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Abstract: We consider the problems of testing and learning an n-qubit Hamiltonian
H =∑

x λxσx expressed in its Pauli basis, from queries to its evolution operator U =
e−i Ht . To this end, we prove the following results.

1. Testing: We give a tolerant testing protocol to decide if a Hamiltonian is ε1-close to
k-local or ε2-far from k-local in the �2 norm of the coefficients, with O(1/(ε2−ε1)

4)

queries, thereby solving two open questions posed in a recent work by Bluhm, Caro
and Oufkir (Bluhm, A., Caro, M.C., Oufkir, A.). We give a protocol for testing whether
a Hamiltonian is ε1-close to being s-sparse or ε2-far from being s-sparse in the �2
norm of the coefficients, with O(s6/(ε2

2 − ε2
1)

6) queries.
2. Learning: We give a protocol to ε-learn unstructured Hamiltonian in the �∞ norm

of the coefficients with O(1/ε4) queries. Combining this with the non-commutative
Bohnenblust-Hille inequality, we obtain an algorithm for learning k-local Hamilto-
nians in �2 norm of the coefficients that only uses O(exp(k2 + k log(1/ε))) queries.
For Hamiltonians that are s-sparse in the Pauli basis, we can learn them in the �2
norm with O(s2/ε4) queries.

3. Learning without quantum memory: The learning results stated above have no
dependence on the system size n, but require n-qubit quantum memory. We give
subroutines that allow us to reproduce all the above learning results without quantum
memory; squaring the query complexity and paying a (log n)-factor in the local case
and an n-factor in the sparse case.

4. Testing without quantum memory: We give a new subroutine called Pauli hash-
ing, which allows one to tolerantly test s-sparse Hamiltonians in the �2 norm using
Õ(s14/(ε2

2−ε2
1)18) query complexity. A key ingredient is showing that s-sparse Pauli

channels can be tested in a tolerant fashion as being ε1-close to being s-sparse or
ε2-far under the diamond norm, using Õ(s2/(ε2 − ε1)

6) queries via Pauli hashing.

In order to prove these results, we prove new structural theorems for local Hamiltonians,
sparse Pauli channels and sparse Hamiltonians. We complement our learning algorithms
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with lower bounds that are polynomially weaker. Furthermore, our algorithms use short
time evolutions and do not assume prior knowledge of the terms on which the Pauli
spectrum is supported on, i.e., we do not require prior knowledge of the support of the
Hamiltonian.
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1. Introduction

A fundamental and significant challenge with building quantum devices is being able to
characterize and calibrate its behavior. One approach to do so is Hamiltonian learning
which seeks to learn the Hamiltonian governing the dynamics of a quantum system
given finite classical and quantum resources. Beyond system characterization, it is also
carried out during validation of physical systems and designing control strategies for
implementing quantum gates [IBF+20]. However, learning an n-qubit Hamiltonian is
known to be difficult, requiring complexity that scales exponential in the number of
qubits unless a coarse metric is used [Car23].

In practice, prior knowledge on the structure of Hamiltonians is available e.g., those of
engineered quantum devices [SMCG16] where the underlying Hamiltonians primarily
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involve local interactions with few non-local interactions, and even naturally occurring
physical quantum systems such as those with translationally invariant Hamiltonians.
To highlight these structural properties, consider an n-qubit Hamiltonian H (which is a
self-adjoint operator acting on (C2)⊗n) expanded in terms of the n-qubit Pauli operators:

H =
∑

x∈{0,1}2n
λxσx ,

where λx are real-valued coefficients (also called interaction strengths) of the Pauli
operators σx denoted by the string x = (a, b) ∈ F

2n
2 with σ(a,b) = ia·b ⊗n

i=1 Xai Zbi .
We call the set of Paulis with non-zero coefficients λx as the Pauli spectrum of the
Hamiltonian denoted by S = {x ∈ {0, 1}2n : λx �= 0}. Of particular relevance are
k-local Hamiltonians which involve Pauli operators that act non-trivially on at most k
qubits and s-sparse Hamiltonians whose Pauli expansion contains at most s non-zero
Pauli operators i.e., |S| ≤ s.

There has thus been a growing suite of Hamiltonian learning results that have shown
that when the underlying n-qubit Hamiltonian H satisfies these structural properties,
learning can be performed with only poly(n)query complexity, either by making “queries"
to the unitary evolution operator U (t) = exp(−i Ht) [dSLCP11,HBCP15,ZYLB21,
HKT22,YSHY23,DOS23,HTFS23,LTN+23,SFMD+24,GCC24,Zha24,HMG+25], or
by assuming one has access to Gibbs state [AAKS21,HKT22,RSF23,ORSFW23
BLMT23,GCC24]. Notably, [BLMT24] considered the problem of learning Hamilto-
nians that are both local and sparse, without prior knowledge of the support. Several
of the learning algorithms mentioned above however require assumptions on the sup-
port of the Hamiltonian beyond locality or sparsity, such as [HTFS23] which considers
geometrically-local Hamiltonians (a subset of local Hamiltonians) and [YSHY23] which
requires assumptions on the support.

Moreover, before learning, it might be desirable to uncover what is the structure of an
unknown Hamiltonian in order to choose specialized learning algorithms. Even deciding
if a Hamiltonian has a particular structure is a fundamental challenge and constitutes the
problem of testing if an unknown Hamiltonian satisfies a certain structural property. As
far as we know, this line of investigation is nascent with only a few works on Hamiltonian
property testing [SY23,ACQ22,LW22] with Blum et al. [BCO24b] having considered
the problem of testing local Hamiltonians and the problem of testing sparse Hamiltonians
yet to be tackled. This leads us to the motivating question of our work:

What is the query complexity of learning and testing structured Hamiltonians?

1.1. Problem statement. Before we state our results answering the question above, we
clearly mention our learning and testing problems first. If H is the Hamiltonian describing
the dynamics of a certain physical system, then the state of that system evolves according
to the time evolution operator U (t) = e−i Ht . This means that if ρ(0) is the state at time
0, at time t the state would have evolved to ρ(t) = U (t)ρ(0)U †(t). Hence, to test and
learn a Hamiltonian one can do the following: prepare a desired state, apply U (t) or
tensor products of U (t) with identity to the state, and finally measure in a chosen basis.
From here onwards, this is what we mean by querying the unitary U (t). It is usual
to impose the normalization condition ‖H‖op ≤ 1 (i.e., that the eigenvalues of H are
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bounded in absolute value by 1). We will assume this normalization unless otherwise
stated, but we will also work out the dependence on ‖H‖op for our learning algorithms.
Throughout this paper, we will consider the normalized Frobenius norm as the distance
between Hamiltonians, unless otherwise stated. This distance is

d(H, H ′) = ‖H − H ′‖2 =
√

Tr[(H − H ′)2]
2n

,

and it equals the �2-norm of the Pauli spectrum, d(H, H ′) = √∑ |λx − λ′x |2. A property
of a Hamiltonian, denoted H is a class of Hamiltonians that satisfy the property (here
we will be interested in sparse and local properties). We say that H is ε-far from having
a property H if d(H, H ′) > ε for every H ′ ∈ H, and otherwise is ε-close. Now, we are
ready to state the testing and learning problems.

Let H be a property and let H be an unknown Hamiltonian Tr[H ] = 0.

Problem 1.1. (Tolerant testing) Promised H is either ε1-close to or ε2-far from
satisfying property H, decide which is the case by making queries to U (t).

Problem 1.2. (Hamiltonian learning) Promised H ∈ H, output a classical de-
scription of H̃ ∈ H such that ‖H − H̃‖2 ≤ ε by making queries to U (t).

1.2. Summary of results. The main results of this work are query-efficient algorithms
for testing and learning Hamiltonians that are local and/or sparse. We can reproduce
these results without using quantum memory by increasing the number of queries.
For simplicity, in the introduction we assume that ‖H‖op = O(1), but in the main
text we make explicit the dependence of our algorithms with ‖H‖op. We summa-
rize our results with constant accuracy (constant parameters ε, ε1, ε2) in the Table
1.

Before we discuss our results in more detail, we make a few remarks about our main
results.

(i) As far as we know, this is the first work: (a) with complexities that are independent
of n (with memory)1, and (b) that does not assume knowledge of the support.2

(i i) We give the first learning algorithm for Hamiltonians that are only promised to
be sparse, and not necessarily local. Similarly, our local Hamiltonian learning
problem doesn’t assume geometric locality which was assumed in several prior
works.

(i i i) Our testing algorithms are tolerant, i.e., they can handle the setting where ε1 �= 0.
As far as we know, there are only a handful of polynomial-time tolerant testers
for quantum objects.

1 There are a few works that achieve n-independent complexities for learning local Hamiltonians in the ∞-
norm of the Pauli coefficients, but when transformed into 2-norm learners they yield complexities depending
on nk .

2 Soon after the third-author’s work [Gut24], Bakshi et al. [BLMT24] presented a learning algorithm that
does not require prior knowledge of the support, achieving Heisenberg scaling using heavy machinery.
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(iv) We show that all our learning protocols with quantum memory can be translated
to ones which require no quantum memory. In the case of learning structured
Hamiltonians, we obtain a protocol with only a factor log n overhead for local
Hamiltonians and a protocol with a factor n overhead for sparse Hamiltonians.3

(v) We also give a tolerant testing algorithm for s-sparse Hamiltonians that requires
no quantum memory based on a new subroutine called Pauli hashing. The query
complexity is poly(s) and is notably independent of dimension n.

(vi) Our learning algorithms are based on a subroutine that estimates arbitrary n-qubit
Hamilotmians with O(1/ε4) queries, albeit in the coarser metric of the �∞-norm
of the Pauli coefficients. As far as we know, this is the best result for unstructured
Hamiltonians. Notably, it is also the first time-efficient proposal for this problem.

We remark that most previous work on Hamiltonian learning (that we highlighted ear-
lier) are done under the distance induced by the supremum norm of the Pauli spectrum
and with extra constraints apart from locality [dSLCP11,HBCP15,ZYLB21,HKT22,
WKR+22,YSHY23,Car23,DOS23,HTFS23,LTN+23,MBC+23,SFMD+24,GCC24].
When transformed into learning algorithms under the finer distance induced by the
�2-norm of the Pauli spectrum, these proposals yield complexities that depend polyno-
mially on nk and only work for a restricted family of k-local Hamiltonians. The works
that explicitly consider the problem of learning under the �2-norm have complexities
depending on n and assume a stronger access model [CW23,BLMT24].

1.3. Results. Testing.Recently, Bluhm, Caro and Oufkir proposed a non-tolerant testing
algorithm, meaning that it only works for the case ε1 = 0, whose query complexity is
O(n2k+2/(ε2 − ε1)

4) and with total evolution time O(nk+1/(ε2 − ε1)
3). They posed as

open questions whether the dependence on n could be removed and whether an efficient
tolerant-tester was possible [BCO24a, Section 1.5]. Our first result gives positive answer
to both questions.

Result 1.3. There is an algorithm that solves Problem 1.1 for k-local Hamiltonians by
making poly(1/(ε2 − ε1)) queries to the evolution operator and with poly(1/(ε2 − ε1))

total evolution time.

See Theorem 4.1 for a formal statement of this result. Our algorithm to test for locality
is simple. It consists of repeating the following process 1/(ε2 − ε1)

4 times: prepare n
EPR pairs, applyU (ε2−ε1)⊗ Id2n to them and measure in the Bell basis. Each time that
we repeat this process, we sample from the Pauli sprectrum of U (ε2 − ε1).4 As ε2 − ε1
is small, Taylor expansion ensures that U (ε2 − ε1) ≈ Id2n − i(ε2 − ε1)H , so sampling
from the Pauli spectrum of U (ε2 − ε1) allows us to estimate the weight of the non-local
terms of H . If that weight is big, we output that H is far from k-local, and otherwise we
conclude that H is close to k-local.

Classically there have been many papers studying the problem of testing and learning
sparse Boolean functions [GOS+11,NS12,YZ20,EIS22], however there are not many

3 The difference in the overhead of n versus log(n) for learning Hamiltonians which are sparse versus local
respectively, is due to the fact that in our memory-less learning algorithms, we estimate the squares of all the
potentially non-zero Pauli coefficients. Upon applying an union bound, this incurs an overhead that scales
logarithmically in the number of potentially non-zero Pauli coefficients. If the Hamiltonian is promised to be
k-local, then there are O(nk ) potential non-zero Pauli coefficients, whereas if the Hamiltonian is promised to
be s-sparse, then there are 4n potentially non-zero Pauli coefficients.

4 The Pauli spectrum of a unitaryU =∑
x Ûxσx determines a probability distribution because

∑
x Ûx |2 =

1.
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results on learning sparse Hamiltonians (and not necessarily local). The only testing
result that we are aware of requires O(sn) queries and time O(4ns) [BCO24b, Remark
B.2]. Here, we present the first sparsity testing algorithm whose query complexity does
not depend on n. In addition, it is the first time-efficient algorithm for this task.

Result 1.4. There is an algorithm that solves Problem 1.1 for s-sparse Hamiltonians by
making poly(s/(ε2 − ε1)) queries to the evolution operator and with poly(s/(ε2 − ε1))

total evolution time.

See Theorem 4.3 for a formal statement. This testing algorithm consists on performing

Pauli sampling of U (

√
(ε2

2 − ε2
1)/s) a total of O(s4/(ε2

2 − ε2
1)4) times. From these

samples one can estimate the sum of the squares of the top s Pauli coefficients of U .
If this quantity is big enough, we output that the Hamiltonian is close to s-sparse, and
otherwise that is far. Although from this high-level description the algorithm seems
similar to the locality testing one, the analysis is more involved and requires taking the
second order Taylor expansion, which is the reason why the dependence on (ε2 − ε1) is
worse in this case.

Additionally, we provide a sparsity tester (Theorem 4.4) that only makes O(s2/ε4
2)

queries with O(s1.5/ε3
2) total evolution time, but only works in the regime ε1 = O(ε2/

√
s).

Learning. We first propose a protocol to learn unstructured Hamiltonians efficiently
in the coarser �∞ norm of the Pauli coefficients. Then, we turn it into a learner in the
�2 norm for local and sparse Hamiltonians. In particular, we propose the first learning
algorithm for sparse Hamiltonians which does not make any assumptions regarding the
support of the Hamiltonian beyond sparsity.5

Result 1.5. There is an algorithm that outputs estimates λ̃x such that |λx − λ̃x | ≤ ε for
every x ∈ {0, 1}2n by making O(1/ε4) queries to the evolution operator with O(1/ε3)

total evolution time.

See Theorem 4.6 for a formal result. The learning algorithm has two stages. In the first
stage one samples from the Pauli distribution of U (ε), as in the testing algorithm, and
from that one can detect which are the big Pauli coefficients of H . In the second stage we
learn the large Pauli coefficients via a subroutine based on Clifford Shadows (see Lemma
4.5). This subroutine allows to learn a set of m Pauli coefficients of a Hamiltonian with
log(m) queries to its time evolution operator, which may be of independent interest. For
Hamiltonians that are k-local, we have the following learning result in the �2-norm.

Result 1.6. There is an algorithm that solves Problem 1.2 for k-local Hamiltonians by
making exp(k2 + k log(1/ε)) queries to the evolution operator with exp(k2 + k log(1/ε))

total evolution time.

See Theorem 4.7 for a formal statement of this result. In the case that the Hamiltonian
is k-local, one can ensure that the coefficients not detected as big in the first stage of
the algorithm of Result 1.5 have a neglectable contribution to the �2-norm, from which
Result 1.6 follows. To argue this formally, we use the non-commutative Bohnenblust-
Hille inequality, which has been used recently for various quantum learning algorithms
[HCP23,VZ23]. For Hamiltonians that are s-sparse, we have the following learning
result in the �2-norm.

5 A concurrent work also dealt with the problem of learning sparse Hamiltonians [Zha24]. See Table 2 for
a comparison.
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Result 1.7. There is an algorithm that solves Problem 1.2 for s-sparse Hamiltonians by
making poly(s/ε) queries to the evolution operator with poly(s/ε) total evolution time.

See Theorem 4.9 for a formal statement. Result 1.7 follows by adding a rounding step
to the algorithm of Result 1.5 that ensures that all zero coefficients of the Hamiltonians
are also zero for the approximating Hamiltonian.

Learning and testing without quantum memory. Motivated by the limitations of
current devices, there has been a series of recent works to understand the power of
quantum memory in testing and learning tasks, exhibiting exponential separations in
some cases [CCHL22,CGY24,CLL24]. A natural question is, if the problems that we
mentioned above become harder without quantum memory?

Learning without memory. We surprisingly show that, the learning protocols that
we mention above, can be implemented efficiently when one has no quantum memory.
To this end, we provide two crucial subroutines for (i) estimating the Pauli spectrum
of a unitary, (i i) estimating a single Pauli coefficient to make our protocols work in the
memory-less setting. Subroutine (i i) incurs in no extra query-cost, and subroutine (i)
only incurs in a factor-n overhead in the case of learning s-sparse Hamiltonians and a
factor log(n) in the case of learning k-local Hamiltonians. These subroutines can also be
useful in other contexts. In particular, we give a tolerant tester that decides if an unknown
n-qubit unitary is a k-junta using O(4k) queries (see Proposition 3.5), thereby making
progress on a question of Chen et al. [CNY23, Section 1.3], and then we use subroutine
(i) to turn it into a memory-less tester that makes only O(4kn) queries.

Testing sparse Pauli channels via Pauli hashing. In order to test the s-sparsity of
Hamiltonians without memory we reduce the problem to that of testing the s-sparsity of
a Pauli channel � : ρ �→ ∑

x p(x)σxρσx , which is of independent interest. To tackle
this latter problem, we introduce a new technique called Pauli hashing. Pauli hashing
partitions the set of all n-qubit Pauli operators into O(s) buckets depending on their
commutation relations with a randomly chosen Pauli subgroup G. Each of the buckets
contain all the Paulis that would have the same commutation relations with elements
in G and these buckets in fact correspond to the cosets of the centralizer of G. This
partitioning is useful for testing sparsity for two reasons, which we show: (i) one can
efficiently compute the energies i.e., the sum of the error rates p(x) falling into any
given bucket; and (i i) the sum of the top s energies over the buckets is a good proxy of
the sum of the top s error rates p(x). Thus, one can estimate the sum of the top s error
rates. Moreover, we show that this sum is close to 1 if and only if � is close to being
s-sparse in the diamond norm, thereby allowing Pauli hashing to test for sparsity.

Result 1.8. There is an algorithm with no quantum memory that tests if a Pauli channel
is ε1-close to or ε2-far from being s-sparse in the diamond norm by making Õ(s2/(ε2 −
ε1)

6) queries to the channel.

See Theorem 5.3 for a formal statement. We remark that Pauli hashing only requires
the preparation of Pauli eigenstates and Pauli measurements, making it suitable for the
near-term.

Testing sparse Hamiltonians without memory. We provide a memory-less testing
algorithm for s-sparse Hamiltonians that uses Pauli hashing, that is completely indepen-
dent of our tester with memory and only requires poly(s/ε) queries and total evolution
time, notably avoiding any dependence on n. To do this, we reduce the problem of testing
Hamiltonian sparsity to testing the sparsity of an associated Pauli channel. To be precise,
given the time evolution channel Ht : ρ → U (t)ρU †(t), we define its Pauli-twirled
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Table 2. Comparison of algorithms for learning Hamiltonians with ‖H‖op ≤ 1. ∗ It can be improved to

O(1/ε2+o(1)) total evolution time and O(1/ε6+o(1)) queries by paying huge constant factors. † This algorithm
works for Hamiltonians with supx |λx | ≤ 1, a weaker constraint than ‖H‖op ≤ 1. ◦ This algorithm is the
only one in the table that uses no quantum memory. We provide an algorithm with no quantum memory for
k-local learning that performs as the one in the last row, but with an extra factor log n.

Hamiltonians Reference ttotal Queries Access model
Unstructured, �∞ error [Car23] n/ε4 n/ε4 Coherent queries

Theorem 4.6 1/ε3 1/ε4 Incoherent queries
s-sparse, �∞ error [Zha24]∗ 1/ε4 1/ε8 Coherent queries

[HMG+25]† s2/ε s2/ε Coherent queries
Theorem 4.9 1/ε3 1/ε4 Incoherent queries

k-local, �2 error [CW23] nk/ε2 nk/ε2 Controlled and inverse queries
[MFPT24]◦ (9n)k/ε (27n3)k/ε2 Coherent queries
Theorem 4.7 exp(k2)/εk exp(k2)/εk Incoherent queries

channel via

HT
t (ρ) = Ex [σxHt (σxρσx )σx ],

and we prove that Ht is sparse if and only if HT
t is sparse. Our result is then as follows.

See Theorem 5.7 for a formal statement.

Result 1.9. There is an algorithm with no quantummemory for Problem 1.2 for s-sparse
Hamiltonians bymaking poly(s/ε) queries to the evolution operator with poly(s/ε) total
evolution time.

Lower bounds. One drawback of our learning and testing algorithms is the exponent
of the sparsity parameter s, locality parameter k and the tolerance (ε2−ε1). Reducing to
classical Boolean functions, we show lower bounds without memory that certify that the
dependence on these parameters cannot be completely avoided, but an interesting and
important future direction is to obtain the optimal results for these near-term relevant
problems.6

Direct comparison to previouswork.Comparing the plethora of Hamiltonian learn-
ing algorithms can be challenging due to the different assumptions on the structure of
the Hamiltonians (local, sparse, geometrical structures, etc.), the different distances to
measure the error (�∞ norm of the coefficients, �2 norm, etc.), the different complex-
ity measures (queries, total evolution time, number of experiments, etc.), the different
access models (coherent/non-coherent queries, with/without memory, etc.) and the dif-
ferent goals of the algorithm (minimizing the dependence on the dimension parameters
like n, s, k, achieving the Heisenberg scaling 1/ε, etc.). Thus, we only include a direct
comparison in Table 2 with the works that explicitly consider the same structure and
the same error metric as us. As a summary, one can say that for constant ε our results
achieve better dependence on the parameters n, s, k than previous work, while also using
the weaker model of incoherent queries, where one can perform only one query before
measuring, as opposed to the coherent query model. We also want to remark that our
result for learning unstructured Hamiltonians is time-efficient, while the only previous
one is not [Car23].

6 We remark that Bakshi et al. [BLMT24] used highly non-trivial ideas to get Heisenberg scaling for their
learning algorithm, and potentially similar ideas could be useful here.
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1.4. Discussion and open questions. Our work opens up several interesting directions
which we state here and leave for future work.

1. Dependence on parameters ε1, ε2. Our main objective in this work was to obtain
query complexities for testing and learning with good dependence on the structural
parameters. It is natural to ask if we could improve the dependence on the error
parameters and perhaps achieve Heisenberg limited scaling as has been shown to be
possible in some particular cases for Hamiltonian learning [HTFS23,BLMT24].

2. Robustness to SPAM noise. It would be desirable to make the protocols introduced
in this work robust to state-preparation and measurement (SPAM) noise. A potential
approach is to adapt strategies in [FW20].

3. Adaptivity. For learning structured Hamiltonians, adaptive strategies [GFWC12,
DPW+23] can improve query complexity by shedding constant factors over baseline
learning algorithms, thereby improving performance in practice. Another direction
is to then explore adaptive protocols for testing structured Hamiltonians and the
performance gains they may bring.

4. Testing and learning with limited quantum memory. For estimating properties
of quantum states, Chen et al. [CCHL22] showcased the utility of the resource of
quantum memory or a k-qubit ancillary system (k < n). Large separations in query
complexity when learning with memory (even for k � n) and without memory have
been reported for learning Pauli channels [CZSJ22,CG23] and shadow tomography
[CGY24]. We could thus imagine having access to only limited quantum memory
during learning or testing structured Hamiltonians as well. However, it should be
noted that given the separation between the query complexities (see Table 1) with ac-
cess to n-qubit quantum memory and without any, only marginal gains in complexity
are expected from having access to limited quantum memory.

5. Testing and learning Hamiltonians from Gibbs states. Another natural learning
model is that of having access to copies of the Gibbs state of a quantum Hamilto-
nian at a certain inverse temperature. There has been a suite of work investigating
learning local Hamiltonians from Gibbs states [AAKS21,BLMT23] but answering
the question of testing structured Hamiltonians given access to copies of the Gibbs
state remains wide open.

Note added. After sharing Theorem 4.1 with Bluhm et al., they independently improved
the analysis of their testing algorithm and showed that it only requires O(1/(ε2−ε1)

3ε2)

queries and O(1/(ε2 − ε1)
2.5ε0.5

2 ) total evolution time, which is very similar to our
Theorem 4.1 [BCO24b]. In addition, for a wide range of k = O(n), their algorithm does
not require the use of auxiliary qubits.

2. Preliminaries

2.1. Notation. In this section we collect a few well-known facts that we will repeatedly
use in our proofs. The 1-qubit Pauli matrices matrices are defined as follows

I =
(

1 0
0 1

)

, X =
(

0 1
1 0

)

, Y =
(

0 −i
i 0

)

and Z =
(

1 0
0 −1

)

.

It is well-known that the n-qubit Pauli matrices {I, X,Y, Z}⊗n form an orthonormal basis
for C2n . In particular, for every x = (a, b) ∈ F

2n
2 , one can define the Pauli operator

σx = ia·b(Xa1 Zb1 ⊗ Xa2 Zb2 ⊗ · · · ⊗ Xan Zbn ).
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and these operators {σx }x∈F2n
2

are orthonormal. Hence, every n-qubit operator H can be
written down in its Pauli decomposition as

H =
∑

x∈{0,1}2n
λxσx ,

where the real-valued coefficients λx are given by λx = 1
2n Tr(Hσx ). Parseval’s identity

states that the normalized Frobenius norm of H , denoted as ‖H‖2, is the �2-norm of its
Pauli spectrum, i.e.,

‖H‖2 =
√

Tr[H†H ]
2n

=
√ ∑

x∈{0,1}2n
|λx |2.

We will repeatedly use that ‖H‖2 ≤ ‖H‖op, which holds because ‖H‖2
2 is the average

of the squares of the eigenvalues of H . We will also consider the �∞ norm of the Pauli
coefficients of an operator, which is given by

‖H‖�∞ = sup
x
|hx |.

Additionally, we will use ‖H‖ := max{‖H‖op, 1}.
Throughout this work, we will also use the following correspondence between {0, 1}2n

and {0, 1, 2, 3}n : i.e., for a, b ∈ F
n
2 and (a, b) ∈ {0, 1}2n , consider the string

(
(a1, b1),

. . . , (an, bn)
) ⊆ (F2

2)
n and one can write out (ai , bi ) as an element in {0, 1, 2, 3}.

Given x ∈ {0, 1, 2, 3}n , define |x | as the number of indices i ∈ [n] where xi �=
0, define

H>k =
∑

|x |>k

λxσx

and H≤k as
∑

|x |≤k λxσx . From the formulation of the 2-norm in terms of the Pauli
coefficients, it follows that ‖H>k‖2 ≤ ‖H‖2. We note that the distance of a Hamiltonian
H from the space of k-local Hamiltonians is given by ‖H>k‖2, as H≤k is the k-local
Hamiltonian closest to H . The �2-distance of H to being s-sparse also has a nice expres-
sion. Assign labels from [4n] to x ∈ {0, 1}2n in a way that and |λx1 | ≥ |λx2 | · · · ≥ |λx4n |.
Then,

∑
i∈[s] λxiσxi is the closest s-sparse Hamiltonian to H , so the �2-distance of H to

the space of s-sparse Hamiltonians is
√∑

i>s |λxi |2.

2.2. Necessary subroutines. Suppose U is a unitary and we write out its Pauli decom-
position as U = ∑

x Ûxσx , then by Parseval’s identity
∑ |Ûx |2 = Tr[U †U ]/2n = 1,

i.e., {|Ûx |2}x is a probability distribution. We will be using the fact below extensively.

Fact 2.1. Given access to a unitary U, one can sample from the distribution {|Ûx |2}x .
Proof. The proof simply follows by applying U ⊗ Id2n to n EPR pairs (i.e., preparing
the Choi-Jamiolkowski state of U ) and measuring in the Bell basis, because

U ⊗ Id2n |EPRn〉 =
∑

x∈{0,1}2n
Ûx

⊗

i∈[n]
(σxi ⊗ Id2|EPR〉),

and the Bell states can be written as σx ⊗ Id2|EPR〉 for x ∈ {0, 1, 2, 3}. ��
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We will also use that given a Hamiltonian H , the Taylor expansion of the exponential
allows us to approximate the time evolution operator as

U (t) = e−i t H = Id2n − i t H + ct2R1(t)‖H‖2
op (1)

for t ≤ 1/(2‖H‖op), where the first order remainder R1(t) is bounded ‖R1(t)‖op ≤ 1
and c > 1 is a constant. For more background on the Taylor expansion of functions of
matrices, see [Hig08, Section 4.3].

Fact 2.2 ([Can20]). Let p : X → [0, 1] be a distribution for a finite set X . Then, with
prob. ≥ 1 − δ,

O

(
log(1/δ)

ε2

)

samples from p, the empirical distribution p̃ satisfies maxx∈X |p(x) − p̃(x)| ≤ ε

Theorem 2.3 (Clifford shadows [HKP20]). Let ρ be an n-qubit state and let {Oi }i∈[M]
be n-qubit traceless observables. Assume that supi Tr[O2

i ] = O(1). Then, Algorithm 1
obtains estimates Õi,ρ such that, with probability 1 − δ, satisfy

|Tr[Oiρ] − Õi,ρ]| ≤ ε

for every i ∈ [M]. The algorithm uses O
(

log(M/δ)

ε2

)
copies of ρ.

Algorithm 1 Clifford shadows
Input: Copies of a quantum state ρ, target set of observables {Oi }i∈[M], error parameter ε ∈ (0, 1), and
failure parameter δ ∈ (0, 1)

1: Set T = O(log(M/δ)/ε2) and J = O(log(M/δ))

2: for j ∈ [J ] do
3: for k ∈ [T/J ] do
4: Apply a uniformly random Clifford gate C to a copy of ρ

5: Measure in the computational basis. Set |b j,k 〉 be the outcome
6: for i ∈ [M] do
7: Set Õi, j,k = (2n + 1)〈b j,k |C−1OiC |b j,k 〉
8: for i ∈ [M] do
9: Set Õi, j = Mean((Õi, j,k )k ), �Mean is the arithmetic mean of (Õi, j,1, . . . , Õi, j,T/J )

10: for i ∈ [M] do
11: Set Õi := Median((Oi, j ) j )

Output: (Õi )i∈[M]

2.3. Concentration inequalities. We state a few concentration inequalities that we use
often.

Lemma 2.4 (Hoeffding bound). Let X1, . . . , Xm be independent-random variables that
satisfy −ai ≤ |Xi | ≤ ai for some ai > 0. Then, for any τ > 0, we have

Pr
[∣
∣
∣
∑

i∈[m]
Xi −

∑

i∈[m]
E[Xi ]

∣
∣
∣ > τ

] ≤ 2 exp

(

− τ 2

2(a2
1 + · · · + a2

m)

)

.
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Lemma 2.5 (Bernstein inequality). Let X1, . . . , Xm be independent-random variables
with |Xi | ≤ M for some M > 0. Then,

Pr
[∣
∣
∣
∑

i∈[m]
Xi −

∑

i∈[m]
E[Xi ]

∣
∣
∣ > τ

] ≤ 2 exp

(

− τ 2/2
∑

i∈[m] Var[Xi ] + τM/3

)

.

2.4. Symplectic Fourier analysis. Consider x, y ∈ F
2n
2 with x = (x1, x2) and y =

(y1, y2). Define the symplectic inner product as

[x, y] = 〈x1, y2〉 + 〈x2, y1〉 mod 2. (2)

Under this notation, observe that

σxσy = (−1)[x,y]σyσx . (3)

The symplectic Fourier decomposition for functions f : F2n
2 → R is defined as

f (x) =
∑

a∈F2n
2

(−1)[a,x] (

f (a),

where the symplectic Fourier coefficients are defined as

(

f (a) = 1

4n
∑

x∈F2n
2

(−1)[a,x] f (x).

2.5. Subspaces, stabilizer groups and stabilizer states. Let V ⊆ {0, 1}2n be a set of
strings corresponding to Paulis. We will denoteC(V ) as the commutant of the set V (also
called centralizer of V when V is a group), defined as C(V ) = {c : [c, h] = 0 ∀ h ∈ V }.
We define A(V ) to be the quotient space F

2n
2 /C(V ).

Fact 2.6. Suppose V is a subspace of F2n
2 . Then,

1

|V |
∑

x∈V
(−1)[a,x] = [a ∈ C(V )],

where [·] is the indicator of the event in the parenthesis.
We will denote a stabilizer state corresponding to a stabilizer subgroup G of dimen-

sion k ≤ n as

ρG = 1

2n
∑

g∈G
σg, (4)

which will be a pure stabilizer state when dimension of G is k = n i.e., G is an n-qubit
stabilizer group. When k < n, then this will be a mixed state. Another useful state will
be the state obtained by action of a Pauli σx on ρG which we will denote by ρG,x and is
given by

ρG,x = σxρGσx = 1

2n
∑

g∈G
(−1)[x,g]σg. (5)

Note that if x ∈ C(G), then ρG,x equals ρG .
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2.6. Pauli Channels. An n-qubit channel E is called a Pauli channel if it can be written
as

E(ρ) =
∑

x∈{0,1}2n
p(x)σxρσx , (6)

where p(x) are referred to as the error rates corresponding to x ∈ {0, 1}2n . The eigen-
values of a Pauli channel, also called Pauli fidelities, are easy to compute as follows

λ(y) = 1

2n
Tr
(
σy · E(σy)

)
, (7)

where we have denoted the Pauli fidelity corresponding to y ∈ {0, 1}2n as λ(y). Of
relevance to us is that the Pauli fidelities and error rates are related via the symplectic
Fourier transform as

(

λ(α) = p(α) for all α ∈ {0, 1}2n . We define Spec(E) = {x ∈
{0, 1}2n : p(x) �= 0}.

We say that a Pauli channel is s-sparse if the corresponding set of Pauli coefficients
(or error rates) {p(x)}x∈F2n

2
contains at most s non-zero values. We define the energy of

the top s Pauli coefficients of a given Pauli channel E as Energy(E; s), expressed as

Energy(E; s) := max
T⊆F

2n
2 :

|T |=s

{∑

x∈T
p(x)

}
. (8)

We denote the distance between two Pauli channels E1 (with error rates {p1(x)}) and E2
(with error rates {p2(x)}) as the total variation distance between the error rates, namely

dist(E1, E2) = 1

2
‖p1 − p2‖1.

This distance is equivalent to the diamond distance up a factor 2 [MGE12, Section A].
We now give a simple formula for the distance of Pauli channels to the set of sparse
Pauli channels.

Claim 2.7. Let E be an n-qubit Pauli channel. Then, distance d(E, s-sparse) of E to the
set of s-sparse Pauli channels satisfies

(a) d(E, s-sparse) ≤ ε1 �⇒ Energy(E; s) ≥ 1 − 2ε1,
(b) d(E, s-sparse) ≥ ε2 �⇒ Energy(E; s) ≤ 1 − ε2.

Proof. We begin with (a). If d(E, s-sparse) ≤ ε1, then there is a s-sparse probability
distribution {q(x)}x such that

∑

x∈{0,1}2n
|p(x) − q(x)| ≤ 2ε1.

In particular, if S is the support of q(x), then
∑

x /∈S |p(x)| ≤ 2ε1, so
∑

x∈S |p(x)| ≥
1 − 2ε1, as desired. Now, we prove (b). Assume d(E, s-sparse) ≥ ε2. Let S ⊆ {0, 1}2n
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be the set of the s largest Pauli coefficients of E . Then, E ′(·) =∑
x∈S

p(x)
Energy(E,s)σx · σx

is a s-sparse Pauli channel. As such, it satisfies that

2ε2 ≤
∑

x∈S

∣
∣
∣
∣p(x) −

p(x)

Energy(E, s)

∣
∣
∣
∣ +
∑

x /∈S
p(x)

= 1 − Energy(E, s)

Energy(E, s)

∑

x∈S
p(x) +

(

1 −
∑

x∈S
p(x)

)

= 2(1 − Energy(E, s)),

where in the first line we have used thatEnergy(E, s) ≤ 1 and that
∑

x∈{0,1}2n p(x) = 1.

Now, (b) follows by dividing by 2 in both sides. ��

3. Technical Results

In this section, we will first prove our main structural theorems for Hamiltonians and pro-
vide subroutines which will be used later for testing and learning these structured Hamil-
tonians.

3.1. Structural lemma for local Hamiltonians. First, we prove a lemma regarding the
discrepancy on the weights of non-local terms of the short-time evolution operator for
close-to-local and far-from-local Hamiltonians.

Lemma 3.1. Let 0 ≤ ε1 < ε2. Let H be an n-qubit Hamiltonian and α = (ε2 −
ε1)/(3c‖H‖2), where c is the constant appearing in Eq. (1). If H is ε1-close to k-local,
then

‖U (α)>k‖2 ≤ (ε2 − ε1)
2ε1 + ε2

9c‖H‖2 ,

and if H is ε2-far from being k-local, then

‖U (α)>k‖2 ≥ (ε2 − ε1)
ε1 + 2ε2

9c‖H‖2 .

In particular, if H is ε2-far from local, then the quantity ‖U (α)>k‖2
2 is

(
(ε2 − ε1)

2/

(9c‖H‖2)
)2

larger than if H is ε1-close to local.

Proof. Recall that, as α ≤ 1/(2‖H‖op), then U (α) = Id2n − iαH + cα2R(α)‖H‖2
op

by Eq (1) where ‖R‖op ≤ 1. For simplicity, we set U = U (α) and R = R1(α). First,
assume that H is ε1-close to k-local, then by definition we have that ‖H>k‖2 ≤ ε1. Then

‖U>k‖2 ≤ α‖H>k‖2 + cα2‖R>k‖2‖H‖2
op ≤

ε2 − ε1

3c‖H‖2 ε1 + c

(
ε2 − ε1

3c‖H‖
)2

= (ε2 − ε1)
2ε1 + ε2

9c‖H‖2 ,
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where in the first inequality we have used the triangle inequality, and in the second that
H is ε1-close to k-local and that ‖R>k‖2 ≤ ‖R‖2 ≤ ‖R‖op ≤ 1. Now, assume that H is
ε2-far from being k-local (i.e., ‖H>k‖2 ≥ ε2). Then

‖U>k‖2 ≥ α‖H>k‖2 − cα2‖R>k‖2‖H‖2
op ≥

ε2 − ε1

3c‖H‖2 ε2 − c

(
ε2 − ε1

3c‖H‖
)2

≥ (ε2 − ε1)
ε1 + 2ε2

9c‖H‖2 ,

where in first inequality we have used triangle inequality on iαH = cα2‖H‖2R(α) −
U (α) to conclude α‖H>k‖2 ≤ ‖U>k‖2 + cα2‖R>k‖2, and in the second the fact that H
is ε2-far from k-local. ��

3.2. Structural lemma for sparse Hamiltonians. Similar to local Hamiltonians, we show
a discrepancy in the sum of the top Pauli coefficients of the short-time evolution operator
for close-to-sparse and far-from-sparse Hamiltonians. To formally state this result we
need to introduce the concept of top energy. Let U (t) the time evolution operator at
time t and let {Û (t)}x be its Pauli coefficients. We assign labels from {x0, . . . , x4n−1}
to x ∈ {0, 1}2n in a way that Ûx0 = Û0n and |Ûx1 | ≥ |Ûx2 | ≥ · · · ≥ |Ûx4n−1 |. Now, we
define the top energy at time t as

TopEnergy(t; s) := |Ûx0(t)|2 +
∑

i∈[s]
|Ûxi (t)|2,

Lemma 3.2. Let H be a n-qubit Hamiltonian with Tr[H ] = 0. Let t ∈ (0, 1/2‖H‖op).
On the one hand, if H is ε1-close to s-sparse, then

TopEnergy(t; s) ≥ 1 − ε2
1 t

2 − O(t3‖H‖3
ops).

On the other hand, if H is ε2-far from s-sparse, then

TopEnergy(t; s) ≤ 1 − ε2
2 t

2 + O(t3‖H‖3
ops).

Proof. For this proof we need to consider the 2nd order Taylor expansion of U (t),

U (t) = Id − i t H − t2H2/2 + O(t3‖H‖3
op)R2,

for t ≤ 1/(2‖H‖op) where R2 is the remainder of the series of order 2 that satisfies
‖R2‖op ≤ 1. Since Tr[H ] = 0 (so λ0n = 0), we have

Û0(t) = 1 − t2

2
·
∑

x∈{0,1}2n
λ2
x + O(t3‖H‖3

op),

so, using that |a2 − b2| = |a − b||a + b|, we have that
∣
∣
∣|Û0(t)|2 −

(
1 − t2

∑

x∈{0,1}2n
λ2
x

)∣∣
∣ = O(t3‖H‖3

op). (9)
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To control |Ux (t)| for x �= 02n , we use the first order Taylor expansion of U (t) =
Id2n − i t H + ct2R1(t)‖H‖2

op, for t ≤ 1/2‖H‖op, and get

∣
∣|Ûx (t)| − |tλx |

∣
∣ ≤ |Ûx (t)− (−i tλx )| ≤ ‖U (t)− (−i t H)‖2 ≤ O(t2‖H‖2

op)‖R1‖2

≤ O(t2‖H‖2
op), (10)

where we again used that ‖R1‖2 ≤ 1. From this, it follows that

∣
∣|Ûx (t)|2 − t2λ2

x

∣
∣ =

∣
∣
∣
(|Ûx (t)| − |tλx |

) · (|Ûx (t)| + |tλx |
)∣∣
∣

= O(t2‖H‖2
op)(|Ux | + |tλx |)

= O(t2‖H‖2
op)(2|tλx | + O(t2‖H‖2

op))

= O(t3‖H‖3
op),

where the second and third equality both used Eq. (10); and in the last line used |λx | ≤
‖H‖op. In particular, the above implies that

|Ûx (t)|2 ≥ t2|λx |2 − O(t3‖H‖3
op) (11)

Now we will define a quantity similar to the top energy, but now we will define the top
coefficients as the top coefficients of H . To be precise, we assign labels to {y0, . . . , y4n−1}
to the elements of {0, 1}2n in a way such that y0 = 02n and |λy1 | ≥ · · · ≥ |λy4n−1 |. We
now define

TopEnergyH (t; s) :=
(

1 − t2
∑

x∈{0,1}2n
λ2
x

)
+
∑

i∈[s]
(tλyi )

2.

If the top s Pauli coefficients of H coincided with the ones ofU (t) and there was no error
in the Taylor expansion, then TopEnergyH (t; s)(t) = TopEnergy(t; s). However, this
may not be true in general. Nevertheless, we show that both quantities are close to each
other. To this end,

TopEnergy(t; s) = |Ûx0(t)|2 +
∑

i∈[s]
|Ûxi (t)|2

≥ |Ûy0(t)|2 +
∑

i∈[s]
|Ûyi (t)|2

≥ (1 − t2
∑

x∈{0,1}2n
λ2
x

)
+
∑

i∈[s]
(tλyi )

2 − (s + 1)O(t3‖H‖3
op)

= TopEnergyH (t; s) − (s + 1)O(t3‖H‖3
op),

where in the first inequality we used that x1, . . . , xs correspond to the s largest coeffi-
cients of U (t), so

∑
i∈[s] |Ûxi (t)|2 is larger than the sum of the squares of any other s

coefficients of U ; in the second inequality we used Eqs. (9) and (11). Similarly, one can
check that TopEnergyH (t; s) ≥ TopEnergy(t; s) − (s + 1)O(t3‖H‖3

op), so

|TopEnergyH (t; s) − TopEnergy(t; s)| ≤ O(st3‖H‖3
op).
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Now, the claimed result follows by noticing that

TopEnergyH (t; s) = 1 − t2
∑

i>s

|λyi |2,

and that
∑

i>s |λyi |2 is the square of the �2-distance of H to the space of s-sparse
Hamiltonians, because

∑
i∈[s] λyiσyi is the s-sparse Hamiltonian closest to H . ��

3.3. Subroutines for learning without memory. Motivated by the difficulty of accessing
quantum memory in the NISQ era [Pre18], we propose two subroutines that serve the
purpose of substituting Pauli sampling (i.e., sampling from {|Ûx |2}x by creating the Choi
state corresponding to U as in Fact 2.1) and the SWAP test in our learning algorithms,
by protocols which do not require memory.

3.3.1. Estimating Pauli distribution Our first lemma constructs an algorithm to estimate
the Pauli distribution determined by a n-qubit unitary in �∞-error with just O(n) queries
to the unitary. These queries are performed on a random stabilizer state and the measure-
ment are also random stabilizer measurements, as in other quantum protocols used for
testing and learning [FW20,Yu21,FOS23,BCO24b]. Here we propose a novel classical
post-processing that allows us to emulate Pauli sampling in our context and others. In
particular, we propose an algorithm to tolerantly test if a unitary is a k-junta, making
progress in a question by Chen, Nadimpalli and Yuen [CNY23, Section 1.3], and show
that can be implemented without quantum memory.

Lemma 3.3. Let U be a n-qubit unitary, let S ⊆ {0, 1}2n. There is an memory-less
algorithm that makes O

(
log(|S|/δ)/ε2

)
queries to the unitary and provides estimates

|αx |2 such that
∣
∣|Ûx |2 − |αx |2

∣
∣ ≤ ε

for every x ∈ S. Furthermore, the algorithm only makes queries on stabilizer states and
only performs Clifford measurements.

To this end, we will look at its Pauli expansion from the {0, 1}2n point of view. Namely,
we will consider the expansion

U =
∑

x∈{0,1}2n
Ûxσx ,

where σ(a,b) = ia·bXa Zb. Before presenting our algorithm, we introduce a few facts,
whose proofs can be found in [BBRV02]. Let N = 2n . There exists subspaces G1,

. . . ,GN+1 ⊆ {0, 1}2n such that

• Gi = {x ∈ {0, 1}2n : [x, y] = 0, ∀y ∈ Gi }, ∀i ∈ [N + 1],
• Gi ∩ G j = {σ02n } if i �= j,
• |Gi | = N .

Let i ∈ [N ]. Then, |{0, 1}2n/Gi | = N . Let r ij ∈ {0, 1}2n for j ∈ [N ] be representatives

of the different equivalence classes of {0, 1}2n/Gi . Then, for every i, j ∈ [N ] the
following matrix determines a pure state

|φi, j 〉〈φi, j | = 1

N

∑

x∈Gi

(−1)
[r ij ,x]σx . (12)
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An important property is that Bi = {|φi, j 〉} j∈[N ] is an orthonormal basis ofC2n for every
i ∈ [N + 1]. Also, Bi are mutually unbiased bases and form a 2-design, meaning that

1

N (N + 1)

∑

i∈[N+1]

∑

j∈[N ]
|φi, j 〉〈φi, j | ⊗ |φi, j 〉〈φi, j | = I + F

N (N + 1)
, (13)

where F is the swap operator, i.e., F = ∑|xy〉〈yx | [BCO24b, Proposition 2.3]. We
make an extra remark: given i ∈ [N ], j ∈ [N + 1] and x ∈ {0, 1}2n , there exists a
unique �(i, j, x) such that

|〈φi,�(i, j,x)|σx |φi, j 〉| = 1. (14)

Indeed,

σx |φi, j 〉〈φi, j |σx =
∑

y∈Gi

(−1)
[r ij ,y]σxσyσx =

∑

y∈Gi

(−1)
[r ij+x,y]σy,

so σx |φi, j 〉〈φi, j |σx = |φi,�(i, j,x)〉〈φi,�(i, j,x)| for �(i, j, x) such that r i�(i, j,x) ∼Gi r
i
j + x .

Now, we are ready to introduce Algorithm 2 and prove Lemma 3.3.

Algorithm 2 Memory-less Pauli sampling

Input: Query access to a unitaryU , error parameter ε ∈ (0, 1), a setS ⊆ {0, 1}2n , failure parameter δ ∈ (0, 1)

1: Set T = O(log(|S|/δ)/ε2)

2: Initialize |αx |2 = |βx |2 = 0 for x ∈ S
3: for t = 1, ..., T do
4: Sample i ∈ [N + 1] and j ∈ [N ] uniformly at random
5: Prepare U |φi, j 〉
6: Measure in the basis Bi and let l be the outcome
7: for x ∈ S do
8: if l = l(i, j, x) then
9: |βx |2 ← |βx |2 + 1/T
10: for x ∈ S do |αx |2 = (N + 1)/N |βx |2 − 1/N

Output: (|αx |2)x∈S

Proof of Lemma 3.3. One iteration of Algorithm 2 consists of the following:

• Pick uniformly at random i ∈ [N + 1] and j ∈ [N ]:
• Prepare U |φi, j 〉:
• Measure the state in the basis according Bi . Suppose we obtain outcome �.

For every x ∈ {0, 1}2n , we define the following random variable that takes different
values depending on the outcome of the random iteration we just have described:

Mx =
{

0 if � �= �(i, j, x),
1 if � = �(i, j, x). (15)

Note that given that Mx takes values within a bounded interval, by the Hoeffding bound
and a union bound, we can estimate the expectation of Mx for every x ∈ S within error
ε with probability ≥ 1 − δ from O(log(|S|/δ)/ε2) repetitions of the iteration above,
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which requires 1 query and no quantum memory. Thus, it only remains to show that
these expectations are closely related to |Ûx |2. To this end, observe that

E[Mx ] = P[� = �(i, j, x)]
= 1

N (N + 1)

∑

i, j

|〈φi,�(i, j,x)|U |φi, j 〉|2

= 1

N (N + 1)

∑

i, j

|〈φi, j |σxU |φi, j 〉|2

= 1

N (N + 1)
Tr
(
(σxU )† ⊗ σxU ·

∑

i, j

|φi, j 〉〈φi, j |⊗2
)

= 1

N (N + 1)
Tr
(
(σxU )† ⊗ σxU · (I + F)

)

= 1

N (N + 1)
(Tr[U†σxσxU ] + |Tr[σxU ]|2)

= 1

N + 1
+

N

N + 1
|Ûx |2,

where in the third line we used the definition of �(i, j, x) (see Eq. (14)), in the fourth
line we have used Eq. (13). The equation above implies that,

|Ûx |2 = N + 1

N
E[Mx ] − 1

N
,

so ((N/N + 1)ε)-estimates of Mx yield ε-estimates of |Ûx |2.

Bonus application: Testing k-junta quantum unitaries. Now, we use Pauli sampling
to show that O(exp(k) poly(1/(ε2 − ε1))) queries are sufficient to test whether an n-
qubit unitary is ε2-far or ε1-close to k-junta. In addition, using Lemma 3.3 shows that
O(n exp(k) poly(1/(ε2 − ε1))) queries are sufficient for the same task in the absence
of memory. To the best of our knowledge, this is the first tolerant k-junta tester for
unitaries. Despite Õ(

√
k) queries being sufficient for non-tolerant testing [CNY23], the

worse k-dependence of our tolerant tester should not come as a surprise, as classical
tolerant testing of k-junta Boolean functions requires 
(2

√
k) samples, but the non-

tolerant tester requires only O(k) samples [Bla09,PRW22]. We will make use of the
following lemma by Wang [Wan11].

Lemma 3.4 ([Wan11]). LetU be an n-qubit unitary. IfU is ε1-close to k-junta in 2-norm,
then there exists K ⊆ [n] of size k such that

∑

supp(x)⊆K

|Ûx |2 ≥ 1 − ε2
1 .

On the other hand, if U is ε2-far from k-local in 2-norm, then for every K ⊆ [n] of
size k

∑

supp(x)⊆K

|Ûx |2 ≤ 1 − ε2
2

4
.
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Proposition 3.5. Let U be an n-qubit unitary and 0 < 2ε1 < ε2. One can test whether
U is ε2-far or ε1-close to k-junta in 2-norm by making O(16k/(ε2 − ε1)

4) queries to
U with n qubits of memory. In absence of memory, O(16kn/(ε2 − ε1)

4) queries are
sufficient.

Proof. Assume for the moment that we have a distribution (αx )x∈{0,1,2,3}n such that

|αx − |Ûx |2| ≤ ε2
2/4 − ε2

1

2 · 4k
(16)

for every x ∈ {0, 1, 2, 3}n . Then, for every K ⊆ [n] of size k we can approximate∑
supp(x)⊆K |Ûx |2 via

∑
supp(x)⊆K αx up to error (ε2

2/4− ε2
1)/2. Thanks to Lemma 3.4,

this is enough for testing if U is ε2-close to or ε1-far from local.
If we have access to n-qubits of quantum memory, then we can sample O(16k/(ε2

2 −
ε2

1)2) times from (|Ûx |2)x with O(16k/(ε2
2−ε2

1)2) queries via Fact 2.1, and the empirical
distribution will satisfy Eq. (16) thanks to Fact 2.2. If we have no access to quantum
memory, then O(16kn/(ε2

2 − ε2
1)2) queries are sufficient thanks to Lemma 3.3. ��

3.3.2. Estimating Pauli coefficients Below we give a protocol that allows one to estimate
the Pauli coefficients of the unknown unitary without quantum memory. It is based on the
fact that any non-identity Pauli operator can be written as the product of two other anti-
commuting Pauli operators, a fact which has been previously used in [Car23, Lemma
6.1].

Lemma 3.6. Let x ∈ {0, 1}2n and let H be an n-qubit traceless Hamiltonian. There
is a memory-less algorithm (Algorithm 3) that by making O(‖H‖4/ε4) queries to
U (ε/‖H‖2) on a product state and making Pauli measurements can output an estimate
λ̃x such that |λx − λ̃x | ≤ ε.

Algorithm 3 Memory-less Pauli coefficient estimation

Input: Query access to the time evolution of U (t) = e−i t H , error parameter ε ∈ (0, 1), x ∈ {0, 1}2n , failure
parameter δ ∈ (0, 1)

1: Set T = O((‖H‖4/ε4) log(1/δ))

2: Pick x ′, x ′′ ∈ {0, 1}2n , such that σx ′σx ′′ = aσx for some a ∈ {±i}, and σx ′σx ′′ = −σx ′′σx ′ . Set α = 0
3: for j = 1, ..., T do
4: Prepare ρ = (Id − σx ′ )/2n

5: Apply U (�(ε/‖H‖2)) to ρ

6: Measure in a eigenbasis of σx ′′ . Let α j be the ±1 eigenvalue of the measured eigenvector of σx ′′
7: α ← α + α j /T

Output: α/(2iεa)
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Proof. Let x ′, x ′′ ∈ {0, 1}2n and a ∈ {−i, i} such that σx ′σx ′′ = aσx and σx ′σx ′′ =
−σx ′′σx ′ . Then,

Tr
[
σx ′′ · e−i t H · Id − σx ′

2n
· eit H

]

= Tr
[
σx ′′ ·

(
Id2n − i t H + ct2R1(t)

) · Id − σx ′
2n

· (Id2n + i t H + ct2R1(t)
)]

= 1

2n

(
Tr[σx ′′ (Id − σx ′)] − i t Tr[σx ′′H(Id − σx ′)] + i t Tr[σx ′′(Id − σx ′)H ] + O(t2) Tr[σx ′′ R]

)

= 1

2n

(
− i t Tr[σx ′′H(Id − σx ′)] + i t Tr[σx ′′(Id − σx ′)H ]

)
+ O(t2)‖H‖2

= i t

2n
(−Tr[σx ′′H ] + Tr[σx ′σx ′′H ] + Tr[σx ′′H ] − Tr[σx ′′σx ′H ]) + O(t2)‖H‖2

= 2i ta

2n
Tr[σx H ] + O(t2)‖H‖2

= 2i taλx + O(t2)‖H‖2 (17)

where in the first line used the Taylor expansion, third inequality used ‖R‖op ≤ ‖H‖,
Tr[σx ′′ ] = Tr[σx ] = 0 and Tr[σx ′′R] ≤ ‖σx ′′ ‖1‖R‖op ≤ 2n‖H‖, and in the fifth
inequality we used that

σx ′σx ′′ = −σx ′′σx ′ = aσx .

Thus, by taking t = ε/‖H‖2 and dividing by 2iε/‖H‖2a on both sides of Eq. (17), we
have that

∣
∣
∣
∣λx − ‖H‖2

2iεa
· Tr

[
σx ′′e

−iεH Id − σx ′

2n
eiεH

]
∣
∣
∣
∣ = O(ε).

Hence, if we estimate Tr[σx ′′e−iε/‖H‖2H Id−σx ′
2n eiε/‖H‖2H ] up to error ε2/‖H‖2, which

can be done with O(‖H‖4/ε4) queries to e−iε/‖H‖2H , we obtain an ε-estimate of λx . ��

3.4. Pauli Hashing. In this section, we describe how the n-qubit Pauli operators may be
hashed or isolated into separate sets (which we will call buckets) based on their commu-
tation relations with a subgroup of Pauli operators that will be defined shortly. We will
then observe that given a function f : {0, 1}2n → [−1, 1] taking 2n-bit strings corre-
sponding to the Weyl operators to values in [−1, 1], the hashing process gives us access
to projections of these functions onto each of these buckets described by its symplectic
Fourier transform. This entire hashing process can thus be viewed as symplectic Fourier
hashing, analogous to Fourier hashing used by Gopalan et al. [GOS+11].

3.4.1. Hashing to cosets of a random subgroup We now describe our approach for pair-
wise independently hashing the Weyl operators (or the symplectic Fourier characters of
f defined earlier). Consider a set of 2n-bit strings β1, . . . , βt sampled independently and
uniformly at random from F

2n
2 . We define H to be the subspace H = span{β1, . . . , βt }

spanned by these t vectors. The dimension of H is thus t and |H | = 2t .7 The set of Weyl

7 We remark that the probability these t vectors are linearly independent is ≥ 1 − t2t−2n and since the t
we eventually pick will be � 2n, this probability is negligible and from here onwards for simplicity we will
assume that these vectors are linearly independent.
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operators corresponding to elements in H is a subgroup S of the n-qubit Pauli group and
the Weyl operators corresponding to {β j } j∈[t] are the generators of S. For each b ∈ F

t
2,

define the bucket

C(b) := {α ∈ F
2n
2 : [α, β j ] = b j ∀ j ∈ [t]}. (18)

Let C = {C(b)}b∈Ft2 be the set of all buckets. Moreover, observe that {C(b)} are the

cosets in A(H) = F
2n
2 /C(H), because z ∈ C(H) if and only if [z, β j ] = 0 for all

j ∈ [t]. Also, note that |C(H)| = 22n−t and |A(H)| = 2t . We now argue that this
indeed corresponds to a random hashing process, similar to [GOS+11, Proposition 2.9].

Proposition 3.7. The following facts are true for the random coset structure described
so far.

(i) For each α ∈ F
2n
2 \ 02n and each b, we have PrH [α ∈ C(b)] = 2−t .

(i i) Consider distinct α, α′ ∈ F
2n
2 . Then, PrH [α, α′ ∈ C(b) for some b] = 2−t .

(i i i) Suppose S ⊂ F
2n
2 with |S| ≤ s + 1. Then, t ≥ 2 log s + log(3) ensures all elements

in S fall into different buckets with probability at least 2/3.
(iv) For each b ∈ F

t
2 and distinct α, α′ ∈ F

2n
2 , we have PrH [α, α′ ∈ C(b)] = PrH [α ∈

C(b)] · PrH [α′ ∈ C(b)] i.e., the random variables [α ∈ C(b)] and [α′ ∈ C(b)] are
independent.8

Proof. (i) is true because as βi is chosen uniformly at random, so for a fixed α,
Pr[[α, βi ] = 1] = 1/2. (i i) follows by applying (i) to α − α′. (i i i) follows from
(i i) and a union bound over the ≤ s2 pairs of elements of S. To prove (iv) we divide
it in two cases. In the first case, α = 0n . As 0n always belongs to C(0t ), the statement
reads as PrH [α′ ∈ C(0t )] = PrH [α′ ∈ C(0t )], which is true. If both α, α′ �= 0n , then by
(i) the RHS of (iv) is 4−t . The LHS is 4−t too because

2−t =︸︷︷︸
(i i)

PrH [α, α′ ∈ C(b) for some b] =
∑

b∈{0,1}t
PrH [α, α′ ∈ C(b)]

and PrH [α, α′ ∈ C(b)] does not depend on b. ��
3.4.2. Projection of functions onto cosets We now describe the functions corresponding
to the different cosets obtained during hashing. Let V ⊆ F

2n
2 be a subspace. Consider the

symplectic complement of V , denoted by C(V ) = {z ∈ F
2n
2 : ∀v ∈ V, [z, v] = 0}. For

a ∈ F
2n
2 , define the coset a+V := {a+v : v ∈ V }. Given a function f : F2n

2 → [−1, 1],
we define the “projection function" f |a+V as

f |a+V =
∑

β∈a+V

(

f (β)χβ(z),

where χβ(x) = (−1)[β,x]. Notably, the symplectic Fourier coefficients of the projected
function are

(

f |a+V (α) =
{ (

f (α) if α ∈ a + V,

0 otherwise.

8 We remark that 02n will always lie in bucket corresponding to C(0t ). We can randomize this by further
adding a random permutation after the construction of the cosets as done in [GOS+11].
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Fact 3.8. The projected function f |a+V satisfies f |a+V (z) = Ex∈C(V ) [ f (x + z)χa(x)].

Proof. Expanding the right hand side, we have

Ex∈C(V ) [ f (x + z)χa(x)] = 1

|C(V )|
∑

x∈C(V )

⎡

⎢
⎣
∑

b∈F2n
2

(

f (b)(−1)[b,x+z]

⎤

⎥
⎦ (−1)[a,x]

= 1

|C(V )|
∑

b∈F2n
2

(

f (b)(−1)[b,z]
⎡

⎣
∑

x∈C(V )

(−1)[a+b,x]
⎤

⎦

= 1

|C(V )|
∑

b∈F2n
2

(

f (b)(−1)[b,z]|C(V )|[a + b ∈ V ]

=
∑

b∈F2n
2

(

f (b)(−1)[b,z][b ∈ a + V ]

=
∑

b∈a+V

(

f (b)(−1)[b,z]

= f |a+V (z),

where we expanded f (x + z) by considering its symplectic Fourier expansion in the
first equality, used Fact 2.6 in the fourth equality and the last equality follows from the
definition of the projected function. This completes the proof. ��

We define the weight wt f (a + V ) =∑
α∈a+V

(

f (α)2.

Fact 3.9. The weight of the function f on a coset a + V can be evaluated as

wt f (a + V ) = E
x∈F2n

2 ,

z∈C(V )

[χa(z) f (x) f (x + z)] .

This can be estimated up to ε-errorwith probability 1−δ using O(1/ε2 log(1/δ)) queries
to f .

Proof. Using Parseval’s theorem and Fact 3.8, we have that

wt f (a + V ) = E
w∈F2n

2

[
f |a+V (w)2

]
= E

w∈F2n
2
Ey1,y2∈C(V ) [ f (y1 + w) f (y2 + w)χa(y1 + y2)]

= Ey1,y2∈C(V )Ex∈F2n
2

[ f (x) f (y1 + y2 + x)χa(y1 + y2)]

= Ez∈C(V )Ex∈F2n
2

[ f (x) f (x + z)χa(z)] ,

where in the second line we rewrote x = y1 +w, and the third line we rewrote z = y1 + y2
and used that C(V ) is a subspace. Estimating the weight on a + V requires queries to
f . The query complexity follows from the Hoeffding bound (Lemma 2.4) and that the
term inside the expectation lies in [−1, 1]. ��

4. Testing and Learning with Quantum Memory

In this section, we give our testing and learning algorithms for local Hamiltonians.
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4.1. Testing local Hamiltonians. We now state our locality testing algorithm and prove
its guarantees.

Algorithm 4 Locality tester

Input: Query access to the time evolution ofU (t) = e−i t H , closeness and farness parameters ε1, ε2 ∈ (0, 1),
locality parameter k ∈ N and failure parameter δ ∈ (0, 1).

1: Set T = O(log(1/δ)‖H‖4/(ε2 − ε1)4)

2: Let t = (ε2 − ε1)/(3c‖H‖2) and U = U (t)
3: Initialize α′k = 0
4: for i = 1, ..., T do
5: Perform Pauli sampling from U . Let x ∈ {0, 1, 2, 3}n be the outcome.
6: if |x | > k then
7: α′k ← α′k + 1/T

8: IInitialize α′′k = 0
9: for i = 1, ..., T do
10: Perform Pauli sampling from U . Let x ∈ {0, 1, 2, 3}n be the outcome.
11: If |x | > k, α′′k ← α′′k + 1/T

Output: If α′k ≥ (3/4)(ε2−ε1)2/‖H‖2 or α′′k ≥ ((ε2−ε1)(ε1+2ε2)/(9c‖H‖2))2−((ε2−ε1)2/(18c‖H‖2))2

output that H is far from local, and close to local otherwise

Note: Steps 4 to 7 of the algorithm are the same as steps 8 to 11 and are unnecessary. The algorithm would
have the same guarantees if steps 4 to 7 were not performed, and one would output that H is far from local
only when α′′k ≥ ((ε2 − ε1)(ε1 + 2ε2)/(9c‖H‖2))2 − ((ε2 − ε1)2/(18c‖H‖2))2. However, we have included
this redundancy in order to have a cleaner analysis of the performance guarantees of the algorithm in the proof
of Theorem 4.1.

Theorem 4.1. Algorithm 4 solves the locality testing problem (Problem 1.1 with the
property of being k-local) with probability ≥ 1 − δ, by making O(‖H‖4/(ε2 − ε1)

4 ·
log(1/δ)) queries to the evolution operator and with O(‖H‖2/(ε2 − ε1)

3 · log(1/δ))

total evolution time.

Proof. Let t = (ε2 − ε1)/(3c‖H‖2) and let U = U (t). For notational simplicity, let
αk := ‖U>k‖2

2. We will first estimate αk upto error (ε2 − ε1)
2/(4‖H‖2). To do that we

sample from {|Ûx |2}x using Fact 2.1 a total of T = O(‖H‖4/(ε2−ε1)
4 log(1/δ)) times,

which can be done with T queries. If x1, . . . , xT are the outcomes of those samples, we
define our estimate as

α′k :=
1

T

∑

i∈[T ]
[|xi | > k].

By the Hoeffding bound, we have that indeed |α′k − αk | ≤ (ε2 − ε1)
2/(4‖H‖2) with

probability ≥ 1 − δ/2.
If α′k ≥ (3/4)(ε2 − ε1)

2/‖H‖2, then αk ≥ (ε2 − ε1)
2/(2‖H‖2), so by Lemma 3.1

we conclude that H is far from k-local. Otherwise, if α′k ≤ (3/4)(ε2 − ε1)
2/‖H‖2, then

αk ≤ (ε2 − ε1)
2/‖H‖2. Now we take again T samples from y1, . . . , yT from {|Ûx |2}x

and define a new estimate

α′′k =
1

T

∑

i∈[T ]
[|yi | > k].
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By definition α′′k equals αk in expectation. Furthermore, αk is the empirical average of
random variables whose variance is considerably small, because

E[[|y| > k]2] = E[[|y| > k]] = ‖U>k‖2
2 ≤

(ε2 − ε1)
2

‖H‖2 .

Then, an application of Bernstein’s inequality (Lemma 2.5) shows that α′′k approximates
‖U>k‖2

2 up to error ((ε2 − ε1)
2/(18c‖H‖2))2 with success probability 1 − δ/2. At this

point, using our structure Lemma 3.1, this is sufficient for testing k-locality. ��
We also note that the algorithm for testing locality can be used in more generality for

testing if the support of the Hamiltonians is a given S ⊆ {0, 1, 2, 3}n . Also, by a union
bound one can test for M supports S1, . . . ,SM by paying a factor log(M).

Theorem 4.2. Let H be a n-qubit Hamiltonian and let S1, . . . ,SM ⊆ {0, 1, 2, 3}n.
Then, with O(‖H‖4/(ε2 − ε1)

4 log(M/δ)) queries and O(‖H‖2/(ε2 − ε1)
3 log(M/δ))

total evolution time one can simultaneously, for every i ∈ [M], test if H is ε1-close to
or ε2-far from being supported on Si .
Theorem 4.1 is one case of Theorem 4.2 where M = 1 and S1 = {x ∈ {0, 1, 2, 3}n :
|x | ≤ k}.

4.2. Testing sparseHamiltonians. Now we state our sparsity testing algorithm and prove
its guarantees.

Algorithm 5 Fully tolerant sparsity tester

Input: Query access to the time evolution ofU (t) = e−i t H , closeness and farness parameters ε1, ε2 ∈ (0, 1),
sparsity parameter s ∈ N and failure parameter δ ∈ (0, 1)

1: Set T = O(s6‖H‖12/(ε2
2 − ε2

1)6 · log(1/δ))

2: Let t = O((ε2
2 − ε2

1)/s‖H‖3) and U = U (t)

3: Perform Pauli sampling from U a total of T times. Let (|αx |2)x∈{0,1,2,3}n the empirical estimate of

(|Ûx |2)x obtained this way.
4: Let |αx1 |2, . . . , |αxs |2 the s-biggest elements of (|αx |2)x∈{0,1,2,3}n−{0n }
5: Set � = |α0n |2 +

∑
i∈[s] |αxi |2.

Output: If � ≥ 1− ε2
1

(ε2
2−ε2

1)2

s2‖H‖6 − 1
2

(ε2
2−ε2

1)3

s2‖H‖6 output that H is close to sparse, and far from sparse otherwise

Theorem 4.3. Algorithm 5 solves the s-sparsity testing problemwith probability≥ 1−δ,
by making O(s6‖H‖12/(ε2

2 −ε2
1)

6 · log(1/δ)) queries to the evolution operator and with
O(s5‖H‖9/(ε2

2 − ε2
1)

5 · log(1/δ)) total evolution time.

Proof. Let t = O((ε2
2 − ε2

1)/s‖H‖3), which satisfies t ≤ 1/(2‖H‖op). By Lemma 3.2
we have that if H is ε1-close to being sparse, then

TopEnergy(t; s) ≥ 1 − ε2
1
(ε2

2 − ε2
1)2

s2‖H‖6 − 1

3

(ε2
2 − ε2

1)
3

s2‖H‖6 ,



Testing and Learning Structured Page 27 of 54    16 

while if H is ε2-far from s-sparse, then

TopEnergy(t; s) ≤ 1 − ε2
2
(ε2

2 − ε2
1)

2

s2‖H‖6 +
1

3

(ε2
2 − ε2

1)
3

s2‖H‖6 .

From here, it follows that to test for sparsity, it suffices to estimate TopEnergy(t; s) up
to error

ε = 1

2

(

1 − ε2
1
(ε2

2 − ε2
1)2

s2‖H‖6 − 1

3

(ε2
2 − ε2

1)
3

s2‖H‖6 −
{

1 − ε2
2
(ε2

2 − ε2
1)

2

s2‖H‖6 +
1

3

(ε2
2 − ε2

1)
3

s2‖H‖6

})

= (ε2
2 − ε2

1)
3

6s2‖H‖6 .

To do that we will obtain an estimate ({|αx |2}x of {|Ûx |2}x and use it to approximate
TopEnergy(t; s). Using Fact 2.2, we obtain an empirical distribution {|αx |2}x that is
obtained after T = O(s2 log(1/δ)/ε2) samples from {|Ûx |2}x (which can be performed
with T queries to U (t) thanks to Fact 2.1) satisfies that

∣
∣|αx |2 − |Ûx |2

∣
∣ ≤ ε

2s + 1
(19)

for all x ∈ {0, 1}2n with probability ≥ 1 − δ. We assign new labels y0, y1, . . . , y4n−1
to {0, 1}2n in a way such that |αy0 |2 = |α0n |2 and |αy1 |2 ≥ · · · ≥ |αy4n−1 |2. Now, we
define our estimate for TopEnergy(t; s) as

TopEnergy′(t; s) = |αy0(t)|2 + 2
∑

i∈[s]
|αyi (t)|2.

It only remains to show that TopEnergy′(t; s) ε-approximates TopEnergy(t; s). We
will see that in two steps. First,

TopEnergy′(t; s) = |αy0(t)|2 + 2
∑

i∈[s]
|αyi (t)|2

≥ |αx0(t)|2 + 2
∑

i∈[s]
|αxi (t)|2

≥ |ux0(t)|2 + 2
∑

i∈[s]
|uxi (t)|2 − ε

= TopEnergy(t; s) − ε,

where the second line is true by definition of y0, . . . , y4n−1 and the third line is true
because Eq. (19). Switching the roles of TopEnergy′(t; s) and TopEnergy(t; s), one
can prove that TopEnergy(t; s) ≥ TopEnergy′(t; s) − ε.

Complexity analysis. We have queried U (t) a total of T = O(s2 log(1/δ)/ε2)

times with ε = (ε2
2 − ε2

1)3/(6s2‖H‖6) and t = O((ε2
2 − ε2

1)/(s‖H‖3)), so the number
of queries is

O

(
s6‖H‖12

(ε2
2 − ε2

1)
6

log(1/δ)

)
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and the total evolution time

O

(
s5‖H‖9

(ε2
2 − ε2

1)5
log(1/δ)

)

.

��
Furthermore, for the regime where ε1 = O(ε2/s0.5) we propose a more efficient testing
algorithm.

Algorithm 6 Less tolerant sparsity tester

Input: Query access to the time evolution of U (t) = e−i t H , sparsity parameter s ∈ N, closeness and farness
parameters ε1, ε2 ∈ (0, 1) satisfying ε1 = O(ε2/

√
s) and failure parameter δ ∈ (0, 1)

1: Set T = O(‖H‖4s2/ε4
2 · log(1/δ))

2: Let t = 
(ε2/(
√
s‖H‖2)) and U = U (t)

3: Perform Pauli sampling from U a total of T times. Let X the set of sampled Paulis.

Output: If |X − {02n}| ≤ s output that H is close to sparse, and far from sparse otherwise

Theorem 4.4. Algorithm 6 solves the s-sparsity testing problemwith probability≥ 1−δ

for ε1 = O(ε2/s0.5). The algorithm makes O(s2‖H‖4/ε4
2 · log(1/δ)) queries to the

evolution operator and uses O(s1.5‖H‖2/ε3
2 · log(1/δ)) total evolution time.

Proof. By the first order Taylor expansion, Eq. (1), we have that

U (t) = Id − i t H + ct2R1(t)‖H‖op

with ‖R1‖2
op ≤ 1 for

t ≤ 1/2‖H‖op. (20)

We will assume that δ = 1/3, as the case δ ∈ (0, 1/3) follows by a standard majority
voting argument.

Algorithm 6 is simple. One just performs Pauli sampling of U = U (t) a number of
T times, for some t and T to be determined later. Let X be the labels of the Pauli strings
sampled in this process. If |X − {02n}| ≤ s we output that H is sparse, and otherwise
we output that is far from sparse. It remains to analyze the correctness.

Correctness. In the case that H is ε1-close to s-sparse, there exists S ⊆ {0, 1}2n of
size s where H is ε1-concentrated. Then, by Taylor expansion,
√ ∑

x /∈(S∪{02n})
|Ûx |2 ≤ t

√ ∑

x /∈(S∪{02n})
|λx |2 + ct2‖H‖2

op ≤ tε1 + ct2‖H‖2
op ≤ 2ct2‖H‖2,

where in the last inequality we have assumed that

ε1 ≤ ct‖H‖2. (21)

Hence, the probability of sampling an element outside S ∪ {02n} in one sample is at
most 4c2t4‖H‖4. Thus, the probability of not sampling an element outside S ∪ {02n} in
T samples is at least

(1 − 4c2t4‖H‖4)T ≥ 1 − 4c2t4‖H‖4T .



Testing and Learning Structured Page 29 of 54    16 

In particular, if

T ≤ 1

3

1

4c2t4‖H‖4 (22)

it will be satisfied that |X − {02n }| ≤ s with probability ≥ 2/3, as desired.
In the case that H is ε2-far from s-sparse, we will perform an analysis similar to the

coupon collector problem. By Taylor expansion, we have that for every set S of size s,

√ ∑

x /∈(S−{02n})
|Ûx |2 ≥ ε2t − ct2‖H‖2

op ≥
ε2t

2
, (23)

where we have assumed that

‖H‖2
opct ≤ ε2/2. (24)

Let Xi be the random variable that accounts for the number of samples between the
(i−1)-th sampled non-02n-Pauli and the i-th sampled non-02n-Pauli. Applying Eq. (23)
to every Xi , it follows that E[Xi ] ≤ 4/ε2

2 t
2 for every i ∈ [s + 1], so

E[X1 + · · · + Xs+1] ≤ 4(s + 1)

ε2
2 t

2
.

Hence, by Markov’s inequality, if

T ≥
√

34(s + 1)

ε2
2 t

2
(25)

it will be satisfied that |X − {02n}| ≥ s + 1 with probability ≥ 2/3, as desired.
Finally, we note that we have assumed conditions Eqs. (20) to (22),(24) and (25) to

ensure the correctness of the algorithm. All these equations are satisfied provided that

t = ε2

‖H‖2
√

48
√

3c2(s + 1)

= 


(
ε2√

s‖H‖2

)

,

T = 1

12c2t4‖H‖4 = O

(
s2‖H‖4

ε4
2

)

,

ε1 ≤ ε2
√

48
√

3(s + 1)

= O

(
ε2√
s

)

.

��



   16 Page 30 of 54 S. Arunachalam, A. Dutt, F. E. Gutiérrez

Algorithm 7 Estimating a given set of Pauli coefficients of a Hamiltonian

Input:Query access to the time evolution ofU (t) = e−i t H , target set of Pauli coefficientsX ⊆ {0, 1}2n−{0n},
error parameter ε ∈ (0, 1), and failure parameter δ ∈ (0, 1)

1: Set T = O(‖H‖4/ε4 · log(|X |/δ)) and t0 = �(ε/‖H‖2)

2: Set U = U (t0)

3: for j ∈ [T ] do
4: Prepare |J (U )〉 = (U ⊗ Id2n )|EPRn〉
5: Apply a uniformly random Clifford gate C
6: Measure in the computational basis. Let |b j 〉 be the outcome
7: for x ∈ X do
8: Let Rx, j = (2n + 1)〈b j |C−1RxC |b j 〉 and Ix, j = (2n + 1)〈b j |C−1IxC |b j 〉
9: for x ∈ X do
10: Set R̃x := MedianOfMeans(Rx, j ) j and Ĩx := MedianOfMeans(Ix, j ) j
Output: ((R̃x + i Ĩx )/(−i t))x∈X

4.3. Learning unstructured and structured Hamiltonians. We start by showing how to
efficiently learn an arbitrary n-qubit Hamiltonian in �∞ error. To do that, we propose
a protocol to estimate a given set of Pauli coefficients X of a Hamiltonian via Shadow
tomography. To describe the protocol, we introduce the following 2n-qubit observables.
Given x ∈ {0, 1}2n , we define

Rx := 1

2
(|Bell02n 〉〈Bellx | + |Bellx 〉〈Bell02n |),

Ix := 1

2
(−i |Bell02n 〉〈Bellx | + i |Bellx 〉〈Bell02n |),

where |Bellx 〉 := (Id ⊗ σx )|EPRn〉.
Lemma 4.5. Let H be an n-qubit traceless Hamiltonian and X ⊆ {0, 1}2n. Then, Algo-
rithm 7 allows to estimate the Pauli coefficients corresponding to X with success prob-
ability ≥ 1 − δ. It uses O((log |X |/δ)‖H‖4/ε4) queries and O(log(|X |/δ)‖H‖2/ε3)

total evolution time.
The minimum evolution time is ε/‖H‖2, the number of ancillas is n, and the time

complexity is O(poly(n)|X |‖H‖4/ε4 · log(|X |/δ)).
Proof. Correctness of the algorithm: Let t0 = �(ε/‖H‖2) and U = U (t0). As
Tr[R2

x ] = Tr[I2
x ] = 2, by Theorem 2.3, the numbers R̃x and Ĩx that Algorithm 7

outputs satisfy

|Tr[Rx |J (U )〉〈J (U )|] − R̃x | ≤ ε2

‖H‖2 , |Tr[Ix |J (U )〉〈J (U )|] − Ĩx | ≤ ε2

‖H‖2 ,

(26)

for every x ∈ X with probability ≥ 1 − δ. By Taylor expansion, as λ02n = 0, we have
that |Û02n − 1| ≤ O(t2

0‖H‖2). Thus,

Tr[Rx |J (U )〉〈J (U )|] = 1

2
(ÛxÛ

∗
02n + Û02n Û∗

x )

= Re(ÛxÛ
∗
0 ) = Re(Ûx ) ± O(t2

0‖H‖2), (27)
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and similarly Tr[Ix |J (U )〉〈J (U )|] = Im(Ûx ) ± O(t2
0‖H‖2). Hence, combining Eqs.

(26) and (27) we have that

|Ûx − (R̃x + i Ĩx )| ≤ ε2

‖H‖2 + O(t2
0‖H‖2) ≤ O

(
ε2

‖H‖2

)

,

for every x ∈ X . Finally, by Taylor expansion we have that |Ûx/(−i t0) − λx | ≤
O(t0‖H‖2), so

∣
∣
∣
∣λx − R̃x + i Ĩx

−i t0

∣
∣
∣
∣ ≤ O

(
ε2

t0‖H‖2

)

+ O(t0‖H‖2) = O(ε),

for every x ∈ X , as claimed.
Time complexity: The time complexity is dominated by the first loop in Algorithm

7, whose time complexity is O(|X | · T · (test + poly(n)), where the poly(n) comes from
applying a random Clifford gate and test is the time taken to compute 〈b|C−1RxC |b〉
for an n-qubit Clifford gate C and a computational basis state |b〉. Now, expanding Rx
one can write 〈b|C−1RxC |b〉 as an algebraic expression of a finite number of terms of
the kind 〈y|D|z〉, where |y〉 and |z〉 are computational basis states and D a Clifford gate.
Hence, via Gottesman-Knill theorem [Got98,AG04] follows that test = O(n2), so the
total time complexity is O(poly(n)|X |‖H‖4/ε4 · log(|X |/δ)). ��

Now, we are ready to present our learning algorithm for arbitrary Hamiltonians with
no promise about its structure.

Algorithm 8 Learning unstructured Hamiltonians

Input: Query access to the time evolution of U (t) = e−i t H , error parameter ε ∈ (0, 1), and failure parameter
δ ∈ (0, 1)

1: Set T = O(‖H‖4/ε4 · log(‖H‖2/ε2δ)) and t0 = �(ε/‖H‖2)

2: Set U = U (t0)

3: Set X = ∅
4: for j ∈ [T ] do
5: Prepare |J (U )〉 = (U ⊗ Id2n )|EPRn〉
6: Measure in the Bell basis and add the outcome x ∈ {0, 1}2n to X if x �= 02n

7: Run Algorithm 7 run with U (t), X , ε and δ as inputs. Let (̃λx )x∈X the output.
Output: H̃ =∑

x∈X λ̃xσx

Theorem 4.6 (Learning unstructured Hamiltonians). Let H be an n-qubit and traceless
Hamiltonian. Then, Algorithm 8 ε-learns H in the �∞ norm with success probability
≥ 1− δ. It uses Õ((‖H‖/ε)4) queries to the evolution operator and Õ(‖H‖2/ε3) total
evolution time. The minimum evolution time is�(ε/‖H‖2), the algorithm uses n ancilla
qubits and only one round of adaptivity, and the time complexity is poly(n, 1/ε, ‖H‖).
Proof. Let t0 = �(ε/‖H‖2), U = U (t0) and T = O(‖H‖4/ε4 · log(‖H‖2/ε2δ)), as
in Algorithm 8.

Correctness: We claim that with probability≥ 1−δ the setX generated in Algorithm
8 contains all x such that

|λx | ≥ ε, (28)
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and that

|X | ≤ Õ

(‖H‖4

ε4

)

. (29)

To show Eq. (28) we note that by Taylor expansion, if |λx | ≥ ε, then |Ûx | = 
((ε2/‖H‖2)),
so |Ûx |2 = 
((ε4/‖H‖4)). Hence, the probability that such an x does not belong to X ,
which stores the non-02n outcomes of sampling from (|Ûx |2)x , is at most

(
1 − |Ûx |2

)T ≤ e−T |Ûx |2 ≤ ε2δ

‖H‖2 .

Hence, as there is at most ‖H‖2/ε2 coefficients with |λx | ≥ ε, because
∑

x |λx |2 ≤
‖H‖2, Eq. (28) follows from a union bound. Eq. (29) holds because |X | ≤ T .

Now, if Eqs. (28) and (29) are satisfied, Algorithm 7 provides estimates of the coef-
ficients of X , which contains all labels x of coefficients |λx | ≥ ε.

Complexities: The query complexity is 2T = Õ(‖H‖4/ε4), the minimum evolution
time t0 = �(ε/‖H‖2) and the total time evolution 2T t0 = Õ(‖H‖2/ε3). Additionally,
the time complexity of Algorithm 8 is dominated by the call to Algorithm 7, which runs
in time O(poly(n)|X |‖H‖2/ε2), which thanks to Eq. (29) is poly(n, 1/ε, ‖H‖). ��

4.3.1. Learning local Hamiltonians We now introduce our local Hamiltonian learner
and prove its guarantees.

Algorithm 9 Local Hamiltonian learner
Input: Query access to the time evolution of U (t) = e−i t H , error parameter ε ∈ (0, 1), locality parameter
k ∈ N and failure parameter δ ∈ (0, 1)

1: Set T = exp(O(k2 + k log(1/ε)) log(1/δ)

2: Let t = εk+1 exp(−k(k + 1)/2) and U = U (t)
3: Set γ = (ε/‖H‖2)k+1 exp(−k(k + 1)/2) and β = γ ε/‖H‖
4: Learn β-estimates λ′x of λx via Algorithm 8
5: for |x | ≤ k do
6: if |λ′x | ≤ γ then
7: λ̃x = 0
8: else
9: λ̃x = λ′x
Output:

∑
x≤k λ̃xσx

Theorem 4.7. Given a n-qubit k-local Hamiltonian H, Algorithm 9 outputs H̃ such that
with probability ≥ 1 − δ satisfies ‖H − H̃‖�2 ≤ ε. The algorithm makes exp(O(k2 +
k log(‖H‖2/ε)) log(1/δ) queries to the evolution operator with exp(O(k2

+ k log(‖H‖2/ε)) log(1/δ) total evolution time.

To prove this theorem, we use the non-commutative Bohnenblust-Hille inequality [VZ23].

Theorem 4.8 (Non-Commutative Bohnenblust–Hille inequality). Let H =∑
x λxσx be

a k-local Hamiltonian. Then, there is a universal constant C such that

H̃ =
∑

x∈{0,1}2n
|λx | 2k

k+1 ≤ Ck‖H‖.
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Proof of Theorem 4.7. We only analyze the correctness of Theorem 9, as the complexity
quickly follows from Theorem 4.6. In this proof we also use the notation of Algorithm
9. The �2-error of approximating H with H̃ is

‖H̃ − H‖2
�2
=

∑

|λ′x |≤γ

|λx |2 +
∑

|λ′x |≥γ,|x |≤k
|λx − λ′x |2. (30)

We show separately that the two terms are at most O(ε2). To bound the contribution of
the small Pauli coefficients, we first note that by Theorem 4.6 we have that

|λ′x | ≤ γ �⇒ |λx | ≤ γ + β = O(γ ). (31)

Hence,
∑

|λ′x |≤γ

|λx |2 ≤
∑

|λx |≤O(γ )

|λx |2 ≤ O(γ
2

k+1 )
∑

x∈{0,1}2n
|λx | 2k

k+1 ≤ γ
2

k+1 (Ck‖H‖2)
2k
k+1 = O(ε),

(32)

where in the first inequality we used Eq. (31), in the third inequality we used Theorem
4.8 and in the last inequality that γ = (ε/‖H‖2)k+1 exp(−k(k + 1)/2). To bound the
contribution of the coefficients |λx | ≥ γ we notice that there is at most ‖H‖2/γ 2 of
them, because

∑
x |λx |2 ≤ ‖H‖2. Thus,

∑

|λ′x |≥γ,|x |≤k
|λx − λ′x |2 ≤

‖H‖2

γ 2 sup
x
|λx − λ′x |2 ≤

‖H‖2β2

γ 2 = ε2,

where in the second inequality we use the λ′x are β-estimates of λx and in the last equality
we use that β = γ ε/‖H‖.

4.3.2. Learning sparse Hamiltonians In this section we introduce our sparse Hamilto-
nian learner and prove its guarantees.

Algorithm 10 Sparse Hamiltonian learner

Input: Query access to the time evolution of U (t) = e−i t H , error parameter ε ∈ (0, 1), sparsity parameter
s ∈ N and failure parameter δ ∈ (0, 1)

1: Learn (ε/2)-estimates λ′x of λx via Algorithm 8
2: for x ∈ {x : λ′x �= 0} do
3: if λ′x ≤ ε/2 then
4: λ̃x = 0
5: else
6: λ̃x = λ′x
Output: H̃ =∑

x λ̃xσx

Theorem 4.9 (Sparse Hamiltonian learning). Given an n-qubit, s-sparse Hamiltonian
H, Algorithm 10 outputs another Hamiltonian H̃ =∑

λ̃xσx such that, with probability
≥ 1− δ, satisfies ‖H − H̃‖�∞ ≤ ε. The algorithm uses Õ(‖H‖4/ε4 · log(1/δ)) queries
and Õ(‖H‖2/ε3 · log(1/δ)) total evolution time.

Furthermore, if λx = 0, then λ̃x = 0. This implies that running Algorithm 10 with
ε = ε′/

√
s outputs H̃ such that ‖H − H̃‖�2 ≤ ε′. In this case, the algorithm uses

Õ(‖H‖4s2/ε′4 · log(1/δ)) queries and Õ(‖H‖2s1.5/ε′3 · log(1/δ)) total evolution time.
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Proof. The first part, concerning learning in the �∞ error follows from Theorem 4.6.
The fact that λx = 0, then λ̃x = 0 follows from Line 3 of Algorithm 10. Finally, we note
that having λx = 0 �⇒ λ̃x = 0 and |λx − λx | ≤ ε′/

√
s, implies ‖H − H̃‖�2 ≤ ε′.

Indeed,

‖H − H̃‖�2 =
∑

λx �=0

|λx − λ̃x |2 ≤ s sup
x
|λx − λ̃x |2 = ε′2,

where in the first step we have used that λx = 0 �⇒ λ̃x = 0, in the second that
|λx − λx | ≤ ε′/

√
s and in the third that H is s-sparse. ��

We remark here that, our testing complexity is larger than our learning complexity,
which might make it seem as if our testing result is trivial. But crucially, our testing algo-
rithm here is in the much harder framework of tolerant testing: in this harder framework,
it is unclear if proper learning algorithms imply tolerant testing algorithms.9

5. Testing and Learning Without Quantum Memory

5.1. Learning without memory. In this section, we use the subroutines that we estab-
lished in Sect. 3.3 to remove the need for quantum memory in our learning algorithms.

Theorem 5.1. Let H be a n-qubit traceless Hamiltonian. There are memory-less algo-
rithms such that, with probability ≥ 1 − δ,

• they learn H up to error ε in �∞ error using Õ(‖H‖8n log(1/δ)/ε8) queries and
Õ(‖H‖7n log(1/δ)/ε6) total evolution time,
• if H is k-local, they learn H in ε error in �2 norm using just exp(O(k2 + k log
(‖H‖2/ε))) log(n/δ) queries and total evolution time.
• if H is s-sparse, they learn H in ε error in�2 normusing just Õ(‖H‖8s4n log(1/δ)/ε8)

queries and Õ(‖H‖7s3n log(1/δ)/ε6) total evolution time,

Proof. The proof of the first bullet point results follow by mimicking the proofs of
Algorithm 8, but substituting Pauli sampling by Lemmas 3.6 and 4.5 by Lemma 3.6. The
second and third bullet points follow from the first as Theorems 4.7 and 4.9 followed from
Theorem 4.6. The memory-less subroutines, Lemmas 3.6 and 3.3, incur in quadratically
more queries and an extra factor due to the union bound over the set of potentially non-
zero Pauli coefficients of H that appears in the proof of Lemma 3.3. Note that in the
case where the Hamiltonian is promised to be local, the Pauli support is of size at most
O(n)k , so in this case we pay just a factor k log(n) when applying Lemma 3.3. In case
that there is no promise or we are only promised sparsity, any of the 4n Pauli can be
non-zero, so we have to pay a factor n. ��

5.2. Testing sparse Pauli channels via Pauli hashing. We will test the sparsity of a
Hamiltonian by reducing the task to testing sparsity of a relevant Pauli channel. In this
section, we thus describe how to test sparse Pauli channels via Pauli hashing, which was
introduced in Sect. 3.4. Recall that a Pauli channel can be written as

E(ρ) =
∑

x∈{0,1}2n
p(x)σxρσx ,

9 The seminal result of Goldreich et al. [GGR98] shows that proper learning algorithms implied standard
property testing algorithms.
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and its Pauli fidelities λ(y) = 1
2n Tr

(
σy · E(σy)

)
satisfy that

(

λ(x) = p(x). We can thus
test the sparsity of E , that is it having s many non-zero error rates by testing the sparsity
of the symplectic Fourier spectrum of the Pauli fidelity λ : F2n

2 → [−1, 1].

5.2.1. Testing algorithm Random coset structure.As in Sect. 3.4.1, we define the pair-
wise independent hashing process corresponding to a random subgroup H of dimension
t , generated by uniformly sampling {h j } j∈[t] from F

2n
2 randomly. Abusing notation, we

will also call the subgroup of Weyl operators corresponding to the strings in H as H
as well and similarly for the generators. We then define the buckets corresponding to
b ∈ F

t
2 accordingly as

C(b) := {α ∈ F
2n
2 : [α, h j ] = b j ∀ j ∈ [t]}. (33)

Let us denote the energy of bucket C(b) for each b ∈ F
t
2 as the sum of the error rates in

the corresponding coset a + C(H), expressed as

E(b) =
∑

x∈a+C(H)

p(x). (34)

Energy estimation. Let the bucket C(b) be the coset a + C(H). The energy of the
bucket E(b) is

E(b) =
∑

x∈a+C(H)

(

λ(x) =
∑

x∈a+C(H)

Ez∈F2n
2

[
(−1)[z,x]λ(z)

]

= 1

4n
∑

z∈F2n
2

λ(z)
∑

x∈a+C(H)

(−1)[z,x]

= 1

4n
∑

z∈F2n
2

λ(z)(−1)[z,a]
∑

h∈C(H)

(−1)[z,h]

= |C(H)|
4n

∑

z∈F2n
2

λ(z)(−1)[z,a][z ∈ C(C(H))]

= 1

|A(H)|
∑

z∈H
λ(z)(−1)[z,a], (35)

where we used Fact 2.6 in the second to last equality and C(C(H)) = H in the last
equality. We now discuss how the energy of each bucket is computed efficiently using
Pauli eigenstates and Pauli measurements.

Claim 5.2. Let H be a subspace of dimension t. Then, the energy E(b) of each bucket
b ∈ F

t
2 can be estimated upto error ε with probability 1 − δ using O(2t/ε2 · log(2t/δ))

queries. This only requires preparation of Pauli eigenstates and Pauli measurements.

Proof. By definition, λ(z) = 1
2n Tr(σzE(σz)) and thereby can be estimated by repeated

queries involving preparation of the eigenstate of Pauli σz , application of the Pauli
channel E , and then measuring with respect to the Pauli σz . For a given z, we can
thus obtain an estimate λ̃(z) such that |̃λ(z) − λ(z)| ≤ ε with probability 1 − δ, using
O(1/ε2 log(1/δ)) queries as described.
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For a given bucketC(b), we can obtain an estimate Ẽ(b) of its energy E(b) (Eq. (35))
by taking the empirical mean of the each of the Pauli fidelity estimates {̃λ(z)}z∈H

Ẽ(b) = 1

|A(H)|
∑

z∈H
λ̃(z)(−1)[z,a],

where a ∈ F
2n
2 is such that the bucket C(b) is equivalent to the coset a+C(H). Note that

with an overall query complexity O(2t/ε2 log(2t/δ)), we can ensure that |̃λ(z)−λ(z)| ≤
ε for all z ∈ H and thereby have

|Ẽ(b) − E(b)| ≤ 1

|A(H)|
∑

z∈H
|̃λ(z)(−1)[z,a] − λ(z)(−1)[z,a]| ≤ 1

|H |
∑

z∈H
ε = ε,

where we used that |A(H)| = |H |. ��
We are now in a position to state Algorithm 11 which tests s-sparsity of Pauli channels.

Algorithm 11 Testing s-sparsity of Pauli channels
Input: A Pauli channel E , sparsity parameter s, error parameters 0 ≤ 2ε1 < ε2 < 1
1: Randomly sample a subgroup H of dimension t = O(log s)
2: Set bucket indices {b1, . . . , bT } = F

t
2

3: Set ε = (ε2 − 2ε1)/3 and query budget T = O(s/ε2 log(s/δ))
4: Obtain energy estimates {Ẽ(b)}b∈Ft2 using Claim 5.2 upon inputs of H and budget T

5: Compute � ← max
S⊆F

t
2:|S|=s

∑
j∈S Ẽ( j)

Output: If � ≥ 1 − 8/3ε1 + 1/3ε2, close-to-sparse. If � ≤ 1 − 4/3ε2 + 2/3ε1, output far-from-sparse.

In the next section, we will argue that the query complexity of Algorithm 11 is indeed
poly(s).

5.2.2. Analysis In this section, we prove the following theorem. Our analysis follows
the approach of [YZ20].

Theorem 5.3. Let E be an n-qubit Pauli channel. We can test if E is ε1-close to or ε2-far
from being s-sparse in diamond norm with probability ≥ 0.9 using

O

(
s2

(ε2 − ε1)6

(

log
1

(ε2 − ε1)
+ log s

))

queries to E . These queries involve no quantum memory and only Pauli eigenstate
preparations or Pauli measurements.

Our goal will be to show that � in Algorithm 11 is an ((ε2 − 2ε1)/3)-approximation
of Energy(E; s), which is enough to determine if E is close to or far from being sparse
thanks to Claim 2.7. Note that � has two sources of error. The first appears because
we approximate Energy(E; s) via max|S|=s

∑
j∈S E( j), which we will refer to it as

the hashing error. The hashing error will be small because thanks to Proposition 3.7
all the top p(x) will be in different buckets. The second source of error comes from
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approximating E(b)via Ẽ(b). We will refer to it as estimation error and will be controlled
thanks to Claim 5.2.

Hashing error. Let the energies of the buckets be indexed in non-increasing order by
energy as E1 ≥ E2 ≥ · · · ≥ E2t and label the 2t buckets accordingly, B(1), . . . , B(2t ).
Let E ′

j = maxx∈B( j) p(x). We also assign labels y1, . . . , y4n to {0, 1}2n in a way such
that the error rates satisfy as py1 ≥ py2 ≥ · · · ≥ py4n . With this notation, the hashing
error is given by

err(E; H, s) =
s∑

j=1

(
E j − py j

)
.

We will prove the following upper bound to the hashing error.

Lemma 5.4. Let ε ∈ (0, 1/2]. Suppose H is a random subgroup of dimension t ≥
log(2s/ε2), then

PrH [err(E; H, s) ≤ 6ε] ≥ 0.96 .

To show Lemma 5.4, we first note that since py1, . . . , pys are the s largest error rates, it
follows that

err(E; H, s) =
s∑

j=1

(
E j − E ′

j

)
+

s∑

j=1

(
E ′

j − py j

)
≤

s∑

j=1

(
E j − E ′

j

)
. (36)

Hence, to upper bound the hashing error we just have to upper bound the collision error
∑s

j=1

(
E j − E ′

j

)
, which occurs when two or more coefficients collide in the same

bucket. With that purpose, we prove the following claim regarding err j := E j − E ′
j .

Claim 5.5. Suppose H is a subgroup of dimension t drawn uniformly at random. Then,

EH

⎡

⎣
s∑

j=1

err j

⎤

⎦ ≤
√

2s

2t
, VarH

⎡

⎣
s∑

j=1

err j

⎤

⎦ ≤ 2s

2t
.

Proof. We define A j,i as {0, 1}-valued random variable for the event that y j ∈ B(i) or
A j,i = [y j ∈ B(i)], and Dj,i as the indicator variable for the event that py j is not the
largest error rate in B(i) or Dj,i = [py j �= E ′

i ]. We then have that

Ei =
∑

j∈[22n ]
py j A j,i , E ′

i =
∑

j∈[22n ]
py j A j,i (1 − Dj,i ) (37)

By the Cauchy-Schwarz inequality follows that

s∑

i=1

erri ≤ √
s

√
√
√
√

s∑

i=1

err2i .
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We can bound
∑s

i=1 err
2
i as follows:

s∑

i=1

err2i ≤
2t∑

i=1

(
Ei − E ′

i

)2 =
2t∑

i=1

⎛

⎝
∑

j∈[22n ]
py j A j,i D j,i

⎞

⎠

2

=
2t∑

i=1

∑

j,k∈[22n ]
py j pyk A j,i Ak,i D j,i Dk,i

≤
∑

j,k∈[22n ]
py j pyk

2t∑

i=1

A j,i Ak,i D j,i

=
∑

j,k∈[22n ]
py j pyk

2t∑

i=1

[y j , yk ∈ B(i)][y j �= E ′
B(i)]

=
∑

j,k∈[22n ]
py j pyk [y j , yk ∈ B(i) for some i][py j �= E ′

i

when py j ∈ B(i)]

where in the first line we used that the top s buckets is a subset of the total 2t buckets
and Eq. (37); and in the third line we used that Dk,i ∈ {0, 1}. Let Fj,k := [y j , yk ∈
B(i) for some i], i.e, Fj,k indicates if y j and yk collide in the same bucket. Let Dj :=
[py j �= E ′

i when py j ∈ B(i)], i.e., Dj indicates that y j does not correspond to the
biggest error rate in its bucket. Taking expectation over H gives us

EH

[
s∑

i=1

err2i

]

≤ EH

⎡

⎣
∑

j,k∈[22n ]
py j pyk Fjk D j

⎤

⎦

= EH

⎡

⎣
∑

j∈[22n ]
p2
y j D j

⎤

⎦ + EH

⎡

⎣
∑

j �=k∈[22n ]
py j pyk Fjk D j

⎤

⎦

≤
∑

j∈[22n ]
p2
y jEH

[
Dj
]

︸ ︷︷ ︸
(∗)

+
∑

j �=k∈[22n ]
py j pykEH

[
Fjk
]

︸ ︷︷ ︸
(∗∗)

(38)

where in the second line we used that Dj ∈ {0, 1}. We analyze the terms (∗) and (∗∗)
separately. First, we deal with (∗),

(∗) =
∑

j∈[22n ]
p2
y jEH

[
Dj
] =

∑

j∈[22n ]
p2
y jEH

[

max
i< j

{Fj,i }
]

≤
∑

j∈[22n ]
p2
y jEH

⎡

⎣
∑

i< j

Fj,i

⎤

⎦

≤
22n
∑

j=1

p2
y j

j − 1

2t
≤ 1

2t

22n
∑

j=2

j−1∑

k=1

py j pyk ≤
1

2t

⎛

⎝
22n
∑

j=1

py j

⎞

⎠

2

= 1

2t
, (39)
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where the first line we have used that y j does not correspond to the biggest error rate of
its bucket if and only if there is an i < j such that yi is in the same bucket as y j ; and in
the line we used Proposition 3.7 (b) and that py j < pyk if j > k.

The term (∗∗) can be bounded as

(∗∗) =
∑

j �=k∈[22n ]
py j pykEH

[
Fjk
] = 1

2t
∑

j �=k∈[22n ]
py j pyk ≤

1

2t

⎛

⎝
∑

j∈[22n ]
py j

⎞

⎠

2

= 1

2t
,

(40)

where in the first equality we used Proposition 3.7 (b). We can now substitute Eq. (39)
and Eq. (40) into Eq. (38) to obtain

EH

[
s∑

i=1

err2i

]

≤ 2

2t
. (41)

In order to prove our expectation upper bound now, we use

EH

[
s∑

i=1

erri

]

≤ √
s EH

⎡

⎣

√
√
√
√

s∑

i=1

err2i

⎤

⎦ ≤ √
s

√
√
√
√EH

[
s∑

i=1

err2i

]

≤
√

2s

2t
, (42)

where we used Jensen’s inequality in the second inequality and Eq. (41) in the last
inequality. This proves the result regarding expectation. To prove the result regarding
variance, we note that

VarH

[
s∑

i=1

erri

]

≤ EH

⎡

⎣

(
s∑

i=1

erri

)2
⎤

⎦ ≤ sEH

[
s∑

i=1

err2i

]

≤ 2s

2t
. (43)

where we again used Eq. (41) in the last inequality. ��
We are now ready to give the proof of Lemma 5.4.

Proof of Lemma 5.4. From Eq. (36), we have that err(E; H, s) ≤∑s
i=1 erri . Then,

PrH [err(E; H, s) ≤ ε] ≥ PrH

[
s∑

i=1

erri ≤ ε

]

(44)

Using Chebyshev’s inequality along with Claim 5.5, we have that for any a > 0

PrH

⎡

⎣
s∑

i=1

erri ≥ EH

[
s∑

i=1

erri

]

+ a

√
√
√
√VarH

[
s∑

i=1

erri

]⎤

⎦ ≤ 1

a2

PrH

[
s∑

i=1

erri ≥
√

2s + a
√

2s√
2t

]

≤ 1

a2

�⇒ PrH

[
s∑

i=1

erri ≥
(

1 +
a
√
s√
s

)

ε

]

≤ 1

a2
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where we substituted t = log(2s/ε2) in the third line. Finally setting a = 5 and noting
that s ≥ 1, we can combine the above expression with Eq. (44) to show that

PrH [err(E; H, s) ≤ 6ε] ≥ 0.96, (45)

which completes the proof of the desired result. ��
Estimation error. Recall that our energy estimates of the different buckets were

{Ẽ(b)}b∈Ft2 . Let the energy estimates of the buckets be indexed in non-increasing order

as Ẽ1 ≥ Ẽ2 ≥ · · · ≥ Ẽ2t . Let us denote the estimated energy over the top s buckets as

� =
s∑

j=1

Ẽ j .

We now bound the error between our estimate � and Energy(E; s).
Claim 5.6. Suppose H is a random subgroup of dimension t. If t ≥ log(2s/ε2), then

with query complexity O
(
s2

ε6

(
log 1

ε
+ log s

))
, we have

PrH
[|� − Energy(E; s)| ≤ ε

] ≥ 0.92 .

Proof. We note that

|� − Energy(E; s)| =
∣
∣
∣
∣
∣
∣

s∑

j=1

(Ẽ j − py j )

∣
∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣
∣

s∑

j=1

(Ẽ j − E j )

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

s∑

j=1

(E j − py j )

∣
∣
∣
∣
∣
∣

The second term on the right hand side is the hashing error err(E; H, s), which by
Lemma 5.4 is bounded above by ε/2 for t ≥ log(2s/ε2) with probability more than
0.96. The first time on the right hand side can be bounded as

∣
∣
∣
∣
∣
∣

s∑

j=1

(Ẽ j − E j )

∣
∣
∣
∣
∣
∣
≤

s∑

j=1

∣
∣Ẽ j − E j

∣
∣ ≤

2t∑

j=1

∣
∣Ẽ j − E j

∣
∣ ≤ ε/2,

where we used the fact that top s buckets are a subset of all the buckets in the second
inequality and concluded the final inequality by using by Claim 5.2 along with a union

bound for t ≥ log(2s/ε2). This consumes O(22t/ε2 log(4t )) = O
(
s2

ε6

(
log 1

ε
+ log s

))

queries to ensure desired error and success probability greater than 0.96. Combining the
bounds on the above two sums gives us our desired result. ��

Proof of main theorem on testing sparse Pauli channels. We can now complete
the proof of Theorem 5.3, and thereby show correctness of Algorithm 11.

Proof of Theorem 5.3. Using Claim 5.6, we can ensure that |� − Energy(E; s)| ≤
(ε2−2ε1)/3 with probability greater than 0.92, using O

(
s2

(ε2−ε1)6

(
log 1

(ε2−ε1)
+ log s

))

queries. Thanks to Claim 2.7, this is enough to determine if a Pauli channels is close to
or far from sparse.
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5.3. Testing sparse Hamiltonians via Pauli hashing. In this section, we describe how to
test the sparsity of Hamiltonians by testing the sparsity of a related Pauli channel and
then using Pauli hashing. Given a Hamiltonian H =∑

λxσx its time evolution channel
at time t is given by

Ht (ρ) = U (t)ρU (t)†, (46)

where U (t) = e−i t H . Considering the Pauli decomposition of the unitary U (t) =
∑

x∈{0,1}2n Û (x)σx and its complex conjugateU (t) =∑
x∈{0,1}2n Û (x)σx , we can write

Ht (ρ) =
∑

x,y∈{0,1}2n
Û (x)Û (y)σxρσy =

∑

x,y∈{0,1}2n
κxyσxρσy, (47)

where κxy are coefficients corresponding to the Pauli characters σxρσy . Because of
Taylor theorem (Eq. (1)), the diagonal coefficients κxx are given by

κxx =
{
|Û (x)|2 = λ2

x t
2 + o(t3) , x �= 0,

1 −∑x∈{0,1}2n\02n |Û (x)|2 = 1 − t2∑
x∈{0,1}2n\02n λ2

x + o(t3) , x = 0,
(48)

We can however convert the Hamiltonian evolution channel Ht into a diagonal Pauli
channel by applying Pauli twirling [CB19,BW23] as follows

HT
t (ρ) = Ex [σxHt (σxρσx )σx ]. (49)

Particularly, HT
t takes the following form

HT
t (ρ) =

∑

x∈{0,1}2n
pTt (x)σxρσx , (50)

where we have denoted the error rates of the channelHT
t as {pTt (x)} and they are related

to κxx as p(x) = κxx .
We now provide intuition for how testing the sparsity of n-qubit Hamiltonians can

be accomplished by testing the sparsity of the Pauli channel HT
t . Let us order the Pauli

coefficients of U (t) excluding Û (02n) in a non-increasing order as |Û1|2 ≥ |Û2|2 ≥
· · · ≥ |Û22n−1|2. From Lemma 3.2, we noted that the following quantity was a good
proxy for testing whether H was close to being s-sparse or not

TopEnergy(t; s) := |Û (02n)|2 +
s∑

j=1

|Û j |2, (51)

Moreover, we observe that 10

TopEnergy(t; s) = pTt (02n) + Energy(HT
t ; s), (52)

where Energy(E; s) is estimated in Algorithm 11 as part of testing Pauli channels E and
is equal to the sum of the top s error rates of the channel. We can thus test the sparsity
of n-qubit Hamiltonians by testing the sparsity of the Pauli channel HT

t , which leads to
the following result which we will prove shortly.

10 This is true provided that 02n is not among the top s error rates of HT
t . We will make a more general

statement later that removes this assumption.
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Theorem 5.7. Let H be an n-qubit Hamiltonian such that ‖H‖op ≤ 1. We can test if
H is ε1-close to (in normalized Frobenius norm) or ε2-far from s-sparse Hamiltonians
with probability > 0.9 using

O

(
s14

(ε2
2 − ε2

1)
18

(

log
s2

(ε2
2 − ε2

1)3
+ log s

))

queries to the evolution operator U (t) = exp(−i Ht) for a choice of t = O((ε2
2−ε2

1)/s)
and with a total evolution time of O((s13 log s)/(ε2

2 − ε2
1)

17).

5.3.1. Testing algorithm We now proceed as we had for testing sparse Pauli channels
in the earlier section. We define the relevant random coset structure and how to estimate
energy across different buckets, which will be the main component of our testing algo-
rithm. The main difference here is that we do not have direct access to the relevant Pauli
channel i.e., the Pauli-twirled Hamiltonian evolution channel HT

t but we show that we
can still compute energy estimates across the different buckets corresponding to HT

t by
querying the Hamiltonian evolution channel Ht itself.

Hashing and coset structure. As in Sect. 3.4.1, we define the pairwise independent
hashing process corresponding to a random subgroup G of dimension d, generated by
uniformly sampling {g j } j∈d from F

2n
2 randomly. In a slight abuse of notation, we will

also call the subgroup of Weyl operators corresponding to the strings in G as G as well
and similarly for the generators. We then define the buckets corresponding to b ∈ F

d
2

accordingly as

C(b) := {x ∈ F
2n
2 : [x, g j ] = b j ∀ j ∈ [d]}. (53)

Let us denote the energy of bucket C(b) for each b ∈ F
d
2 as the sum of the error rates

of the Pauli channel HT
t (Eq. (50)) obtained from Pauli twirling of the Hamiltonian

evolution channel in the corresponding coset a + C(G), expressed as

E(b) =
∑

x∈a+C(G)

pTt (x). (54)

Energy estimation. Recall from Eq. (35) that the enery of each bucket can be ex-
pressed as

E(b) = 1

|A(G)|
∑

z∈G
λTt (z)(−1)[z,a], (55)

where λTt are the Pauli fidelities of the channel HT
t . We now discuss how the energy of

each bucket is computed efficiently using Pauli eigenstates and Pauli measurements.

Claim 5.8. Let G be a random subspace of dimension d. Then using Algorithm 12, the
energy E(b) of each bucket b ∈ F

d
2 can be estimated towithin error εwith probability 1−

δ with O(2d/ε2 · log(2d/δ)) queries. This only requires preparation of Pauli eigenstates
and Pauli measurements.
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Proof. Let the eigenvalue measurement outcome obtained in line 10 of Algorithm 12 be
denoted as (−1)w with w ∈ {0, 1}. The joint probability of obtaining a ∈ F

2n
2 (which

are sampled uniformly at random) and obtaining measurement outcome w ∈ {0, 1} is
then

Pr(a, w) = 1

22n Tr

[
Id + (−1)wσz

2
σaHt

(

σa
Id2n + σz

2n
σa

)

σa

]

Marginalizing over a ∈ F
2n
2 gives us the probability of obtaining measurement outcome

w

Pr(w) = Ea∈F2n
2

Tr

[
Id + (−1)wσz

2
σaHt

(

σa
Id2n + σz

2n
σa

)

σa

]

= Tr

[
Id + (−1)wσz

2
Ea∈F2n

2

[

σaHt

(

σa
Id2n + σz

2n
σa

)

σa

]]

= Tr

[
Id + (−1)wσz

2
HT

t

(
Id2n + σz

2n

)]

= 1

2
Tr

[

HT
t

(
Id2n + σz

2n

)]

+
(−1)w

2
Tr

[

σzHT
t

(
Id2n + σz

2n

)]

= 1

2
+ Tr

[
HT

t

(σz

2n

)]
+

(−1)w

2
Tr
[
σz
]

+
(−1)w

2
Tr
[
σzHT

t

(σz

2n

)]

= 1 + (−1)wλTt (z)

2

where the third equality follows from the definition of Pauli twirling and definition of
HT

t in Eq. (50), and we use the definition of Pauli fidelity in the last equality. Observing
that E[(−1)w] = λTt (z), we can then obtain an estimate λTt (z) using the outcomes of
w and taking an empirical mean of (−1)w. The estimate will be within ε error with
probability 1− δ using O(1/ε2 log(1/δ)) queries. We can now conclude as we had done
in the proof of Claim 5.2 and noting Eq. (55). ��

We are now ready to give our tester, which is showcased in Algorithm 13.

5.3.2. Analysis In this section, we prove Theorem 13 and thereby show correctness of
Algorithm 13. Hashing error. As in Sect. 5.2.2, we first analyze the error in estimating
the energy of the top s error rates Energy(HT

t ; s) via our random hashing process. We
assume here that all the energy estimates across the cosets are exact and analyze the
estimation error later.

Let the energies of the buckets {C(b)}b∈Fd2\0d be indexed in non-increasing order
by energy as E1 ≥ E2 ≥ · · · ≥ E2d−1. We pay special attention to the bucket cor-
responding to the coset C(0d) which will always include the error rate of p(02n) due
to the construction of our buckets. We will also use Ẽ j = maxx∈C(b) p(x) to denote
the energy of largest coefficient hashed into the j th bucket denoted by C(b) for some
b ∈ F

d
2 . The true values of the energies are clearly the error rates {pTt (x)}x∈F2n

2
them-

selves. We will also order the error rates {pTt (x)}∈F2n
2 \02n (i.e., excluding p(02n)) in a

non-increasing order as pT1 ≥ pT2 ≥ · · · ≥ pT
22n−1

. The goal is to obtain an estimate
of TopEnergy(t; s) (Eq. (52)) from the constructed buckets. In particular, we want to
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Algorithm 12 Energy estimation of buckets for Hamiltonian evolution

Input: Budget T = O(2d/ε2 log(2d/δ)), access to unitary evolution U (t) = exp(−i Ht), evolution time t ,
subspace G of dimension d = O(log s), set of buckets B = {b} ⊆ F

d
2

1: Initialize energy estimates Ẽ(b) = 0
2: Initialize fidelity estimates λ̃Tt (z) = 0 and counter m(z) for each z ∈ G
3: for z ∈ G do
4: for query t = 1, . . . , T do
5: Uniformly sample at random a ∈ F

2n
2

6: Prepare Pauli eigenstate ρz of σz
7: Apply Pauli σa to ρz
8: Apply unitary evolution U (t) = exp(−i Ht)
9: Apply Pauli σa
10: Measure current state with respect to the Pauli basis σz to obtain eigenvalue γ ∈ {±1}
11: Update λ̃Tt (z) ← λ̃Tt (z) + γ , m(z) ← m(z) + 1

12: Set λ̃Tt (z) ← 1
m(z) λ̃

T
t (z)

13: Set Ẽ(b) ← 1
|G|

∑
z∈H λ̃Tt (z)(−1)[z,a] where C(b) corresponds to coset a + C(G), for each b ∈ B

Output: {Ẽ(b)}b∈B

Algorithm 13 Testing s-sparsity of Hamiltonians
Input: Access to unitary Hamiltonian evolution U (t) = exp(−i Ht), evolution time t , sparsity s, error pa-
rameters 0 < ε1 < ε2 ≤ 1
1: Randomly sample a subgroup H of dimension d = O(log s)
2: Set bucket indices {b} = F

d
2

3: Set ε = (ε2
2 − ε2

1)3/6s2 and query budget T = O(poly(s)/ε2 log(1/ε))

4: Obtain energy estimates {Ẽ(b)}b∈Fd2 using Algorithm 12 upon inputs ofU (t), evolution time t , and budget

T
5: Compute � ← Ẽ(0d ) + max

S⊂F
d
2\0d :|S|=s

∑
j∈S Ẽ( j)

Output: If � ≥ 1 − ε2
1

(ε2
2−ε2

1)2

s2 − 1
2

(ε2
2−ε2

1)3

s2 , output close-to-sparse. If � ≤ 1 − ε2
2

(ε2
2−ε2

1)2

s2 + 1
2

(ε2
2−ε2

1)3

s2 ,
output far-from-sparse.

determine the value of p(02n)+
∑s

j=1 py j to obtain such an estimate. The hashing error
is then accordingly defined as

err(HT
t ;G, s) =

(
E(0d) − p(02n)

)
+

s∑

j=1

(
E j − py j

)
,

where we denoted the error by err(·) along with noting the random subspace G involved
in Pauli hashing. As pT1 , . . . , pTs are the s largest error rates in F

2n
2 \02n , it follows that

err(HT
t ;G, s) =

(
E(0d) − p(02n)

)
+

s∑

j=1

(
E j − E ′

j

)
+

s∑

j=1

(
E ′

j − py j

)

≤
(
E(0d) − Ẽ(0d)

)
+

s∑

j=1

(
E j − E ′

j

)

The following corollary of Lemma 5.4 is then immediate.
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Corollary 5.9. Fix ε ∈ (0, 1/2]. If G is a random subgroup of dimension t ≥ log(2s/ε2),
then

PrG
[
err(HT

t ;G, s) ≤ 6ε
]
≥ 0.96.

We remark that the proof of Corollary 5.9 is very similar to that of Lemma 5.4 and is
thus not included. Note that the proof of Lemma 5.4 bounds the error of any s buckets. In
particular, it could be used over the s + 1 buckets that include error rates corresponding
to 02n (or bucket of C(G)) and the top s buckets different from C(G).

Estimation error. Recall that our energy estimates of the different buckets were
{Ẽ(b)}b∈Ft2 . Let the energies of the buckets {C(b)}b∈Fd2\0d be indexed in non-increasing

order as Ẽ1 ≥ Ẽ2 ≥ · · · ≥ Ẽ2d−1. Let us denote the estimated energy over the bucket
C(02n) and the top s buckets (excluding C(02n)) as

� = Ẽ(0d) + max
S⊂F

d
2\0d :|S|=s

∑

j∈S
Ẽ( j) = Ẽ(0d) +

s∑

j=1

Ẽ j ,

where the last equality follows from the definition of Ẽ j above. We now bound the
error between our estimate � and TopEnergyH (t) (Eq. (51)) by immediately applying
Claim 5.6 to obtain the following corollary.

Corollary 5.10. Suppose G is a random subgroup of dimension d. If d ≥ log(2s/ε2),
then with query complexity O

(
s2/ε6

(
log 1

ε
+ log s

))
, we have

PrH
[|� − TopEnergy(t; s)| ≤ ε

] ≥ 0.92 .

Proof of main theorem on testing sparse Hamiltonians. We can now complete the
proof of Theorem 5.7, and thereby show correctness of Algorithm 13.

Proof of Theorem 5.7. Let t = O((ε2
2 − ε2

1)/s). By Lemma 3.2, we have that if H is
ε1-close to being sparse, then

TopEnergy(t; s) ≥ 1 − ε2
1
(ε2

2 − ε2
1)2

s2 − 1

3

(ε2
2 − ε2

1)3

s2 ,

while if H is ε2-far from s-sparse, then

TopEnergy(t; s) ≤ 1 − ε2
2
(ε2

2 − ε2
1)

2

s2 +
1

3

(ε2
2 − ε2

1)
3

s2 .

For our tester, it then suffices to estimate TopEnergyH (t) up to error

ε = (ε2
2 − ε2

1)3

6s2 .

Using Corollary 5.10 and for the specified t , we can ensure that |�−TopEnergyH (t)| ≤
ε with probability greater than 0.92, using O

(
s14

(ε2
2−ε2

1)18

(

log s2

(ε2
2−ε2

1)3 + log s

))

queries.

The decision rules of � in Algorithm 13 for accepting/rejecting are then evident.
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6. Lower Bounds for Learning

Below we prove lower bounds on learning sparse and local Hamiltonians given query
access to the time-evolution operator. In comparison to prior work of [BCO24b, Theo-
rem 5.1] the class of Hamiltonians witnessing our lower bound also applies to algorithms
which are diagonal and encode just Boolean functions; in contrast the hard instance in
[BCO24b] applies to Hamiltonians involve application of Haar random unitaries. In or-
der to prove our lower bounds, we use the following generic lemma, which will allow us
to reduce the problem of proving lower bounds for Hamiltonian testing/learning prob-
lems to a question about Boolean function analysis. Below we will be talking of the
standard oracle model in query complexity, i.e.,

O f : |x, 0〉 → |x, f (x)〉.

Theorem 6.1 ([GAW19, Theorem 14]). Let p : X → [0, 1], and suppose Up : H ⊗
Haux. → H ⊗ Haux. is a probability oracle with an n-qubit auxiliary Hilbert space
Haux. = C

2n . Let ε ∈ (0, 1/3), then we can implement an ε-approximate phase oracle
O such that for any phase oracle Op defined as

Op : |0〉 �→
∑

x

√
p(x)|x〉,

and for all |ψ〉 ∈ H

‖O|ψ〉|0〉⊗(n+a) − Op|ψ〉|0〉⊗(n+a)‖op ≤ ε,

using O(log(1/ε)) applications of Up and U
†
p, with a = O(log log(1/ε)), where

Up : |x, 0〉 → |x〉 ⊗ (√p(x)|ψg(x)〉|0〉 +
√

1 − p(x)|ψb(x)〉|1〉
)
,

where |ψg(x)〉, |ψb(x)〉 are arbitrary orthogonal states.
Lemma 6.2. Let t ≥ 0. Let f : {0, 1}n → {−1, 1} be a Boolean function. Given
quantum query access to an oracle O f , then we can simulate

H f = eit
∑

S∈{0,1}n f̂ (S)|S〉〈S|

for time t ∈ R with precision ε making Õ(t log(1/ε)) queries to U f .

Proof. We first observe that, using the phase kickback trick, with access to O f , one
can also implement the phase oracle. Applying O f on a uniform superposition, we get

1√
2n
∑

x |x, f (x)〉. Next, one can obtain 1√
2n
∑

x f (x)|x〉 with probability 1/2: replace

f (x) ∈ {−1, 1} by (1 − f (x))/2 ∈ {0, 1} unitarily, apply the Hadamard transform to
the last qubit and measure it. With probability 1/2 we obtain the outcome 0, in which
case our procedure rejects. Otherwise the remaining state is 1√

2n
∑

x f (x)|x〉. So from
here onwards, we can assume that we have access to

O f : |0〉 → 1√
2n

∑

x

f (x)|x〉.
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Below we show that one use the oracle U to construct a probability oracle Up:

U f : |x〉|0〉|0〉 Had�→ |x〉|0〉|+〉
O f�→ |x〉 1√

2n

∑

y∈X
f (y)|y〉|+〉

Hadn�→ |x〉
∑

y∈X
f̂ (y)|y〉|+〉

H f�→ |x〉
⎛

⎝ f̂ (x)|x〉|−〉 +
∑

y �=x

f̂ (y)|y〉|+〉
⎞

⎠

Had�→ |x〉
⎛

⎝ f̂ (x)|x〉|1〉 +
∑

y �=x

f̂ (y)|y〉|0〉
⎞

⎠

Swap�→ |x〉
⎛

⎝ f̂ (x)|x〉|1〉 +
∑

y �=x

f̂ (y)|y〉|0〉
⎞

⎠ .

As Theorem 6.1 shows we can simulate a fractional phase query Or
f where r := t/!|t |"

with precision ε/!|t |"making O(log(t/ε)) queries toU f . Observe that !|t |" consecutive
applications of Or

f give Ot
f , which is exactly the Hamiltonian simulation unitary that

we wanted to implement. ��
The same proof as the lemma above implies the following corollary as well.

Corollary 6.3. Let t ≥ 0. Let p : {0, 1}n → [0, 1] be a distribution. Given quantum
query access to an oracle Op we can simulate a Hamiltonian corresponding to the
probability distribution

Hp = eit
∑

S∈{0,1}n p(S)|S〉〈S|

for time t ∈ R with precision ε making Õ(t log(1/ε)) queries to Up.

6.1. Adaptive coherent memoryless learning lower bound. To prove our main theorem,
we use the following facts, starting with a well known bound on the size of an ε-net of
the n-dimensional sphere.

Fact 6.4 ( [Tao12, Exercise 2.3.1]) For every d ≥ 1 and any 0 < ε < 1/2 there
exists an ε-net of the sphere Sd−1 of cardinality at least t = (c/ε)d , i.e., there exists
{v1, . . . , vt } ⊆ Sd−1 such that ‖vi − v j‖2 ≥ ε for all i �= j .

Theorem 6.5. There exists a class of Hamiltonians with ‖H‖2 ≤ 1 such that learning
s-sparse n-qubit Hamiltonians without quantum memory upto error ε using time step t,
need to make 


(
s(log 1/ε)/(t log s)

)
adaptive quantum queries.

Proof. Let’s assume that the Hamiltonian is supported on the first (log s) qubits and
only has support on the σ0, σ3 (i.e., it is diagonal), so the total sparsity equals 2(log s) = s
(note that in the original learning algorithm, the support is unknown to the learner so
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we are proving a lower bound on a simpler problem here). Let the corresponding Pauli
coefficients be {λx : x ∈ {0, 3}(log s)}. Now consider an ε-net on these qubits to be the
set of vectors {h1, . . . , ht } ⊆ {0, 3}log s where t = (1/ε)s . Now, let us consider the class
of Hamiltonians H, given by

Hi =
∑

x∈{0,3}(log s)

hi (x)σx .

Observe that the unitary evolution corresponding to this Hamiltonian is given by

Up = eit
∑

x∈{0,1}n p(x)|x〉〈x |

By Corollary 6.3, every learning algorithms that made queries to Up at time t , can be
converted (with a factor t-overhead) to an algorithm that only is given quantum queries
to p, i.e., given access to the standard oracle model Op : |0〉 →∑

x
√
p(x)|x〉. Clearly

a learning algorithm for learning Hi by making queries to Up upto error-ε in the �2-
distance implies that the learning algorithm can identify i since the coefficient vectors
hi form an ε-net.

Now we use Holevo’s bound to conclude the proof (we will use a version that appeared
in Nayak’s work [Nay99] and also recently in a work of Chen et al. [CNY23]). Since
each quantum query contains (log s)-qubits of information (since we assumed that the
Hamiltonian was identity on the remainingn−log s qubits), if there is a k-query algorithm
that identifies i as above, then

k · (log s) ≥ log |H|,
and now using the lower bound from Fact 6.4, that implies a lower bound of

k ≥ s/(log s) · log(1/ε).

Overall, this implies an 
(s/(t log s) · log(1/ε)) lower bound on the learning problem.
��
One inherent weakness in the proof technique above is, the (log s)-factor in the denomi-
nator cannot be removed since Holevo’s bound is a generic statement about transmitting
arbitrary quantum states. In the next section, we are able to use a more careful analysis
and show that one can get rid of the dependence on (log s)-albeit in a weaker model of
learning.

6.2. Non-adaptive incoherent memoryless learning lower bound.

Theorem 6.6. Learning s-sparse n-qubit Hamiltonians without quantum memory upto
error 1/2s using time step t, requires



(
(s log s)/t

)

non-adaptive quantum queries.

In order to prove this theorem, we will need the following
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Proof. In order to prove this theorem, we first construct our hard instance of Hamilto-
nians based on Boolean functions. To this end, we embed Boolean functions as Hamil-
tonians in a natural way: for every f : {0, 1}n → {−1, 1}, let

H f =
∑

S⊆[n]
f̂ (S)

∏

i∈S
Zi ,

in which case H f |x〉 = f (x)|x〉 for every basis state x ∈ {0, 1}n . Such an embedding
was considered and shown to be useful in [Had21]. Observe that the unitary evolution
corresponding to this Hamiltonian is given by

U f = eit
∑

S∈{0,1}n f̂ (S)|S〉〈S|

By Lemma 6.2, every learning algorithms that made queries to U f at time t , can be
converted to an algorithm that only is given quantum queries to f , i.e., given access to
the standard oracle model O f : |x, 0〉 → |x, f (x)〉.11.

So from here onwards, we prove a lower bound on the number of quantum queries
required for our learning task, and that complexity divided by t will be our eventual
Hamiltonian learning lower bound. Our next step is to construct our hard set of Boolean
functions. To this end, for every (log s)-dimensional subspace V , let fV (x) = [x ∈ V⊥],
in which case it is well-known that

f̂ (S) = [x ∈ V ]/s,
see [O’D14] for a proof. In particular, note that the number of T for which f̂ (T ) �= 0
equals s. In particular, the corresponding Hamiltonian H f whose Pauli coefficients are
precisely f̂ (T ), has sparsity s.

Our third step now is to consider the class of Boolean functions

C = { fV : {0, 1}n → {0, 1}| fV (x) = [x ∈ V⊥] s.t.V is a (log s) − dimensional subspace}.
We next show that every non-adaptive quantum learning algorithm for learning the
unknown f (given quantum query access O f ), needs to make 
(k) queries. The proof
of this is similar to the information-theoretic proof in [ADW18]. We prove the lower
bound for C using a three-step information-theoretic technique. Let A be a random
variable that is uniformly distributed over C. Suppose A = fV , and let B = B1 . . .BT
be T quantum queries

|ψ i
fV 〉 =

∑

x∈{0,1}n

√
αi (x)|x, fV (x)〉,

for fV ∈ C, where the amplitudes could potentially depend on the i th query, but inde-
pendent of i − 1 different measurement outcomes. The random variable B is a function
of the random variableA. The following upper and lower bounds on I (A : B) are similar
to [ADW18, Theorem 12] and we omit the details of the first two steps here.

1. I (A : B) ≥ 
(log |C|) because B allows one to recover A with high probability.
2. I (A : B) ≤ T · I (A : B1) using a chain rule for mutual information.

11 Technically, we need the phase oracle, but the bit-oracle and phase oracle are equivalent up to a constant
overhead in query complexity when allowed controlled operations
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3. I (A : B1) ≤ O(n · ηa).
Proof (of 3). Since AB is a classical-quantum state, we have

I (A : B1) = S(A) + S(B1) − S(AB1) = S(B1),

where the first equality is by definition and the second equality uses S(A) = log |C|
since A is uniformly distributed over C, and S(AB1) = log |C| since the matrix

σ = 1

|C|
∑

fV∈C
|c〉〈c| ⊗ |ψ fV 〉〈ψ fV |

is block-diagonal with |C| rank-1 blocks on the diagonal. It thus suffices to bound the
entropy of the (vector of singular values of the) reduced state of B1, which is

ρ = 1

|C|
∑

fV∈C
|ψ fV 〉〈ψ fV |.

For notational convenience, let ηa = Ec,c′∈C Prx [c(x) �= c′(x)]. Also, let σ0 ≥ σ1 ≥
· · · ≥ σ2n+1−1 ≥ 0 be the singular values of ρ. Since ρ is a density matrix, these
form a probability distribution. Now observe that σ0 ≥ 1 − ηa : consider the vector
u = 1

|C|
∑

c′∈C |ψc′ 〉 and observe that

u$ρu = 1

|C|3
∑

V,V ′,V ′′∈C
〈ψ fV |ψ fV ′ 〉〈ψ fV |ψ fV ′′ 〉

= EV

[
EV ′ [〈ψ fV |ψ fV ′ 〉]

]
·
[
EV ′′ [〈ψ fV |ψ fV ′′ 〉]

]

≥
(

E
V,V ′

[〈ψ fV |ψ fV ′ 〉]
)
·
(

E
V,V ′′

[〈ψ fV |ψ fV ′′ 〉]
)

= (
E

fV , fV ′ ∈C
Prx [ fV (x) = fV ′(x)])2 ≥ 1 − 2ηa,

where the first inequality is by Chebyshev’s sum inequality (since all the inner
products are non-negative) and the second inequality follows from the definition
of ηa . Hence we have that σ0 = maxu{u$ρu/u$u} ≥ 1 − 2ηa (where we used that
‖u‖2 ≤ 1).
LetN ∈ {0, 1, . . . , 2n+1−1}be a random variable with probabilitiesσ0, σ1, . . . , σ2n+1−1,
and Z an indicator for the event “N �= 0.” Note that Z = 0 with probability
σ0 ≥ 1 − 2ηa , and H(N | Z = 0) = 0. By a similar argument as in [ADW18,
Theorem 15], we have

S(ρ) = H(N) = H(N,Z) = H(Z) + H(N | Z)

= H(σ0) + σ0 · H(N | Z = 0) + (1 − σ0) · H(N | Z = 1)

≤ H(ηa) + ηa(n + 1)

≤ O(ηa(n + log(1/ηa))

using H(α) ≤ O(α log(1/α)).

Combining these three steps implies T = 
(log |C|/(nηa)).
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It now remains to bound |C|, ηa . To this end, we prove bounds on both quantities
below.

Claim 6.7. Thenumberof distinct (log s)-dimensional subspaces ofFn
2 is at least s


(n−log s).

Proof. For simplicity below, let d = log s. We can specify a d-dimensional subspace
by giving d linearly independent vectors in it. The number of distinct sequences of d
linearly independent vectors is exactly (2n−1)(2n−2)(2n−4) · · · (2n−2d−1), because
once we have the first t linearly independent vectors, with span St , then there are 2n−2t

vectors that do not lie in St .
However, we are double-counting certain subspaces in the argument above, since

there will be multiple sequences of vectors yielding the same subspace. The number of
sequences yielding a fixed d-dimensional subspace can be counted in a similar manner
as above and we get (2d − 1)(2d − 2)(2d − 4) · · · (2d − 2d−1). So the total number of
subspaces is

(2n − 1)(2n − 2) · · · (2n − 2d−1)

(2d − 1)(2d − 2) · · · (2d − 2d−1)
≥ (2n − 2d−1)d

(2d − 1)d
≥ 2
((n−d)d) = s
(n−log s),

where we used d = log s ��
Next, it remains to upper bound ηa . To this end, first observe that

ηa ≤ max
c,c′∈C

Prx [c(x) �= c′(x)] = max
V,V ′ Prx [cV (x) + cV ′(x) �= 0]

= max
V

Prx [cV (x) = 1] = 1

2n
· |V⊥| = 1/s.

Putting everything together, we have shown that, exact learning the concept class C
requires

T = 
(
log |C|
nηa

) ≥ 
(
(log s) · (n − log s)

n · 1/s
) = 
(s log s).

In order to conclude the proof of the theorem, note that every algorithm that satisfies12

ε ≥
∑

x

|λx − λ′x |2 =
∑

S

( f̂ (S) − f̂ ′(S))2

= Ex [| f (x) − f ′(x)|2] = 1

2n
∑

x

[ f (x) �= f ′(x)] = d( f, f ′)

We finally conclude by using [HR16, Claim 2.2]

d( fV , fV ′) = Prx [ fV (x) �= fV ′(x)] ≥ 1/(2s),

so learning this function to error < 1/(2s) implies exact learnability. ��
12 Note that technically the learning algorithm, need not output a Boolean function f ′ : {0, 1}n → {−1, 1},

but in our setting since it knows that the unknown Hamiltonian is characterized by a Boolean function, even
if the algorithm outputs a real-valued function, then rounding it to a bit would also be a good approximation.
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