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We demonstrate that the 380 box relations listed in Appendix C of [1] can be derived from the 18
reduced relations shown in Figure 1 and the generators presented in Figure 2. As a byproduct of this
derivation, we identify a set of derived relations that follow from the equations in Figures 1 and 2.
They serve as a useful set of axioms for simplifying the supplemental proofs.

Contents

1 Derived Relations 4
1.1 The Single-Qutrit Derived Relations . . . . . . . ... ... ... ... ... . .... 6
1.2 The Two-Qutrit Derived Relations . . . . . . . . . ... ... ... ... ........ 7
1.3 The Three-Qutrit Derived Relations . . . . . . . . .. .. ... ... ... ....... 21

2 Single-Qutrit Clifford Completeness 41
2.1 Reduce the Single-Qutrit Derived Relations . . . . . . .. ... ... ... ... .. .. 42
2.2 Reduce the Single-Qutrit Box Relations . . . . . .. ... ... ... ... . ..., 46

3 Two-Qutrit Clifford Completeness 52
3.1 Reduce the Two-Qutrit Derived Relations . . . . . . ... ... ... ... ....... 56
3.2 Reduce the Two-Qutrit Box Relations . . . . .. ... ... ... ... ......... 90

4 Three-Qutrit Clifford Completeness 920
4.1 Reduce the Three-Qutrit Derived Relations . . . . . . . . . .. . ... ... ...... 93
4.2 Reduce the Three-Qutrit Box Relations . . . . . . . ... ... ... .......... 166

Throughout this supplement, we use the same definitions and conventions as given in Section 2 and

Appendix E of [1]. We begin by reducing all single-qutrit derived relations and box relations to the
equations in Figures 53 and 54. This allows us to establish the completeness for single-qutrit Clifford
circuits. We then use this completeness result as a lemma to prove that all two-qutrit derived relations
and box relations follow from the equations in Figures 57 and 58. Similarly, after establishing the
completeness for two-qutrit Clifford circuits, we use it as a lemma to prove that all three-qutrit derived
relations and box relations follow from the equations in Figures 59 and 60. Thus, in Sections 2 to 4,
our approach to the relation reduction is organized according to the number of qutrits in the circuit. The
correctness of all proofs was verified by checking that the circuit semantics remain unchanged at various
intermediate steps .
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Figure 1: A complete set of rewrite rules for n-qutrit Clifford circuits. Note that @, S', SWAP, CX, XC,
and the CZ acting on the first and third qutrits are derived generators defined in Figure 2. Let g be a
gate and m be a natural number. g™ denotes m copies of g gate. In addition to these circuit relations,
we assume the standard spatial relations which allow us to commute gates acting on disjoint subsets of
qutrits. In the remainder of this paper, we use ‘relations’ and ‘(rewrite) rules’ interchangeably.

Definition 0.1. The equations in Figure 1 are called the reduced relations. The lefthand sides of the
equations in Figure 2 are called the derived generators. The equations in Appendix C of [1] are called
the box relations. The equations that follow from those in Figures 1 and 2 are called the derived relations.

Definition 0.2. When we say that an equation follows from the reduced relations, we mean that it can
be proved using the equations from Figures I and 2. Then, we say that the circuits on both sides of the
equation is syntactically equivalent. Each circuit represents a unitary matrix. Any equality between two
circuits is a true equality if the unitary matrices are the same. Then, we say that these two circuits are
semantically equivalent.

Definition 0.3. Let R : Cy = C; be an equation where Cy,Cy € C,. C; = C, means that there exists a
sequence of rules from Figure I to rewrite C| into Cs.

For convenience, we use several conventions in Sections 2 to 4. They are summarized below.

e Leta € N. For u,v € Z, we use u =, v to denote u is congruent to v modulo a.
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Figure 2: Derived generators of C, that are useful for the relation reduction.

relations, (rewrite) rules, and equations interchangeably.

(def to reference a definition from Figure 3.
- Av|— = =
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The concrete implementations of the Z and X normal boxes. Here a,b € Z3 and a # 0.
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* We use AB to denote two gates A and B composed in diagrammatic order:

Let C,C’" € C, and R be a rewrite rule. We write C £ ' to denote that after applying R to C, we
get C’, which is semantically equivalent to C.

e LetR: A=BandR': A’ = B'. We write R <= R’ to denote that the equation R can be equivalently
expressed as the equation R’ aftering applying certain rewrite rules.

* We use an orange dashed box to denote where a rewrite rule has been applied to a circuit. An
example is below.

(CH).LHS =

= (C1).RHS

* We use a few abbreviations in the proofs. WTS is short for Want To Show. LHS is short for the
lefthand side. RHS is short for the righthand side. Given a rewrite rule R, R.LHS refers to the
lefthand side of R, and R.RHS refers to the righthand side of R.

1 Derived Relations

Before reducing all box relations to a smaller set of rewrite rules, it is helpful to first obtain an expanded
rule set that serves as a ‘halfway point’. For this, we introduce the notion of derived relations, which are
the relations implied by the 18 reduced relations in Figure 1 and the 9 derived generators in Figure 2.
According to the number of qutrits being involved, we list these derived relations in Sections 1.1 to 1.3.
We came to these relations as they either express canonical relations about pushing one gate across the
other or they follow from the property of a SWAP gate. On the other hand, we found that many box
relations were reducible to simpler forms, which are then added as a derived relation.

Let R be some relation that we have shown to be derivable from Figure 1. Then the following rules
based on modifying R are also derivable. We use a superscript to denote such a relation (e.g., R¥). Since
these techniques are frequently used, we call them meta rules and describe how they work below.

Meta Rule 1: The relation where we take any permutation of the qutrit wires on both sides of R. This
follows after we have proven properties regarding the SWAP gate. For example, in Figure 9, (Cé)
can be derived from (C/) by permuting the first and the second qutrit wires.

Meta Rule 2: The relation where we take the inverse of both sides of R. This follows from the order of
—w, S, H and CZ being axioms of Figure 1. For example, in Figure 11, (Cf)L ) can be derived from
(C9) by leveraging (C2): H A
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Meta Rule 3: The relation where we append or prepend both the left- and righthand sides of R with the
same gates. In particular, doing this with powers of H gates allows us to exchange the CZ gate
with the CX (or XC) gate. For example, in Figure 9, (C}) can be derived from (C6) by leveraging
(D8) and (C2).

Meta Rule 4: The relation that follows from applying a rule a couple of times. Summarizing them into
axioms allows us to shorten the proofs of relation reduction. For example, in Figure 11, (CS) can
be derived by applying (C9) twice.

In Sections 1.1 to 1.3, we present the derived relations for one-, two-, and three-qutrit Clifford cir-
cuits. The labelling of these relations matches the order of the proofs in Sections 2.1, 3.1 and 4.1. This
is intentionally arranged to prevent circular reasoning in the proofs of relation reduction.
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The Single-Qutrit Derived Relations

P =1 (R1)
X?> =HS*H*SH (R2)
x> =1 (R3)
z=5"s (R4)
VAR (R5)
VARSS (R6)
HSH = S’HS’X? - (—0?) (R7)
SH? = H*SZ7? (R8)
SZ =178 (R9)
7°H = HX (R10)
SX =XZS - o’ (R11)
ZX =XZ - o* (R12)

Figure 4: Single-qutrit derived relations.

S’HS*HS’H = —o (C4)
S’HS? = H’SH? - (— o) (Cy)
SH3S = HS*H - (—0?) (o)
SH’S = HS?H - (—0?) (o)
H’S = SHS’H - (—0?) (&9}
SH?SH? = H>SH?S (C5)
SH?S = H*SH*SH? ()
Figure 5: Variants of (C4) and (C5).

HSH = S’HS’X* - (—0?) (R7)
HS’H = H*SHXS - (— o) (RY)

Figure 6: An alternative expression of (R7).
7’H = HX (R10)
HZH? =X (Rl,)
HZ’H? = X? (R3,)

Figure 7: Interchanging between Pauli X and Z gates using the H gate.
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1.2 The Two-Qutrit Derived Relations
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Figure 8: Two-qutrit derived relations.
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Figure 9: Equations that follow from the order of a CZ gate: CZ> = 1.
i i
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Figure 10: Pushing an S gate through a CZ gate and its vertically symmetrical variant.
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Figure 11: Pushing H? through a CZ gate and its variants.
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Figure 12: The vertically symmetrical variants of the equations in Figure 11.

Figure 13: Pushing an H or S gate through a SWAP gate and their vertically symmetrical variants.
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= X 7 (SWAP')
U
: C
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U
Figure 14: Pushing single-qutrit Clifford unitaries through a SWAP gate.
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z
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e Bi
o Bi
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Figure 15: Pushing an X, Z, §’, CX, or XC gate through a SWAP gate and their vertically symmetrical variants.
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Figure 16: Pushing an S’ gate through a CZ gate and its vertically symmetrical variant.
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Figure 17: When an S or §’ gate commutes with a CX or XC gate.
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Figure 18: When a Pauli X or Z gate commutes with a CZ, CX, or XC gate.
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Figure 19: (Réo) to (Rég) can be derived from (R20). They are useful for deriving some other two-qutrit Clifford
relations.
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Figure 20: Different implementations of a SWAP gate.
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Figure 21: (R22) to (R23) can be derived using the equations in Figure 20.
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Figure 23: The vertically symmetrical variants of the equations in Figure 22.
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Figure 24: Different cases of pushing a CZ gate through an XC gate.
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Figure 25: The vertically symmetrical variants of the equations in Figure 24.
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Figure 26: Different cases of pushing an S or §’ gate through an XC gate. They can be derived using the
equations in Figures 22 to 25.
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Figure 27: When a Pauli X or Z gate does not commute with a CZ, CX, or XC gate.
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Figure 28: Other derived relations that are used to reduce the two-qutrit box relations.
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1.3 The Three-Qutrit Derived Relations

T = (COMMUTE)
—ef— = el (COMMUTE")
T S—

T —
e = el (COMMUTE?)

Figure 29: A single-qutrit gate g on wire 2 can be moved past a two-qutrit gate on wires 1 and 3.

- (C16)

(Clo)

(Cls)

= - (C?G)

Figure 30: Different ways of presenting the Yang—Baxter equation.
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Figure 31: Pushing a CZ gate through two stacked SWAP gates.
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Figure 32: Pushing a CX or XC gate through two stacked SWAP gates, part 1.



Li, S. M., Mosca, M., Ross, N. J., van de Wetering, J., Zhao, Y.

T

I

A1

T

Figure 33: Pushing a CX or XC gate through two stacked SWAP gates, part 2.

&

9 R

T

& &

°

Figure 34: Pushing a CX or XC gate through two stacked SWAP gates, part 3.
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Figure 35: Pushing a CZ, CX or XC gate through a local SWAP gate.
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Figure 36: An alternative way to define the remote CX and XC gates.
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Figure 37: When CZ, CX, and XC commute with each other.
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H\ = 4 (C18)

— (Cly)

i = g (&
_ (Cly)

T = (Cly)

= (C?s)

KH - (CPy)

- (Cly)

a = 1 (C%)

Figure 38: When CX and CZ gates do not commute.
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™ B - a (C?s)

. = 1)

8 = b (Clg)
_ (&r)

BN = 4 €1

B = (eiry

g = 1)

- (aH)

¢ - 1 (€19

Figure 39: This is the qutrit-permuted variant of Figure 38, corresponding to the case where the XC and
CZ gates do not commute. In this variant, qutrit 2 remains unchanged, while the positions of qutrits 1
and 3 are exchanged.
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N — a (Cll g)
e

= (C1D)

—&b— S 4
N = D (C%g )
N — N A (C%é )
= ()

- a
D\ = D (C%S )
—P

4 = (CH)

D D—(
_ (o))
N = 1 (C%S )

&

Figure 40: This Hadamard-conjugated variant of Figure 38 corresponds to the case where the CX gates
do not commute. Each equation is obtained by conjugating the corresponding equation in Figure 38 with
IQI®H.
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e
D = 9 (C% )
—P— S S
= (CH)
= (CR)
N - N (C%g)
e g
= (Clp)
e 8
D ﬂf = T D (Cfé )
— )
- @
D N —Pp—
\V = -1 (C%g )

Figure 41: This Hadamard-conjugated variant of Figure 39 corresponds to the case where the XC gates
do not commute. Each equation is obtained by conjugating the corresponding equation in Figure 39 with
HQI®I.
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= (C3%)

= €

_ ()

= (&)

= (&)

= ’ (Cig)

= (&r)

= (&r)

= o (Cj‘g)

Figure 42: This is the qutrit-permuted variant of Figure 38, corresponding to the case where the XC and
CZ gates do not commute. All the qutrits are shifted by one position counter-clockwise (i.e., upward).
That is, qutrit 1 is shifted to the position 3, qutrit 2 is shifted to the position 1, and qutrit 3 is shifted to
the position 2.
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= (&r)

= (&)

= (&ry)

= (&)

= (&)

= (C3D)

= (Ciy)

= €

= e (cfg)

Figure 43: This is the qutrit-permuted variant of Figure 42, corresponding to the case where the CX and
CZ gates do not commute. In this variant, qutrit 2 remains unchanged, while the positions of qutrits 1
and 3 are exchanged.
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N = D (Cfé )

\V D
= @

a D
= (o)
- - i

v

= (39

N D
= v T (C?g )
N — N A (C?(S))

v D—

= (Cf)
D U\ = —p— (C?é )

Figure 44: This Hadamard-conjugated variant of Figure 42 corresponds to the case where the CX and
XC gates do not commute. Each equation is obtained by conjugating the corresponding equation in
Figure 42 with IQ H ® I.
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a — N (C?g)
= (%)

Q D
D = \v \v (C?g )
- ea
- G

A
= g (%)
N - N A (C?g)
Q
- (et
a N

D D\ = —&b— (CE )

Figure 45: This Hadamard-conjugated variant of Figure 43 corresponds to the case where the CX and
XC gates do not commute. Each equation is obtained by conjugating the corresponding equation in
Figure 43 with IQ H ® I.
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Figure 46: This is the qutrit-permuted variant of Figure 38, corresponding to the case where the CX and
CZ gates do not commute. All the qutrits are shifted by one position clockwise (i.e., downward). That
is, qutrit 1 is shifted to the position 2, qutrit 2 is shifted to the position 3, and qutrit 3 is shifted to the
position 1.
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= (8

= (&)

_ (CH)

= (&)

= (&r)

= ’ (&3]

= (€

_ ()

= o (Cﬁ‘g)

Figure 47: This is the qutrit-permuted variant of Figure 46, corresponding to the case where the XC and
CZ gates do not commute. In this variant, qutrit 2 remains unchanged, while the positions of qutrits 1
and 3 are exchanged.



36 Supplement: A Complete and Natural Rule Set for Multi-Qutrit Clifford Circuits

= (€

= (€9

= (&)

= (&)

= (&)

- (€

= (&)

= (€

= e (C?§)

Figure 48: This Hadamard-conjugated variant of Figure 46 corresponds to the case where the CX and
XC gates do not commute. Each equation is obtained by conjugating the corresponding equation in
Figure 46 with H® IR 1.
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(o)

(€l

(Ci¥

G

(C1%)

(o)

Figure 49: This Hadamard-conjugated variant of Figure 47 corresponds to the case where the CX and
XC gates do not commute. Each equation is obtained by conjugating the corresponding equation in

Figure 47 with IQ I® H.
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(R32) |
——#] £l d

@ (R33) @
1] —
(R34)
a —{#]
(R35)
b —[5}4 o=
p— L {7 b—4 B
S/Z
p— =L —{s] D—4 Gl
s
= e O R innantim o Sl
U U J J
@
@ (R41) E H3 s 5 s2 . ®
[¢2]
2]

Figure 50: The other three-qutrit derived relations, part 1.
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E (R42) 4@ @ D @7 P
s}
D D U
(R44) @ .2
— —u] Fo—o-{s
Y Y Y
(R45)
(R46) % &
ol — B BE
Y Y Y
(R47) 4@ s S
) ] w5} Z
A Y
(1] (R49) H s 52 -

Figure 51: The other three-qutrit derived relations, part 2.
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(R50)

(=]

g D
4]
L]
a N
- (RS1)
e -

—{A]

(R52)

g

52 H 52 g2 52

o] [

=] [=]

Figure 52: The other three-qutrit derived relations, part 3.
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2 Single-Qutrit Clifford Completeness

The zero-qutrit box relations in Appendix C.1 follow from (C1) in Figure 54, with (D1) and (D2) in
Figure 53.

(-1)*=1, ® =1. (1)

To prove the single-qutrit Clifford completeness, we need to show that the 34 single-qutrit box rela-
tions in Appendix C.2 are consequences of the reduced relations in Figure 54 and the derived generator
in Figure 53. We proceed in two steps. In Section 2.1, we show that the 12 derived relations in Fig-
ure 4 are consequences of the reduced relations in Figure 54 and the derived generators in Figure 53.
In Section 2.2, we show that the 34 box relations in Appendix C.2 are consequences of the equations in
Figures 4, 53 and 54. The proofs of box relation reductions are summarized in Figure 56. Together, we
prove the single-qutrit Clifford completeness, as stated below. Its proof will be presented at the end of
this section.

Theorem 2.1. Any true equality between single-qutrit Clifford circuits is provable using the rules in
Figure 54 with the derived generators in Figure 53.

—1=(-w) (D1)
o= (-0)* (D2)
S’ = H*SH? (D3)
X = HSH?S*H (D4)
7 = H*S*H*S (D5)

Figure 53: The single-qutrit derived generators from Figure 2.

(—0)° = (C1)
H*=1 (C2)
$3=1 (C3)
($’°H)} = —o (C4)
S'S =S85 (C5)

Figure 54: The zero- and single-qutrit reduced relations from Figure 1.

In Figures 5 to 7, we derive some useful equations that follow from the equations in Figures 4 and 54.
They will be used in Sections 2.1 and 2.2.

Lemma 2.2. The equations in Figure 5 follow from the reduced relations.
Proof. We derive all equations in Figure 5 in order. Recall that

(S’°H) = —w (C4)
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» Right-appending both sides of (C4) by H3SH? yields (C)‘):

)
) —

(SPHS?HS*H)(H>SH?) = (H’SH?) - (-~ =

—= S’HS* = H’SH? - (—w).

* Left-appending both sides of (C}) by S and right-appending both sides of (C}) by H yields:

S(S’HS®)H = S(H*SHY)H - (—0) Ez; &L HS2H = SH3S - (—w). )
Multiplying both sides of (2) by —®? yields (C):
HS?H - (—@?) = SH’S - (—) - (—0?) % HS?H - (—@?) = SH’S.

* Left- and right-appending both sides of (Cf) by H? yields (Cj):

& S = HS?H - (—a)z).
(D3)

» Left-appending both sides of (C‘%) by S? yields (Cﬁ):

(©3)

S?(SH3S) = S*(HS’H) - (—w?) <= H*S = S’HS’H - (—0?).

Recall that
§'s=s8 (C5)
Left-appending both sides of (C5) by H? yields (C5]):

D3) (&)

H*(S'S) = H*(SS') == H*(H?>SH*)S = H>S(H*SH?) <= SH*S = H>SH*SH". O

2.1 Reduce the Single-Qutrit Derived Relations

Here, we show that the 12 derived relations in Figure 4 follow from the reduced relations in Figure 54
and the derived generators in Figure 53.

Lemma 2.3. (R1) fo (R10) in Figure 4 follow from the reduced relations.

Proof. We derive (R1) to (R10) from equations in Figures 53 and 54 one after the other.

()

(R1).LHS = 57 2% (H25H?)(H2SH?) (H2SH?) 22X o 1= (RD.RHS.
(R2).LHS = x2 2% (HSH?S*H)(HSH?S*H) = HSHS*(H>SH*)S*H 2% HSH?S*(S')S*H
9 <= HSH?S'SH <= OY. {SHA(H2SH?)SH 2L HS*H2SH = (R2).RHS.
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(R3).LHS = x° % (HS*H2SH)(HSHS?H) = HS?H*SHSH2S*H 2L

65
(©3)

HS*H2S'H 2L gS?H? (H2sH?)H 222

_(D5) (D3)

(R4).LHS = Z == H2S2HZS S’2S (R4).RHS.

(&5

(R5).LHS = 72 22 (s’zs)(sfzs) 5’32 (R5).RHS.

(C5) (C3)

(5)(8") =2

= (R6).RHS.

(R6).LHS = Z° % (525)(8's?)

2y ED. (R2) ()

(R7).RHS = S’HS’X? - (—® S’HS*(HS*H*SH) - (— %)
(D1),(D2) H3

(C1),(C2)

SS’H2SH ﬂ HSH = (R7).LHS.

(R8).RHS = 12572 L. p25(s7s2) “2L p2(ss2)s’ g) HY(HPSH?) <=

(R4) (R4)

(R9).LHS = 57 2L 5(525) 22~ (5%5)s 2L 75 = (R9).RHS.

Cl
(R10).LHS = 221 &L g2y & SS'SH < () HZHZS(HZSHZ)SHQ

LY HxX = (R10).RHS.

HS*H*S(S')S’H

2 ps2sy? % 1 = (R3).RHS.

(H’SH®)(HS*H*SH) - (—

H? = (R8).LHS.

H*(SH*S)SH

43

?) (o)

O

Next, we show that the equations in Figures 6 and 7 follow from the equations in Figures 53 and 54.

These derived relations will be used in Lemmas 2.6 and 2.7.

Lemma 2.4. The equation in Figure 6 follows from the reduced relations.
Proof. Recall that
HSH = S’HS’X? - (—0?)
Left-appending both sides of (R7) by H yields:
H?SH = HS*HS?X? - (—0?).
Right-appending both sides of (3) by XS yields:

(R3)

(H’SH)XS = (HS’HS’X?)XS - (—0?) <= HZSHXS HS’H - (-

Multiplying both sides of (4) by — yields (R}):

H2SHXS - (—w) = HS*H - (—0?) - (— o) % H2SHXS - (—w)

»?).

= HS’H.

(RT)

3)

“4)



44 Supplement: A Complete and Natural Rule Set for Multi-Qutrit Clifford Circuits

Lemma 2.5. The equations in Figure 7 follow from the reduced relations.

Proof. We derive (R}O) and (R%O) from equations in Figures 53 and 54 one after the other. Recall that

7°H = HX

¢ To show that (R}O) is a consequence of (R10), by (C2), it suffices to show

XH = HZ.
(5).LHS = XH 2L (HSH*S*H)H “2L HSs? XL
C2) (C5)
1
e (R%).LHS = HZ2H? “Z (HzH3) (HZH?) 2L X = (R?,).RHS.

Finally, we show that (R11) and (R12) follow from the reduced relations.

Lemma 2.6. (R11) follows from the reduced relations.

Proof. Note that

WTS

SX XZS - ©?

By the equations in Figures 53 and 54, it suffices to show

SXZ282X2 . g 215

1.

(6).LHS = SXZ%8’X% -
®ly)
(R3y)
% SH(SS)H3(S'S?)S*H (S'S?) H?
(C3)
(C5)
(C4

S(HZH?)Z*S*(HZ’H?) - @

—— SHS?(SH>S)S'HS'S’H> - o

RGOS SH(H252H2)(HS2H)(H2SH2)H (H>SH*)S’H? - (~1)
(D2),(D3)
(€2

(&)

Z = (5).RHS.

—= SH>S’H3S’H3SHSH*S*H? - (—1) = S(H>S)S(H>S)S(H>S)HSH?S*H? - (—1)

—= S(S’HS*H)S(S*HS*H)S(S*HS?H)(HSH*S*H?) - (—1) - (—0°)?

(D1),(D2)
(CDHLC3)
(€2
(D3) (©3)

Lemma 2.7. (R12) follows from the reduced relations.

D pergrgrggy’ () (C5) (SZSZSZ)(S’ZS’)H3 KD g3 L2

(HS*H)(HS*H)(HS*H)(HSH*>S*H?) = HS*(H*>S*H?)S* (H*SH?)S*H?

= (6).RHS.

(R10)

(&)

(R11)

(6)

O
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Proof. Note that

S(S*(SH?S))3s% - (—1

7X WTS

XZ - w? (R12)
By (R3) and (R6), it suffices to show

X7ZX27% . @? IS

1. (7)
(7).LHS = X7ZX?7% - »?
(R}y)

(HZH*Z(HZ’H?)Z* - »*
(Rfp)

Ei:; H(S2S)H? (S2S)H (S'SY)H?(S'S?) - ?
(C1),(C5)

c3)

) g2 (HS*H)SPHS (HS?H)S - (—0) - (—0?)
D1),(D2)

o HS?HS*HS?HS*HS*HS>.

Then, our problem is reduced to showing
HS’HS’HS HS*HS HS> 22 1. ®)

Conjugating both sides of (8) by H? yields:

H3(HSPHS*HS*HS?HS?HSY) H 222 3 <2 s2HSHSPHS HS?HSPH 2222 1. (9)
Then we have
(9).LHS = S”HS*HS*HS*HS?HS*H = (S*(HS*H))?
(C1(CD (D)
0 STEHS)) - (—w)’ == (S*(SH’S))” - (=1).
It follows that we need to show
(S2(SH3S))3 - (—1) 2= 1. (10)

Conjugating both sides of (10) by S yields

(©3)

WTS WTS
) = )

§§? == S(S”(SHS))S*S(S*(SH?S))S*S(S"*(SH>S))S? - (—1

WTS

1

LE §(S2(SH?))S(S2(SH?))S(S2(SH?)) - (1)

1
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WTS

(C5) (S/2S2H3)3'(—1) 1.
By (D3) and (C2), we need to show
(H2S2HAS2H?)? - (—1) 222 1. (11)

Conjugating both sides of (11) by H? yields

HX(H*S*H2S2H?) H? - (—1) WIS p2p2
&H2(H252H252H3)HZHZ(H2S2HZSZH3>H2H2(H252H252H3)H2' (_1) _WTS 1
L2 (S HSY)HA (SPHSY) HAS2H - (—1) 212 |
LD, (I SH Y (P SHY) PSP H - (—1) - () 25 |
(C(l’; 222) SPHS?HSH - (—0%) 222 | (12)

By (D1), (D2), (C1), and (C4), (12).LHS = (S’HS?HS’H) - (—@?) = (—®) - (—®?) = 1. This com-
pletes the proof. 0

Proposition 2.8. The equations in Figures 53 and 54 imply the equations in Figure 4.

Proof. By Lemmas 2.2 to 2.7, we complete the proof. 0

2.2 Reduce the Single-Qutrit Box Relations

In Proposition 4.1 of [1], we showed that the 34 single-qutrit box relations in Appendix C.2 suffice
to convert any single-qutrit Clifford circuit to its normal form. These box relations describe how to
push single-qutrit Clifford gates through the A, C, E, and F boxes, whose constructions are specified
in Figure 55. In what follows, we show that these box relations are consequences of the relations in
Figures 4 and 54 and the derived generators in Figure 53.

Figure 55: The concrete implementations of A, C, E, and F boxes. Here a,b € Z3 and a # 0.

Aab

2.2.1 Equation

=

Proof. By the definitions of Ag;, Cy, Eo, and Fj in Figure 55. ]
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Class Count | Box relations in Appendix C Reduce the box relations to the equations in Figures 53 and 54
Ay 8 Figure 16 Equation 2.2.2 to 2.2.4
Aw 8 Figure 17 Equation 2.2.5 to 2.2.8

(a,b) € Z3 x 23\ {(0,0)}

3 Figure 18.(1) Equation 2.2.9

3 Figure 18.(2) Equation 2.2.10

3 Figure 18.(3) Equation 2.2.11
beZs

3 Figure 19.(1) Equation 2.2.12

3 Figure 19.(2) Equation 2.2.13
beZs

3 Figure 20 Equation 2.2.14
beZs

Total number of 34 Appendix C.2 of [1] Section 2.2

single-qutrit box relations

Figure 56: Overview of the proofs for reducing the single-qutrit box relations to the equations in Fig-
ures 53 and 54. ‘Class’ summarizes all possible cases of box relations. ‘Count’ keeps track of the number
of distinct rules in each class. The third and fourth columns denote which figure in [1] expresses the box
relations and where the proofs of relation reduction can be found in this document, respectively.

2.2.2 Equation

ala+1)
2

Proof. By Figure 55, forab=0,A,, = H +0'~b Then

. def aa+1) _ aa+1) B
Equation 2.2.2.LHS = HA,; (def) HE 5+ —b — g G b bt

Equation 2.2.2.RHS = Ay 5, ~oo. "5 +(2a)*~2a _ "y +2a,

It suffices to show
1 b(b+1
“(“;)Mz_bﬂa(;)

Multiplying both sides of (13) by 2 yields

+2a. 13)
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S
P +at2bt—2b+2 2 +b.

Equivalently, we have

P ra+b b2, (14)

To prove (14), we proceed by case distinctions on a and b. Since ab = 0 and (a,b) # (0,0), we have:

Case 1: a=0and b € {1,2}. By direct computation, b*> + b =4 2. Hence

(14).LHS = 0+2 =, 2 = (14).RHS.

Case2: b=0andac {1,2}. By symmetry,

(14).LHS =24+ 0=4 2 = (14).RHS.

This shows that Equation 2.2.2 is a consequence of (C2), since this rule is used throughout the
derivation. n

2.2.3 Equation
il = 5T coh a=bel12)

Proof. By Figure 55, forab# 0and a =3 b € {1,2}, ab = a* =3 1 and 2ab =3 2. Hence,

Ap=HUSH  and  Aps, =H'P"VS?H.

Then
Equation 2.2.3.LHS = HA, ). eV gp — gata=+1gy.
Equation 2.2.3.RHS = Ay 2,82X? - (—0?) ~IL pgbb-1g2p52x2 . (—g?) L=4 gD 2522 . (—op?).
It suffices to show
Ha(a—l)-HSH:Ha(a—l)SZHSZXZ'(_wZ). (15)

Multiplying both sides of (15) by H=¢(~1) yields

)

H—a(a—])Ha(a—l)+lSH:H—a(a—l)Ha(a—l)SZHSZXZ(_(02) HSH WTS SZHSZXZ(_(DZ) (16)

According to (16), Equation 2.2.3 is indeed a consequence of (R7). This completes the proof. O
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2.2.4 Equation
atbe (1)
Proof. By Figure 55, forab #0and a # b € {1,2}, b =3 2a. Then ab = 2a*> =3 2 and 2ab =3 1. Hence,
Ap=HVSH  and Ay, =H"""VSH.

Then

deh) prpata- g2y — gala—D+1g2p

(def)

Equation 2.2.4.LHS = HA ), —=

Equation 2.2.4.RHS = A, 5,XS - (—) HA-DSHXS - (—w) 224 g2 gHXS . (— o)

2 praghxs . (—w).

It suffices to show
HY TS0 = HX¥SHXS - (— ). (17)

Multiplying both sides of (17) by H?>* yields

WTS WTS

B2 2 YIS qxs . (— o) <24 gotatigzy W spxs. (— ) (18)
Since a € {1,2}, a* +a = 2. (18) can be simplified to
B2 H Y2 sHXS - (—0) <25 HS?2H 22 B2SHXS - (). (19)
By Lemma 2.4, Equation 2.2.4 is indeed a consequence of (R7). This completes the proof. O
2.2.5 Equation
Ao1 = Aot
Proof. By Figure 55, Ag; = 1. Then
Equation 2.2.5.LHS = SA¢, deh) (def) Ao1S = Equation 2.2.5.RHS. O

2.2.6 Equation
= —ef—{sFH7}—
Proof. By Figure 55, Ao = H?. Then

_(def) (def)

Equation 2.2.6.LHS = SAg ——= SH? 22 g2572 220 4,572 — Equation 2.2.6.RHS. [
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2.2.7 Equation

Proof. By Figure 55, for b € Z3, A1, = S’H. Then
(def) (€3)

(def)

SSPH = stH g —2

Equation 2.2.7.LHS = SA |, =—= Aj p+1 = Equation 2.2.7.RHS. ]

2.2.8 Equation

Proof. By Figure 55, for b € 73, Ay, = H>S?’H. Then

_(def) (R8) H2s72s2 gy B (R9) H2ss2 72

(def)

SH*S?"H =—
(C3)
(R10)

Equation 2.2.8.LHS = SA;, =—=

= H*S? 722 —— =—= A 42X = Equation 2.2.8.RHS. [J

2.2.9 Equation

= P bels

Proof. By Figure 55, for b € 73, C,, = X?. Then

Equation 2.2.9.LHS = SC;, 2221

We proceed by case distinctions on b € Z3.
(def)

sxb. (20)

Casel: b=0.20)=S CoS = Equation 2.2.9.RHS.

Case2: b=1.(20)=SX L x75. 02 L2 x57. 02 1 57 2 = Equation 2.2.9.RHS.
Case3: b=2. (20)=5x2 L x75x . 0> L x7X75- 0* - 0> —22— X272S - - 0 — 22—
CDHJRI2) (CD:(R9)
x2572 L) 0672 — Bquation 2.2.9.RHS. 0
2.2.10 Equation
Proof. By Figure 55, for b € Z3, C, = X”. Then
(def) o
Equation 2.2.10.LHS = ZC, =—=ZX". (21)

We proceed by case distinctions on b € Z3.
(def)

Casel: b=0.21)=Z CoZ = Equation 2.2.10.RHS.

Case2: b—1.(21)=2zx L2 x7.02 LN 7. 42 — Equation 2.2.10.RHS.
Case3: b=2 21)=zx2L2 x7x. o2 L2 x27 4 wz%x Z-0% ¢,7. = Equation 2.2.10.RHS.

O]
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2.2.11 Equation

Proof. By Figure 55, for b € Z3, C, = X”. Then

_(def) (def)

(R3)

Equation 2.2.11.LHS = XC), == XX = x**! Cp+1 = Equation 2.2.11.RHS.

2.2.12 Equation
Proof. By Figure 55, for b € Zs, E, = S”. Then

Equation 2.2.12.LHS = SE, =—= 5 == Ej,1 = Equation 2.2.12.RHS.

2.2.13 Equation

Proof. By Figure 55, for b € Z3, E;, = S”. Then

(def) 750 B b, (def)

Equation 2.2.13.LHS = ZE,, E,Z = Equation 2.2.13.RHS.

2.2.14 [Equation

Proof. By Figure 55, for b € Z3, F,, = Z?%. Then

Equation 2.2.14.LHS = ZF, —= Leh) 77% = 72(0+2) Leh) Fp+» = Equation 2.2.14.RHS.

(R6)

51

O]

Theorem 2.1. Any true equality between single-qutrit Clifford circuits is provable using the rules in

Figure 54 with the derived generators in Figure 53.

Proof. By Proposition 4.3 in [1], the zero- and single-qutrit box relations in Appendices C.1 and C.2
are complete for the single-qutrit Clifford group. Based on the derivations in Section 2.2, the rules in
Figures 4 and 54 with the derived generators in Figure 53 suffice to prove all relations in Appendix
C.2. By Proposition 2.8, the equations in Figure 4 follow from the equations in Figures 53 and 54.
This implies that we can prove any true equality between single-qutrit Clifford circuits using the rules in

Figure 54 with the derived generators in Figure 53.

O]
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3 Two-Qutrit Clifford Completeness

To prove the two-qutrit Clifford completeness, we need to show that the 173 two-qutrit box relations in
Appendix C.3 of [1] are consequences of the two-qutrit reduced relations in Figure 58, together with the
single-qutrit relations in Figure 54 and the derived generators (D1) to (D8) in Figure 2. We use meta
rules to derive an expanded rule set of the rewrite rules in Figures 8 and 58.

In Section 3.1, we show that the derived relations in Section 1.2 follow from the reduced relations
in Figure 58 and the derived generators in Figure 57. In Section 3.2, we show that the box relations
in Appendix C.3 follow from the equations in Figures 2 and 58, as well as the derived relations in
Sections 1.1 and 1.2.

Together, we prove the two-qutrit Clifford completeness, as stated below. Its proof will be presented
at the end of this section.

Theorem 3.1. Up fo the single-qutrit Clifford completeness, any true equality between two-qutrit Clifford
circuits is provable using the rules in Figure 58 with the derived generators in Figure 57.

N B B i e
[

IR = D7)
e

—o— e

Figure 57: The two-qutrit derived generators from Figure 2.

In what follows, we derive some useful equations that follow from the equations in Figures 8 and 58.
They will be used in Sections 3.1 and 3.2.

Lemma 3.2. The equations in Figure 9 follow from the reduced relations.

Proof. By symmetry, it suffices to prove that (Cf',) follows from (D8), (C2), and (C6).

(Cl).LHS =

= (C1).RHS

Lemma 3.3. (C}) in Figure 10 follows from the reduced relations.
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%
]

L
|
E

]
;
J ] ]

Proof.

53

(@)

(€7

(C8)

(€9)

(C10)

(C11)

(C12)

(C13)

(C14)



54 Supplement: A Complete and Natural Rule Set for Multi-Qutrit Clifford Circuits

O
Lemma 3.4. The equations in Figure 11 follow from the reduced relations.

Proof. We derive (C}) to (CJ!) from Figures 1 and 2 one after the other.

(C).LHS =

(C2).LHS =

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(C3).LHS = RCOR ” (€12)
0 (c1) %

= (C5).RHS

= (C8).RHS

(C7).LHS = K, N = (C]).RHS
A
w —
(C8).RHS = © = (C8).LHS
il
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9—
08). = (C}1).RHS

] W

Reasoning analogously as above, we can show that (C(}z) to (C;g) follow from (D6), (DS), (C2), (C6),
(CT), (C9), (C11), and (C12) .

Corollary 3.5. The equations in Figure 12 follow from the reduced relations.

Lemma 3.6. The equations in Figure 13 follow from the reduced relations.

Proof.

j i -
(Cly)-LHS = " X L XX . L0 ><:>< L = (Cly)-RHS
N N —

H — H
(Cly)LHS = 7 L XX | ML RING .><:>< Gl X o = (C},)-RHS
H H —

,,,,,,,,,,,,,,,,,,,,,,,,,, -

Proposition 3.7. Let A = {H,S}. For all U € A", the equations in Figure 14 follow from the reduced
relations.

Proof. We first prove (SWAP!). Let U € A* be an arbitrary single-qutrit Clifford word. Then U =
SaHb .S Hbn ;€ N>, aj € 23, bj € Zy, for all 1 < j < m. We proceed by induction on m.
Consider the base case when m = 1. There are two scenarios. When a; =1 and b; =0, U = S. When
a;=0and by = 1,U = H. By (C10) and (C11), (SWAP') holds.

By the induction hypothesis (IH), (SWAP'") holds for U = S“ H?' ... §% H" m > 1. For the induction
step, consier U’ = U §am+1 fomi1 | am+1 € Z3 and by,1 € Z4. Then, we have
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(def)

= (SWAP!).RHS
Therefore, (SWAP') holds for all U € A*. Since (SWAP?) follows from (D6), (C7), and (SWAP'), this
completes the proof.

(SWAP')

3.1 Reduce the Two-Qutrit Derived Relations

Up to single-qutrit Clifford completeness, we show that the derived relations in Figure 8 are consequences
of the reduced relations in Figure 58 and the derived generators in Figure 57.

Corollary 3.8. The equations in Figure 15 follow from the reduced relations.

Proof. According to (D3), (D4), and (D5) in Figure 2, write X, Z, and S’ in terms of H and S gates.
Then apply Proposition 3.7 to complete the proof. To show (R16) and (R} o) follow from (D6), (D7), (D8)
in Figure 2, and the equations in Figure 1, it suffices to derive (R16), since the proof of deriving (R])

proceeds analogously.
(07) % = (R16).RHS
Bi

O]

(R16).LHS =
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Lemma 3.9. The equations in Figure 16 follow from the reduced relations.

Proof. By symmetry, it suffices to derive (R17) from the equations in Figures 1 and 2.

777777777777

,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,

57

b EHHER-  AEHsh e
(R17).LHS= (23) | @)
—
Rk @ : NCR ~ 0y | = (R17).RHS
O

Lemma 3.10. The equations in Figure 17 follow from the reduced relations.

Proof. By symmetry, it suffices to derive (R18) and (R?;) from the equations in Figures 1 and 2.

ra|
(R18).LHS =
5]
.
(Rfs)-LHS =
151

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Lemma 3.11. The equations in Figure 18 follow from the reduced relations.

Zigl — .
CH 08 = (R18).RHS
{sfpor— — He —s
i apy i, e
Ry = ~ (R%) RHS
e 5} —
By Lemma 3.9, (R17) follows from the equations in Figures 1 and 2. This completes the proof. O
Proof. By symmetry, it suffices to derive (R19), (R},), and (R‘l‘9) from the equations in Figures 1 and 2.
71 5] . 7.
PHF— s
e
= (R19).RHS
Gig e,
Rb) 09 — (R%).RHS
! o .
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= (R%).RHS

By Lemmas 2.3 and 3.9, (R10) and (R17) follow from the equations in Figures 1 and 2. This completes

the proof.

Lemma 3.12. The equations in Figure 19 follow from the reduced relations.

O

Proof. By symmetry, it suffices to prove that (R20), (R), (R3,), (R3,), (RS,). (RS,), (RL)), and (R}3) follow
from the equations in Figures 1 and 2.

(R20).LHS =

=] (%]

(RLy).LHS =

(R16),(C12)

(Cn)(cty)

= (R,).RHS

= (Rlg).RHS
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

) P e i I T T T S T
el ] A

= (R,).RHS

2 = (R19).LHS

{2 Hm ]
m
1]
2 I — (RIZ).LHS
= o

,,,,,,,,,,,,

Lemma 3.13. The equations in Figure 20 follow from the reduced relations.

Proof. By symmetry, it suffices to prove that (R21), (R3,), (R3,), (RS,), and (RS,) follow from the equations
in Figures 1 and 2.

(R21).LHS= X

(€2),(D7) () = (R21).RHS
D— @ U\ N @
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(R3))-LHS = X

(R21) @

= (R3,).RHS

= (RS,).RHS
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(Rgl)-LHS:
D)
@
@) N Kl (D7)
@ [ H |

Lemma 3.14. The equations in Figure 21 follow from the reduced relations.

,,,,,,,,,,,,,,,

61

,,,,,,,,,,,,,,,

Proof. We derive equations in Figure 21 one after the other. Right-appending both sides of (RS,) by

H? ® H? yields

R)

Moreover, we have

U

fffffffffffffffffffffffff

,,,,,,,,,,,,,,,,,,,,,,,,,

(22)

(24)
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It follows that

(R22).RHS = RCOR

2 2
2 Kall @
@4 T &2 d d

) 2]
()43 pLApidy

,,,,,,,,,,,,,,,,,,,,,,,,,,,

(@) H? D—X D—( D v
a
Cc2
( 7) = (R22).LHS
(C3)

H2
N i (R22) -

[
H? —e—
, ) Ly
Va| Y Va| H2 éBi
ra
N kel
(R3,).LHS = (kp)
A
il
(C57) @ (Cg) >
= (R3,).RHS
a N H?

By symmetry, (R3,) implies (R3,). For both sides of (R3,), left-appending them by (CX?)(XC?) and
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right-appending them by H> ® H? yields

O
Lemma 3.15. (R23) in Figure 21 follows from the equations in Figure 1.
Proof.
; 77777777777777 N ] a a YarSa
_ ")
(R23).LHS = 3
N\ ] ]
(C()H) U U d
@) AL
) &) = (R23).RHS
e e A
O
Lemma 3.16. The equations in Figure 22 follow from the reduced relations.
Proof. We derive equations in Figure 22 one after the other.
N [¢]
| s (C13) {E’i (R5) \i‘ |
(Cl).LHS = et o @ = (Rly).RHS

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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For both sides of (C13), left-appending them by S? ®I and right-appending them by S ® I yields

S 4|
. P €13)

[ ©
o3, e+
() ©

—— i

For both sides of (C13), right-appending them by $? ® §' 2 and multiplying them by w yields

p— (€13) i @
Bl

]
R

T

!VJ!
J/
H
[S]

R0
S/2
,,,,,,,,,,,,,,,,,,, :
T (C]) (C) E—G
(Ch).LHS = d 13 @ = (Ch).RHS
> — 5’2
5 S S i (€13) @ 3 @7
(C5,).LHS = = o?
S/
a [¢]
- o o B
] / Sedihed Bhyerry7n 10 = (C) RHS
\il @7 (C1),(c8) 572
(Chs)-RHS = c0r ) o 0 ®
(s S s ‘
]
(C1),(ch)

(€2),(c3),(D1)
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Corollary 3.17. The equations in Figure 23 follow from the reduced relations.

Lemma 3.18. The equations in Figure 24 follow from the reduced relations.

Proof. We derive equations in Figure 24 one after the other.

(Cly).LHS = L

,,,,,,,,,,,,,,,,,,,,,,,,,,

D Py
- @

p
RGN
(C3,).LHS = €1 c©
s
\
(C14) o o
s S s
(R) ,
@) | L ?
8
6 > =(C3,).RHS
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4 ah (C14) N
(Ch).LHS = o
N S
(R18)
(Ryy) o
18 S/
(C14) C®-®
~
C5
—— S -@* =(C},).RHS
N K
D 4 D
(CJ,).LHS = G e
<y T Tr 1 (o 2a)2
& 52 52 b
(Rl7).(CY)

‘o =(C},).RHS

———————————————————

(D3) =
(€2),(¢3) .

L@ =(C8,).RHS

Corollary 3.19. The equations in Figure 25 follow from the reduced relations.

Lemma 3.20. (C 112) and (C ]12‘ ) in Figure 26 follow from the reduced relations.
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Proof.

(D2),(C1)
(C14)

,,,,,,,,,,,,,,,,,,,,,,

S m N ls—@
Y (€13) 2]
5]
c0? 02
Ssb
(s
W@
s s 52
5
s o @
q He
L@t =
- ®° = (C13).RHS

,,,,,,,,,,,,,,,,,,,,,,

(€2),(c1y)
(D3),(C3)

(C3):(Rl7)
(D2),(C1)

(C5)4(C6)

(D3),(€C2),(C3)

@7 .
Eis

o = (C}$).RHS

Corollary 3.21. (C B ) and (C fg’) in Figure 26 follow from the reduced relations.

Lemma 3.22. (C 11; ) to (Clzé) in Figure 26 follow from the reduced relations.
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Proof.

(C1]).LHS =

fffffffffffffffffffffffff

77777777777777777777777777777777777777777777777777777777

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

.@? =(CI%).RHS

52 —p— 5
(R17)
: o X @ = (CX).RHS
(Cg) DSZ ]
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S/Z S/2
3 @@ =Y
]
2
s
1> ]
#}{5T
.
b C s?

-o = (C?}).RHS

Corollary 3.23. (Cf%) and (C%;) in Figure 26 follow from the reduced relations.

Lemma 3.24. (R24) to (R}) in Figure 27 follow from the equations in Figure 1.

69

Proof. By symmetry, it suffices to prove that (R24), (R%4), (R‘214), (R(2’4), (R§4), and (Rég) follow from the
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equations in Figures 1 and 2.

() SIHH O s
' o)
ra
15"
@ —asleo—o
(©9) o
57
777777777777777777777777777777 15"
) —a] 5] H? ——
- ®- 0
g
(D2),(C1) @ N
(C8),(C}) S 77777777 S .
(c6) @ Wmmmw:m S
(C5),(R4) @
o E G
(€2) ‘ @
) E;j; — (R24).RHS

(R,)-RHS =

e
=
Eg
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(RS,).LHS = SCUN ("2

(R;z;) ) \Z—zl : w j 3 @ (07) — (RS )RHS
| | (R3),(R6) . & e
7. ; .
RyRAs= wy TR e = (RY)).LHS
74 e o7

Lemma 3.25. The equations in Figure 28 follow from the equations in Figure 1.
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(R25) and (R.;) follow from the reduced relations.

(R25).RHS =

,
]
3
i
(S}
N

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

[N}
a
]
(5]
“
IS

4 5 b o

(R7 ) U U \Jd
21 . (02
- oLl
@ A ] )
-
—a
(c) . o>
S2 S/2
. —i H
(CRy) CUZ @
s S s2 g
(D2),(C1) 4@ g
(Csl)s(R=7> S/ S/Z 3
1 3
(D3),(C2) 4@ N (D8) Ll @
(C3),(C6) C2)
i
HCON = (R25).LHS
Note that
R10 C5 D3 c2
1352z L p3s2(57%) 22k g2 L 3 (2s2 ) 2 psiEP. (25)

(€3) (2
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N
(Rl5).RHS = o
o = H
. 4] &—s] .
. 4] o—{s}— .
H? s H
- {1} &—s]
@
(R25) @ (C;) @7 — Rl LHS
( 25)'
- H H
(R26) follows from the reduced relations.
ve s 5
(R26).RHS = -
A
777777777777777777777777777777 2]
P S
S IR0
SZ S/Z
(€2)(€3).(cly) 3 — ;T
(C1).(D2).(D3) I3 7 @0
(€2),(C3),(C3) N @ (D8) 7’—@
(D2),(D3),(C1) (©2)

= (R26).LHS
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(R27) follows from the reduced relations.

]
el
(R27).RHS = . @2
H H
i
(c3) . 2
{5
()
()
(D1),(C1) @ 0
© ;
—{H]
(c2) .0
(D3),(G3) @
—_ o)
. 7
(2) @ H™[—H o
€o6) H2 Va s
2 3
) Kall Kall
0)
9
(G3) @ D s
[ ]
o9 4 )
rm
@) | H | D— D— D m
2] / i
1] S

(R},
W = (R27).LHS
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(R28) and (R.,) follow from the reduced relations. To derive (R28) from the reduced relations, first consider the

following.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

P
(R28).RHS =
) ;
Y
i)
H
ey
(C3),(C5) H @ N H2 52
51—y T5]
(D3),(C2) = =
4 s s
(D2),(C1) Fmﬁmmﬁ!!ﬁ
T —ry s s ]
s s
© ) S
@ 7
Then our problem is reduced to showing
[g2]
L
WTS

(=]

=

(26)
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Left-appending both sides of (26) by I ® H? yields

4‘4@ WTS &)
ol
WIS o
i) R CARD ]
)
[
@ g WTS 2 s
Hence, it suffices to show that (27) follows from the reduced relations.
% H? s N
wTs. . @ 27)
7@ (CIZ) (CZI) @
(27).LHS = GG )
d () D
[2]
D s
o

This implies that

2
Ll

")

WTS

(28) can be further simplified as follows.

3

(28)
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3

WTS

77

(€2),(C5) H (D2),(C1)

WTS

WTS

WTS

L J S

By (R3,) and the rewrites below, we complete the proof.

|1
WTS
D N * N
©) |
D D @

wTs.

@ [ @
WTS

3 3]

WTS
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(16).RHS =

(D2),(C1).(C})
(R17),(CE)

=

()

(D2),(C1)

(C8),(R17)

(D3)

D3
(€3)

Supplement: A Complete and Natural Rule Set for Multi-Qutrit Clifford Circuits

\ ;
d
7777777777777777777777 s
-
s S
LW - (Dzi
e e Y
S 5 2
a @ @
oy
Q s S
. @2
ss
7777777777777777777 s
Co?
s
L
D s S
D N N

,,,,,,,,,,,,

(30)
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(Rhg).RHS =
s s
(cin)
) (1] s sz}
2 [2]
- {12 1]
[ 2]
|H |
H2
<@ NS | = =
[ ]
H |
! Y
(€2)
[ ]
— H |

(€11 H d4 .
) = (R}g).LHS

79
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(R29) follows from the reduced relations.

(R29).RHS =

(D2),(C1)

(C)-(R)

(&%)

,,,,,,,,,,,,,,,

= (R29).LHS

Cas

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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(R30) follows from the reduced relations.

(R30).RHS =

(D1),(D2),(C1)
(C8),(R18)

(€3)
(R2),(RS)

(€2),(C3)
(€s5)

(R23)

ah

N

(R18)
(C10)
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(R30).RHS =

(D2),(C1)
(D3),(€2),(C3)

(€2),(C3) : N 1 @

(RS)

H

2 H3
(€@).(S3) E

(€2),(D7)

SIENEEE
B
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(R30).RHS =

()
(c9)

,,,,,,,,,,,,,,,

[13] [2]
Eall Eall
H? H?

,,,,,,,,,,,,,,,,,,,,,,,,,

Eilae

= (R30).LHS

83
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(R31) follows from the reduced relations.

(D4),(C5,)
@ah
(D2),(D3),(C1)
(C8),(R18)
(2)
(c3)
(2)
(D7)
)
()
(€3
(C13)
(R18)
(D2),(C1),(C]y)
(Ri7),(Rlg),(Rig)

2 (R

(©3)

72S’HS?7% =—=——= (§'S*)S’HS*(§'S?) == S'SHSS' (31)
(C5)
H s
-
TR S5
-

Va

(] [e]
=] [=]
!

]
=
95

A

“) [ [
= & [
©) [ [

]

=
(95
X

]
=
E3

(][]
= (=]
t
X

]

]
=
95}

A

B
=
o
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(R31).RHS =

ey LSSUA

(C8),(C4),(R17) g

onwnen 1S

e

2
(C5),(C6) " -

“

(D3),(€3),(C)

A
A
95}



86 Supplement: A Complete and Natural Rule Set for Multi-Qutrit Clifford Circuits

(R31).RHS =
A
(€1).(€3).(C})
(D1),(D2),(C5)
d U
)
(c1),(C3) 5 5 Ll
(D1),(D2) P Sl 2
kel 2
(D7),(C2)
(D3).(c}) 1
1]
S S/2
(&%)
[l
1]

Hence, our problem is reduced to showing (32), both sides of which are simplified in (33) and (34). Therefore,
it suffices to show that

HSH2SH3S?H3SH2S*HS = | (top)

SS'H3SH2SH3SH2SH ~12

-1 (bottom)

Based on the derivations below, we complete the proof.

(top).LHS = HS*H?SH3S*HSH?S’H S

L B HASHA 2 H3SH2S? (H2H?)S
g) HS?H*SH3S?H3SS"* H3S
(C4

—= HS*HSH3S*H?SS” (S*HS?H - (—0?))

B HSZHZSH3S2H3S’2HS2H (—@?)

Eg” HS*H2SH3S?H (H2S*H?)HS*H - (— )

2 g HASH? (SPHS? HPS?H - (—00?)

D HPHSH HASHY)HS2H - (—07) - (— o)

LODD. 2 (2sH)SHAS*H 22X HS?(S'S)H2S*H
(ChC2)

& pyHr s H 2L H(H>SH?)H>S"H <= H'H <= 1.

(C3)
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(bottom).LHS = SS'H>SH?S(H>S)H*SH

LR SS'H3SH?S(S*HS*H)H?SH - (—0?)
D 5/ (H3SH?)S?H3SH - (—0?)

% SS'(S?HS*)S*H*SH - (—@?) - (—w)®
(C1),(C3),(C5)

(D1),(D2)

B H2S(H2HSH?)SH -

% H*S(S’HS*)SH - 0 - (—0)°
(C1),(C3) H2H

(D1),(D2)

S'HSH>SH - @

H-(—1) 2L 1.

1]
WTS

]
Eall

sH s HH] S

=]
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WTS

[=]

s?
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WTS

(34
Proposition 3.26. Up to the single-qutrit Clifford completeness, the equations in Figures 57 and 58

imply all equations in Section 1.2.

Proof. By Lemmas 3.2 to 3.4, 3.6, 3.9 to 3.16, 3.18, 3.20, 3.22, 3.24 and 3.25 and corollaries 3.5, 3.8,
3.17,3.19, 3.21 and 3.23, we complete the proof. O
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3.2 Reduce the Two-Qutrit Box Relations

Lemma 3.27. All the box relations in Appendix C.3 of [ 1] follow from the equations in Figures 54 and 58
as well as Sections 1.1 and 1.2, with the derived generators in Figures 53 and 57.

Proof. Details are in the GitHub repository: QutritClifford/Two-Qutrit/Box2Derived 2. O

Theorem 3.1. Up to the single-qutrit Clifford completeness, any true equality between two-qutrit Clifford
circuits is provable using the rules in Figure 58 with the derived generators in Figure 57.

Proof. By Proposition 4.3 in [1], the box relations in Appendices C.1 to C.3 are complete for the two-
qutrit Clifford group. By Lemma 3.27, the equations in Figures 54 and 58 as well as Sections 1.1 and 1.2
with the derived generators in Figures 53 and 57 suffice to prove all box relations in Appendix C.3. By
Proposition 3.26, the equations in Section 1.2 follow from the equations in Figures 57 and 58. This
implies that up to the single-qutrit Clifford completeness, we can prove any true equality between two-
qutrit Clifford circuits using the rules in Figure 58 with the derived generators in Figure 57. 0

4 Three-Qutrit Clifford Completeness

Finally, we show that by adding the equations from Figure 60 to Figures 54 and 58, we obtain a complete
set of rewrite rules for all 3-qutrit Clifford Circuits. According to the arguments in [1], this establishes
the completeness of multi-qutrit Clifford circuits in terms of the generators —®, H, S, and CZ, as well as
the relations in Figure 1.

In Section 4.1, we show that the derived relations in Section 1.3 follow from the reduced relations in
Figure 60, the derived generators in Figure 59, as well as the single- and two-qutrit Clifford completeness
established in Sections 2 and 3. In Section 4.2, we show that the 171 three-qutrit box relations follow
from the equations in Figures 2 and 60, as well as the derived relations in Section 1.

Together, we prove the three-qutrit Clifford completeness, as stated below. Its proof will be presented
at the end of this section.

Theorem 4.1. Up to the single- and two-qutrit Clifford completeness, any true equality between three-
qutrit Clifford circuits is provable using the rules in Figure 60 with the derived generators in Figure 59.

In Section 1.2, the entangling gates in each relation only act on adjacent qutrits. Next, we show
how to generalize these relations to three-qutrit relations, where the entangling gates act on non-adjacent
qutrits.

Zhttps://github.com/SarahMMMLIi/QutritClifford/tree/main/Two-Qutrit/Box2Derived
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Figure 59: The three-qutrit derived generators from Figure 2.

T
Toc

Figure 60: The three-qutrit reduced relations from Figure 1.

Definition 4.2. Let U € Cy. Then U* € C5

and

A= X

91

(DY)

(D10)

(D11)

(C15)

(C16)

c17)

(C18)

(35)
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Proposition 4.3. Let U,V,W,T € C,. Then the two-qutrit relation R implies the three-qutrit relation R*.

U* | V4 — — — W — T*

Proof.

(R*).LHS: 1l uy* — y* — 65

,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

@ S T

T+ |— = (R*).RHS

Lemma 4.4. The equations in Figure 29 follow from the reduced relations.

Proof. By symmetry, it suffices to prove that (COMMUTE) follows from the equations in Figures 1 and 2.

(COMMUTE).LHS = —{¢| (05)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(SWAP?) :><i>< D9 7 = (COMMUTE).RHS

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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4.1 Reduce the Three-Qutrit Derived Relations

Lemma 4.5. The equations in Figure 30 follow from the reduced relations.

Proof. We derive all equations in Figure 30 in order.

(Clg)-RHS =

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

LG = (Clg) LHS

(C%).RHS = —

= (C%).LHS

,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,
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Lemma 4.6. The equations in Figure 31 follow from the reduced relations.

Proof. We derive all equations in Figure 31 in order.

*

(Cl)LHS = — ()

(C2,).RHS = (D9) : :
€ G A — = (C%,).LHS
(C3,).LHS = AD9)
(C117) 3 (C7) N 3
- o = (C3,).RHS
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(Cl;).RHS = — == 3(

— = (C},).LHS

(C,).LHS = LN S I J\ C

(€ , = (C},)-RHS

Lemma 4.7. The equations in Figure 32 follow from the reduced relations.

Proof. By symmetry, it suffices to prove that (C%,) and (C},) follow from the equations in Figures 1 and 2.

(CG,).LHS = —o- (07

77777777777777777777777777777

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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(CE,).LHS = —@& & Ju

(i @ €l

Lemma 4.8. The equations in Figure 33 follow from the reduced relations.

Proof.

(C19).RHS = 1) j; >C

5 (R
o) /s o = (C19).LHS
(Cl3).RHS = (019
e —4
L0 (Rl = (C}1).LHS
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(D10)

(C12).LHS =

X

p— = (C}7)-RHS

‘ K g AKX
(C13).LHS = (o1

,,,,,,,,,,,,,,,,,,,,,,,,,,

) B &9 — (C13).RHS
X XL

,,,,,,,,,,,,,,,,,,,,,,,

Corollary 4.9. The equations in Figure 34 follow from the reduced relations.

Lemma 4.10. The equations in Figure 35 follow from the reduced relations.

Proof. 1t suffices to derive (C}3), (C]9), (C9), and (C?}) from the reduced relations, as the derivation of
the other equations in Figure 35 follows analogously.

(CI8).LHS = H: C 9 —

R N — [

D : C — (C!8).RHS
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Lemma 4.11. The equations in Figure 36 follow from the reduced relations.

Proof. 1t suffices to derive (rCX) from (D10) and the other reduced relations, as the derivation of (rXC) follows
analogously.

(rCX).LHS =

,,,,,,,,,,,,,,,,,,,,,,,,

L0 = (rCX).RHS

Lemma 4.12. The equations in Figure 37 follow from the reduced relations.

Proof. We derive (C 115) and (C125) in order. By symmetry, it suffices to prove that (Cfs), (Cfs), (C]75), (C?S), and (C 112)
follow from the equations in Figures 1 and 2.

(Cls).RHS = SCUl 3 C ) >< : C

,,,,,,,,,,,,,,,,,,,

o X X

,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,
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(C24).RHS = L
() (€is) T
(C3)
() (1)) 2
_ =L = (C%).LHS
= (Cs)
I iaCin
(C3)LHS = —¢—o- 5
— B A
s (D8) = (C35).RHS
= (Cs).
(D7) (cls)
S B 3 15 _ 3
(Cs)LHS = —6 (COMMUTE) @ @ u @
comvre | Gy LG L2 = (Cly).RHS
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(Cl)LHS = —@ —=— q] w9 a] H |

(COMMUTE) @_{ (D8) — (C],).RHS

(Cl5).LHS =

(€15) """""""""""""""" (D7)

(C19).LHS =

c2 (D7)
iGN o — (C19).RHS
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Lemma 4.13. The equations in Figure 38 follow from the reduced relations.
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Proof. Firstly, let us derive (Cly), (C75), (Ciy), and (C}y) in order.

—— = (Clg).RHS

= (C%).RHS

(CIIS).LHS - U\ (C18) :
(C18) I 4€L & R -
o I . T
T T
(CEs) ) .
(C?s)-LHS T T
- 4L (S5
(c6%)

= (C}y)RHS
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(C6¥) (C18)

(Clg).LHS = 4

= (C}g)-RHS

(CB,).LHS = LG () — (C%,).RHS
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Lemma 4.14. The equations in Figure 39 follow from the reduced relations.

Proof. Firstly, let us derive (Cly), (C19), (C1}), (C?), and (C}3) in order.

(C%).LHS = —4 HCUR

(Rle) >< >< i
d
S :><—><—>< 77777777777777777777777 (C12) L
cs /N o
A d

(€7)

NGO 5 : : L9 = (C%).RHS
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(C19).LHS = (s
« I B = (C19).RHS
oo 1T W 1T
. T i T &
o 1T = = (C}}).RHS
e T () 1]
T 7T T T
! g = (C12).RHS
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(Cl3).LHS =
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(c6")

16

= (C}3).RHS

Reasoning analogously as above, we can derive (C}3), (C]3), and (C9). Finally, let us derive (C}]).

(CI7).LHS =

Lemma 4.15. The equations in Figure 40 follow from the reduced relations.

— (C)]).RHS

Proof. Tt suffices to derive (C$) from the equations in Figure 40 and other reduced relations, as other derivations
follow analogously.

(CI$).LHS =

(€18)

Corollary 4.16. The equations in Figure 41 follow from the reduced relations.

= (CI8).RHS
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Lemma 4.17. The equations in Figure 42 follow from the reduced relations.

Proof.
J A
(C36).LHS = L )
()
e L
(Cis) (e
S ——

S i) = (C3%).RHS
Reasoning analogously as before, we can derive the remaining equations in Figure 42. 0
Lemma 4.18. The equations in Figure 43 follow from the reduced relations.

Proof.
(Cl).LHS = (7) (C12)
= TDOC® XTI
U
(c1 I R DU
X @ _XUX
cy 7
€2 () — (C!3).RHS

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Reasoning analogously as before, we can derive the remaining equations in Figure 43. O

Corollary 4.19. The equations in Figure 44 follow from the reduced relations.
Corollary 4.20. The equations in Figure 45 follow from the reduced relations.

Lemma 4.21. The equations in Figure 46 follow from the reduced relations.

Proof.

(CT2).LHS = D
XOC # X

(Cly) - €B)
(R16)
24 ( 7777777777777777777777777777
(CI7> 4% (C7) — (C17§)RHS
Reasoning analogously as before, we can derive the remaining equations in Figure 46. O

Lemma 4.22. The equations in Figure 47 follow from the reduced relations.
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Proof.
J b
(C81).LHS = ) (R16)
@)
S S
e L
(C18) _ (Rlg)
€7
(C1178> ﬁi (e — (C%)RHS
Reasoning analogously as before, we can derive the remaining equations in Figure 47. O

Corollary 4.23. The equations in Figure 48 follow from the reduced relations.
Corollary 4.24. The equations in Figure 49 follow from the reduced relations.

In Lemmas 4.25 to 4.36, we show that each equation in Figures 50 to 52 follows from the reduced
relations presented in Figure 1 and the derived generators defined in Figure 2.

Lemma 4.25. (R32) and (R33) follow from the reduced relations.

Ll - ) (k32

(R33)

=]
[=]
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Proof.
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(R32).LHS = 7._@

,,,,,

[2]
i e
_ @ 7]
(COMMUTE) =

= (R32).RHS

)
2w ] bm =

(R33).LHS = ] ()

LZ i’)”) O (7 G
L T T :
U il

,,,,,,,,,,,,,,

3

() A

B 3
_@ ]
(COMMUTE) =

= (R33).RHS
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Lemma 4.26. (R34) and (R35) follow from the reduced relations.

- ] e
a ] ?
Proof.
T T T TYOC
(R34).LHS = — D
(C11),(C12) (R32)

H b—I—r
@)

(COMMUTE)
_— H
(Cts5) B

——————————————————————————

(Ris)-(Cy)

€.

,,,,,,,,,,,,,,,,,,,,,,,,,,

111

(R34)

(R35)

= (R34).RHS
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=]
=]

(R35).LHS = iCuR K

(C11),(C12)

(R33) [ ] . . a
) 7] [ I ) I I

(COMMUTE)

——————————————————————————

Rlp(Cl) )
(GHN(eR) |

= (R35).RHS

,,,,,,,,,,,,,,,,,,,,,,,,,,
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Lemma 4.27. (R36) and (R37) follow from the reduced relations.
: o 5
- {7 S we
3 -
: - \ e @
5
Proof.
I J I J I J
(R36).LHS = o—@— 9 NN (c13) L
i)
4 nY a Y
4 %
() g 5 . > (cy) q D . w?
(Rl7)
s7? s2 s
[¢] [¢]
P 15 LS
(€l (chy ‘® L »
(€3).(cl5)
—|seo—o (5]
@) O ‘o
B 5
(€8).(ch) LN o
RS
s—s? -
—|reo—o Ha
() S a
(cs)
% 5 D 5 N %
(e DD (COMMUTEY) __fg? > s = (R36).RHS
(©s).ch)
S/Z .
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a Y a D
R A O
(R37).LHS = 4 @G OB
Fan) FanY
A% A\
(&h) Yo N )
s
U
(@) q D -
s
N
(C15) o
(Cli(C]y)
s
< r
o 5] 15
(€1).(C3) - w? o 2
(D2) o
< ral
H 5] s
r]
—{s] (5]
cy
(1;) q N (02
rl
K s
r]
—{st-o—o 5°]
(c8).(ch) o~ o
R T T
) N <l rl
cs) LS ) S
¢
2
H s
S a Y
3 iy
LS9

(©s).(ch) —{s] B4 (S}~ =(R37).RHS

(COMMUTE?)

“
2]

N
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Lemma 4.28. (R38) and (R39) follow from the reduced relations.

1. ] e 1 (k39)
- H (R39)
Proof.
(R38).LHS—4‘ @ [(COMMUTE)

(Cty)

g
7
2
B
5>

R e H]-

2 I T I

2 = (R38).RHS
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(R39).LHS = (i)

(R38)

[#] [H——{#]

(=]

= (R39).RHS

Lemma 4.29. (R40) and (R41) follow from the reduced relations.

——{n] - ] - [5}-o-o[5 o (R0
]
.
] = ] B s s o (R41)
A
Ed

Proof. First, (37) simplifies the righthand side of (R40), so it suffices to derive (36) from the equations in Figure 1
and section 1.

1 s ] - 36)

Left-appending both sides of (36) by I ® H ® I yields

Y U AV

[ @

—H R == ] K

o8) |

469—@ WTS n @
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(R40).RHS

117

74! a
((S5) @ 3
(COMMUTE?)
N q
2 @ H? H2 7777777777777777777777 0 @
(C1),(C2),(C3) s
Aa
= =] H? [
1
@ ) 2
b N v v
(€2 .
= H3 H? ‘(M‘ 0 o
4 D N A
(€ls) @ © @
N P N q D
) S K NN 5 e
()
(C6) 3 > @ ; !
o oy i D H H I
@) —#] il —{#]

(37
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Thus, it suffices to derive (38).

(38)

——|#’] R > =
We proceed as follows, which completes the proof.
U
(38).LHS = (] [(COMMUTE) (12
N

<CS) 2 (Cfs)
(C(;B) @
€y q H2

L Y
o) q H]— = (38).RHS

To derive (R41) from the equations in Figure 1 and section 1, (40) first simplifies the righthand side of it. Hence,
it suffices to show that (39) follows from the equations in Figure 1 and section 1.

(=]

WTS @

=]

Z]RNED
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(RA1).RHS =

(C1),(COMMUTE)

[=]

2

(]

a
'

o

=]

[ s]

(COMMUTE?)

(D2),(C1)
(€3)

3]

]

3]

B

H? H?

B

H?

H3

=]

=]

=]

119

(40)
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Left-appending both sides of (39) by I ® H ® I yields
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=]

wTs 7@

@ | .09

@ wWTs

=]
7

e | @

N

@ WTS

[=]
T

o | cly.cly

D4 Caal 4] Cle
Thus, it suffices to derive (41).
Jd J
¢ (] 22 4]

A @

[=]
T

[=]
7



Li, S. M., Mosca, M., Ross, N. J., van de Wetering, J., Zhao, Y.

Right-appending both sides of (41) by I ® H> ® I yields

@»7

U d
WTS [ 27| 3
2] )=
os) | (@
N Aa
WTS

Therefore, our problem is reduced to deriving (42), which follow from (Cfg), (c 11 _%), and (C 11 ; .

WTS

b—4 (42)

Lemma 4.30. (R42) and (R43) follow from the reduced relations.

g

f

a7
1]

i

[

=]

a3
L

=]

[s2]—4

121

(R42)

(R43)

Proof. First, (44) simplifies the righthand side of (R42), so it suffices to derive (43) from the equations in Figure 1

and section 1.

I
LA

—#]

(43)
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,,,,,,,,,,,,,,,,,,,,,,,

(a2 s =[] oo o L g b1 {3} | ata

(D2),(C1) (2
(c3) @ N : @ Y

(44)

ffffffffffff

mi - == ] D

,,,,,,,,,,,,

@1EE) | (c2).(commuTe)

Y e

(€3).(cs?) H (COMMUTE), (COMMUTE?)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

WTS

Therefore, our problem is reduced to deriving (45), which is shown below.

WTS

(45
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USHRHS— — 1 b 4 o @ o o @@ ‘o
T (D2),(C1)
5
B
L5 PR (6 o
s s
1 T
- n o L _—
e N |
s 572 s s
U D
(D2),(c1) a (D3),(€2),(C3) a = (45).LHS
(R18).(R%) 1 | (€5 (Ch)

To derive (R43) from the equations in Figure 1 and section 1, (48) first simplifies the righthand side of it. Hence,
it suffices to show that (46) follows from the equations in Figure 1 and section 1.

@ WTS @ f (46)

Right-appending both sides of (46) by I ® I ® H? yields

[ 771 WTS [ 1
4] 1A
e ] -
@) | @ 47
[ 77| WTS [ 1
4] 1A
ayal

,,,,,,,,,,,,,,,
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(R43).RHS = i o .o
H?
(C) E o 7 o
S/2
o0y = N
(€1),(C2),(C3) [kl \\%
M
\N% b—4
(€2),(c3)
—_— [ ]
() 14 ]
2 (48)
Van) ya
A\
() —
H
() ] D
12—
(cly) @ .
2}
By (C2), it suffices to derive (49).
A P .
4] = ] o (49)

Left-appending both sides of (49) by I ® H ® I yields
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—{H] 4] == —{H]—{] <
(COMMUTE) ]I )
Y a a

Y A Y

(COMMUTE?) H (6. (65

©). @) | .0

a N a N a ™ a N
WTS
Q D H? '* N H? '* »?
52 52 s .

@l | on.enrly)

J D U Jd D J
& [} 2= q e
572 s s

(CRNCANE ENCNED

yan)
Ay
WTS
J U \d U
2 s s
Thus, it suffices to derive (50).
Ve N N N
WTS
& (50)

572 s? s
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We proceed as follows and this completes the proof.

Ve N Ve
(50).RHS =
2 s %
(R18)
(Rg) 3
3).(C2) g = (50).LHS
(C3).(Cs)
O
Lemma 4.31. (R44) and (R45) follow from the reduced relations.
- 5] o> (R44)
= (R45)
] ]

Proof. First, (52) simplifies the righthand side of (R44), so it suffices to derive (51) from the equations in Figure 1
and section 1.

WTS (51)

Ll )

Combined with (C2), left-append both sides of (51) by IQ IR H.

WTS

WTS
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(R44).RHS = H P
—{u 152 Elge
b—( (52)
() T
52 S 2
(Rly) 1 oo
@ D—C s
a A
(DZ),(CI)
(©3)
@ N
It follows that
WTS , (53)
—&—#’] —

Then we simplify both sides of (53) using the rewrite rules listed in Figure 1 and section 1. Since the lefthand
side is simplified to exactly match the righthand side, the proof is complete.

WTS

WTS
o 12—
,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ]] (et
WTS
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WTS

WTS

128
il
Ll

Aa

—

—

WTS

Ede

&

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

WTS

s

-

To derive (R45) from the equations in Figure 1 and section 1, (55) first simplifies the righthand side
of it. Hence, it suffices to show that (54) follows from the equations in Figure 1 and section 1.

a4
N\

WTS

(=]
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(R45).RHS =

(€2),(C5)
(D3)

—H] s 4]
()
(D7)
B !?\

1] [0}

(GJI()C,(}C)S“) E ?
(c2)
() S —1s] 0. o

—{#] ¢ H 15—
(D2),(C1) S
(R17),(C}) 5 @

(55)
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Left-appending both sides of (54) by I ® I ® H yields

D

WTS s "
" o0
[
WTS s "
@ne) | @hednen.on
wWTS s @
j — D 4]
[
D 9
WTS s @
[«
N A
WTS s o
D ° ¢
(C6*) ﬂ (&)
D J
WTS s 0

[ @

WTS

€5 [ @

WTS

SZ
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By (D2) and (C1), it suffices to derive (56).
WTs 21— s (56)
We proceed as follows, and this completes the proof.
(56).RHS = R %
\d
(C8),(R17)
(Rlg):(Rig)
Va|
cl
(D3),(C2) (Cf5) — (56).LHS
(€3).(C3) ) O
Lemma 4.32. (R46) and (R47) follow from the reduced relations.
N A N
= s s (R46)
A N A
= ] s 0 (R47)

Proof. First, (58) simplifies the righthand side of (R46), so it suffices to derive (57) from the equations in Figure 1

and section 1.

WTS

=]

S o

(57)
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(R46).RHS = s s2 (58)
[ ] 5
(Rlg).(R3y) & e
)
U
(€3) / .
‘C; S w
. 5
Left-appending both sides of (57) by I ® I ® H yields
WTS s o
[ ©
WTS s o
B e Cilpaatid —{#] q
1) [ @)
AV Y
WTS s o
[«
Y Y
WTS s . ®

o) [ @

WTS

3
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\ U U
WTS S W
.15 | @
U d \ U U
WTS s i
U U
@ | oucy
.
l { [ L o
& L &
[ @
.
WTS s . ®
Thus, it suffices to derive (59).
Y
NI s ‘o (59)
We proceed as follows, and this completes the proof.
U \ d d
(59).LHS = )
o
(C14) (C§),(C8)
= o =59
77777777777777777777777777777 S (CS)‘(R17) S w ( 9) RHS
O

To derive (R47) from the equations in Figure 1 and section 1, (61) first simplifies the righthand side of it. Hence,
it suffices to show that (60) follows from the equations in Figure 1 and section 1.
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=]

(RAT).RHS = —| 12

a
A\

(60)
. @2
Clgekiss
. @2
.02
(61)

(D2),(C1)

[ 2]
) LA

e

5]

(COMMUTE),(COMMUTE?)

(€).(G3"

—{]

By (C2), left-appending both sides of (60) by I ® I ® H yields (62). The detailed derivation is shown below.
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WTS (62)

Therefore, we can apply the equations in Figure 37 to show that (62) holds, and this completes the proof.

WTS

b ]

@ne | @neie.mn

WTS

,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,

WTS

WTS

WTS

WTS




136 Supplement: A Complete and Natural Rule Set for Multi-Qutrit Clifford Circuits

Lemma 4.33. (R48) and (R49) follow from the reduced relations.

(] = (1] [57] o (R48)
) i G i Z
N N
(1] = H s $? ‘o (R49)

Proof. First, (67) simplifies the righthand side of (R48), so it suffices to derive (63) from the equations in Figure 1
and section 1.

U U U
e -- v )

Next, (68) simplifies the lefthand side of (63), so it suffices to derive (64) from the equations in Figure 1
and section 1.

fan)
A\

A N Ya Ya
el s K il L Y
] CIE ) LB

(64)
By (C2), right-appending both sides of (64) by I ® H> ® I yields (65).

WTS

(65)
By (D7), left-appending both sides of (65) by I ® I ® H yields (66).
d U d U U
s 5” -w* (66)

Finally, (69) simplifies both sides of (66) using the rewrite rules listed in Figure 1 and section 1. Since the
lefthand side is simplified to exactly match the righthand side, the proof is complete.
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N
(R48).RHS = Ed [52] o
D
a1} G =
D
(&)
(D7) Eiﬂ Egi o
() @ s2 s 0 o
N
(€3).(c})
«ﬁmc;> il Bl K L3
—{#] &—& H? | 1]

D (67)

(€2),(COMMUTE)

o [
(COMMUTE?)

(63).LHS =

3

(68)

©)(6") ]
(&3 u

=
=
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WTS

@@ | hee)

b—4 P—4 D
WTS 72
g2l 2
§H} H

@.ce) |

Y a Y a Y
WTS S/Z ‘(DZ
d U
[ @
WTS 52 e
A Y |
(CRIEIRCIEI N (E AN(E ANTEN
U J U Jd D
WTS S,z S2 0)2
d
(D3),(C6),(C2) ﬂ (D2),(C1),(C2),(C3).(C3,)
Y yany Y
A\
22 L? IS 572 . w?
° ° Fany
.a)2
@2 WTS e

(69)
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To derive (R49) from the equations in Figure 1 and section 1, (71) first simplifies the righthand side
of it. Hence, it suffices to show that (70) follows from the equations in Figure 1 and section 1.

@ WTS S,2
] —{#]
(R49).RHS = H? s2 777777777777777777777777 52 )
a
() [2] 2 2 )
(Rls) ] > sk
H a N el
J
(C3).(cS) ,
(@).(cy) "o
i :
o
—]n] 4
A
o
—{#]

By (C2), left-appending both sides of (70) by I ® I ® H yields (72). It simplifies both sides of (70)
using the rewrite rules listed in Figure 1 and section 1. Since the lefthand side is simplified to exactly

match the righthand side, the proof is complete.
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Y
] [ {w 7]
(€., (commuTE), (commuTe?) | (). (). (2. (07)
S Y a

(c2),(C6%) ﬁ )

S 4 N
WTS - L
\d 4 D
(€8),(cts) ﬂ (R17),(C3})
WTS S/2 @ wz
4 A

N Y
7777777777777777777 WTS 2 o
777777777777777 @ @
7777777777777777777777777777 s? ? WS, 2 . @2
[ @
—a s w? wrs 52 e

(72)
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Lemma 4.34. (R50) and (R51) follow from the reduced relations.

(1 —
] =

q D (R50)

a
A
J

(R51)

a
\>)

Proof. First note that

(D3)

SHS'HS L SH(HASH?)HS ==L (HS*H) H3S - (—0?) “2L 0SS - (—~0?) L H - (—0?).  (73)

(€3)

Then, (77) simplifies the righthand side of (R50), so it suffices to derive (74) from the equations in Figure 1
and section 1.

B @ WTS @ N @7 (75)

Finally, (78) shows how to reduce the righthand side of (75) to its lefthand side using the rewrite rules listed in
Figure 1 and section 1. This completes the proof.
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Va Va Va Y
52 52
@ | .o
A Va Y Va Y
P A\ HZ H3 a
@) | 2031209
a Y a Y Y
e [ @
Y a A Y
(= =2 (4] Kl
AN AR NG
Y A
WTS 1
ml- == (] Elps
) [ o
a A Y
N DHZ WTS @ B DH

(76)
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(R50).RHS =

(3)

(D1),(D2)
(cn

(D3),(C3)

(C).(G)

—#]

sH# s A (o)

B

s Hm s

H

—H B2 S H | - (~0)- (-0?)

5 &

—#]

H

3

#1-{#][3]

> {57}

H3}
7]

#-{#}5]

7] SHF
U \d
U \Jd
Y V|

(77)
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(75).RHS = (H |4 (H|—
(2 L =
) ] ]
U
€9 — —
éﬁ i H2 H3 H3
Y |
@ | 5] 0
(c2) kel %
(C0),(D8) D@ #] ().l
(€2)

)

@ = (75).LHS

(78)

To derive (R51) from the equations in Figure 1 and section 1, (81) first simplifies the righthand side of it. Hence,
it suffices to show that (79) follows from the equations in Figure 1 and section 1.

WTS

|
H e

By (C2), left-appending both sides of (79) by I ® H ® I yields (82). Hence, it suffices to derive (80).

—{#]

F-{ {7

WTS

o (79)

(80)

Finally, (83) shows how to reduce the lefthand side of (80) to its righthand side using the rewrite rules listed in
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Figure 1 and section 1. This completes the proof.

(RS1).RHS = —{ H |

Elpabine

v
P
P

[}

(©2)

H
&

145

81
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Y Y
s s
(D8) H (COMMUTE), (COMMUTE?)
H? WIS I3 W
=] g
-
s2

WTS
S/Z SZ
©0.2.02.09.clh) [ @) rl).R19). (&)
WTS ‘®
€ [ o3.e2.03.009
WTS
-0
s
s s 3
(R18). (&), (R18").(&) [ (02).(cn).(co)

WTS

(82)
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Y \d U U d U
(80).LHS = (@) P
Y V| 1 N N
(AX(%H) «)
= = (80).RHS
() g N (80)

Lemma 4.35. (R52) follows from the reduced relations.

AV v

=] [=]

Proof. First note that

U J
H s u H
H s {u H
HS*H*SHS'S* L1 (HS*H?SH) 2° L2 X272,

(83)

O

o (R52)
(84)

Then, (88) simplifies the righthand side of (R52), so it suffices to derive (85) from the equations in Figure 1

and section 1.

—+—H] WIS (85)
e
D— X2 72
D 2 H s’ H s? s”? s?
Note also that
s> (HS’ZH) §25 DD (5’25’) H? (S’S’z) S (—0) —2— 135 (—w). (86)
(D1),(D2) (D3),(C2)

By (D1), (D2), and (C1) , (89) simplifies the righthand side of (85). Hence, it suffices to derive (87).

o ’—E WTS

——{#] 87)

) D— X272
5 SHEEE) o
52 S —H H?
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(R52).RHS = H s 52 52 ‘@
Fa D X2 72
X2 7?2
e e ] oo
H s+ sl
D X2 ZZ
e {0 £ Hs"
18
H s u HIs? 572
a X? z?
(cz.;}c)fg 7 - ¢ §? 0 o
15
H s H S/2 e 52
X2 A
(D2),(C1)
@) s ]—A] "’ i 5 s
seu sHH 52 52 572
(88)
a a X2 7>
(85).RHS = (s|—{H] s 52 )
D—4 52 H s H 52 52 572 L
N N x2 72
Erorero G SHEHS s} o (-0)-0
D\ 52 H s H o’
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By (C6), left-appending both sides of (87) by I ® CZ? yields (90).

WTS

—{#]
—{#]

x? 72

149

s

H H3

; SHE (5o

(90)

Then, (96), (97), and (98) simplify the righthand side of (90). Therefore, it suffices to derive (91) from the
equations in Figure 1 and section 1.

f

—{]
—#]

]

3] [3]

]

WTS

s S
§? H
§? H

Ia. Ta. X2 VA
: 1)
s? H H3 S

By (C2), left-appending both sides of (91) by I ® H? @ H? yields (92).

D

9

WTS

ElE

s H s—4 q X2tz
S2 H \V
§? H s? H

-

H3

Based on this, (99) simplifies both sides of (92), so our problem is reduced to showing (93).

s 2

s2

S2

N

X2 72

H

H

52

H

-

H3

oD

92)

93)

Then, (100) and (101) simplify the righthand side of (93), bringing it one step closer to its lefthand side. Note

that

(5%5) X272 L2 (2x%) 22 L2 x2 (222) - ()

By (D1), (D2), and (C1), it suffices to show that

WTS

D2),(C1
2 (D2)( )X2.

(RO)

S*H

1)

4

(95)
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Y X'_’ ZZ
(90).RHS = s H D—4 s (=1)
D §? H S'—H H3 S
N Va X2 72
() g H Y Y s 2 (-1)
B 52 H S'+—H H?
B B XZ ZZ
(Cia) v i N q 3 52
Aa Fan) XZ ZZ
(3),(€2).(C3) ‘ T
/ 2 DM I Pany . 3 7 )
D) s H T T T ‘ ‘ s (-0
b H S Pl s
D D X2 ZZ
((SF9) s $2 -4 D N s §2 X (7(1)2)
D 2 H s2u H3
XZ ZZ
17
) @ DS DH q 5 s (—o?)
B 4 B §? H s? H H3 S
Y D X’Z ZZ
(R17),(R}y).(C3) y S
H H3 2
(D1).(D2).(C1) s sH# s
N s? H 52 H 0
D X2 VAl
s u o - H
XZ ZZ
(€2).(C3).(C5) 7] 3] 3 7 2
(D3),(D8) LA A ] D S (~o?)
S —H §? H H3 S
fa a XZ ZZ
= H) b s 52 (—a?)
@) =
s w2 —u ey - 78

(96)
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D N e 7
96) = @ S s (7(02)
X2 z?
% @ D N 52 (—(Dz)
N @ N N @ 2 H 0
Ve ya X2 2
[(&5) @_@ B (—0?) @
D D— @—@ s2 H H3
B B X2 72
o (ST : G

GlIe
i
=
a
[
B
2
(]
0

S/’.’ D D X2 ZZ
(COMMUTE")
e : ] ] SHE s -
& 5] L#] sHEH s (Do
s? s? x|z
(cfy) ]
2 [l 3 7 _
an 15 £l ¢ sHmHSs (-0 o
D §*—H $2 | —\H H3
S/Z S/Z a Ya X2 72
(COMMUTE),(Cl5)
cs S?—H D S 52
(COMMUTE!),(R17*),(R}y)
D 2 H 52 H o0
s s D D X2 72
(D3),(C2).(C3)
: D S —H sHm 2 s
(C7).(c8%),(R17") (|52 s |
b s? H §? H H s
5 S x|z
(C1),(C5),(C6%) 5 - _
e 3 2 —1
(D1).(D2) v S A p s s (=1
B s2—H = 78

o7)
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s? s D D— x2— 72
O7) = ] —H B s s? (-1
D2 H s2—n H3
s s D D— x2 | 72
6
G g H D s 52 (-1)
@ ) s H
s S X272
51
(Cis) a 52 H a S 52 (1)
b §2 H 52 H H3 S
° S/Z .
52 s —4 a X2z
(D7) 3 2 3 2
2} ) 7)o \ SHA- {5 -
@ o s2u - H
52 s —4 a X2z
(cls) 31
— H? S*—H D S H —8?—S -1
(COMMUTE) ﬂ ] - . ( )
@ H s2u - H

98)



Li, S. M., Mosca, M., Ross, N. J., van de Wetering, J., Zhao, Y. 153

WTS

] Ll gL g (=1

WTS

3 [3]
2
T
\d
L 5
B
K
]
T

—{ ] s H 2 H?
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S/Z s A X2 72
©3).RHS= K] 2 u B s 52 (-1)
%H»‘ S’ —H S’ —H H?
52— 84 X2 72
(D8) 3 2 [ 1 3 3 2
o ] s# (] H s s (=)
3 2 2 3 (71 3 [¢]
—{#] Sl i H (4] H H
= x> 72
(D8) 3 2 (71 3 3 2
@ 1] sHn ] Z s (=)
H3 2 H @ a N @
S/Z Ky A XZ Zz
11
(Ci3) 3 2 H @ S/2 H3 K -(71)-(0
5 s 4 X2 72
~16
G w 2u | 2 | B s} s] (=)0
—{#?] s u s2s
5 s X2 z2
(€3) @ 52 H @ 5?2 H? o3 5?2 (_wz)
H3 S'Z H Y A Y
52 E a N x2 7
() 3 5 1 3 2 3 2 2
S w7 & - o
. T :
5714 s|— 7
(€2 3 2 71 2 2 2
L HH (] s Hp—s (-0?) o
3 <2 H @ a N
= s? s—4 z
(D1),(D2)
=== _ [y 21 1y [H] 2L Ty H 2
(Cl),(C,';’*) ﬂ S ] S S
(D1),(D2),(C6%)
3 2 [ ) 7
(C1),(CY ) (R17%) —] S A 7] § 1 " s
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oS
(100)= —{#°] H H}—s” (~o?
—{#] 4
s
T 5 " al—{s (~0?) ©
(C)(Rl7)
H3 a
g7
R
en@y) 3 re] n _
oo LH] Bl H HHs (-0)- o
—‘H" D
(€6).(c}) -
8 H 2 K —m2
(R17) H . (—w*)

T

i

(101)

Then, (102) and (103) simplify the righthand side of (95), bringing it another step closer to its lefthand side.

(95).RHS = —[#°]

]

o)
=

] s H
] s oo
G ] H sT{a{s7 s} (-0
= 5 b—{ 5|
—] 5 H 5 (o) @
—{7] 5 b{s}[FF—@
@
(D1),(D2),(D3),(C?) , ;
=S {r] s (] (-0)
—{#] s 5]

(102)
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(- i}y ; o
4@ 1y 2 2 N N E
(C3),(C5).(R18),(R)
(C8),(R17),(COMMUTE?) ﬂ @ @7 (o)
—{ ] s H sHs &s]
e T E g T -
5 ] G
]
= F)- {7} 15 J #H 5 {aHFHs - (-0
]

(D1),(D2)
=== 3
(cn.(ch) —{#]
(R18),(C8)
_ 3
(COMMUTE?) @
H3
(€3) 3
o
H3
Note that

SH2S'HS?s 220
(€2)

N N @
s Gl
S N H
5] ]
N N @
s (=
] s s
s s (-
s s Hsf———
(103)
S (H*H?) S (H*HH?) S*H>S “EL (SHS?) HS
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C]
S (s HS - (—0) “ZL BSHS - (—0) (104)
Based on this, as well as (D1), (D2), and (C2), (105) simplifies (103) as follows.
(103) = @ 52 s D— 13 o (105)
@ : \ o |
Therefore, it suffices to derive (106), where
A BAC = A X2y
A B A c

s —

By (D2), (D3), (C1), (C2), (C3), (R3), and (C}), we can rewrite (106) to (107).

WTS

5]

S/2

S2

G

(106)
]
]

(107)

By direct computation, one can check that (108) holds. According to the single-qutrit Clifford completeness
established by Theorem 2.1, there exists a sequence of rewrite rules in Figure 1 such that the lefthand side of (108)

can be transformed to its righthand side.

H?S?HSS' = H3SHXZ? - (— o).

This allows us to further simplify the righthand side of (107), as shown in (109).

(108)
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U
(107).RHS = @ H? sk
g
] 7] o
7]
(COMMUTE?)
(R19),(R%) @ " @
X
(COMMUTE?),(R18*),(R3)
(C§),(R}7)4(R24),(R§4)lx @ H T X
—]H] H? H z
&—1{x]
& Ty ’ H X (~o)
""" N X
(D3),(€2)
(€3),(C3) @ s H X
T X
o Ix (—o)

Combining (110), (D1), (D2), and (C1), (109) is simplified to (111).

(109) = @

H? (S HS?) =2 H2 (H3SH®) - (—0) ==L HSH? - (~ ).
]
H3 H X 2
@ H S H?
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(109)

(110)

(111)
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Putting (107) and (111) together, our problem is reduced to showing (112).

S2 S/Z

159

s 2

s2

S F e

-

X

—#]

(112)

By direct computation, one can check that (113) holds. According to the single-qutrit Clifford completeness
established by Theorem 2.1, there exists a sequence of rewrite rules in Figure 1 such that the lefthand side of (113)
can be transformed to its righthand side.

S’H3S*H = HSXZ? - (—0?).

(113)

Then, (115) simplifies the lefthand side of (112), taking it one step closer to its righthand side. By (D1), (D2),
(C1), (R3), and (R6), our problem is reduced to showing (114).

T

GB Y a
H}—]s 7777777777777777777777777777777 WTS sh{u
77777777 H3 N iH3 H3 H H S — H?
77777777 S —#]
(€2), () ﬁ (rXC), (D8)
H3 HIsH#u
WTS g

(114)
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J
A

(112).LHS = s 2 1H

(113)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(R6),(R3,)

21 (2
(R3y).(Rly) ClpuEl X (o)

=
T
(o5}
>

R
|
eI\)

@
=

Ed
=
(o5}
>

)

(-0

%@
ISy

2
L) w5 oo x (-o?)
N
(13) = X [ HZ | (o)
s s2 il
() [ {s}l—a—-o—x (~0?): (~o)
H H

3 [ (115)

Next, (116) simplifies the righthand side of (114), taking it one step closer to its lefthand side.
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(114).RHS =

—#]

161

(€2),(Cl5)

(COMMUTE) ¥
—{#]
(D7) ,—‘ ”””””””
(D8) U \i‘ \d L @
H S H?
(S N . 1 A
() 15 ] H]— o
3] ; [ o]
LS s El
)
@h.(cly)
9(R1*)13 E @7 % : wz. wz %
77,
SH
)
(Cls),(R17"),(D2)
(C1),(COMMUTE) D\ S 0]
3 3 [o]
] ]
5]
(C6),(Cls) N
©)(c) & @
i G (116)
Locally, (118) simplifies the two-qutrit circuit Q in (117).
)
D D— D N -0 (117)
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3
\v
a
[
=

B,
S
3

”

=]

[ 5 ' (118)
Combing (117) and (118), (120) and (121) further simplify (116). Based on (114), our problem is reduced to
showing (119).

[=]
3
B
E

(H—s] D =

— - i
— A siHaf——x}- &
(119)
By direct computation, one can check that (119) holds. According to the two-qutrit Clifford completeness
established by Theorem 3.1, there exists a sequence of rewrite rules in Figure 1 such that the lefthand side of (119)
can be transformed to its righthand side. This completes the proof.
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@
(116) = @ s g s o o
(- w SHa] "
@
(D2),(C1)
(D7),(C2) @ s 7’—@ S
@
L fa ] ] 5
5
(©).() 5
" .
-
5 =
-
2L —{n] 5] #] i
7] S-o-
S N
L ] Bt s
13
212 s

(D2).(C1).(€2).(C3)
(D3).(CCP).(CL))

(D2),(C1),(D3),(C2)
(€C3),(C5),(C6),(C15)

—#]

—{#]

{5} [A]
{5} [5]

(120)
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(120) = @ DD SHH s

(COMMUTE)

_—_ [yl a4 N / 2
(C]25 ) ~(C155) \i‘ E—E S

g
3
[l%
B

7 (121)

Lemma 4.36. (R53) follows from the reduced relations.

(=] [=]

Proof. First note that

R3),(R6
4 (R3)( )XZ-(DZ.

(D2),(C1)

(122)

Then, (123) leverages (R52) and rewrites the lefthand side of (R53), bringing it one step closer to its righthand
side.
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(R53).LHS = @
4]
A A
R o (123)
s |H] s s? s?
a a X2 Z2
(C;;%Z)c') 4@ @ s? s” §? o
\Cs
Eiananid s? s? s?
d
| H s u]
7
] 0
SHH S HH
b4 [x |- 7]
SHH s |- H|
D4 [x |- 7]
%H s |- H| (H 2 H {2 s |- o
S|HH $* [HH H || $? |-{H || s* |- H]
Note also that
xZ L) HsH2S2HS'S. (124)
(R4)

Hence, it suffices to derive (125) from the equations in Figure 1 and section 1.
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\XHZ
S HH| HHS HEHs? Hs | o

(] [e]
T

H s
(125)
By (C2), (C3), (C6), (C)), (CO)*, (Cg)*, (R3), and (R6), our problem is reduced to showing (126).
g H# s Hn A s?  Hn f——n{s* [ 5?5
(126)

By direct computation, one can check that (126) holds. According to the two-qutrit Clifford completeness
established by Theorem 3.1, there exists a sequence of rewrite rules in Figure 1 such that the lefthand side of (126)
can be transformed to its righthand side. This completes the proof. O

Proposition 4.37. Up to the single- and two-qutrit Clifford completeness, the equations in Figures 59 and 60 imply
all equations in Section 1.3.

Proof. By Proposition 4.3, lemmas 4.4 to 4.8, 4.10 to 4.15, 4.17, 4.18, 4.21, 4.22 and 4.25 to 4.36, and corollar-
ies 4.9,4.16,4.19, 4.20, 4.23 and 4.24, we complete the proof. O

4.2 Reduce the Three-Qutrit Box Relations

Lemma 4.38. The equations in Figures I and 2 as well as Section 1 suffice to prove all box relations in Appendix
C4of[l].

Proof. Details are in the GitHub repository: QutritClifford/Three-Qutrit/Box2Derived . O

Theorem 4.1. Up to the single- and two-qutrit Clifford completeness, any true equality between three-qutrit Clif-
ford circuits is provable using the rules in Figure 60 with the derived generators in Figure 59.

Proof. By Proposition 4.3 in [1], the box relations in Appendices C.1 to C.4 are complete for the three-qutrit
Clifford group. By Lemma 4.38, the equations in Figures 1 and 2 as well as Section 1 suffice to prove all box
relations in Appendix C.4. By Proposition 4.37, the equations in Section 1.3 follow from the equations in Figures 1
and 2. This implies that up to the single- and two-qutrit Clifford completeness, we can prove any true equality
between three-qutrit Clifford circuits using the rules in Figure 1 with the derived generators in Figure 2. O

3https://github.com/SarahMMMLi/QutritClifford/tree/main/Three-Qutrit/Box2Derived
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