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Abstract. Total Variation (TV) regularized reconstruction is one of the
most relevant methods to improve the quality of limited-angle tomo-
graphic reconstructions. Nevertheless, the accuracy of computed tomog-
raphy (CT) reconstructions with a limited number of measurements can
be further improved by selecting the most informative acquisition angles.
This optimal experimental design (OED) task can be formulated as a bi-
level optimization problem, with selecting optimal angle combinations
(experimental design parameter) on the upper-level and tomographic
reconstruction on the lower-level. However, integrating TV regularized
reconstruction into the bi-level optimization approach is non-trivial be-
cause of the large number of iterations required for the algorithm con-
vergence, which impedes naive computation of gradients of the upper-
level objective with respect to the experimental design parameter. In
this work, we address this problem by employing implicit differentiation
approach to calculate the upper-level objective gradient. Moreover, we
utilize inexact methods to dynamically adjust the accuracy of the lower-
level solver, refining the gradient calculation as needed. We demonstrate
that this approach makes OED with TV regularized reconstruction ap-
plicable to realistic 3D data. Our numerical results demonstrate that
the angles selected by our bi-level optimization framework significantly
outperform the standard equidistant angular selection. The proposed
approach is therefore effective in minimizing experimental time and ra-
diation dose requirements for CT reconstruction of objects benefiting
from TV regularization, and can be readily extended to other types of
computationally demanding iterative reconstruction algorithms.

Keywords: Bi-level Optimization · Tomographic Imaging · Implicit Dif-
ferentiation · Optimal Experimental Design.

1 Introduction

Tomographic imaging, a technique widely used in medical diagnostics and ma-
terials science, involves reconstructing the internal structure of an object from
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a series of projections taken at different angles [1,2,3]. This imaging modal-
ity is crucial for providing detailed cross-sectional views of complex structures.
However, the reconstruction process often faces challenges related to noise and
incomplete data, which can degrade image quality. To mitigate these issues, vari-
ational methods considering prior information on the image can be employed
[4]. For instance, the total variation (TV) prior promotes sparsity in the gra-
dient domain, effectively preserving edges while reducing noise and artifacts in
the reconstructed images [5]. By leveraging regularization, tomographic imaging
achieves higher fidelity reconstructions, particularly in cases of limited data or
under-sampled projections.

In limited-angle tomography, the quality of the image can be further en-
hanced if we collect the most informative measurements. To achieve this, optimal
experimental design (OED), which has been widely applied in fields such as MRI
and seismic imaging, provides a systematic approach to improving experimental
efficiency [7,8]. Bayesian OED is a mathematical framework that facilitates the
design of experimental parameters while minimizing experimental costs [6]. Using
prior knowledge and Bayesian inference, it refines the selection of experimental
settings, thereby improving data collection efficiency and decision-making effec-
tiveness. One can use ground truth images as prior knowledge to approximate
the design parameters by minimizing the expected error between reconstruction
and actual ground truth. This is known as the A-optimality criterion in OED
literature papers [9]. The OED optimization problem in tomographic imaging
can be formulated as a stochastic bi-level optimization problem as follows,

p̂ := argmin
p∈Ω

E 1
2∥x̂(p,y

gt)− xgt∥2, (1)

s.t. x̂(p) := argmin
x

g(x,ygt,p). (2)

The expectation is taken over the training data (xgt,ygt) and p denotes the
design parameter. The upper-level objective function evaluates the quality of
the lower-level solution x̂ with respect to ground truth xgt while the feasible
set Ω captures constraints on the experimental setting. The lower-level problem
(2) aims to retrieve x̂ from given data ygt for given experimental settings p.
The function g typically includes data-fidelity and regularization terms and it is
assumed to be strongly convex in x to guarantee the uniqueness of x̂.

Bi-level problems, such as the one outlined above, are challenging to solve
because of their non-convex nature and computational complexity. Moreover,
in tomographic imaging we are typically faced with a high-dimensional design
space. This precludes the use of model-free methods like grid and random search
[10] and model-based methods such as Bayesian optimization [11]. Therefore, we
focus on projected-gradient methods that find an optimal set of design param-
eters by utilizing the gradient of the upper-level objective. In order to compute
this gradient, we need to compute the derivatives of x̂ w.r.t. p. To accurately
compute derivatives for an approximate lower-level solution, two common ap-
proaches are reverse-mode automatic differentiation (AD) [12] and implicit dif-
ferentiation (ID) [13]. Although both schemes can be efficiently implemented
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using automatic differentiation tools, reverse-mode AD usually has a (much)
higher memory cost than ID [14]. This distinction becomes particularly impor-
tant in the context of large-scale problems, where iterative solvers are often
employed to solve the lower-level problem. These solvers generally require nu-
merous iterations to approximate the solution accurately, making the gradient
calculations with unrolling prohibitively expensive. While modified AD-based
approaches exist to approximate derivatives without storing the full iteration
history [15,16], they introduce additional approximation errors and computa-
tional overhead, making them less suitable for large-scale bi-level optimization
problems.

To further speed up the computations, inexact methods have been consid-
ered [17]. Here, the lower-level problem is solved up to a dynamically adjusted
tolerance in order to improve the computational efficiency of the upper-level
objective gradient calculation.

1.1 Contributions and outline

In this paper, we optimize a set of acquisition angles tailored to a specific dataset,
which can later be used to scan similar objects with the same orientation. We
pose experimental design for 3D limited-angle tomography as a bi-level optimiza-
tion problem. The lower-level problem involves 3D tomographic reconstruction
using a Total Variation prior and for the upper-level problem we adopt the
adaptive inexact method proposed by [17]. We use the implicit differentiation
approach to efficiently calculate the gradient of the upper-level problem with low
memory imprint, making the method feasible for large-scale problems.

The remainder of the paper is organized as follows. In section 2 we provide
some background on the use of implicit differentiation for bi-level problems. In
section 3, we pose the experimental design problem for tomographic imaging and
given details on the implementation. Numerical results are presented in section
4, the discussion is provided in Section 5, and section 6 concludes the paper.

2 Background

2.1 Notation

Throughout, scalars and vector elements are denoted by lower-case italic let-
ters, vectors by lower-case boldface letters, and matrices by upper-case boldface
letters. The notation ·⊤ stands for the transpose of either a vector or matrix.
By ∥x∥ =

√∑n
i=1 x

2
i we denote the ℓ2-norm of a vector and # denotes the

cardinality of a vector. (i.e., the number of non-zero elements).



4 H. Fathi et al.

2.2 Bi-level framework

For ease of notation, we consider it for a single data-point (xgt,ygt) and rewrite
the bi-level optimization in (1) as

p̂ := argmin
p∈Ω

f(p), (3)

s.t. x̂(p) = A(x̂(p),p), (4)

where f(p) = ℓ(x̂(p)) and (4) represents the optimality condition for the lower-
level problem. Specifically, the minimizer to the lower-level problem (2) cor-
responds to the fixed point of A(·,p). Given that the lower-level problem is
strongly convex and assuming small enough step size, the operator A(·,p) is a
contraction, guaranteeing convergence of the corresponding fixed-point iteration
to a unique fixed point representing the minimizer of the problem [14]. Further-
more, we assume that both ℓ and A are continuously differentiable, allowing us
to leverage smoothness properties in the analysis.

The gradient of the upper-level function f now reads

∇pf(p) = ∂px̂(p)
⊤∇xℓ(x̂(p)), (5)

with ∂px̂ denoting the Jacobian of x̂ w.r.t. p. Note that in practice we only have
access to an approximate solution x̃(p) ≈ x̂(p). One can proceed with unrolling
method which can be efficiently implemented by reverse-mode AD. In Reverse-
mode automatic differentiation (AD), we apply automatic differentiation to the
fixed-point iteration xk+1 = A(xk,p). The advantage is that we can efficiently
compute the exact derivatives of xk w.r.t. p for any k and hence we can compute
the exact derivative of the approximate objective f(p) ≈ ℓ(x̃(p)). However, if the
solver has not fully converged, this may still be an inexact approximation of the
true gradient of f(p). The main drawback of reverse-mode AD is its high memory
cost, as it requires storing all intermediate iterates. In Implicit differentiation
(ID), we differentiate the fixed-point relation directly and employ the Implicit
Function Theorem to compute the required Jacobian as

∂px̂(p) = (I − ∂xA(x,p))−1∂pA(x,p)
∣∣
x=x̂(p)

. (6)

The advantage is that it has a much smaller memory-imprint than AD. The
disadvantage is that we need to solve a linear system to calculate the derivative.

3 OED in computed tomography

We consider the optimal experimental design (OED) problem for sparse-angle
computed tomography (CT). Here, the goal is to select a subset of K ≪ l angles
on which to base the tomographic reconstruction. Angle-selection will be encoded
by the vector w ∈ Rl. We begin by introducing the image reconstruction problem
for a particular design parameter followed by an upper-level optimization over
the design parameter.



Bi-level optimization for OED in CT 5

3.1 The lower-level problem

CT can be expressed as a linear inverse problem of retrieving a 3D image x ∈ Rn

from projection data y ∈ Rm, related via

Ax = y, (7)

where A ∈ Rm×n denotes the forward operator. The forward operator exhibits a
block-structure consisting of l blocks of rows corresponding to projections taken
from their corresponding angles. Angle-selection is then modeled by weighting
the ith block of rows with its corresponding weight wi, or

Tw(Ax) = Tw(y), (8)

where Tw : Rm×m = diag(w)⊗ I is an m×m diagonal matrix that applies the
weight wi to the ith block of rows.

Variational methods reconstruct x by minimizing an objective function com-
prising a fidelity term, which ensures consistency with the measurements, and a
regularization term that incorporates prior knowledge about the image domain,
addressing the ill-posedness of the problem. The corresponding lower-level prob-
lem then reads

x̂(p) = argmin
x

g(x,p) := 1
2∥Tw(Ax− y)∥2 + r(x,λ), (9)

where r is the regularization term controlled by λ that the dimension can change
depending on variables, and p = (w,λ). This means that we jointly optimize
over the regularization parameter(s) and the weights in the bi-level problem. A
natural choice for A is

A(x,p) = x− α∇xg(x,p), (10)

with α ∈ R chosen to ensure A(·,p) is a contraction for all p ∈ Ω. Note that we
may choose to use a more efficient iterative method to solve (9) while still using
this choice for A to compute the Jacobian. Below, we present a few examples of
commonly-used regularizers.

Example 1: One can employ r(x, λ) = 1
2 exp(λ)∥x∥

2 as the regularization
term in case A is ill-conditioned or rank-deficient to stabilize the solution of the
optimization. The objective function in (9) becomes exp(λ)-strongly convex and
guarantees a unique solution.

Example 2: Smoothed Total Variation regularization incorporated with a ℓ2
norm (strong convexity term), r(x,λ) = exp(λ1)TVexp(λ2)(x) +

1
2 exp(γ)∥x∥

2

can be used as an alternative to TV to ensure that g is smooth by design.
Here, λ ∈ R2 denotes the regularization and smoothing parameters that can be
optimized through the learning process. In addition, it is less strict in enforcing
piecewise constant solutions and the smoothing parameter can be optimized to
fit a particular dataset.
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Example 3: The non-smooth Total Variation regularization incorporated with
a ℓ2 term (strong convexity term), r(x, λ) = exp(λ)TV(x)+ 1

2 exp(γ)∥x∥
2 can be

used in CT reconstruction to address ill-posedness and improving image quality,
under the assumption of piecewise constant images. As the objective g in (9) is
non-smooth, we replace it by gη(x,p) = 1

2∥Tw(Ax − y)∥2 + exp(λ)TVη(x) +
1
2 exp(γ)∥x∥

2, with TVη a smooth approximation of TV, for the purpose of
defining A. Note that this case is different from Example 2, since the lower level
objective is only smoothed while defining A, and the smoothing parameter η ∈ R
is fixed.

3.2 The upper-level problem

We aim to optimize the design parameter w while simultaneously determining
the regularization parameter λ. Let x̂(p,y) represent the reconstructed image
corresponding to p = (w,λ) and data y. Given a data set {(xgt

i ,ygt
i )}Ni=1 the

objective is to identify the optimal p̂ that maximizes the quality of the recon-
structed CT images under certain constraints. The resulting upper-level opti-
mization problem reads

min
p∈Ω

1
2N

N∑
i=1

∥x̂i(p)− xgt
i ∥2, (11)

where x̂i(p) ≡ x̂(p,ygt
i ) and

Ω =

{
(w,λ) |

∑
i

wi = K, 0 ≤ wi ≤ 1

}
,

is constructed to promote solutions with K active sources and positive λ. The
simplex constraint on w is in fact a convex relaxation of the binary constraint
wi ∈ {0, 1},

∑
i wi = K and has been proven useful in OED for tomographic

imaging [18]. Note that we cannot guarantee that this relaxation will yield binary
solutions. In such cases, we convert w to a binary one by setting the K largest
elements to one and assigning zeros to the remaining elements.

3.3 Algorithm

The overall algorithm now needs three ingredients: i) an inner solver to solve the
lower-level problem (9) up to a given tolerance, ii) a linear solver to solve the
linear system in (6) up to a given tolerance, and iii) a procedure to update the
parameters p based in inexact gradient information and taking the constraints
in to account. In essence the resulting algorithm is based on the following update
step

p(k+1) = PΩ

(
p(k) −Dkg

(k)
)
, (12)

with

g(k) =

N∑
i=1

(
∂pA(x̃

(k)
i ,p(k))

)⊤
r̃
(k)
i , (13)
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where r̃
(k)
i is solved from(

I − ∂xA(x̃
(k)
i ,p)

)
ri =

(
x̃
(k)
i − xgt

i

)
, (14)

using the Conjugate Gradient method with relative tolerance δk. The solution
to the inner problem x̃

(k)
i = x̃i(p

(k)) is obtained by solving (9) up to a relative
tolerance of ϵk, i.e.

∥∇xg(x̃
(k)
i ,p(k))∥ ≤ µϵk

for a fixed problem dependent parameter µ the lower bounds the strong con-
vexity constant of g(·,p). The matrix Dk is a diagonal weighting to account
for differences in scaling between w and λ and the two stepsizes are updated
using a backtracking linesearch. The projection operator involves a projection
on the simplex constraint, which can be done efficiently as outlined by [18]. To
control the tolerances (ϵk, δk) for the inner solver and linear solver, we adopt the
adaptive MAID algorithm for bi-level learning presented in [17]. As inner solvers
we use either Nesterov’s accelerated gradient method [19] (in case the objective
is smooth) or the Chambolle-Pock method (for the non-smooth TV regularizer)
[20].

4 Numerical Experiments

In this section, we present the optimal acquisition angles in CT obtained by our
proposed bi-level framework. We first outline the experimental settings and then
present the results.

4.1 Experimental settings

Implementation with PyTorch To implement the forward operator we use
Tomosipo [21], a PyTorch-compatible interface for the ASTRA toolbox [22]. We
utilize the available implementation of Chambolle-Pock algorithm for 3D image
reconstruction3 as described in [5]. Furthermore, Nesterov’s accelerated gradient
method is implemented and accessible within the Tomosipo algorithms package
4.
As the CG only requires matrix-vector products to solve the linear system in
(14), we can efficiently compute the gradient in (13) using automatic differenti-
ation (AD) to perform Jacobian-vector products (JVPs).
For the MAID algorithm, the parameter µ as the lower bounds strong convexity
of g is set to µ = exp(γ) while γ = −3 for OED with TV-regularized recon-
struction and µ = exp(λ) for OED with ℓ2 regularized reconstruction while λ is
the regularization parameter. In OED with TV-regularized reconstruction, we
consider η = exp(−6) as the smoothing parameter and the initial accuracies of
the lower-level solver and the CG solver are set to ϵ0 = exp(6) and δ0 = exp(3)
while in OED with ℓ2 regularized reconstruction ϵ0 = 103 and δ0 = 10 with a
maximum of 500 iterations for each.
3 https://github.com/schoonhovenrichard/AutodiffCTWorkflows
4 https://github.com/ahendriksen/ts_algorithms

https://github.com/schoonhovenrichard/AutodiffCTWorkflows
https://github.com/ahendriksen/ts_algorithms
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Data set As ground truth we use a CT scan of a cooling device shown in figure
1. The phantom is represented as a binary 3D volumetric image with dimensions
58 × 224 × 224. We consider a CT setup with a cone beam geometry and a
detector with 400 × 400 pixels. We generate a set of projections collected from
100 angles, evenly distributed between 0◦ and 360◦. The objective is to acquire
K < 100 most informative angles to reconstruct the 3D image using regularized
reconstruction either ℓ2 or TV regularization.

(a)
(b)

(c) (d)

Fig. 1: Ground truth of the 3D phantom and central slices from different views.

Evaluation For all experiments we first jointly optimize over the parameters
p = (w, λ) using either ℓ2 or TV-regularization. We then binarize the resulting
solution w by setting the largest K elements to one and the remaining elements
to zero. As a reference we will also use an equidistant design with the same
number of angles. To ensure a fair (best-case) comparison of the different de-
signs (ℓ2, TV, or equidistant), we perform a TV-regularized reconstruction where
the regularization parameter λ is optimized again (for fixed w). The resulting
reconstructed volumes are then compared qualitatively and quantitatively by
computing the structural similarity index measure (SSIM) and mean square er-
ror (MSE) between the reconstruction and the ground-truth.

Finally, to investigate the robustness of the designs w and its correspond-
ing regularization parameter λ obtained as outlined above, we evaluate their
performance on noisy data.

4.2 Numerical results

In figure 2, we present the convergence of the method using MAID algorithm
in case of OED with TV regularization. The optimized designs for varying K
are shown in figure 3. The corresponding TV-regularized reconstructions for
noiseless data are shown in figure 4. The results in terms of the reconstruction
error are summarized in table 1.

5 Discussion

Here, we would like to highlight a few points related to our proposed bi-level
framework: i) While we build upon an existing framework, ensuring robust con-
vergence requires incorporating certain heuristics. For example, the optimization
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Fig. 2: Upper level relative error over the total number of iterations using TV-
regularization with K = 20. While the MAID algorithm is initialized with three
different sets of tolerance values (ϵ0, δ0), all configurations converge to the same
level of accuracy. Two dashed lines present the relative errors of K = 20, 100
equidistant sources as upper and lower bounds of errors, respectively.

K = 10 K = 20 K = 30

Equidistant 0.41 0.49 0.62
ℓ2-design 0.55 0.59 0.62
TV-design 0.61 0.68 0.67

SSIM Results

K = 10 K = 20 K = 30

Equidistant 5.7× 10−2 2.2× 10−2 0.3× 10−2

ℓ2-design 1.7× 10−2 7.3× 10−3 4.4× 10−3

TV-design 4.7× 10−3 1.9× 10−3 0.8× 10−3

MSE Results

Table 1: Performance comparison of different angular selection methods in terms
of SSIM and MSE for K = 10, K = 20, and K = 30.

process is initialized with a very small regularization value, and a small regular-
ization parameter is added into the CG solver to aid convergence. Establishing
formal convergence guarantees when using these heuristic techniques is a matter
for a future research. ii) Since the upper-level objective is a non-convex function,
there is no guarantee to achieve the global minimum. One potential approach
to improve the robustness of our method is employing multiple random initial-
ization of parameters. iii) The computational cost of implementation increases
substantially when handling large-scale training datasets. To address this chal-
lenge, alternative strategies such as stochastic gradient descent (SGD) can be
utilized. Rather than processing the entire dataset in each iteration, SGD per-
forms parameter updates by randomly selecting a subset of data points, thereby
reducing computational complexity. iv) Other regularization types can be incor-
porated in the lower-level objective of the proposed framework, provided they
satisfy the assumptions outlined in this paper.
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K = 10 K = 20 K = 30

Fig. 3: Designs resulting from ℓ2-regularization (top) and TV-regularization (bot-
tom) for various K. We see that the optimized angles align well with the domi-
nant edges of the phantom, as expected. For intermediate K, the ℓ2 design seems
biased towards angles around zero, whereas the TV-designs tend to include an-
gles around ±10 to align with the edges in the phantom.

.

6 Conclusion

In this research, we propose a bi-level framework for optimal experimental de-
sign in computed tomography, specifically optimal angular selection. Large-scale
bi-level optimization problems often suffer from inaccuracies in the lower-level
solution, which can propagate as inexact gradient computations at the upper-
level, hindering convergence. To mitigate this issue, our framework incorporates
implicit differentiation as an inexact approach to refine the lower-level accu-
racy without encountering memory limitations. By achieving a balance between
computational efficiency and solution accuracy, the proposed framework is well-
suited for large-scale and computationally demanding applications in tomogra-
phy.

Acknowledgments. Our work was supported by funding from the European
Union’s Horizon 2020 research and innovation program under the Marie Skłodowska-
Curie grant agreement No. 956172 (xCTing).
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K = 10 K = 20 K = 30

Fig. 4: At the top we show the central slices of the reconstruction with equidis-
tant angles. In the middle and bottom rows, we display central slices of the
reconstructed volumes corresponding to the designs shown in figure 3, respec-
tively.
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K = 10 K = 20 K = 30

Fig. 5: Central slices of reconstructed volumes obtained from TV-regularized
designs using noisy measurements with an SNR of 15 are shown. Comparing
these results to the corresponding noise-free reconstructions in figure 4 (bottom
row), we observe that the method demonstrates greater robustness for larger K
values.
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