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Abstract—One of the main responsibilities of a Transmission
System Operator (TSO) operating an electric grid is to maintain
a designated frequency (e.g., 50 Hz in Europe). To achieve this,
TSOs have created several products called frequency-supporting
ancillary services. The Frequency Containment Reserve (FCR)
is one of these ancillary service products. This article focuses
on the TSO problem of determining the volume procured for
FCR. Specifically, we investigate the potential benefits and impact
on grid security when transitioning from a traditionally static
procurement method to a dynamic strategy for FCR volume. We
take the Nordic synchronous area in Europe as a case study
and use a diffusion model to capture its frequency development.
We introduce a controlled mean-reversal parameter to assess
changes in FCR obligations, in particular for the Nordic FCR-N
ancillary service product. We establish closed-form expressions
for exceedance probabilities and use historical frequency data as
input to calibrate the model. We show that dynamic dimensioning
approaches for FCR have the potential to significantly reduce
exceedance probabilities (up to 37%) while maintaining the total
yearly procured FCR volume equal to that of the current static
approach. Alternatively, a dynamic dimensioning approach could
significantly increase security at limited extra cost.

Index Terms—Frequency containment reserves, Nordic syn-
chronous area, diffusion process, dynamic dimensioning

I. INTRODUCTION

N modern electric grids, one of the critical responsibilities

of Transmission System Operators (TSOs) is to maintain
the grid’s target frequency—50 Hz in Europe and 60 Hz
in the United States—to ensure system stability, balance
real-time supply and demand, and support the functionality
of connected devices. Achieving this stability demands pre-
cise interventions, for which TSOs have developed various
frequency-supporting ancillary services tailored to address spe-
cific fluctuations and contingencies. These ancillary services
vary between synchronous areas, as each grid has unique
operational characteristics that shape the design of frequency-
support mechanisms.

In the Continental Europe synchronous area, for example,
TSOs employ three primary types of frequency containment
and restoration services. Each service type has distinct re-
sponse times, operating conditions, and purposes. The fastest
is the Frequency Containment Reserve (FCR) service and
is also called ‘primary reserve’ or ‘regulating reserve’. FCR
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providers can bid in a market dedicated to the procurement of
this service to provide power (i.e., capacity) for up or down
regulation within 30 seconds, with the goal of containing the
frequency process. The second ancillary service product is
the automatic Frequency Restoration Reserve (aFRR) and is
also called ‘secondary reserve’ or ‘operating reserve’. Here,
providers should be able to provide a full response within
5 minutes, with the goal of restoring the frequency back to
50 Hz. The third and ‘slowest’ ancillary service product is
the manual Frequency Restoration Reserve (mFRR) and is
also called ‘tertiary reserve’ or ‘replacement reserve’. Here,
providers should provide a full response within 15-20 minutes,
and the goal is also to restore the frequency back to 50 Hz
(1, 120

Another key synchronous area in Europe is the Nordic
synchronous area, which serves as the case study for this
paper. This grid connects the electricity networks of Norway,
Sweden, Finland, and the eastern part of Denmark. Due to its
smaller size relative to the Continental Europe synchronous
area (which spans 24 countries), the Nordic area experiences
more pronounced frequency impacts from power disturbances,
resulting from its inherently lower grid inertia [3[], [4]]. The
Nordic TSOs employ additional ancillary services designed
to provide rapid frequency response, particularly for primary
reserves [1], [2]].

In particular, the Nordic TSOs utilize a specialized service
called Fast Frequency Response (FFR) to immediately decel-
erate disturbances when grid frequency begins to deviate. In
addition, the familiar Frequency Containment Reserve (FCR)
service is used here but is adapted to the Nordic area’s needs:
it differentiates between FCR-N for “normal” frequency devi-
ations (49.9-50.1 Hz) and FCR-D for “disturbed” frequencies
(below 49.9 Hz or above 50.1 Hz). Meanwhile, aFRR and
mFRR reserves are also implemented in the Nordics, similar
to their use in Continental Europe, with their alignment in
the activation stage facilitated by the pan-European projects
PICASSO (for aFRR) and MARI (for mFRR) [1]], [2]. Figure
[[)illustrates the activation timelines for these ancillary services
within the Nordic area.

In the Nordics, the aFRR service is deployed proactively
alongside FCR-N to address rising imbalances. However, with
increased grid volatility due to electrification and a higher
share of renewable generation, TSOs may soon face challenges
maintaining frequency within safety margins [5]]. One possible
strategy would be to increase the procured aFRR volumes.
Although this could help moderate frequency volatility to some
extent, the need for more responsive ancillary services, such
as FCR, will grow as renewable penetration rising also yields
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Fig. 1. Activation times of ancillary services in the Nordic synchronous area.
Figure is borrowed from [2].

a lower total inertia, thus shortening the time available to
stabilize the grid during unexpected disturbances.

In this study, we examine the risk implications for grid
security of adopting a more dynamic approach to dimensioning
the FCR-N volume, keeping FCR-D unchanged. Currently, the
Nordic TSOs take a static approach by procuring a constant
volume of 600 MW for both up and down-regulation of FCR-
N each hour throughout the year. This static volume of FCR-
N is based on historical estimates of random load variations
amounting to +1% of the 60 GW system load [6].

Our primary contribution is to challenge this static approach
and investigate the impact of a dynamic FCR-N dimensioning
method, wherein the volume procured varies hourly. Our
findings indicate that this dynamic dimensioning strategy can
reduce the likelihood of frequency deviations exceeding the
+100 mHZ band by as much as 37% with respect to the
current static approach, all while keeping the same total annual
FCR-N volume procurement.

To provide these insights, we model frequency dynamics
and the impact of FCR-N activation using a diffusion process
framework. Recent studies have adopted similar stochastic pro-
cess models to capture the behavior of various power system
state variables, including line loads, line frequencies, and nodal
voltages. For instance, historic frequency volatility in Great
Britain is analyzed in [5], where a relationship is established
between system inertia, frequency response delay, and ramp
rates to ensure frequency requirements are met after a major
infeed loss. A systematic modeling approach is introduced in
[7] using stochastic differential-algebraic equations to repre-
sent correlated stochastic processes in power systems, showing
that correlations between processes can trigger instability. In
[8]], the frequency probability density function is derived from
a stochastic system model, revealing that system inertia has
limited influence and that virtual inertia alone is insufficient
to maintain nominal frequency under ambient load fluctua-
tions. Reference [9] employs large deviation techniques to
quantify the probability of current and temperature overloads
in power grids with stochastic injections, and to determine
corresponding safe capacity regions. Similarly, [10] identi-
fies the most likely cause—conventional generator outages
or renewable fluctuations—of frequency deviations reaching
unacceptable thresholds as defined by the transmission system

operator. In [[I1]], a physics-informed machine learning model
combines stochastic differential equations and neural networks
to probabilistically model short-term frequency dynamics in
the Continental European grid. A fast numerical approach is
proposed in [12] to efficiently compute frequency distribu-
tions in wind power systems, facilitating the analysis of how
wind penetration and control parameters influence frequency
behavior. Among the studies above, [8]] and [12] integrate
diffusion-based models with deadband control to reproduce the
empirically observed bimodal frequency distribution [13]], and
develop numerical procedures to solve the partial differential
equations governing the frequency probability distribution
function. In contrast, our approach models the FCR-N volume
as a control variable within the drift term, leading to an ana-
lytically tractable model that captures the unimodal frequency
distribution observed in the Nordic grid [[13].

In addition, a related body of literature explores the dynamic
dimensioning of ancillary services. However, these works
focus on services such as aFRR and mFRR [14]|-[16]], whereas
our study centers on FCR. While aFRR and mFRR are energy-
intensive services, FCR typically is not, although it operates
on a faster timescale. For aFRR and mFRR, factors such as
system imbalances, contingencies, and available transmission
capacity are crucial, which motivates the two-stage stochas-
tic programming approach developed in [16]. More broadly,
probabilistic approaches to (static) reserve dimensioning have
been applied in various contexts, including systems with high
storage penetration [17]], high levels of wind integration [[18]],
aggregator-based decision making [19]], and renewable forecast
uncertainty using nonparametric methods and kernel-based
estimators [20]. To the best of our knowledge, however, no
existing study specifically addresses the dynamic dimensioning
of the FCR service.

The rest of the article is structured as follows. Section
describes the ancillary services that support the 50 Hz
grid frequency, with a focus on the specific requirements
and dynamics of the Nordic synchronous area. Section
introduces the diffusion model used to capture frequency
dynamics. In Subsection [[lI-A] we present key definitions, and
in Subsection [[II-B] we derive closed-form approximations
for exceedance probabilities, quantifying the likelihood of
frequency deviations within defined intervals such as between
49.5 and 49.9 Hz. In Section we describe the real-
world dataset containing over 300 million observations used
to calibrate our model (Subsection and present the main
results through visual and quantitative analysis (Subsection
[[V-B). Finally, Section [V] offers a summary and discussion,
followed by future research directions in Section [VI} Proofs
are included in the Appendix.

II. PROBLEM DESCRIPTION

In this paper, we study how to dynamically dimension the
FCR ancillary service. In particular, we examine the potential
benefits and impact on grid security when transitioning from
the current static procurement of FCR reserves to a dynamic
dimensioning approach, where the procured volume of FCR
reserves depends on the volatility of the frequency, assuming
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the TSO can predict thoseﬂ To assess the benefits of dynamic
dimensioning, we compare the “exceedance probabilities”,
which quantify the likelihood that the frequency deviates
beyond certain thresholds, e.g., £100 mHz, from the target
frequency of 50 Hz at an arbitrary point in time. By exam-
ining these probabilities, we aim to determine how dynamic
dimensioning affects grid stability in real-time. To support this
analysis, in this section, we first provide a detailed overview
of the relevant ancillary services, which will be captured in a
mathematical model in the next section. We take the Nordic
synchronous area as a case study; however, this approach
can be adapted to other synchronous areas with potentially
different ancillary services.

As mentioned in Section [ FCR in the Nordic synchronous
area is differentiated into FCR-N for ‘normal’ frequency
conditions (i.e., frequencies between 49.9 and 50.1 Hz) and
FCR-D for ‘disturbed’ frequency conditions (i.e., frequencies
below 49.9 Hz or above 50.1 Hz). Additionally, FCR-D
is further segmented by up-regulation and down-regulation
requirements, leading to three distinct FCR markets within
the Nordic region.

FCR-N is sourced simultaneously for both up- and down-
regulation, with a fixed obligation (i.e., to-be-procured vol-
ume) of 600 MW in both directions. This mechanism is
designed to keep the exceedance probability outside of the nor-
mal band (+100 mHz) to a maximum of 10,000 minutes per
year (=~ 2% of time) [6]. FCR-N is activated proportionally to
the frequency deviation from 50 Hz with a regulating strength
of 6,000 MW/Hz between 49.9 and 50.1 Hz. Concretely, this
means that 49.9 Hz corresponds to 600 MW of up-regulation
and 50.1 Hz corresponds to 600 MW of down-regulation
[21]. Providers of FCR-N are paid for both reservation and
activation.

The obligation for FCR-D Up is fixed at 1,450 MW, which
is equal to the largest reference incident for up-regulation
in the Nordics. FCR-D Up is activated proportionally to the
frequency deviation from 50 Hz with a regulating strength of
3,625 MW/Hz between 49.5 and 49.9 Hz [21]]. The obligation
for FCR-D Down is fixed at 1,400 MW, which is equal to the
largest reference incident for down-regulation [2f]. Similarly
to FCR-D Up, FCR-D Down is activated proportionally to the
frequency deviation between 50.1 and 50.5 Hz, but then in the
other direction.

In the next section, where we model the FCR dynamics
mathematically, we assume that FCR-D Up and FCR-D Down
are sourced simultaneously in one market, similarly to FCR-N,
ignoring the 50-MW difference for mathematical convenience.

Finally, although our focus is on (dynamically) dimension-
ing FCR-N and establishing the probability of exceeding the
4100 mHz band, we also take into account the fixed obligation
of FCR-D when modeling, since there is an obvious interplay
between the two. Thus, we treat the fixed obligation of FCR-

IForecasting the volatility parameter would require dedicated research, as
any dynamic approach depends on predictive modeling. Similar efforts are
already ongoing in industry. For example, the Belgian company N-SIDE
currently collaborates with the Nordic TSOs and is already working on hourly
day-ahead predictions of imbalances in the context of dynamic dimensioning
of aFRR/mFRR, based on the work they did for Elia, the Belgian TSO [15]].

D as a (given) parameter in our model, while the FCR-
N obligation is modeled as a (control) variable. A natural
extension of this model is the one where the FCR-D obligation
also becomes a control variable.

III. MATHEMATICAL MODELING

We model the frequency development using a diffusion
process that generalizes an Ornstein-Uhlenbeck process [22],
[23]] with a controlled mean-reversal parameter that captures
the linear activation nature of the FCR-N and FCR-D ancillary
services as a function of the frequency deviation, resulting in
a piecewise constant drift. In Subsection [[II-A] we define the
necessary variables and introduce our model. In Subsection
III-B|l we provide analytic expressions for the probability that
the frequency is in a certain interval.

A. Definitions and model

We start with some preliminary definitions. Let

o F(t) be the shifted frequency in Hz (i.e., deviation from
50 Hz, so that it has a zero mean) at time ¢;

o« ry be the FCR-N obligation in GW, i.e., the to-be-
procured volume of FCR-N reserve, for both up- and
down-regulation. In this paper, v is the control variable
that can be optimized at each time interval (hourly, in our
case);

e xp be the FCR-D obligation in GW, i.e., the to-be-
procured volume of FCR-D reserve, for both up- and
down-regulation, which is a (given) fixed parameter for
all (hourly) time intervals;

e a(ry;zp, F(t)) > 0 be the mean reversal function that
describes the effect on the frequency due to activation of
FCR-N and FCR-D ancillary services, see formula in (2));

o u(rn;xp, F(t),t) := —a(ry;xzp, F(t))F(t) be the drift
function of the diffusion process;

o 0(F(t),t) := o > 0 be the diffusion coefficient (‘noise
amplitude’), which is a fixed value for the time interval
that is considered (hourly in this paper);

e {B(t)}+>0 be a zero-mean-unit-variance Brownian mo-
tion capturing the stochastic fluctuations.

The evolution over time of shifted frequency F'(¢) can then
be modeled by the following diffusion process:

dF(t) = p(rn;zp, F(t),t)dt + o(F(t),t)dB(t)
= —a(ry;zp, F(t))F(t)dt + odB(t), (1)

where a(ry,xp; F) is defined as

a(ry;zp, F) =

TN+ ZTp if F < —0.5,0or FF >0.5

rn — jap — LapF if —05<F<-0.1

—10ry F if —0.1<F<0 2)
10ry F if0<F<0.1

rn — fap + PapF if 0.1 < F <05.

Figure [2] illustrates the drift as a function of the
frequency deviation. It can be easily checked that «(-) is
continuous in F. Since —a(;F)F < 0 if FF > 0 and
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Fig. 2. Graphic illustration of mean reversal function «(rn;xp, F'), repre-
senting the activation of FCR-N and FCR-D according to formula @).

L = oo

o
o

=
=—
|
=
=

Frequency F(t)

S
[42]

L0 m e e e e e

Fig. 3. Random trajectory of the shifted frequency process F(t) as prescribed
by an Ornstein-Uhlenbeck process with state-dependent drift.

—a(; F)F > 0if F <0, it follows that the diffusion process
(I is indeed mean-reverting. Figure [3| shows a simulation
of the shifted frequency process F'(t) when using Ornstein-
Uhlenbeck with the state-dependent drift as described by ().

The main underlying assumptions of the above mathe-
matical model are that activation of other ancillary services
than FCR (i.e., FFR, aFRR, and mFRR) are included in the
stochasticity of the Brownian motion. Also, we ignore network
constraints and assume FCR activation is instant, whereas in
reality, TSOs allow for ramp-up time.

B. Mathematical results

Using the mathematical model introduced in the previous
subsection, we are now interested in determining exceedance
probabilities to assess the benefits and risk implications of
changing from a static to a dynamic way of dimensioning
FCR-N. In other words, for a particular hour, given an estimate
of the diffusion coefficient o (describing the current volatility
of the frequency signal), a fixed volume xp for the FCR-D
reserve, and a chosen volume ry for the FCR-N obligation,

we aim to calculate the probability that F'(-) is in a certain
frequency interval. As a qualitative metric, we look at the
fraction of time the frequency exceeds a given threshold,
which is related to the invariant or stationary distribution
of the frequency. We now provide analytic expressions for
the aforementioned probability under the assumption that
stationarity of the frequency is achieved within an hour, which
is the time period for which we intend to make decisions.

To this end, in line with the function () as defined in @),
we define the relevant frequency intervals by

I; :==(—00,-0.5), Iy:=[-0.5,-0.1), I3:=[-0.1,0),

I, :=(0,0.1], I5:=(0.1,0.5], Ig:=(0.5,400). 3)
Combining theory from [22], [23], we present the following
result, which is proved in Appendix A.

Theorem 1. Let F'(t) be the shifted frequency as defined in
Section[IT]} Its stationary distribution has a probability density
function that can be expressed as

Z piTi(f

where for each j = .6, p; > 0 and T;(f) are,
respectively, the probability of being in interval I;, and the
probability density function in that interval, for which closed-
form expressions are detailed below in (3) and (6).

1(f €I ), feR, “4)

The six probabilities appearing in Theorem [I] that the
shifted frequency F' is in specific intervals I;, are given by

1
P1=DP6 =
2+ 272exp (—355) + 252 exp (—Ht)
oexp (—55)
b2 = Ps = - n
2+ 272exp (_%Dz) +27exp (—HgRtE)
%)
e p roexp (—HEE)
3 = P4 = .
2+ 272exp (—355) + 27 exp (— )

and the component densities functions 7; are given by

exp( fZTN-‘r:CD)
Kl(TN7fED7 )
K2(7“N,33D7U) ’
for f € Iy or I

, for fe Iy orlg

n(f) =76(f) =

mo(f) =75(—f) =

exp (72()?{;3; N )

73(f) = 1a(=f) = Ka(rwio)

with K7, Ko and K3 normalizing constants defined as

—0.5
Kl ::Kl(TN;IDvg) = / eXp (yQT.NJQxD) dya

)

for f € I3 or Iy,

K2 Z:KQ(TN;{ED7O') =
dry —x 2D
2 N D +y5 D)dy,

0.1
/70'5 exp< 402 302

0.0 3
20y°r
K3 :=Ks3(ry;0) = / exp (Sy QN) dy.
—0.1 g
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Note that, by construction, 7 is symmetric around 0 and 7(f)
is continuous since all the 7;’s are continuous and at the
boundary points they coincide.

In this paper we focus on the probability that the frequency
deviations are large enough to exit from the 100 mHZ band.
Since the probability p; and pg of extreme variations turn out
to be negligible (which is supported by historical data), in the
rest of the paper we focus on py (which is equal to ps) as
target exceedance probabilities.

I'V. NORDICS CASE STUDY: NUMERICAL RESULTS

In this section, we look at real-world frequency data of the
Nordic synchronous area from which we estimate the standard
deviation o that serves as input for our mathematical model.
In Subsection [[V-Al we describe the data that we have used.
Subsequently, in Subsection [[V-B| we share our main findings.
The Python code we used to obtain the results and create the
figures is available at [[24].

A. Data

We obtained frequency data of the Nordic synchronous area
from Finnish TSO, Fingrid [25], for the 12-month period
from December 1, 2022, to November 30, 2023. The data
has a time resolution of 0.1 seconds, resulting in over 300
million data points. We took 1-second averages of this raw
data, in order to make computations less time-consuming, also
aware that data points are rather correlated on the 0.1-second
resolution. Alternative choices for the down-sampling (such
as median, min, max, etc.) did not result in a significantly
different volatility. We use these data to estimate o in (I)) and
set xp = 1.45 GW, as explained in Section

B. Results

We now give an overview of our main findings, which relate
to the benefits and risk effects in terms of grid security, of
the current static dimensioning approach versus the dynamic
dimensioning approach with respect to the FCR-N services.
We show that under a static dimensioning approach and
with increasing volatility, one would need much more FCR-
N volume than under a dynamic dimensioning approach to
meet the same safety levels. We introduce several heuristics for
the dynamic dimensioning approach that focus on deploying
significantly more FCR-N reserves in high-volatility periods
and much less in low-volatility periods. We demonstrate
that this dimensioning approach results in substantially more
effective use of the FCR-N budget than the current static one.

1) Static dimensioning: We first study the current static
dimensioning approach to understand the risk effects in terms
of grid security of increasing volatility on the required FCR-N
volumes. Figure @ shows, for varying o, what FCR-N volumes
(rn) are required to stay within the £100 mHz band for 98%
of the time, when the TSOs procure a constant FCR-N volume
for every hour of the year. The 98% safety level stems from
the Nordic TSOs’ target to exceed the 100 mHz for maximal
10,000 minutes per year. The Nordic TSOs currently procure a
combined total of ry = 0.6 GW of FCR-N volume for every

5
—e— 98% safety level
’;‘5’ e Current practice: ry = 0.6,0 ~ 0.04
e
£ 5 4
ge
Ela
zg
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L s
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0.02 0.04 0.06 0.08 0.10 0.12

Standard deviation (o)

Fig. 4. Increasing hourly FCR-N volumes rx (in GW), are required to make
sure that 2p2 < 2%, (i.e., to stay within the +/- 100 mHz band 98% of the
time) for increasing o.
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Fig. 5. Required hourly FCR-N volumes rpx (in GW) to stay within

98%, 97% and 96% safety limits (i.e., required r ; to make sure 2py < 2%
or 2p2 < 3% or 2pa < 4% holds, respectively) for varying o.

hour of the year, where o ~ 0.04. The main takeaway from
Figure [ is that, if volatility doubles (e.g., when o goes from
~0.04 to ~0.08) and no other measures are taken, then four
times more FCR-N volume would be needed (i.e., instead of
the current ry = 0.6 GW, TSOs would need to procure ~2.4
GW per hour) to stay within the 98% safety level under the
current static dimensioning approach.

Another option would be to lower the safety limits for the
+100 mHz band. This approach would automatically result
in more frequent use of the FCR-D services, which might, in
turn, result in a different required pricing mechanism for FCR-
D since participants for FCR-D services currently only get
paid for reservation (i.e., being stand-by), not for activation.
Figure [5] shows the impact on the required FCR-N volumes
N, when lower safety limits for the £100 mHz band apply.
As expected, if the Nordic TSOs decrease the safety limit,
they need less FCR-N volumes to stay in the 2100 mHz band.
However, doubling the risk tolerance (i.e., going from a safety
level of 98% to 96%) yields less than ~20% lower required
FCR-N volumes. Whether this is a sensible approach depends
on the relative price differences between FCR-N and FCR-D.
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We do not go into this trade-off in this paper, also because, as
mentioned above, a more frequent use of FCR-D might result
in a different pricing mechanism, which is a research topic on
its own.

2) Dynamic dimensioning - a heuristic approach: We pro-
pose to address the increasing volatility issue by applying a
dynamic dimensioning approach for the FCR-N service. This
means that for each hour of the year, we determine a level of
to-be-procured FCR-N volume, given expected day-ahead risk
levels (i.e., expected volatility). We show that under ‘budget
neutrality’ (meaning the same total of annually procured
FCR-N volume), higher safety levels can be achieved using
the proposed dynamic dimensioning approach instead of the
current static approach. In other words, keeping the 0.6 GW
times 8,760 hours = 5,256 GW annual budget constant, we
look at where it would be most effectively deployed. There are,
of course, multiple strategies for optimizing this allocation.
In this paper, we adopt a heuristic approach that effectively
illustrates our key findings while avoiding the complexities of
computationally intensive optimization methods.

First, we define r}'\,, with ¢ = 1,...,8760, as the amount
of FCR-N volume reserved at hour ¢ in a year. Recall from
() that po is the probability that the frequency is between
49.5 and 49.9 Hz (i.e., effectively, the probability that the
frequency drops below 49.9 Hz, since p;, the probability that
the frequency drops below 49.5 Hz, is negligible, which is also
supported by historical data). Defining p% as the probability
that the frequency drops below 49.9 Hz in hour 4, we propose
a heuristic of the form

where 7 is the current constant level of procured FCR-N
volume (i.e., ¥y = 0.6 GW), o0; is a day-ahead estimate of
the expected standard deviation in hour i, ¢ is the reference
standard deviation (one could, e.g., take the average standard
deviation of the previous year), g(-) is a to-be-defined function
that scales the ¥y up or down depending on the expected
day-ahead volatility and 7 is a normalizing constant to make
sure we end up within the total annual budget of 5,256 GW
procured in a whole year. Note that in practice, determining 7
upfront is impossible and hence one will not exactly end up
with the exact annual budget for a full year (but for comparison
purposes and since we look at historical data, we apply  when
comparing the various methods).

To ensure the heuristic follows the principle of scaling-up
the FCR-N volume when high volatility is expected and vice
versa, we impose the following properties on function g(-):

0<g(oi0)<1lifo; <3
g(oi;0)>1if o, >0 9)

g(oy;0)=1if 0, =37

Q

Naturally, there are multiple sensible options to choose
from with regard to g(-). One option is defining a threshold
above/below which to deviate from r%, = 0.6 GW. Other
options would be to pick continuous functions, e.g., logarith-
mic, linear, or quadratic in ¢;. Since our primary goal of this
paper is to show the potential benefits of employing a dynamic

approach for FCR-N, we restrict ourselves to comparing a few
simple options for g(-).

3) Dynamic dimensioning heuristics with budget neutrality:
First, we consider a linear heuristic where g(-) = g™"(-), with

gt (o) = =, (10)
o
which meets all properties in (9). Then,
in,i _ 0
i B ey 2, an

where 7 is a parameter still to be determined. Since g™ is

comparatively sensitive to the forecast standard deviation o, it

will probably be effective at lowering the overall exceedance
e Lin,i .

probability. However, 7" can theoretically take on any non-

negative value. Thus, we also consider a step-function heuristic

9() = g% (). with

0.5 if o; <5
P (0;0) = 1 ifo§ <o <og” (12)
1.5 if o; > €Y,

with & and £“ as some lower and upper thresholds (e.g., 75%
and 125%), respectively. Then,

057y if 0; <3
T]SVtep,l PN if 56 < 0y < GEY (13)
L57nn if o5 > o€

This step-function heuristic approach might be more accept-
able for TSOs in practice than the linear one in , because
the values are bounded and restricted to only three values,
resulting in a simpler and more manageable market for FCR-
N services.

Figure E] shows the distribution of T}‘v values for all 8,760
hours of the year for the dynamic dimensioning approaches
using g~ and ¢5*°P compared to the flat line for the cur-
rent static approach. While all three approaches have the
same annual budget of 5,256 GW of FCR-N volume (i.e.,
Zf:io ri = 5, 256), the dynamic approaches, by design, take
on (many) different and more extreme 7% values, as opposed
to the static one, where a constant level of 0.6 GW per hour
is procured (i.e., rjs\;at’l =0.6 foralli=1,...,8760).

The resulting annual exceedance probabilities (i.e.,
Z?ﬁo pb, or the probability of getting out of the 4100 mHz
band in a year) are the main contribution of this paper: The
g™ and ¢S*°P heuristics result in less extreme exceedance
probabilities than the current static approach as is illustrated
in Figure [/| and Table [l where the volatility segments are
defined as follows:

o; > &, T
0<0;<&, 0
&Go<o; <o
o; < &0,

‘High volatility’ hours [7] : All i s.t.
‘Medium high volatility’ hours [ |: All i s.t.
‘Medium low volatility’ hours [ ]:All 7 s.t.
‘Low volatility’ hours [ ]: All i s.t.

(14

and the | | Eliminated’ pie charts segments in Figure
indicate the overall decrease in exceedance probability of
the g™ and ¢S%°P approaches, when compared to the static
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Fig. 6. The distribution of rfv volumes, for all ¢ = 1,...,8760 hours in
a year, is compared for the current static approach and the two dynamic
approaches using the Linear and Step heuristics g™ and gSteP,

one. In Figure [7} the relative size of the pie charts (after
subtracting the Eliminated parts) thus indicates the overall
exceedance probability in a year (foio ph), which is, as
shown in the graph, highest for the static approach. Observe
that the exceedance probability in the static case is driven
mainly by the high volatility segment, as expected. Deploying
extra FCR-N volume in times of high volatility and less in
times of low volatility, as is the approach of the heuristics,
results in a comparatively lower overall exceedance probability
as highlighted by the size of the Eliminated parts of the pie
charts (i.e., 37% and 26% for the g™ and ¢S**P heuristics,
respectively). Table [I] underpins the drivers behind the above
observations more quantitatively, where, for ¢ in one of the
volatility segments as defined in (14)

Lin,i Stat,i
ALin . 2Py =P and (15)
p2 T > pStat,i )
i 2
Lin,i Stat,i
ALin L Zz "N B Zz TN (16)
N T Z TStat,i )
i' N

are the relative change in exceedance probability and reserved
FCR-N volume, respectively, for the g™ approach vs. the
static (‘Stat’) one. AS'P and AP are defined similarly.

Indeed, the heuristic approaches ¢™™ and ¢5*P focus on
deploying FCR-N services dynamically mainly in times of
high volatility (+48% and +49%, respectively), resulting
in lower overall exceedance probabilities (again, —37% and
—26%, respectively) compared to the current static approach.
Note that, relatively speaking, there is an enormous increase
in exceedance probability in the low-volatile segment (+654%
and +3162%, respectively) for the g™ and ¢St approaches,
but since these probabilities were very small to begin with, it
has no significant impact on the overall exceedance probability
(as noticeable in Figure [7).

4) Dynamic dimensioning heuristics with fixed safety levels:
In the above calculations, we assumed that the heuristics
use the same annual budget of FCR-N services as the static
approach (namely, 5256 GW) and saw that this resulted in less
extreme exceedance probabilities for the dynamic dimension-

Fig. 7. The relative size of exceedance probabilities (Zl ng) for different
volatility segments is compared for the current szatic approach and the two
dynamic approaches using the Linear and Step heuristics gl and gSteP.

TABLE I
RELATIVE EXCEEDANCE PROBABILITIES (LEFT)
AND FCR-N VOLUMES (RIGHT)
OF gli™ AND gStP VS, STATIC APPROACH

Volatility segment ALin Apin A}S};ep Afj\fp
[T High volatility —59% | 48% || —54% | 49%
[ ] Med. high volatility | —20% | 10% 3% | —1%
[ ] Med. low volatility 52% | —12% 4% | —1%
D Low volatility 654% | —32% 3162% | —50%
Overall —-37% 0% —26% 0%

ing heuristics. Along the same lines, rather than equating the
annual budget of FCR-N services, TSOs following a dynamic
approach could also choose to fix the exceedance probabilities
at the same level as the static approach. Consequently, TSOs
could procure less FCR-N services while still obeying the
same safety levels as for the static approach.

For example, let us define the heuristic g5 which is

equal to g™ up to a scale factor ~:
gscaleLin(Ui; 5’) — gLin(O'i; 5’)’% (17)
Hence, the resulting 7%, is as follows:
]SvcaleLin,i = gl (04;5)y = Py % ny. (18)

By introducing « for the gS¢@°Min heuristic, we are scaling
back ¢™" to an annual FCR-N budget that is just enough to
meet the safety level of the static approach.

Figure [8| shows the distribution of Tﬁv values for all 8,760
hours of the year for the dynamic dimensioning approach using
the gS°*elin heuristic (with v = 0.86) compared to the flat line
for the current static approach. Where the annual budget for
the static approach is 5,256 GW, the heuristic ¢gS¢®°lin yses
only ~4,520 GW of annual FCR-N budget, which is ~14%
less (or ~735 GW), while still meeting the same safety level,
as can also be concluded from Ta where AScalelin and
AScalelin gre defined similarly as (T3) and (T6).

In Figure O] the relative size of the pie charts (after
subtracting the eliminated parts) again indicates the overall
exceedance probability in a year (Efiﬁlo ph), which is, as
can be observed in the graph, approximately equal for both
approaches. However, in the static approach, the overall ex-
ceedance probability is mainly driven by hours with high
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year, is compared for the current static approach and the dynamic g
heuristic with v = 0.86.

Fig. 9. The relative size of exceedance probabilities (leé) for different
volatility segments is compared for the current static approach and the
dynamic gSc®1elin heyristic with 4 = 0.86.

volatility, while for the dynamic approach using the gScalelin

heuristic, all segments except the low-volatility segment con-
tribute significantly. Table [ shows the drivers behind this
more quantitatively. Indeed, the heuristic ¢5°*° has approx-
imately the same expected probability of exceedance over a
full year (even ~1% lower), but the distribution for different
levels of volatility is completely different when compared to
the static approach. This difference is driven by procuring
~27% more FCR-N services in high-volatility hours while
buying less in lower-volatility hours, resulting in less overall
required FCR-N volumes (—14%) to achieve a similar level
of safety.

5) Conservative dynamic dimensioning heuristic: Another,
more conservative, approach to the dimensioning question is
when TSOs are hesitant to abandon the historical volume of
7 = 0.6 GW as minimum FCR-N obligation. We show that
extra FCR-N budget allocated at the right moments could
reduce the risk of exceeding the £100 mHz band significantly.
In particular, one could selectively choose to procure more in
high-volatility periods. For instance, one could alter gStP by

TABLE II
RELATIVE EXCEEDANCE PROBABILITIES (LEFT) AND
FCR-N VOLUMES (RIGHT) OF g§%4¢lim vs. STATIC APPROACH

Volatility segment Aggale““ A?chalemn

[ ] High volatility —41% 27%

[ ] Med. high volatility 13% —5%

[ ] Med. low volatility 167% —24%

[ ] Low volatility 1423% —41%

Overall -1% —14%
TABLE III

RELATIVE EXCEEDANCE PROBABILITIES (LEFT) AND
FCR-N VOLUMES (RIGHT) OF gStePFloor v gTATIC APPROACH

Volatility segment AS;EPFIO‘" A?}VepFloor
[[] High volatility —61% 64%
[ ] Med. high volatility 0% 0%
D Med. low volatility 0% 0%
I:I Low volatility 0% 0%
Overall —36% 8%

introducing the 7 as minimum (‘floor’), which would result
in

1 ifo;<a
_ if o; < (¢ (19)

StepFloor( . —)
m if o; > &€,

g 0i; 0
with m a multiple (e.g., 2) of the constant ¥ and ( some
threshold level (e.g., 135 %), respectively. Then, with n = 1,
we get

iy ifor < 6C
if o; > (.

StepFloor,i @

TN = (20)

mry
Figure shows the distribution of rfv values for all 8,760
hours of the year for the dynamic dimensioning approach using
the ¢S*PFloor heuristic (with m = 2 and ¢ = 1.35) compared
to the current static approach. Where the annual budget for
the static approach is 5,256 GW, the heuristic gStePFloor yses
~5,700 GW of annual FCR-N budget in this case, which is
~8% (or ~445 GW) more, as can also be observed in Table
where AStepFloor gpd AStepFloor are defined similarly as
(13) and (16).

In Figure [T1] the relative size of the pie charts (after sub-
tracting the eliminated part) indicates the overall exceedance
probability in a year (Zfﬁo ph), which is, as expected, lower
for the dynamic gS**PF1°°" heuristic than for the static ap-
proach. Indeed, Table shows that the extra ~8% of annual
FCR-N budget that g5t°PFloor yges is fully deployed in the
high-volatility segment (+64%), resulting in a much lower
overall exceedance probability (—36%) driven by a strong
reduction in exceedance probability in the high-volatility seg-
ment (—61%).

6) Sensitivity to forecasting error: The heuristics outlined
in the previous subsections rely on the hourly standard devia-
tions o;’s, which in an operational setting need to be estimated
(e.g., the day ahead) and are thus subject to forecasting errors.
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year, is compared for the current static approach and the dynamic gStePFloor
heuristic for m = 2 and { = 1.35.

Fig. 11. The relative size of exceedance probabilities (ZZ pé) for different
volatility segments is compared for the current static approach and the
dynamic gSt**PF1o0r heyristic for m = 2 and ¢ = 1.35.

In this subsection, we investigate the robustness of the pro-
posed heuristics (Linear and Step) against perturbations of the
hourly standard deviations. More specifically, we artificially
introduce noise, obtaining a new time series {;};=1,... s760
from the original one as &; = v;0;, where the ¢ = 1;(p)’s are
1.i.d. random factors parametrized by a scalar p > 0 describing
the magnitude of the perturbation. We consider two different
types of randomness for the factors ;(p)’s. Specifically, we
sample the random factors 1;(p), i = 1,...,8760, either from:

(a) the unit-mean discrete distribution given by

(1 —p) with probability 1/3,
1 with probability 1/3,
(1+p) with probability 1/3;
(b) a normal distribution with mean 1 and variance p, i.e.,
N(,p).
We repeat this sampling procedure, varying the parameter p
from 0 (modeling perfect forecasts) to p = 0.3 (modeling very

noisy forecasts). Using these perturbed time series, we apply
the Linear and Step heuristics and calculate the improvement

37
30
26
g 2
&
o
s 10 :
g —— A'p-;” discrete perturbation
e A n N
O 0 --=- A} normal pertubation NN
—e— AJ™ discrete perturbation N
_ h ]
100 .. A3 normal pertubation
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Magnitude p of the pertubations (%)

Fig. 12. The performance of the dynamic gZ*™€a” and gS?eP heuristics,
compared to the static approach in the presence of forecast errors of the o;
of increasing magnitude.

over the static policy using (I3). Figure [I2] shows that until
the magnitude p of the perturbations is below 25 — 30% our
proposed dynamic dimensioning heuristics still outperform the
static approach.

V. DISCUSSION

In this paper, we took the Nordic grid as a case study
and modeled the underlying frequency dynamics as a gen-
eralized Ornstein—Uhlenbeck (diffusion) process with non-
constant drift. We used it to assess the reliability level of the
grid, given the current volatility and available (static) FCR-
N and FCR-D policies. We proposed and assessed multiple
heuristic dynamic FCR-N policies and compared them with
the current static one, and showed that, in general, a dynamic
dimensioning approach can offer more efficient and more
effective allocation of primary reserves.

Instead of applying heuristics to determine the 7% (the
amount of FCR-N volume reserved at hour ¢) for each hour
of the year, we also considered identifying it as the solution
of an optimization problem, where the objective could, for
instance, be to minimize the sum of exceedance probabilities,

i.e., min, S5T% by (), such that the total annual budget

is not exceeded (i.e., Zfﬁo rﬁv < 5.256.000) and the ex-
ceedance probability for each individual hour remains small
(i.e., 2p2(ry) < 2%, for every i = 1,...,8760). However,
in all cases considered, the resulting optimization problem is
non-linear and we could not prove it to be convex, making it
hard to solve, while heuristics already convey the message we
want to get across. The practical contribution of this work lies
in demonstrating the potential of dynamic dimensioning for
FCR. While our focus is on relatively simple heuristics, TSOs
could readily adopt more sophisticated approaches, such as
machine learning techniques, to further enhance the benefits
of dynamic dimensioning for FCR.

On the theoretical side, our contribution concerns the model-
ing of the underlying frequency dynamics. Nevertheless, alter-
native mathematical models for frequency deviations leading
to different formulations of pi, ps, and ps could also be
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combined with the Linear and Step Heuristics to illustrate the
advantages of dynamic dimensioning in FCR.

Our findings are also relevant for larger synchronous areas
with traditionally higher inertia, such as Continental Europe.
As renewable penetration increases and inertia declines also in
those areas, dynamic dimensioning of primary reserves such
as FCR may become increasingly important. The diffusion
model we introduced for the Nordic synchronous area can
also be naturally adapted to reflect the specific dynamics of
the ancillary services in other regions, as long as they are also
linearly activated as a function of the frequency deviation.

VI. FUTURE RESEARCH

In our study, a key assumption is the ability to reliably
forecast the standard deviation o of system frequency on
an hourly basis prior to the activation of FCR-N and FCR-
D. While previous efforts have addressed the prediction of
hourly imbalances [[14], [15]], further research should examine
the sensitivity of our results to forecast errors beyond the
basic analysis presented here. A potential approach would be
to integrate our diffusion process approach into a physics-
informed machine learning setting, as done in [11]]. Nonethe-
less, the ‘StepFloor’ heuristic that we propose in (T9) is very
conservative in the sense that it does not take additional risk
based on forecasts of o and still illustrates the effectiveness
of dynamic dimensioning.

Another avenue for future research could be to extend our
work to include the effects of prices and markets, especially in
the interplay between FCR-N and FCR-D. In this context, the
diffusion model could be extended from one to two dimensions
by treating xp as a state variable rather than a fixed parameter.
A key challenge in this extension would be establishing the
convexity of the resulting optimization problem.

Lastly, our diffusion model currently assumes Gaussian
noise to capture the stochasticity. While this provides a reason-
able approximation for the bulk of the frequency distribution, a
more accurate characterization of the tails, potentially heavier
than Gaussian, is likely required for FCR-D applications [13]].
We remark that, even though we assume Gaussian noise in
our model, the sensitivity analysis on the forecasting error
presented in Subsection is also relevant to gauge the
potential impact of this assumption. An extension of our model
could incorporate a jump component in the noise, as proposed
in a different context by [[10]. Such jump-diffusion models
sometimes remain computationally feasible, particularly when
using mixtures of exponential distributions for jumps, and
merit exploration in future work.
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APPENDIX A
PROOF OF THEOREMI]

Proof. The outline of the proof is as follows. First, we
calculate the component densities 7; using the theory in [22]]

and the symmetry of the diffusion process. Next, we use the
theory in [23]] to combine the component densities into one
overall density.

A. Calculating component densities

In [22] Section 6.9], it is stated that under appropriate
conditions on the drift coefficient (-) and diffusion coefficient
o(+), a stationary distribution with density 7(-) exists and can
be found by calculating an explicit formula given by formula
(6.69) on page 171 therein. For the diffusion process (I)), it
holds that () = —a(-) with () as defined in @), o(-) = o
is a constant, and it can be shown that the required conditions
hold so that the resulting equivalent of the above-mentioned
formula (6.69) in our case comes down to calculating:

- «
r(f)=f2exp</ 20§q)qdq>7

for some fo € R and where C' is found from [ 7(f)df =1
and for this purpose «a(:) := a(ry;xp,-) for given ry and
xp. We now apply (ZI) to the various segments as defined
in to obtain the component densities 7,(-), j=1,...,6
and then combine them in an appropriate way to obtain the
general stationary density 7 ().

Starting with 7¢(-), formula translates to

o
w(f) 8 en ( e dq>

1)

5 o
C
= C6 e (N ETD ) o (— 2N ETID ) 09y
o2 402 o2

for f € Is = (0.5,00). Since foo'z T6(f)df =1,

ep (~2z)

Cp = — G0 ) (23)
Jos exp (=225 ) df
Plugging this back in (22), gives
exp _f2 TN;-wD
T6(f) = ( - )7 [ €ls, (24)

Ke(rn;zp, o)

with K¢(rn;ap,0) = [, 3 exp (—y? 2552 ) dy. Using sym-
metry,

T1(f) = 16(=f) = 76(f),

for f € I) and Ky(ry;2p,0) = Kg¢(rn;xp, o). Similarly,
one can derive the expressions for mo(-), 73(+), 74(-) and 75()

as in (6).

(25)

B. Calculating overall density

The expression for all component densities 7;(-) for j =
1, ..., 6, can be combined to get to the overall stationary density
7(+), using the methodology described in [23] in particular,
formulas (18.3)—(18.6) therein. The stationary density for a
piecewise-continuous diffusion process is for —oo = sp <
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