Tof) 4 (2Tof)
Barenco Toff, 7 14 24 (refs. 17,23) 23 16 (8Tof) 8 (4Tof)
Barenco Toffs 9 20 34 (refs. 17,23) 33 24 (12Tof) 12 (6Tof)
Barenco Toff,, 19 50 84 (ref. 17) 83 64 (32Tof) 32 (16Tof)
CSLA-MUX; 15 21 40 (ref. 23) 39 20 (10Tof) 16 (8Tof)
CSUM-MUXq 30 42 72 (refs. 17,20) n 56 (28Tof) 28 (14Tof)
GF(2%)-mult® 6 6 17° 17° 8 (4Tof) 6 (3Tof)
GF(2%)-mult° 9 9 31° 29 18 (9Tof) 12 (6Tof)
GF(2%)-mult 12 12 47 (vef. 23) 39 32 (16Tof) 18 (9Tof)
GF(2°%)-mult 15 15 84 (ref. 23) 59 50 (25Tof) 26 (13Tof)
GF(2%)-mult 18 18 118 (ref. 23) 77 72 (36Tof) 36 (18Tof)
GF(2")-mult 21 21 167 (ref. 24) 104 98 (49Tof) 44 (22Tof)
GF(2°)-mult 24 24 214 (ref. 20) 123 128 (64Tof) 58 (297Tof)
GF(2°)-mult 27 27 295 (ref.17) 161 162 (81Tof) 70 (35Tof)
GF(2'%)-mult 30 30 350 (ref. 17) 196 200 (100Tof) 92 (46Tof)
Groverg 9 * 44 (ref. 17) 152 96 (48Tof) 66 (27Tof +12T)
Hamming;s (high) 20 * 787° (1,010 (ref. 17)) 773 702 (351Tof) 440 (173Tof + 2CS+ 90T)
Hamming,s (low) 17 42 75 (ref. 17) 73 46 (23Tof) 34 (17Tof)
Hamming;s (med) 17 * 156° (162 (ref. 17)) 156 164 (82Tof) 78 (35Tof + 8T)
HWB, 7 27 51 (ref. 17) 51 30 (15Tof) 20 (10Tof)
Mod-Adder,q,, 28 * 7982 (978 (ref. 17)) 762 570 (285Tof) 500 (141Tof +15CS+188T)
Mod-Multsg 9 n 17 (ref. 17) 17° 14 (7Tof) 6 (3Tof)
Mod-Red,, n 28 55 (refs. 17,23) 51 34 (17Tof) 22 (11Tof)
Mod 5, 5 5 7 (refs. 20,23,24) 7° 8 (4Tof) 2 (1Tof)
QCLA-Adder,o 36 * 116 (ref. 17) 135 68 (34Tof) 94 (28Tof + 5CS+ 28T)
QCLA-Com;, 24 42 59 (ref.17) 59 58 (29Tof) 24 (12Tof)
QCLA-Mod, 26 * 165 (ref. 17) 199 118 (59Tof) 122 (43Tof + 36T)
QFT, 5 43 55 (ref. 17) 53 59 (2Tof +55T) 44 (4Tof + 3CS+ 30T)
RC-Adderg 14 24 37 (refs. 17,23) 37 22 (11Tof) 12 (6Tof)
NC Toff, 5 7 13 (refs. 17,23,24) 13° 6 (3Tof) 4(2Tof)
NC Toff, 7 n 19 (refs. 17,23,24) 19° 10 (5Tof) 6 (3Tof)
NC Toff, 9 15 25 (ref. 17) 25 14 (7Tof) 8 (4Tof)
NC Toff,q 19 35 55 (ref. 17) 55 34 (17Tof) 18 (9Tof)
VBE-Adder, 10 14 20 (refs. 17,23,24) 19° 20 (10Tof) 6 (3Tof)

Numbers in bold indicate the best T-count for each case (with or without gadgets). Even without gadgetization, AlphaTensor-Quantum matches or outperforms the considered baselines

for all circuits that have not been split into sub-circuits (split circuits are marked with a star). When considering gadgets, AlphaTensor-Quantum further reduces the T-count drastically and
generally outperforms the original constructions with gadgets. The notation ‘aTof+bCS+cT’ indicates a circuit with a Toffoli gates, b CS gates and ¢ T gates (when multiple solutions from
AlphaTensor-Quantum achieve the same T-count but differ in the trade-off between gadgets and T gates, we report the result with the highest number of Toffoli gates). °Baseline results
were obtained with the methods in Supplementary Section B and are better than the best-published T-count (provided in parentheses where applicable). *Results were proven to be optimal
decompositions of the given tensor using the Z3 theorem prover. “The GF(2%)-mult and GF(2®)-mult circuits are included for completeness (Supplementary Section D.1).

any gadgets either. For the circuits that did not require splitting,
AlphaTensor-Quantum matches or outperformsall the existing T-count
optimization methods. For all small circuits (at most 20 T gates), we
confirmed with the Z3 theorem prover* that AlphaTensor-Quantum
obtains the best possible T-count achievable with a tensor
decomposition approach. For the circuits that exceed 60 qubits,
AlphaTensor-Quantum outperforms the baselines for Hamming
(high) and Mod-Adder,q,,, but not for the others, probably due to the
lack of optimality of the splitting technique (this is supported by the

fact that AlphaTensor-Quantum outperforms the baselines on indi-
vidual sub-circuits; Supplementary Section D.2).

When considering gadgets, AlphaTensor-Quantum leverages the
Toffoli and CS gates to further drastically reduce the T-count. When
compared against the original construction of the circuits, consisting
mostly of Toffoli gates, AlphaTensor-Quantum reduces the T-countin
all except two cases (probably due to the splitting). When compared
against the baselines, AlphaTensor-Quantum reduces the T-count for
allcircuits except Grovers. Remarkably, for the GF(2™)-mult circuits with
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Fig. 4 | Number of Toffoli gates of the optimized circuits found by
AlphaTensor-Quantum. a, For multiplication in finite fields of order 2™,
AlphaTensor-Quantum finds efficient circuits that substantially outperform
the original construction, which scales like ©(m?). The number of Toffoli gates
matches the best-known lower bound of the classical circuits® for some values
of m, and scales as ~ m'®22(®), showing that AlphaTensor-Quantum found an
algorithm with the same complexity as Karatsuba’s method™, a classical
algorithm for multiplication on finite fields for which a quantum version has
notbeenreported in the literature. (The baselines are classical circuits, and

—+— Cuccaro et al. (2004)
16 Gidney (2018)
—— AlphaTensor-Quantum

Number of Toffoli gates
S

3 4 5 6 7 8 9 10
Number of bits

hence not directly comparable, as naive translations of classical to quantum
circuits commonly introduce overheads. To compare, we assume the number
of effective Toffoli gates is the number of 1-bit AND gates in the classical
circuit.) b, For binary addition, AlphaTensor-Quantum halves the cost of the
circuits from Cuccaro et al. (2004)*' matching the state-of-the-art circuits from
Gidney (2018)**. Remarkably, it does so automatically without any prior
knowledge of the measurement-based uncomputation technique, which was
crucial to their results.

the considered values of the parameter m, AlphaTensor-Quantum finds
constructions with substantially smaller T-count than the baselines or
the original constructions; we discuss this further below.

Applications

Multiplication in finite fields. Multiplicationin finite fieldsis a crucial
operation for cryptography, as many elliptic-curve cryptography
implementations are built over finite fields, and there is a quantum
algorithm that cracks elliptic-curve cryptography in polynomial time*.
Table 1 shows that AlphaTensor-Quantum excels in optimizing the
primitives for multiplication in finite fields of order 2™, that is, the
circuits GF(2™)-mult. In Fig. 4a, we show that form=1{2,3,4,5,7},
AlphaTensor-Quantum achieves the same Toffoli gate count as the
best-known upper bound for the equivalent classical (non-reversible)
circuits*®*.Form=1{2, 3, 4, 5} thisis also the best-known lower bound*,
which suggests that the resulting quantum circuits are likely optimal.
While the circuits for these targets were constructed using the naive
O(m?) multiplication algorithm, the number of Toffoli gates of the
optimized circuits follows ~ m'°%® for the considered values of m.
Thus, AlphaTensor-Quantum found a multiplication algorithm with
the same complexity as Karatsuba’s method®, a classical algorithm for
multiplication in finite fields. While it is conceivable to construct the
optimized circuits by hand, no sub-quadratic constructions of quantum
circuits for multiplication in finite fields have been discussed in the
literature. AlphaTensor-Quantum finds them automatically, similar to
Gidney’s translation of Karatsuba’s method for multiplication of
integers”, but without requiring ancilla qubits.

Binary addition. Binary addition s arelevant primitive because other
common operationsrely onit (such as multiplication, comparators or
modular arithmetic). For example, controlled addition circuits are the
dominant cost of Shor’s algorithm. We focus on ripple-carry addition
(instead of carry-save or block-carry-lookahead) because this requires
fewer extra ancilla qubits from Hadamard gadgetization. In particular,
we optimize the circuits of ref. 51, which have a Toffoli count scaling as
2n + O(1)for ninput bits, and the circuits of ref. 38, with a Toffoli count
of n+ ©(1). As shown in Fig. 4b, AlphaTensor-Quantum halves the
Toffoli count of the circuits inref. 51, matching that of ref. 38.
Curracoetal.'scircuits™ attained the lowest Toffoli T-count of any
addition circuit for more thana decade until ref. 38 halved their cost by

introducing an approach called measurement-based uncomputation
(which allows Toffoli gates acting on zero-initialized ancilla qubits to
be uncomputed for free under certain conditions, by using measure-
ments and classically controlled Clifford gates)—a technique that is
now widely used for optimizing fault-tolerant quantum circuits.

Importantly, forboth circuit constructions, AlphaTensor-Quantum
had noknowledge of measurement-based uncomputation, and despite
all Toffoli gates being compiled naively with seven T gates, it automati-
cally finds optimized circuits only accessible viameasurement-based
uncomputation, due to its ability to leverage gadgets, and exploiting
the fact that ancilla qubits from the Hadamard gadgetization allow the
movement of Toffoli gates (see Fig. 5 for an example).

Hamming weight and phase gradients. Applying small angle rota-
tions to qubits is a common operation in quantum algorithms, for
example, inthe quantum Fourier transform, dataloading and quantum
chemistry. In fault-tolerant quantum circuits, any rotation can be
implemented using the Solovay-Kitaev algorithm with a sequence of
Hadamard and T gates. However, if the same small angle is to be applied
repeatedly (suchasin quantum chemistry), it can be more efficient to
use atechnique called Hamming weight phasing.

We use AlphaTensor-Quantum to optimize the Hamming
weight phasing circuits from ref. 38. While the original circuits use
measurement-based uncomputation, we instead compile a version
where every Toffoli gate is constructed explicitly, as before. Again,
AlphaTensor-Quantum halves the cost with respect to the naive
input circuits, thus matching the complexity of the circuits with
measurement-based uncomputation tricks.

Unary iteration. We also apply AlphaTensor-Quantum to a family
of circuits called unary iteration*’, which implements the quantum
equivalent of a classical n-to-2" demultiplexer or decoder. Specifically,
these circuits allow selecting which Pauli operator (fromaset of opera-
tors) to apply to the data qubits, based on the value of some control
qubits. We apply this construction to the Pauli operators P,=X/--- 1,
P,=IX--1,...,P,=1l---Xonm=38,16 and 32 qubits, that is, forn=3, 4
and 5, where/is the identity matrix and X denotes the (Clifford) Pauli-X
gate (Extended DataFig. 3). These circuits could be used toimplement
the same construction for any set of 8,16 or 32 Pauli operators, without
extra T-count, and because of their generality, they appear both in
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Fig. 5| An example in which measurement-based uncomputation tricks can
berecovered by AlphaTensor-Quantum. a, The original NC Toff; circuit.

b, The Hadamard gadgetization process maps a portion of the circuit to three
CCZ gates. ¢, After moving all Clifford gates to the end, two of the CCZ gates

(in the highlighted box) share two inputs. d, AlphaTensor-Quantum optimizes
this pair by expressing it as a single gadget, saving one Toffoli gate with respect to

T
AlphaTensor-Quantum

the original construction. This kind of optimization happens often because CCZ
gates can usually be moved freely along the circuit, as the corresponding unitary
matrix will be diagonal after compilation. This is reminiscent of the temporary
logical-AND construction from ref. 38, although some patterns with more than
two CCZ gates can also be combined in this way.

oracle construction (demultiplexers are commonly used in classical
logic) and in quantum chemistry (as in the linear combination of uni-
taries method discussed further below).

Weimplementthe unary iteration circuits following ref. 40, except
we compile the Toffoli gates unitarily with seven T gatesinstead of using
measurement-based uncomputation. The largest circuit (n =5) has
72 qubits after compilation. As before, AlphaTensor-Quantum finds
its own version of measurement-based uncomputation to match the
best-known T-count of these circuits.

Wealso apply aversion of AlphaTensor-Quantum without gadgets.
Remarkably, it finds optimized circuits that, for each value of n, have
only three T gates more than the circuits fromref. 40 (where each Tof-
foligateisimplemented using four T gates), suggesting that the unary
iteration circuits have an internal structure particularly amenable to
thiskind of optimization.

Quantum chemistry. Molecular simulation involves solving the
Schrodinger equation, which requires a computational cost scaling
exponentially with the number of particles in the system. This makes
classical methods struggle to simulate strongly correlated molecules™.
Quantum computers can theoretically handle these calculations more
efficiently, with one compelling use case being the simulation of the
FeMocomolecule, theactivessiteinthe nitrogenase enzyme responsible
for nitrogen fixation. This use case has high potentialindustrialimpact,
but is challenging due to the highly complex electronic structure
of FeMoco™.

Amethod by ref. 53 simulates FeMoco using afault-tolerantimple-
mentation of aquantum walk algorithm, where the Hamiltonian asso-
ciated with the molecule is encoded into the quantum circuit with a
technique known as linear combination of unitaries. This framework
requires the implementation of two oracles called PREPARE and SELECT
(each being an instance of the unary iteration operation discussed
earlier). These are repeated many times, making up the dominant cost
of the whole algorithm, and therefore optimizing these oracles can
noticeablyimpact the total resource requirements (see Supplementary
Section A.2 for more details on the algorithm).

We run AlphaTensor-Quantum on portions of the SELECT oracle
constructioninref. 53 (whichisitselfbased onref. 54). Specifically, we
set a range of parameters to keep the total qubit count below 60, and
compile angle rotations of the state into the diagonal basis using the
phase-gradient technique from ref. 38; see Extended Data Fig. 4 for
details. As before, we remove all measurement-based uncomputation

tricks and compile the Toffoli gates unitarily with seven T gates. We
find that, for all parameter values, AlphaTensor-Quantum matches
the T-count of ref. 53, which relies heavily on measurement-based
uncomputation.

Thus, AlphaTensor-Quantum automatically finds state-of-the-art
constructions for multiple use cases. We expect that, as new
improvements on quantum chemistry are made at a structural level,
AlphaTensor-Quantum will be able to automatically find the best con-
structions (in terms of T-count), without additional human effort.

Discussion

We have demonstrated the effectiveness of AlphaTensor-Quantum at
optimizing the T-count, showing that it substantially outperforms exist-
ingapproaches, being able to automatically discover constructions as
efficient as the best human-designed ones across various applications.
For those applications, the fact that very different techniques achieve
the same T-count might hint at the optimality of the discovered con-
structions. In fact, we proved that some decompositions are optimal
in terms of the number of factors.

Compared with previous studies that use RL to optimize
quantum circuits?*® or variational quantum algorithms* %,
AlphaTensor-Quantumiis the first model trained on circuits with alarge
number of qubits to cover a wide range of applications, and the first
one considering fault-tolerant compilation. Compared with existing
T-countoptimization approaches, AlphaTensor-Quantum substantially
outperforms them—at the cost of increased computational complex-
ity (for example, it took around 8 hours to optimize the circuits of
ref.51) and loss of optimality due to extra compilation steps (for exam-
ple, ifthe circuits need to be splitinto parts). Future research avenues
to accelerate the algorithm include improving the neural network
architecture, handling Hadamard gadgetization differently (to keep the
number of qubits small enough), or applying RL to alternative circuit
representations that can optimize Hadamard gates natively. However,
its comparably increased computational complexity is outweighed by
itsresults, especially considering the cost of manually designing opti-
mized constructions. Moreover, it is aone-off cost, as once discovered,
the optimized circuits can be reused.

Unlike existing approaches, AlphaTensor-Quantum leverages
and exploits gadgets. These constructions are an active area of
research*»**>%¢, and as fundamentally new gadgets are discovered, they
canbereadily incorporated into the RL environment, possibly allowing
AlphaTensor-Quantumto discover even more efficient constructions
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forestablished quantum circuits. Similarly, AlphaTensor-Quantumcan
be extended to optimize metrics other than the T-count, for example,
T-depth” or weighted combinations of different gates's, by changing
the reward signal accordingly.

We envision that AlphaTensor-Quantum will play a pivotal role
as quantum chemistry and related fields advance, and new improve-
ments at a structural level emerge. Similarly to how Gidney*® opti-
mized the addition circuits of Cuccaro et al.” over a decade later,
AlphaTensor-Quantum finds and exploits non-trivial patterns, eliminat-
ing the need for manual construction design and saving research costs.

Methods

The signature tensor

The tensor representation of a circuit relies on the concept of phase
polynomials. Consider a circuit with CNOT and T gates alone. Its corre-
spondingunitary matrix Uperformstheoperation U |x;.y) = %0 |Ax;. )
where ¢(x;.,y) isthe phase polynomialand Ais aninvertible matrix that can
beimplemented with Clifford gates only. Forexample, applyinga T gateto
thesecond qubitaftera CNOT gives (/@ T)CNOT |x,y) = €'+ “® |x, x @ y)
thatis, ¢(x.y) = T (x®y) = % (x+y - 2x). After cancelling out the terms
leading to multiples of 21, the phase polynomial takes a multilinear
form, thatis, ®(a.n) = E (Ziaixi +23 byxix ; + 425<j<kcijkxixjxk), where
a,€{0, ..., 7}, b;€1{0, ..., 3}and ¢ € {0, 1}. Thismaps directly toacircuit
of T,CSand CCZ gates: each ax; termisimplemented by ;T gates acting
ontheith qubit, each byxx; term corresponds to b; CS gates on qubits
iandj, and each non-zero c;xxx, termis a CCZ gate on qubits i,j and
k.Each of these terms corresponds to a non-Clifford operation only if
the corresponding constant (a;, b; or c) is odd. Thus, two CNOT+T
circuitsimplement the same unitary up to Clifford gates if and only if
they have the same phase polynomial after taking the modulo 2 of their
coefficients. This information about the polynomial can then be cap-
tured in a symmetric three-dimensional binary signature tensor J of
size Nx Nx N (refs. 17,19). See Supplementary Section A.1 for
more details.

We remark that the signature tensor captures information about
the non-Clifford components of the circuit only. Thus, two circuits with
the same signature tensor may implement a different unitary matrix—
but it is always possible to implement one of the circuits by adding
Clifford gates to the output of the other circuit. As in this work we
consider the T gate as the only metric of complexity, and Clifford gates
donotincurany cost, we consider two circuits with the same signature
tensor to be equivalent for the purposes of T-count optimization.

System description

AlphaTensor-Quantum builds on AlphaTensor, whichisin turnbased on
AlphaZero®.Itisimplemented over adistributed computing architec-
ture, composed of one learner and multiple actors that communicate
asynchronously. Thelearnerisresponsible for hosting aneural network
and updatingits parameters, while the mainrole of the actorsis to play
games to generate data for the learner. When the learner updates the
network parameters by gradient descent steps, it sends them to the
actors. Theactorsemploy Monte Carlo tree search (MCTS), using que-
riesto the network to guide their policy, and play games whose actions
tend toimprove over the policy dictated by the neural network. Played
games are sent to thelearner and stored in abuffer, and they will serve
as future data points to train the network parameters.

Neural network. The neural network at the core of AlphaTensor-
Quantum takes as input the game state and outputs a policy, thatis, a
probability distribution over the next action to play, and a probability
distribution over the estimated return (that s, the sum of rewards from
the current state until the end of the game) (Extended DataFig. 5). The
neural network has akey component, the torso, where aset of attention
operations® are applied. In AlphaTensor-Quantum, the torso inter-
leaves two types of layer: axial attention®® and symmetrization layers

(Extended Data Fig. 5). Symmetrization layers are inspired by the
empirical observationthat, for asymmetricinput X € R¥¥(withX=X"),
preserving the symmetry of the output in-between axial attention
layers substantiallyimproves performance. Therefore, after each axial
attention layer, we add a symmetrization operation, defined as
X< poX+(1-p) o X', where ‘© denotes the element-wise product.
For f=1/2, this makes the output X symmetric. In practice, we found
that letting S be alearnable N x N matrix improves performance even
further, eventhough Xis no longer symmetric, due to the ability of the
network to exchange information between rows and columns after
each axial attention layer. (When the input is a tensor, X € RVV<¢, we
apply the symmetrization operations independently across the dimen-
sions C, using the same matrix 8.) We refer to this architecture as sym-
metrized axial attention. See Supplementary Section C.4 for more
details of the full neural network architecture.

Symmetrized axial attention performs better than the neural
network of standard AlphaTensor (which requires attention opera-
tions across every pair of modes of the tensor)®. It is also one of the
key ingredients that allow AlphaTensor-Quantumto scale up tolarger
tensors: for N=30 and the same number of layers, symmetrized axial
attentionruns about 4 times faster and reduces the memory consump-
tion by a factor of 3. (See also Supplementary Section D.3 for further
ablations.) We believe symmetrized axial attention may be useful for
other applications beyond AlphaTensor-Quantum.

Gadgetization. The Toffoli gate admits a gadget toimplement it using
four T gates* instead of the seven T gates of the ancilla-free implemen-
tation. When considering a state-of-the-art magic-state factory'?, which
convertsa CCZ magic stateinto two T states, we can consider that the
cost ofthe Toffoli gadget is equivalent to that of two T gates. Similarly,
the CS gate canalso be built using Clifford operations and asingle (CCZ)
magic state, so that its cost is equivalent to that of two T gates when
considering a state-of-the-art magic-state factory™.
AlphaTensor-Quantum incorporates gadgetization into Tensor-
Gameas follows. Every time that an actionis played, we check whether
it completes a Toffoli when combined with the six previous actions,
a CS gate when combined with the two previous actions, or none of
them. Ifit completes a Toffoli, we assign a positive reward of +4, so that
the 7 actions jointly incur areward of -2 (corresponding to 2 T gates)
as opposed to the reward of -7 corresponding to the un-gadgetized
implementation. If it completes a CS, we assign a reward of 0, so that
the 3 actionsjointly incur areward of -2. See Fig. 2 for anillustration.
We can check whether a gadget was completed, up to Clifford
operations, by simply finding linear dependencies between u® and the
previous actions (see Supplementary Section C.3 for ajustification):

+ Ifs>7, we check whether the action u® completes a Toffoli
gadget.Leta2 u“®, b2 u“>and c 2 u“?.If the vectors a,band
carelinearly independent and all the following relationships
hold, then we declare that u® completes a Toffoli gadget:

u¢t»=a+b, ut?=a+c,

u6D=a+b+c, and u®=b+c.

« Ifs>3, wecheck whether the action u completes a CS gadget.
Leta2 u“?andb 2 u“?. If the vectors aand b are linearly inde-
pendent and u® =a +b, then u® completes a CS gadget.

We refer to the relationships above as gadgetization patterns.
Each factor (action) may belong to at most one gadget; thus, if the
action at step s completes a gadget of any type, we only check for a
new CS gadget from step s + 3 onwards, and for a new Toffoli gadget
fromstep s +7 onwards.

Synthetic demonstrations. Like its predecessor, AlphaTensor-
Quantum uses a dataset of randomly generated tensor/factorization
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pairs to train the neural network. Specifically, the network is trained
on a mixture of a supervised loss (which encourages it to imitate the
synthetic demonstrations) and a standard RL loss (which encourages
it to learn to decompose the target quantum signature tensor). For
each experiment, we generate 5 million synthetic demonstrations. To
generate each demonstration, we first randomly sample the number
of factors R from a uniform distribution in [1,125] and then sample R
binary factors u®, such that each element has a probability of 0.75 of
beingsetto 0.

After having generated the factors, we randomly overwrite some
of them to incorporate the patterns of the Toffoli and CS gadgets, to
helpthe networklearn andidentify those patterns. For each demonstra-
tion, we include at least one gadget with probability 0.9. The number
of gadgets is uniformly sampled in [1, 15] (the value is also truncated
whenRisnotlargeenough), and for eachgadget we sample the starting
indexrand the type of gadget (Toffoli with probability 0.6 and CS with
probability 0.4), overwriting the necessary factors according to the
gadget’s pattern. We ensure that gadgets do not overlap throughout
the demonstration.

Change of basis. To increase the diversity of the played games, the
actors apply a random change of basis to the target tensor 7 at the
beginning of each game. From the quantum computation point of view,
a change of basis can be implemented by a Clifford-only circuit, and
therefore this procedure does not affect the resulting number of T gates.

Achange of basis is represented by amatrix M € {0, 1} such that
det(M) =1under modulo 2. We randomly generate 50,000 such basis
changes and use them throughout the experiment, that is, the actor
first randomly picks a matrix M and then applies the following trans-
formation to the target tensor 7

N
MigM jsMyc Tpe.

c=1

M=
M=

Tje =
1

S
I
—

a

Theactor then plays the game in that basis (that is, it aims at finding a
decomposition of 7). After the game has finished, we can map the
played actions back to the standard basis by applying the inverse
change of basis.

Thediversity injected by the change of basis facilitates the agent’s
task because it suffices to find alow-rank decomposition in any basis.
Note that gadgets are not affected by the change of basis, as their pat-
terns correspond tolinear relationships that are preserved after linear
transformations.

Data augmentation. For each game played by the actors, we obtain a
new game by swapping two of the actions init. Specifically, we swap the
last action that is not part of a gadget with a randomly chosen action
thatisalso not part of agadget. Mathematically, swappingactionsisa
valid operation due to commutativity. From the quantum computation
point of view, it is a valid operation because the considered unitary
matrices are diagonal.

Besides the action permutation, we also permute the inputs at
acting time every time we query the neural network. In particular, we
apply arandom permutation to the input tensor and past actions that
represent the current state, and then invert this permutation at the
output of the network’s policy head. Similarly, at training time, we
apply arandom permutation to both the input and the policy targets,
and train the neural network on this transformed version of the data.
Inpractice, we sample 100 permutations at the beginning of an experi-
ment and use them thereafter.

Sample-based MCTS. In AlphaTensor-Quantum, the action space
is huge, and therefore it is not possible to enumerate all the possible
actions from a given state. Instead, AlphaTensor-Quantum relies on
sample-based MCTS, similarly to sampled AlphaZero®.

Before committing to an action, the agent uses a search tree to
explore multiple actions to play. Each node in the tree represents a
state, and each edge represents an action. For each state-action pair
(s, a), westore a set of statistics: the visit count N(s, a), the action value
Q(s, a) and the empirical policy probability 7i(s, a). The search consists
of multiple simulations; each simulation traverses the tree from the
root state s, until a leaf state s, is reached, by recursively selecting in
each state san action a that has high empirical policy probability and
high value but has not been frequently explored, that is, we choose a

according to
\/Z,Ns. b)

arg mgx Q(s, a) + c(s)Ti(s, a)l-e-N—(sa)’

where c(s) isanexploration factor. The MCTS simulation keeps choos-
ing actions until a leaf state s, is reached; when that happens, the net-
work s queried on s,—obtaining the policy probability 1i(s,, -) and the
return probability z(s,). We sample K actions a, from the policy to ini-
tialize fi(s;,a) = %Zkﬁa’ak, and initialize Q(s,, a) from z(s,) using a

risk-seeking value?. After the node s, has been expanded, we update
thevisit counts and values on the simulated trajectoryin abackwards
pass®. We simulate 800 trajectories using MCTS; after that, we use the
visit counts of the actions at the root of the search tree to form a
sample-based improved policy, following ref. 25, and commit to an
action sampled from thatimproved policy.

Training regime. We train AlphaTensor-Quantum separately for each
considered application (thatis, one agent for the benchmark circuits,
another one for multiplication in finite fields, another one for all the
circuits related to binary addition and so on). Thisapproach allows the
actors to repeatedly play enough games starting from the tensors of
interest (becoming better and better at decomposing those specific
targets), while at the same time being able to identify and exploit pos-
sible decomposition patterns shared across the circuits within the
same application. We find that the experiment variance is very low:
a single experiment is enough for AlphaTensor-Quantum to find the
best constructions for each application.

We train AlphaTensor-Quantum onatensor processing unit (TPU)
with 256 cores, with a total batch size of 2,048, training for about 1 mil-
lioniterations (the number of training iterations varies depending on
the application, ranging between 80,000 and 3 million iterations).
We generally use 3,600 actors per experiment, each running on a
standalone TPU (experiments on the benchmark circuits were run with
twice as many actors).

The computational cost of running an experiment depends on
multiple factors. The main ones are: the number of qubits N, the epi-
sode length (that is, the maximum allowed number of steps in Ten-
sorGame), the circuit complexity (that is, how many steps it takes to
optimally decompose the tensor) and the architecture parameters
(for example, the number of layers of the torso). Theoretically, the
cost increases roughly cubically with N, linearly with either the epi-
sode length (at the beginning of the training algorithm) or the circuit
complexity (after anumber of trainingiterations), and linearly with the
number of layers of the torso. As an example, the training algorithm
for the most costly experiment runs at about 2 steps per second (cor-
responding to the experiment on unary iteration, with N =72, episode
length of 250 and 4 layers).

Other versions of AlphaTensor-Quantum. We found empirically that
the GF(2™)-mult circuits were particularly challenging to optimize, and
they required additional training iterations. To reduce the size of the
searchspace and accelerate the training procedure, we developed a vari-
antof AlphaTensor-Quantum that favours Toffoligates. Specifically, every
time that three consecutive and linearly independent actions (factors)
are played, the environment automatically applies the remaining four
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actions that would complete the Toffoli gadget. We applied this version
of AlphaTensor-Quantum to optimize these targets only.

Verification

To verify that the results of AlphaTensor-Quantum are correct, we
used the ‘feynver’ tool developed by ref. 44 after each step of the
compilation process discussed in Supplementary Section C.1. It uses
the sum-over-paths formalism® to produce a proof of equality and
canbeapplied to any circuit. However, itisa sound but not complete
method, soit may fail both to prove and to disprove equality for some
pairs of circuits. As the tool runs slowly for larger circuits, we ran it
wherever practical (limiting each run to several hours). Each circuit
was verified assuming that any intermediate measurements intro-
duced by Hadamard gadgetization always return zero, because our
software pipeline does not generate the classically controlled cor-
rection circuits (these can be easily constructed but are irrelevant to
AlphaTensor-Quantum).

This allowed us to verify inputs up to the point where a ten-
sor is obtained. To verify that the decompositions constructed by
AlphaTensor-Quantumwere correct, we computed the corresponding
tensor and checked that it was equal to the original input tensor. While
we did not use the optimized decompositions to produce circuits, they
could be verified in the same way as discussed above.

Data availability

The experiments carried out in this paper do not require any data
corpusotherthanthe publicly available quantum circuits, taken from
refs. 38,40,44,51,53. Experiments with AlphaTensor-Quantum also
require synthetic demonstrations, which can be procedurally gen-
erated as detailed in Methods. The Waring decompositions discov-
ered by AlphaTensor-Quantum are available for download at https://
github.com/google-deepmind/alphatensor_quantum and https://doi.
org/10.5281/zenodo.14679491 (ref. 63).

Code availability

Afulldescription of AlphaTensor, the algorithm that this work builds
on, is available in ref. 25. The details of the neural network archi-
tecture that we use are described in Methods and Supplementary
Section C.4. The procedure to compile the quantum circuits is fully
described in Supplementary Section C.1. We provide a repository
at https://github.com/google-deepmind/alphatensor_quantum
and https://doi.org/10.5281/zenodo0.14679491 (ref. 63) contain-
ing the following Python code. (1) The code for the innovations of
AlphaTensor-Quantum over AlphaTensor, that is, the environment
dynamics and gadgetization procedure, the neural network, the
algorithm for generating synthetic demonstrations, as well as the
generation of change of basis. (2) A runnable demo that shows how
to connect the innovative components of AlphaTensor-Quantum to
athird-party codebase: the library MCTX, which implements Monte
Carlo tree search in Jax®*. The demo features a simplified version of
AlphaTensor that runs onasingle machine. In an additional repository
at https://github.com/tlaakkonen/circuit-to-tensor and https://doi.
org/10.5281/zen0do0.14680969 (ref. 65), we provide the following. (1)
The code for the pipeline of Fig. 1: (i) transforming an input quantum
circuitintoatensor, and (ii) transforming the output factorizations of
AlphaTensor-Quantum back into a quantum circuit. (2) The code for
verifying the correctness of our results, which would let users verify
the correctness of transforming quantum circuits into tensors for all
of the benchmark targets.
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Quantum operator #Qubits  Gate symbol Unitary matrix
1 0 0 O
0O 1 0 0
Controlled NOT (CNOT) 2 $ 00 0 1
o 0 1 0
1 0 0 0
01 0 O
Controlled S (CS) 2 00 1 0
0O 0 0 ¢
1 0 0 O
o1 0 O
Controlled Z (CZ) 2 T 00 1 0
0 0 0 -1
1 0 0 0 0 0 0 o0
01 0 0 0 0 0 ©
00 1 0 0 0 0 0
00 0 1 0 0 0 0
Controlled controlled Z (CCZ) 3 E 00 0 0 1 0 0 0
0 0 0 0 0 1 0 0
00 0 0 0 0 1 0
0 0 0 0 0 0 0 -l
1 0 0 0 0 0 0 o0
0 1 0 0 0 0 0 0
00 1 0 0 0 0 0
: 000 0 1 0 0 0 0
Toffoli (Controlled CNOT) 3 % 0 0 0 0 1 0 o0 o0
00 0 0 0 1 0 0
00 0 0 0 0 0 1
0 0 0 0 0 0 1 0

Extended Data Fig. 1| Common controlled gates used in quantum computing. We display the symbol of common controlled quantum gates, along with the input/
output number of qubits and their corresponding unitary matrices.
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O 0 0 el% 122 221

Extended Data Fig. 2 | Example of mapping a quantum circuit to a signature
tensor. (Left) A circuit formed by CNOT and T gates, along with the diagonal
unitary matrix that itimplements. The output of the circuit is the quantum state
ei*y) |x, y), where x,y € {0, 1} and the phase rotation is captured by the so-called
phase polynomial ¢(x,y). (Middle) The phase polynomial ¢(x, y) can be directly
mapped to an alternative implementation of the circuit. Here, implementing the
phase rotation ¢(x, y) requires one T gate on the first qubit (term Zx), two T gates
onthesecond qubit (term Z2y), and three CS gates (term — 2—'T)<31).4Since two
consecutive T gates form a (Clifford) S gate, and two consecutive CS gates form a

(Clifford) CZ gate, the only non-Clifford components that are needed are a T gate
acting on the first qubit and a CS gate. (Right) The 2 x 2 x 2 signature tensor T
describing the non-Clifford components. The diagonal entries of the tensor
describe single-qubitinteractions and correspond to the T gates. The off-
diagonal entries describe two-qubit interactions and correspond to the CS gate.
The signature tensor indicates a T gate acting on the first qubit and a CS gate
acting on both qubits. If the circuit had more than two qubits, then entries of the
tensor 7 withi=j, i#k,j=kwould describe three-qubit interactions and
correspond to CCZ gates.
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Extended DataFig. 3| The action implemented by the unary iteration family of circuits. If the control qubit cis in the state |1), the circuit applies one of the
Paulioperators fromthe set {P,, ..., P,,} to the multiqubit state |¢), depending on the value of the qubits x; to x,. If the control qubit cis in the state |0), no operation is
appliedto|¢).
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(b)

Extended Data Fig. 4 | Construction of the quantum walk operator at the heart
of state-of-the-art quantum chemistry algorithms. (a) The quantum walk
operator W can be decomposed using the LCU technique into two oracles,
PREPARE and SELECT, which encode the details of the molecule. This operator is
repeated many times, so its cost dominates the overall algorithm. (b)
Construction of the SELECT oracle. This figure is adapted from Fig. 5 on page 15 of
ref. 53. We compile and optimize the partin the dashed box, along with its
constituent components, for a range of parameters (up to 10 bits of precision per
rotation, and for systems of up to 10 spin-orbitals). The registers z and vare the
output of the PREPARE oracle, and contain the coefficients of the linear
combination of @(M?) unitaries in superposition, hence these registers use

ny ~ log,(M) qubits each, where Mis a parameter controlling the accuracy of the
implementation of the Hamiltonian. These are used inthe data: rot,,

operations, whichindex into aquantum read-only-memory (as constructed in
ref.40) to load a sequence of rotation angles corresponding to each unitary, in
superposition. These angles are used by Givens rotations circuits (denoted R and
R', following the method of ref. 54) to diagonalize each of the unitaries we may
wish to apply (in this case, each unitary represents a product of two Majorana
operators). The diagonalized unitaries can be applied to the dataregisters [y, )
and |¢p; ) (which correspond to the electron spin-orbitals with spin down and spin
up, respectively) with a CZ operation (denoted Z,), conditioned on a register
|succ) which encodes whether the PREPARE oracle was successful. These steps
arerepeated independently for z and v, with some extra controls based on the
special case of v=M+1, used to encode the unitaries corresponding to
single-electron rather than two-electron terms in the Hamiltonian.
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Neural network

Tensor

Past actions H E E
@)

Extended DataFig. 5| The neural network, featuring symmetrized axial
attention layers. (a) An overview of the neural network, where the input is the
current state (tensor and past actions) and the outputs are distributions over
the next action to play (given by the policy head) and over the estimated return

Symmetrized
axial attention
Axial attention \

Self-attention Self-attention Symmetrization
(over rows) (over columns) BOX+(1-B)oXT

(b)
(given by the value head). (b) A symmetrized axial attention layer, the building
block of the neural network torso. Symmetrized axial attention incorporates a
symmetrization operation after each axial attention layer to favour exchange of
information between rows and columns.
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