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On Uniqueness of Power Sum Decomposition\ast 

Alexander Taveira Blomenhofer\dagger 

Abstract. We propose an algorithm to compute power sum decompositions, which are motivated by applications
in algebraic statistics. Power sum decomposition entails writing forms of degree d \cdot k as a sum of dth
powers of k-forms. We show that under certain assumptions, the power sum problem for k-forms
can be reduced to the classical case of power sums of linear forms. Semidefinite programming is
used to perform this reduction. The semidefinite programming approach allows us to improve the
currently best known rank bounds for the problem from m=\scrO (n/ log(n)) to m= n - 1, in a typical
case. An implementation of the algorithm is provided. We complement the theoretical analysis with
numerical experiments.
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1. Introduction. Among Ramanujan's many playful activities, there was a famous prob-
lem he posed to the Journal of the Indian Mathematical Society, which concerned decomposi-
tions of a sextic form f as a sum f = q31 + q32 of two cubes of quadratics. See [51], [52, p. 326],
[61, p.1 and references therein]. Ramanujan was interested in his particular sextic because
it admitted many decompositions, and so he asked the reader to find them. In [61], Reznick
gives a complete description of the solutions to ``q31 +q32 = q33 +q34"". In this work, we will study
the opposite side: power-sum problems, which have a unique solution. For instance, can you
find quadratic forms q1 and q2 in two variables X,Y such that

q21 + q22 = 2X4  - 2X3Y + 3X2Y 2  - 8XY 3 + 5Y 4 and(1.1)

q31 + q32 =  - 9X5Y + 18X4Y 2  - 9X3Y 3 + 9X2Y 4  - 18XY 5 + 9Y 6?

The system (1.1) is a power sum decomposition problem. These problems will be very difficult
when the number of variables and the number of qi's is large, but already the tiny example
from (1.1) requires significant effort to solve.

Power sum decompositions have a wide range of applications, especially sums of powers
of linear forms: These play an important role in polynomial optimization [38, section 5],
phylogenetics [37], cryogenic electron microscopy [9], and many more. For the case of linear
forms, there is a rich body of literature, both regarding theory, e.g., [41], [4], and algorithms,
e.g., [1], [16].
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212 ALEXANDER TAVEIRA BLOMENHOFER

If the qi's have degree greater than 1, then we speak of a higher-order power sum problem.
The higher-order variant is much less understood, but it has recently received increased interest
from various communities, for instance from the viewpoints of arithmetic circuit complexity
[25] and high-dimensional estimation [26], [7]. The case of cubes of quadratics is particularly
important for a specific class of Gaussian mixture problems, which we address in section 6.
Cubes are also the smallest power, at which any nontrivial uniqueness result becomes possible;
see [14].

Ideally, we would like to have an algorithm, which, given the power sums f2 := q21+\cdot \cdot \cdot +q2m
and f3 := q31 + \cdot \cdot \cdot + q3m as input, can produce a solution q1, . . . , qm. Formally, a power sum
problem can be written as

(PoF)f,m,k,d given f1, . . . , fr of degrees k \cdot d1, k \cdot d2, . . . , k \cdot dr,(1.2)

find q1, . . . , qm \in \BbbR [X1, . . . ,Xn]k,

\lambda 1, . . . , \lambda m \in \BbbR \geq 0,

s. t. fd =

m\sum 
i=1

\lambda iq
d
i , d = d1, . . . , dr.

The number m is called the rank of a decomposition. Note that the weights \lambda i do not occur
in (1.1), but they are needed in some of the applications. If one wishes to recover both the
weights \lambda i and the addends qi, then it is necessary to have power sums of at least two different
degrees. If r = 1 and all weights are set equal to 1, then the problem is called k-Waring
decomposition. The system (1.1) has a unique solution, given by

q1 =  - X2  - XY + 2Y 2, q2 = X2  - 2XY + Y 2.(1.3)

Uniqueness can be seen as a consequence of our main result, Theorem 3.2, and the solution
may be computed using our Algorithm 1.

1.1. Organization and overview of contributions. Our main result is an algorithmic
uniqueness theorem for sums of cubic and quadratic powers; see Theorem 3.2 and Corollary
3.3. The corresponding algorithm is described in Algorithm 1. We develop the main result
in section 3. A Julia implementation of Algorithm 1 can be found in the accompanying
supplementary file (powers-of-forms.zip [local/web 333KB]) as well the author's git repository;
see [13].

Our result may be used for two estimation problems, which are common in machine
learning: the parameter estimation problem for mixtures of centered Gaussians; see Corollary
1.1, as well as subspace recovery; see Corollary 1.2. In section 6, we give a detailed description
of these problems.

In section 4, we analyze the algorithm in terms of geometric conditions for uniqueness;
see Corollary 4.1. In section 5, we conduct a numerical study, suggesting that the algorithm
has good performance in an average-case framework. We also examine the range of ranks for
which our method can certify uniqueness of the decomposition.

1.2. Related work and techniques. Waring decompositions are a classical problem, dat-
ing back to Sylvester [66], Hilbert [31], and Terracini [67]. There is a significant body of
literature and results on the case of 1-Waring decomposition, both on the side of uniqueness
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 213

theorems, e.g., [16], [24], and on the side of algorithms, e.g., [41], [4]. Forms of very small rank
have a unique 1-Waring decomposition of minimal rank, at least generically. In fact, there is
a well-known algorithm to compute their 1-Waring decompositions if the rank is small and
certain nondegeneracy conditions are met. This algorithm is a classical result, but the attri-
bution to a single origin is complicated, since it has been independently rediscovered multiple
times. See Theorem 2.3 for a formulation of the algorithm and subsection 2.2 for a discussion
of the origins.

Simultaneous Waring decompositions for vectors of forms of (possibly) different degrees
have also been studied before, e.g., [68], [8], [6], and [27].

Higher-order Waring decompositions are a classical topic, too, but they are far less un-
derstood. Ramanujan's famous question was about an ``unexpected"" pattern of dependency
between powers of forms, i.e., a power-sum with nonunique minimum-rank decomposition. In
this spirit, the pioneering work of Reznick gave various results on the potential solutions of
certain power-sum decomposition problems; see [55], [56], [62], [57], [58], [59], [60], and [61].
On the opposite end, it was shown by the author in joint work with Casarotti, Micha\lek, and
Oneto [14] that generic uniqueness of power-sum decomposition holds for most ranks, exclud-
ing those ranks where the problem is trivially overparameterized. This motivates the search
for algorithms, which generalize those known for linear forms. Unfortunately, the case k\geq 2 is
more complicated for several reasons. The basic algorithm from Theorem 2.3 relies implicitly
on the underlying principle of apolarity. A point a\in \BbbR n can be dually interpreted both as a lin-
ear form aTX \in \BbbR [X]1 and also as a directional differentiation operator \partial a : \BbbR [X]d \rightarrow \BbbR [X]d - 1.
These dualities allow us to associate to a d-form f an ideal of equations, which has exactly
the points a as solutions such that aTX contributed to a Waring decomposition of f .

For higher-order Waring decomposition, it is no longer straightforward to interpret the
solutions qi of f = qd1 + \cdot \cdot \cdot + qdm as points. Currently, the best-known strategies attempt to
reduce to the case k = 1 via various tricks. A central step in these reductions is to find the
space \langle q1, . . . , qm\rangle .

One such trick is the method of affine projections of partials (APP), which was used by
Garg, Kayal, and Saha [25] and Bafna et al. [7] to obtain polynomial-time recovery procedures
for some variants of powers-of-forms decomposition. Their work was strongly motivated and
tailored towards the parameter estimation problem for mixtures of centered Gaussians. Ear-
lier work of Ge Huang, and Kakade [26] already gave a recovery algorithm for the parameters
of Gaussian mixtures. Among other things, this implied a recovery algorithm for 2-Waring
decompositions of sextic forms if m = \scrO (

\surd 
n) and if the addends are ``sufficiently random"".

Bafna et al. [7] gave an improved algorithm, also for higher-order Waring decompositions. In
the case k = 2, it allows one to decompose forms of rank up to m = \scrO (n/ log(n)), again as-
suming sufficient randomness in the solution. To the best of our knowledge, m = \scrO (n/ log(n))
was the best rank bound known to date. We improve it to m = n  - 1 for recovery from
third- and second-order power sums, via our Corollary 4.1. Compared to the previous results,
this therefore gives an improvement of the asymptotic order and the constant factors, with
an arguably simpler proof. Note that we need slightly more than genericity conditions: Our
assumptions are only satisfied on a typical set. This set appears to be quite large, though, as
suggested by the numerical experiments in section 5.
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214 ALEXANDER TAVEIRA BLOMENHOFER

1.3. Statistical learning applications.

Learning parameters of centered Gaussian mixtures. The parameter estimation problem
for Gaussian mixtures has a rich history, dating back to Pearson [48]. It has now been studied
over more than a century in all kinds of flavors, e.g., from the perspective of computer science
[18], [63], [19], [45], [35], [33], [5], [53], [43], algebraic geometry [2], [3], moment problems [17],
[20], and applications [54], [49]. A mixture of m centered Gaussians has a degree-2d moment
form (cf. subsection 6.1) proportional to

m\sum 
i=1

\lambda iq
d
i ,(1.4)

where \lambda 1, . . . , \lambda m \in \BbbR \geq 0 are the mixing weights (summing up to 1) and q1, . . . , qm are pos-
itive (semi)definite quadratic forms qi = XT\Sigma iX, where \Sigma i is the covariance matrix of the
ith centered Gaussian. Thus, there is a straightforward connection between the parameter
estimation problem for mixtures of centered Gaussians from their moments on one side and
decompositions as powers of quadratic forms on the other side. This allows one to derive an
algorithm for parameter estimation for Gaussian mixtures as a corollary of our main result,
Theorem 3.2. The details are elaborated in section 6. Let us highlight the result in the
following.

Corollary 1.1. For any n \in \BbbN , m \in \{ 1, . . . , n  - 1\} , there is a Euclidean open subset
\scrU of \BbbR [X1, . . . ,Xn]m2 and an efficient algorithm for the following problem: If Y is a mix-
ture of m centered Gaussian random variables with general positive definite covariance forms
(q1, . . . , qm) \in \scrU and positive mixing weights \lambda 1, . . . , \lambda m, compute the set of parameters \{ (q1, \lambda 1),
. . . , (qm, \lambda m)\} from the moments \scrM \leq 6(Y ) of Y of degree at most 6.

Learning unions of subspaces. A special type of Gaussian mixture distributions can be
used as a model for subspace learning. Here, data is assumed to be normally distributed
on either of the r-dimensional subspaces U1, . . . ,Um and the task is to find bases for the
subspaces U1, . . . ,Um from samples of the mixture distribution as input. The main difference
to a general Gaussian mixture instance from above is that the forms q1, . . . , qm corresponding
to the subspaces U1, . . . ,Um will not have full rank.

We highlight this special application, since it is a case where one needs uniqueness not for
general forms, but for forms that are general within the class of fixed-rank quadratic forms.
We are not aware of any decomposition result applicable for this case, since the previous work
[7], [26] is based on a probabilistic analysis and thus implicitly assumes full-rank quadratics.

Corollary 1.2. For any n, r \in \BbbN \geq 3, m \leq n  - 1, there is a Euclidean open subset \scrU of
the problem parameters1 and an efficient algorithm for the following problem: If Y1, . . . , Ym
are normally distributed random variables on r-dimensional subspaces U1, . . . ,Um and \lambda \in 
\BbbR m
>0 with

\sum m
i=1 \lambda i = 1, compute bases for the subspaces U1, . . . ,Um from the moments of

\lambda 1Y1 \oplus . . .\oplus \lambda mYm of degree at most 6.

1The parameters are the subspaces together with the means and covariances of the Gaussians.
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 215

Disclosure. The main ideas of this paper were published first as part of my doctoral thesis
[12] at Universit\"at Konstanz. Some formulations might therefore overlap. However, this paper
significantly elaborates on the ideas that were present in [12].

2. Preliminaries.
Notation. Let us write \BbbN = \{ 1,2,3, . . .\} for the set of natural numbers and \BbbN 0 for \BbbN \cup \{ 0\} .

This paper concerns power sum decompositions over the real field \BbbR , but we might occasionally
mention some results that hold over the complex numbers \BbbC . For K \in \{ \BbbR ,\BbbC \} , we endow any
finite-dimensional K-vector space U with the K-Zariski topology. The varieties considered in
this paper are closed affine or projective varieties. Closed affine varieties are subsets of U that
can be written as the feasible set V (q1, . . . , qm) of a system of polynomial equations

q1(x) = 0, . . . , qm(x) = 0, (x\in U).(2.1)

The space of linear functionals from U to \BbbR is denoted U\vee and called the dual space of
U . Algebraic unknowns will be denoted by capital letters. In particular, for U = Kn, it
is by default assumed that the unknowns are X = (X1, . . . ,Xn) and the polynomial ring is
denoted K[X]. Note that p\in K[X] denotes a polynomial, whereas p(x) denotes the evaluation
of p in some point x \in Kn. When talking about algebraic relations of some polynomials
q1, . . . , qm \in K[X], let us denote their ideal of relations

I\mathrm{r}\mathrm{e}\mathrm{l}(q1, . . . , qm) = \{ f \in K[Y ] | f(q1, . . . , qm) = 0\} (2.2)

in some separate set of unknowns Y = (Y1, . . . , Ym), to avoid confusion. For some graded
K-algebra R, Rk denotes the kth graded component of R and R\leq k := R0 \oplus . . .\oplus Rk denotes
the part of grade at most k.

For a convex cone C \subseteq U in an \BbbR -vector space U , the dual cone of C is

C\ast := \{ L\in U\vee | \forall u\in U : L(u) \geq 0\} \subseteq U\vee .(2.3)

In the special case where C is a subspace of U , it holds that

C\ast = \{ L\in U\vee | \forall u\in U : L(u) = 0\} .(2.4)

For subspaces, C\ast is thus a subspace of U\vee , which is called the conormal space of C. It is
commonly denoted C\bot rather than C\ast .

2.1. Sums of squares and gram spectrahedra. A form f \in \BbbR [X] is a sum of squares if
there exist N \in \BbbN 0 and forms q1, . . . , qN \in \BbbR [X] such that

f =

N\sum 
i=1

q2i .(2.5)

The right-hand side of (2.5) is called a sum-of-squares representation. For any orthogonal
transformation A \in \BbbR N\times N , both q = (q1, . . . , qN )T and A(q1, . . . , qN )T represent the same
polynomial f . Let us denote by [X]k = (X\alpha )| \alpha | =k the vector of monomials of degree k. Then,
any polynomial p \in \BbbR [X]k can be written as p = cTp [X]k for some real coefficient vector
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216 ALEXANDER TAVEIRA BLOMENHOFER

cp = (cp,\alpha )| \alpha | =k. This allows one to write sum-of-squares representations such as (2.5) via
Gram matrices

f = [X]Tk

\Biggl( 
N\sum 
i=1

cqic
T
qi

\Biggr) 
[X]k = [X]TkG(q)[X]k.(2.6)

Here, we denote G(q) :=
\sum N

i=1 cqic
T
qi for the positive semidefinite (psd) Gram matrix of the

sum-of-squares representation f = qT q. Let us write G\succeq 0 to denote that some (symmetric)
matrix G is psd. It turns out that any matrix representation f = [X]TkG[X]k, where G \succeq 0,
corresponds to a class of sum-of-squares representations modulo orthogonal transformations.
In fact, the sum-of-squares representations (with linearly independent qi's) correspond to
factorizations G = ATA of Gram matrices of f . This motivates the following definition.

Definition 2.1. We say that a form f \in \BbbR [X]2k is uniquely sum-of-squares representable if
f has a unique Gram matrix.

Gram matrices allow one to search for a sum of squares representation of f via the following
primal-dual pair of semidefinite programs (SDPs):

(Gram) find G\succeq 0(2.7)

s. t. [X]TkG[X]k = f,

(Gram)\ast minimize E(f)(2.8)

s. t. E \in \BbbR [X]\vee 2k

ME \succeq 0.

Here, for each functional E : \BbbR [X]2k \rightarrow \BbbR , ME denotes the symmetric bilinear form defined
via ME(p, q) := E(p \cdot q). The convex set

Gram(f) := \{ G\succeq 0 | [X]TkG[X]k = f\} (2.9)

is the feasible set of the primal SDP. It is called the Gram spectrahedron of f . Let us collect
some basic properties.

Proposition 2.2. Let k \in \BbbN , f \in \Sigma 2k.
(a) Every face F of Gram(f) has an associated subspace UF such that

F = \{ G\in Gram(f)| imG\subseteq UF \} 

and such that equality imG = UF holds for all points in the relative interior of F . We
interpret UF as a subspace of \BbbR [X]k, by sending c\in UF to [X]Tk c.

(b) A relative interior point of F corresponds to a class of sum-of-squares representations
of f (modulo orthogonal transformations) of length dimUF .

(c) A linear subspace U of \BbbR [X]k is called facial for Gram(f) if there exists some G in
Gram(f) such that imG = U .

(d) If F \prime \subsetneq F is a proper subface, then dimUF \prime < dimUF .
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 217

(e) The set

sosuppf = \{ p\in \BbbR [X]k| \exists \lambda \in \BbbR >0 : f  - \lambda p2 is a sum of squares\} 

of all polynomials contributing to some sum-of-squares decomposition of f is a subspace
of \BbbR [X]k.

(f) The sum of facial subspaces is facial. In particular, there exists a largest facial subspace
of Gram(f) and this subspace equals sosuppf .

Proof. Compare the work of Ramana and Goldman [50] on the facial structure of (arbi-
trary) spectrahedra. Our formulation loosely follows Scheiderer [64, section 2].

Recall that for a point x in some convex set C, the supporting face suppf x of x is defined
to be the minimal face of C containing x. For a face F of C it holds that x \in relintF if and
only if F is the supporting face of x.

2.2. Powers of linear forms. The special case k = 1 of powers of linear forms is com-
paratively well-understood. A classical uniqueness result for cubic forms of very low rank
is known due to Jennrich (via Harshman [28]). It was later discovered that this uniqueness
result can be made algorithmic by interpreting the cubic form as a space of quadratic forms
and applying simultaneous matrix diagonalization. The algorithmic result was independently
discovered several times, which makes correct attribution nontrivial.

We follow Kolda [36], who argues that the most appropriate single reference is Leurgans,
Ross and Abel's 1993 paper; see [41]. However, it should be mentioned that several commu-
nities contributed their own variations of the method. Formulations via apolarity theory and
catalecticants can be found in [34], [10], a semidefinite programming formulation can be found
in [44, section 5.2]. A case can be made that the underlying method was already known to
Sylvester [65], albeit his formulation was limited to two variables. It is thus sometimes referred
to as Sylvester's catalecticant method. The idea has been developed into various directions;
see also [15].

In the following, we describe a naive diagonalization method, similar to [41]. The diag-
onalization method has several numerical issues, but there exist modern, stable alternatives;
see, for instance, Anandkumar et al. [4].

Theorem 2.3 (cf. [41]). There exists an algorithm that, on input n \in \BbbN and forms f2, f3
of degrees 2 and 3, respectively, computes the solution to the following problem: If f2, f3 have
a power sum decomposition

fd =

m\sum 
i=1

\lambda i\ell 
d
i(2.10)

such that \ell 1, . . . , \ell m are linearly independent and \lambda 1, . . . , \lambda m \in \BbbR \setminus \{ 0\} , then compute the forms
and weights (\ell 1, \lambda 1), . . . , (\ell m, \lambda m). Under these conditions, (2.10) is the unique minimum
rank power sum decomposition of (f2, f3) and the only power sum decomposition with linearly
independent addends.

Algorithmic Proof of Theorem 2.3. First, note that a partial derivative of f2 in direction
v \in \BbbR n has the form \partial vf2 = 2

\sum m
i=1 \lambda i\ell i(v)\ell i. The set \{ \partial vf2 | v \in \BbbR n\} equals \langle \ell 1, . . . , \ell m\rangle , by
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218 ALEXANDER TAVEIRA BLOMENHOFER

linear independence. Thus, we may compute some basis u = (u1, . . . , um) of U := \langle \ell 1, . . . , \ell m\rangle .
Then, there exist vectors a1, . . . , am \in \BbbR m such that \ell i = aTi u. Compute now the partial
derivative

fv :=
1

3
\partial vf3 =

m\sum 
i=1

\lambda i(a
T
i u(v))(aTi u)2 = uTMvu(2.11)

of f3 in some generic direction v \in \BbbR n. Here, we write Mv :=
\sum m

i=1 \lambda i(a
T
i u(v))aia

T
i . Similarly,

the quadratic form f2 can be written as f2 = uTMu, where the matrix M =
\sum m

i=1 \lambda iaia
T
i \in 

\BbbR m\times m is symmetric and psd. Note that the matrices M and Mv can easily be computed from
u, f2 and fv. The claim is now that the generalized eigenvalue problem

det(Mv  - \mu M) = 0, \mu \in \BbbR ,(2.12)

has m eigenspaces of dimension one, with corresponding eigenvalues \mu i := aTi u(v). Indeed,
since v was chosen at generically, Mv is of full rank m. The rank of

Mv  - \mu M =

m\sum 
i=1

\lambda i((a
T
i u(v))  - \mu )aia

T
i(2.13)

drops to m  - 1 precisely if \mu = \mu j := aTj u(v) for some j \in \{ 1, . . . ,m\} . Hence, these are the
eigenvalues. By genericity of v, the eigenvalues are pairwise distinct. Choose eigenvectors
x1, . . . , xm, satisfying the generalized eigenvalue equation

Mvxj = \mu jMxj .(2.14)

Writing this equation out and comparing coefficients with respect to the basis a1, . . . , am, we
get that (aTi u(v))(aTi xj) = \mu j(a

T
i xj), and therefore, aTi xj = aTj xj \cdot \delta ij for each i, j \in \{ 1, . . . ,m\} .

Therefore, with bj := Mxj = \lambda j(a
T
j xj)aj , we recovered a multiple of aj . It remains to recover

the missing multiples and the weights. To this end, note that the values \mu j = aTj u(v) and

bTj u(v) are known to us, so we can compute aj = \mu j

bTj u(v)
bj and thus \ell j = aTj u. For the weights,

solve the linear system

f2 =

m\sum 
i=1

\nu i\ell 
2
i , \nu 1, . . . , \nu m \in \BbbR .(2.15)

Since the \ell 2i are linearly independent, this system will have the unique solution \nu i = \lambda i. This
concludes the algorithmic part of the proof.

Regarding the uniqueness statement: For any other decomposition fd =
\sum m\prime 

i=1 \rho il
d
i with

m\prime \in \BbbN , d \in \{ 2,3\} , linear forms li \in \BbbR [X] and \rho i \in \BbbR \setminus \{ 0\} , one easily sees that the space
U = \{ \partial vf2 | v \in \BbbR n\} must be contained in \langle l1, . . . , lm\prime \rangle . Since dimU = m, this means that
m\prime \geq m. Equality m = m\prime holds if and only if l1, . . . , lm\prime are linearly independent. If m = m\prime ,
then the two decompositions are therefore both equal to the output of the algorithm. This
means they must be equal.
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 219

3. An algorithm for power sums. The algorithm from Theorem 2.3 does not extend in
any obvious way to higher-order Waring decomposition. However, sometimes it is possible to
reduce a k-Waring problem with k\geq 2 to a 1-Waring problem, given a small ``hint"". The hint
is a basis of the linear space \langle q1, . . . , qm\rangle . Note that for k = 1, this subspace can be easily
computed, either by taking the space of derivatives of f2, or the space of second derivatives
of f3. For k \geq 2, this will fail since the inner derivative of a form of degree k \geq 2 is not a
constant.

Therefore, obtaining the space \langle q1, . . . , qm\rangle is a real challenge in the higher-order Waring
decomposition, and we argue that it is the main challenge, which separates the k = 1 case
from the k\geq 2 case. Indeed, let us see how the space allows us to reduce to k = 1.

Reduction to \bfitk = \bfone . Let u1, . . . , um denote a basis of \langle q1, . . . , qm\rangle . Let us grade the algebra
\BbbR [q1, . . . , qm] by 1

k times the degree. The kernel of the graded algebra homomorphism

\varphi : \BbbR [Y1, . . . , Ym] \rightarrow \BbbR [q1, . . . , qm], Y1 \mapsto \rightarrow u1, . . . , Ym \mapsto \rightarrow um(3.1)

is the ideal I\mathrm{r}\mathrm{e}\mathrm{l}(u1, . . . , um) of algebraic relations of u1, . . . , um, which, via a change of coordi-
nates, translates to the ideal of relations of q1, . . . , qm. If I\mathrm{r}\mathrm{e}\mathrm{l}(q1, . . . , qm) does not contain forms
of degree at most 3, then the restriction \varphi \leq 3 of \varphi to \BbbR [Y1, . . . , Ym]\leq 3 is an invertible linear
map onto its image \BbbR [q1, . . . , qm]\leq 3. The inverse map \varphi  - 1

\leq 3 must map the k-forms q1, . . . , qm in
X1, . . . ,Xn to some linear forms \ell 1, . . . , \ell m in Y1, . . . , Ym. Note that the forms

gd := \varphi  - 1
\leq 3(fd) =

m\sum 
i=1

\ell di(3.2)

admit a joint decomposition as powers of linear forms. This means that, given a basis
u1, . . . , um of \langle q1, . . . , qm\rangle , it is possible to perform an algorithmic reduction to the case k = 1
if the qi are general enough to not satisfy any algebraic relations of degree 3. Note that the
inverse of \varphi \leq 3 can be computed: Since the d-fold products (u\alpha )| \alpha | =d of entries of u form a
basis of \BbbR [U ]d for d\leq 3, there exist unique coefficients (c\alpha )| \alpha | =d such that

fd =
\sum 
| \alpha | =d

c\alpha u
\alpha ,(3.3)

which can be obtained by linear system solving. Then, gd =
\sum 

| \alpha | =d c\alpha Y
\alpha .

As an aside, note that this reduction also works if we are just given a basis u1, . . . , uN of
a superspace U \supseteq \langle q1, . . . , qm\rangle , as long as the u1, . . . , uN do not have any algebraic relations of
degree 3. We call this property cubic independence of U . The precise definition follows.

Definition 3.1. Let u1, . . . , um form in \BbbR [X]k and U = \langle u1, . . . , um\rangle . We call u1, . . . , um
cubically independent if the threefold products (uiujuk)i\leq j\leq k are linearly independent. We
call the subspace U cubically independent if any of its bases is cubically independent.

Proposition 4.6 collects some equivalent characterizations.

Space recovery. To obtain the space, we make heuristic use of the Gram spectrahedron.
By Proposition 2.2, there is a superspace UF of \langle q1, . . . , qm\rangle associated with every face F of
Gram(f2) containing the Gram matrix G(q) of the representation f2 =

\sum m
i=1 q

2
i . In particular,
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220 ALEXANDER TAVEIRA BLOMENHOFER

one of these subspaces is equal to \langle q1, . . . , qm\rangle . It corresponds to the supporting face of G(q).
In principle, one ``only"" needs to find one cubically independent superspace UF of \langle q1, . . . , qm\rangle .
However, it is not clear whether the faces containing G(q) are accessible to us from input f2, f3.
Spectrahedra often have infinitely many faces and picking the correct ones is not so simple.

Fortunately, the largest facial subspace, U := sosuppf2, is algorithmically accessible to
us, and it contains G(q) by definition. Sometimes, the space U might be too big and not
satisfy cubic independence. In those cases, our algorithm fails. In other cases, U might
even be equal to \langle q1, . . . , qm\rangle . This is the case whenever G(q) lies in the relative interior
of the Gram spectrahedron. The simplest possible example is when f2 is uniquely sum-of-
squares representable. Then, Gram(f2) = \{ G(q)\} is a singleton. It suffices to compute the
unique Gram matrix G = G(q) of f2 and its image will give the space of q1, . . . , qm. If f2 is
constructed from (not too many) generic addends q1, . . . , qm, then G(q) \in relint Gram(f2) is,
in fact, equivalent to Gram(f2) = \{ G(q)\} ; cf. Proposition 4.8. Our focus lies on the uniquely
representable case, since it makes the sum-of-squares support easier to analyze.

To justify that our approach is reasonable, we will show that there are sufficiently many
choices of q1, . . . , qm, such that their second-order power sum f2 is uniquely sum-of-squares
representable. Theoretical results towards this direction are shown in Ssection 4 and a com-
plementary numerical study is conducted in section 5.

3.1. Algorithms. The procedure to recover the power sum decomposition is described
in Algorithm 1. The following theorem is a uniqueness result for power sum decomposition,
derived as a consequence. Note that for the first read, it is instructive to have the case in mind
where f2 =

\sum m
i=1 \lambda iq

2
i is uniquely sum-of-squares representable. In this case, N = m in both

Theorem 3.2 and Algorithm 1, and it holds that U = \langle q1, . . . , qm\rangle . The condition dim\BbbR [U ]3k =\bigl( 
m+2
3

\bigr) 
is then equivalent to I\mathrm{r}\mathrm{e}\mathrm{l}(q1, . . . , qm)3 = \{ 0\} . Note that a tentative implementation of

Algorithm 1, with an example Julia notebook, can be found on GitHub. See [13].

Theorem 3.2. Let k \in \BbbN , and let f2, f3 be forms of degree 2k and 3k, respectively. Assume
that f2 is a sum of squares and that the space sosuppf2 is cubically independent. Then, f2
and f3 have at most one joint power sum decomposition

fd =

m\sum 
i=1

\lambda iq
d
i , d = 2,3,(3.4)

with positive weights \lambda 1, . . . , \lambda m > 0, m\in \BbbN , and linearly independent q1, . . . , qm. Furthermore,
if such a decomposition exists, then Algorithm 1 computes it efficiently and it is the unique
minimum rank power sum decomposition of (f2, f3).

Proof. Denote U := sosuppf2. Assume there are two distinct power sum decompositions,
the left one of which had linearly independent addends,

m\sum 
i=1

\lambda iq
d
i = fd =

m\prime \sum 
i=1

\mu ip
d
i , d = 2,3,(3.5)

with positive weights \lambda i, \mu i and m,m\prime \in \BbbN . Then by Proposition 2.2, it holds that

\langle q1, . . . , qm\rangle \subseteq U, and \langle p1, . . . , pm\prime \rangle \subseteq U.(3.6)
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 221

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bfone . Semidefinite algorithm for power sum decomposition.

\bfI \bfn \bfp \bfu \bft : k \in \BbbN and forms f2 \in \BbbR [X]2k, f3 \in \BbbR [X]3k in variables X = (X1, . . . ,Xn).
\bfA \bfs \bfs \bfu \bfm \bfp \bft \bfi \bfo \bfn \bfs :

1. fd have a joint power sum decomposition fd =
\sum m

i=1 \lambda iq
d
i for d = 2,3, where

q1, . . . , qm \in \BbbR [X]k are linearly independent k-forms, m\in \BbbN and \lambda 1, . . . , \lambda m \in \BbbR >0.
2. The space U := sosuppf2 is cubically independent.

\bfO \bfu \bft \bfp \bfu \bft : \{ (q1, \lambda 1), . . . , (qm, \lambda m)\} 
\bfP \bfr \bfo \bfc \bfe \bfd \bfu \bfr \bfe :

1: \bfC \bfo \bfm \bfp \bfu \bft \bfe some G\in relint Gram(f2) with an interior point SDP solver.
2: \bfC \bfo \bfm \bfp \bfu \bft \bfe a basis u = (u1, . . . , uN ) of imG. \# Note that imG = U.

3: \bfD \bfe fi\bfn \bfe N variables Y1, . . . , YN .
4: \bfD \bfe fi\bfn \bfe \varphi \leq 3 : \BbbR [Y1, . . . , YN ]\leq 3 \rightarrow \BbbR [u1, . . . , uN ]\leq 3, Yi \mapsto \rightarrow ui, (i = 1, . . . ,N).

\# The assumption dim\BbbR [U ]3 =
\bigl( 
N+2
3

\bigr) 
guarantees that \varphi \leq 3 is invertible.

5: \bff \bfo \bfr d = 2,3 \bfd \bfo 
6: \bfC \bfo \bfm \bfp \bfu \bft \bfe the unique solution (c\alpha )| \alpha | =d to the linear system

fd =
\sum 
| \alpha | =d

c\alpha u
\alpha , c\alpha \in \BbbR , (\alpha \in \BbbN N

0 , | \alpha | = d).

7: \bfL \bfe \bft gd :=
\sum 

| \alpha | =d c\alpha Y
\alpha . \# Observe that gd = \varphi  - 1

\leq 3(fd).

8: \bfe \bfn \bfd \bff \bfo \bfr 
9: \bfC \bfo \bfm \bfp \bfu \bft \bfe a decomposition gd =

\sum m
i=1 \lambda i\ell 

d
i of g2, g3 as power sums of linear forms

with the algorithm from Theorem 2.3.
10: \bfr \bfe \bft \bfu \bfr \bfn \{ (\varphi (\ell 1), \lambda 1), . . . , (\varphi (\ell m), \lambda m)\} .

The linearly independent system q1, . . . , qm can therefore be extended to a basis u of U . Write
u = (q1, . . . , qm, um+1, . . . , uN ). By cubic independence, there are no algebraic relations of
degree 3 between elements of u. Since these relations form a homogeneous ideal, there are
also no relations of degree at most 3. For the evaluation map

\varphi : \BbbR [Y1, . . . , YN ] \rightarrow \BbbR [u1, . . . , uN ], Yi \mapsto \rightarrow ui (i = 1, . . . ,N),(3.7)

which sends forms of degree d \in \BbbN 0 to forms of degree kd, the restriction \varphi \leq 3 to \BbbR [Y ]\leq 3 is
therefore invertible. The inverse \varphi  - 1

\leq 3 maps f2 and f3 to quadratic and cubic forms g2 and g3,
respectively, which admit decompositions

gd =

m\sum 
i=1

\lambda iX
d
i =

m\prime \sum 
i=1

\mu i\ell 
d
i , (d = 2,3),(3.8)

where \ell i := \varphi  - 1
\leq 3(pi). However, Theorem 2.3 shows uniqueness of the rank-m power sum

decomposition for g2 and g3. Precisely, Theorem 2.3 implies that m\prime \geq m and if m = m\prime , then,
up to reordering, \lambda i = \mu i and Xi = \ell i for all i \in \{ 1, . . . ,m\} . Substituting back via \varphi yields
qi = pi for all i\in \{ 1, . . . ,m\} .

The following simplification of Theorem 3.2 is occasionally useful.
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222 ALEXANDER TAVEIRA BLOMENHOFER

Corollary 3.3. If \lambda 1, . . . , \lambda m \in \BbbR >0 and q1, . . . , qm \in \BbbR [X]k are forms such that f2 :=\sum m
i=1 \lambda iq

2
i is uniquely sum-of-squares representable and q1, . . . , qm are cubically independent,

then Algorithm 1 computes the unique powers-of-forms decomposition \{ (q1, \lambda 1), . . . , (qm, \lambda m)\} 
from inputs f2 and f3 := \lambda 1q

3
1 + \cdot \cdot \cdot + \lambda mq3m.

Proof. If f2 =
\sum m

i=1 \lambda iq
2
i is uniquely sum-of-squares representable, then the space U :=

sosuppf2 equals \langle q1, . . . , qm\rangle by Proposition 2.2. Since q1, . . . , qm do not satisfy any alge-
braic relations of degree 3, the space \BbbR [q1, . . . , qm]3, spanned by the threefold products of the
q1, . . . , qm, has dimension

\bigl( 
m+2
3

\bigr) 
and Theorem 3.2 yields the claim.

Example 3.4. As for our example from (1.1), we can compute with an SDP solver that
f2 = 2X4 - 2X3Y +3X2Y 2 - 8XY 3 +5Y 4 is uniquely sum-of-squares representable. With the
SDP solver MOSEK [46], we compute the Gram matrix of f2 and certify its uniqueness:

X2 XY Y 2

G =
X2

XY
Y 2

\left(  2  - 1  - 1
 - 1 5  - 4
 - 1  - 4 5

\right)  (3.9)

All sum-of-squares decompositions of f2 must thus arise from factorizations of G as G = ATA.
This allows us to find

f2 =
1

2
(2X2  - XY  - Y 2)2 +

9

2
( - XY + Y 2)2.(3.10)

The sum-of-squares support of f2 hence equals

U =

\Biggl\langle 
2X2  - XY  - Y 2\underbrace{}  \underbrace{}  

u1

, - XY + Y 2\underbrace{}  \underbrace{}  
u2

\Biggr\rangle 
.(3.11)

The next step in the algorithm is to express f2, f3 in the basis of 3-fold products of u = (u1, u2).
Recall that f3 =  - 9X5Y + 18X4Y 2  - 9X3Y 3 + 9X2Y 4  - 18XY 5 + 9Y 6. We obtain

f3 =
1

4

\bigl( 
9u21u2 + 27u32

\bigr) 
,(3.12)

f2 =
1

2

\bigl( 
u21 + 9u22

\bigr) 
.(3.13)

This representation is unique, since u1, u2 are cubically independent. By treating u1, u2 as
variables, we can pretend that f3 is a cubic form in (u1, u2).

2 A 1-Waring decomposition of
this cubic form is produced by the algorithm from Theorem 2.3. We obtain

f3 =

\biggl( 
1

2
u1 +

3

2
u2

\biggr) 3

+

\biggl( 
 - 1

2
u1 +

3

2
u2

\biggr) 3

,(3.14)

f2 =

\biggl( 
1

2
u1 +

3

2
u2

\biggr) 2

+

\biggl( 
 - 1

2
u1 +

3

2
u2

\biggr) 2

.(3.15)

2This cubic form is called g3 in the algorithm.
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 223

Now, substituting back yields q1 = 1
2(u1 + 3u2) = X2  - 2XY + Y 2 and q2 = 1

2(3u2  - u1) =
 - X2  - XY + 2Y 2.

All the steps in Example 3.4 were calculated with the Julia implementation on GitHub
[13]. Note that for the sake of exposition, we rounded errors arising from floating point
arithmetic and we normalized the basis u differently, so that it has integer coefficients. By
default, our algorithm normalizes the entries of u such that their coefficient vectors have unit
length, leading to u1 = 1\surd 

6
(2X2  - XY  - Y 2) and u2 = 1\surd 

2
( - XY + Y 2). Accounting for that,

all steps correspond exactly to outputs of the algorithm provided in [13].

4. Geometric criteria for uniqueness. Let us try to understand the conditions of Corol-
lary 3.3 in terms of geometric properties of the (q1, . . . , qm) \in \BbbR [X]mk . The following result is
a specialization of Theorem 3.2. It gives geometric sufficient success criteria for Algorithm 1.

Corollary 4.1. Let q1, . . . , qm \in \BbbR [X]mk be general k-forms, satisfying one of these properties:
(1) m\leq n - 2 and V\BbbR (q1, . . . , qm) contains a nonzero point, or
(2) m = n - 1 and all lines in the affine cone V (q1, . . . , qm) are real.

Then,
\sum m

i=1 q
2
i is uniquely sum-of-squares representable. In particular, Algorithm 1 recovers

\{ q1, . . . , qm\} from input
\sum m

i=1 q
2
i and

\sum m
i=1 q

3
i . For fixed m \leq n  - 1, condition (a) and (b),

respectively, are satisfied on a Euclidean open subset of \BbbR [X]mk .

The goal of this section is to prove Corollary 4.1. We will need Bertini's theorem and the
Poincar\'e--Miranda theorem. Both will be stated later, in Proposition 4.3 and Theorem 4.5,
respectively.

Reminder 4.2. A subvariety V \subseteq \BbbC n has (Zariski) dense real points V\BbbR \subseteq \BbbR n if and only if
every irreducible component of V contains a real point that is smooth in V . In particular, an
irreducible nonsingular subvariety V \subseteq \BbbC n has dense real points V\BbbR if and only if it contains
a real point.

Proposition 4.3 (variant of Bertini's theorem; cf. [29, Chapter II, Exercise 8.4(b), p. 188]).
Fix k,m \in \BbbN . If q1, . . . , qm \in \BbbC [X1, . . . ,Xn]k are general and m\leq n - 1, then I := (q1, . . . , qm)
is a radical ideal, and its variety V (I) in \BbbP (\BbbC n) is of pure codimension m. If, in addition,
m\leq n - 2, then I is a prime ideal and V (I) is smooth.

Lemma 4.4. Let m,k \in \BbbN . Let q1, . . . , qm \in \BbbR [X]k. Assume that I := (q1, . . . , qm) is a
radical ideal and V\BbbR (I) is dense in V (I). Then, for f2 :=

\sum m
i=1 q

2
i , it holds that sosuppf2 =

\langle q1, . . . , qm\rangle .
Proof. Let N \in \BbbN 0 and p1, . . . , pN \in \BbbR [X]k such that

\sum N
i=1 p

2
i =

\sum m
i=1 q

2
i . Evaluating

this identity in some x \in V\BbbR (I) yields that p1, . . . , pm vanish on V\BbbR (I). Since V (I) has dense
real points and I is radical, p1, . . . , pm must lie in Ik = \langle q1, . . . , qm\rangle . Thus \langle q1, . . . , qm\rangle equals
sosuppf2. Claim (b) follows from (a) using Proposition 4.8.

Theorem 4.5 (Poincar\'e--Miranda, cf. [22, Introduction]). Write \scrH for the parallelepiped
spanned by linearly independent vectors v1, . . . , vn \in \BbbR n, and let f : \scrH \rightarrow \BbbR n be a continuous
function, with coordinates f(x) = (f1(x), . . . , fn(x)). Denote

\scrH 1
i :=

\left\{   
m\sum 
j=1

\lambda jvj | \lambda j \in [0,1], \lambda i = 1

\right\}   , \scrH 0
i :=

\left\{   
m\sum 
j=1

\lambda jvj | \lambda j \in [0,1], \lambda i = 0

\right\}   
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224 ALEXANDER TAVEIRA BLOMENHOFER

for i \in \{ 1, . . . , n\} . Note these are the facets of \scrH . Assume that for each i \in \{ 1, . . . , n\} , fi \leq 0
on \scrH 0

i , but fi \geq 0 on \scrH 1
i . Then f has a zero on \scrH .

We are now ready to conclude this section with the proof of Corollary 4.1.

Proof of Corollary 4.1. Case 1. Since m\leq n - 2, Bertini's Proposition 4.3 guarantees that
I = (q1, . . . , qm) is a prime ideal and V (I) is smooth and irreducible. Thus, by Reminder 4.2,
the existence of a point x \in V\BbbR (I) guarantees that the real points of V (I) are dense. Hence,
the condition of Lemma 4.4 is satisfied. The Poincar\'e--Miranda theorem 4.5 allows one to
construct an explicit neighborhood \scrU such that V (q1, . . . , qm) contains a real nonzero point for
all (q1, . . . , qm) \in \scrU : Indeed, let us choose qn := 0 and qi = (Xi+Xn)2 - 2X2

n \in \BbbR [X1, . . . ,Xn, Y ],
for i \in \{ 1, . . . , n - 1\} , and consider the rectangle \scrH = [0,1]n \times \{ 1\} in the affine plane where
``Xn = 1"". Note that \scrH a

i = [0,1]i - 1 \times \{ a\} \times [0,1]n - i \times \{ 1\} for a \in \{ 0,1\} . We have qi =  - 1 < 0
on \scrH 0

i and qi = 2 > 0 on \scrH 1
i . Thus, in a neighborhood \scrU of this choice of qi, the condition of

Poincar\'e--Miranda is satisfied and V\BbbR (q1, . . . , qm) \not = \emptyset is a typical property.
Case 2. Since m = n - 1, Bertini's theorem yields that I = (q1, . . . , qm) is a radical ideal

and V (I) is a union of finitely many points. Thus, the condition of Lemma 4.4 is met if and
only if all those lines are real. If V (I) has the maximum number of km real points given by
the B\'ezout bound for some specific choice of q1, . . . , qm, then so it does in a neighborhood:
Indeed, if there was a curve q(t) through q(0) = (q1, . . . , qm) such that V (q(t)) had nonreal
points for each t \not = 0, then a single real point of V (q(0)) would have to branch into two complex
conjugate points. This is not possible since the specific system at t = 0 already attains the
B\'ezout bound. For the specific choice, one may choose qi \in \BbbR [Xi,Xn]k as Xn-homogenizations
of univariate polynomials in Xi with k distinct real zeros.

4.1. Remarks on unique sum-of-squares representability and cubic independence. Corol-
lary 3.3 has two conditions: cubic independence of q1, . . . , qm and unique representability of
q21 + \cdot \cdot \cdot + q2m. It is interesting to understand for which values of m these can be satisfied.

Proposition 4.6. Let u1, . . . , um form in \BbbR [X]k, and let U = \langle u1, . . . , um\rangle . The following
are equivalent characterizations of cubic independence:

1. There are no algebraic relations of u1, . . . , um of degree at most 3.
2. There are no homogeneous algebraic relations of u1, . . . , um of degree 3.
3. dim\BbbR [u1, . . . , um]3k =

\bigl( 
m+2
3

\bigr) 
.

4. The threefold products (uiujuk)i\leq j\leq k are linearly independent.
Note that for the subspace U , cubic independence does not depend on the choice of basis.

As an aside, note that by Proposition 4.6, cubic independence implies linear indepen-
dence. If q1, . . . , qm \in U \subseteq \BbbR [X]k are linearly independent, then the tensor

\sum m
i=1 q

\otimes 3
i , which

is a symmetric 3-tensor on the space U , has a unique (minimum) rank-m decomposition, by
Jennrich's uniqueness criterion; see Theorem 2.3. If U is cubically independent, then the
projection map S3(U) \rightarrow \BbbR [X]3k,

\sum m
i=1 q

\otimes 3
i \mapsto \rightarrow 

\sum m
i=1 q

3
i is injective. Here, S3(U) denotes the

space of symmetric 3-tensors on U .

Definition 4.7. We denote by \beta k(n) the maximum dimension of a cubically independent
subspace of \BbbR [X]k.
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ON UNIQUENESS OF POWER SUM DECOMPOSITION 225

Note that if m \leq \beta k(n), then generic choices of q1, . . . , qm will be cubically independent.
Clearly, \beta k(n) \geq n, since n generic forms will not have any relations at all. In [7, section 6.4],
the authors give a combinatorial proof that \beta 2(n) = \Theta (n2).

Proposition 4.8. Let k,m \in \BbbN with m \leq \beta k(n), and let q1, . . . , qm \in \BbbR [X]k be general k-
forms. Denote f2 =

\sum m
i=1 q

2
i . Then f2 is uniquely sum-of-squares representable if and only if

sosuppf2 = \langle q1, . . . , qm\rangle .
Proof. If f2 is uniquely sum-of-squares representable, then clearly sosuppf2 = \langle q1, . . . , qm\rangle .

For the converse direction, assume sosuppf2 = \langle q1, . . . , qm\rangle and let f2 = p21 + . . .+ p2N another
sum-of-squares representation. Then, p1, . . . , pN lie in \langle q1, . . . , qm\rangle . Write pi = cTi q = ci1q1 +
\cdot \cdot \cdot + cimqm. Then, f2 = qT (

\sum N
i=1 cic

T
i )q =

\sum m
i,j=1Gijqiqj , with G =

\sum N
i=1 cic

T
i \in \BbbR m\times m.

Therefore, 0 =
\sum m

i=1 q
2
i  - 

\sum m
i,j=1Gijqiqj , which is a quadratic relation of the qi's. Since there

are no nontrivial quadratic relations, we conclude that
\sum N

i=1 cic
T
i = G = Im. Note that any

Gram matrix of f2 corresponds to a psd m\times m matrix such as G. Therefore, we showed that
f2 is uniquely sum-of-squares representable.

Note that the proof of Proposition 4.8 only uses ``quadratic independence"" of the qi's.

5. Numerical experiments with trace-free quadratics. This section conducts a numerical
study on random quadratics. In section 4, we saw that uniquely representable sums of squares
occur for typical choices of addends if m \in \{ 1, . . . , n - 1\} . They likely occur for much larger
values of m. In this section, we conduct a numerical study to get a sense both of the possible
values of m and of the size of such typical sets, for concrete values of m and n.

Instances q = (q1, . . . , qm) of random quadratic forms are sampled such that q1, . . . , qm
are iid. Subsequently, we use SDP to determine the dimension of sosupp(

\sum m
i=1 q

2
i ). The

quadratics are chosen from a trace-free distribution, to avoid choosing positive definite forms.
I wish to thank Greg Blekhermann and Jo\~ao Gouveia for this suggestion, as it appears that
for these distributions, the probability to get uniquely representable sums of squares behaves
surprisingly regularly. Precisely, we consider the following distributions.

Definition 5.1. Let n\in \BbbN and X = (X1, . . . ,Xn).
(1) We call a random quadratic q in X Gaussian trace-free if it is sampled as follows:

Choose the entries of a matrix A \in \BbbR n\times n independently at random from the standard
normal distribution \scrN (0,1). Set q := XT (A - tr(A)In)X.

(2) We call a random quadratic q in X Gauss-Gramian trace-free if it is sampled as follows:
Choose the entries of a matrix A \in \BbbR n\times n independently at random from the standard
normal distribution \scrN (0,1). Then, set q := XT (ATA - tr(ATA)In)X.

In addition, some explicit family of m = \Theta (n2) quadratics is constructed. We verify for
the first values n\in \BbbN that the sum of its squares is uniquely representable. We conjecture that
this holds true for all n \in \BbbN ; see Conjecture 5.4. The code and results of all experiments can
be found on GitHub; see [13]. Computations were done in Julia [11], with the packages JuMP
[21], MultivariatePolynomials [39], SumOfSquares [40], [70], and the Mosek solver [46]. For
the Gaussian trace-free distribution, this is the observed behavior of the probability pm,n that\sum m

i=1 q
2
i is uniquely representable and its supporting face in \Sigma 2k is exposed:
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226 ALEXANDER TAVEIRA BLOMENHOFER

.

Figure 1. The y-axis shows the probability that
\sum m

i=1 q
2
i is uniquely representable if q1, . . . , qm are i.i.d.

Gaussian random trace-free quadratics. All probabilities were empirically estimated by sampling the quadratic
forms and then solving SDPs. Each marker corresponds to an average over 20 instances. The curves show the
behavior for different relations between m and n.

(1) If m = n + r for some constant r, then pm,n appears to be an S-shaped curve in n
that converges to 1 as n \rightarrow \infty . This behavior is depicted in Figure 1. Compare [13,
data/experiment-3].

(2) pm,n > 0 if m \leq n  - 1. See the blue curve in Figure 1. This is consistent with the
results from section 4. Compare [13, data/experiment-3].

(3) For m(n) = \lceil (n+2)(n+1)
6 \rceil = \Theta (n2), it appears to hold that pm(n),2n \approx 1, but pm(n),n \approx 0.

Cf. [13, data/experiment-2].
The same qualitative behavior holds true if the Gaussian trace-free distribution is replaced

by the Gauss--Gramian trace-free distribution from Definition 5.1(b). This can be seen from
[13, data/experiment-2-gramian and data/experiment-3-gramian]. All of the above state-
ments are empirical observations, based on limited computational experiments in a bounded
number of variables. A modest version of the first observation is formulated in the following
conjecture.

Conjecture 5.2. If q1, . . . , qn are chosen as i.i.d. Gaussian random trace-free quadratics,
then

\sum n
i=1 q

2
i is uniquely representable with probability pn \rightarrow 1 as n\rightarrow \infty .

The third observation aligns with Conjecture 5.4, for which we gathered separate numer-
ical evidence. In particular, both suggest that there exist open neighborhoods of parameters
q = (q1, . . . , qm), where m is much larger than n and their sum of squares is uniquely repre-
sentable. This leads to a natural question: What is the maximum typical length of a uniquely
representable sum of squares?

Question 5.3. For n\in \BbbN , what is the maximum number m(n) of linearly independent qua-
dratics q1, . . . , qm(n) in n variables such that for all p1, . . . , pm(n) in some (Euclidean) neigh-

borhood of q1, . . . , qm(n),
\sum m(n)

i=1 p2i is uniquely representable?

Conjecture 5.4. The explicit family of m = \lceil (n+2)(n+1)
6 \rceil trace-free quadratics

qijk := (Xi + Xj + Xk)(Yi + Yj + Yk), (i\leq j \leq k, i + j + k\equiv 0 mod n)(5.1)

© 2025 \mathrm{A}\mathrm{l}\mathrm{e}\mathrm{x}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{r} \mathrm{T}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{i}\mathrm{r}\mathrm{a} \mathrm{B}\mathrm{l}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{h}\mathrm{o}\mathrm{f}\mathrm{e}\mathrm{r}

D
ow

nl
oa

de
d 

12
/0

2/
25

 to
 1

92
.1

6.
19

1.
13

6 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



ON UNIQUENESS OF POWER SUM DECOMPOSITION 227

in 2n variables (X,Y ) = (X1, . . . ,Xn, Y1 . . . , Yn) does not satisfy any algebraic relations of
degree 3 and \sum 

i\leq j\leq k
i+j+k\equiv 0 \mathrm{m}\mathrm{o}\mathrm{d} n

q2ijk(5.2)

is uniquely sum-of-squares representable. The same claim also holds true if qijk are replaced
by qijk + \varepsilon pijk, where \varepsilon \in \BbbR is sufficiently small and pijk is some polynomial with support
contained in \{ XiYj | i, j = 1, . . . , n\} .

Evidence. Unique sum-of-squares representability was checked numerically for n = 2,
. . . ,15 in the GitHub [13, experiments/experiment-1-sos.jl]. The data files are in data/

experiment-1. Cubic independence of the qijk's was verified with another Julia script,
which can be found in experiments/experiment-1-cubic-independence.jl. Note that
the counting of triplets i \leq j \leq k such that i + j + k \equiv 0 mod n is part of the conjec-
ture. The online encyclopedia of integer sequences [47, OEIS sequence A007997] suggests that

m = \lceil (n+2)(n+1)
6 \rceil .

6. Applications. Let us now discuss two practical applications of powers-of-forms decom-
position.

6.1. Mixtures of centered Gaussians. The distribution \scrN (\mu ,\Sigma ) of a Gaussian random
vector on \BbbR n is parameterized by its mean vector \mu \in \BbbR n and its symmetric positive definite
covariance matrix \Sigma \in \BbbR n\times n. A Gaussian random vector is called centered if its mean vector
is zero. In that case, all information about its distribution is contained in the quadratic form
q := XT\Sigma X. A Gaussian mixture Y is a random variable that is sampled as follows: From a
box containing m normally distributed random variables Y1, . . . , Ym, blindly draw one of them
(with \lambda i \geq 0 being the probability to draw Yi, assuming

\sum m
i=1 \lambda i = 1), and then sample Yi. We

denote Y = \lambda 1Y1\oplus \cdot \cdot \cdot \oplus \lambda mYm for the random variable Y defined by this sampling procedure.
Let us now consider a mixture Y = \lambda 1\scrN (0,\Sigma 1)\oplus . . .\oplus \lambda m\scrN (0,\Sigma m) of centered Gaussians with
covariance forms qi = XT\Sigma iX. It turns out that from sufficiently many samples of Y , it is
possible to compute (noisy versions of) the expressions

Figure 2. Three different centered Gaussian mixture distributions of rank 2. The sample coloring indicates
which of the Gaussians was chosen in the sampling process. The pictures on the left and middle show mixtures of
full-dimensional Gaussians as treated in subsection 6.1. Here, the contour lines describe the probability density
function of the mixture. The rightmost picture shows a mixture on proper subspaces. These are addressed in
subsection 6.2.
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228 ALEXANDER TAVEIRA BLOMENHOFER

m\sum 
i=1

\lambda iq
d
i , d = 0, . . . ,D,(6.1)

where D \in \BbbN is some threshold depending on the order of the number of samples. Up to scalars,
the expressions (6.1) are the degree-2d moment forms of Y , i.e., the 2d-homogeneous parts
of the moment generating series \BbbE \sim Y [exp(Y TX)] of Y . The connection between samples,
moments, and powers-of-forms expressions is explained with lots of details in my doctoral
thesis [12, Chapter 3, Introduction], and with slightly less detail in [14, section 2].

The goal is to estimate the parameters, that is, the symmetric covariance matrices \Sigma i

(corresponding to the qi) as well as the mixing weights \lambda i from not too many samples. The
moment problem for mixtures of Gaussians asks to recover the parameters from (exact) knowl-
edge of the moment forms instead. It can be seen as a coarsening of the statistical estimation
problem: To estimate the expression

\sum m
i=1 \lambda iq

d
i , one needs roughly \scrO (\sigma d) i.i.d. samples, where

the noise from estimation can be made arbitrarily small by taking more samples, \sigma is a total
variance parameter depending on q1, . . . , qm, and the \scrO -Notation hides, e.g., dependency on
the dimension n. In order to be efficient with the sample complexity, it is therefore desirable
to keep D as small as possible. Previous work of the author with Casarotti, Micha\lek, and
Oneto [14] showed that theoretical identifiability of the parameters holds true in our setting
if D\geq 3 and m is not too large (roughly m\in \scrO (nd - 1)). This explains the focus of the present
paper on the minimal case D = 3. Adapting Theorem 3.2 to the setting of Gaussian mixtures
yields the following result.

Proof of Corollary 1.1. Writing qi = XT\Sigma iX, the moment forms \scrM 2d(Y ) of the Gaussian
mixture random variable Y = \lambda 1\scrN (0,\Sigma 1) \oplus . . .\oplus \lambda m\scrN (0,\Sigma m) may be expressed as (cf. [12,
Chapter 3, Introduction])

\scrM 2d(Y ) =
1

d!2d

m\sum 
i=1

\lambda iq
d
i ,(6.2)

and these are given as input for d\in \{ 0, . . . ,3\} . By Corollary 4.1, we know that there exists a
Euclidean open subset \scrU of m-tuples of quadratics where Algorithm 1 recovers the quadratics
from their third- and second-order powers sums. Now, fix some positive definite form p and
observe that for \lambda \in \BbbR >0 sufficiently large, \scrU \prime := \{ q \in \scrU + \lambda p | q1 \succ 0, . . . , qm \succ 0\} will be a
nonempty Euclidean open subset of tuples of positive definite quadratics. On this subset, the
following algorithm works:
Choose a new variable Z and compute

f2 =

m\sum 
i=1

\lambda i(qi  - Z)2, f3 =

m\sum 
i=1

\lambda i(qi  - Z)3(6.3)

from the input. This is possible since the X-homogeneous parts of the power sums from (6.3)
correspond to the moments forms \scrM 0(Y ),\scrM 2(Y ),\scrM 4(Y ),\scrM 6(Y ). Plug in Z \mapsto \rightarrow \lambda p to obtain
an instance where Algorithm 1 succeeds to recover the addends q1  - \lambda p, . . . , qm  - \lambda p, with
corresponding weights. Shift back by \lambda p to recover the covariance forms.

Remark 6.1. The numerical experiments, which lead to Conjecture 5.2, suggest that
the shifting method from the proof of Corollary 1.1 works with asymptotic probability 1 in
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an ``average case"" framework, where the covariance forms q1, . . . , qm are constructed from
``random positive definite matrices"": Consider q1, . . . , qm sampled i.i.d. from the distribution
1
n2XTATAX, where A is a random n\times n matrix with i.i.d. Gaussian distributed entries in
\scrN (0, \sigma 2). Here, 1

n2 tr(ATA), which is the squared Frobenius norm of 1
nA, will concentrate

around the expected value, which is \sigma 2, with high probability. Thus for large n, q1, . . . , qm
will all have roughly the same trace. A proxy for this value is algorithmically accessible, since
\sigma 2 \approx 1

m tr(
\sum m

i=1 qi). This motivates Definition 5.1(b) of Gauss--Gramian quadratic forms, since
that will be the distribution of Gaussian random psd forms after shifting by the trace.

6.2. Learning a union of subspaces. Learning unions of subspaces is a comparatively
new problem that emerged from applications in computer vision and dimensionality reduction
techniques in data science [69], [30], [42], [32]. It assumes that the given data stems from a
distribution, whose support is a union of r-dimensional subspaces U1, . . . ,Um. r is known and
the objective is to find bases for the subspaces U1, . . . ,Um from samples of the mixture distri-
bution as input. A union of subspaces is an algebraic variety. For example, if the subspaces
are hyperplanes defined by linear forms, then their union is the zero set of the product of the
linear forms. Note that without a distributional assumption, recovering this variety is likely
the best one can do, and it can be a hassle to recover the high-degree polynomials describing
it from data.

However, assuming that the data on the individual subspaces is Gaussian distributed, it is
often possible to recover the subspaces using degree-6 moments of the empirical data. More so,
it is then possible to learn the distributions on the subspaces. Indeed, note that this Gaussian
subspace learning is a generalized version of the Gaussian mixture problem from subsection
6.1, with the difference that Gaussians on subspaces will lead to psd forms q1, . . . , qm that are
not of full rank.

Proof of Corollary 1.2. For each i \in \{ 1, . . . ,m\} , there exists a unique quadratic form qi
on \BbbR n such that the restriction of qi to Ui equals the covariance form of Yi and the kernel
of qi is the orthogonal complement U\bot 

i of Ui (with respect to the standard inner product).
It is then not too hard to see that the even degree moment forms of degree at most 6 of
\lambda 1Y1 \oplus . . .\oplus \lambda mYm, up to known scalars, attain the form

m\sum 
i=1

\lambda iq
d
i , d = 0,1,2,3.(6.4)

Write \scrD r for the class of quadratic forms of rank at most r. If r = 1, then the qi are squares
of linear forms and we can directly use an algorithm for 1-Waring decomposition, similar to
Theorem 2.3. Thus, w.l.o.g. r\geq 2.

Consider first a special instance: For m\leq n - 1, I = (X2
1  - X2

n, . . . ,X
2
m  - X2

n) is a radical
ideal. Indeed, if \frakP is a minimal prime containing I, then by Krull's Hauptidealsatz, \frakP has
length at most m. In addition, for each i\in \{ 1, . . . ,m\} , we have X1 - Xn \in \frakP or X1 +Xn \in \frakP .
Thus, there exists a sign choice \sigma \in \{ \pm 1\} m such that (X1 + \sigma 1Xn, . . . ,Xm + \sigma mXn) \subseteq \frakP .
Since the ideal to the left is prime and of height m, we have equality. We conclude that
any minimal prime containing I is of the form \frakP = (X1 + \sigma 1Xn, . . . ,Xm + \sigma mXn). A quick
exercise shows that the intersection of those 2m primes is indeed I. Thus, I is radical. Denote
q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c} := (X2

i  - X2
n)i=1,...,m for those special quadratic forms.
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By the Kleiman--Bertini theorem [23, Appendix B, 9.2], the set of rank-r forms q =
(q1, . . . , qm) such that V (q1, . . . , qm) is not of pure codimension m, is closed. Thus, we find a
Zariski open neighborhood \scrU of q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c} such that for all q \in \scrU , all irreducible components of
V (q) have codimension m. Consider thus a general subspace \scrH in \BbbC n of fitting dimension such
that the intersection \scrH \cap V (q) consists of degV (q) many lines (or, projective points). Since
degV (q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}) attains the B\'ezout bound, by semicontinuity of the degree, all q in a neighborhood
will satisfy degV (q) = 2m, too. For q = q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}, all 2m projective points in \scrH \cap V (q) are real.
This property must also hold in a Euclidean neighborhood: Indeed, if a sequence of general
q(n) \in \BbbR [X]m2 existed such that q(n) \rightarrow q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c} as n \rightarrow \infty and H \cap V (q(n)) did contain nonreal
points, then a pair of complex conjugate nonreal solutions (zn, z

\ast 
n) would degenerate to just

one real solution. Since H \cap V (q) has a constant number of 2m points in a neighborhood of
q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}, this is not possible. As \scrH was an arbitrary (general) hyperplane, it follows that V (q)
has dense real points in a Euclidean neighborhood \scrU \prime of q = q\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}.

It is easy to see that the forms X2
i  - X2

n are cubically independent, since each has a
different variable. By Proposition 6.2, which we prove later, cubic independence still holds in
a neighborhood.

Summarized, this shows by Lemma 4.4 that Algorithm 1 succeeds to recover the addends
if the (weighted) power sums are constructed from elements of \scrU \prime . Therefore, on the open
subset \scrD r \cap (\scrU + 2X2

n) of quadratics of rank r, the following algorithm works:
(1) Choose a new variable Z and compute

m\sum 
i=1

(qi  - Z)2 and

m\sum 
i=1

(qi  - Z)3(6.5)

from the input.
(2) Plug Z \mapsto \rightarrow 2Xn into the forms from (6.3) to obtain power sums f2, f3, whose unique

decomposition has addends in \scrU .
(3) Use Algorithm 1 on input f2, f3 to compute some (\^q1, \lambda 1), . . . , (\^qm, \lambda m).
(4) Output \{ (\^q1 + 2X2

n, \lambda 1), . . . , (\^qm + 2X2
n, \lambda m)\} .

The set \scrD r \cap \scrU \prime is open in \scrD r and intersects the subset PSDr of rank-r psd quadratics in
the point q = (X2

i + X2
n)i=1,...,n - 1. Every neighborhood of a point in PSDr contains points

in the interior of PSDr. This means that \scrU \prime \cap PSDr contains a nonempty open subset \scrU \prime \prime of
PSDr, showing the claim. Note that the weights can be arbitrary positive reals, summing up
to 1.

It remains to show the following proposition, which we used in the proof of Corollary 1.2
for the special case \scrD = \scrD r.

Proposition 6.2. Let m,n,k, d \in \BbbN 0. Let \scrD \subseteq \BbbC [X]k an irreducible variety containing m
distinct forms that do not satisfy any relations of degree d. Let q1, . . . , qm general in \scrD . Then
also I\mathrm{r}\mathrm{e}\mathrm{l}(q1, . . . , qm)d = \{ 0\} .

Proof. Let q = (q1, . . . , qm) \in \scrD m such that I\mathrm{r}\mathrm{e}\mathrm{l}(q1, . . . , qm)d = \{ 0\} . Having no algebraic
relations is a (Zariski) open condition, so we find an open neighborhood \scrU \subseteq K[X]mk of q such
that for all elements of \scrU the d-fold products of their entries are linearly independent. Thus,
this property holds on the dense open subset \scrU \cap \scrD m of \scrD m.
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